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ABSTRACT

Forced Two Layer Beta-Plane Quasi-Geostrophic Flow. (December 2005)
Constantin Onica, B.S., Al. 1. Cuza University, lasi, Romania;
M.S., Al. I. Cuza University, lasi, Romania

Chair of Advisory Committee: Dr. Ciprian Foias

We consider a model of quasigeostrophic turbulence that has proven useful in
theoretical studies of large scale heat transport and coherent structure formation in
planetary atmospheres and oceans. The model consists of a coupled pair of hyperbolic
PDE’s with a forcing which represents domain-scale thermal energy source. Although
the use to which the model is typically put involves gathering information from very
long numerical integrations, little of a rigorous nature is known about long-time prop-
erties of solutions to the equations. In the first part of my dissertation we define a
notion of weak solution, and show using Galerkin methods the long-time existence
and uniqueness of such solutions. In the second part we prove that the unique weak
solution found in the first part produces, via the inverse Fourier transform, a classical
solution for the system. Moreover, we prove that this solution is analytic in space

and positive time.
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CHAPTER I

INTRODUCTION

Among several challenging aspects of weather prediction, one recognized very early
was the large range of time and space scales involved if attempts are based on fun-
damental equations of continuum mechanics. “Weather” here refers to motions of
relatively low frequency when compared with sound or gravity waves. Pioneering
attempts [3], [4] with the first computers to predict extra-tropical weather patterns
on spatial scales of order 1000 km used a series of observationally motivated approxi-
mations to derive a system of equations which “filtered” out relatively high frequency
motions, thereby substantially reducing the range of timescales and easing the com-
putational burden to the point where the goal of a useful forecast came within reach.
The assumptions and approximations, now collectively called quasigeostrophic theory,
placed special emphasis on observations that the evolution of the horizontal veloc-
ity and pressure gradient fields appeared to nearly preserve a “geostrophic” balance
between Coriolis and pressure gradients forces, on large space scales and time scales
exceeding a day. While computational technology now allows forecasts using equa-
tions derived under less restrictive assumptions, and the theory is now but one of a
class based on geophysically relevant “balances” (see [15], [16]), quasigeostrophic the-
ory and its numerical models remain of interest to meteorologists and oceanographers
because they capture a number of physically important features while possessing a
structure amenable to mathematical analysis and extensive numerical experimenta-
tion.

This dissertation concerns a simple quasigeostrophic model used by the author

The journal model is IEEE Transactions on Automatic Control.



of [13] to study a problem of pattern formation believed to be import in climate
studies. The same model has been used for other purposes ([8], [12], [9], [11]). It is a
coupled pair of 2D vorticity equations, in which the coupling term has the physical
interpretation of a temperature field and is of central importance to its use. The
system is forced by stimulation of a geophysically important instability present in
the system. Numerical integrations indicate that the instability is typically arrested
by nonlinearity, and all variables of interest come eventually to fluctuate irregularly
about a suitably defined average value. Different variables take differing amounts of
integration time to reveal this behavior; if this occurs for all variables of interest, the
system is judged to be at “statistically steady state.” Statistically steady states are
not always observed: for some choices of model parameters the system energy grows
without bound and integrations must be stopped because of exponential overflow. No
analysis has been done that explains this experience.

The model is typically used when many long-time numerical integrations of geo-
physical turbulence are required for purposes related to climate studies, purposes
for which use of a climate models would be unnecessarily (and often prohibitively)
demanding of computational time. Reliance on the model has been based on the
convincing representation it gives of certain observed phenomena. Data from long
numerical integrations are subjected to various averaging procedures to extract in-
formation about statistically steady states; these averages constitute the “climate” of
the model, and sensitivity of these averages to parametric changes in the model is of
interest to theories of climate behavior. No analytical guidance exists for the proper
construction, or interpretation, of these averages.

Our primary motivation in undertaking this study is to put on a firm mathemati-
cal ground the calculations in [13]. We expect that this analytic study will clarify the

theoretical difficulties referred to in the preceding paragraph. Also, as the reader will



see in the next chapter, the model system sits in an interesting position between 2D
and 3D Navier Stokes, so the problem may have some independent interest. The most
closely related analytical work appears to be that of [1], which establishes finite-time
existence and uniqueness for the quasigeostrophic model proposed by [2], with esti-
mates of that finite time based on the size of initial data and the size of the forcing.
(We mention recent work on a less closely related equation in the next chapter.)
The plan of the dissertation is as follows. In Section A of Chapter II we present
the model in physical space variables, place it in context with recent related work,
give some discussion of the forcing, and motivate an energy norm chosen for the sub-
sequent analysis. In Section B of Chapter II we reformulate the model in wave-vector
space, define relevant function spaces and norms, and present our notion of a weak
solution. Chapter III follows an approach presented in [7] for study of the Navier-
Stokes equations. In Section A of Chapter III we define a sequence of approximating
Galerkin systems. Each system is a finite set of ODE’s with quadratic nonlinear-
ity, constructed by truncating the full wave-vector system at a wavenumber N. The
long time existence of a classical solution (called there an N-solution) for each such
system follows from the theory of ordinary differential equations. Key steps involve
obtaining bound on energy injection by the forcing and certain algebraic observations
that are analogues of integration-by-parts arguments. Section B of Chapter III then
establishes (Theorem B.1) the existence of a weak solution by first verifying equicon-
tinuity and uniform boundedness of the family of N-solutions, for a fixed wavenumber
and time interval [0, 7] of integer length 7. Applications of the Arzela-Ascoli The-
orem, diagonalizing over wavenumbers and 7', produces a limit which is then shown
to be a weak solution. Section C of Chapter III demonstrates the uniqueness of the
weak solution. In each of these sections the main effort is to control the non-linear

term: key steps in the proof of Theorem B.1 involve combinations of Holder’s and



Ladyzhenskaya’s inequalities with a Gronwall argument. In Chapter IV we show that
our unique weak solution is in fact a classical solution. In addition we will prove that
the mentioned solution is time and space analytic. Meantime, L. Panetta, E. Titi
and M. Ziane have announced in [14] existence and uniqueness results (as well as a
dissipativity property) for the strong solutions of our system under a more restrictive

condition on the dissipative terms of the system.



CHAPTER II

PRELIMINARIES

A. The model system

In this section we employ non-dimensionalizations that we do not discuss. Details
can be found in [13], [15], [16]. Common to all versions of quasigeostrophic theory is

the assumption that the horizontal velocity field has a streamfunction
i = V*, (2.1)

(a non-dimensional form of geostrophic balance), together with an evolution equation

for a quantity @

0Q , 9w oQ v 9Q _
325 a.l’l 8ZE2 (9:102 8x1 n

Flyl+ D[yl (2.2)

Here V4t = (—%, %’ﬁ), (21, z2) are horizontal coordinates, F' and D are forcing and
dissipation terms, and () is related to ¢ by a linear differential operator L in space

variables
Q = LI, (2.3)

Different choices for L give different versions of the theory: the general form is

L] = Pz + A0 +alan) - (Ban) -0 (2.4

Here A = 8%% + a%g’ B > 0 is a constant and a(z3), b(xs) are functions related to a
reference state density structure which is not explained by the theory. In this form @)
is called the continuously stratified version of potential vorticity; in numerical models
the vertical dependence is expressed in terms of fluid layers or modes, with appropriate

treatments of the vertical derivatives. Thorough discussions from different points of

view are given by [15] and [16].



The quantity
_ o

=7 2.5

o, (2.5)
appearing in (2.4) plays an important role in the theory: it is a representation of
temperature (or buoyancy), and in view of (2.1), its horizontal gradient is related to

vertical shear:

ou n
- = . 2.
0ra V-1 (2.6)

The presence of non-zero 7 also allows a form of vorticity generation not present in 2D
flow. Versions of the theory that assume 7 = 0, are called barotropic, and ones that
do not are called baroclinic. (Note that barotropic versions with 5 = 0 are simply
2D incompressible Navier Stokes equations.) For baroclinic versions, an equation for
evolution of temperature on the boundary is included. Recent interest has in fact
focused on the model that emerges when () is assumed constant within the interior
of the domain, and the evolution equation (2) is replaced by one governing boundary
temperature field: this model, with L[t)] = —(—A)~/24 is called “surface geostrophic
theory” and presents an interesting connection with the 3D Euler and Navier Stokes
equations ([10], [6],[5]).

The model we study here uses the same vertical discretization of (2.2), (2.4)
used in the early forecast attempts [4], but with the periodic boundary conditions
motivated by [2] and with a special form of forcing that we describe briefly. Details
are in [13], [8]. The model is defined in terms of a pair of streamfunctions (¢, 1s).
In the physical interpretation, the flow given by v is at a greater altitude (z3 value)

than that given by 5. The analogue of the temperature variable (2.5) is

and there is a relation corresponding naturally to (2.6) between horizontal derivatives



of @@ and vertical velocity differences. It is assumed that the flow takes place in the
presence of an imposed, horizontally uniform temperature gradient, with a strength
sufficient to excite an exponential instability at a number of scales. This gradient,
like the reference stratification, cannot be altered by the flow’s evolution. It is a
stronger physical assumption than a simple imposition of a temperature drop across
the domain. What actually appears in the equations is the vertical velocity difference
related to the temperature gradient, which we denote in this section by 2U. The

equations are

8(11 8’% 8(]1 B 01/11 8(]1 L ~ aql . 81/]1 o w
Ot Oxy 0xa  Ox9 011 QUaxl +(B+ >8x1 v(=A)Pq (2.8)
Oqp | Oh2 0qp  Otp2 0qp PN N
ot Or, Oy Oxo Oy = {(ﬁ )axl} V( A) qo — Ky A (2 9)
Here the ¢; are related to the v; by
Q= A -1 (2.10)
@ = A+ (2.11)

Solutions (1 (x1, x2,t),a(x1, 22,1)) to these equations are sought which are periodic
on the domain 2 = |0, QWﬁ]Q, where L is a nondimensional real number. It is also
assumed in [13] that such solutions have vanishing horizontal average. (Note: the
velocity difference 2U is actually used to non-dimensionalize the equations in [13],
[8], and so should be replaced by the value 1/2. We keep it, in this section alone, to
mark terms related to the forcing and to show below how the imposed temperature
gradient enters in the energy equation.)

The linear term involving /3 is a representation in this planar geometry of an effect
of sphericity in planetary scale flow ([15], [16]); non-zero (3 is crucial to the formation of

jets and introduces long timescales in the solutions [13]. (Getting estimates regarding



this effect is one of our aims.) The term involving k), is a parameterization of a
boundary layer effect called Ekman pumping ([15], [16]). In the terms involving v,
choices of p > 1 are not as directly based on physical principles, and have more
to do with expectations regarding energy and enstrophy cascades, and most often
are made for computational convenience: they are designed to produce dissipative
terms, and to concentrate the dissipation processes in simulations at the smallest
small spatial scales included in the calculation. The hope is that this does not affect
in any important way non-linear interactions at larger scales. When p > 1 the value
of v has only phenomenological justification. (We note that in [13] the high order
Laplacian operator is not applied to the ¢;, but instead to the ;. The analysis we
present for the equations here differs inessentially from what would be needed in that
case. We choose this form of the equations because it the one being used in currently
ongoing numerical studies, and it also agrees with [12], [9], and [11].)

A useful view of the roles of the terms on the right-hand sides of (2.8,2.9) comes
from deriving the energy equation for the model. To do this, each layer equation is
multiplied by its streamfunction, the equations are integrated horizontally, and the

results are added. Using the notation (in this section alone)
< F>= / F(xl,ﬂlg,t)dﬂfld&?g (212)
Q

what results after several integrations by parts and uses of periodicity is

a—E:20< oy

—th >~k < [Vih|* > —vP 2.13
o S > —har < [Vl > 2.13)
where @E = % and the total energy F is defined by

_ <|Vi]* +|Vi]* >
2

E + <> (2.14)

is the sum of terms representing the kinetic energies in each layer and the model’s



form of potential energy. The term P is positive definite:

< (A1) 4 (A ) 4 2|V (AW}) 2> ifp=2m+1
P = 2 (2.15)
< |V (Amn) P4 [V (A™5) P+ 2 (A7) > i p = 2m
The only term not clearly sign-definite is that involving U and is the energy source
term for the model. It corresponds to the net flux of heat down the mean temperature
gradient represented by the imposed vertical shear U. This is as in models of thermal
convection, where the energy generation for turbulent motions may also be related to
the net down-gradient heat flux.

Notice that formal use of Cauchy-Schwartz and Poincare inequalities (recall the

assumption of zero horizontal average for the ;) gives the crude estimate

o - ~o  \ 12 co \ 12
T ><
< (%lw >< (< V| >) << [ >>
. - 1/2 . 1/2
<L << V| >) << V| >)
. ) ) .
:£<‘V¢1\ + [Vho|* > <£E.
2 2 -2
So from the energy equation (2.13) we get
) ) o

An analogue of this argument will be used in Section A of Chapter III. Notice
that no mention of the parameter J occurs in this estimate of the domain-integrated
energy. (It does, however, appear in the equation for enstrophy equation). Never-
theless, experience with the model has indicated that the presence of the term [
fundamentally affects the manner in which energy transfers within the domain occur,
and the timescales present in numerical solutions.

We now drop further mention of the constant U, using instead its value 1/2.
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B. The wave-vector formulation

Let L > 0, Q be the square [0, 27rE]2 C R? and o be an arbitrary nonnegative

real number. We consider the equations (2.8)-(2.11) in © with periodic boundary

conditions:
8q1 8¢1 aql _ 87,01 8q1 _ (9(]1 _ 1 8@01 _ _ 1+a
875 + (8x1 (%2 8%2 E)xl N 8951 ( + 2) 8x1 V( A> @ (217)
9g O 0gp  Oha 0o\ _ o Lo
875 + (8w1 6372 8I2 aﬂfl a I{MA@Z& (ﬁ 2) 8[[’1 V( A) ek (218)
where
q = Ay — L ; L and go = Ay + L2 ;?ﬂz' (2.19)

If pisa 27rf—periodic complex-valued scalar or vector function which is integrable

over {2, we define its Fourier coefficients by

1 i
ok) = D) /QeLk'xgo(x)dx, k € Z°.

Its Fourier series will then be

Z gp(k)efik'x.

kez?
Moreover, if ¢ = ¢(x,t) : R2 x [0, T](or [0,00)) — €%, d € N, is 2r L-periodic in the
plane variable, we denote by {¢(k,?)}kezz the Fourier coefficients of ¢(-, ).
By formally replacing in (2.17)-(2.19) ¢;(x,t) with > ;(k, t)e%k'x and ¢;(x,1)

keZ?

with > ¢;(k, t)e%k'x, j = 1,2, and identifying the corresponding Fourier coefficients
kezZ?
we obtain the following equations:

d 1
—q(k,t) + T > (haly = haly)dbi (b, )qr (1, 2)

dt
h+1=k

— —Shaicn) - (54 ) Skt —v (X

2(14+a)
) q(k, ), (2.20)

|



11

d 1
Sk t) + T2 > (hali = halo)s(h, )ga(1, 1)
h+1=k
k|2 1. i K| 2
= s Zhvalin) = (8- sk v (F) w22

with
ailk, 1) = == vk, 1) - BT (2.22)
2 —
Bl ) = —';—ng(k, p ¢ D valled) (2.23)

for every k €Z?. Since ¢;(x,t),j = 1,2, are real-valued functions we have that
V;(—k,t) =ik, t),k €2, j = 1,2, (2.24)

where for a complex number z we denote by Z the complex conjugate of z. The
equations (2.20)-(2.24) are called the wave-vectors formulation of the equations (2.17)-

(2.19) for plane 27 L-periodic solutions. Let

K= {0 = ({tn(K) heezz, {2 (K) heezz) = 15(k) € C,5(—k) = 15(K),j = 1,2,

k €Z%,41(0) + 1»(0) = 0} (2.25)
and
H .= {E)GIC:WF = ZE@)(k)@o}, (2.26)
where
= o kP L 1) = (0

E(y)(k) : ([ @)* + [¢a(K)?)

L2 2

The space K with the metric

— 2 jk — jk — k|2
W ?)= 2 (Z TS s—Osgj<)1|<>|> > 220

J=1

is a Frechet space, and H with the norm (as above) given by the scalar prod-



12

wt (FF) = 5[5 (50000 + valipalh) + L

keZ?
a Hilbert space. For each v > 0 define
e 2 k| o=
=S eH: Y= = E()(k) <oop. (2.28)
keZ?

We denote by C([0,00), K) the space of all K-valued continuous functions on [0, o),
where the continuity is with respect to the metric defined by (2.27). We also define

([0,00), H) and L?

loc

the spaces L2 ([0,00), V) by the following:

loc

L2 (]0,00), H) = {E) :[0,00) — H : ess—sup|$(t)| < oo, for every T € [0, oo)}

0<t<T

and

T
L;.([0,00),V,) = {E) :[0,00) — V- /0 |$(t)|$dt < 00, for every T € [O,oo)} .

Now we are ready to give the definition of a weak solution for (2.20)-(2.24) with

. . . ﬁ
initial data ¢° € H.

Definition B.1. Let E)O € H. A H-valued function E) 1s called weak solution for

the equations (2.20)-(2.24) with initial data E)O if it has the following properties:

1) ¥ € 0([0,00),K) N L2

loc

([07 OO), H) N L%oc([()? OO), VYl-&-O():

2) ai(k,t) = fg h2l1 — halo)yr (b, T)n (1L, 7) + thaqi(k, 7)+ (8 +

%) k11 (k, 7‘)+u<| |> ( )ql(k,T)}dT,

Gk, t) = gk, 0)— {32 (holi—hulo)tho(h, 7)go(1, 7) —rins Sk, 7)+(6—

J,-f

2(1+a)
D ikiga(k, 7) +v ('k') go(k, 7)}dr, Yt € [0,00), Vk € Z2, where q1(k,t) =
|k\2¢1(k t) — Yk 7)2¢2(k7t); Pk, t) = \kl Dy (k. t) + Y1 (k,t)— Tl)z (k,t) . Vk € 72,

and

3) %(k,o) = ¢§)(k); j = 172; Vk € Z°.
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CHAPTER III

WEAK SOLUTIONS

A. Galerkin approximations

In order to prove the existence of a weak solution for the equations (2.20)-(2.24) we

will use the Galerkin approximations technique. Notice that

a) | [ - (%) (k)
0(K) : -(8 1) )\ v
Denote
A= (F+1) (e
2 72 2

and note that Ay is invertible for every k # 0. For every k € Z?\{0}, the equations
(2.20) and (2.21) become

—= holy — huls)ir (B 1
4 ¥r(k) — Al L2 h—H:k%HlISN( 2l = Inl2)a (B, D (1.1) N
= Ay
dt w2(k; t) _% Z (hgll — hfll2)¢2(h, t)q2(l7 t)

L
h+1=k,|h[,]l1|<N

; 1 K| 2(14a)
[ THRalen - @+ Diheton —v () e -
k 2(14a) :
far B (k1) — (B — §)Lkatha(k, t) — v (|1;|> ¢k, 1)
For N € N fixed we consider the system
1
d 501(1(7 t) B Ail _ﬁ h‘gik(hgll — hllg)(pl(h, t)Tl(l,t> .
N - 4k
b\ ook, 1) — LS (hely — hala)a(h, t)rs(L,1)
h+1=k
, . 2(14a)
[ D = G+ Dikeion) - v (57 n .
e Lok, t) — (8= ik, t) — v () ety | '
M T2 P2l K, 27 1P2(K, T
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for k # 0, k| < N, and

d 0,%t 0
(,DQ(O,t) 0
where
_ |k’2 Qpl(kat) _ @2(k7 t)
ri(k,t) = —§¢1(k,t)— 5 , (3.4)
k|? k, t) — ok, t
ro(k,t) = —|Z—|2<pg(k, t)+ 2L 5 2] ) (3.5)

We will be referring to equations (3.2) and (3.3) together with (3.4) and (3.5) as the

N-system.

Definition A.1. Let Z% = {k € Z*||k| < N}. A N-solution is a family of functions

{(p1(k, "), pa(k, ")) ez, satisfying the N-system.
ﬁ
Lemma A.1. Let N € N and ¢° € H. Then

(a) there exist to > 0 and {(p1(k, "), p2(k, ) bkezz, such that
(l) @j(ka ) € COO([OatO]; C);

(ii) {(o1(k, "), a(k, ) brezz, is a N-solution with ¢;(k,0) = ¥ (k), V|k| < N,
J=1,2, and

(iii) ¢;(k,t) = p;(—k,t),V|k| < N,j=1,2,

(b) for every T € (0,00) with the property that the above solution exists on [0,T)

there exists M > 0 such that
o3k, 1) < M.Vt € [0,T),Y]k| < N,j = 1,2 (3.6)

Moreover, the N-solution {(¢1(k, ), pa(k, ) bxezz, with initial data E)O is unique in

the interval of existence.
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Proof. Part (a) follows immediately from the classical theory of systems of ordinary
differential equations and the fact that {y;(k,t)}x<n =12 and {o;(—k,t) }xj<n,j=12
are solutions for the same system of ODEs with the same initial data (since ¢ (k) =

Y9(=k), for every k € Z?). For (b) we start by noticing that from (3.3) we have that
;(0,1) = 7(0),Vt € [0,T),5 = 1,2. (3.7)

Using the equations (3.4) and (3.5) we also get

re 57 ((fnte) e + (Gt ) =
Re Y- (-0 (St ) i - B (ficn) -

[k|<N

(% (901(1(7 t) ; pa(k, t))) D) + (% (901(1(» t) ; wa(k, t))) kD)) =

—%%%{'E' T o L

_)
We will extend a N-solution in a natural way to a function v y such that for every ¢

H
in the interval of existence of our N-solution we have ¢ n(t) € KC, namely:

0

For E) ~ we then obtain from (3.8) that

GO = e 3 (Gt ) atkd + (rati0) wli

K|<N

N | —

and using (3.2) we get

1

A—2 (thl — hllg)(pl (h, t)?”l(l, t)
L h+1=k

CITNOF = —Re 3 {(-

1
2dt
KI<N
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j LA i
~Lan(ht) - (3+ 5ﬁwﬂkw—u(L) (e, 1) r (1)
+(—% S™ (halh — hals)ga(h, t)ra(L, 1) + /@M|L—<,02(k )

(1+a)

—w-—>kkaw—v(9) ro(l, )70k D),

which implies that

d —
@W — —Re Z Z (haly — hylo) (@i (h, t)ri (1 t) e (k, t)
k|<N htl=k

N | —

oa(h, (L, a0 D) + Re [ = 3 Ky 1)pa (5,7

k=N
T D N PNIC
K|<N
(1+«)
+vRe Z (%) (ri(k, t)p1(k, t) + ra(k, t)pa(k, t)). (3.10)

Using (iii) from part (a) of Lemma A.1 we deduce that

Z Z hgll — hllg QOl(h t)?“l(l )ng(k t)

k| <N h+l=k

= Z <h2l1 - h112)301(h, t)rl(lvt)gol(kvt)v

h-+14+k=0,|h|,|1],|k|<N

and after we interchange h with k we obtain

Sl = Z (kgll — k’llg)(pl (k, t)Tl (l, t)QOl(h, t)
h+14k=0,|h|,]1], k|<N
= > ((=he = )l = (=h1 = L)) er(k, )i (L, ) (b, T)
h+14+k=0,|h|,]1], k| <N
= Z (—h2l1 + hllg)@l(k, t)’l“l (1, t)(,Dl (h, t) = —Sl.

h+1+k=0,|h|,[1],[k|<N

Therefore, S; = 0. Similarly,
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- Z Z <h2l1 - h1l2)902(h7 t)TQ(IJ t)QOQ(k7t) = 0.

k| <N h+l=k

Thus, (3.10) becomes

— k|2
%%ww)y?m d = ] = |pa(k, 1) = Re %Z kiri(k, )1 (K, t)
k<N k|<N
LA —h P
ke ¥ () ik it 4 nkoomin).
lk|<N

From (3.4) and (3.5) we easily get that

ri(k, )i (k, 1) + ok, t)pa(k, t) = —E(¥) (k) (3.12)
and
Ss % 3" kiri(k, t)pr(k, 0)
[k|<N
- Re,\ |k| )\ (k1)) + Z koo (K, )1 (K, t)
|k|<N
= Re _Z Z 1p2(k t)@l(k t)]- (3.13)

[k|<N

Using (3.12) and (3.13), (3.11) becomes

1d — k|? 7
ST+ 3 Bl = re | = 3 it in oD
k<N 2L <
Ll
—VZ E U N) (3.14)
K|<N

Next we notice that

LY kel (D) < = 3 [Kllalhe )l lon k.2

k|<N 2L

2L K[<N
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<L - (Fratenn) (Freenn)

[k|<
Z k|2 L —
=+ > M (e + eatie ) < 0N (3.15)
<N L?
From (3.14) and (3.15) we obtain
1d — K2 k 2(14+a) N
sl oo+ 3 Sacor oy 3 (B e@ o0
k<N L [k|<N L
L —
< ZleN@PF, veelo,T). (3.16)

2 L7 2 Chomnl; o 2
Therefore, 2dt|@/)N( WP < Z1vn(@)]?, vt € [0,T) which implies that |¢ n(t)]* <
e%t|$0|2 < 65T|¢0|2, Vt € [0,T). From here and relation (3.7) we easily get that

dM > 0 such that |p;(k,t)| < M,vt € [0,7),VIk| < N,j=1,2. O

From Lemma A.1 (b) and the classical theory of ODE’s it follows immediately

that

%
Corollary A.1. For given ¢ ° € H there exists a unique N -solution with initial data

—_
¥ defined on [0, 00).
Corollary A.2. The function E)N defined by (36) belongs to C([0, 00), K).

Proof. Recall that ¢;(k,t) = ¢;(—k,t),V|k] < N,j = 1,2, and notice also that
©1(0,1) + 2(0,t) = ¥?(0) +9(0) = 0, Vt € [0,00). Therefore,

Un(t) € K, ¥t € [0, 00).

Since ¢;(k,-) is continuous on [0,00), V|k| < N,j = 1,2, we see that JN() €

([0, 00), ). O
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B. Existence of weak solutions

Applying the process from Section A of this chapter for every N € N we get the
sequence {E)N()}NGN C C(]0,00),K). On the space C(]0,00),K) we define the

metric

i TO.F0 - ¥ 4 sup{dw),so(t»:o?

< T}
2 2 supld(U (1), B(1) 0 <t <

t
<t<T}
Remark B.1. The convergence dist(@,,(-), @ (-)) — 0 as m — oo is equivalent to,

for every k € Z* and to € [0,00), om;(k,t) — @;(k,t) uniformly on [0,t], j = 1,2.

The proof of the existence of weak solutions for (2.20)-(2.24) with initial data
E)O € H will be split in two parts. First we prove that there exists a subsequence
{?Np(-)}peN of {JN(-)}NeN converging to some ?() in C([0,00),K). After that we
will show that the limit E)() is our desired weak solution. The first part is covered

by the following lemma.

Lemma B.1. There ezist a subsequence {E)Np(-)}peN of{E)N(-)}NeN and a function

E’() € C([0,00),K) such that lim,_, dist(E)Npa ?) = 0.

Proof. Let T, N € N be fixed. Using (3.2) we can write

(e, t) + ol 1)) = —% > (haly — hal) (1 (b )i (1 1)

pr
htl=k, b, |l[<N
(b, )ra(L 1)) — <k (K t)—<ﬁ+l) Lo (k t)-(ﬁ—l) k(i )
w2(N,1)ra(1, 2;\11, 251%01, 2E1902>

|k|2 |k| 2(1+a)
+/€M§()02(k, t) — VvV <f> (7”1(1{7 t) + Tg(k, t)) . (317)

Next we add (3.4) with (3.5) and we divide by —‘%—'22. With the use of (3.17) we get

d 1
g0 rel =g D (el hb)edond)
h+1=k|h|,[l|<N
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ZLk’l

o rafl 1) + S () (g+ >Z|1L<]|€21(p1<k )

2(14a)
) (pr(k )+ palk ) . (3.18)

o=

iLk
+ (6 ) |k|21 902(1{ t) KMSOQ(k7 t) -V (
Now define p(k,t) := p1(k,t) + pa(k, t) and p(k,t) := p1(k,t) — ¢a(k,t). For s,t €

[0,7], s <t, from (3.18) we obtain

" . 1
Bk, 1) — B(k, 5)| < W' > (haly = ud2) o1 (b, Py (L )+
h+1=k,|h|,|I|<N “ ¥

albn )rafl 7)) + i / i (k, 7 [dr + <B+ 1) @ / o1 (K, 7)|dr+

(5—-) m/ |¢2(k,7)|d7+/{M/s oo(k, 7 |dr+

(1+«)
<|El) /s(|S01(k77)|+!<p2(k,7)|)d7. (3.19)
Recall that we proved that
— 2 K B K )
Tnl = 3 O ik ) + patk, ) 4 12100 = 22l OF,
=~ 9
< FOP (3.20)

for every t € [0,T]. Therefore, for k # 0, we have

L
|k[€4 \w |, Vt €[0,7], j=1,2.

ik, )] <
Using this we see that all the integrals from the right hand side of (3.19) except the
first one are bounded by ¢;(t — s) where ¢; is some positive constant which doesn’t
depend on N. From (3.4) we obtain

Z (thl - hllg)(pl (h, 7')7”1(1, T) =

h-+1=k, |h[,|]]]<N
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2

1
— Z (holy — h1l2)|z_|2901(h7 7)p1(L,7)

h-+1=k, |h[,|]]]<N

—% S (b — hnb)pr(h, 7)1 (L) — a1, 7). (3.21)
hotl=k, [h|,[1]<N

We notice that

1 2
5’4 : = Z (hgll - h1l2)|z_:_|2901(h7 7-)901 (17 T)
h+1=k,|h[|]|<N
(k—h)

— > (hali—h zz)

h-+1=k,|h[,|l|<N

- A12 Z (holy — hala)(1- k)1 (h, T)pi (1, 7) —

h-+1=k,|h[,|l|<N

I?

1

= > (heh = haly)(1- )y (b, 7)1, 7). (3.22)
L h+1=k,|h|,|I|<N

1(h> 7_)901 (la 7_)

By interchanging h with 1 in the last sum of (3.22) we get that the indicated sum is

0, and, therefore

84 = (h2l1 - hll?)(l : k)901 (h7 7)901 (17 T)

h-+1=k,|h|,[I|<N

(ha(ky — h1) — hi(k2 — h2))(1- k)p1(h, 7)) (L, 7)

S S~ Y-

h+l =Z <N
2

(hoky — hika)(1- k)1 (h, 7)1 (1, 7). (3.23)

h+l1=k,|h|,[I<N

From (3.21) and (3.23) we deduce that

Y (hah = hb)ei(h, T (L T)| <

h-+1=k,|h[,|l|<N

1 2
= > kP (b, 7)1, 7)]
h-+1=k,|h|,|I|<N

L h| il
I Ll

h+1=k,|h[,]l|<N
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and using Cauchy-Schwartz inequality we get that the left term in the above inequality

is less or equal then

|k|2 |A— h T)
|1|<N

L’ |h? 2 |1|2
t5 (Z = =-lp1(h, 7)| =l | <
[h|<N

N

Ill2

|90117)|

N[

\1\<N
L
(!kP 7)\%( )2 < (!kP 2>e2\w vrel0 T (324)
Similarly,

) (hals — hala)ea(h, T)ra(1,7)| < o, VT € (0,7, (3.25)

h-+1=k, |h[,|l|<N
where ¢, is a positive constant which doesn’t depend on N. Thus, there exists ¢ > 0

which doesn’t depend on NV such that

ok, t) — ok, s)| <c(t—s), Vt,s € [0,T], s < t. (3.26)
Using the same idea we can easily get that ¢ > 0 such that

8k, t) — p(k,s)| <C(t—s), Vt,s €[0,T], s <t. (3.27)

From (3.26) and (3.27) we obtain that there exists ¢ > 0 which doesn’t depend on N
such that

|¢N7j(k7 t) - d}N,j<k7 8)' < C(t - 5)7 Vt7 s € [O7T]7 j = 17 2. (328)
Notice that we can choose ¢ such that the following is also true
0 0
[k, 0)] = |5 (K)| < ¢ 47, (3.29)

The relations (3.28) and (3.29) allow us to apply Arzela-Ascoli Theorem for the se-
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quence {¢y;(k,-)}ven. We get that for T = 1 and a fixed k € Z?* there exist a
subsequence {¢, ;(k, ) }ren of {¥n (K, )} nen and a function ¢y ;(k, ) € C([0, 1],C)
such that {¢n, j(k,-)} ey converges to ¢y ;(k,-) uniformly on [0,1]. By applying
Cantor’s diagonal method for k € Z? (written as a sequence) we prove the existence
of a subsequence of {E)N(-)}NeN which converges to a function E)l() in C([0, 1], K).
For this subsequence we repeat the above argument with 77 = 2 to get another
subsequence which converges to a function E)g() in C([0,2],K). We continue with

T = 3,4, ..., and we apply Cantor’s diagonal method to obtain that there exist a subse-

quence {9 x, () bpert of {0 () }nen and @ () € C([0,00), K) such that {4 w, (-)}pex
converges to E)() in C([0,00), K). O

Now we are ready to prove the main theorem of this section.

Theorem B.1. The function E) provided by Lemma B.1 is a weak solution for (2.20)-
(2.24) with initial data @)0.

Proof. Since {E)Np}peN converges to E) in C([0,00),K) we get that for every T' €
[0,00)
Yy, .j(k,t) — ¥;(k,t) uniformly on [0,7],j = 1,2. (3.30)

— —
If 6 € Kand M € N define Py, 6 € K by
— —
(Py 60)(k) =0(k) if k| < M, and (P 0 )(k) =0, if |k| > M.
Then, if M € N and N, > M we have
— — LT~
[Prt v, ()] < [Yw, ()] < e |47Vt € [0,T].
Letting p — oo and using (3.30) we obtain

Py (t)] < e |40Vt € [0,T),¥M €N,
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and by letting M — oo we get
— LT —
[ ()] < et [¢°, vt € 0,71, (3.31)

which shows that w € L2 ([0,00), H). By integrating (3.16) we deduce that

o[ 1@ tt=v [ Z(’k') T B w00

k|<N
1 — T 1 LT
§|¢°I2 / O N (8)Pdt < (— + 76?> PO (3.32)

If M € Nand N, > M we have

AN
o\
N
/N
=
S~—
2
7
£
=
<
<
=
S

=

~_
N
e
L
=
<|
&
=
=
—

IN
]
o\
S
=
AN
2
VRS

|
VR
N | —

+
g\g |

@

oI5
— |

<]

(e

T

Therefore, by using (3.30), if p — 0o we obtain

T K|\ 20+9) 1 IT
y/ 3 (Q) E(Yn)K)dt < [ =+ =2e% | 0O, VM € N,
0 enr L 24

Now we apply Beppo-Levi Theorem to get that

T 1(1 IT
/ |$<t>|%+adts;<§+7£) W2, VT € [0, c0), (3.33)
0

which proves that 77/} € L? ([0,00), Vi4a). Thus J satisfies the condition 1) from
Definition B.1 of Chapter II. From (3.2) and (3.3) we easily get that

t
1
qn,1(k,t) = qn,1(k,0) — / {A—Q E (holy — haly)n, 1 (h, T)gn, 1 (L, 7)
0

h-+1=k

7 1.2
+kaQNp,1(k7 )+ (B+ §>fk11/1N,,,1(k7 7)
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+v ( L) qn,1(k, 7)}d7, VN, > [k|. (3.34)

Using (3.30) it is clear that all the terms under the integral except the first one

H
converge to the corresponding ones for 1. We need to show that

5= Z (holy — Tulo) (¥n, 1 (0, T)an, 1 (L 7) — ¥i(h, T)qu (L, 7))dr — 0 (3.35)
0 htl=k

as p — 00. For this we have

> (haly = Inly) (¥, 1 (, 7)gn, 1 (1, 7) = ¥ (b, T)qa (1, 7))

h+l=k
2
= (s = ) E (0,0 0.7) = 1 0,7
h+l=k
by 7 (ol — ), (b, )i, (1 7) = (B, 7)o (7))
h+1=k

by 7 (ol — Pl (o, (0, 7 (0 7) — i (, 7)en(1, 7))

h-+1=k

The first sum on the right hand side is equal to

Z (haly — h1l2)l <kL h) (N1 (h, T)Yn, 1 (L 7) — i (b, 7)bi (1, 7))

h+1=k
= 3 (s~ ala) S (0 o 1, 7) — G, (7))
h+1=k
- Z (holy — R l2 (Q/JNP (h, 7)¥n, 1 (1, 7) — i (h, 1) (L, 7))
h+l1=k

and since the last sum is zero we get that

57 (st = o) &, a0, g 0,7) = 1 i 1, 7)

h+1=k

= Z (holy — hll2) WNP (h, 7)Y, 1 (L, 7) — i (h, 7)Y (1, 7))

h+1=k

= > (ha(ky — hy) = hy(ka — ))E—k(%vp (h, 7)Y, 1 (L, 7) —¢a(h, )i (1, 7))

h+1=k
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- Z (hoky — hiks) —=—(¥n, 1 (b, 7)¥n, 1 (1L, 7) — i (h, 7)1 (1, 7)),

1-k
h+1=k L?

It follows that

| Z (haoly — hilo) (Y, 1 (b, T)gn, 1 (1, 7) — Y1 (h, 7)qu (L, 7))

h+1=k
< 1Y ok — huko) S (g (0, ), 1 (1, 7) — i (B, 7Y (1, 7)
h+l=k L
gl S (s — ado) g (7 101, 7) — (b, ) (1, 7))
h+1=k
ol S (hals = hado) (W a (B, 7)o, (L) — (0, 7)1, )
h+1=k

IA

), L? b ~ i
e+ 2 ) S Bl ) - v B, 00+
hiiek L L
h 1
’—Z’Wh, r)\'f'\wzv,,,la, )= (L)) +
T2
= > Bt - By, o001+

h+1=k

%Wh, T>|'%'wN,,,2<l, 7 — a1, 7)])

—

9 o\, — —> — —>
< (K + L) (Y n, (1) = (DI n, (D] + [ (DY 3, (1) = P (7))

Using the last estimate and Holder’s inequality we get that

2, T2 Lo T2 2 Lt 70

s <2+ ) ([ [ ) = DoPar) Vit [T
0
Now we can see that in order to prove (3.35) it suffices to show that
t — 9
[ Fx o) = B = 0as p - .
0

Since ¥y, j(k,7) — ¥;(k, 7) uniformly for 7 € [0,¢], for each fixed k € Z?, we have
for each M =1,2,...
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A o o=limsup [ [du(r) — ¥ (r)dr
p—o0 Jo
= lim sup |(I — PM)(JNP (1) — ?(T)HQCZT
p—o0 Jo

We also have

(=P TP = ¥ E@n 0 <5 3 HE@y )0
|k|>M |k|>M
P
< Liinm. (3.37)

From (3.32) and (3.37) we get

[Pl < 5 [ @l

L 1 Lt —012
m<§+46 >|1/J| (3.38)

Applying Lebesgue’s dominated convergence theorem we have that

lim / (I — PM (7)|?dr = 0. (3.39)

M—oo

Using (3.38) and (3.39) we let M — oo in (3.36) and we obtain that A = 0. Next we
let p — oo in (3.34) to get the first equation of 2) in Definition B.1 of Chapter II. In
a similar fashion we deduce the second equation of 2) in Definition B.1 of Chapter II.
It is easy to see that ¢;(k,0) = w?(k), vk € Z2, j = 1,2, and the proof that J is a

weak solution for (2.20)-(2.24) with initial data E)O is complete. O
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C. Uniqueness of weak solutions

H
In this section we prove that ¢ (the weak solution found in the previous section) is

the unique weak solution for (2.20)-(2.24). For this we need a few preliminary results.

Lemma C.1. Let g, 1y € RY, f, g € L*([0, T];R?) and let

o(t) = o +/0 f(r)dr, ¥(t) =g +/0 g(T)dr, V0 <t <T. (3.40)

Then

p(t) - (1) = o - o + /0 (f(r) - () + ¢(7) - g(7))dT, VO <t < T. (3.41)

Proof. If f,g € C([0,T];RY) then from (3.40) we get that ¢'(t) = f(t),v'(t) = g(¢)

and (3.41) is easily obtained by integrating

dy

d de
® ¢)—E'¢+<ﬂ' o

a'
The proof is complete by noticing that C([0,T]; R?) is dense in L*([0,T]; RY). O

Corollary C.1. Let o € C, f € L*([0,T);C) and let

©(t) = ¢o +/o f(r)dr, Y0 <t<T.

Then

t
o(8)® = 0ol + 2Re / Hr) o )dr V0 <t < T.

The next result that we will use in the proof of uniqueness is the following variant

of Ladyzhenskaya’s inequality. With 2 = [0, QWZ]Q C RR? there exists ¢, > 0 such that
1/2 1/2
lull ooy < e llull oy 1V ulliz2 gy (3.43)

for every u in
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H..(Q) ={ve L9 Z |A— ? < 00} (3.44)

with average zero (i.e., [,u(z)dx = 0). (Recall that in (3.44), {v(k)}kezz are the

Fourier coefficients of v.)

Next we prove the main theorem of this section.

Theorem C.1. For every given initial data in H the equations (2.20)-(2.24) have a

unique weak solution.

Proof. Suppose that ¢ is another weak solution for (2.20)-(2.24) with initial data

— —
PO Let w =1 — @ and y = ¢ — 7, where

2 o1k, t) — po(k, t
M e + (et lled) 5y

T (k, t) =

. - _ .
Since ¥ and ¢ are weak solutions we have that

a(k,t) = q1(k,0) / {A h+1 ) (haly = hala)yr (b, 7)qi (1, 7) + %klfh(kv )+
k| \ 2ite)
B+ )Lklwl (k,7)+v q(k, 7)}dr (3.45)
and
ri (k) = 1 (K, 0) / (= h+1 (s = )y (.1 7) + %klrl(k, -
| | 2(14«)
+(B+ ) klgol(k T)+v ( = ri(k, 7)}drT. (3.46)

By subtracting (3.46) from (3.45) we get that

(k1) = (K, 0) — /{A (haly — hals)(er(h, T (1, 7) — o1 (b, 7)1 (1, 7))

h+1=k

. 2(14+a)
] 1
+Ek1y1(k, 7') + (ﬁ + é)flﬁwl(k’ 7') +v (_E|) yl(k, T)}dT. (347)
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Similarly,
plk.t) = (k. 0) / (~ 3 (s~ et e ) — i)
’ | (1+a)
+3 - Dmaten o (B) " g e
ro(k, 1) 2(k, 0) / {A (holy — halz)pa(h, T)ra(1, 7)
h+1 K
e e+ 6 Dt o (B) T e
KM= 72 P2 27 1P2(K, T v yT) QT
and
y2(k,t) = y2(k, 0) / {A (hali — Pal2) (b2 (h, T)q2(1, 7) — 2(h, 7)r2(1, 7))
k|2 [ 20+)
—/{Mﬁwg(k, )+ (8 — —)Lklwg(k ,T)+ v ( = ) yo(k, 7)}dr. (3.48)

Next we define w = wy + wy and @ = w; — wy. An easy calculation gives us that

[k?

1000+ = L300 and 43(1) — o010 = ('E' +1) (k).

Adding (3.47) and (3.48) we obtain that

[L3ppe k[
w(k,t) = A— w(k,0) + {,\ (haly — hyls) (1 (h, T)qi (1, 7)
LQ / h+l § 201 102 1 1
—p1(h, 7)1 (1, 7) + Pa(h, 7)ga(1, 7) — pa(h, T)ra(1, 7)) + %klyl(k, 7)
+(8 + %)%k’ﬂUl(k, T) — HM%UQ(ka T)+ (6 - %)%kle(h 7)

(‘ ’) e (—'E—f@(k, 7)> Vr. (3.49)

Applying Corollary C.1 with ¢(t) = FHw(k,t), for every k # 0 we obtain

f
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|k|2|~

= ’U}(k, )’ ’ (k 0 ‘2 +2Re/ {,\ h2l1 - hllg)

h+1 k

[k
2

(¢1 (hv T)ql (1’ 7_) - 901(h7 7')’/“1 (1’ 7_) + 77Z)2(h7 T)QZ(L T) - QDQ(h’ T)T2(lv T))U’?(k’ 7_)

i S 1.3 - k|? _—
‘l‘fk’lyl(ka rw(k,7)+ (B + §)fklwl(kv rw(k,7) - I%'M?Uh(k, T)w(k,T)
K|

(2+a) )
L) |w(k, 7)|“}dT. (3.50)

(B — %)%km(k, k) — v (

Subtracting (3.48) from (3.47) we get

(|L|2 +1) Bk, t) = (|IZ| +1) (k, 0) /{A (hals — Il

h+l=k

(/llbl (hv T)(h (17 T) —¥1 (h7 T)Tl (17 T) - ¢2(h7 T)QQ(L T) + 902(h’ T)TQ(I’ T))
k*

7
—i—fkrlyl(kﬂ') B+ = )Lklwl(k )+/£MZ—|2w2(k,7')

k) k|’ ~
—(5——)L/€1w2(k ,T) v ( 7 ) (— <§+1> w(k,7)> Hdr.

Applying again Corollary C.1 we deduce that

K)o KN
(z )|<kwr (L +Qr<km|+ﬂm/{A£;5mh—mm
(0 (0, P)u (L, 7) — o1 (b, 7Yy (L 7) — (b, )L 7) + o, 7L, 7)), )

) —_— 1.2 — k|*
+%k1y1(k, Tw(k, )+ (8 + 5)%k1w1(k, Tw(k, ) + ﬁM|L—|2w2(k ok, T)

1 3 - |k| 2(14«) |k|2 R
5= pzhuntak v (B (B ) e @

Recall that

|E)|2 _ Z (l;_L (|w1(k)|2—i—|w2(k)|2) + |w1(k)_2w2(k)| )
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_ 1 e, (K 2
= 3 > <§|w(k)] - <§+1> (k)| )

keZ?

Using this and the relations (3.50) and (3.51), after summing over k € Z? we obtain

WO = r2+2Re/{A S S (hals — huko) (e (. ) (1, 7)

keZ? h+l=k
—e1(h, 7)ri (L, 7))wi(k, 7) + ﬁ D (hals = halo) ((h, 7)ga(1, 7)
keZ?2 h+1l=k
k
—o(h, 7)ry(1, 7)) wa (K, 7) Z ke (K, T)ws (K, 7) — Ky Z L = |wy(k, 7)
kez? kez?
k 1+a
—VZ(' ') E()(K).
kez?
Therefore,
kP e
) + ks /Z \w2k7|dT+v/Z(7> E(W)(k)dr =
kez? keZ?
zRei/ > ki (k7w (k, 7) T)d7+2ReA Z/ DY (haly — huly)
LJo 7t 0 kez? htl=k
(wj(h, 7)g; (1, )w;(k, 7) + ¢;(h, 7)y;(1, )w;(k, 7))dr. (3.52)

Using the same steps as when we proved that S; = 0 we can show that

>3 (holy — haly)w;(h, 7)g; (1 T)w;(k, 7) = 0,5 = 1,2.

kezZ? h+l=k

Also we have

Z Z (hgll — ]’Lllg)gOl(h, T)yl(l, T)U)l (k, T) =
Z (hgll — h112>§01(h, T)wl(k7 T) <—|%—|2w1 (l, 7') —

h+14+k=0

wi (1, 7) — ws(l, T))
5 ;

and
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1
= (holy — haly)pr (h, 7)w: (k, 7) |A| wi (1, 7)
h+1+k=0 L2
1 h-1
= A—2 Z (hgkl — h1k2)901 (h, T)w1 (k, 7')/\—211)1 (1, 7')
L2 k=0 L

IN

Py (Bt ) (Bpws ) (Rt

Next we define the auxiliary functions

fa) =Y |/1§|2'%<k DIt and gla) = 3 Sjun e r)jer

keZ? kez?

Then,

5 - :hgzo(‘ﬁ‘%(h A1) (Bt (Hru.o)

1

- o | 1@ @ye

Applying Holder’s and Ladyzhenskaya’s inequalities we obtain that

1 2
S| < m 1l 22y 1902y

1
< ———c f 2 gllrz Vg 2 2
7 Wiz Wl 19l
< @)W ()W (1)]s, Y7 € [0, T].

Using the above estimate and similar estimates for the other terms, from (3.52) we

get
t t
TOP +v [ [TORdr < [TOP+e [ [@0)Pdr
0 0
t
se [ BPOWBOITEhdr, (359
0

for every t € [0, 7], where ¢ > 0 depends on T'. In the last integral of (3.53) we use
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the inequality 2ab < a® + b* to get

TP +v [ WOt < [@OP+e [ @6+ [ W0l
w2 [ Bow ek
which implies that
TP <[@OF e [ FERwE

Using Lemma C.2 (below) we deduce that |@ ()2 < [@(0)[2e s [F MR vt e [0, 7).
But w(0) = 0, and thus, w(t) = 0, V¢ € [0,T]. Since T was arbitrary we conclude

that ﬁ(t) = (t), Vt € [0,00), and the proof is complete. O

The lemma below is a generalization of Gronwall’s inequality. The proof is ele-

mentary and it is omitted.

Lemma C.2. Let fo > 0 and f € L=([0,T],R), g € L'([0,T],R) be nonnegative

functions such that

f@s%+42@ﬂﬂﬁWeMﬂ.

Then
F(t) < foedo 90T € [0, 7.

Remark C.1. Since every limit point in C([0,00),K) of {JN}NQN is a weak solu-
tion for (2.20)-(2.24) we easily get as a consequence of uniqueness that {JN}NGN

converges to J in C([0,00),K).
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CHAPTER IV

REGULARITY

A. Estimates for the Galerkin approximations

If €K, seRand ¢ €C we denote by A°F and 4" F the following

+7 = (%) e (%) a1

AT = () o0 ez L) 0a() hieze).

We define the space
ﬁ
He={4 +i7: ¢, €H}
with the scalar product

(¢ +i3, T +i0)e=(¢,0)+(F,0)+il(B, W) — (¥, D).

Similarly, we complexify the space V; to get the space V; ¢ with the corresponding

scalar product (-,-);¢c. For every N € N we consider the following Galerkin system:

g [ vk 0 ~1s, 2 (hali = nla) Wi (B, )Qu(, ) .

s =4
¢ Uy (k, () —# Y. (haly = hilz)Ws(h, ()Q2(1, ¢)
htl=k
(1+a)
o [ @0 =@+ Dk v (4) T o )
" 000 - (8- Dk - v (B) Qa0
for k # 0, |k| < N, and

where
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Ak = g - e led) (4.3
@) = ~Elu gy Bl Tl (1.4

The sums in (4.1) are taken only for |h|, [I| < N. For JO € H we consider the initial
condition

U;(k,0) = ¢ (k), [k| <N, j=1,2. (4.5)

The system (4.1) together with (4.5) admits a unique analytic solution Fr )(¢) for ¢
in a complex neighborhood of the origin. The solution Tty )(¢), for ¢ real, coincides

with the usual Galerkin approximation. From (4.1) we have that

1

—Ql( O+ =5 Y (holy = Iuly) Wi (b, O)Qu (L Q)
dg ? ok
i 1. k| 2
— ki o) - 0+ PEhmk o —v (B amo,  a
and
d%éb(k» Q)+ % h%;k(hzll — hil2) Vs (h, ()Q2(1, )

IS

- ) k0. ()

= RMA_QqJZ( ,0) = (8- %)%kl\h(k’ ¢) = (

Let @ > 0, 6 € (—%,%) and take ¢ of the form ¢ = oe® for o > 0. We want to

i0 A1/2 = ; . .
evaluate L |eooeA 2y (0e®?)|2 . For this we first notice that

1d i0 41/2 > 1 d k N ;
S e Y e = S ST et |L‘2 E(V (o)) (k)
[k|I<N
where
— 2 B )
E(V(())(k) := L (10 (k, O)? + [Wa(k, O)?) + U1 (k, Q) — Wa(k, O

12 2
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Therefore,
1d a0610A1/2 2aocos€‘ =
S—le o= Y acoso B(W (0e))()+
k|<N
1 2aacos€|k‘ ‘k’Q I 0
5 e =, = B (7)) (k).

k|<N

The derivative with respect to o of E (E}(aew))(k) is equal to

(oe0)  wwam s (foneo) T

and using (4.6) and (4.7) we get

—92Ree"

1 d aae”’ /2= k a0 Cos L3} e 7
L G ) = acost 3 K oot o) 1) -
k|<N

3 ao Cos 1| k2 1 7 7
Re{e” Z e L |A—|[(—A— Z (holy — hila) Wy (h, 0e®)Q, (1, o) —

2 2
k|<N L L7 W

ik’ Q (k O_eie) . (ﬁ‘l‘ l)ikllpla{ 0_67,0) <‘k’) (1+«) Ql(k O_gi@))
photk gk 7 ’

1 k|2

Uy(k,06?) + (== Y (hals — hala)¥s(h, 0e)Qs(1, o¢”) + rar == Ya(k, oe’)
L2 i L?
1,3 it [l ) N oy PRy
—(B— §)Ek1\112(k, oe’) —v = Q2(k,0e")) Uy (k, oe?)]}.
Thus
1 7 1 k :
S e G e = acosd 3 L et (T (o) a9 4
“ K|<N
] ao Cos L] k 2 ) 1
Refe ) e7e=0y % D (haly = Inly)(U1(h, o¢)Q: (1, 0¢™)
K|<N LYyt

Uy (k,oe?) + Uy(h, U@iQ)QQ(l, O'ew)\lfg(k, oe?)) 4

, k|? k k| g
Re{ic™ Z %7162“”039:@1(& oe ), (k, oei®) }+
ey 15 L
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1 - k|© k L
(6+§)Re{iew Z |L|2 z\; 2ao’cos€ ’\If (k 0'6 )‘ }_
[k|I<N

A k|4 x| A
/{MRe{ew Z %QQQJCOSQLPI/Q(I{, 0_620)|2}_|_

K|<N
k|*k e
( Re{ i0 Z | | 1 2acfcos9 |\112<k oe )|2}+
|k\<N
y o (K mgte ___
vRe{e” Z (L) 7L (Q(k, 0e)Uy (k, oet?)+

[k|<N

Qg(k, aeia)‘lfg(k, O'(Bw))}.
The last equality is equivalent with a new one which has the left-hand side equal to

1d ’ —) k ao cos l—
5%’eaae@Alm ( )’1(C—|-/€MCOS€ Z ‘ | 2 0 ‘@2(1{ el >’2
k|<N

2(24+a) N
vecosf Z <E> 207 cos0] E(T (ce))(k)

3
acosf Z ﬁeh”OS@‘LﬁE(g(aew))(k) —

k|“k ,
Z | | 1 2aocos€‘—’\I] (k,o_ew)‘Z_

\k\<N
1 k|? k 4
(ﬁ_ 5) sin@ Z %fle%wcosellzlllpz(k’ Uez9)|2+
k|<N
1 |k| kl 2aacos0‘— NI, (L~ .0\
Re{ie’” = = L Q(k, o)W (k, 0e®)} +
[k|<N
0 2a0 cos 01kl @ . 0 0
Re{e” ) e s D (haly = aly) (U1 (h, o¢”)Qs (1, 0¢™)
k|<N h-+1=k

U, (k, 0e®) + Wy(h, 0e™)Qy(1, 0e™) Wy (k, oei?))}.

Next step is to estimate the terms from the right-hand side of the equality.
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For this we have

k|? k \ Ly ———————
‘ Z u7162aoc059%|q21<k7 aela)\lfl(k,ae“’)]

k|<N L* L
k2K opocosole k|2
= Y BB oot (D g 0oy 4
k=N L? L L

1 0N v
5 Va(k, o) - Wy (K, oe)]

e |eaaei9A1/2€(O,ei9> |1’C|€aaewA1/26(U€i0) |2,(C

IN

and

ao Ccos l ‘ k i i _—
N ’Z 2 T | ’ Z (haly = Inls) W1 (b, 0e”)Qi(1,0¢”) Wy (K, oe®)]

|k|<N h+l=k
1Y 200 cos0'2L [K[® ’ ST (haly — hly) Uy (h, 0e®) Qi (1, 0¢”) T (K, 0e®)|
k|<N htl=—k
«l |k|? |h |1 4 2
< Y %UUM 76 s (ke ) [ 1.0
h+1+k=0 L L L
1 . ,
+5 (0, oe”)| + |Wa(1, oe”)])]. (4.8)

Let S be the sum

aacos@ﬁ‘k|2 7 aUcosOM‘h‘ 7
S c = Z (e L ﬁ‘\lfl(—k,ae 9)’ (& L f|q]1(h70—€9)|

h+1+k=0

aacosem“‘gqj 1 0
L —
oot L, o)

and define the auxiliary functions

ac cos 01l ’k‘Z 0 Lkx
u(x) = Z e LA—2|\111(—k,<76 Yer™™,
KI<N L
o ac cos 91l |k| i0 ikx
v(x) = Z e L —|U,(k,oe”)|er*™, and
KI=N L
ac cos 91l |k|3 7 Lkx
w(x) = > e Lﬁmﬁ(k,aea)\m .

k<N
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Then, using Holder’s inequality, we obtain that

1
S=—= /uxvxwxdxg — ullraconl ol raron w2

Applying Ladyzhenskaya’s inequality we get that

12 1/2 1/2 1/2
s ( ) Forep IVl ot 1011 500 V0] gy el 220y
< 52|ewe”/“”€<oe”>|?{é|em”f4”2@’<ae”> Ve, (4.9)

Estimating the other terms in a similar way we deduce that

1d , ; ,
Sl A (e ) ¢+ veos Bl AW (06 ), o <
0— 9’ k)

(acos® + |sinf|)c, |e‘wei9’41/?ﬁ)(aew) li.c ]e“"eigAl/Qﬁ)(aew) |2.c+
LB + 3)lsin 0l W (o)} o+

WA () |32 A (e 32 (4.10)

co cos e e

By using the inequalities zy < (2% + y?) and zy < “”7:1 + 3y4/ , (4.10) implies that

1d

2do
(acos® + |sinf|)?

vcosf
~ 1 i '
L(B+ 3)|sind]e" "W (o)« +

27¢5
——= cosf
15 08 e

—le aoet? A2y V(o ew)]ic + v cos 9|€aaei€Al/2§( )|§+a,(C <

) 0 ; .
Lo 4 (g o+ Lo 2 e o

vcosf
4

i0 A1/2
ace' A \Ij(o_eze)ﬁic‘

e A (o) 3 o+

Therefore,

d
do
(acosf + |sinf|)?ct

vcosf

i0A1/2 = i0 A1/2 =
|eaae A \I/( ace' A \11(0'616 2 <

oe’)i ¢ +vecosfle Jatac <

T 1 : ace'® /2= 1
E(3+ 5)|sim 0 |ee" 4 W (oe ) o+

2764 i0 A1/2 =7 :
2 acel? A/2 0\ |6
e W (oe”)ic,

2
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which gives us that

e T e < e T (0o

+31e A () 0 (4.11)
where

(acos@ +|sinf|)?c?  ~ .. .
= V2 L - 0)]*/2 4.12
o= VAT e L(B ) [sin [, (412)

27ch

Yo = (27320089)1/2. (4.13)

If we denote |e“"€wAl/26(aei9) ic by g(o) (4.11) becomes

d

290) < Vi9(0) +39°(0).

We have that

o+ 29(0)) = Ao 9(0) < (47 + %36%(0) ) rag(0)

< (4 729(0))*129(0) < (1 +729(0))>.

The last inequality implies that

—_

7 +729(0) < V2(0 +729(0) for 0 < o < 2 (7 +729(0) 7.

This proves the following proposition.

Proposition A.1. There exists I' > 0 independent of N such that
aaei9A1/2_>(N) i0
e Ui (ge”)1c <T, VN eN (4.14)

—_
for 0] <3 and 0 < o < 1(n + 7| v°)}) %

In the next section we will use this proposition with a = 1. However we will also

need the following result (in the proof of which we will take a = 0).
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Proposition A.2. If ? is the unique weak solution for our system with initial data
— —
¥% € H then v (t) € ViVt > 0.
Proof. In (4.9) we have in fact that
ﬁ

8 < &le N (e[ AW (06 |y ol AT (o) [3E. (4.15)

If we take a = 0 and 6 = 0 in (4.10) and use (4.15) instead of (4.9) we get that

1d

—> —> —> —> —>
S EOOR + TR0 < e O OLE V01T D@, e 2 0.

As before, this implies that

From here we obtain that

T2 < [F D (1) et o TV ORPO@RE gy
For a fixed T' € (0, 00) we get by using (3.20) and (3.32) that

[ BO@ETO R < w0 <sT,
to
with by(7") independent of N. Therefore,
[GOWE <b@[EN )0 <ty <t <T,

where b (7T') is independent of N. Integrating in ¢ty between 0 and t we get

TR < () [ 17wt < b1 1 € 0,71
where by(7T") doesn’t depend on N. For M € N and M < N we have

— — 1
[Py MO < [0 O < Sbo(T), V€ (0,T].
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Letting N — oo we get that
— 9 1
[Pr o (1)l < 502(T), vt € (0,7,
This implies, by letting M — oo, that
— 9 1
(¥ ()i < 762(T),Vt € (0,T].

Since T" was arbitrary we conclude that J(t) e V1vt > 0. O

B. Time and space analyticity

We can now state the first main result of this chapter.

Theorem B.1. If E)O € Vi then the unique weak solution extends to an analytic

function v from D ={C=0¢e?:|0] <Z,0<0 <oy} into Vic satisfying

0 . i k|2 <
T e = (0 e E B @ a0y ) <1 @)
kez2\{0}

in D, where

\/§ 3/2

Proof. We use Proposition A.1 with @ = 1 and |§| < 7. Then using also (4.12) and

R 1/2 . —2
<P¢}2*+Lw+%m@} 3¢_ﬂ¢|0 .

(4.13) we get that

—

UM (ge)|,c <T,¥YN € Nin D.

i0 A1/2
|606 A

Thus (by virtue of the classical Vitali theorem for operator-valued analytic functions)
there exist a subsequence {\I/ }peN and an analytic function © defined for ¢ in D
such that

eCAl/Qa(N”)(C) — O(() weakly in Vj ¢



for all € D. Let M € N be fixed. We have

H
|PyesA W) (¢) = PO e — 0.

44

But from the convergence of J(N)(-) to E)() (see Remark C.1 of Chapter III) we also

have

14 Py N (1) — 4 Py g (8) e — 0, VE € [0, o).

Therefore, etAmPME)(t) = PyO(t),a.e. on [0, 09| for every M € N. This easily im-

plies that J(t) — 42O (t),Vt € [0, 00]. The analytic function E}(C) = e=<A"7Q(()

extends J and satisfies (4.16). This completes the proof.

O

The property (4.16) of the solution implies that it is an analytic function in the

time and space variables. Indeed we have the following.

Lemma B.1. Let

BC.x)= Y. ei**(().((.x) €D xR,

keZ?\{0}

satisfy the following conditions

(i) Px(¢) (k € Z*\{0}) are C-valued analytic functions in D, and

[
(ii) 22\{ }GRECE|CI>1((C)| < oo in D.
keZ2\{0

Then

S e (¢)

kez2\ {0}

15 absolutely convergent on

=={(C,z): (€ D,|Imz| < Re(}

and the sum ®.,((,z) is analytic in = and extends ®((,x) to =.
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Proof. We have

ST oe el < Y e M e (()

kez2\{0} keZ2\{0}

k| k|

Z eReCT|q)k(g>|ef%k-lmszeCT
keZ2\{0}

Re¢ Lkl —(Re¢—|Imz|) X!

o L R(Q)e L

kez2\{0}

S R ()] < oo

kez2\{0}

IN

IN

IN

if |Imz| < Re¢. Thus ®., is well defined in = and extends ®. By noting that the
series is also uniform convergent for |Imz| < (1 — ¢)Re( for any 0 < & < 1, it is easy

to infer that ®., is also analytic in =. O

We can now pass to the second main result of this chapter.

— — —
Theorem B.2. Let ¥ ° € H and 1 be the unique weak solution with initial data ) °.
Then the functions
Gilt,x) = D e MYut),j = 1,2
keZ?\{0}
can be extended to analytic functions on some open neighborhood of (0,00) x R? in

C x C? and also satisfy our system in the classical sense.

Proof. The theory of weak solutions that we developed so far allows us to consider
any to > 0 as initial time. So it is clear that it suffices to assume that JO eV
and prove first that v, 7 = 1,2 can be extended to analytic functions on =. For this
we need to show that the extensions for E)j, j = 1,2 given by Theorem B.1 satisfy
Lemma B.1. Indeed this is true because

Re¢ Xl L2 Re¢ Xl k|?
Z e ()] < Z We L=k (C)]

kez2\{0} kez?\{0} L
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N 12 1/2
L4 20 cos 0 X! ‘k’4 2
< Z P Z e L §|¢j,k(f)|
kez2\{0} kez2\{0}
1/2
i |k |? ,
<c Z 20 ol %E(@(Jew))(k) < I
KkezZ2\{0} L

Thus v;,j = 1,2 are analytic as functions of ({,z) for ({,z) in a neighborhood in C?
of (0,00) x R?. In particular ¢; € C*((0,00) x R?). Therefore, the way we got the
wave-vector formulation of our system automatically shows that 1,7 = 1,2 satisfy

the system in the classical sense. O

Remark B.1. (i) v;(t,-) — 1;(0,-) ast \, 0 in H(Q).
(ii) If ¢;(0,-) € H*(Q),j = 1,2 then E)(O) € Vi. This implies that ?(t) — ?(O) as
t \\ 0 in Vi which gives us that ¥;(t, ) — 1;(0,-) ast \, 0 in H*(Q). By the classical

Sobolev inequalities one obtains that 1;(t,x) — 1;(0,x) as t \, 0 uniformly in x.
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CHAPTER V

CONCLUSION
This dissertation is the beginning of a research project. Our primary motivation in
undertaking this study was to put on a firm mathematical ground the behavior of
our system. Also the model system sits in an interesting position between 2D and
3D Navier-Stokes, so the problem may have some independent interest. In the first
part of our study we defined a notion of weak solution, and showed using Galerkin
methods the long-time existence and uniqueness of such solutions. In the second part
we showed that our unique weak solution is in fact a classical solution. In addition
we proved that the mentioned solution is time and space analytic. Next we plan on
working on the convergence of a numerical scheme related to our model, estimating
the errors in the same time. From physical point of view the time average of solutions
are very important. Because of that one of our future plans is to estimate the energy

norm of the time average of solution in terms of fluctuations.
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