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ABSTRACT

Global Existence of Reaction-Diffusion Equations
over Multiple Domains. (December 2004)
John Maurice-Car Ryan, B.A., University of South Florida;
M.S., University of Florida;
M.S., Texas A&M University

Chair of Advisory Committee: Dr. Jay Walton

Systems of semilinear parabolic differential equations arise in the modelling
of many chemical and biological systems. We consider m component systems of the

form
uy = DAu+ f(t, xz,u)
Our,/On=0 k=1,..m

where u(t,x) = (ug(t,x))7; is an unknown vector valued function and each wg, is
zero outside Q,uy, D = diag(dy) is an m x m positive definite diagonal matrix,
f:RXR"x R" — R™, ug is a componentwise nonnegative function, and each €; is
a bounded domain in R" where 9€); is a C*T® manifold such that €, lies locally on
one side of 0€); and has unit outward normal 7. Most physical processes give rise to
systems for which f = (/fy) is locally Lipschitz in v uniformly for (z,t) € Q x [0, 7]
and f(-,-,-) € L*°(Qx[0,T) x U) for bounded U and the initial data ug is continuous
and nonnegative on €.

The primary results of this dissertation are three-fold. The work began with a
proof of the well posedness for the system . Then we obtained a global existence result

if f is polynomially bounded, quaipositive and satisfies a linearly intermediate sums
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condition. Finally, we show that systems of reaction-diffusion equations with large
diffusion coefficients exist globally with relatively weak assumptions on the vector

field f.
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CHAPTER I

INTRODUCTION
Systems of semilinear parabolic differential equations arise in the modelling of many
chemical and biological systems [6, 9]. In this setting, the systems are often referred

to as reaction-diffusion systems, and in their simplest form they can be written as

ur = DAu+ f(u) t>0,z€Q
duy./On =0 t>0,x€d k=1,..m (1.1)

ur (0, ) = ug, () t=0,z€Q

where u(t,z) = (ux(t, z))7, is an unknown vector valued function, D = diag(dy) is
an m X m positive definite diagonal matrix, f : R™ — R™, up is a componentwise
nonnegative function, and € is a bounded domain in R" where 052 is a C?T manifold
such that  lies locally on one side of 02 and has unit outward normal 7. Most
physical processes give rise to systems for which f = (fx) is locally Lipschitz and
the initial data wug is continuous on . These conditions guarantee the following well

known result [12, 26].

Theorem 1.1 There exists a Tpa: € (0,00] such that (1.1) has a unique, classical,

noncontinuable solution on [0, The) X Q. Furthermore, if Tpae < 00, then

lim fut, ) = o (1.2)

t—Tmax

The journal model is Journal of Differential Equations.



A consequence of this result is that solutions of (1.1) are guaranteed to exist
globally (i.e. for all ¢ > 0) provided that they do not blow up in the sup-norm in
finite time. Over the past twenty-five years a great deal of research has been directed
towards answering questions of global existence and large time behavior of solutions

o(1.1) [4, 7,13, 15, 16, 17, 22, 24]. Of course, the results which have been obtained
are a consequence of the hypotheses that have been placed on the systems.

Two of the most fundamental assumptions associated with (1.1) are preservation
of positivity and conservation or reduction of total mass. Both of these assumptions

can be translated into very simple mathematical terms.

Definition 1.2 A function f : R™ — R™ is said to be quasipositive if and only if for
alk=1,...,m

fr(v) >0 for all v € R with v, =0 (1.3)

Solutions of system (1.1) will be componentwise nonnegative for all choices of
nonnegative initial data if f is quasipositive. This can be seen by considering the

system (1.1) with f(u) replaced by f(u™)

us = DAu+ f(ut) t>0,2€Q

Gk =0 t>0,2€0Q k=1,..m (1.4)
ug (0, ) = uo, t=0,z€Q
where ut = max{u,0} and v~ = —min{u,0}. f(u") is locally Lipschitz since f is

locally Lipschitz. Theorem 1.1 guarantees there exists a unique solution of (1.4).
Multiplying the k™ component equation of (1.4) by u; and integrating over (0,t) x

we obtain



¢ ¢ ¢
//u;%(uk)dxdt = //dku;Aukdxdt—l—//uk fe(ut)dxdt
00 00 0

Note that
(ug): = —(uy, )¢ and Auy = —Au,, whenever u, > 0.

Making this substitution and integrating the equation above by parts yields
t 2 t
—%g(u;)de = dk(j;g }Vuﬂ dxdt + Ofgu,;fk(uﬂdxdt

Also,

. 0 ifu>0
uy fe(u™) =
>0 ifu<0

since f; is quasipositive.

This gives

t
4 [(up e > d [ [| Vo] dudt
Q 08

implying u;, = 0. As a result, u = ™, and u solves (1.1). Therefore, by uniqueness

the solution to (1.1) is componentwise nonnegative.

It is a simple matter to determine an assumption that leads to conservation or

reduction of total mass. The total mass of the system at time ¢ is given by

i::/uktx

Consequently, we can state mathematically that total mass does not increase by

requiring



/Z u(t, x)dx < /Z u(0,z)dz for all t > 0 (1.6)
o k=1 k=1

Q

We can see how this condition effects (1.1) by integrating the k-th component of u
over (0,t) x Q. This yields

/uk(t,x)dx—/uk((],x)dx = /t/dkAuk(s,x)dxds+/t/fk(s,x)dxds (1.7)

Q

Integration by parts and the boundary conditions in (1.1) imply

t

drAuy (s, z)dxds =0 (1.8)
/]

Substituting this information above and summing over k yields

/;::luk(t,x)dx = /;::luk(O,x)dx—i-//éfk(u(s,a:))dxds (1.9)

Consequently, we can only expect (1.6) to hold for all choices of initial data if

i fe(v) <0 YveRT (1.10)
k=1

This motivates the following well known definition [5, 7, 15, 16, 17, 18, 20, 21].

Definition 1.3 A function f is said to be balanced if there exist constants ¢, > 0,

such that

m

> fr(v) <0 Vv e RT. (1.11)
k=1

If the diffusion coefficients d; are all equal, and f is quasipositive and balanced,

then solutions to (1.1) exist globally. We can see this as follows. First, u is componen-



twise nonnegative since f is quasipositive. Setting w = >";"; cxuy, and incorporating

(1.1) and (1.11) implies

wy < dAw 0<t< T, €

Ow/on=0 t>0,z€ N (1.12)
w = Wy t=0,2€Q
where wy = >3-, cyup, and d = dj for all k. The maximum principle gives us

lwt, Moo < llwolly, for all 0 < t < Thhep. Consequently, u(t,z) is uniformly

bounded, and from Theorem 1.1 we have T},,, = oco.

The quasipositivity assumption is made to guarantee that solutions that begin
in R remain in R’’. A more general assumption is that of an invariant region. The

idea is to find a set I in the state space from which solutions can not escape.

Definition 1.4 A set I C R™ is invariant with respect to the system (1.1) iff u(t, x) €

I for all t € [0, Thax), © € Q2 whenever uy € C(Q, I).

Definition 1.5 f does not point out of I iff for every u € I and n € R™ normal

to I at v we have n - f(u) <0.

The general condition [3] demands that all outer normals of an invariant region
are left eigenvectors of the diffusion matrix, as shown below.

Suppose I is an invariant region. Choose vy to be on the boundary of I. Let v
be the outward normal of I at vy. We will show that ¢ must be a left eigenvector of
D. By way of contradiction, suppose 1 is not a left eigenvector. First pick a vector &

such that ¢ - £ < 0 and ¢ - (D&) > 0. We are able to find £ because D is symmetric



positive definite and v is not a left eigenvector of D. Choose A such that

M- (DE) + 4 - f(vg) > 0.

Let 4(z) = vo + 3\ | x [* £ We know that there exists § > 0 such that a(z) € I
if |z| < d. let up(x) be a smooth function contained in I such that ug(z) = a(zx) if

|z| < 0. Let u be the solution to (1.1) where ug(x) is our initial data.

Veug =1 DAu+ - f(u)
(Y -u)y=1-DAE) + - f(u)

Vgl = (Yu)il,_g = A - D(E) + 1P f(vg) >0

by choice of . Therefore, v is pointing out of I. Which contradicts [ being an
invariant region. Hence ¢ must be a left eigenvector of D.

One consequence of the result above is that if the diffusion coefficients are all
distinct then the only invariant regions, I, are m-hypercubes whose "sides” are parallel

to the coordinate hyperplanes such that f does not point out of I.

Definition 1.6 Let I be invariant with respect to (1.1). A function H : I — [0, 00)
is a convex seperable Lyapunov function for (1.1) iff H is a convex function that has a

unique zero and can be written in the form H(u) = Xh;(u) for nonnegative functions

h; € C? and V,H(u) - f(u) <0 for every u € I.

If the diffusion coefficients are all equal, and (1.1) has an invariant region / and
a convex seperable Lyapunov function, then solutions to (1.1) exist globally. We can

see this as follows.



Let H be the convex seperable Lyapunov function and z be the zero of H.

Note: h(x) > 0 for every x € I and VH(x) # 0 if x # z.

Consider the case of equal diffusion coefficients. Then

uy = DAu+ f(u) = dIAu+ f(u)

for some d > 0. Also

d
aH(u) = V.H(u) - uy
and
A Hu) =V, VoHu)Vou=AHu) | Vou | +V H(u) - Agu
Therefore,

iH(u)—dAxH(u) = Vo H(u)-u—dV  H(u)-Agu—dA,H(u) | Vou P< VH(u)- f(u)

dt
Thus
% H(u) < dAH (u) + AH(u) - f(u)
So, if
VuH(u) - f(u) <0,
then
d

0 ou

So, by the maximum principle, H(u) is bounded.

An additional assumption that follows from the physical properties of many

models is that



|f(v)| is bounded above by a polynomial (1.13)

In the case where the diffusion coefficients are distinct, an example of Pierre and
Schmidt [24] shows that (1.3), (1.11) and (1.13) are not enough to guarantee global

existence of solutions.

For the past twenty-five years many authors have struggled with this global ex-
istence question. Alikakos [1] worked on systems with n = 2, homogeneous Neumann

boundary conditions (1.1), and f having the form

Ji(u) = —ug(uz)
fo(u) = uig(us)
with g nonnegative and polynomially bounded. Notice that f satisfies both with (1.3)

(1.14)

and (1.11) with ¢; = ¢; = 1. This system was originally proposed by Martin, and in
[14], Hollis, Martin and Pierre analyzed this system and others of the form (1.1) under
assumptions (1.3), (1.11) and (1.13) with m = 2, and proved global existence in any
spatial dimension provided that an a priori L bound is available for one component.
Morgan [20, 21] extended these results to handle arbitrary m component systems of
the form (1.1) under conditions (1.3), (1.11) and (1.13) along with an intermediate

sums condition.

Kanel’ [17, 18] obtained some results on related problems without the intermedi-
ate sums condition by placing stricter requirements on the polynomial bounds on the
components of f. He has shown that solutions of (1.1) with Q@ = R™ exist globally
provided that in addition to (1.3) and (1.11), each f; is at most quadratic if n > 2

and at most cubic if n = 1. Kanel’ also obtained the last result for cubic f;’s and



n =1 on the bounded domain © = (0, L) with uj satisfying homogeneous Neumann

conditions at the endpoints.

Redheffer, Redlinger and Walter [25] showed that in the case of equal diffusion
coefficients, the existence of a convex Lyapunov function V' guarantees global existence
for solutions to (1.1). Moreover, if V' is strictly convex, then the omega limit set of
(1.1) is the same as the omega limit set of the associated system of ordinary differential

equations given by

Conway, Hoff and Smoller [4] showed that if (1.1) admits a bounded invariant

region and the diffusion coefficients are sufficiently large then

Hu(t, ) — u(t)H 60 (exponentially) as t— o0 (1.15)
where
1
“ =1y / ult, o)dx (1.16)
0

Hale [10] showed that if K C R™ is a compact attractor for the ordinary differ-

ential equation

V(t) = f(o(t)) (1.17)

and the diffusion coefficients are sufficiently large then K is a compact attractor for
(1.1). These results were also obtained by Cupps [5] for systems of the form (1.1) using
only the assumptions (1.3) and (1.11). This is remarkable given that assumptions (1.3)
and (1.11) do not guarantee the existence of bounded invariant regions or compact

attractors for (1.1).
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The focus of this research is to examine the effect of assumptions of the form (1.3)
and (1.11) on global existence of solutions to reaction-diffusion systems on multiple
domains.

Problems of this type can arise in the modelling of biological systems, and are
only recently being studied as mathematical models. For example, one such system
which is analyzed by Fitzgibbon, Langlais and Morgan [6] models the interaction of
two hosts and a vector population.

We will consider a reation-diffusion system on noncoincident spatial domains to
help motivate the types of systems studied in this dissertation. One type of model
studied is the so-called ”criss-cross” model. Criss-Cross models have been put forth
to describe the transmission of vector hosts such as malaria. Typically these models
assume two independent populations, each of which are subdividedd into three sub-
classes: susceptible, S; for i = 1 or 2, infectives, I; for ¢ = 1 or 2 and removed, R;
for i = 1 or 2. Susceptibles are individuals capable of contracting the disease, and
the infectives are individuals infected with the disease and capable of transmitting
it. The removed class are those individuals that have either died or gained perma-
nent immunity from the disease. Basically the disease is transmitted by infectives of
one population interacting with the susceptibles of the other population producing
infectives of the first population. If there is no loss of immunity or resurrection the

removed classes do not affect the dynamics of the process and are not considered.
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The following system of differential equations describes a basic process:

dS Jdt = —k1 Sy 1
4S,/dt = —ks Syl
2/ 2o (1.18)
dIl/dt = klslfg — Alll

dfg/dt = kgSgIl — /\2]2

In a more complex setting [6], a disease is transmitted in a criss-cross fashion
from one host through a vector to another host. It is assumed that the disease is
benign for one host and lethal to the other. This dynamic can be described by the

following set of ordinary differential equations:

Ot = —k19fB + My
host 1
Yy = k168 — My
oy = —koat) — ksav + A
' 2 — ks o/ vector (1.19)
Br = kaat) + kzav — A3
vy = —kyv
' vl host 2
wy = kv — Agw

with positive constants k; and A; Here the host where the disease is benign is given
by the first set of equations with ¢ representing the susceptibles and 1) representing
the infectives. Because the disease is considered benign, the recovery rate is a con-
stant A; > 0 with no mortality. The third set of equations describes the circulation
of the disease through the second host. In this case the disease can be fatal if there
is no recovery term. Essentially, this is an SIR model with incidence term ksv3. The

susceptible vector and infective vector populations are represented by a and (3 respec-
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tively. Basically, this system is a coupling of two SIS models with an SIR model. Such
models can be used to describe the epidemiological dynamics of encephalitis whereby
the disease is transferred between avian and human populations via mosquitos.

Now consider a spatially distributed population. The dispersion of the population
is modeled by Fickian diffusion. In this model there are three populations confined
to seperate habitats which overlap. The possibility of physically separated habitats
for the vulnerable and resistant hosts are allowed, each of which intersects with the

domain of the vector.

b= AP~ ka(@)of + My forx € Qy,t >0 host 1
Py = do A + ki (x)d8 — My

ap = dzAa — ka(x)a) — ks(x)av + A3
By = dyAL + ka(x)a) + ks(z)av — A5

vy = dsAv — kg(x)vf

for x € Q9,t > 0| vector (1.20)

for x € Q3,t >0 host 2

wy = deAw + ky(z)vf — A3w

Here ky, ko, k3 and k4 are nonnegative functions, and A\;, Ay and A3 are positive
constants. Furthermore, the supports of k; and ko are contained in the intersection of
1 and €29, the supports of k3 and k, are contained in the intersection of {25 and €25.
Finally, the values d; and \; are positive constants for ¢ = 1,2,...,6 and j = 1,2, 3.

We impose homogeneous Neumann boundary conditions on each domain 24, €25, and

Q3.
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0p/On =0 /on =0 forx € I, t>0
Oa/on =00/0n=0 forz € 0, t >0 (1.21)
Ov/on =0w/On =0 forz € dQs,t>0

and specify continuous nonnegative initial data.

P(x,0) = ¢po(z), w(x,0) =1g(x) for every x € Oy
a(z,0) = ag(z), B(x,0) = By(z) for everyr € Qs (1.22)

v(z,0) = vo(z), w(z,0)=wo(z) foreveryr € Q3
Variants of the quasipositivity and balancing assumptions occur on each com-
ponent domain. The quasipositivity is obvious, and the balancing holds on each

component domain. For €y the vector field

—ki(x + A
1(7)p8 + My (1.23)
+ki(2)pB — My
has components that clearly sum to zero. Similarly, on {25 the vector field
—ko(x)at) — ks(x)ov + A
2(x)arp — k() 23 (1.24)

ko(x)a) + ks(z)av — Xof3

also sums to zero. The same mechanism can be seen on {23 since the function

—ky(z)vp
ky(x)vf — Agw

(1.25)

has components that sum to less than zero.

The system described above is an example of the type of systems that will be the
focus of this dissertation. Consider domains €2 £2s ..., €2, where each €2 is a bounded

C?t® manifold such that € lies locally on one side of 99, and has unit outward
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normal 7. Each domain €, will have ny species.

Notationally each species is associated with the appropriate domain by parti-
tioning the set {1,2,...,s} into k disjoint sets, Oy, 0s,...,O, where i € O; can
be interpreted as meaning the " species is defined on 2. Define the mapping
o:{1,2,..,s} — {1,2,...,m} via i € Ou(;). The k' species dynamics is governed

by the following system:

(ur)e = dpAug + fr(t,z,u) = € Qopy, t >0

uk(O,x) =0 x ¢ Q(7(!4:)

where fi.(t,z,u) =0 if z ¢ Qo(), ux(0, ) is continuous and nonnegative.

The quasipositivity and balancing assumptions given in (1.3) and (1.11) do not
give rise to bounded invariant regions or compact attractors for (1.1), let alone (1.26).
As a result, the results in [4, 10, 25] do not apply. However, it seems possible to
use these assumptions and apply the methods in [20] to obtain both L!(Q) and
L*((0,T) x ) bounds on the unknowns. We will use this to prove two results. First,
we will show a result analogous to Theorem 1 for the system we are solving. Next,
we will show that if the initial data is sufficiently small then the system (1.26) has a
global solution which is uniformly bounded. This result is an extension of the results
in [16]. Then we show that solutions to (1.26) exist globally provided the diffusion
coefficients are sufficiently large. This analysis is an extension of the techniques

employed in [5], and the result extends the results in [4, 5, 10].

The material in this dissertation is organized in the following manner. Conven-

tions on notation and statements of main results are given in Chapter II. Chapter
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IIT contains statements of fundamental results that will be used in proving the main
theorems. Chapter IV contains he proofs of the theorems stated in Chapter 11, while

Chapter V contains some applications and suggestions for further research.
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CHAPTER II

NOTATION AND BASIC RESULTS

A. Notation

Let 1 < p < 0o and suppose € is a bounded domain of R". LP(Q2, R") will denote the

Banach space of measurable functions with norm given by

m 1/p
o= (3 [l o) or1<p <00

and
n

i=1

where

|fi(@)| oo = inf{K : |fi(z)| < K for almost every = € Q}.
All derivatives are understood to be in the distributional sense. D% denotes
07" 052...0% where 0; = 0/0x; and a = (ay, ..., ) is a multi-index, |a| = i ;.
i=1

For p > 1 and k > 0,

WkEQ) ={f:Q— R:D*f exists for all o, with |a| < k}.

WrHQ) ={f € WHQ): D*f € LP() for all o, with |a] < k}.

sz () is equipped with the norm

1A = () 3 (Dol daye.

Q lal<k

H*(Q) will be used to denote WF(€).

For real numbers 7 and t with 0 < 7 < t, Q(+4 will denote the cylinder (7,t) x €.
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W, ?(Qry) will denote the Banach space of elements f in LP(Q(ry) having weak
derivatives 0;0: f, with » < 1 and s < 2 lying in LP(Q(-y). This space is equipped

with the norm

1£152) = // S 01 da)

r<ls<2

Q; will denote a bounded domain in R" that lies locally on one side of its C?*
boundary 9€;. €; will denote the closure of €; and |€;] is the measure of ;. The
gradient and Laplacian operators will be represented by V and A respectively. x;
will denote the characteristic function on €);. Finally, R will denote the nonnegative

orthant of R™.

B. Main Results

The primary focus of this dissertation is the reaction-diffusion system described below.

Consider the domains §2; €25 ..., Q,,,. We define 2 = UjZ,€);. Each domain 2, will
have ny species. Notationally each species is associated with the appropriate domain
by partitioning the set {1,2,..., s} into m disjoint sets, Oy, Oy, ..., O, where i € O;
can be interpreted as meaning the i*" species is defined on ;.

Define the mapping o : {1,2,...,s} — {1,2,...,m} via i € O,

uy = DAu+ f(t,z,u) t>0,2€Q
Ouy,/On =0 t>0,2€00mw k=1,..m (2.1)
ur(0, ) = g, () t=0,r€Q k=1,.m

where u(t,z) = (ug(t,x)), is an unknown vector valued function and each w, is
zero outside Q,4), D = diag(dy) is an m x m positive definite diagonal matrix,
f:RXR"x R"™ — R™, ug is a componentwise nonnegative function, and each €; is

a bounded domain in R" where 0€); is a C?T manifold such that €; lies locally on
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one side of 0€2; and has unit outward normal 7. Most physical processes give rise to
systems for which f = (/f3) is locally Lipschitz in u uniformly for (x,t) € Q2x[0, 7] and
f(,+ ) € L*(Qx[0,T) xU) for bounded U and the initial data ug is continuous and
nonnegative on . We make these assumptions on f and uy throughout the remainder
of this work.

In some of our results we will assume there exists a z € I such that

f('? ) Z) =0 (2'2)

Definition 2.1 A set I C R™ is invariant with respect to the system (2.1) iff u(t, x) €

I for allt € [0, Thax), © € Q2 whenever uy € C(Q, I).

Before we state our results, we introduce a truncated system associated with

(2.1). To this end let 7 > max{||uo||, o, |2],1}. and define &, € C(R™, [0, 1]) via

D, () - 1, wue B.(0)

0, u ¢ BQT(O)

where } —aégF“)

< 2foralli=1,..,m. Let ﬁ(t,x,u) = ®,.(u)f;(t,z,u) and consider

the so-called truncated system given by

~

uy = DAu+ f(t,z,u) t>0,2€Q
Oug/On =0 t>0,2€ 0w k=1,...m (2.3)
ur (0, ) = ug, (+) t=0,2€Q

Definition 2.2 Suppose I C R™ is invaariant with respect to (2.1). A function

H : I —[0,00) is a convex seperable Lyapunov function for (2.1) iff H is a convex
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function that has a unique zero and can be written in the form H(u) = Xh;(u) for

nonnegative functions h; € C? and V,H(u) - f(u) <0 for everyu € I.
Remark: The case I = R and H(u) = Xc;u; corresponds to f being balanced.

Our first result is an extension of Theorem (1.1) to the setting of (2.1).

Theorem 2.3 There exists a Tar € (0,00] such that (2.1) has a unique noncon-
tinuable solution on [0, Tynaz) X Q. Furthermore, if Thae < 00, then

lim [u(t, )| q = o0 (2.4)

t—>Thax

We continue our development by introducing a variant of the linear intermediate

sums condition from Chapter I to the setting of (2.1).

Definition 2.4 We say that the reaction-diffusion system satisfies the linear in-

termediate sums condition if for every k (associated with domain Q) there exists

(k) (®)

My, Ny, > 0 and a lower triangular matriz A%®) such that a;;’ > 0, ay’ ; > 0, and

22051 Gio, fio; (w0, t,u) < My, Yjc0, uj + Ny, for each i and ay, ; > 0 for every u € R

This extension allows us to generalize some of the results in [20, 21].

Theorem 2.5 Suppose that f is quasipositive and satisfies the linear intermediate
sums condition and satisfies (1.13). Then the solution of (2.1) is nonnegative and

exists globally.

We are now in a position to extend some results of [5].
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Theorem 2.6 Suppose f satisfies (1.3) and (2.2). Let M > 0 and suppose there ex-
ists R, Lyr such that if 1 > R, |lug — 2| o < M and u solves (2.3) then |lu(t,-) — z||, o
Lys. Then there exists constants dyr, Ky > 0 so that if d; > dyy for all i, then the

solution u of (2.1) exists globally and
u(t,) = 2l q < Ky VE>0.

Moreover, if Lyy — 0 as ||ug — z||, o — 0 and the initial data is sufficiently
close to z then no additional assumptions on the size of the diffusion coefficients are

necessary to guarantee the solution u of (2.1) exists globally and

Ju(t,") = 2l < Kn VE20.

At first glance, the result above might seem untractable. However, the following

result is an immediate consequence.

Theorem 2.7 Suppose that f, D and ug are as in Theorem 2.6 and fis also balanced.
If the diffusion coefficients d; are sufficiently large, then the solution of (2.1) exists
globally and is uniformly bounded. Also, if the initial data is sufficiently close to
the equilibrium point z then no additional assumptions on the size of the diffusion

coefficients are necessary.

Theorem 2.8 Suppose there exists an invariant region I and convex separable Lya-
punov function associated with (2.1), and f satisfies (2.2). Further suppose that D
and ug are as in Theorem 2.6 and ug € I. If the diffusion coefficients d; are suffi-
ciently large or ug is sufficiently close to the equilibrium point z, then the solution to

(2.1) exists globally and is uniformly bouded.

IN
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Theorem 2.9 Suppose that D and ug are as in Theorem 2.6 and f € C*(RT, R™) is

balanced and quasipositive. If the d;s are sufficiently large, then the solution of (2.1)

exists globally, is uniformly bounded and

|uk(t, ) — ﬂk(t)”oo,ﬂd(k) — 0 as t — oo for every k.

where

Up(t) = = u(t, x)dz.
k}( ) ’Qa(k)’ Qd{k) k( )
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CHAPTER III

PRELIMINARIES

A. Fundamental Results
We will need the following fractional-Sobolev embedding theorem of Amann [2].

Theorem 3.1 I[f0 < s <s<2and1<p,q<oo then W(2) embeds continuously

into W' (Q) whenever 1/p > 1/q and s —n/p > s' — n/q.

The following regularity estimate by Ladyzenskaja et al. [19] will be crucial in

obtaining several estimates.

Theorem 3.2 Suppose 1 < g < oo, 7 <t <T, 0 € LUQp1)), do € W22/4(Q) and

¢ solves the scalar equation
o =dAp+0 te(r,T),xz e
=0 te(r,T),ze (3.1)
O = ¢y t=1,x €0

Then there exists C(q,d, 2, T — 1) > 0 such that

16102 < Cla.d, T = 7)([10],0,..p, + I90l%22.

Theorem 3.3 (Shauder’s fized point theorem) If A is a closed, bounded and convex
subset of a normed linear space X and T : X — X is a compact, continuous function

such that T(A) C A then there exists a u € A such that Tu = u.
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Theorem 3.4 (Gronwall’s inequality) Let

u : [a,b] — [0, 00)

v : Ja,bl - R

be continuous functions and let C' be a constant. Then if

v(t) < C+ /v(s)u(s)ds (3.2)

a

fort € [a,b], it follows that

v(t) < C’exp(/u(s)ds) (3.3)

fort € a,b].
We will also need a result from semigroup theory.

Definition 3.5 Let X be a Banach space. A one parameter family of bounded linear
operators {T(t)}i>o from X into X is a strongly continuous semigroup of contractions
on X if

i. T(t+s)=T(t)T(s) Vi, s € Ry

ii. T(0)=1

iii. T(\)f € C(R4+, X) VieX

w. |IT@)) <1 Vte Ry

Theorem 3.6 The operator dA subject to homogeneous Neumann boundary condi-

tions generates a strongly continuous semigroup of contractions on C(ﬁ)
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B. Preliminary Estimates

Many of the following estimates can be found in [2, 5, 14, 19, 23, 28]. These results

are somewhat obscure and consequently are included.

Lemma 3.7 Let {S(t)}i>0 be the semigroup generated by dA subject to homogeneous
Neumann boundary conditions on LP(Q) with 1 < p < co. Then there exist constants

M, > 0 so that
IPSt)wl,q < Me™ [lwll,q

for w € LP(§2), where

Proof:
PS(t)g = S(t)¢ — ﬁ({s(tﬁﬁ = S(t)[¢ - ﬁ({cﬁ] =S({t) Py Vpe L(Q)
Setting v = PS(t)¢ we see v satisfies
v = dAv
v(0) = Po

So {PS(t)}+>0 is the semigroup generated by the restriction of dA to the subspace
{¢p € LP(Q) : [ ¢ = 0}. It follows that for any ¢ € LP(Q2),
0

1PS(®)¢ll,0 = 1P2S(0)ll,.q = IPSE) P, q
< Mie™ ||Pol, o < Me™ ||¢]], -



Now consider the scalar equation

¢pr=dAp+0 te(r,T),xe
o= te(r,T),z €0
p=0 t=71,2 €0

Applying Theorem 3.2 we have
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(3.4)

Lemma 3.8 Suppose ¢ > 1,0 € LY(Q(1)) and that ¢ solves (3.4). Then there is a

constant C(q,d, (T — 1)) such that

1600 180,00 < Clacd, (T =) 10ll,q

Lemma 3.9 Under the assumptions of Lemma 3.8, there is a constant CA’(q,d) 50

that

Proof:

So P¢ solves

~

1Pl g 18000, < Clad) 6], .,

(P¢)t:¢t_ﬁ§{¢t
:dMW—ﬁNﬁ@)

= dAG+0 — 15 [0
:dA(¢—ﬁgd))+9—|—é‘£9
= dAP¢ + PO

P¢,=dAPo+ PO te (r,T),xe
2 =0 te(r,T),z € 00
Pp=0 t=r1,x€)

By variation of parameters,

(3.5)
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we find

(t—s)0(s,-)ds — ﬁgj)’j’S(t — 5)0(s, z)dsdx

This gives us

T
1Poll g, = I ] 1Pt @) dat

I
=
K
<

(1)t
q
dt

q

|1PS(t — s)0(s, )|, ds)dt

PS(t —s)0(s,-)ds

IN
Vg ey Y g

NV —

N

(
(

IN

(Me2=2|6(s, )|, )ds)"dt

(€750 16(s, ), )ds)de

T

I
<
e

Setting y(s) = [|0(s, -)||, and applying Holder’s inequality we see

¢ t {
[e*‘s(tfs)y(s)ds <(f e*‘s(tfs)y(s)qu)l/q(f efé(tfs)ds)l/p

T T

and this gives us

t
e 0=3)y(s5)1ds) ([ e °t=5)ds)¥/Pdt

A=
Ne—

J( ey (s),)ds)dt < [

T T

1P|, < MO ([ (e=30-y(s)ds)edt

Q1) — 2N

T t t
< M9 ([ e 3y (s)ads)(f e ds)oinan
Ty ’ T T
= M5~9/P [([e 0=y (s)ads)dt = MIS~VP [ y(s)? [ e~ dtds

< M0G0y = MOS0 o -
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We are now in a position to get an estimate for A¢. Let ¢ and A¢ be the solutions

of (3.4) and (3.5) , respectively. Define g € C*(R, [0, 1]) via

1 if te[-1,1]
0 ifte¢[-22

g(t) =

For tg > 2, set W(t,x) = g(t — to)Pop(t, z). ¥ satisfies

U, =dAV + g(t —tg) PO+ ¢'(t —tg)Pop t >ty —2,2 €1

o — t>ty— 2,2 €00 (3.6)
U =0 t=ty—2,2€Q

Setting C1(q,d) = C(q,d,4) from Lemma 3.8 we have

||A\D||Z,(to—2,to+2)><ﬂ S Cl(Q? d)q(||P0||q,(t0—2,t0+2)><ﬂ + ||g/||oo ’|P¢||q,(t0—2,t0+2)><ﬂ)q

and this gives us

IA][G to—2,t0+2px0 < 277 Crlq, ) (I POIIG g—2.t0421x0 + 11915 1PSIlG (102,10 +2)x02)
By the construction of ¥ we have

HA¢HZ,(tofl,to+l)XQ S HAP¢HZ,(tofl,to+l)XQ
- ||A\Il||g,(t0—1,t0+l)><ﬂ
< NAVG -2.0+2)x02

SO

IAGHG (o 11015 < 277 CLg, YU IPOIIG 4,240 2052 + 19115 1PBIIG 240 42)x02)

We will now find a bound for P8 in terms of 6.
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q to+2 — q
PO 0o 0s2yx0 =11 \e(t,x) —0(t,)[" dudt
.z
to+2 _
< I, 06t 2)| + 1917 [10(t,y)| dy) dadt
1 to+2 1
< 297110113 202,40 12 %02 +t f2£(|§2| ({|9(t,y)|dy)qudt)
o

_ to+2
= 20 sy + 12 S (160 9)] gyt
o
From Holder’s inequality,
[10(t,9)ldy < 1977 (] 16(2, y)|" dy) e
and thus

120115, < 271011,

(to—2,t0+2)xQ2 (to—2,t0+2)xQ2

It then follows that
IABIS 1 140s1x0 < 227 Ciq A)TUNONT 1 —asor21xa 1915 1PANG 1210 +2)x0)-

Applying these inequalities with to = 2,4, ..., 2k, ... and summing over k, we obtain

1ANG 1,00 %0
< 2277101 (q, D)UI0N1F (0,2)x 119" 156 1PBIIG 0202 + 210115 2,001 x02 + 2 1915 1PN (2,00 x02)-
Appealing to Lemma 3.8 on the time interval (0,1) and noting that C(q,d, 1) can be

chosen so that C(q,d, 1) < C(q,d) we have

HAQSHQ(O 1)xQ = < Cl(Q7d)q ||9||q (0,1)xQ <
22710 (g, d) (10117, 0.2) <2 + 19115 1P 115 (0.2)x2)

and thus

1A 0.000x < 227C1(g, D) (IO11F, (0.00) w2 T 19/ 136 1PBIIG 0.00) x2)
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By virtue of (3.6)

IAGIZ (0.00px < (2%7C1(q, d)*(1 + [lg'|% M=) |10, 0,00 2

Applying this estimate with 8 = 0 outside of (7,T) yields the required result. O

Lemma 3.10 Ifd > 1 and ¢ solves (3.4) , then there exists a constant, C(q), de-

pending only on q such that

C
HPQSHq,(T,T)XQ ) ||A¢||q,(T,T)><Q S % HQHq,(T,T)XQ

and

H¢th,(T,T)><Q < U(Q) HHH(],(T,T)XQ

Proof:

Define w(t, z) = ¢(%, x). Then w satisfies

d’

wt:Aw%—ég t € (dr,dT),x € )

u =0 t € (dr,dT),z € 09 (3.7)
w=20 t=dr,x €

where 0(t, z) = 0(%,x). From Lemma 3.9, there exists a C(q) so that

~

HAqu,(dﬂdT)XQ < é(q) HéQHq,(dT,dT)XQ‘

This implies

\‘Hm

T [1Aw(t, 2)|" dedt < (L) f{\ (t,2)|" dudt

dr Q

or equivalently

T 1180t/ o) dedt < (S0)' T [16(t/d, )| dat



30

Making a change of variables gives us
Sy T
df f|A¢(s )| dwds < S2L [ [10(s, )| dwds
dr Q

and we have

drT q dT
T 1 186(s, )| dads < <%> T 1 16(s. )" dads.

dr

1861 (rryxr < ZL 18]
The same argument gives the estimate for P¢. To obtain the estimate on the time

derivative, note that

||¢th,(T,T)><Q = ||dA¢ + 0||q,(T,T)><Q

< HdA¢Hq,(T,T)><Q + HHH(],(T,T)XQ < (C(q) + 1) HHH(],(T,T)XQ

Setting C(q) = C(q) + 1 gives the desired result. O
We also need an estimate for the scalar equation
xt =dAx te (dr,dT),z € Q
B t € (dr,dT),z € OQ (3:8)
X=X t=dr,z €.

Lemma 3.11 Let d > 1,q € (1,00) and X € W272/9(Q). Suppose x solves (3.8)

Then there exists a constant K(q) so that

~12—2
HPXHq,(T,T)XQ ) HAXH(],(T,T)XQ ) HXth,(T,T)X ( ) H H i :

Proof:

Define pu(t, z) = x(%,2). Then p satisfies
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pe=Ap te(dr,dl),z e
W—0 te(drdl)zedn (3.9)
nw=yx t=dr,z €.
We assume without loss of generality that d is sufficiently large so that d1" > d7 + 1.
We know from Theorem 3.1 that there exists a constant C;(q), depending only on ¢

so that

1,2 ~112—2
il 2, ke < Cr(@) IR (3.10)

Now let ¢ € C*'([dr,dT],[0,1]) be such that

0 t=dr
o(t) =
1 t>dr+1

Note that there exists an M > 0 so that
o' ()] < M for all t € [dr,dT].

Define v(t, z) = ¢(t)u(t, ) and w(t,z) = (1 — ¢(t))u(t, x). Then v satisfies

u=~A+¢ ) te(dr,dl),ze

G=0 t € (dr,dT),z € 00 (3.11)
v=_0 t=dr,z €.

and w satisfies

wy=Aw—¢'(t)p t e (dr,dr+1),z€Q

ge — te(dr,dr+1),z e d (3.12)
w=Yx t=dr,z €.

Moreover, note that



i.p=v+wfort e [dr,dr +1]
it. p=wv for t € [dr,dT)|
iii.¢' =0 for t € [dr + 1,dT].

By Lemma 3.10 , there exists a constant Cy(q) so that

HPUH (dr,dT)xQ Hthq(deT)XQ ) HAUHq(deT < Cs(q) H¢/u”q,(dr,dT)><Q

< MCo(q) |1ell g ar.dri1yxer
Appealing to (3.10), we have
2-2
||PU||q,(dT,dT)xQ ) ||Uth,(dT,dT)xQ ’ ||AU||q(d7—dT)><Q < MCi(q)Cs(q) ||X|| /i

Again, by virtue of Theorem 3.1, there exists C3(q) so that

HwH deT) o < Cs(@)I¢"wl @rari1yxa + HXH2 Q/q)
which implies
HwH(l(deT < C3(q)(MCy(q) +1) HAHQ 2/q
and hence

| Pwllgiir arinxa < 2C3(@)(MCi(q) + 1) IR )55

q,(dr,dr+1)
It then follows that

1/q
1AV, (dr.ar)x0 = < [ |Av + Aw|? dzdt —I—d {L1({|Av|qudt>

<[[Av + Aw”q,(dﬂ-,dTJrl)XQ + 1 A0, dr11,am)x0

< AW, arars1yxa T 2 1AV, @rar)x0
< (C3(q)(MCy(q) + 1) + 2MCi(q)Ca(q)) X125
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Setting K (q) = 2C5(q)(MCi(q) + 1) +2MC4(q)Ca(q), we have

> ~112—2
AL araryxe < K (@) X120 (3.13)

In terms of x, this is equivalent to

o q S Sl12—2/e
(] jiax/aopa) <K 19l

and hence

> ~[12—2
IAX . rrycer < K q) RIS (3.14)

since d > 1. The same analysis provides the estimate for ||[Px|, . 7)xq and

||Xth,(fr,T)><Q‘ .

We now provide some results regarding equivalent norms on some Sobolev spaces

on which we will be working.

Lemma 3.12 Let X = {u € W}(Q) : 52 = 0 on 9Q}. Then ||Aull, o+ [lull, o defines
a norm equivalent to the standard HH;% norm on X.
Proof:

Clearly, there exists a C'; such that

AUl + llull, o < Cillull?y  for all w € X. On the other hand, for u € X

we have that u solves

—Au+u=f x€
g—z:O x € 0N

for some f € LP((2). From standard elliptic regularity results , we have
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2
lullZ < Collfll,q = Call=Au+ul,q < Co(|Aull, o + [lull,q).

Lemma 3.13 Let X = {u € W}(Q) : g—z =0 on 0Q}. Then ||Aull, o+ [ull, o defines
a norm equivalent to the standard norm on X.
Proof:

By virtue of Lemma 3.12, it suffices to show that [[Aul|, o + [[ul] o, gives a norm
equivalent to the norm defined therein. Clearly, since €2 is bounded, there exists a k;

so that

[Aull, o+ l[ullyo < Ea(lAull, o + llull, o) (3.15)

To obtain the inequality in the other direction, it suffices to show that there exists a

ko such that
[ull,q < ka([[Aull, o + llull, o)

Suppose by way of contradiction that this does not hold. Then there exists a sequence
{u,}52, C X so that

il > 118t + lall ) for all n € .

Define a new sequence {v,}, by v, = ”Z—:” and note that

1 = |loall, o > n(|Avall, o + llvall, o) for all n € N. Clearly this implies that
[Ava |, 05 [vnll; o — 0 as n — oco. In particular, {v,};2, is a bounded sequence in
X. Since W}(Q) is compactly imbedded in LP(Q) [2], there must be a subsequence
{wn,} which converges in LP(2). Let v € LP(Q2) be such that v,, — v. Then v satisfies

[v]l, o =1 and [Jv]|, o = 0, which is a contradiction. Therefore the result follows. O
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Lemma 3.14 Let X = {u € W}1*(Q) : Se=0on (r,T) x 9Q}. Then |Ju|,q +
[ull, o + lAull, o defines a norm equivalent to the standard norm on X.
Proof:

Easily, there exists a k; so that
1,2
el 0 + Nl + 1Al 0 < Fallullys

In order to obtain the inequality in the other direction, fix t € (7,7"). Then

u(t,-) € W2(Q) and satisfies 9u — () for 2 € 99. Consequently, from Lemma 3.12, we

on

have

lu(t, e < Fa(lAult, g + lult,-)l,0)

with ko independent of u. This yields

‘\Hﬂ

~ T
[ Sjajez [DOuf dadt < ks <f (|1Aul + |ul? )dxdt)
QO - T

and it follows that

T - [T
I/ \ut!pdxdt+ff2|a\<2} (O’Q)U‘pdz’dt < ky <f (|Auf” + |ul” + |ut]p)dxdt>.

\|

Thus giving the desired result. O
We close this chapter with some estimates that we will use directly in the proofs of
Theorems 2.6 and 2.9.

Lemma 3.15 Suppose that d > 1 and that ¢ solves (3.1) with T — 7 > 1/2. Then

there exists a t € (1,T) and a constant C(q) depending only on q so that

146( )y < C@) (101, rryeq + 1 d0llZ527)
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Proof:

Note that ¢ = v + w, where v solves

u=dAv+60 te(r,T),zeq

=0 te(r,T),z € o (3.16)
v=20 t=71,x €.

and w solves

wy=dAw te(r,T),xz €N

g — 0 te(r,T),z € o0 (3.17)
w = ¢y t=71,x €.

Lemmas 3.10 and 3.11 imply that

1AG, (rryxa = AV + Aw|l, 7ywq < AV, ryxa + AW, 7)<

< C() 100l (rryxe + K (@) ||¢0’|Z}22/q < C(q) (HQHq,(T,T)XQ + ||¢0’|?,}22/q)
where C(q) = maz{C(q), K(q)}. The Mean Value Theorem together with the fact
the T'— 7 > 1/2 implies that there exists a ¢ € (7,T) so that

126(t, )l < 2C(0) (11611, r.ryx0 + doll50") -

Setting C'(q) = 2C(q) gives the desired result. O

Lemma 3.16 Suppose that d > 1 and that ¢ solves (3.1). Then there exists a con-

stant K(q) depending only on q so that

1,2 2-2
1P v < K (@) (161l oy + 0]l

Proof:
Proceeding as in Lemma 3.15, we have that ¢ = v+ w where v and w solve (3.9)

and (3.10), respectively. By virtue of Lemmas 3.10 and 3.11, we have



37

HP¢H (T T)xQ "pU+Pw"q(7T xQ = HPUH (T, T)xQ + HPqu(TT xQ
C@)10]l g, rizyx0 + K (@) 1 0ll35"" < K@) (10]l ri1y + S0l )

where K(q) = maz{C(q), K(q)}. Similarly, we obtain

2-2
1Al riryxr 196l iy < K@ U0y iy + 1 00ll0")-

Noting that A¢ = A(P¢) and that [[(Po)dll, - 7yxa < 2116ty (. 1)xq » We have that

2—2
||P¢t||q,(T,T)><Q + ||P¢||q,(T,T)><Q + ||A(P¢)||q,(T,T)><Q S 4K1(q)(||0||q (1, T)xQ + ||¢0|| /q)

From Lemma 3.14, there exists a ¢ so that

1,2 ~
1PN 2 e < E (1Pl rryxer + POy oy + NAP) g (7))

and the result follows with K (q) = 4¢K;(q). 0

We will also need the following standard algebraic estimate.

Lemma 3.17 Suppose that K, L,y > 0 and 0 < e < 1. If y < K + Ly*, then

Proof:
The result is clear if L = 0. Suppose L > 0, and for each K > 0, define u(K)

to be the unique positive solution of u = K + Lu‘. Then y < u(K) and v/'(K) =

u(K)

T—OuR) ek < %_e Consequently,

y < u(K)
< ﬁ + u(0)
= L —'—Llie
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The following two lemmas will be used in the proof of Theorem 2.9. These proofs

are well known [4], but will be included for the sake of completeness.
Lemma 3.18 Let w € H*(Q) with g—ls =0 on Q. Then
1Awln > A [Vl

where A1 is the smallest positive eigenvalue of —A subject to Neumann boundary
conditions.
Proof:

Let {¢1}72, be a complete set of orthonormal eigenfunctions in L?()) of —A
with homogeneous Neumann boundary conditions. Let {\;}32, be the corresponding

set of eigenvalues listed in increasing order. We can write w as
W= 3% WPk
and hence
Aw = Zzo:(] —)\kwk¢k
Using integration by parts, we have
IVw|sg = [ |Vwl de = [ wg—“;’da — [wAwdz = — [wAwdz = 332, \pw;
’ Q N Q Q
It now follows that

HAwH;Q = D00 Apwi > A0 Aswip > A vaH;Q
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Lemma 3.19 Let w € H*(Q) with g—t‘; =0 on Q. Then
HVwHiQ > M fJw — w”i@

where W = \ergfzwdx.
Proof:

Let {¢1}52, be a complete set of orthonormal eigenfunctions in L%(2) of —A
with homogeneous Neumann boundary conditions. Let {\;}72, be the corresponding

set of eigenvalues listed in increasing order. We can write w as
w =320 WPk

and hence

IVwll = X320 Avwi.
¢ is a constant function associated with \g. Hence it follows that

w = |Q flgwdx = wodo

We now have that

W—W =Y poq AW
and

lw — w5 = 372, wi.

It then follows that

IVw]| = 52 dewd > M S52 wi = A [jw — ][5 -
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CHAPTER IV

MAIN RESULTS
A. Proof of Theorem 2.3

We begin by restating (2.1) for convenience as

uy = DAu+ f(t,z,u) t>0,2€Q
Ouy,/On =0 t>0,2€00m% k=1,..m (4.1)

uk(0,-) = U, () t=0,x € ﬁg(k) k=1,..m

Recall the truncated system associated with (4.1). Let r > 0 and define ®, €
C>®(R™,[0,1]) via
1, wue B.(0)

o, (u) = (4.2)
0, u ¢ By(0)

The truncated system is given by

~

up = DAu+ f(t,z,u) t>0,2€ Qpy k=1,..m
Ouy,/On =0 t>0,2€ 00w k=1,.m (4.3)
uk(O, ) = U, () t=0,z € ﬁa(k) k=1,..m

where fi(t,z,u) = ®(u) fi(t, 7, u)

We establish that this system has at least one solution. To this end we recast
the system as a fixed point problem and apply Shauder’s fixed point theorem.
Define T, : C(Q,) — C(Q,) via T,,(v) = u where u solves
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~

uy = DAu+ f(t,z,v) t>0,z€
Ouy,/On =0 t>0,2€ 0w k=1,..m (4.4)

uk(O, ) = U, (") t=0,x € ﬁa(k) k=1,..m

We show that this mapping is well-defined. Note that v € C(Q, R™) implies
there exists a constant K, . > 0 such that }f(t,x,v)‘ < K, .. This gives us that
flt,z,v) € LP(Q,) forall 1< p< .

We get the existence of u € W,»*(Q,) for all 1 < p < oo by [19]. Note that if p is
sufficiently large W}*(Q,) imbeds compactly into C(Q,). Therefore, T'(v),.. € C(Q,),

and we have T, ; is well defined.

We will now show that T, , is continuous. To this end, let z = T, . (v) — T, ,(w)

for v,w € C(Q,). Then z solves

(zk)e = dpAzy + fk(t,x,v) — ﬁ(t,x,w) t>0,2€Qouy k=1,..m
Oz /O =0 t>0,0 €0 k=1,.m (45)

2(0,2) =0 t=0,2€Qopy k=1,..m

From [19] there exists a constant L, , such that

~

< Lp,T fk(7 " U) - fk(7 5 w)HILQT < amapr,T ||U - pr,QT (46)

Il

So,

I

||ZkHWp12(Q_,_) < amapr,T Qa(k) Tl/p ||U - wHoo,QT (47)
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Applying the Sobolev embedding theorem for p large enough [19] there exists C, ;.

such that

12kl < Corollzellwrzq,) (4.8)

This gives us

157 (0) = T ()l = 2l < Cllv = wll g, (4.9)

So, T, is continuous. Furthermore, the W,*(Q;) estimate for u and (4.6) imply
T, , is compact. Finally, note that the truncation implies that [—2r, 2r]™ = By, is
an invariant m-rectange for (4.3). Therefore, T, : C(Q,, By,) — C(Q,, Bs,) and the
Shauder fixed point theorem gives us that there exists a u € C(Q,, Ba,) such that
T+ (u) = u.

We denote that solution u to (4.3) by u™. Now choose 1 > ||ug|| . . By continuity

there exists an e, > 0 such that |lu(t,-)|| . < r for every ¢t € [0,¢,]. Note that u()

oo

solves (4.1) for [0,¢,]. As a result, we have a local solution to (4.1).

We must now show that the solution to (4.1) on @, is unique. Suppose that
w € C(Q,, R™) solves (4.1) on Q...
Let ¢ = u —wand 0 = f(-,-,u™) — f(-,-,w). Then ¢ solves

(Or)e = deAgp+0 t>0,2€ Qopy k=1,..m
a¢k/a77 =0 t>0,z€ aﬂa(k) k=1,..m (4-10)
gbk(O,x) =0 t:O,ZEEQU(k) k=1,..m

Multiplying both sides by ¢y gives

O(Or)t = dprAdr + O (4.11)
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Integrating both sides over Qrq, , gives

/t/¢k(¢k)tdl'dt:/t / dk¢kA¢kdxdt+/t / OrpOrdadt (4.12)
0 Q 00

o (k) o (k) 0 Qup)

As a result,

t t t
1 _
5J/ﬁmz—@/wmﬁﬁf//qwmmug{//¢QMt (4.13)
Qa(k) 0 0 Q(r(k) 0 Q(r(k)

Now define y = 5 [ ¢idx.
Qo (k)

y < 2K [ydt

O —

So, Gronwall’s inequality gives us y = 0. Therefore, (") = w. So, to finish we define
e, = sup{e||lu(t, )|, < r for every t € [0, €|}
and let
Thax = lim, o €,

The analysis above implies if T}, < 0o then solution to (4.1) blows up in finite time.

B. Invariance of R

In the introduction we mentioned that if the f;s are quasipositive, then R is invariant
for (4.1). We demonstrate this below.

Consider the system (4.1) with f(¢, x,u) replaced by f(t,z,u™)

ur = DAu+ f(t,z,ut) t>0,z€Q
dux _ ) t>0,2€0u k=1,.,m (4.14)

ug(0,-) = ug, t=0,2€Qup k=1,..m
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where u™ = maz{u,0}, u= = —min{u,0} and f(¢,z,u") is continuous and is
locally Lipschitz in its third argument uniformly for bounded x and t. Theorem 2.3
guarantees there exists a unique solution of (4.14). Multiplying the k' component of

(4.14) and integrating over (0,t) x €,) we obtain

t t t
/ uy, (ug)edzdt = [ druy Augdzdt + [ [ ug fe(u®)dzdt
0 flg(k) 0 Qa(k) 0 Q‘T(k)
Note that
(ue)e = —(ug )t
and
Auy = —Auy,

whenever u; > 0.

Integrating the equation above by parts yields

t 2 t
—%Qf (up)?de=dy [ [ ‘Vu,;‘ dedt + [ [ wug fe(u®)dzdt
o(k)

Since f is quasipositive,
B N 0 ifu>0
u, fr(u®) =

>0 fu<0

This gives us

t
b T (e = di [ [ |Vug] dede
o(k)

0 S)G(k)

Hence u;, = 0, the desired result.
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C. Proof of Theorem 2.5

We must first establish an a priori estimate for

Z Uo (s, 2)ds (4.15)

We have (u;); = d;Au; + fi(t, z, u). Multiplting both sides by a,, ; and summing

we get

Zanw Uy (Z) <A Zank i, ) )+ M;, Zuo o )+ N (4.16)

=1 =1

Setting d.x = max{d;} and integrating both sides we get

ng
Z Uy iUo (.)(x t) < Npt+

Amax (f Zk @y illo, () (T, 5)ds) + Z (ny itlo, ., (7,0) + Mk(f Z (ny,itlo, ;) (T, 5)ds)

0 =1 0 =1

where M, = Mj, - {—L1—1}.

any o 6 (3 d;

tn
Define p = [ Zk Ay i Uo ()(x t) and we get
0 =1
0 < dpax AN + Mmp + Z Ay ilo, (x 0) + Nyt (4.17)

=1

Suppose that W is a solution to

T(0) = 0.

We can see that ¥ is an upperbound for ¢ and
t
U(t) = eMit [ e Mes(|lug ||, + Nis)ds.
0

Therefore, ¢ is bounded for all bounded ¢.
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Using the first row of az(f) we have that and applying the intermediate sums

condition we have

Nk

fok(i) (I7 t7 U/) S Mk} ;U/ok(i) + Nk

Suppose that vy, solves

(0p)e = dpDvgr + M, gl oy ¥ Ne = fo oy t> 0,0 € Qg

Ovg.1/On =0 t> 0,2 € 0

vr1(0,2) =0 t=0,2 € Qo)
Note: v >0

Consider vi 1 + ug1 = Wi

ng
(wk,l)t = dkAwa + M, ;uok(i) + N, t> 0,z € Qa(k:)
Owy,1/0n =0 t> 0,2 € 0

wi1(0,2) = uy1(0, ) t=0,2 € Qo)

t t e
wi(t, z) = dkA/wk + w (0, z) + /(Mk Zuokm (s,z) + Ni)ds
0 0

=1

t n
Note: [(Mj Zk Uo , (8,2) + Nyi)ds is bounded for bounded ¢.
0 i=1

This implies there exists a constant L(dy,t,p) such that

t Nk

wea(0,2) + [(My Y, (5,) + Ni)ds
i=1

0

[(wk1)ell, g, < L

pth

Thus [Jwgl],, is bounded.

Since |[ukall, o, < wkall, g, we have that

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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Huk,l\]mt is bounded for every p > 1.
k k ng
Recall aé,ffok(l) (t,x,u) + a(Q,Q)fok(Q) (t,z,u) < My ;1 uak(i)(s, z) + Ny

Suppose that vy 2 solves

(Uk,2)e = dxAvgz + My Z Uo, iy + Nk— a2 1fo agfg)fok@) t>0,2 € Qo
Ovy,2/0n =0 t> 0,2 € I nu

Uhg(o, I) =0 t=0,z¢€ ﬁU(k)

Note: v 2 > 0
We have

k
(ag l)uO (1)(t T u) + ag 2)u0 e (2) (t r U) + Vg 2) =

A(d, @gkl)uo + d anQ)uo o T d, ) Uk, 9) + Mg Z Uy ()(s x) + Ng

Ok (1)

Setting

ng
T1 = MkZuok(i)(s,x) + Nk (423)
=1
T, = agkl)uo (0,2 u) + agkguo (0,2, u) (4.24)
do
T3 = (agﬁ)ﬁ - 1)u0k(1) (425)
01(2)

we see that 77 and T are bounded and that 75 has an LP(Qy,.) bound.

Choose ¢ = f(d: E; ’f) U, 1y + @gkg)uo o T Uk2). ¢ satisfies

(bt == dok@) A¢ + Tl —|— T2 + Tg. (426)

is bounded for p > 1.

pva,t

This gives us that ‘ Us, (5,

Recall that
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(Uoy (i)t = oy (i) Ao, (i) + for i) (t, 2 u) > 0,2 € Qo
o, (i) /9N = 0 t>0,0 €00 k=1,..m (427

uok(i)(o, ) = uok(i)(-) t=0,z € ﬁg(k) k=1,..m

and U, (i) < Ug,(s) Where 1, ;) solves

(Uoy (i)t = oy (i) Aoy (i) + for i) (t, 2, 1) > 0,2 € Qo
Do, (i) /O = 0 t>0,0 €00 k=1,..m (428

ﬂOk(i)(Oa ) = ‘

uok(i)(-)Hoo t=0,z € ﬁg(k) k=1,..m

and U, ;) = Pp; + Vi, where @y ; solves

(q)k,i>t = dok(i)Ach,i t>0,x € Qa(k)
OPy,i/On =0 t>0,7€0u k=1,.m (4.29)
cbk,i(oa ) = ‘

and Wy ; solves

uok(i)(-)Hoo t=0,z € ﬁa(k) k=1,..m

(Vi) = dop () Ak + for (L2, 1) > 0,2 € Qo
OVyi/On =0 t>0,2€0qu k=1,..m (4.30)
U:(0,-) =0 t=0,2€Qopy k=1,..m

Note that the maximum principle imples that ®;,; is bounded by ‘uok(i)(-)H )
fok(i)(t’ Z, U)Hp .

If the f,, ;) are polynomially bounded then we can conclude that || ¥y, ; HWZ;,Q(QU(W)

Also, H\I/kﬂ‘HWpl,Q(Qg(k)’t) < Const

has a bound for every p. Applying the Sobolev embedding theorem gives us that

|yl is bounded and the result follows.

00,Q0(k),t
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D. Proof of Theorem 2.6

We will begin by proving the result for n < 3. Earlier we showed that R’ is invariant.
Since By oo(2) N RY is invariant we know that (2.3) has a unique global solution. Let
dpmin, = min{dy} and a = 1/d. Define v(t, x) = u(at, z) — z where u solves (2.3).

Then v satisfies the system of equations given component-wise by

Vg, = C/Z\kAUk + aﬁ(v) t >0, S Qa(k)

%—7;;“ =0 t > 0, T € 8Qa(k) (431)
Vi = U, t =0, S ﬁa(k)

where di = ady, and fi(v) = fiu(v + 2).

We will show that v can be bounded in the sup-norm independent of r, and this
will apply to the solution of (4.1).

We multiply the & component of (4.31) by v, and integrate over the space-time

cylinder Q1) to obtain

T T T
/ / Vg Ug, dzdt = Jk/ / vavkdxdt—i—a/ / vkﬁ(v)dxdt.
T Qo (k) T Qo (k) T Qo (k)

Integration by parts gives

2 2
% H/Uk(T7 .)”2790‘(1@ - % ||Uk(7—7 .)”2790'(16)

~ T T -
< —di[ [ |VolPdedt+af [ vpfe(v)dedt

Qo (k) T Qo (k)

Since fk is Lipschitz with constant L, on subdomain ), we have

dy

A—

[ Vo) dadt
Qo (k)

T m
1 A2 _ 1 A2
Hlonr i, = 30T M, + 0L ] S ol & ol o

IN

Applying the Mean Value Theorem we find for some ¢ € (7,7)
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+aL) L |lon (4.32)

00, Ry X (k)

[ 19ut,o)P dz < (

Qo (k)

1
2(T —7)

We can select an increasing sequence of time values {77 ;}°, satisfying
0<Tii<1
S<AT,; <1 Vi
so that

1/2 1/2
loe (T NG, < 2+ aLe) Ly ol L2, v

Taking vy (774, -) as initial data, we obtain a solution vy € W2172(Q(T1,i,T1,i+1)).
From Lemma 3.15 we get a constant C; independent of cfk so that for some

€ (Th;, T1i41)

18048, o0, < Crlafi] + [T, )5

2,(T1,5,T1,541) X Qo (1) a(k))

Combining this with Lemma 3.12 we obtain

112
llue(t, )||2Q o S < (Cy+1D)(1+aL, + (24 aL,)?) Ly, / vk H1/2

00, Ry X8 (k)

for some t € (714, T1,i41). In particular, there exists a sequence {T7;}52; with 775, | €

[Tl,iy Tl,i + 1/2] and T1*72j € [Tl,i—l—l — 1/2, Tl,i-l—l] so that

(2)

v S (Cr1)(aL, + 1+ 2+ aL,)' ) Ly [|o]| L
oo (k)

[ee] R+><Q

Jo (i )]

From Theorem 3.2, we know W2(2) imbeds continuously into Wi~ 2/ Q) for

q= 2(”7”) Thus there exists a constant C' so that
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As a result, we can select a sequence of time values {15 ,}7°; satisfying

T5, <2

1/2 < AT?,i <1 Vie N
and a constant Cy so that

l06(Tos Mol < ColaLy + 14 (2+ aLy)?) o

Q) — 00, Ry X826 (k)

Using vi (75, -) as initial data, we have from Lemma 3.16 a constant C'3 independent

of d so that

3 12=2/9)
HPWH T2“T2 %0 S kaH (2,6, Ta,i41) X Qg (1) * 1ok (Tos, )quﬂcm ) (4.33)
Hence, there exists a constant Cy so that
||ka|| T2 Z7T2 Z+1)><Q (k)
1) 1 1/2 1/2
< Culaly ol 30, o Ll + (aLe + 1+ 2+ aL) V) [0 L. g, ) L3F)

and consequently

(1,2) 1/2
Hp’l}qu (T2 1,T2 1+1)XQU(1€) — C (QGJL + 1 + (2 + aL )1/2) H/UkHOO R-‘rXQU(k) LM
where p = 1= Lor L is chosen to maximize V][5 7, x,0 - Forn <3, we have
g =22 "T“ and hence W, *(Q(ry, 1,.,.,)) imbeds continuously into C(Qr, , 7, ,.,))-

Thus, there exists a constant C5 so that

1/2

[ Pogl| o Yx = s (2aL, + 1+ (2+aL,)"/?) ||Uk||ooR+><Qa(k) Ly

(T2,5,T5 541

Since this holds for every k, we have
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L
1/2 M

HvkHOO,(TQ,Z-,TQ,Z-H)XQU(I@) < Cs(2aL, +1+ (2+al )1/2) Hvk||°°R+XQ”(’“) ]V/[ ‘7@‘
= a(k)

Because v, = 0 for = € ﬁz(k) we have

1/2
o far 4 Q|

10kl o (7,739 500 S C5(2aLr + 14 (24 aLi)™?) g1
Summing over the components we find that

1/2 w
0]l so 7y 7201w < MC5(2aLy + 1+ (2+ L)) 0], 5, o LY+ D

Applying Lemma 3.17 to this inequality we arrive at

1§:LM

1=pim ‘Qa(k)“

190l o,z 111k < (LAMCs(2aL, + 14 (2 + aLy) )= +

We now have a bound for the supremum of v on the interval [T5;,00). In order
to complete the proof, we must find a bound for the supremum of v on the interval
[0,7%1). From Theorem 3.6 that dyA generates a strongly continuous semigroup of

contractions {7} (¢)} on C(Qy)). By variation of parameters we have

v (t, ) = Ti(t)vo, + /Tk(t — s)afi(v(s,-))ds

and thus

06t Mo, = N0l + 0L [ 1005, )i, 05
0

Applying Gronwall’s inequality we find that

1okt M,y < 1204 oc0, 0, €5

S H/U()k ||oo7Qg(k) 62&LT
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Again, because v, = 0 for z € ﬁz(k) we have

lor(t, Mo < N0 s, €

Summing over the components we find

o] < m ||vol| o o € (4.34)

o¢] R+><Q

From inequalities (4.33) and (4.34) we find

1 & L
maz{(L}*mCs(2aL, + 1 + (2 + aL,)"/?)) 77 + S m 00| o0 €277}
L=pia ‘Qa(k)

Select 7 so that

1§:LM

L=pia ‘Qa(k)

r > max{(SmLMC'g,)ﬁ + ,2m ||U0HOO,Q}

From (4.5) we can choose a small enough to force

< maz{(3mCs) 1 Pt >
— P ‘Qa(k

9]l o, 2, <0 »2m[|vol o o}

This gives us that for sufficiently large diffusion
[o(t, Mo < BKm - V£ 20

where K, = m@x{(3m05)1 I §1 |QL1(”Z)| 2m HUOHOO,Q}-

If Lyy — 0 as ||Jug — 2| o — 0 then we can see that for a fixed r

max{(L}V/[?mC%(ZaLr—l—l—l—(2—|—aLr)1/2))ﬁ_|_1L E T L e ;|| o 0 €277 } can

be made arbitrarily small.

This gives us that if the initial data is sufficiently close to z then no additional
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assumptions on the size of the diffusion coefficients are necessary to guarantee the

solution u of (4.1) exists globally. This concludes the proof for n < 3.

The primary estimate that relied on n < 3 was (4.33). We will now establish
this estimate for n > 3 and the result will then follow for an arbitrary n.
In order to extend the result to an arbitrary dimension n, we claim the following:

For every j € N, if ¢; = (”T”)] there exists
i. a sequence {Tj11,}2, such that
0<Tjp<j+1
5 < ATy, <1

ii. a constant C(j), with 0 < C(j) < 1 and a function K;; € C(R4, Ry)

independent of Ja(km and truncation such that

2-2/q; C(
loe (T M%) < Kjaa(aLy) [[0l| S5 (4.36)

q; OO,R+XQO.(]€)
We have that this holds for j = 1. We will now proceed by induction. Suppose
that this holds for j =1 > 1. We will now show that this is true for j + 1.

Since (4.36) holds for j = [, there exists a sequence {7741}, so that

o (T ) < Kppa(aLy) Iol| S5

OO,R+ Xﬂg(k)

Taking vy (Tj41,, -) as initial data, we obtain a solution vy, € W *(Q(1,, , 1141 .001))-

By virtue of Lemma 3.14, there exists a constant Cg independent of Jk so that for

some t € (1414, Tig1,i41)

+ 0T, Mo ™)

180k (t, )0, < Cola | Fi @t

q1,(T2,i,T2,i4+1) X Q0 (k)



25

which gives us

q—1

1 c(l
180t Yy, < Colas [0l v, ) LH + K (aLe) fou (T IS, )

Using this with Lemma 3.12 gives us that for some ¢ € (T)11,, Tj+1,i+1)

q—1

1 c(
ot M5, < (CotD)((@Lt1) 0], xe ) Lar"+Eiva(@Le) [g(Tiis g, -

Again, we can find a sequence {T},,,;}72, with T}, 5,y € [Ti414, 1414 + 1/2] and

Ti105 € [Ti41i01 — 1/2, Tigai4a] so that

(2)

a1, (k)

< (Cot D) (oLt 1) s 25000, ) L + K (aL) [oel 5. o)

— OOR+><Q (k) OO,R+><QO. k

|os(TT 11 7)]

Applying Theorem 3.1, we find that W2 (Qs)) imbeds into W, _Q/ql(Qo(k)). Thus

there exists C'; € R so that

N (2-2/q141) (2)
H?)k(TlJrl,ia ) a1 ) < Cx Hvk(THl,ia ')qu,ﬂ(,(k)
It now follows that
(2-2/q141)
T . <

H i I+1,4 ) Q1% k)
Cr(Co + 1)((aLy + 1) [Jurl| @705 )L”ql + Kia(aL) loe 2%, co, )
and hence

(2-2/q)

(I+1
|oe( )], < KipalaLy) [loel 25 0, o,

qvﬂ (k)

where K o(z) = C’7(C'6—|—1)((x—|—1)L}V/[ql +Ki11(z)) and C(I+1) =C(l) or (g —1)/q,

(I+1)

whichever maximizes Hkaoo Ry X Q-

So, we can pick a sequence {T}4q,}52; with Tjyo1 < [+ 2 and < AT < 1

with

2—-2 (1+1
o (T G20 < Kipa(aLy) llonll ke, o,
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and our claim follows by induction.
Now, by choosing j sufficiently large so that ¢; > ”+2 and applying Lemma 3.16,

we find that there is a constant Cy independent of dk so that

(2 2/q
||ka||(I] (T2,:,T2,i+1)Q a(k) - kaH 55(T2,5,12,i41) X Qg (1) + ||Uk(T2’“ )H J )

E. Proof of Theorem 2.7

Suppose that f satisfies conditions (1.3) and (1.10) and that u solves (2.3). Note that
these conditions together imply that f(z,0) = 0 so that (2.2) holds with z = 0 and
ug > 0 on its interval of existence. Suppose that 0 <t < T},,,. Integrating over the

k™ equation of (2.3) over Qo) gives

¢
/(uk(tm)—ukOx ://kxudxdt
00

Since f satisfies (1.10) and ®, > 0, we have

Z Ckﬁ@(xa u) = q)r Z Ckfk(x7u> < 0
k=1 k=1
Summing the components we find
@Tchfk(x,u) = ch/ ug(t, ) — ug(0,2))dx <0
k=1 k=1
This gives us

m
S,

k=1 k=1

—
.
S
IN
NE
=
D —
=
=
S

It now follows that
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and we have our L' estimate of (2.3) independent of dj and 7.

The result now follows from Theorem 2.6.

F. Proof of Theorem 2.8

Suppose that f satisfies condition (2.2) and there exists and invariant region I and a
convex seperable Lyapunov function associated with (2.1). Note that these conditions
together imply that the equilibrium point, z, for f is the zero of the convex seperable

Lyapunov function and u; > 0 on its interval of existence.

Multplying the ™ component of the truncated system by hy (ux(z,t)), we obtain

ou

h;g(uk)a—tk = hy(uge) dip A + hy () fi () (4.37)
Note:
Ahy(ug) = by (ug) [Vur|* + by (ug) Aug (4.38)
So,
h;(uk)% = dyphy, (ug,) Ay, — dihy, (ug) Vgl 4 hy (ug) fio(ur) (4.39)

Suppose that z minimizes |[H||, ;. Without loss of generality assume | H(z)l|, ; = 0.
We have

It follows that

. (ug) fe(ug) >0 Vu such that u, = 2 (4.41)

We can write a related system

a(@) =DQ +r (4.42)
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where

Because r is quasipositive and balanced it follows that ) does not blow-up in finite
time. Applying the maximum principle we see that H(u) < Q.

It now follows that u does not blow-up in finite time.

G. Proof of Theorem 2.9

This result is essentially the same as found in [4]. We will include the convergence of
ug(t, ) to U(t) in L Qo).
Define

1
BAi(t) = 5 [[Vu(t, M,

Then

Bi(t) = / Vuy - Vug,de = / Vuy - V(DAug + f)dx
o k) Qo)

= / Auy, - DAugdr + / Vuy - df,Vugdz
Qo (k) Qo (k)

Setting M to the maximum value of |df| over B, (0) we find
Bi(t) < —dmm/\Auk]de—l—J\//f / Vug|? da
0 Qi)

Applying Lemma 3.18 we find

BL(1) < (—Ardymin + M) / Vurl? de = (—Aadomin + M)284(1)

Qo (k)

Setting
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0= )\ldmzn - M

and applying Gronwall’s inequality we obtain the following inequality

B (t) < Br(0)e™ 2
and we have

2 —
IVurlly 0z, < Vgl g, "

From Lemma 3.19 we find

1
2 2 -
l|lus — uk||2796(k) < N HvukonQU(M e !

So for d,;, sufficiently large, we have that the k-th component of the solution u of

(2.1) converges exponentially to its spatial average in L?(Qy)). Also, we have

=t DAuydr + —1— u)dx
|00 Qd{k) ’ |00 | ng(k) fw)

Integrating by parts implies that @) (¢) satisfies

1
() = o | Sl wyde
‘ O'(k) Qa’(k)
For t > 0, we have
1 M

o7 ) Ukww) = fem)da) < 1o / (g — | dae
} J(k)}ﬂa(k) } 7B,

1/2
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—

M1 B
S 1/2 W Hvuko HQ,QU(k) e !
Qa(k)‘ 1

This gives us that

It follows from [4] that the asymptotic behaivor of (4.44) is determined by f.
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CHAPTER V

APPLICATIONS AND CONCLUSION

A. Applications

In Chapter I we introduced a reaction diffusion system that is used to model the be-
havior of a simple population. The population is assumed to be spatially distributed,
and the dispersion of the population is assumed to be modeled by Fickian diffusion.
In this model there are three populations confined to separate habitats €2y, {2y and
()3 such that

DN #0, BNQ£0, U NQ3=10 (5.1)

We model the habitats €; as bounded domains in R? with smooth boundaries denoted
by 0€); such that €); lies locally on one side of itself. The population is divided into
three groups, denoted by the host for a disease in €2y, the vector population in €25,
and the host for the disease in €23. The populations in €2, 25 and €23 subdivide into
susceptibles and infectives. A susceptible host in €2; interacts with an infective vector
in {25 to become an infective host in €2;. The interaction of an infective host in €2; with
a susceptible vector in €2, creates an infective vector in 25. Similarly, the interaction
of an infective vector in {2y with a susceptible host in €23 results in an infective host
in €23, and the interaction of an infective host from 23 with a susceptible vector from
()9 results in an infective vector from {23. The reasoning behind the use of the terms
“host” and “vector” stems from the assumption that the disease does not result in
any mortality for the vector group. In the model below, we also assume that the host
population in €2; is resistant to the disease, and as a result, in some sense it also acts

as a vector population. The host population in €23 is not resistant to the disease. One



simple model of this interaction is given in the system below.

¢r = AP — ki(2)98 + At
U = b AY + k()98 — My
a; = dsAa — ka(z)at — ks(2)av + Aof
By = dyAB + ko (x)a) + ks(z)av — Ao 8

vy = dsAv — ky(x)vf

forx € Q,t >0

for x € Q9,t >0

for x € Q3,t >0
wy = dgAw + ky(z)v5 — A3w
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(5.2)

where ki, ko, k3 and k4 are nonnegative functions, and A\;, Ay and A3 are positive

constants. Furthermore, the supports of k; and ko are contained in the intersection

of €2y and €2y, and the supports of ks and k4 are contained in the intersection of

(2 and €23. Finally, the values d; and \; are positive constants for i = 1,2,...,6 and

j = 1,2,3. We augment the system above with homogeneous Neumann boundary

conditions on each domain €2y, {29, and €25.
0¢/0n =0y /on =0 forxz € N, t>0

daj/on =0p/0n =0 forxz € 0Q,t >0
ov/on =0w/on =0 forz € d3,t >0

and specify continuous nonnegative initial data.

gb(:[‘, O) = ¢0(ZL‘), ¢(I’ 0) = ¢0(‘r) for z € gl
a(z,0) = ag(z), B(z,0) = Bo(x) for z € Qy

v(z,0) = vo(x), w(z,0) =we(z) forze Qs

(5.3)

(5.4)

The vector field associated with the system above is given by f = (f;) where

fl (l‘, ¢7 wu 0675, v, ’lU) _kl(x)¢ﬁ + /\lqu)
f2 (I,Qb,iﬁ,&,ﬁ,l),ﬂ)) kl(‘r)gbﬁ_Alqu)

(5.5)
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f3 (33', @W&ﬁa%w) _ —kg(l')Oéw—kg(.T)OéU—l—)\Qﬁ (5 6)
f4 (ZL’, QZS,@Z),OZ,ﬁ,’U,U)) k2(x)a¢+k3($)0ﬂj — )\Qﬁ
f5 (l‘,gb,iﬁ,O@ﬁ,U,'lU) _ _k4(x)vﬁ (57)
f6 (513:@%04»5,@7“1) k4(3§')’l}ﬂ— )\Sw
It is a simple matter to verify that f is quasipositivity since for (¢, ¥, a, B, v, w) € Ri
we have
fl ($,0,¢,Q,67U,M)ZA1¢ZO (58)
f2 (x,gb,(),oz,ﬁ,v,w)zkl(.r)gbﬁzo (59)
f3 (1’:¢7¢,0:5,U>w):)\2ﬂ20 (510)
f4 (I7¢7¢7a7071}7w) = ]{}2(.%')0[77[)4—]63(1')0[1) Z 0 (511)
f5 (Jf,d),%@,ﬁﬁ,w):o (512)
f6 (ZL’, QZS,@Z),OZ,ﬁ,'U,O) = k4($)1)ﬁ >0 (513)

As a result, from Theorem 2.3, the system above has a unique, componentwise-
nonnegative solution on its maximal interval of existence. Furthermore, the vector

field f is clearly polynomially bounded since
i (2,6, 0, 8,0,0)| < K (¢ + ¢+ + 82+ 0* + 0w’ + 1) (5.14)

for an appropriate choice of K > 0. Finally, the vector field f satisfies the linear
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intermediate sums condition since

100000 A
110000 0
001000 Ao 3

(@, d,4, 0, 8,v,w) < (5.15)
001100 0
000010 0
0000711 0

for all z € Q; UQy U Q5 and (9,9, o, B,v,w) € RS. Applying Theorem 2.5, we can
conclude that the unique componentwise-nonnegative solution to this system exists
globally.

In addition, we can apply Theorem 2.9 to find that if u = (¢, 9, a, 3, v, w) then

lut,) = Talt, g, — O (5.16)

That is, there are no spatially dependent elements in the omega limit set for the

system.

The analysis applied to the system above can also be used to analyze more com-
plex population models. As a first extension, we consider populations on the habitats
above which interactive through a criss-cross mechanism. In this setting we compli-
cate the populations in each €2; to include two distinct populations, each containing
susceptibles and infectives. To this end, we assume the two host populations in
are given by Py 1 = (a1, 81) and Py 5 = (e, f2) where «; denotes a susceptible portion
of the population P;; and (3; denotes an infective portion of population P;;. Simi-
larly, we assume the two vector populations in €y are given by Py; = (¢1,v1) and
Py 5 = (¢2,19) where ¢; denotes a susceptible portion of the population P, and 1;

denotes an infective portion of population P, ;. Finally, the two host populations in
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Q3 are given by P3; = (vy,w;) and P35 = (v9,wy) where v; denotes a susceptible
portion of the population P;; and w; denotes an infective portion of population Ps;.
The criss-cross nature of the system arises from the assumption that «; interacts with
y; for i # j, B; interacts with ¢; for i # j, ¢; interacts with w; for ¢ # 7, and ; inter-
acts with w; for ¢ # j. Of course, in each case, we assume that interactions between
susceptibles and infectives produce more infectives in the habitat of the susceptible.
A model can be given for this type of interaction as an extension of the model above

in the form

¢ = diAdy — ki (z)d152 + Mth

O = 802 = ﬂ@%&+AW2ﬁxer¢>O host 1
Y1 = d2 Aty + ki (2)d102 — Mty

Yoo = dp iy + Ky ()92 — Mty

aqy = dzAay — ko(x)o1thy — ks(x)aqvy + Aoy

e = dzAay — ko () athy — ks(2) v, + Mo

for x € Q9,t >0 vector

B = dy APy + ko (x)onthe + ks(x

Bor = dyNBo + k() by + ks(2) vy — XafBs
vy = dsAvy — ky(z)v1 52
gy = d5Avy — ka(x) 0234

wyy = dgAwy + ky(x)v1 82 — Agwn

)0411)2 — Ao
)

for x € Q3,t >0 host 2

Wop = J6Aw2 + E4(II:)1)2£1 — 5\3102
(5.17)

where kl,El,kQ,f{g,kg,Eg,m and E4, are nonnegative functions, and A, 5\1 A2, Xg, A3
and \; are positive constants. Furthermore, the supports of kl,El,kl,and ko are
contained in the intersection of ; and €25, and the supports of kg,Eg,/ﬁ,and K,
are contained in the intersection of 2 and 3. Finally, the values d;, (L and \; are

positive constants for ¢ = 1,2,...,6 and j = 1,2,3. We augment the system above
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with homogeneous Neumann boundary conditions on each domain €2, €25, and (3.

8¢1/8n:8¢2/8n:8¢1/8n:81/)2/87]:0 for z € 0Q0,t >0
Oay /O = Oay/On = 0B, /0n = 0By /0n =0 for x € 0Qy,t >0
Ov1/0n = Quy /O = Owy /0N = Owy/On =0 for x € 0Q3,t > 0

and specify continuous nonnegative initial data.

¢1(7,0) = gro(7),  ¢Pa(w,0
¢ ( ) O(x)a ¢2(x70
( (

a1(z,0) = a(r), a2

) = ¢oo(x) for x €y
) = oo(z) forw €y
) = aslz), forz €0,
Bi(x,0) = Bio(x), Ba(w,0) = Pao(x) for x € Qy
) )

(
v1(2,0) = vip(x), va(w,0) = vy(x) for x € Q3
(

wi(z,0) = wip(x), wa(w,0) = wy(x) forz € Qy

(5.18)

(5.19)

The analysis below verifies that this system can be analyzed in the same manner as

the previous one.

fl(xaoa¢2:¢1a%,061,042:51:52701702,101,102) =M1 20

fo@, 1,0, 901,09, ay, o, B, P2, U1, U2, Wy, We) = 5\1% >0

f3(x, 1, 02,0, 99, a1, g, B1, Ba, V1, Vo, w1, w2) = ki(z)p1 52 > 0

fa(x, o1, 02,91,0, 04, g, B1, Ba, V1, Vo, Wy, w2) = %1($)¢251 >0

f5(x, 1, P2, V1,12, 0, g, B, Ba, V1, V2, wi, wa) = Aoy >0

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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fo(x, 1, P2, V1,102, 04,0, B, Ba, V1, V2, w1, wa) = XafBa >0 (5.25)

fr(z, 61, b2, 1, 9, i, g, 0, Bo, 1, v, Wi, wa) = ka(x)arthy + kz(z)aivy >0 (5.26)

fS(xa o1, G2, V1, o, a1, 9, B1, 0,01, V2, Wy, w2) = %2(90)0421#1 + %3(95)042711 (5-27)

f9(x7¢17 ¢27¢1777Z)27051705275175270702711}171”2) Z 0 (528)
fro(x, @1, P2, U1, o, 1, g, Br, o, v1, 0, wi, wa) > 0 (5.29)
fi1(z, @1, 2, U1, Yo, 01, a2, B1, Pa, V1,02, 0, w2) = ky(z)v182 > 0 (5.30)
fl?(x7¢17 ¢27¢17¢27Oélvo@uﬁlvﬁ??vl?v??wluo) = %4(1‘)@2&1 Z 0 (531)

Finally, the vector field f satisfies the linear intermediate sums condition. Con-

sequently, more general criss-cross scenarios can also be analyzed in a similar fashion.

B. Conclusion

The primary results of this dissertation are three-fold. The work began with a well

posedness result (Theorem 2.3) for the system (2.1). Then we obtained an extension
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(Theorem 2.5) of the global existence result in Morgan [20]. Finally, we extended
the work of Cupps [5] pertaining to systems of reaction-diffusion equations with large
diffusion coefficients.

We intend to use these results in the future as a starting point to analyze more
complex population models. In addition, we intend to explore the possibility of
applying our results in other areas. For example, it should be possible to apply our
results to biological systems from cell biology. In this setting, it is not uncommon
for certain chemical species (due to molecular size) to pass freely through certain
membranes, and be restricted by others. As a result, the membrane walls of organelles
will serve as natural boundaries of domains of interaction of chemical species. Of
course, this leads to the question of whether the analysis in this dissertation can
be extended to systems which have moving boundaries, and growing domains (and
boundaries). This setting will also serve as the basis for future work.

Finally, we remark that it seems possible to obtain a better result than the global
existence result given in Theorem 2.5 via the assumption of quasipositivity and linear
intermediate sums. If in addition, we assume that the system is balanced, then we

can obtain a uniform L' (€2;) estimate for each component of our unknown.

We can see that both systems analyzed in this section are balanced since

> filt,x,u) <0 (5.32)

for each system.

Consequently, it does not seem unreasonable that the solutions to these systems
(as well as general systems satisfying these hypotheses) should be uniformly bounded
in the L*(€;) norm as well. In fact, our recent explorations indicate that these

results can be obtained as an extension of work in Morgan [21].
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