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COURANT COHOMOLOGY, CARTAN CALCULUS,
CONNECTIONS, CURVATURE, CHARACTERISTIC CLASSES

MIQUEL CUECA AND RAJAN AMIT MEHTA

ABSTRACT. We give an explicit description, in terms of bracket, anchor, and
pairing, of the standard cochain complex associated to a Courant algebroid.
In this formulation, the differential satisfies a formula that is formally identical
to the Cartan formula for the de Rham differential. This perspective allows us
to develop the theory of Courant algebroid connections in a way that mirrors
the classical theory of connections. Using a special class of connections, we
construct secondary characteristic classes associated to any Courant algebroid.

1. INTRODUCTION

Courant algebroids were introduced by Liu, Weinstein, and Xu [28], axiomatizing
the properties of brackets studied by Courant and Weinstein [6] [7] and Dorfman
[10] in the context of Dirac constraints. More recently, Courant algebroids have also
appeared in the context of generalized geometry [21], double field theory [9, 22],
and AKSZ sigma models [3] [32].

Associated to any Courant algebroid is a cochain complex, known as the standard
complex. The existence of the standard complex arises immediately from the cor-
respondence, due to Severa [36] and Roytenberg [31], between Courant algebroids
and degree 2 symplectic dg-manifolds. In some special cases, such as exact Courant
algebroids, the corresponding symplectic dg-manifold can be described explicitly.
However, in general, the symplectic dg-manifold associated to a Courant algebroid
E — M is defined implicitly as the minimal symplectic realization of E[1], and
explicit formulas for the standard complex and its differential are only available in
local coordinates. This difficulty was nicely described by Ginot and Grutzmann
[I7], who wrote that the standard cohomology of a Courant algebroid “is quite
different from the usual cohomology theories ...where the cohomology is defined
using a differential given by a Cartan-type formula.”

As a way of circumventing the above difficulties, Stiénon and Xu [38] defined the
naive compler of a Courant algebroid. They proved that, in degree 1, the naive
cohomology is isomorphic to the standard cohomology; this result was sufficient
for their construction of the modular class. In the case of a transitive Courant
algebroid, Ginot and Grutzmann [I7] proved that the naive cohomology is isomor-
phic to the standard cohomology. However, for general Courant algebroids, the two
cohomologies are different.

2010 Mathematics Subject Classification. 16E45, 17B63, 53D17, 58J28, 70G45.
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The first main result of this paper is to show that there is indeed a description of
the standard complex for which the differential has a Cartan formula. The trade-
off is that we need to allow for cochains that only satisfy C°°(M )-multilinearity
and skew-symmetry up to terms involving the bilinear form on the Courant alge-
broid. Such cochains appeared in the work of Keller and Waldmann [25], in an
algebraic setting where the Severa-Roytenberg correspondence does not apply. Our
contribution is to show that, in the smooth setting, the Keller-Waldmann com-
plex is isomorphic to the standard complex (Theorem 2.5) and that the differential
satisfies a Cartan formula (Theorem 2:1I8).

This result is also closely related to work of Roytenberg [33], where another
cochain complex is constructed in an algebraic setting. In this complex, a cochain
consists of a sequence of maps, satisfying certain compatibility conditions. Royten-
berg showed that, in the smooth setting, this complex is isomorphic to the standard
complex. In light of this, our result could be viewed as the further observation that,
in the smooth setting, Roytenberg’s complex is isomorphic to the Keller-Waldmann
complex.

The validity of a Cartan formula provides a way to relate Courant algebroid co-
homology to classical (e.g. de Rham or Chevalley-Eilenberg) cohomology theories,
so that many proofs and calculations can carry over verbatim. As an application of
this idea, we consider E-connections on B, where £ — M is a Courant algebroid
and B — M is a vector bundle. The notion of E-connection first appeared in an
unpublished manuscript of Alekseev and Xu [2], and has since been used in numer-
ous contexts, e.g. [16, 20, 24]. In some of these papers, curvature is introduced,
but we could find nowhere in the literature where curvature is interpreted as an
End(B)-valued 2-cochain.

From our new vantage point, we see, in Section [3] that an F-connection V on
B corresponds to a covariant derivative operator Dy on the space of B-valued
cochains, the curvature Fy is an End(B)-valued 2-cochain (Proposition B3)), and
that the Bianchi identity holds (Proposition B)). The Cartan formula allows for
proofs that are formally identical to those in the classical theory of connections.

In Section [ we describe a construction of the modular class, essentially follow-
ing Stiénon and Xu [38]. But now, in light of our earlier results, we can interpret the
calculations as taking place in the standard complex, rather than the naive com-
plex. We then prove that Courant algebroids are always unimodular (Proposition
[42)), simultaneously generalizing the classical result that quadratic Lie algebras are
unimodular (e.g. [30]) and the result of Stiénon and Xu [38] that the double of a
Lie bialgebroid is unimodular.

As a further application, we construct in Section [0l higher secondary character-
istic classes of Courant algebroids. This construction relies on an E-connection
VE on E that can be naturally defined using a linear connection on E. The for-
mula for V¥ closely resembles the “basic Dorfman connection” in [23], but with
an additional term that corrects the failure to be C°°(M)-linear in the first entry.
In general, V¥ is not flat, but its primary cocycles tr(F@) vanish when k is odd,
and as a result secondary classes can be obtained. In the case of exact Courant
algebroids, these secondary classes vanish.

Although characteristic classes can be constructed by other means, e.g. [8] [19] 27
29], this approach is remarkable because it doesn’t require sophisticated machinery
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such as representations up to homotopy or graded geometry, but instead follows a
path that is similar to the classical construction of Chern and Simons [5].

In Section [6] we conclude the paper with a few brief remarks about Dirac struc-
tures in relation to cohomology and characteristic classes.

Acknowledgements. We would like to thank Henrique Bursztyn, Rui Loja Fer-
nandes, Madeleine Jotz, Mathieu Stiénon, and Ping Xu for helpful conversations
related to the paper. M.C. would also like to thank Smith College for hospitality
during two visits. M.C. was partially supported by a Ph.D. grant given by CNPq.
We would also like to thank the anonymous referee for suggestions that significantly
improved the quality of the paper.

2. COURANT COHOMOLOGY AND THE CARTAN FORMULA

2.1. The Keller-Waldmann algebra. Let E — M be a vector bundle equipped
with a nondegenerate symmetric bilinear form (-, -). To such a structure we can as-
sociate a graded algebra, which we call the Keller- Waldmann algebra. This algebra
was defined by Keller and Waldmann [25] in an algebraic setting.

Definition 2.1. A k-cochain on E, k > 1, is a map
w:T(E)x- - xT[(E) - C*(M)
k
that is C°° (M )-linear in the last entry and, for & > 2, such that there exists a map

0 : D(E) x - x T(E) — X(M),

k—2
called the symbol, such that
w(er, . i €it1,.. . ek) Fwler,...,it1,€i-..,€k)
= O'w(el, . ,é\i7é\i+17 ceey ek)(<ei, 6i+1>)

foralle; e '(E)and 1 <i<k—1.

We write C*(E) to denote the space of k-cochains. By definition, we set C°(E) =
C>(M).

Remark 2.2. If E has positive rank, then the map o, which controls the failure
of w to be skew-symmetric, is uniquely determined by w. Observe that w € C*¥(E)
is such that o, = 0 if and only if w is C*°(M)-linear in each entry and totally
skew-symmetric. Thus there is a natural inclusion map i : A" D(E*) < C*(E).

In low degrees, we can give simple descriptions of Ck (E):
o CYUE)=C>(M).
e C(E) =T (E*), which can be naturally identified with T'(E) via the bilinear
form.
e Given w € C?(E), let & : I'(E) — I'(E) be given by

(W(e1),e2) = wle,ea).

Then & is a covariant differential operator (CDO) with symbol oy, i.e. it
satisfies

w(fe) = ou(fle+ fule)
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for all f € C*°(M) and e € T'(E), and it is skew-symmetric, i.e. it satisfies

ouler, ea) = (@W(e1), e2) + (e1,@(e2))
for all ej,es € T'(E). The CDOs are the sections of a Lie algebroid Ag,
known as the Atiyah algebroid, and the skew-symmetric CDOs are the sec-

tions of a Lie subalgebroid, which we denote Ag. It is a simple exercise to

show that the map w +— & gives an isomorphism C?(E) = I‘(Ag).

The space of cochains C*(E) is a graded-commutative algebra, where the product
is given by

(weT)(er, -+ erm) = Z sgn(m) w(en(1), "+ ex(k))T(€x(kt1) " » Cr(htm))
weSh(k,m)
for w € C¥(E) and 7 € C™(E); see [25, Corollary 3.17]1.
The following was proven in [25] Corollary 5.11] under a hypothesis that always
holds in the smooth setting.

Proposition 2.3. C*(E) is generated by C°(E),CY(E) and C*(E) as an algebra.

Keller and Waldmann also define a degree —2 Poisson bracket on C*(F), making
it into a graded Poisson algebra [25, Theorem 3.18]. We will discuss this bracket
further in Remark

2.2. Graded symplectic manifolds of degree 2. We recall the definition of
degree 2 symplectic manifolds. See [4, [31] for more details.

A degree 2 manifold M is a pair (M,0On), where M is a smooth manifold
and Op is a sheaf of graded commutative algebras such that, for all p € M, there
exists a neighborhood U such that O (U) is generated by homogeneous coordinates
{2%,e!, p'}, where x' are coordinates on M, and where e and p’ are coordinates of
degree 1 and 2, respectively.

A degree 2 manifold M is symplectic if O aq has a degree —2 Poisson bracket such
for which there exist local homogeneous coordinates {x?,e?, p'} such that {z%,p’}
and {e’, e/} are invertible matrices; for a more detailed definition, see [4].

Proposition 2.4 ([31]). There is a one-to-one correspondence between symplectic
degree 2 manifolds and vector bundles equipped with a nondegenerate symmetric
bilinear form.

Briefly, the correspondence is as follows. Given a vector bundle £ — M with a
nondegenerate symmetric bilinear form (-, -), let 0%, = C>=(M), O}, = I'(E), and
O = I‘(Ag). In low degrees, the nonvanishing Poisson brackets are

{61,62}2 (61762% {¢7f}:0¢(f)7
{¢,e} = o(e), {01, 02} = D192 — D21

for f € (’)9\/{, e,e1,e9 € 0/1\/17 and ¢, @1, P2 € (93\4. Since O is generated in degrees
0, 1, and 2, this information is sufficient to determine O, albeit in a not very
explicit way.

Comparing the descriptions of C*(E) and O% in low degrees, we immediately
see that the two are naturally isomorphic for k£ < 2. The following theorem shows
that this isomorphism extends to all degrees.

1The formula in [25, Corollary 3.17] has an extra factor of (—1)*™, due to a slightly different
choice of convention.
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Theorem 2.5. Let E — M be a vector bundle of positive rank, equipped with a
nondegenerate symmetric bilinear form. Let M be the corresponding symplectic
degree 2 manifold. Then the map Y : Ok — CF(E), given by

T(q/})(elv SRR ek) = {ek7 {6[@71, RS {6171/)} T }7
is an isomorphism of graded commutative algebras.

Proof. First we show that T is well-defined. Since

T(w)(elu"'ufek) = {fekru{ek:—la-'-7{elu¢}"'}
= flews {ex—1,... . {er, 9} -}
= fT(1/’)(617---7€k)
for € Ok, f € C®(M), e; € T(E), we see that T is C°°(M)-linear in the last

entry.
Let oy(y) be given by

orwyler, .. ex—2)(f) = {f, {ex—2,..., {er, ¥} }.

Then, using the Jacobi identity and the fact that certain brackets vanish by degree
considerations, we have

T()(e1,... e €ix1,.-- ek) + L(W)(er,...,eit1,€0. .. €k)

= {ek,..., {ei+1,{ei ..., {en, ¥} T +{ex,. ... {ei, {eir1,.. ., {e1, ¥} -}
={ew,.... {eir, e}, {eimr, ... {er, ¥} -+ }

= {{eir1,ei} {ex, . {en, v} }

= oy (€1, € ity .-, ek)((€isiv1))-

This shows that Y (1) is indeed an element of C¥(E), so T is well-defined.
For ¢ € O% ., n € O, repeated application of the Leibniz rule gives

T(‘/’W)(ela EERE eker) = {ekera R {6171/”7}}
= {ekerv ceey {617 1/’}77 + (_1)‘w‘¢{617 77}}
= Z sen(m){ex(r), - > {err)s VI Her(ktm)s -+ s {€ner1)s M)}

weSh(k,m)

Z sen(m)Y(¥)(er(1)s- - ex(k)) L) (€nkt)s - - -5 Ex(htm))
weSh(k,m)
=(X@)~Tm)(e1,---,ektm)-

This shows that T is a morphism of algebras. By Proposition 2.3l and the fact that
T is an isomorphism in degrees k < 2, we deduce that T is onto.

It can be shown that Y is one-to-one by induction on k. We have already
established the base cases k < 2. Suppose that 1 € O% is such that Y(¢) = 0.
Then, for any e, eq,...,ex—1 € I'(E), we see that

T({e,v})(e1,...,ex—1) = Y(¥)(e,e1,...,ex-1) =0,

so by the inductive hypothesis we have {e,1)} = 0 for all e € T'(E). By a local
coordinate argument, it follows that ¢ = 0. O
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Remark 2.6. The isomorphism Y allows us to transfer the degree —2 Poisson bracket
from O to C*(E). By repeated application of the Jacobi identity, one could derive
an explicit formula for [w, 7](e1, . .. extm—2), Wwherew € C¥(E), 7 € C™(E), as sums
over (un)shuffles of terms involving w and 7. For the purposes of this paper, such
a formula is not needed.

Remark 2.7. Keller and Waldmann [25] also consider the Rothstein algebra
R(E) = Sym(X(M)) ® \T(E).

They show that, given a choice of metric connection on E, one can put a degree
—2 Poisson bracket on R(E), and that, under hypotheses that always hold in the
smooth case, there is an isomorphism R(E)=C(F). This isomorphism depends on
the choice of connection, and it is constructed using iterated brackets similar to
those in the proof of Theorem

It is also well-known from the perspective of graded geometry [31] that R(E) is
noncanonically isomorphic to O, with the isomorphism depending on a choice of
connection. The result of Theorem thus closes the diagram with a canonical
isomorphism Op—=C/(E).

Ezxample 2.8. Consider the case where M is a point, so that £ = V is a vector
space equipped with a nondenerate symmetric bilinear form. In this case, the
Keller-Waldmann cochains are necessarily skew-symmetric, so

cwv)y=A\v".

Although the bilinear form does not affect the algebra structure in this case, it is
used to define the degree —2 Poisson bracket.

Example 2.9. Let A — M be a vector bundle, and let £ = A® A* with the bilinear
form

(X1 + &1, Xo + &) = &1(X2) + &(X0).
In this case, the Keller-Waldmann algebra can be identified with the algebra of
polyderivations of A = A T'(A*), with an appropriate degree shift:
C(F) = Sym (Der(A)[-2]) .

Here, the symmetric product is taken as a module over AT'(A*). We give here a
brief sketch of this correspondence, leaving some details to the reader.
For B € A, = \"I'(A4*%), the corresponding k-cochain ¢(3) € C*(E) is given by

c(B) (X1 +&, . X+ &) = B(X1, ..., Xk).

The degree —1 derivations of A are the contraction operators vy, where Y €
I'(A). The corresponding 1-cochain Iy € C(E) is given by

Iy (X +&) =¢(Y).
The degree 0 derivations of A correspond to covariant differential operators on

A. Given a CDO ¢ with symbol oy, the corresponding 2-cochain b€ C?*(E) is
given by

S(X1+ &1, X + &) = &(6(X1)) — &1($(X2)) + 04(61 (X2)).
Since Der(.A) is generated as an A module in degrees —1 and 0, the above corre-
spondences are sufficient to determine the isomorphism C(E) = Sym (Der(.A)[—2]).
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In light of Theorem [Z5] the above correspondence agrees with the graded ge-
ometry perspective, where the symplectic degree 2 manifold is T*[2]A[1], whose
functions are polyvector fields on A[1].

Ezample 2.10. An important special case of Example2.9lis when E =TM &T*M.
Then

C(E) 2 Sym (Der(Q(M))[-2]) .

Furthermore, using the results of [15] on the algebra of derivations of Q(M) we can
obtain an isomorphism

ckpy= P @ (M; /\J TM ® Sym' TM) .
i+j+2l=k
We note that the iterated bracket construction combined with the nonlinear iso-
morphism between derivations and vector valued forms makes this isomorphism
highly non-trivial, albeit canonical.

2.3. Courant algebroids.

Definition 2.11. A Courant algebroid is a vector bundle E — M equipped with
a nondegenerate symmetric bilinear form (-, -), a bundle map p: E — TM (called
the anchor), and a bracket [-, ] (called the Courant bracket) such that

(C1) [er, fea] = pler)(fez + fler,ez2],

(C2) pler)({e2,e3)) = ([en, e2], e3) + (e2, [e1, es]),

(C3) [le1, ezl es] = [e1, [e2, es]] — [e2, [e1, es]],

(C4) [e1,ea] + [e2,e1] = Dier,ea),

for all f € C°(M) and e; € I'(E), where D : C*°(M) — I'(E) is defined by

(Df,e) = p(e)(f)-

Note that we are using the “Dorfman convention”, where the bracket is not
skew-symmetric (at least if p is nonzero), but where a Jacobi identity (axiom (C3))
holds.

Remark 2.12. The following identities, which were axioms in the original definition
of Courant algebroid [2§], are consequences of the axioms in Definition [ZTT}

(A1) p([er,e2]) = [p(e1), p(e2)] for all e1,e2 € T'(E),
(A2) poD = 0.

See [39] for a discussion of the dependencies among the axioms.

Let E — M be a Courant algebroid. Since FE is, in particular, a vector bundle
equipped with a nondegenerate symmetric bilinear form, there is by Proposition
24 an associated symplectic degree 2 manifold M. The following theorem, due to
Severa [36] and Roytenberg [31], goes further to state that the anchor and bracket
can be completely encoded in a certain degree 3 function on M.

Theorem 2.13 ([31), B6]). Let E — M be a vector bundle equipped with a nonde-
generate symmetric bilinear form, with corresponding symplectic degree 2 manifold
M. Then there is a one-to-one correspondence between anchor-and-bracket data
(p, [-.-]) satisfying the azioms of Definition 2111 and degree 3 functions 6 € O3,
such that {6,0} = 0.
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Remark 2.14. The correspondence in Theorem [2.13]is given by the following derived
bracket formulas (see [31]):

(2.1) p(e)(f) = {{e, 0}, f} = —{f {e, 0}},
(2.2) le1, e2] = {{e1,0}, ea} = {e2, {e1,0}},

for e,e1,e5 € Oy =T(E) and f € O = C>°(M). As a consequence, we have the
following corollary.

Corollary 2.15. Let E — M be a Courant algebroid with associated symplectic
degree 2 manifold M and degree 3 function 6. Let T = Y(0) € C3(E). Then T is
given by

T(el, €2, 63) = <[[€1 y 62]}, €3>.

2.4. Cartan calculus. Let E — M be a Courant algebroid with associated sym-
plectic degree 2 manifold M and degree 3 function 6. Since 6 satisfies the classical
master equation {,0} = 0, the operator dg = {0, -} defines a differential on O .
The standard complex of a Courant algebroid is defined to be the cochain complex

For any section e € I'(E), we can introduce the “contraction” and “Lie deriva-
tive” operators

le = {eu '}7 ﬁe = {{679}7 '}7
on Opq. The contractions, Lie derivatives, and differential satisfy many relations
that are formally identical to the Cartan relations in de Rham theory.

Proposition 2.16. The following graded commutation relations hold for all e, e’ €

T(E):
dy =0, [Le,dE] =0,
[te,dE] = L, [Le, Ler] = Lie,es
[Le,ter] = Le,er]

Proof. The proofs involve using the Jacobi identity and known identities for Poisson
brackets involving 6 and sections of E. For example, using the Jacobi identity and

22), we have
[Leyter] = Loter — ter Le
= {{e,0}.{¢’,-}} = {', {{e, 0}, }}
={{{e, 0}, €'}, }
= Ue,e]-
We leave the other relations as exercises for the reader. O

Remark 2.17. Tt should be emphasized that contraction operators do not anticom-
mute with each other, in contrast to the case of de Rham theory. Specifically,

[Lfiv Le’] = {6, {elv }} + {6/7 {67 }}
= {{6, el}v '}7
which does not vanish in general. This situation could be handled by introduc-

ing additional degree —2 contraction operators ¢y = {f, -} for f € C°>°(M) and
using them to extend the Cartan calculus. This idea is closely connected to the
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L -algebra structure associated to a Courant algebroid [34]. Rather than consid-
ering this, we will take the simpler approach of not trying to exchange contraction
operators.

The result of Theorem allows us to use the isomorphism Y to transfer the
operators (., L., and dg to the Keller-Waldmann complex C*(E). The advantage
is that we can now interpret ¢, as a contraction operator in the usual sense, since

(tew)(e1y ... en—1) =wl(e,er,...,e5-1)
for w € C*(E).

Theorem 2.18. For w € C*(E) and e € T'(E), L.w and dgw are given by the
following formulas:

(Lew)(e1, ..., ex) =ple) (wler,...,ex)) — Zw(el, coneimt e e eiv, ek,
k

(dgw)(eq, - .., ex) :Z(—l)ip(ei)w(eo, G ER)

=0
- Z(_l)iw(607 s 7€ia s €51, [[e’ia ej]]v €itly--- aek)'

i<j
Proof. For f € C*(M), the formula (ZI) gives us L.f = p(e)(f). Then, by
repeated use of the relation [Le, ter] = t[e,e], We have

(Lew)(€1y .- y€l) = ley, " Loy Low

k
= Eel’ek Crrle W E bep """ lei_1lfeei]leitr " tea W
i=1

= p(e) (w(e,...,ex)) — Zw(el,...,ei_l, [e,eil, €it1y---,e€k)-

i=1

Similarly,

(dpw)(€os .- ek) = tey, « - - LegdEW

i ~ i ~
(=1)'Le, ley "t le; """ legW — E (—1) beg """ lej_1lles,ej]lejrr " " le; "t legW
i<j

M- 1

-
Il
=)

(=1)'p(ei)w(e, ..., Ci ... 1) — Z(—l)iw(eo, ces €y e el er).

i<j
O

Remark 2.19. In Opy, it is clear that the degree 3 function € is a cocycle, since
dgf = {6,0} = 0. Tt follows that T = T(f) is a cocycle in C3(E). An alternative
approach is to directly define 7" by the formula in Corollary and then use the
Cartan formula to verify that dgT = 0.

Ezxample 2.20. In the case where M is a point, a Courant algebroid is a Lie alge-
bra g equipped with an invariant nondegenerate symmetric bilinear form. Recall
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(see Example [Z8)) that, in this case, C(g) = A g*. The associated 3-cocycle (see
Corollary 2ZT7)) is the Cartan 3-cocycle

T(’Ulvav’U?)) = <[vla UQ],'L)3>,

and from Theorem 218 we see that the differential dgy is the Chevalley-Eilenberg
differential.

Example 2.21. The standard Courant algebroid on a manifold M is defined as
E=TM & T*M, with the bilinear form
(X +a,Y +8) =aY) +B(X)
and bracket
[X+a,Y+58]=[X,Y]+ LxB — tyda.

In Example 210 it was observed that, in this case, C(E) = Sym(Der(Q(M))[—2]).
Under this identification, the 3-cocycle T € C3(E) corresponds to the de Rham
operator d, which is a degree 1 derivation of Q(M).

If H e Q3(M) is a closed 3-form, then we can use the above identification to

view d + H as an element of C3(E), thus inducing the H-twisted version of the
above bracket [35] 37], given by

[X+o.Y +8]u = [X,Y]+ LxB — tyda+ ixiy H.

We note that this perspective provides a good framework for the interpretation
[2, 26] of the standard Courant bracket as a Vinogradov bracket.

Ezxample 2.22. In contrast with many cohomology theories, Courant algebroid co-
homology is not necessarily bounded in degree. For example, consider a Courant
algebroid E — M with dim(M) > 0 and rk(E) > 0, where the anchor and bracket
are zero. Since the differential is zero, we have

H*(E) = CH(E).

Let w € C?(E) be such that o,, # 0, and let e € I'E be such that o, ({e,e)) # 0.
Such w and e always exist in this situation.
From Definition 2.1l we have

w(e,e) = %aw(<e,e>) #0,
and thus
(wew)(e, e e e) = wle,e)? Z sgn(m) = 2w(e,e)? # 0.

TE€Sh(2,2)

k

Similarly, one can show that w”* and e w* are nonzero, so in this case C*(E) is

nontrivial for all k > 0.

3. COURANT ALGEBROID CONNECTIONS

Let E — M be a Courant algebroid. As mentioned in the introduction, the
notion of an E-connection arose in unpublished work of Alekseev and Xu [2]. In
this section, we develop the theory of E-connections in light of Theorems and
The key point is that, because of the existence of Cartan formulas, many
results can be proved in a way that is virtually identical to the classical theory. We
will sometimes omit such proofs, instead focusing on the aspects that are specific
to Courant algebroids.
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3.1. Connections, covariant derivatives, and curvature. Let B — M be a
vector bundle.

Definition 3.1. An E-connection on B is a map V : I'(E) x I'(B) — I'(B) such
that

(1) Ve(fb) = fVe(b) + p(e)(f)D,
(2) Vb= fVeb,
for all f € C*(M), e e I'(E), and b € T'(B).

Let C*(E;B) = C*(E) ® I'(B) denote the space of B-valued cochains. If V is
an E-connection on B, then we can define a covariant derivative operator Dy on
C*(E; B) by the formula

k
(Dy7)(eo, .- ex) =Y (=1)'Ve, (€0, &, s €k)
(3.1) =0
- Z(—l)ZT(eo, cee aé\’iv RS [[e’ia ej]]v SRR ek)

i<j
for 7 € C*(E; B). The covariant derivative operator satisfies the property
(32) Dv(va) = (dEw)vT+ (—1)kwv(DvT)
for w € C*(E) and 7 € C*(E; B).

Conversely, given a degree 1 operator D on C*(F; B) satisfying (3.2]), there exists
a unique F-connection V such that D = Dy.

Definition 3.2. The curvature of an E-connection V on B is defined as the map
Fy :T(FE) xT'(FE) x I'(B) — T'(B) given by

(3.3) Fy(er,e2)(b) = Ve, Ve, b = Ve, Ve, b — Ve, e,1-

If V is flat, i.e. Fy = 0, then we say that V is a representation of E on B.
Proposition 3.3. The curvature Fy is an element of C*(E;End(B)).

Proof. We will sketch two different approaches to the proof. One is to use (B1]) to
show that Fy (e, e2)(b) = (DZb)(e1, e2). This proves that Fy (-, -)(b) is a 2-cochain.
Using [B.2)), we can also see that Fy is C°°(M)-linear in b, which proves that it
takes values in End(B).

The other approach is to directly check, using (33)), that Fy (e1, e2)(b) is C*°(M)-
linear in ey and b, and to observe that

Fy (e, 6’)(1)) + Fv(el, e)(b) = _v[[e,e’]]-i-[[e’,e]]b = _VD(e,e/)b-

Therefore, Fy satisfies the conditions of Definition 2] with o (f)(b) = —Vpyb.
Here, it is important that o, is C°°(M)-linear in b (because p o D = 0) and a
derivation in f. O

The E-connection V naturally induces an F-connection V on End(B), given by
(3.4) Ver = Ve, 7]

for 7 € I'(End(B)) and e € T'(E), where the right side is a commutator bracket of
operators on I'(B). The following is a straightforward calculation using (81) and

@3).

Proposition 3.4. The Bianchi identity DgFy = 0 holds.



12 MIQUEL CUECA AND RAJAN AMIT MEHTA

Suppose that B is equipped with a nondegenerate bilinear form (-,-) 5. Then we
can define the adjoint E-connection V1 on B, given by

(3.5) (Vibi,bo)g = ple)(by,ba)p — (b1, Veb)p

for all e € T'(E), by,be € I'(B). The following is a straightforward calculation using
B3) and (A1) from Remark 212

Proposition 3.5. The curvatures of V and V1 are related by the identity Fg: =
—(Fe)".
3.2. Examples. The following are some important examples of E-connections.

Ezxample 3.6. There is a canonical representation V*°P of E on /\tOlD E, given by
m
Vi%P(er A Aem) =D er A= Alee] A Aem.
i=1
This is the representation that was used by Stiénon and Xu [38] in their construction
of the modular class. We will discuss this further in Section [ (also see Remark

B.10).
Example 3.7. If E is regular, i.e. if the anchor map p has constant rank, then there
are canonical representations on the following bundles:
e kerp/im p*. This representation is given by V.& = L.e/ = [e,e’], where
the overline indicates the image under the projection ker p — ker p/im p*.
e ker p*. This representation is given by V.a = L, ya for a € T'(ker p*) C
QY (M).
e coker p. This representation is given by V. X = LyeyX = [p(e), X], where
the overline indicates the image under the projection T'M — coker p.

p(e)

Ezample 3.8. Given a choice of linear connection V : X(M) xT'(E) — T'(E), we can
define the following E-connections. These E-connections extend the representations
in Example 37 but are not flat in general.

e V¥ is an E-connection on E, given by
VEe = [e, €] + Ve — p*(Dve,e’).
e VIM is an E-connection on T'M, given by
VIMX = [p(e), X] + p(Vxe).
is an E-connection on T*M, given by

vItMy =

o« VM
oe) — (Dve, p*a).
To verify that V¥ is an E-connection, we check that
VEfe =[e, fe']l + V,sene — p*(Dve, fe')
=fle,e'l + p(e)(f)e + [V pene — fp*(Dye,e’)
—FVEE + ple)(f)e
and
Vi =[fe, €]+ Ve fe—p*(Dyfe,e)
=—[¢, fe]l + D(fe,e) + [V e+ ple')(f)e — p*(fDye,e) — p*(df @ e,€’)
=~ [le'el + fDle.e) + [V ene — [p* (Dve,e’) = [VEE.
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For VI™ and VT™M the computations are similar.

Example 3.9. Consider the case £ = TM & T*M, with the H-twisted Courant
bracket; see Example 22211 In this case, it is possible to make a special choice of
linear connection so that the E-connection V¥ takes a simple form.

First, choose a torsion-free linear connection V on 7'M, and let VT be the dual
connection on T*M. Define a linear connection V on TM & T*M by the formula

S 1
Vx(Y +8)=VxY +Vi3+ SixivH
for X,Y € X(M), B € Q'(M). The associated E-connection V¥ is then given by
VE (Y +8) =[X +a,Y + By + Vy(X +a) — (Dg(X +a),Y + )

1
=[X,Y] + LxB —iyvda+ixiyH + VyX + Via+ SivixH

—(DvX,pB) — (Dyia — %iXH, Y)
=X, Y]+ VyX +LxB—(DvX,p5)
—iyda+ Via— (Dgia,Y)
=VxY + V3.
This calculation will be important in Section [Bl

Remark 3.10. E-connections can be extended to tensor powers using a derivation
rule. In particular, the connection V¥ extends to /\tolD E as follows:

m
VE(el/\---/\em):Zel/\.../\vfei/\...em_
i=1

It turns out that this extension of V¥ coincides with the representation VP in
Example 3.6l The reason is that, for e, e1,es € T'(E),

(VEer — [e, 1], e2) = (Vy(enyes €2) — (p*(Dve, e1), e2)
= (Ve € €2) = (Vi(ea) €, €1),
which is C'°°(M)-linear and skew-symmetric in e1, e3. Therefore V ., ye—p*(Dye, e1)
is a traceless endomorphism of E which vanishes in the extension to /\tOp E.

Remark 3.11. The connections in ExampleB.8lare analogues of the Bott connections
for Lie algebroids [13]. In further analogy with the case of Lie algebroids, one should
expect the connections in Example [3.8] to be part of an adjoint representation up
to homotopy of E on the 3-term complex T*M — E — T M. A full development of
this idea would be outside the scope of this paper, but we will make some comments
that may be helpful to the reader who wishes to pursue further.

Recall [T, [19] that a representation up to homotopy of a Lie algebroid A — M
on a graded vector bundle B — M is a differential on the complex AI'(A*) @ T'(B).
Because this complex is bigraded, the differential splits into different components,
and the equation D? = 0 splits into a series of equations relating the different
components. The components can be interpreted as connections and Lie algebroid
forms with values in homomorphism bundles.

One could similarly define a representation up to homotopy of a Courant al-
gebroid E — M as a differential on the complex C*(E) ® I'(B). The rest of the



14 MIQUEL CUECA AND RAJAN AMIT MEHTA

analysis would be very similar to the case of Lie algebroids. In particular, (31
could be used to express some of the equations in terms of brackets.

The following proposition gives some useful properties of the Bott connections.

Proposition 3.12. Let E — M be a Courant algebroid, and let V be a linear con-
nection on E. Then the E-connections VF, VTM and VT M satisfy the identities

(VEes,e3) + (e2, VE e3) = pler) ez, e3),
(VIM X o) + (X, VI™Ma) = p(e)(X, a).

for all e,e; e T(E), X € X(M), and o € Q*(M).

Proof. We first note that (p*(Dver,e2),e3) = ((Dver,ea), ples)) = (Vy(es)e1, €2)-
Using this and Axiom (C2) in Definition 211 we have

(VE e, e3) + (e2, VI e3) =([e1, e2] + Vpenr€1,€3) — (Vp(es)e1, €2)
+ (e2, [e1, e3] + Vp(esre1) = (Vpes)€1, €3)
=([e1, e2], e3) + (e2, [e1, e3])
=p(e1)(e2; €3).

Additionally, since (X, L,ya) = p(e)(X, a) — ([p(e), X],a) and (X, (Dve, p*a)) =
(Vxa,p*a) = (p(Vxe),a), we have

<VZMX7 a> + <X7 VZ*MO‘> = <[p(€), X] + p(VXe), O‘> + <X7 ‘Cp(e)a - <DV67p*O‘>>
— p(e)(X,a). o

Remark 3.13. The first identity in Proposition says that V¥ is self-adjoint
with respect to the bilinear form on E. The second identity can also be seen
as a self-adjointness property, in the sense that the F-connection VM @ V™M
on TM & T*M is self-adjoint with respect to the usual symmetric bilinear form

(X, ), (Y, 5)) = oY) + B(X).

4. THE MODULAR CLASS

The modular class of a Courant algebroid was introduced by Stiénon and Xu
[38] in the more general setting of Loday algebroids. Their construction produces
a degree 1 class in the naive cohomology of E. By working in the naive complex,
they had access to a Cartan formula, which allowed them to construct the class
following essentially the same procedure as in [11]. In degree 1, the naive cohomol-
ogy is isomorphic to the standard cohomology, so they indirectly obtained a class
in HY(E).

Here we review the construction. But now, as a result of Theorem [2.I8] we are
able to make the additional observation that the construction directly produces a
class in H(E).

Let E — M be a Courant algebroid, and let V be a representation of F on a
trivializable real line bundle L — M. Choose a nonvanishing section A € I'(L).
Then, for each e € T'(F), there exists a unique function g. € C*°(M) such that
VeA = geA. The fact that VA = fVA implies that g = (€, e) for some
& eT(E).
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The flatness of V implies that, for all e, eq € T'(E),

<€>\7 [[617 62]]>/\ = v[[e1,ez]])‘
V. Vo= Vo, Ve

= (p(e)((Ex, e2)) — plea)({Ex, e1))) A

Therefore, if we view & as an element of C1(E), we have dg&y = 0.
If ) is another nonvanishing section, then we can write A’ = f\ for some non-
vanishing f € C°°(M). Then we have

<§)\/,6>f)\ = <€>\/7 €>/\/ = Ve)\/ =VefA=[VeA+ p(e)(f)/\,
and therefore
Ex =&\ +dplog|f].
Thus the class [€\] € H'(E) is well-defined and independent of A (so the subscript
A can be omitted). The class [¢] is called the modular class of the representation
L,V).
( In 2che case where L is not trivializable, the modular class is defined as %KL@L],

where [¢L®L] is the modular class of the induced representation on L ® L. This
definition is justified by the following fact.

Lemma 4.1. Let (L,VE) and (L', V') be trivializable line bundles with represen-
tations of E. Let [€L] and [€L] denote the respective modular classes. Then the
modular class of the induced representation on L ® L' is [¢] + [€X].

Proof. Let \* and AL be nonvanishing sections of L and L’, respectively. Then
(LRl et @Al = VIO (@)
= VAL @ M 4 AF @ VEAY
= (b + el e @Al 0

The (intrinsic) modular class of E is defined in [38] to be the modular class of the
canonical representation VP on /\top E (see Example B.6). They proved that, if
E = A® A*, where (A, A*) is a Lie bialgebroid, then the modular class vanishes. It
is also known (e.g. [30]) that quadratic Lie algebras (i.e. Courant algebroids where
M is a point) are unimodular. Using a supergeometric argument, Grabowski [I§]
observed that, in fact, all Courant algebroids have vanishing modular class. Here
we give a new proof of this result.

Proposition 4.2. The modular class vanishes for every Courant algebroid.

Proof. For any representation V of E on a line bundle L, we can consider the dual
representation V* on L*, given by

(Vea, £) = ple)(a, £) — (a, Vel)

fore e I'(E), ¢ € I'(L), and « € T'(L*). Since L ® L* is canonically isomorphic to
the trivial representation on M x R, Proposition E.2] implies that [¢F7] = —[¢1].

Comparing with (33, we see that, if L has a nondegenerate bilinear form,
then VT is obtained by transferring V* via the isomorphism L = L* associated to
the bilinear form, so the modular classes associated to V and VT are minuses of
each other. Thus, if the representation on L is self-adjoint, then its modular class
vanishes.
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The result then follows from the fact that the canonical representation on A\"® E
is self-adjoint; this can be seen by a direct calculation, using Axiom (C2) in Def-
inition 211l or alternatively as a consequence of Remark and Proposition
O

Remark 4.3. Although Courant algebroids are unimodular, it should be emphasized
that modular classes do not vanish in general. In fact, given any cocycle £ €
CY(E) =T(E), one can use the equation V A = (£, e)\ to define a representation
on a trivial line bundle for which the modular class is [¢].

Remark 4.4. The unimodularity of Courant algebroids has a simple explanation.
From the definition, it is clear that the modular class is the obstruction to the
existence of an invariant volume form. Because a Courant algebroid comes equipped
with an invariant nondegenerate bilinear form, there is always an induced invariant
volume form on A'P E. In the next section, we construct higher characteristic
classes which are obstructions to the existence of an invariant (positive definite)
metric. It is known that there exist examples of Lie algebras that admit an invariant
nondegenerate bilinear form but do not admit an invariant positive-definite bilinear
form. We expect that the higher characteristic classes can detect such phenomena.

5. CHARACTERISTIC CLASSES

In this section, we describe the construction of intrinsic characteristic classes
associated to a Courant algebroid E. Surprisingly, the construction is even simpler
than that of Lie algebroids (e.g. [8]) because it does not require a representation
up to homotopy. Indeed, the results of previous sections allow for a construction
that is similar to the classical theory, e.g. [5]. We will sometimes omit proofs that
closely resemble proofs in the classical theory.

5.1. Chern forms and Chern-Simons forms. Let £ — M be a Courant alge-
broid, and let V be an E-connection on a vector bundle B — M. We first recall a
few facts about End(B)-valued cochains.

e The elements of C*(E;End(B)) can be identified with degree k operators
on C*(E; B) that are C*(FE)-linear.

e Composition of operators gives a product on C*(E; End(B)).

e The covariant derivative operator Dg associated to the E-connection (3.4)
is given by the graded commutator of operators: Dg¢ = [Dv, | for ¢ €
C*(E;End(B)).

e There is a natural trace map tr : C*(E; End(B)) — C*(E). Moreover, the
identity

(5.1) dp tr(¢) = tr(Dg¢)
holds for all ¢ € C*(E;End(B)).
For k = 1,2,..., we define the Chern forms ch;(V) € C?*(E) by

chy, (V) = tr(FE).
From (&) and the Bianchi identity, we see that
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Given a path V,; of E-connections on B, for 0 < ¢t < 1, we can define the
Chern-Simons forms csy(V,) € C?*~1(E) by

(5.3) s (Vi) = k/ol tr (%[Vt]vFétl) dt.

The Chern-Simons forms are transgressions of the Chern forms, in the following
sense.

Proposition 5.1. Let V; be a path of E-connections on B. Then dgcsg(Vy) =
chy (V1) — chi (Vo). Therefore, the cohomology class [chy(V)] € H**(E) is inde-
pendent of V.

Proof. By the Fundamental Theorem of Calculus, we have

1
chk(Vl)—chk(Vo)Z/O jt[chk(vt)]
L
_ /0 lor(FE, )t

1
d k—1
=k tr | —[Fv, | F dt.
o (mer)

Using the fact that £ [Fg,] = Dg, (£[V:]) and the Bianchi identity, we see that
the above is

1 1
k/ tr (D ( [vt]) vF§—1> dt = k/ dp tr (i[vt]vFé—l) dt
0 ' 0 dt '
= dgcsk(Vi). O

Proposition 5.2. Let V;,V} be two paths of E-connections on B with Vo = V|,
and Vi1 = VY. Then csi (Vi) — csip(V}) is exact.

Proof. Let V = (1 — )V, + sV;. Then

Ld
cse(V9) = esu(Ve) = [ lese( V)] ds
= /01 dii Uolktr <%[V]vF@‘1) dt} ds

k/lfltr s V] F +Q[V] Q[F’H] dt ds
" Jo T \osot VT ot st v '

Integrating by parts in the first term, we get

k 1 1tr Q[V]vﬁ[p(;—l]_ﬁ[w 8[F’“ 1) dtds
ot s s ot

_k/ /MZQtr( ~Dg (%[V])vF@_i_Q

~ VI~ Ry Dg (%m) RE ) dts

1k—2 ) )
—dEk/ / Ztr( Fg~ o [V]vF@ZQ) dt ds,
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which is exact. O

It follows from Proposition that, if Vo, V; are E-connections on B such
that chy(Vo) = chx(Vi) = 0 for some k, then we can unambiguously define
[csk(Vo,V1)] = [csk(Ve)] € H?*7Y(E), where V, is any path from Vg to Vj.
Furthermore, the triangle identity

(5.4) [CSk(VO, Vl)] + [CSk(Vl, Vg)] = [CSk(Vo, Vg)]
holds for all V; such that chg(V;) = 0.

Remark 5.3. Taking V; to be the straight-line path between Vo and V;, we can
explicitly evaluate the integral in (3] to find formulas for [csk(Vo, V1)]. Specifi-
cally, if we write ¢ = V; — Vg, then we can let Vy = Vg + t¢. Then the first two
Chern-Simons forms are

1
es1(Vy) = /0 tr(6)dt = tr(6)

and

1
cso(Vy) = 2/ tr(¢p— Fy,)dt
01
- 2/ tr (¢ (Fy, +tDg ¢ + t7¢%)) dt
0

= tr (2¢vFv0 + ¢~ Dg ¢+ §¢3> .

We note that, when Vy is flat, this formula for csa(V,) is (up to scalar) formally
identical to the formula for the classical Chern-Simons 3-form.

Remark 5.4. The above construction fits into the general theory of transgressions
as described in, e.g., [8 [I4]. A rigorous treatment requires infinite-dimensional
analysis, but the picture is quite nice, so we sketch it here.

We can view chy, as being a C?*( E)-valued function on the space of B-connections
on E. From (52), we have dgchy = 0. The formula (53] essentially defines a
C?*~1(E)-valued 1-form oy, on the space of B-connections on E, such that

csi (V) = /Vt Q.

Proposition 5.1l can then be interpreted as saying that dgay = dchy, where 0 is the
de Rham operator. Thus, oy is a transgression of chy.

There is a C?*~2(E)-valued 2-form . that is a transgression of ay. Its existence
explains why Proposition[5.2is true; indeed, a formula for 8; can be extracted from
the proof of Proposition

One could continue, constructing higher transgression forms such that chy 4+ +
B+ .. is closed in the total complex of C(FE)-valued differential forms on the space
of B-connections on F.

5.2. Gauge and metric compatibility. Let v be an automorphism of B covering
the identity map on M. Then u acts on E-connections on B by gauge transforma-
tions, as follows:

w(V)eb = (uoVeou )b

The Chern-Simons forms satisfy the following “small gauge-invariance” property.
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Proposition 5.5. Let V be an E-connection on B, and let uy be a path of auto-
morphisms of B covering the identity map on M, with ug = id. Then csi(ut(V))
18 exact.

Proof. Clearly, F,,(v) = u,Fyu; ', Additionally, writing %[ut] = 1y, we have

d _
5 (V)] = = [u:Dvu, g
= atDvut_l — utDvut_liLtut_l
= [ﬁtut_l,utDvut_l].

Using these calculations and the Bianchi identity, we see that

1
csp(u(V)) = k/ tr ([ﬁtugl,utDvufl]vutFéflu;l) dt
0
1
= k/ tr (ut[ut_lﬁt,Dv]vFé_lut_l) dt
0
1
= —k/ tr ([Dy, uy ' FE1) dt
0

1
= —kdE/ tr (uy ', Py ) dt,
0
which is exact. O

Suppose that B is equipped with a nondegenerate bilinear form (-,-)5. Then
the Chern-Simons forms satisfy the following compatibility condition with respect
to the adjoint operation (see ([B.5])).

Proposition 5.6. For any path V, of E-connections on B,
sk (V1) = (=1)kesi (V).
Proof. From PropositionB.5, we have Fi = —(Fy,)!. Also, from (B.J)) we see that

%[VI] = —4[V,]". Putting these into the definition of the Chern-Simons forms,
we immediately obtain the result. O

5.3. Secondary characteristic classes. Recall from Example [3.§ that, given a
choice of linear connection V : X(M) x I'(E) — T'(E), there is an induced E-
connection V¥ on FE.

Proposition 5.7. If k is odd, then ch,(VF) = 0.

Proof. A straightforward calculation using Proposition B.12] shows that

(55) <FvE (61,62)63,64> = <€3, —FvE (61,62)€4>
for all e; € T'(F), so Fyr is skew-symmetric with respect to (-,-). Therefore,
tr(FEp) = (—1)F tr(FE L), and the result follows. O

To obtain Chern-Simons forms, we need another E-connection. To do this, we
choose a (positive definite) metric g(-,-) on E and let V9 be the adjoint with
respect to g, given by

9(VEea,es) + glea, VEes) = pler)glea, e3)
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for e; € T'(F). Note that we do not assume any compatibility condition between g
and the Courant bracket or anchor.

From PropositionBH, we have Fye,, = —(Fy )9, where the g superscript denotes
the adjoint with respect to g. It then follows from Proposition[5.7lthat chy(VE9) =
0 for odd k. Proposition then implies that [csx(VE,VE9)] € H?*1(E) is a
well-defined cohomology class for odd k.

Definition 5.8. The secondary characteristic classes of E are the classes
[esak—1(VE,VE9)] € H*3(E).

A priori, the secondary characteristic classes depend on the choices of a linear
connection V and a metric g on E. The following theorem shows that the classes
don’t depend on these choices, so they are intrinsically defined.

Theorem 5.9. The cohomology class [cs,(VE,VE:9)] is independent of the choice
of linear connection V and metric g.

Proof. Let VE be the E-connection arising from a different choice of linear con-
nection, let ¢ = VE — VE and let VE = V¥ 4 t¢. From Proposition B.12] we see
that (Pe, €2, e3) = —(e2, d¢, €3), 80 @ is skew-symmetric with respect to (-, ).

The dependence of VE on V is affine, so V¥ is the E-connection associated to
some choice of linear connection for all t. Therefore, from (5., we see that, when
k is odd, Fé;l is symmetric with respect to (-, -) for all ¢.

A basic fact from linear algebra is that the trace of the product of a skew-
symmetric matrix with a symmetric matrix vanishes. Thus, tr(¢ - Fétgl) =0, so

csi(VE) vanishes. By (5.4]) and Proposition 5.6, we deduce that [csg(VE, VE9)] is
independent of the choice of linear connection.

Now let g; be a path of metrics with go = g. Then we can obtain a path u; of
automorphisms of E, given by gi(e1, e2) = g(u;(e1), ez) for all e1,eq € T'(E).

A straightforward calculation shows that VE:9¢ = 4, (VE9). Since csy, (VE9¢)
csk(uy (VE9)) is exact by Proposition[5.6, we conclude by ([5.4)) that [csg(VE, VE-9
is independent of the choice of metric.

O= 1l

Ezxample 5.10. In the case where M is a point, so that £ = g is a quadratic
Lie algebra, there is a unique linear connection, and the associated E-connection
V¥ = ad is just the adjoint representation. In this case it can be seen that the
secondary characteristic classes have natural representatives that are independent
of the choice of metric g and given (up to a constant factor) by

cs(ad, ad?) = tr(ad® 1),
Thus, as a cocycle,
csp(ad,ad?)(ey,. .., ea5-1) = Z sgn(m) tr (ade, ) -+ adeﬂ(%fl))
TES2k—1

for e; € g. In the context of Poisson geometry, a similar formula appeared (with
signs missing) in [I2]. Note that, in this case, the bilinear form does not play a role
in defining the secondary characteristic classes.

Ezxample 5.11. Consider the case where £ = TM @& T*M, with an H-twisted
Courant bracket; see Example 2.27]
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Choose a Riemannian metric g on M and denote by V its Levi-Civita connection.
Then g + g' defines a metric on E. Since V is torsion-free, we can apply Example
to obtain a linear connection on E such that the associated E-connection is
given by

ViiaY +8) =VxY + Vi3
for XY € X(M) and «a,8 € Q'(M). From this expression and the fact that V
preserves the metric g we obtain that V#9 = VF. It immediately follows that all
the secondary characteristic classes of E vanish.

6. DIRAC STRUCTURES

We conclude the paper with some remarks about Dirac structures.

Let E — M be a Courant algebroid. A Dirac structure in E is a subbundle
L C E such that Lt = L and [I'(L),TI(L)] € T(L). If L C E is a Dirac structure,
then the restriction of the Courant bracket to L is a Lie bracket, giving L — M
the structure of a Lie algebroid. Thus there is an associated cochain complex
(AT(L*),dy), where d, is given by a Cartan formula. The cohomology of this
complex is, by definition, the Lie algebroid cohomology H®(L). There are also
secondary characteristic classes (e.g. [§]) associated to L. These classes are elements
of H**=3(L) for k > 1. The first of these classes is the modular class [11] of L.

It should be emphasized that H®(L) and the characteristic classes therein are
defined intrinsically with respect to the Lie algebroid structure of L, so they do not
contain any information about how L sits inside of E.

Consider a k-cochain w € C*(E). From Definition 1] we see that, if L C E is a
Dirac structure, then the restriction of w to I'(L) is skew-symmetric. Thus there is
a natural map 7 : C*(E) — A°T(L*). As an immediate consequence of Theorem
218 we see that 7 is compatible with the differentials and therefore induces a map
7 : H*(F) — H*(L).

The map 7 can provide information about the relationship between L and F.
For example, for each k, we can define relative characteristic classes of L as the
difference between the characteristic class in H**~3(L) and the image under 7*
of the characteristic class in H**~3(E). These classes do not automatically van-
ish; in particular, when k& = 1, it follows from Proposition that the relative
characteristic class is just the modular class of L.

We note that, in the special case of a projectible Courant algebroid, a relative
modular class of a Dirac structure was defined by Grabowski [18]. His definition
uses projectibility in a nontrivial way and is not simply a special case of the relative
characteristic classes defined here.

REFERENCES

(1] Camilo Arias Abad and Marius Crainic, Representations up to homotopy of Lie algebroids,
J. Reine Angew. Math. 663 (2012), 91-126. MR 2889707

(2] Anton Alekseev and Ping Xu, Derived brackets and courant algebroids, 2002, Unfinished
manuscript.

[3] M. Alexandrov, A. Schwarz, O. Zaboronsky, and M. Kontsevich, The geometry of the master
equation and topological quantum field theory, Internat. J. Modern Phys. A 12 (1997), no. 7,
1405-1429.

[4] Alberto S. Cattaneo and Florian Schétz, Introduction to supergeometry, Rev. Math. Phys.
23 (2011), no. 6, 669-690.

(5] Shiing Shen Chern and James Simons, Characteristic forms and geometric invariants, Ann.
of Math. (2) 99 (1974), 48-69.



22

[6]

[7]

(8]

[9

(10]

(11]

12]
(13]
(14]

(15]

[16]
(17]
(18]
(19]
20]

(21]
(22]

(23]
[24]
[25]

[26]
27]

(28]
[29]

(30]

(31]

MIQUEL CUECA AND RAJAN AMIT MEHTA

Ted Courant and Alan Weinstein, Beyond Poisson structures, Action hamiltoniennes de
groupes. Troisieme théoréme de Lie (Lyon, 1986), Travaux en Cours, vol. 27, Hermann,
Paris, 1988, pp. 39-49.

Theodore James Courant, Dirac manifolds, Trans. Amer. Math. Soc. 319 (1990), no. 2,
631-661.

M. Crainic and R. L. Fernandes, Secondary characteristic classes of Lie algebroids, Quantum
field theory and noncommutative geometry, Lecture Notes in Phys., vol. 662, Springer, Berlin,
2005, pp. 157-176.

Andreas Deser and Jim Stasheff, Even symplectic supermanifolds and double field theory,
Comm. Math. Phys. 339 (2015), no. 3, 1003-1020. MR 3385989

Irene Dorfman, Dirac structures and integrability of nonlinear evolution equations, Nonlinear
Science: Theory and Applications, John Wiley & Sons, Ltd., Chichester, 1993.

Sam Evens, Jiang-Hua Lu, and Alan Weinstein, Transverse measures, the modular class and
a cohomology pairing for Lie algebroids, Quart. J. Math. Oxford Ser. (2) 50 (1999), no. 200,
417-436.

Rui Loja Fernandes, Connections in Poisson geometry. I. Holonomy and invariants, J. Dif-
ferential Geom. 54 (2000), no. 2, 303-365.

, Lie algebroids, holonomy and characteristic classes, Adv. Math. 170 (2002), no. 1,
119-179.

Daniel S. Freed, Classical Chern-Simons theory. II, Houston J. Math. 28 (2002), no. 2,
293-310, Special issue for S. S. Chern.

Alfred Frolicher and Albert Nijenhuis, Theory of vector-valued differential forms. I. Deriva-
tions of the graded ring of differential forms, Nederl. Akad. Wetensch. Proc. Ser. A. 59 =
Indag. Math. 18 (1956), 338-359. MR 0082554

Mario Garcia-Fernandez, Ricci flow, Killing spinors, and T-duality in generalized geometry,
Adv. Math. 350 (2019), 1059-1108.

Grégory Ginot and Melchior Griitzmann, Cohomology of Courant algebroids with split base,
J. Symplectic Geom. 7 (2009), no. 3, 311-335.

Janusz Grabowski, Modular classes revisited, Int. J. Geom. Methods Mod. Phys. 11 (2014),
no. 9, 1460042, 11.

Alfonso Gracia-Saz and Rajan Amit Mehta, Lie algebroid structures on double vector bundles
and representation theory of Lie algebroids, Adv. Math. 223 (2010), no. 4, 1236-1275.
Marco Gualtieri, Branes on Poisson varieties, The many facets of geometry, Oxford Univ.
Press, Oxford, 2010, pp. 368-394.

, Generalized complex geometry, Ann. of Math. (2) 174 (2011), no. 1, 75-123.

Chris Hull and Barton Zwiebach, The gauge algebra of double field theory and Courant
brackets, J. High Energy Phys. (2009), no. 9, 090, 26. MR 2580711

M. Jotz Lean, Dorfman connections and Courant algebroids, J. Math. Pures Appl. (9) 116
(2018), 1-39.

B. Jurco and J. Visoky, Courant algebroid connections and string effective actions, Noncom-
mutative geometry and physics. 4, World Sci. Publ., Hackensack, NJ, 2017, pp. 211-265.
Frank Keller and Stefan Waldmann, Deformation theory of Courant algebroids via the Roth-
stein algebra, J. Pure Appl. Algebra 219 (2015), no. 8, 3391-3426.

Yvette Kosmann-Schwarzbach, Derived brackets, Lett. Math. Phys. 69 (2004), 61-87.
Alexei Kotov and Thomas Strobl, Characteristic classes associated to Q-bundles, Int. J.
Geom. Methods Mod. Phys. 12 (2015), no. 1, 1550006, 26.

Zhang-Ju Liu, Alan Weinstein, and Ping Xu, Manin triples for Lie bialgebroids, J. Differential
Geom. 45 (1997), no. 3, 547-574.

S. L. Lyakhovich, E. A. Mosman, and A. A. Sharapov, On characteristic classes of Q-
manifolds, Funktsional. Anal. i Prilozhen. 42 (2008), no. 1, 88-91.

Eckhard Meinrenken, Clifford algebras and Lie theory, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 58, Springer,
Heidelberg, 2013.

Dmitry Roytenberg, On the structure of graded symplectic supermanifolds and Courant al-
gebroids, Quantization, Poisson brackets and beyond (Manchester, 2001), Contemp. Math.,
vol. 315, Amer. Math. Soc., Providence, RI, 2002, pp. 169-185.




COURANT COHOMOLOGY, CARTAN CALCULUS 23

[32] , AKSZ-BV formalism and Courant algebroid-induced topological field theories, Lett.
Math. Phys. 79 (2007), no. 2, 143-159.
[33] , Courant-Dorfman algebras and their cohomology, Lett. Math. Phys. 90 (2009), no. 1-

3, 311-351. MR 2565043

[34] Dmitry Roytenberg and Alan Weinstein, Courant algebroids and strongly homotopy Lie al-
gebras, Lett. Math. Phys. 46 (1998), no. 1, 81-93.

[35] Pavol Severa, Letters to Alan Weinstein, 1998-2000,
http://sophia.dtp.fmph.uniba.sk/~severa/letters.

, Some title containing the words “homotopy” and “symplectic”, e.g. this one, Travaux
mathématiques. Fasc. XVI, Trav. Math., XVI, Univ. Luxemb., Luxembourg, 2005, pp. 121—
137.

[37] Pavol Severa and Alan Weinstein, Poisson geometry with a 3-form background, Progr. The-
oret. Phys. Suppl. (2001), no. 144, 145-154, Noncommutative geometry and string theory
(Yokohama, 2001).

[38] Mathieu Stiénon and Ping Xu, Modular classes of Loday algebroids, C. R. Math. Acad. Sci.
Paris 346 (2008), no. 3-4, 193-198.

[39] Kyousuke Uchino, Remarks on the definition of a Courant algebroid, Lett. Math. Phys. 60
(2002), no. 2, 171-175.

(36]

MATHEMATICS INSTITUTE, GEORG-AUGUST-UNIVERSITY OF GOTTINGEN, BUNSENSTRASSE 3-5,
GOTTINGEN 37073, GERMANY
E-mail address: micueten@impa.br

DEPARTMENT OF MATHEMATICS AND STATISTICS, SMITH COLLEGE, 44 COLLEGE LANE, NORTHAMP-
TON, MA 01063, USA
E-mail address: rmehta@smith.edu


http://sophia.dtp.fmph.uniba.sk/~severa/letters

	Courant Cohomology, Cartan Calculus, Connections, Curvature, Characteristic Classes
	Recommended Citation

	1. Introduction
	Acknowledgements

	2. Courant cohomology and the Cartan formula
	2.1. The Keller-Waldmann algebra
	2.2. Graded symplectic manifolds of degree 2
	2.3. Courant algebroids
	2.4. Cartan calculus

	3. Courant algebroid connections
	3.1. Connections, covariant derivatives, and curvature
	3.2. Examples

	4. The modular class
	5. Characteristic classes
	5.1. Chern forms and Chern-Simons forms
	5.2. Gauge and metric compatibility
	5.3. Secondary characteristic classes

	6. Dirac structures
	References

