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Abstract- We give a brief review of some results of our study on one-dimensional shallow
nonlinear Bragg grating with nonlinear modulation and deep nonlinear Bragg grating.

1. INTRODUCTION

In the last two decades, one has witnessed dramatic advances in photonic
technology and its applications to modern communication and information processing,
superseding to a large extent, the once dominant role of conventional microelectronics
technology. The rapidly raising demand on communication speed and capacity has further
pointed to the necd of all optical technology for the realization of communication system
operating beyond 10 Gbps for each carrier channel. An answer to this challenge is the
development of optically controlled photonic devices or integrated optics. Such devices
must operate on the basis of nonlinear optical effect such as the Intensity Dependence
Refractive Index (IDRI) effect, described by the expression n=ny + n,1 for the total
refractive index n, where ny and n, are the linear and nonlinear refractive indices
respectively and / is the light intensity.

One of the most important classes of optical devices is characterized by optical
periodic structure consisting of two alternating dielectric media as illustrated in Fig.1.
This basic periodic system can serve as a grating or waveguide system depending on the
direction of light propagation. When light is illuminated in the x or y-direction, the system
functions as a multilayer waveguide, and it functions as a grating when illuminated in the
z-direction.
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Fig.l1. Optical periodic structure consisting of two alternating dielectric media of
refractive indices n, and n, with periodicity A .
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An important feature of linear grating system is the presence of frequency band-
gap, meaning that light with certain frequency lying in the band-gap cannot propagate
through the system. The existence of a band-gap offers many useful applications of
grating-assisted optical devices. A simple example is the optical filter as illustrated in
Fig. (2a). Another example is the Add-drop channel device made by asymmetric grating
coupler as illustrated in Fig. (2b), [1). A component (/11) of the light having three

different wavelengths (A,,l2,43) will be reflected by the grating, coupled to the

waveguide and transmitted out through the drop channel. Likewise a light with another
wavelength (44) can be added through the add-channel and henceforth coupled to the

grating resulting in an outgoing light consisting of one different component (/12 VA, /14)
in the output channel.

A Input Ch. Output Ch.

) Ay Agy Ay P> > 1, A4, A

_>/12

/11 <— 4_ /14
Drop Ch. Add Ch.

(a) (b)
Fig.2. Optical devices (a) Filter (b) Add-drop Channel

The working principles of grating illustrated in fig. 2 can be operated in the passive
or active mode. The incorporation of nonlinearity element such as IDRI effect in the
device will allow it to function as an active device, with the light intensity playing as a
control parameter. In this paper we shall stress our discussion on grating structure with
optical Kerr media exhibiting IDRI effect.

2. GENERAL FORMULATION

We start our discussion about the nonlinear optical periodic systems by
considering the following one-dimensional Helmholtz equation:

52
Oz

f+/3§n2(z)5=o H

where B, =, [c is the free space wave number. The total refractive index n is define as

follows. Assuming ng(z)n, (z) << n% (z), we shall write:

n(z)=ny(2)+ny (2)E)". @)
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The periodic variation of the linear and nonlinear refractive indices along z-direction are
expanded in the following Fourier series:

no2(e) =g, + A% explimGz). 3)
meZ»0
Where G =27/A, which satisfies the Bragg condition G=28,, 7 is the average of

refractive indices and A7 ™ the m-th Fourier component of refractive index contrast.
Here, we assume that the electric field £(z) can also be written in terms of Fourier series:

E= Z EG) exp(kﬂ(z"'+')z)+ cc (4

meZ

where ﬂ(z"’“) =(2m+1)p is the propagation constant of the (2m+1)-th mode of the

corresponding field E(Z"”'), which satisfies the SVEA with respect to z and ¢, and

implies that the corresponding first order derivative 0E/0z is regarded as small but finite
quantity, £. We assume further, as in ref. [2], the existencc of dominant forward and

backward waves amplitudes E® and ECY at the wave number B . Substituting equation

(3) and (4) into equation (1) and denoting gl) by A4 and gt by B, we arrive at the
following approximate coupled equations of the dominant fields:

i%AJrJlA +52ﬁAIZ +2|B|2]A+533+54[2|A|2 +!B|2]B+54A2§+557132 =0, (52)
-i% 45,8+ 45, [BI2 +2|A|2]B+63A +§4[le|2 +|AI2JA +8,824 + 55847 =0 ,(5b)
0z

where the coefficients &;’s are given as follows:

S, = (ﬂz - ,Bg ng )/2 , detuning parameter, (6a)
52 oC '72 . (6b)
~(-m) ~(m+|)
S, Aﬁé') L Ang TAnyT T , (6¢)
m#0,1 (2”1 + l)2 -1
5y o AT, (6d)
55 < A, (6¢)

As mentioned in the introduction, the existence of band gap is generally expected
in linear grating. Due to its relevance to the ensuing discussion, this linear band gap will
be briefly described and parameterized. To this end, let us consider the linear part of
equation (5):
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oz
-9 5B+6,4=0 . (7b)
oz

Taking the plane wave solutions for 4 and B as given by:

A - AO eirc (8)
B) |\ B,

one is readily led to the following expression for « :
Kk =67 -85 . 9)

Clearly, the linear band gap is characterized by the parameters , and &, withs? <& 32 .

It is also straightforward to prove that the coupled equations (5) incorporate the
conservation law:

|4 -|8* =C (10)

where C is a constant. The case of C = 0 or zero energy flow condition is the focus of
our study. This condition implies that 4 and B should be written as follows:

Az)= f(z)explig(z)), (11a)
B(z)= f(z)expl-ig(2)), (11b)

where the amplitude function f(z) and phase function ¢(z) are real functions.

Substituting equation (11) into equations (5) will lead us to the following coupled
equations:

i_q’ =8, +36, 7 + 5, cos(28)+ 48,/ ? cos(24)+ 85/ cos(dg),  (12a)

(¢4

T _ 5,/ sin(26)+25, /7 sin(29)+ 8,/ sinldg). (12b)
oz

The corresponding Lagrangian for these equations is given by:
L=f? %?vcﬂfz -%52/4 -5,/ cos(2p)-25, 1" COS(2¢)—12§5f4 cos(4¢). (13)
Using the standard Legendre transformation we found the corresponding Hamiltonian as:

H(/2 ,¢)= 5./t +%52/"‘ +8, /% cos(2p)+28,/* cos(2¢)+%55f4 cos(4¢), (14)
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satisfying the canonical equations:

¢ OH o’ oH
L=, A Ly (15)
o oz o¢

It is readily proved that Hamiltonian (14) is also a conserved quantity i.e dH/dz =0and

hence H('/‘2 ,¢)= h, where h is a real constant. For a certain 4 and using equation (14),
we can eliminate f(z) from equation (12a) and obtained a first order differential equation
of #(z) as follows:

‘ZZ—"’ - %\/(255 + 848, Joos(4g)+ (85,5, + 3215, Joos(26) + 462 + 26 +24h5, (16)

We can therefore find the solutions of coupled equations (12) simply by solving
equation (16), and determine f(z) from equation (14).

The characteristics of the solution can be best clucidated by first identifying all the
fixed points (iz q?) of the Hamiltonian given by equation (14) according to the equations
31

OH

¥=PO-2,¢](2,1‘5)=0, %[;:Q(/Z“”](;z.a):o' (7

To each fixed points determined by equations (17) and specified by certain S 2
and ¢ , one obtains the corresponding values of & from cquation (14). There are four

distinct fixed points -,.2,5,-), i=1, 2, 3, 4, corresponding to four different values of A

listed below:
h =0, (18a)
by == z(sa(f'++4§2 : 5y (180)
by - 6 -6) (180)

235, ~48, - &5)°

he = 25285 +38,8% —48,5,6, - 518 (154)
857 — 128,65 + 4682

It should be noted that a physical solution must satisfy the condition fiz 20,i=1,2,3,
4.




338 H. Alatas, A.A. Iskandar, M.O. Tjia & T.P. Valkering

The characteristic variations of P and ¢ with respect to [ 2 and ¢ in the close
vicinity of a certain fixed point can be found by solving the following equation:

a2 (2oF P

| |a? a8
AN _a_Q.m 9
oz ot o¢

obtained by Taylor expanding P and (0 around the fixed points. The solutions of these
equations for each i will be of the form exp().,-z), where A; is the cigenvalue of the
corresponding operator:

or op

ot o4
"=l eof 20

ot o¢

evaluated at the corresponding fixed points (/-}2,5,-). A localized physical solution can
only be found in concurrence with the existence of a saddle points specified by the

condition A} >0.
3. DEEP NONLINEAR BRAGG GRATING

A deep nonlinear Bragg grating is a Bragg grating system in which its refractive
index contrast is comparable to their average, An/ni ~ 1, where 7 is a small but finite
quantity. The dominant fields are governed by equations (5) with the coefficients ;s are
given by equations (6). The influences of Fourier component of n, corresponding to the
non-dominant modes are incorporated in the coefficient & as indicated by the presence
of second term in equation (6¢). In this model, the coefficient §, may have the same
order with §,and 5 by design. The coefficients &5, d,and 5 are generally complex
quantities but they are chosen to be real quantities in this study. Vanishing J,and &5 will

lead us to the equations of conventional shallow nonlinear Bragg grating with uniform
nonlinearity {4].

In principle, we can study the quantitative behavior of the solutions of cquations (12)
by analyzing the phase portrait of / given by equation (14) in a Cartesian coordinates
defined by the following transformation:

fZ:x2+y2, cos:(¢)=x2/(x2+y2), Sin2(¢)=_vz/(xz+y2). 21

Accordingly, Hamiltonian can be expressed in terms of Cartesian coordinate as follows:

H(x,y)=4, (xz +_v2)+ %Jz(xz +_r:f +53(x2 —_v1)+ 254()(4 —_v4)+—;-55(x4 -6y + y4). (22)
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In the case of A =hy, the existence of localized solution with double hump gap soliton

solutions (512 < 532 ) has already been known for some time [3]. It was pointed out in ref.
[3] however that the double hump gap solitons are allowed only in the case of negative
detuning (&, <0). In our study, we found that even for the case of positive detuning
(8, >0), the double hump gap solitons also exist as illustrated in fig.(3a). We note that
those two cases are of different shapes and intensities, and occurring at different phase

(9).
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Fig.3. Double hump solitons with coefficient set 6, =1, 65 =3,84 =0.75,65 =2.5 for
(a) positive detuning &, =1 (b) negative detuning &, = -1

For the other non-vanishing Hamiltonians (hz,h3,h4), equations (5) does not
admits any localized solutions with vanishing tail. Nevertheless, in-gap and out-gap
localized solutions with background known as dark and anti-dark soliton are allowed.
Remarkably, contrary to the shallow grating case, due to the presence of &4 and &;
terms in the deep nonlinear Bragg grating has allowed us to find the in-gap dark and anti-
dark solitons in addition to the out-gap dark and anti-dark solitons.

Instead of investigating the case of & = h,, h; which has been work out previously
(5], we choose to focus on the cases for A= h,. In fig.4 we give two illustrations of out-
gap dark soliton anti-dark soliton and the corresponding phase portrait for h=h, and
&5 =0 (equal thickness of alternating layer). It is clear from both figures that for a set of
coefficients, dark and anti-dark solitons exists in a complementary trajectory sections of
an ellipse, denoted by the solid bold lines are the trajectories of corresponding solutions.
These solid bold lines connecting two intersection points which are actually the unstable
points. The circular arcs in between correspond to the constant solutions. In addition to
the out-gap soliton solutions, the in-gap dark soliton is also exist as illustrated in fig.5
along with its corresponding phase portrait. For the case of 5 =0, we only found the

dark soliton solutions since the only trajectories connecting the two unstable points are
inside the circle.
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Fig.4. Out-gap (a) dark and (b) anti-dark soliton with coefficients set
6[ = 1,52 = —1,53 = 075, 64 = —0.7, 55 = 0
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Fig.5. In-gap dark soliton with coefficients setd) =1,0) =—1,63 =3,64 =-3,85 =0

In the case &5 #0, the circles in the phase portraits presented in fig.4 and 5 are
distorted into ellipses including in addition to the in-gap dark soliton, the anti-dark soliton
as well. This situation is illustrated in fig.6. These in-gap dark and anti-dark solitons are
unique for deep nonlinear Bragg grating, but they have never been reported before.
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Fig.6. Soliton with coefficients set 8, =1,6, =—1,63 =3,8, =-3 (a) §5=-1 for
dark soliton (b) &5 =1 for anti-dark soliton.
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Complete classifications and detailed explicit expressions of dark and anti-dark
solitons in deep nonlinear Bragg grating can be found in ref.{6].

4. SHALLOW NONLINEAR BRAGG GRATING
WITH NONLINEAR MODULATION

In contrast to the case of deep nonlinear Bragg grating, where we assumed that the
refractive indices contrast are comparable to their average, in the case of shallow
nonlinear Bragg grating with nonlinear modulation, the ratio between these two quantities
Any /Ry and An, /n, are both smaller than 77 in the deep grating. We can assume

therefore that the electric field E(z) in this case can simply written as follows:

E(2)= A(z)explif)+ B(z)exp(~if) (20)

where 4 and B arc the forward and backward propagating field envelopes respectively,
with B denoting the single mode wave number. Differing from the conventional shaliow

nonlinear Bragg grating, we consider here the system, which operates with optical wave
having field intensity IE]2 large enough to enhance the IDRI effect, so that the nonlinear
modulation effect becomes significant. In other words, we shall keep working with the
equation (5) and retaining the &4 and &5 terms which where neglected in the
conventional case [4].

Specializing to the single mode solution of equation (20), the &, coefficient given
by equation (6¢) reduces to &3 o«c Any while the other coefficients remain unchanged.
While this equation can be formally treated in the same manner as the previous case, the
solutions found are basically the same as those found in the conventional shallow
nonlinear Bragg grating. The presence of §; and 85 does affect the width and height of
the localized solutions. A completc and comprehensive discussion on this case can be

found in ref. {7].

Although the equations for both deep nonlinear Bragg grating and shallow
nonlinear Bragg grating with nonlinear modulation are the same, but, the order of their
coefficients are differcnt, so, as a consequences, not all solutions admitted in dcep
nonlincar Bragg grating are valid for the shallow case.

5. CONCLUSIONS

The existence of in-gap dark and anti-dark solitons and double hump gap soliton
solutions in decp nonlinear Bragg grating has been demonstrated for the first time by
using the phase plane analysis. These solutions are unique for deep nonlinear Bragg
grating and cannot be found in a conventional shallow nonlinear Bragg grating, or the
system with large IDRI enhancement.
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