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Abstract: High-precision optical components with complex shapes or microstructures have
been extensively used in numerous fields such as biomedicine, energy and aerospace. In order
to accurately achieve the specific functions of the components, the form accuracy and uniform
surface quality need to reach an ever-high level. To achieve this, ultra-precision normal grinding
is used for machining various types of complex optical surfaces. However, the intricate variation
of the workpiece curvature and grinding wheel vibration gives rise to great challenges to obtain
higher precision and uniform surface conditions. In this study, the influence of curvature on
surface topography generation has been investigated and a novel model of scallop height has
been developed for surface topography generation in the normal grinding of the curved surface.
In addition, the relative influence of the curvature is analyzed experimentally, in which the
micro-waviness generation as a consequence of the unbalanced vibration of the grinding wheel is
modeled and validated by experiments. Finally, the micro sinusoidal array with the setting value
for scallop height is achieved by controlling the feed speed, which is determined by the local
curvature of surface profile. The results indicated that the curvature variation posed a significant
effect on surface uniformity and the model is valid to achieve surface scallop height control in
the normal grinding effectively.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The development of advanced optics has dramatically increased the demand of various optical
curved surfaces, such as aspheric [1], micro lens array [2,3] and even free-form surface [4–6].
The complex curved surfaces have become the key component in optical system due to their
high imaging quality and simple system structure. Many types of freeform or aspheric optical
elements with high-resolution are used in solar concentrators, lithography, azimuth lighting
and collimator systems [7]. Nowadays high accuracy glass molding is a primary method to
fabricate optic elements with the various complex structure, in which Tungsten Carbide is the
most frequently used as a molding material due to good dimensional stability and wear resistance
at the elevate temperature [8,9]. However, it is one of difficult-to-machine materials and the
ultra-precision grinding is frequently adopted to machine this kind of material [10,11]. To
achieve required functions of optical components accurately, high accuracy and uniform surface
topography should be guaranteed in the machining [12–15]. Surface topography plays a vital
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role in the optical functions, which formed by the engagement movement between the tool and
workpiece [16]. Therefore, an accurate theoretical model for the surface topography generation
is very essential to improve and control optical performance of machined parts [17,18]. However,
in the grinding of intricate curved surface, the complicated curvature variation and frequent
change of curvature center present great challenges to achieve high quality surface finish.

The surface topography generation process is normally highly related to the surface quality
and it is governed by various technological parameters in the ultra-precision grinding, such as
wheel properties and geometry, workpiece specifications and operation parameters [19,20]. The
features of the machined surface mainly include geometric form error, roughness and waviness
while the ground surface topography is mainly formed by the superposition of these three
features. At present, most research work about surface generation in the grinding is focused on
revealing the effect of technical parameters or wheel vibration on surface quality. Chuang and
Tso [21] studied the influence of operation parameters on form accuracy and found that the form
accuracy improved with the increasing tilted angle between the wheel and workpiece. Zhou
and Xi [22] derived a popular model to predict surface topography generation by combining the
random feature of abrasive grain and wheel wear conditions. Li et al. [23] developed a grinding
force model based on the trajectory and distribution of abrasives grain, in which the statistical
parameters of tip radius for abrasive grain were calculated based on the analysis of micro groves
left by grains. Wu et al. [24] developed a model for surface topography formation and predicted
the surface roughness by considering the random features of abrasive grain, such as protrusion
height, grit size and location distribution. Li et al. [25] simulated the surface generation and
evaluated surface roughness in the grinding by including random features of the radius and
protrusion height of abrasive grains and it is found that the abrasive size is the dominate factor to
determine the surface quality. Xiao et al. [26] analyzed the kinematic characteristics of abrasive
grains and calculated the effect of each machining parameter on the surface roughness. Based
on that, the relationship between the surface roughness and subsurface damage is established
and found that the coupling effect (speed ratio) between the wheel and workpiece speed acts an
important aspect in the evolution of surface quality and subsurface damage.

Chen et al. [27] established a model of grinding marks generation in machining of aspheric
surface by considering the runout of the wheel. In their research, the pattern of the marks was
investigated and a strategy to suppress the grinding marks was proposed. Wang et al. [28]
systematically analyze the effect of machining variables and radical run out of the wheel on
the surface generation. It is found that the ratio of wheel speed to workpiece speed posed a
significant effect on the tilted angle and spatial period of the ground surface marks as well as
surface scallop height. He et al. [29] developed a multifrequency vibration model for surface
topography generation in turning operation and found that the surface roughness and form error
were nonuniform over the entire machined surface at radial position of the workpiece. It is found
that vibration amplitude has a remarkable impact on specular reflectivity and optimum machining
parameters were proposed to minimize the vibration effect [30]. Chen et al. [31] investigated
the effect of primary factors on surface quality and surface generation and found that vibration
marks are the dominant features on the machined surface, which are arisen from the unbalanced
wheel vibration. In addition, the phase shift effect of the tool vibration has also been investigated,
which has a major influence on surface roughness and vibration mark geometry. Beaucamp et
al. [32] developed an elastic grinding wheel to make the shape of contact area between the tool
and workpiece changing with the workpiece curvature; however, the relationship between the
curvature and surface generation is not revealed. Xu et al. [33] developed a surface generation
algorithm in the grinding of spherical surface with a cup grinding wheel, in which the triangle
grooves generated by abrasive grains and undeformed chip thickness were analyzed. In addition,
the impact of grinding parameters and the number of wheel block on the surface roughness were
also investigated respectively. However, the model is established based on the trajectory of the
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abrasive grain on the workpiece surface and the effect of curvature on surface roughness and
surface generation is not considered.

In the grinding of complex surface, tool path is a key element, which determines the surface
quality and tolerance. Zhang et al. [34] designed a novel hybrid structure by combining the
freeform and micro lens array to enhance luminous flux, in which the wheel tip is dressed as a
V-shape and a tool path is designed along the part curvature. However, the influence of curvature
on structure generation has not been considered. Yan and Fang [35] explored a novel normal
grinding method in machining of freeform surface and developed a novel tool path control
strategy by considering the tool pose and wheel geometry to avoid the translation of wheel errors
onto the ground surface. Xie et al. [36] systematically investigated the influence of tool pose,
self-dressing conditions, wheel geometry and protrusion height of the abrasive grain on tool
interference and surface roughness in grinding of a F-theta freeform lens. Guo and Zhao [37]
calculated the scallop height in normal grinding by considering the interference of adjacent
pass of the grinding wheel. Lin et al. [38] developed a tool wear model by considering the
variation of contact point between the cutting arc of the tool and workpiece in grinding of aspheric
surface and relevant error compensation was conducted. Wan et al. [39] proposed a novel tool
path strategy to adjust the contact area and tilted angle of the grinding wheel according to the
limitation of figure tolerance. Wang et al. [40] developed a cutting force model by considering the
operation parameters and contact region geometry between the grinding wheel and component,
in which a tool path control method is presented to control the machining accuracy in the way
of maintaining constant grinding force in the grinding of a large optical SiC mirror. He and
Chen [41] presented a tool posture control method to keep the grinding strip width constant by
considering the curve variation in machining of freeform surface. Chen et al. [42] studied the
influence of curvature variation on the scallop height in the parallel grinding and investigated the
geometrical relation between scallop height and curvature radius, in addition the surface matching
algorithm is established to verify the model reliability of the surface generation. However, the
relative effect of the curvature on surface generation is not conducted and the vibration effect
posed a significant effect on the scallop height is not included in the model. It is found that
there is the larger form error involved in parallel grinding of non-rotational symmetric surface in
comparison with machining of rotational symmetric surface.

In grinding of complex optical surface, the curvature variation and constant change of curvature
center are the major differences from the grinding of flat or spherical surface. Therefore, it is
essential to look insight into the effect of curvature on the surface generation to enhance the
capacity of surface uniformity control. In this research, the relative influence of curvature on the
surface generation is evaluated in the normal grinding. In addition, the vibration marks generated
on the workpiece surface with different radii are modeled. Based on that, a novel model of the
scallop height is developed by considering the curvature and wheel vibration. Finally, the normal
grinding experiment for the complex curved surface is conducted to verify the novel model.

2. Influence of curvature effect on vibration marks geometry

In our previous studies, it has been revealed that the grinding wheel is the largest error source for
surface generation in machining of flat surface and proposed that the tool vibration resulted in
appearance of micro-waviness on the machined surface, which can significantly affect the surface
finish and tolerance [31,43]. This theory is also applicable in the ultra-precision grinding of
curved surfaces, as shown in Fig. 1(a) and Fig. 1(b), whereby the relative vibration can result in
the waviness in the curved surface generation. However, different from the grinding of flat surface,
in machining of curved surface the variable center of curvature and curvature radius contribute
to variable contact areas between the arc wheel with a nose radius and workpiece profile, which
results in different scallop height generation (generated by cutting profile of wheel nose) on the
machined surface. As shown in Fig. 1(c), the grinding wheel with an arc nose traverses the curved
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surface profile, the interference of neighboring cutting path results in scallop height generation
and the scallop height is different with respect to various curvature radius (∆hi≠∆hj≠∆hk) under
the same feed rate (S). In addition, the further increase for the scallop height due to the wheel
vibration constantly changes at different curvatures (∆Zi≠∆Zj≠∆Zk) under the same feed rate (S)
and vibration amplitude (∆Ai=∆Aj=∆Ak), as shown in Fig. 1(c). It indicates that the curvature
plays a critical role in surface generation in the normal grinding. Therefore, it is essential to
study the curvature effect to achieve uniform surface quality in grinding of curved surface.
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Fig. 1. Schematic of surface waviness formation in the normal grinding of curved surface due 

to tool vibration (a) tool path, (b) waviness generation and (c) curvature effect on scallop 

height (wheel nose radius).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Schematic of surface waviness formation in the normal grinding of curved surface
due to tool vibration (a) tool path, (b) waviness and (c) curvature effect on scallop height.

As shown in Fig. 1(a), the locus of the grinding wheel with respect to workpiece in X-Y plane
follows a cycloid path along the spiral tool path, while the workpiece rotates around the center
of the workpiece spindle with a transverse feed motion. The linear velocity is different on the
workpiece surface in different radial positions. Therefore, the relative linear velocity between
the tool and the curved surface is also different. Under interaction between the grinding wheel
and workpiece, the lowest point of the grinding wheel leaves the deepest scratch on the ground
surface and it has the remarkable impact on the surface generation. Therefore, the formation law
of surface microwave can be studied by analyzing the relative kinematic trace of the lowest point
with respect to the workpiece surface.

According to the geometric engagement of relative movement between the grinding wheel and
workpiece as shown in Fig. 2, the relative locus of the lowest point on the grinding wheel (xs, ys,
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zs) can be calculated as:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
xs = sin(ω1t) × [R × sin(ω2t) + Vf t − R1] (0 ≤ t ≤ R1

Vf
)

ys = cos(ω1t) × [R1 − R × sin(ω2t) + Vf t]

zs =

√︂
R1

2 − (R1 − Vf t)2 + R − R × cos(ω2t) + A sin(ω2t + φ)

(1)

where R is the radius of grinding wheel (mm)
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Fig. 2. Schematic of coordinate systems in modelling (a) workpiece-grinding wheel coordinate 

systems, (b) workpiece coordinate systems and (c) grinding wheel coordinate systems.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Schematic of coordinate systems in modelling (a) workpiece-grinding wheel
coordinate systems, (b) workpiece coordinate systems and (c) grinding wheel coordinate
systems.

Vf is the feed speed (mm/min)
R1 is the radius of workpiece (mm)
A is the amplitude of vibration (mm)
φ is the initial phase of the wheel vibration (Rad)
t is the machining time (min)
ω1 is the angular velocity of workpiece spindle (rad/min)
ω2 is the angular velocity of wheel spindle (rad/min)

3. Influence of curvature effect on scallop height

Previous research suggested that the feed rate is the most primary variable in determining the
surface roughness in the parallel grinding [44]. Therefore, the machined surface topography is
mainly enveloped by the nose arc of the grinding wheel [44], in which the profile scallop height
is mainly determined by the feed rate, wheel geometry and the curvature of workpiece profile in
the radical direction. Therefore, the workpiece surface can be divided into a series of cutting
planes around the rotation center of workpiece, in which the generated surface profile can be
calculated in each cutting plane according to the geometrical relationship between the location
of the wheel arc nose and the local curvature of machined surface, as shown in Fig. 3. The
surface roughness mainly depends on the height of the residual area along the radial direction
in ultra-precision grinding. Therefore, the scallop height is a critical variable to determine the
surface roughness and tolerance.

The grinding wheel with a nose radius is adopted for the ultra-precision grinding process,
which results in the residual area generation between the two adjacent tool paths. It is assumed
that the coordinates of the neighboring two contact points between the tool and workpiece surface
are Pi (xi, yi, zi) and Pi−1 (xi−1, yi−1, zi−1) respectively, and the normal vectors of the curved
surface are ni (nix, niy, niz) and ni−1 (ni−1x, ni−1y, ni−1z) respectively, as shown in Fig. 4. In
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 Fig. 3. Geometric representation of cutting plane partition in normal grinding of curved 
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Fig. 3. Geometric representation of cutting plane partition in normal grinding of curved
surface.

general, the curvature radius corresponding to Pi and Pi−1 on the workpiece surface is not equal
and the curvature center is not the same.
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Fig. 4. Geometric representation of scallop height generation in the normal grinding. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Geometric representation of scallop height generation in the normal grinding.
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The coordinates of curvature center Owi (xwi, ywi, zwi) are calculated based on the positions
and normal vectors of the wheel contact Pi and Pi−1, respectively. It can be calculated as follows:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

xwi = xi − Rwi · nix

ywi = yi − Rwi · niy

zwi = zi − Rwi · niz

[i = 1, 2 · · · N = INT(
2R1
S

)] (2)

where Rwi is the corresponding curvature radius with respect to cutter contact point.
According to the above analysis, for the neighboring points Pi and Pi−1 on the curved surface,

the difference between the corresponding coordinates of the curvature center (∆xwi, i−1, ∆ywi, i−1,
∆zwi, i−1) can be derived:

(∆xwi,i−1,∆ywi,i−1,∆zwi,i−1) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
xi − xi−1

yi − yi−1

zi − zi−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
−

⎡⎢⎢⎢⎢⎢⎢⎢⎣
nix

niy

niz

−ni−1x

−ni−1y

−ni−1z

⎤⎥⎥⎥⎥⎥⎥⎥⎦
·

⎡⎢⎢⎢⎢⎣
Rwi

Rwi−1

⎤⎥⎥⎥⎥⎦ (3)

Due to the relatively smaller feed span along the X-axis in comparison with the curvature
radius of workpiece, it is assumed that two curvature center coordinates of the neighboring Pi
and Pi−1 on the curved surface should be closed. The proximity can be expressed by the sum of
squares of the difference between coordinates.

J = (∆xwi,i−1,∆ywi,i−1,∆zwi,i−1)
T · (∆xwi,i−1,∆ywi,i−1,∆zwi,i−1) (4)

K =
⎡⎢⎢⎢⎢⎣

Rwi

Rwi−1

⎤⎥⎥⎥⎥⎦ (5)

The least squares estimate of K that minimize J, which are obtained by ∂J
∂K = 0.

K =

⎛⎜⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎢⎢⎢⎣

nix

niy

niz

−ni−1x

−ni−1y

−ni−1z

⎤⎥⎥⎥⎥⎥⎥⎥⎦
T

·

⎡⎢⎢⎢⎢⎢⎢⎢⎣
nix

niy

niz

−ni−1x

−ni−1y

−ni−1z

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎟⎠

−1

·

⎡⎢⎢⎢⎢⎢⎢⎢⎣
nix

niy

niz

−ni−1x

−ni−1y

−ni−1z

⎤⎥⎥⎥⎥⎥⎥⎥⎦
T

·

⎡⎢⎢⎢⎢⎢⎢⎢⎣
xi − xi−1

yi − yi−1

zi − zi−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(6)

In addition, through the above analysis of geometric relations, it can be concluded that:⎧⎪⎪⎨⎪⎪⎩
Rw =

(Rwi−1+Rwi)
2

αi = cos−1(ni−1 · ni)
(7)

The value of second partial derivative of curved surface in polar coordinates can be used to
determine different types of surface (flat surface, convex and concave surfaces).

z′′ = f ′′(r, θ) =
∂2z
∂r2 (8)

For flat surface z′′ = 0, convex surface z′′<0, concave surface z′′>0.
As shown in Fig. 4, in the grinding of convex optical surface, it can be calculated that:⎧⎪⎪⎨⎪⎪⎩

|OwiKi | = |OwiOi | · cos(αi
2 ) = (rs + Rw) · cos(αi

2 )

|MiKi | =

√︂
|OiMi |

2 − |OiKi |
2 =

√︂
rs2 −

[︁
(Rw + rs) · sin(αi

2 )
]︁2 (9)

where rs is the nose radius of the grinding wheel (mm)
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The scallop height ∆hi at point Ni in the grinding of the convex surface can be derived as:

∆hi = |OwiKi | − |MiKi | − |OwiNi |

= (rs + Rw) · cos(
αi

2
) −

√︃
rs2 −

[︂
(Rw + rs) · sin(

αi

2
)

]︂2
− Rw

(10)

Similarly, in the grinding of concave surface, the scallop height can be expressed:

∆hi = Rw − (rs − Rw) cos(
αi

2
) −

√︃
Rw

2 − [(Rw − rs) sin(
αi

2
)]

2
(11)

In normal grinding, the unbalanced vibration of the grinding wheel leads to the further increase
for scallop height. According to the geometric relation of the relative movement of the grinding
wheel, as shown in Fig. 5, the increase of scallop height ∆Zi can be calculated as:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∆Zi =
S
√

4rs−∆Azi
2−∆Azi

√
(rs+Rw)

2−S2

rs+Rw
−

√︂
rs −

S2

4

Rw =
(Rwi−1+Rwi)

2

∆Azi = A sin(ω2ti + φ) − A sin[ω2(ti + 2π
ω2

) + φ]

(12)

where ∆Ai is the height difference between i th and i−1th tool path (mm)

Fig. 5. Scallop height increased caused by the relative vibration of grinding wheel.

xi is the distance that wheel moved towards to the center of workpiece (mm)
φ is the unbalanced vibration phase of the grinding wheel (Rad)
From the above theoretical modelling of the scallop height, it can be found that the surface

scallop height is mainly determined by the tool feed rate and the curvature of workpiece surface
profile. Therefore, for the specified allowable value of scallop height ∆Hi=∆hi+∆Zi, the feed
rate can be adjusted according to the local curvature of workpiece surface profile. For a given
scallop height, the feed rate of the grinding wheel S with respect to different curvatures can be
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calculated according to Eq. (10)–Eq. (12), therefore the feed speed Vf can be derived as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Vf = n1S = n1
(Rw+rs)[(∆Hi−∆hi+rs)

√
4rs2−∆Azi

2−
√
(4rs2−∆Hi

2)(∆Hi−∆hi+rs)
2+4rs2∆Azi

2]

4rs2

∆Azi = A sin(ω2ti + φ) − A sin[ω2(ti + 2π
ω2

) + φ]

Rw =
(Rwi−1+Rwi)

2

∆Hi = ∆hi + ∆Zi

(13)

where n1 is the workpiece spindle speed (RPM)
∆Hi is the specified allowable value of scallop height (mm)
For a given allowable value of scallop height ∆Hi, The feed speed Vf can be determined by Eq.

(13) and the surface scallop height can be controlled.

4. Experimental results and discussion

4.1. Experimental setup

It is found that the scallop height (∆Hi) has a direct relationship with feed speed (Vf ) and the
local curvature of the machined surface (1/Rw) from the previous theoretical analysis. If the
grinding operation parameters and the wheel tool geometry are given, then the scallop height is
mainly determined by the machined surface curvature. It is known that surface scallop height is
an important factor to determine the surface roughness and surface topography, which directly
determines the performance of the grinding operation.

The grinding experiment is conducted on an ultra-precision grinder with 4-axis (Moore
Nanotech 450 UPL). The workpiece spindle (C-axis) is perpendicular to the X-axis guide slide
(T-shaped layout) and workpiece is fixed by a vacuum chuck. The C-axis is installed on the
X guide slide and the grinding wheel spindle is fixed on the Z-axis guide slide with a rotating
B-axis, which can swing at a setting angle, as shown in Fig. 6. The grinder has the capacity of
machining various types of curved surface, such as toric, aspheric, micro-lens array and freeform
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Fig. 6. Experimental setup of the normal grinding of curved surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Experimental setup of the normal grinding of curved surface.
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surface. Figure 7 shows the schematic of relative movement between the wheel and workpiece in
the normal grinding operation.
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Fig. 7. Schematic of relative motion between the workpiece and wheel in the normal grinding. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Schematic of relative motion between the workpiece and wheel in the normal
grinding.

Resin bonded diamond wheel (#1500-grit) is adopted in the experiment, its conditions include:
wheel radius=10 mm, thickness=5 mm, nose radius=0.5 mm and tungsten carbide (WC) is
selected as machined material. Due to the fact that the main motion error of the grinding wheel
is related to its rotational speed, therefore, the wheel speed is kept n2=40000 RPM through all
experiments.

Since the surface condition of grinding wheel has a significant effect on the surface generation
and surface quality, the dressing and sharpening process are very important. In order to reduce
the effect of the change in the wheel surface conditions, the same parameters are used for dressing
and truing the grinding wheels before each experiment. In addition, the wheel wear poses
adverse effect on surface quality and shape accuracy, which resulted in the changes of contact
area between the workpiece and the wheel in grinding of curved surface. In order to reduce the
influence of the grinding wheel wear on ground surface topography, rough and fine grinding
operation are conducted to get desired surface shape and quality before the experiments.

In order to calculate the relative influence of the curvature on the ground surface quality, the
Taguchi experiment method is adopted and the impact of the workpiece speed, depth of cut, feed
speed and workpiece curvature on the surface roughness is studied. In the Taguchi experiment
design, a combination of four factors (each factor has three levels) is selected and an orthogonal
array L9 (34) is arranged to study their corresponding impacts on surface generation. Grinding
operation parameters were selected at three different levels, which include workpiece spindle
speed (n1) in the range of 500 RPM to 1500 RPM, depth of cut (ap) increased from 5 µm to 15
µm, and feed speed (Vf ) changed from 5 mm/min to 15 mm/min, the curvature radius varied
from 5 mm to 15 mm, as shown in Table 1. Finally, the surface roughness for each experiment is
obtained and the signal-to-noise ratio (S/N) for the smaller is better characteristic is calculated,
which is used to evaluate the surface roughness characteristics and determine the relative impact
of the four factors.

4.2. Results and discussion

Table 2 and Table 3 show the main effect and average factor S/N responses for arithmetic mean
area surface roughness Sa, respectively. It can be observed that the relative influence order of
grinding variables on surface roughness is: rotational speed of workpiece spindle > feed speed >
surface curvature > depth of cut, as shown in Table 4. The influence of workpiece speed, feed
speed and depth of cut on surface quality was analyzed in our previous publication. It is found
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Table 1. Experimental design variables and levers

No. Technical parameters
Levels

1 2 3

A n1 (RPM) 500 1000 1500

B ap (µm) 5 10 15

C Vf (mm/min) 5 10 15

D 1/Rw (mm−1) 1/15 1/10 1/5

that the curvature tolerance ∆= 0.1723 is quite close to that of the feed speed, which shows the
influence of curvature on the surface roughness is significant, as shown in Fig. 8. It indicates
that the influence of curvature on the surface quality cannot be ignored.

Fig. 8. Main effect of S/N ratio graph for Sa.

Table 2. Experimental results for Sa

No.
Technical parameters

A B C D Sa (µm)

1 500 5 5 1/15 0.327

2 500 10 10 1/10 0.606

3 500 15 15 1/5 0.779

4 1000 5 10 1/5 0.901

5 1000 10 15 1/15 0.843

6 1000 15 5 1/10 0.656

7 1500 5 15 1/10 0.424

8 1500 10 5 1/5 0.283

9 1500 15 10 1/15 0.276

The Nexview 3D optical profiler microscope is adopted to measure the topography of ground
surface after machining, in which the tilt error and the spherical form of measured surface are
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Table 3. S/N ratio response of main factor for Sa

Technical parameters
Levels

∆ Rank
1 2 3

A 5.410 2.017 9.866 7.849 1

B 6.022 5.599 5.671 0.423 4

C 8.112 5.479 3.702 4.410 2

D 7.458 5.155 4.680 2.778 3

Table 4. S/N ratio response of mean factor for Sa

Technical parameters
Levels

∆ Rank
1 2 3

A 0.5707 0.8000 0.3277 0.4723 1

B 0.5507 0.5773 0.5703 0.0267 4

C 0.4220 0.5943 0.6820 0.2600 2

D 0.4820 0.5620 0.6543 0.1723 3

removed. It is observed that micro-waviness remarkably existed on the ground surface, which
results from the unbalanced vibration of the wheel, as shown in Fig. 9. The protruding areas
are the vibration marks, the spatial scale is larger than feed marks on the ground surface. The
unbalanced vibration of the wheel is difficult to eliminate in high-speed grinding even if both
of fine static and dynamic balance work have been carried out before machining operation, in
which slight wear nonuniformity for the wheel is liable to cause unbalanced tool vibration. In our
previous study, the number of micro-waviness around the rotational center of workpiece is equal
to the speed ratio between the wheel and workpiece, which indicates that the period of vibration
is equivalent to the time for grinding wheel complete one revolution, therefore, it is essential
to know the actual rotational speed of the wheel in the operation [31]. By recording 10 actual
values of rotational speed for the wheel and get the average speed, it is found that the actual
speed of the wheel is approximately 22 RPM larger than the presetting speed. Ultra-high-speed
laser displacement sensor (KEYENCE LK-H022) is adopted and sampling interval is set at 0.01
µs to measure the amplitude and frequency of wheel vibration, as shown in Fig. 10. The main
vibration amplitude and frequency are equal to approximately 2.5 µm and 667 Hz, in which the
vibration frequency is equal to the wheel rotation frequency as shown in Fig. 11.

To investigate the mechanism of micro-waviness formation in the grinding of spherical surface,
the simulation of vibration marks is carried out and it is found that the vibration marks agree
well with the experiments, as shown in Fig. 12.

From Eqs. (9–11), it is found that the curvature of the workpiece surface has an important
impact on the scallop height of the ground surface. In order to further investigate the influence
of the curvature on the surface scallop height, the workpiece with different spherical radii
(Rw=5 mm, Rw=10 mm and Rw=15 mm) are selected. It is observed that under the same
processing conditions (workpiece spindle speed n1=1500 RPM, wheel spindle speed n2=40000
RPM, feed speed Vf = 5 mm/min, depth of cut ap=5 µm), the geometry of vibration mark is
almost the same for different curvatures under same machining parameters, but the surface scallop
height and roughness profile vary with the change of surface profile curvature, larger curvature
(smaller curvature radius) results in larger amplitude of scallop height, as shown in Fig. 13. The
results are consistent with the Taguchi analysis, it shows that the change of curvature can lead
to the variation of profile height of machined surface and contributed to the uneven distributed
scallop height in the grinding of curved surface with various curvature radii.
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Fig. 9. Measured surface topography in grinding of spherical surface (remove the form). 
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Fig. 10. Schematic of measuring the amplitude and frequency of wheel vibration by using a laser displacement sensor 
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Fig. 10. Schematic of measuring the amplitude and frequency of wheel vibration by using
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Fig. 11. The measurement results of grinding wheel relative displacement by using a laser
displacement sensor (rotational speed of the grinding wheel= 4000RPM)

It indicates that curvature is an important variable to surface generation and surface quality.
In order to improve the surface quality of the workpiece and control the surface scallop under
varying curvatures based on the previous theoretical model of scallop height, the cutter location
data (feed speed) on the workpiece surface can be calculated based on the relationship between
the curvature and the scallop height, which can be used to control the scallop height for achieving
the uniform surface quality.

In order to verify the model and achieve the control of surface scallop height in the normal
grinding, in the experiment, taking the micro sinusoidal array surface as an example, it can be
expressed in Eq. (14). Figure 14 and Fig. 15 show the designed the micro sinusoidal array
surface and its curvature distribution map respectively.

z = f (ρ, θ) = Ax sin(
2πρ cos θ
λx

) + Ay sin(
2πρ sin θ
λy

) (14)

where Ax is the amplitude of sine wave in X direction, mm;
Ay is the amplitude of sine wave in Y direction, mm;
λx is the wavelength of sine wave in the X direction, mm;
λy is the wavelength of sine wave in the Y direction, mm;
Figure 16 and Fig. 17 show the micro sinusoidal array surface machined by adopting

conventional method (constant feed speed Vf = 5 mm/min) and scallop height control algorithm
respectively (grinding operation condition: n1=1500 RPM, n2= 40000 RPM, ap=5 µm). It can
be observed that the micro sinusoidal array is evenly distributed and has the same size with
the designed micro sinusoidal array as shown in Fig. 17. In order to detect the ground surface
profile of sinusoidal array in different areas with respect to different curvatures, the measured
area is divided into peak, trough and relative flat area, as shown in Fig. 16 and Fig. 17. Figure
18 represents the contour diagram of the machined micro sinusoidal array. It is observed that
the wavelength and amplitude of micro sinusoidal array is consistent with the designed value.
Figure 19 and Fig. 20 compares surface scallop height profile with respect to different curvatures
between conventional grinding and scallop height control grinding method. It is found that the
amplitude of scallop height is very nonuniform with the changes of curvature over the surface,
in which the scallop height is obviously larger in peak and trough of sine wave than that of flat
position of sine wave, as shown in Fig. 19(a), Fig. 19(b) and Fig. 19(c). However, adopting
proposed feed speed control method, the surface profile height at the peak and trough area where
sinusoidal wave curvature changes sharply are consistent with that of the relative flat region and
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Fig. 12. Simulated 2D micro-waviness marks for grinding of spherical surface (X-Y plane)
in Taguchi experiment respectively.
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Fig. 13. The influence of curvature on scallop height (45 degree tilt in measurement). 

Fig. 13. The influence of curvature on scallop height (45 degree tilt in measurement).

the amplitude of ground surface profile is basically located between −0.03 µm and 0.03 µm (the
setting value for scallop height ∆H=0.06 µm), while the surface roughness is also hold constant
at 0.02 µm approximately, as shown in Fig. 20(a), Fig. 20(b) and Fig. 20(c). It indicates that
the machining of uniform and super smooth surfaces can be achieved by using the tool control
algorithm of scallop height in the normal grinding of curved surface.

To further verify the model of uniform scallop height generation in grinding of curved surface,
surface matching is conducted. The measured and simulated surface data are transformed into
the same coordinate system to calculate the error map as shown in Fig. 21, which can be used to
determine the machining errors [45]. The iterative closest points (ICP) algorithm is frequently
used to surface matching, in which the optimal transformation parameters both for translation and
rotation matrices are determined for two-point sets to minimize surface registration errors. Figure
22 and Fig. 23 show the matching results for machined surfaces ground by conventional method
and proposed scallop height control method respectively, it is observed that the surface uniformity
and shape accuracy are improved remarkably by adopting scallop height control algorithm.
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Fig. 14. Designed the micro sinusoidal array (Ax = Ay = 0.045 mm; λx = λy = 4 mm).

Fig. 15. The curvature distribution for micro sinusoidal array (Ax = Ay = 0.045 mm;
λx = λy = 4 mm).
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Fig. 16. Illustration of measured area division and measured topography (constant feed speed). 

 

 

 

 

 

 

 

 

Fig. 16. Illustration of measured area division and measured topography (constant feed
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Fig. 17. Illustration of measured area division and measured topography (variable feed speed). 

 
Fig. 17. Illustration of measured area division and measured topography (variable feed
speed).
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Fig. 18. Surface profile of machined micro sinusoidal array.

Fig. 19. Surface profiles of micro sinusoidal array: conventional method (constant feed
speed)
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Fig. 20. Surface profiles of micro sinusoidal array with respect to different curvatures:
proposed scallop height control method (variable feed speed).

Fig. 21. Sketch of surface matching for error evaluation
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Fig. 22. Error map for conventional grinding method (Constant feed speed)

Fig. 23. Error map for proposed scallop height control method (variable feed speed)

5. Conclusions

Normal grinding technology has been frequently used to fabricate many types of complex curved
surface, the change of curvature on the machined surface posed adverse effect on surface quality
and profile accuracy. In this paper, an experimental and theoretical investigation of influence
of curvature on the surface topography generation is conducted to enhance the controllability
of surface uniformity in the grinding of curved surface. For the grinding of complex curved
surface, the frequent change of curvature poses a challenge work for obtaining uniform surface
topography and high shape accuracy. The proposed scallop height control method is capable of
obtaining high homogeneity and desired surface quality in the grinding of complex surface. The
main conclusions are the following several aspects:

(1) In the normal grinding of curved surface, the micro-waviness is the principal feature of
surface generation resulted from the grinding wheel vibration and the surface curvature
makes no significant in waviness geometry evolution (in X-Y plane).
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(2) Surface curvature has a great impact on the scallop height, which leads to different scallop
height between neighbouring grinding paths, the smaller the curvature, the smaller the
scallop height.

(3) A novel scallop height model is established by considering relative vibration of the machine
tool, cutting tool geometry and surface curvature, in which the scallop height can be
controlled by feed speed according to the local curvature of workpiece surface profile.

(4) The micro sinusoidal array is ground through controlling the magnitude of feed speed
corresponding to the surface curvature change. Results show that the surface scallop
height is consistent with the setting value regardless of the machined area with large
curvature or gentle curvature and the surface roughness is kept uniform over the machined
surface. It shows that the model can be exploited to feasibly control the homogeneous and
super-smooth surface generation in normal grinding of optical components.
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