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Abstract. Let G = (V,E) be a graph. A total labeling f:VUE — {1,2,--+,k} is
called a totally irregular total k-labeling of G if every two distinct vertices x and
y in V satisfy w(x) # ws(y) and every two distinct edges x;x, and y;y, in E
satisfy  wy(x1x2) # wr(y1y2), where wy(x) = f(x) + Yxzep(e) f(xz) and
wr(x1x2) = f(x1) + f(x1x2) + f(x2). The minimum k for which a graph G has
a totally irregular total k-labeling is called the total irregularity strength of G,
denoted by ts(G). In this paper, we consider an upper bound on the total
irregularity strength of m copies of a regular graph. Besides that, we give a dual
labeling of a totally irregular total k-labeling of a regular graph and we consider
the total irregularity strength of m copies of a path on two vertices, m copies of a
cycle, and m copies of a prism C,, [ P,.

Keywords: cycle; dual labeling; path; prism; regular graph; the total irregularity
strength; totally irregular total k-labeling.

1 Introduction

In 2007, Baca, et al. [1] introduced vertex irregular total k-labelings and edge
irregular total k-labelings. A total labeling f:VUE — {1,2,---,k} is called a
vertex irregular total k-labeling of G if every two distinct vertices x and y in V
satisfy w(x) # wr(y), where we(x) = f(x) + Xxzere) f (x2). The minimum
k for which a graph G has a vertex irregular total k-labeling, denoted by
tvs(G), is called the vertex irregularity strength of G.

Baca, et al. [1] proved that for any graph G = (V, E),

V(G)I+8(6)

O] < tus(6) < IV(6)] +A(G) - 26(6) + 1. 1)

Another result about tvs(G) was given by Nurdin, et al. in [2] as follows:

§+ns| [6+nstnsa] 5+ZiA:5ni
tvs(G)ZmaX{ 8+1]'[ 5+2 ]’ ’[ A+1 l}’ )
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where n; denotes the number of vertices of degree i, i = 6,6 + 1,---, A,

In [3], Majerski and Przybylo gave the best result for dense graphs so far. In [4],
Anholcer, Kalkowski and Przybylo gave the best known result for general
graphs. Some other results about vertex irregular total k-labeling were given by
Nurdin, et al. in [5] and [6], and Wijaya, et al. in [7] and [8].

A total labeling f:VUE — {1,2,---,k} is called an edge irregular total k-
labeling of G if every two distinct edges x;x, and y;y, in E satisfy ws(x1x;) #
wr(¥1Y2), Where we(xqx;) = f(x1) + f(x1x2) + f(x2). The minimum k for
which a graph G has an edge irregular total k-labeling, denoted by tes(G), is
called the edge irregularity strength of G.

In [1], Baca, et al. derived a lower and an upper bounds on the total edge
irregularity strength of any graph ¢ = (V, E) as follows:

[F22] < tes(G) < 1EG)I. o

Ivanto and Jendrol in [9] proved that

tes(T) = max{[lE(T3)|+2] , [A(TZ)H]}, (4)

where T is a tree.

In [10], Nurdin, et al. determined the total edge irregularity strength of the
corona product of a path with some graphs, which are a path, a cycle, a star, a
gear, a friendship graph, and a wheel.

Some other results about edge irregular total k-labelings were given by Baca
and Siddiqui in [11], Jendrol, Miskuf, and Sotak in [12] and [13], and Miskuf
and Jendrol in [14].

Combining vertex irregular total k-labelings and edge irregular total k-labelings,
Marzuki, Salman, and Miller, in [15], introduced a new irregular total k-labeling
of a graph G. 1t is called ‘totally irregular total k-labelings’, which is required to
be at the same time both vertex and edge irregular. The minimum k for which a
graph G has a totally irregular total k-labeling, denoted by ts(G), is called the
total irregularity strength of G.

In the same paper, Marzuki, et al. gave a lower bound on ts(G) and exact values
of the total irregularity strength of cycles and paths as follows:
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For every graph G,

ts(G) = max{tes(G), tvs(G)}, (5)
ts(Cy) = |22 forn > 3, (6)
n+2

—] forn=2orn=235;
3

ts(P,) = (7

n+1 .
[T otherwise.

In [16], Ramdani and Salman determined the total irregularity strength of some
Cartesian product graphs. One of some results in the paper is given as follows:

ts(C,7P,) =n+1forn = 3. (8)

2 Main Results

A totally irregular total k-labeling f of G is called an optimal labeling of G if
ts(G) = k. In the following theorem, we derive an upper bound on the total
irregularity strength of m copies of a regular graph.

Theorem 2.1 Let G be an r-regular connected graph with » = 1. Then,

ts(mG) < m(ts(G)) — lmT_lJ

Proof. Let G = (V, E) be an r-regular graph with order n, ts(G) = t, and f be
an optimal labeling of G. Then, |E| = % Let mG be m copies of G where the
copies of G are denoted by G; for 1 <i<m. Let V(G) = {vy,v,, -, v},
E(G) = {el,ez, --~,eg}, V(G) = {vli,vzi, --~,v,"l}, and E(G;) = {e{,eé, --~,e£},
where G; is isomorph?c with G with the isomorphism ’
s:V(G) VE(G) = V(Gy) VE(G)),
where
s(vy) = v} and s(e,) = el

f0feVefy1SiSm,lSaSn,andlsxs%.

Define a total labeling g of mG as follows:
e Foriodd,
i . i-1
1) g(vh) = flwe) + (i — Dt — (55);
2) g(ed) = fle) + - Dt —(F);
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e Forieven,
1) g(vi)=fwa)+ G-t —(3);
2) glel) =fle)+G-Dt—(3)+1
foreveryl<i<m,1<a<nand1<x<Z=.

Next, it will be shown that in the labeling g, there are no two edges of the same
weight and there are no two vertices of the same weight.

1. It will be shown that there are no two edges in G; with the same weight for
everyi,1 <i<m.
Let el = viv} beanedge in G; for 1 < i < m. We consider two cases.
e Case 1: For i odd,

wo(er) = 9(va) +g(ex) + 9(vh)

f)+ (=Dt =(F) + fle) + (= D= ()
+f(vp) + (i — Dt — (i-l)

2

i-1

Fa) + flen) + fwp) +3 (G - e - ()
_ wp(e) +3 (=Dt = (5)),
e Case 2: For i even,
wy(el) = 9(va) + 9(vi) + 9(vs)
= fW)+G-Dt—(3)+fle)+ G-t (5)+1
+fwp) + (- De—(2)
= fOD+fed+ ) +3(G - De—(E) +1
_ weey) + 3 ((i ~ Dt - (é)) + 1.
Since wy(ey) # we(e,) for every x =y, 3 ((i - Dt - (ﬂ)) and

2

3 ((i - Dt - (5)) + 1 are constants, we get w,(eL) = wy(es) for every
nr

x+y,1<i<m,andx,y € {1,2,---,7}.
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2. Define j=i+1 for 1 <i<m. It will be shown that w(el) < wy(e})
nr

for all edges e’ € G; and e; €G;forx,y € {1,2, 7}

Let el = viv} and e}J,' = v/v). We consider two cases.
e Case 1: Fori odd,
wo(ex) = 9(va) + g(ex) + 9(vi)
Fva) + fle) + Fw) +3 (6 - e - (5))
3t + 3 ((i — 1t - (ﬂ)) ©)

2
— 3it—3(i_71).

IA

On the other hand,
wo(e)) = F@+f(ey) +fwa)+3(G-e— (L)) +1
3+3((/—1)t—(§))+1

v

(10)
= 3+3(it—(”71))+1
> 3it —3(52).
From (9) and (10), it follows w, (e;) > wy(el).
e (Case 2: Forieven,
wo(ex) = 9(va) + g(ex) + 9(vs)
= f)+ fled) + Fw) +3 (- D= (1)) +1 "

IA

3t+3<(i—1)t—(§))+1

= 3it—3(5)+1.

On the other hand,
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wole)) = f+ Fley) + ) +3(G - e - (5))

> 343 ((;' — Dt — (%)) W)
= 343 (it - (5))
> 3it — 3 (%) +1.

From (11) and (12), we have w, (e}J,') > wy(el).

Hence, w,(el}) # wy(e)!) for all edges e € G, and e € G, with p #q,

p,q €{1,2,--,m},andu,w € {1,2,...'E}_

1.

2

It will be shown that there are no two vertices in G; with the same weight
foreveryi,1<i<m.

Let v} be a vertex in G; for 1 < i < m. Let the edges incident with v} be
€, €, " €q,- We consider two cases.

e Casel: Fori odd,
wy(vi) = fa) + (- Dt - ()
+30, (f (eq,) + (i =Dt - (%1))
F0) + Bier fea,) + 0+ D (G - D= (5))
_ wr(ve) + (r + 1) ((i 1)t (%))

e Case 2: Fori even,

i

w(va) = @) + - e — (1)
+3¥0, (f(eas) +(i— 1t - (%) + 1)
fWJ+mﬂﬂ%J+@+DQbﬂﬁ—GD+r

= wp(ve) + 0+ D (= De = (£)) +7.

Since wr(vg) # wr(vy,) for every a # b, (r + 1) ((i - Dt - (%)) and

(r+1) ((i -1t - (%)) +r are constants, we get wy(vs) # wy(vf) for
everya#b,1<i<m,anda,b €{1,2,--,n}.
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2. Definej =i+ 1for1<i<m.ltwill be shown that w,(vi) < w,(v]) for
all vertices v} € G; and vy € G; fora,b € {1,2,--,n}.

Let the edges incident with v} be el ,el -, e; and the edges incident

J

with v) bee] ,e) ,-, e, . We consider two cases.

Case 1: For i odd,

wo(h) = F)+Zhea fea) + G+ D (G- De— (32))
< r+Dt+ @ +1) ((i - Dt - (%)) (13)
= (r+1)it—(r+1)(i_71).
On the other hand,
wo(v]) = F@)+ T (o) + 0+ D (G- De— ()47
> G+D+G+D(G-ve- () +r
_ (r+1)+(r+1)(it—(”71))+r
= (r+1)+(r+1)(it—(i_71)—1)+r
> (r+ Dit -+ (5.

(14)
From (13) and (14), we obtain w, (v]) > w, (v4).
Case 2 : For i even,

we(vh) = Fa)+Xis flea) + (r+ 1) (a 1)t (23)) .
< (r+1)t+(r+1)((i—1)t_(i))+r

2
- (r+ it = (r+ 1) (5) +7-

(15)
Moreover,
we(v)) = fwp)+Tioif(en,) + @ +1) ((] - Dt- (%))
> G+ D+ +1(ie-(2)) (16)
> r+Dit—+1)(5) +r.

From (15) and (16), we obtain w, (v]) > w, (v4).
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Hence, wy(vy) = wy(1h) for all vertices v} € G, and v} € G, with p # q,
p,q €{1,2,--,m}andu,w € {1,2,---,n}.

It can easily be seen that the maximum label of g is not greater than t +
-1 -1
(m = Dt = [75] = me - [7]

Since there are no two edges of the same weight and there are no two vertices of
the same weight in mG, g is a totally irregular total (mt - [mT_lD —labeling of
mG. We can conclude that

ts(mG) < m(ts(G)) — lmT_lj

The upper bound in Theorem 2.1 can be decreased for some graphs.

Theorem 2.2 Let G be an r-regular connected graph with » > 1. Let f be an
optimal labeling of G such that ws(e) < 3ts(G) for every e € E(G) and
wr(v) < (r + Dts(G) for every v € V(G). Then,

ts(mG) < m(ts(G) —1) + 1.
Proof. Let G = (V, E) be an r-regular graph with order n, ts(G) = t, and f be
an optimal labeling of G. Then, |E| = "Z—r Let mG be m copies of G where the

copies of G are denoted by G; for 1 <i<m. Let (G) = {vy, vy, v},
E(G) = {el,ez,---,eﬂ}, V(G) = {v{',vé,'--,v}l}, and E(G;) = {eli,ezi,---,eﬁ},
2

2
where G; is isomorphic with ¢ with the isomorphism

s:V(G)UE(G) = V(G) UE(G),

where s(v,) = v} ands(e,) = el foreveryl1 <i<m,1<a<n,and
nr
1<x< 7

Define a total labeling g of mG as follows:

1) g(vi) =fwe) + @ — Dt — 1);
2) g(ex) =fle) + (- D(t—1);

foreveryl<i<m,1<a<nand1<x<Z=.

Next, it will be shown that in the labeling g, there are no two edges of the same
weight and there are no two vertices of the same weight.
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1. 1t will be shown that there are no two edges in G; with the same weight for
everyi,1 <i<m.

Let el = viv) be anedgein G; for 1 <i < m. Then,

wy(er) = g(vé) +g(ex) +g(vh)
= fw)+(@-DEt-D+fle) +(E—-D(E-1)
+f(wp) +(E—-1D(E-1)
fe) +flex) + f(wp) +3(—1D)(t—-1)
wy(ex) + 30 — 1)(t — 1),

Since wy(e,) # wy (e, ) for every x =y and 3(i — 1)(t — 1) is a constant,
nr

wy(eL) = wy(e)) foreveryx #y, 1 <i<m,andx,y € {1,2, 7}

2. Definej =i+ 1for1 <i<m. Letel =viv)ande] = v/v). Then,

wg(el) = fw)+flex)+f(wp)+3(—D(E—1)
< 3t+33G(—1)(t—1) (17)
= 3i(t—1) + 3.

On the other hand,

wy(e]) = fo)+f(ey)+fwa) +3G—-D(t—1)
> 343G -1D(t—-1) (18)
= 3+43i(t—1)

From (17) and (18), w, (e;') > wy(el).

Hence, wy(el) # w,(e) for all edges e € G, and e € G, with p # q,

g €{1,2,-+-,m},andu,w € {127‘21}

1. 1t will be shown that there are no two vertices in G; with the same weight for
everyi,1 <i<m.

Let v be a vertex in G; for 1 < i < m. Let the edges incident with v} be
eél, eéz, . e}lr. Then,
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w(va) = fwa) + (= Dt - 1)
+ 301 (F(ea,) + G = D(E - 1))
= fWo) +X5=1f(eq) +r+DE-D(E—-1)
= Wy () + (r+ 1)@ — 1)(t — 1),
Since wy(v,) # wr(vp) for every a#b and (r+ D —1D(t—1) is a
constant, wy(vl) # wy(vp) for every a#b, 1<i<m, and a,b€
{1’ 2’ e ) n}'
2. It will be shown that w,(v}) # w,(v,) for all vertices v} € G, and
vl € GqWithp # q,p,q € {1,2,---,m},andu,w € {1,2,---,n}.

Define j=i+1 for 1 <i<m. Let the edges incident with v} be

el ed, , eh, and the edges incident with v) beej , ey ,--, e, . Then,

wg(vé) = ww)+ T +DE-D(E-1)
< r+Dt+ T +DE-D(E-1) (19)
= (r+ (- Di+ @+ 1).

Also,

wy(v)) = wr@w)+ @+ DG -D(E-1) 20)

v

r+D+@T+D-1i
From (19) and (20), w, (v]) > w, (v}). Hence, the claim follows.

It can easily be seen that the maximum label of g ist+ (m—1)(t—1) =
m(t—1)+ 1.

Since there are no two edges of the same weight and there are no two vertices of
the same weight in mG, g is a totally irregular total (m(t — 1) + 1)-labeling of
mG. We can conclude that

ts(mG) < m(ts(G) —1) + 1.
[ |

In the third theorem, we determine a dual labeling of a totally irregular total k-
labeling of arbitrary regular graph.

Definition 2.1 Let G be an r-regular graph. Let f be an optimal labeling of G.
The dual labeling of f, denoted by £, is defined by

Fw) =ts(G) +1—f(v),Vv € V(G)and
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fle)=ts(G)+1—f(e),Vee€EQ).

Theorem 2.3. Let G be an r-regular graph. Let f be an optimal labeling of G.
Then, £ is an also optimal labeling of G.

Proof. It will be shown that in the labeling £, there are no two edges of the same
weight and there are no two vertices of the same weight.

Let c = w;v; and d = w;v; be different edges in E(G). Then,
wp(c) = fw) +f©)+fw)
= ts(G)+1—f(u)+ts(G)+1—f(c)+ts(G)+1—f(v;)

_ 3(ts(6) + 1) — (F(u) + £(©) + F ()
= 3(ts(G) + 1) — wp (o).

Also,

wid) = fw) + 7@+ (v)

ts(G) +1— f(u) +ts(G) + 1 — f(d) + ts(G) + 1 — f(v})
3(ts(@) + D) = (F(w) + F(@ + £ ()

= 3(ts(G) + 1) — we(d).

Since wys(c) # wy(d) for every ¢ # d and 3(¢s(G) + 1) is a constant, Wf(c) *
Wf(d).

Let v, and v, be different vertices in G. Let the edges incident with v, be
€q, €a, " €q, and the edges incident with v, be ey, , ep,, -+, e, . Then,
wp(vg) = fWa) + X1 f(eq,)
= ts(G) + 1~ f(va) +7(ts(G) + 1) — Xy f(eq,)
= (r+ D) + 1) = (f(va) + Ti=1f(ea,))
= (r+DEs(G) + 1) — we(vy).
On the other hand,

wp(vp) = fwp) + Z§=1f(ebs)
ts(G) +1— f(vp) +r(ts(G) + 1) — Xi-y f(en,)

(r+D(s(G) + 1) — (f(wp) + Xi=1 f(en,))
= (r+ D(s(G) + 1) — we(vp).
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Since wy(vg) # wy(vy,) for every v, #v, and (r+ 1(ts(G)+1) is a
constant, wz(vg) # wp(vp).

Therefore, in the labeling £, there are no two edges of the same weight and
there are no two vertices of the same weight. Moreover, the maximum label of
f is less than or equal ts(G). We can conclude that £ is an optimal labeling of
G.

Three last theorems in this paper consider the total irregularity strength of a 1-
regular graph, a 2-regular graph, and a 3-regular graph.

Theorem 2.4 Let P, be a path with 2 vertices. Then, ts(mP,) = m+ 1 for
m=1.

Proof. The graph mP, has 2m vertices and m edges and is 1-regular graph.

From (1) and (3), we get tvs(mP,) = [2";“] =m + 1 and tes(mP,) > [mT”]

Therefore, from (5), we get ts(mP,) = m + 1. Besides that, from (7) we get
tS(Pz) == 2

Let the vertex set of P, be {v,, v,}. Given a totally irregular total 2-labeling f of
P, as follows:
fwv) =ifor1 <i<2; f(vyvy) =1.

It can be seen that f is an optimal labeling of P, such that wy(v,v;) <
3(ts(P;)) and ws(v) < 2(ts(Pp)) for every v € V(P,). Therefore, from
Theorem 2.2, we get

ts(mP,) < m(ts(P,)—1)+1
= m2-1)+1
= m+ 1.
We conclude that ts(mP,) = m + 1. [

Theorem 2.5. Let C,, be a cycle of order n. For n =3 and n = 0 mod 3,

ts(mC,) = [mr;+2]

Proof. The m(C,, has mn vertices and mn edges and is 2-regular. From (1), (3),
and (5), we get

ts(mcC,) = [mn+2].

: 21)
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Next, we will prove that ts(mC,,) < [mn”].

Let the disconnected graph C,, consists of the vertex set and edge set as follows:
» V() ={v|1<i<n};

» E(C) ={eg=vv|1<i<n}

where the subscript n + 1 is replaced by 1.
From (6), we get ts(C,) = "%2]

Given a totally irregular total [Zi]-labeling f of C, for n =0mod3as
follows:

i i . n

5|+ 5| for1<i<[3]+1

T s e ]2

[l ferisi< 5+
fle) = [E] N ln—i+1

3 3

n .
J+1f0r lEJ+2SlSn.
The labeling gives the weight of vertices and the weight of edges of C, as
follows:
3fori=1;

wr (V) = ZlfOFZSlSlEJ+1,

2(n—10)+5for |o| +2<i<n;
\(n—t)+ orl§J+ <isn

n
2i+1for15is[§];
wy(e;) =1

n
2(n—1i)+ 4 for [E]+1SiSn.

Hence, there are no two vertices of the same weight and there are no two edges
of the same weight. Moreover, it can be seen wy(e) < 3(ts(Cy)) for every
e € E(Cy,) and wg(v) < 3(ts(C,)) for every v € V(P,). Therefore, from
Theorem 2.2, we get
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ts(mC,) < m(ts(C,)—1)+1
- (=)
m(§+1—1)+1 (22)

- @)

!

mn+2
3

From (21) and (22), we conclude that ts(mC,,) = [ ] forn = 0 mod 3.

Theorem 2.6 For n > 3, ts(m(C,[ P,)) = mn + 1.

Proof. The graph m(C,,[1 P,) has 2mn vertices and 3mn edges and is 3-regular.

From (1) and (3), we get tvs(m(C,[1 P,)) = [Zm::”] and tes(m(C, P,)) =

mn + 1. Therefore, from (5), ts(m(C, 1 P,)) = nm + 1. Moreover, from (8),
ts(C,0P)) =n+1.

In [14], Ramdani and Salman gave an optimal labeling f of C,[1 P, such that
wr(e) < 3(ts(Cyl Py)) for every e € E(C,,[1 P,) and wy(v) < 4(ts(C,1 Py))
for every v € V(C,[1 P,). Therefore, from Theorem 2.2, we get

ts(m(C,1P)) < mts(C,llPy) —1)+1
mn+1-1)+1
mn + 1.

We conclude that ts(m(C, 2 P;)) = mn + 1. .
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