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Abstract. This paper is devoted to study the existence and uniqueness of
solutions to nonlinear difference ¢-Laplacian boundary value problems with
mixed and Dirichlet boundary conditions.

Keywords: fixed points words; Laplacian problems.

1 Introduction

The study of nonlinear difference second order boundary value problems has
been developed recently in many papers. The first order difference equation
with nonlinear functional boundary conditions is considered in [1] where as the
n™ order difference equations are studied in [2-4]. The existence and uniqueness
of solutions for some nonlinear boundary value problems are given [5-6]. Some
of these results for second order difference equations have been generalized in
[7-8] for ¢-Laplacian problems. The existence and uniqueness of solutions to
difference ¢-Laplacian problems along with comparison results are given by A.
Cabada and V.O. Espinar in [9].

In this paper we study the existence and uniqueness of solution for the equation

A(HAu(k))) = fku(k+1)) 1)

with different boundary conditions. The results in this paper are generalizations
of the results obtained in [9]. The corollaries in this paper are nothing but some
of the theorems proved in [9]. The technique of fixed point theory of contraction
mapping is utilized in this work to prove existence and uniqueness of solution
of solution of Eq. 1.

Throughout this paper we denote |1 =4{0,1,2,...N-1}; P={0,1,2,....N}; J =
{0,1,2,...,N + 1}. By summation convention we have z::nqu(xk) =0ifm<
n. Suppose B is a set of all real valued functions defined on P and for each
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xeB, define anorm |- | on B by [x|= 3" [x(k)| the usual 1-norm in gt "**.
Hence B is a Banach space.

In the sequel we state the following conditions.

(Hy): ¢ :97— 97 is a homeomorphisim and ¢ is Lipschitizian function on %7 i.e.
there is

H > 0 satisfying
60 -9 ()| < H[x -y
for all x,y e¥.

(H2): A function f : P x $/—%is Lipschitz w.r.t. the second variable i.e. there is
L > 0 such that

[f(k, %)= f(k,y)[< Ljx-y]|

for all keP and x,y e ¢

(Hs): ¢ : 97—>971s nondecreasing.

2 Existence and Uniqueness Results

This section is devoted to the existence and uniqueness of solutions to
difference ¢-Laplacian boundary value problem

A(HAu(k))) = fku(k+1))

with different boundary conditions. Theorems 2.1, 2.2, and 2.3 in this paper are
the generalizations of the Theorems 2.1, 2.2, and 2.3 in [9] respectively.

Theorem 2.1. Assume (Hi) and (Hz). If | _[, 2 then the problem
"HN (N +1)

(PM 1){A[¢(Au(k))]: f(k,u(k+1)) kel
Au(0) = N ;u(N +1) = N,

has a unique solution u : J — R for all No, N; e 7.

Proof. Define a mapping T : B — B by
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Tv(k) = ¢(N,) + Z ff|, N, - Z ¢‘1(V(S))\,
0\ s=1+1 ) (2)

for veB and keP. We verify that u: J — % given by

u(k) = N, =3 ¢ (v(s)) 3)

s=k

is a solution of problem (PM;) provided veB is a fixed point of T and
uniqueness of the solution follows from the existence of unique fixed point of T.
From Eqg. 3 and by summation convention, it is obvious that u(N+1) = N;. Now,

Au(k) == ¢ (v(s) + X ¢ (v(s))

= ¢ (v(k))
- #(Au(k)) = v(k).
Since v is a fixed point of T,

¢(AU(I<))=¢(N0)+2 f{l,Nl— Zgb'l(v(s))} 4)

s=1+1

It follows that

A(g(Au(k)) = f(k,Nl - Z¢'1(V(S))J

s=k+1
= f(k,u(k +1)).
From Eqg. 4 it follows that #A4u(0)) = @(No) and injectivity of ¢ implies
AU(O) = No.

Now we prove that T has a unique fixed point in B. For vi,v,eB and using
conditions (H;), (H,) we have

k-1

[TV, (k) = Tv, (k)| <Y f{I,Nl— Zw(vl(s))j— f(I,Nl— Zqﬁl(vz(s))J

1=0 s=1+1 s=1+1
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k-1 N

L2 >

1=0 s=I+1

IA

¢ (v, (8)) = ¢ (v, (9))

IA

LH ||V1 - v2||k

v, =T, LH b, v,k
k=0

N (N +1)

<LH ||vl - v2|| )

i)
HN (N +1) /!

Since L e (0, T is a contraction and hence has a unique fixed point
which completes the proof.

Theorem 2.2. Assume (H;) and (Hy). If L e (O,;), then the boundary

HN (N +1)

value problem

A(g(Au(k))] = f(k,u(k +1))

o)
u(0 = N, ,;AuU(N) =N,

has a unique solution u : J — R for all No, N; eR.

Proof. Define a mapping T : B — B by

N-1

TV(k) = ¢(N) -3 f[|,NO+Z¢'1(v(s))} ©)

s+0

for keP and veB. Similar to Theorem 2.1 it can be verified that u : J — %
given by

UK = Ny + Y 7 (v(s)) (6)

is a desired unigue solution of B.V.P.(PM,) if and only if veB is a unique fixed
point of T.

Using these theorems following corollaries can be obtained which are the
Theorems 2.1 and 2.2 in [9].

Corollary 2.1. Assume condition (Hy). If M e (—2 0) then the problem

HN EN +1) !

—A(P(AUK))) + Mu (k +1) = o(k); k € |
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Au(0) =N, ; u(N+1)=N,
has a unique solution u eB for each oeB and all No,N; € %.

Proof. If we put f(k,u)=Mu-o(k) the above problem reduces to problem (PM,).
Moreover for u, veB,

[ (k,u) = f(k,v)|[=-Mu-v|

Therefore f is a Lipschitz function with L = - M. Since M e (—2—0);

HN (N +1) *

L < (o, ) so the conclusion follows from Theorem 2.1.

2
HN (N +1)

Corollary 2.2. Assume condition (Hy) and (Hz). If M e (52—,0) then the
problem

- A(g(Au(k)) + Mu(k +1) =o(k); k €I
u(0) =N, ; Au(N +1) =N,

has a unique solution u eB for each oeB and all Ng, N; e 7.

Now we prove the existence and unigqueness of solution for Dirichlet Boundary
value problem of ¢-Laplacian difference equation.

Theorem 2.3. Assume (H,), (Hy) and (Hs). If Le (0, then the

boundary value problem

(PM {A(«zﬁ(AU(k))] = f(k,u(k +1))
u@) =N, ;u(N+1)=N,

i)
HN (N+1) /!

has a unique solution u:J — %7 for all No,N; e 7.
Proof. Define a mapping T:B—B by
N |
v(k)=C, -3 f(I,N0+Z¢‘1(V(S))W, ()
=k k s=0 )
where C, is solution of

N ( N | 1
1~ N =Z¢14LCV—Z f(LNwZW(v(s))L}. (8)



56 K.L. Bondar, et al.

Since ¢ is one-one, onto and continuous form # to itself, for given v B there
exists unique Cv e ¥ satisfying Eq. 8. We verify that u:J—>% given by

k-1
u(k) = Ny + > ¢ (v(s)) 9)
s=0
is a desired unique solution of B.V.P.(PMy) if and only if veB is a unique fixed
point of T. From (2.8) it is obvious that u(0)=N,. Now
Au(k) = ¢ (v(k))

N

~g(auk)=c, -y f[l, No+ > ¢1(V(S))}

I=k

- A[g(Au(k))] = f[k, N, + > ¢1(V(S))}

= f(k;u(k +1)).
From Eq. 9 and Eq. 8 it follows that u(N+1)=N;.

Now we prove that T has a unique fixed point. For each keP and v;,v, B, we
have

Tv,(k)-Tv,(k)=C, -C, -

N
\Z
=k

[im + 3 65 )- fon, 300,00
FlLN,+ S g7 (v, (5) [ = FIILN, + 3 g7 (v, (5)
L \ SZ;'J VAN SZ;‘) )J
where C, and C, satisfy

N . N 1 B N 71( N | . 1
Z¢ CV1_Z f(I,N0+Z¢ (V1(s))) :z¢ %LCVZ _Z f(lvNo+z¢ (Vz(s)))j

There exists kq,k; P such that
1( N | ) ] 1[ N | ) ]
¢ {C, - f(I,NO +> ¢ (vl(s))MSgb’ i, - f(I,NO +> ¢ (vz(s))h
L 1=k, s=0 )J L I=k0 K s=0 jJ
and

o o Vs gile )]
1) CV— f|,NO @ (vl(s)) > ¢ CV— fl,N[J @ (VZ(S)) .
(G N SR P M AP i
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Condition (Hs) implies that

N

Z f(l N +Z¢'1(v (s))} - f(I,No +§|:¢‘1(v2(5))J

1=k0

and

N

c, -3 tlin +z¢ (v, (s))} zf{l N +z¢ (v, <s»}

I=k1 k
ZNH[f{I N +Z¢ (v, (s))h—f( O+Z¢(v (s))} c,-C,
SI_ZNKZO{I‘{LNquzﬁ (v, (s))}—f{l N, +§,¢ (v, (s))}j

If we suppose k < ko, then we obtain

Tv, (k) = Tv, (k) < LH v, = v, |[(k, = k)
and k >ko, then we obtain

Tv, (k) = Tv, (k) < LH v, = v, [[(k = k).

LTV (K) =TV, (K) < LH v, = v, |k - ko) (10)

Similarly we deduce that

LTV, (K) = Tv, (k) < LH v, = v, |[{k - Ky} 1)

Hence from Eq. 10 and Eq. 11 we conclude that, for all kP
[TV, (k) = Tv, (K)] < LH |lv, — v, [|max {k — k,|.]k - k,|}
< LH v, = v, [ max {k,N -k},

As a consequence, we obtain

N (N +1)”

v, = Tv,|/< LH >

v~ v,

This shows that T is a contraction and hence result holds.



58

K.L. Bondar, et al.

Remark. Similar to Corollaries 2.1 and 2.2, we can obtain a result which is
Theorem 2.3 in [9], that the equation

- A(g(Au(k)) + Mu(k +1)=0(k) ;o el

has a unique solution for Dirichlet boundary condition u(0)=No, u(N+1) = Nj.
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