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COURANT COHOMOLOGY, CARTAN CALCULUS,

CONNECTIONS, CURVATURE, CHARACTERISTIC CLASSES

MIQUEL CUECA AND RAJAN AMIT MEHTA

Abstract. We give an explicit description, in terms of bracket, anchor, and
pairing, of the standard cochain complex associated to a Courant algebroid.
In this formulation, the differential satisfies a formula that is formally identical
to the Cartan formula for the de Rham differential. This perspective allows us
to develop the theory of Courant algebroid connections in a way that mirrors
the classical theory of connections. Using a special class of connections, we
construct secondary characteristic classes associated to any Courant algebroid.

1. Introduction

Courant algebroids were introduced by Liu, Weinstein, and Xu [28], axiomatizing
the properties of brackets studied by Courant and Weinstein [6, 7] and Dorfman
[10] in the context of Dirac constraints. More recently, Courant algebroids have also
appeared in the context of generalized geometry [21], double field theory [9, 22],
and AKSZ sigma models [3, 32].

Associated to any Courant algebroid is a cochain complex, known as the standard
complex. The existence of the standard complex arises immediately from the cor-
respondence, due to Ševera [36] and Roytenberg [31], between Courant algebroids
and degree 2 symplectic dg-manifolds. In some special cases, such as exact Courant
algebroids, the corresponding symplectic dg-manifold can be described explicitly.
However, in general, the symplectic dg-manifold associated to a Courant algebroid
E → M is defined implicitly as the minimal symplectic realization of E[1], and
explicit formulas for the standard complex and its differential are only available in
local coordinates. This difficulty was nicely described by Ginot and Grutzmann
[17], who wrote that the standard cohomology of a Courant algebroid “is quite
different from the usual cohomology theories . . . where the cohomology is defined
using a differential given by a Cartan-type formula.”

As a way of circumventing the above difficulties, Stiénon and Xu [38] defined the
näıve complex of a Courant algebroid. They proved that, in degree 1, the näıve
cohomology is isomorphic to the standard cohomology; this result was sufficient
for their construction of the modular class. In the case of a transitive Courant
algebroid, Ginot and Grutzmann [17] proved that the näıve cohomology is isomor-
phic to the standard cohomology. However, for general Courant algebroids, the two
cohomologies are different.
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The first main result of this paper is to show that there is indeed a description of
the standard complex for which the differential has a Cartan formula. The trade-
off is that we need to allow for cochains that only satisfy C∞(M)-multilinearity
and skew-symmetry up to terms involving the bilinear form on the Courant alge-
broid. Such cochains appeared in the work of Keller and Waldmann [25], in an
algebraic setting where the Ševera-Roytenberg correspondence does not apply. Our
contribution is to show that, in the smooth setting, the Keller-Waldmann com-
plex is isomorphic to the standard complex (Theorem 2.5) and that the differential
satisfies a Cartan formula (Theorem 2.18).

This result is also closely related to work of Roytenberg [33], where another
cochain complex is constructed in an algebraic setting. In this complex, a cochain
consists of a sequence of maps, satisfying certain compatibility conditions. Royten-
berg showed that, in the smooth setting, this complex is isomorphic to the standard
complex. In light of this, our result could be viewed as the further observation that,
in the smooth setting, Roytenberg’s complex is isomorphic to the Keller-Waldmann
complex.

The validity of a Cartan formula provides a way to relate Courant algebroid co-
homology to classical (e.g. de Rham or Chevalley-Eilenberg) cohomology theories,
so that many proofs and calculations can carry over verbatim. As an application of
this idea, we consider E-connections on B, where E → M is a Courant algebroid
and B → M is a vector bundle. The notion of E-connection first appeared in an
unpublished manuscript of Alekseev and Xu [2], and has since been used in numer-
ous contexts, e.g. [16, 20, 24]. In some of these papers, curvature is introduced,
but we could find nowhere in the literature where curvature is interpreted as an
End(B)-valued 2-cochain.

From our new vantage point, we see, in Section 3, that an E-connection ∇ on
B corresponds to a covariant derivative operator D∇ on the space of B-valued
cochains, the curvature F∇ is an End(B)-valued 2-cochain (Proposition 3.3), and
that the Bianchi identity holds (Proposition 3.4). The Cartan formula allows for
proofs that are formally identical to those in the classical theory of connections.

In Section 4, we describe a construction of the modular class, essentially follow-
ing Stiénon and Xu [38]. But now, in light of our earlier results, we can interpret the
calculations as taking place in the standard complex, rather than the näıve com-
plex. We then prove that Courant algebroids are always unimodular (Proposition
4.2), simultaneously generalizing the classical result that quadratic Lie algebras are
unimodular (e.g. [30]) and the result of Stiénon and Xu [38] that the double of a
Lie bialgebroid is unimodular.

As a further application, we construct in Section 5 higher secondary character-
istic classes of Courant algebroids. This construction relies on an E-connection
∇E on E that can be naturally defined using a linear connection on E. The for-
mula for ∇E closely resembles the “basic Dorfman connection” in [23], but with
an additional term that corrects the failure to be C∞(M)-linear in the first entry.
In general, ∇E is not flat, but its primary cocycles tr(F k∇) vanish when k is odd,
and as a result secondary classes can be obtained. In the case of exact Courant
algebroids, these secondary classes vanish.

Although characteristic classes can be constructed by other means, e.g. [8, 19, 27,
29], this approach is remarkable because it doesn’t require sophisticated machinery
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such as representations up to homotopy or graded geometry, but instead follows a
path that is similar to the classical construction of Chern and Simons [5].

In Section 6, we conclude the paper with a few brief remarks about Dirac struc-
tures in relation to cohomology and characteristic classes.

Acknowledgements. We would like to thank Henrique Bursztyn, Rui Loja Fer-
nandes, Madeleine Jotz, Mathieu Stiénon, and Ping Xu for helpful conversations
related to the paper. M.C. would also like to thank Smith College for hospitality
during two visits. M.C. was partially supported by a Ph.D. grant given by CNPq.
We would also like to thank the anonymous referee for suggestions that significantly
improved the quality of the paper.

2. Courant cohomology and the Cartan formula

2.1. The Keller-Waldmann algebra. Let E →M be a vector bundle equipped
with a nondegenerate symmetric bilinear form 〈·, ·〉. To such a structure we can as-
sociate a graded algebra, which we call the Keller-Waldmann algebra. This algebra
was defined by Keller and Waldmann [25] in an algebraic setting.

Definition 2.1. A k-cochain on E, k ≥ 1, is a map

ω : Γ(E)× · · · × Γ(E)︸ ︷︷ ︸
k

→ C∞(M)

that is C∞(M)-linear in the last entry and, for k ≥ 2, such that there exists a map

σω : Γ(E)× · · · × Γ(E)︸ ︷︷ ︸
k−2

→ X(M),

called the symbol, such that

ω(e1, . . . , ei, ei+1, . . . , ek) + ω(e1, . . . , ei+1, ei, . . . , ek)

= σω(e1, . . . , êi, êi+1, . . . , ek)(〈ei, ei+1〉)

for all ej ∈ Γ(E) and 1 ≤ i ≤ k − 1.

We write Ck(E) to denote the space of k-cochains. By definition, we set C0(E) =
C∞(M).

Remark 2.2. If E has positive rank, then the map σω , which controls the failure
of ω to be skew-symmetric, is uniquely determined by ω. Observe that ω ∈ Ck(E)
is such that σω = 0 if and only if ω is C∞(M)-linear in each entry and totally

skew-symmetric. Thus there is a natural inclusion map i :
∧k

Γ(E∗) →֒ Ck(E).

In low degrees, we can give simple descriptions of Ck(E):

• C0(E) = C∞(M).
• C1(E) = Γ(E∗), which can be naturally identified with Γ(E) via the bilinear
form.

• Given ω ∈ C2(E), let ω̂ : Γ(E) → Γ(E) be given by

〈ω̂(e1), e2〉 = ω(e1, e2).

Then ω̂ is a covariant differential operator (CDO) with symbol σω, i.e. it
satisfies

ω̂(fe) = σω(f)e+ fω̂(e)
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for all f ∈ C∞(M) and e ∈ Γ(E), and it is skew-symmetric, i.e. it satisfies

σω〈e1, e2〉 = 〈ω̂(e1), e2〉+ 〈e1, ω̂(e2)〉

for all e1, e2 ∈ Γ(E). The CDOs are the sections of a Lie algebroid AE ,
known as the Atiyah algebroid, and the skew-symmetric CDOs are the sec-

tions of a Lie subalgebroid, which we denote A
〈,〉
E . It is a simple exercise to

show that the map ω 7→ ω̂ gives an isomorphism C2(E) ∼= Γ(A
〈,〉
E ).

The space of cochains C•(E) is a graded-commutative algebra, where the product
is given by

(ω`τ)(e1, · · · , ek+m) =
∑

π∈Sh(k,m)

sgn(π) ω(eπ(1), · · · , eπ(k))τ(eπ(k+1), · · · , eπ(k+m))

for ω ∈ Ck(E) and τ ∈ Cm(E); see [25, Corollary 3.17]1.
The following was proven in [25, Corollary 5.11] under a hypothesis that always

holds in the smooth setting.

Proposition 2.3. C•(E) is generated by C0(E), C1(E) and C2(E) as an algebra.

Keller and Waldmann also define a degree −2 Poisson bracket on C•(E), making
it into a graded Poisson algebra [25, Theorem 3.18]. We will discuss this bracket
further in Remark 2.6.

2.2. Graded symplectic manifolds of degree 2. We recall the definition of
degree 2 symplectic manifolds. See [4, 31] for more details.

A degree 2 manifold M is a pair (M,OM), where M is a smooth manifold
and OM is a sheaf of graded commutative algebras such that, for all p ∈M , there
exists a neighborhood U such thatOM(U) is generated by homogeneous coordinates
{xi, ei, pi}, where xi are coordinates on M , and where ei and pi are coordinates of
degree 1 and 2, respectively.

A degree 2 manifold M is symplectic if OM has a degree −2 Poisson bracket such
for which there exist local homogeneous coordinates {xi, ei, pi} such that {xi, pj}
and {ei, ej} are invertible matrices; for a more detailed definition, see [4].

Proposition 2.4 ([31]). There is a one-to-one correspondence between symplectic

degree 2 manifolds and vector bundles equipped with a nondegenerate symmetric

bilinear form.

Briefly, the correspondence is as follows. Given a vector bundle E → M with a
nondegenerate symmetric bilinear form 〈·, ·〉, let O0

M = C∞(M), O1
M = Γ(E), and

O2
M = Γ(A

〈,〉
E ). In low degrees, the nonvanishing Poisson brackets are

{e1, e2} = 〈e1, e2〉, {φ, f} = σφ(f),

{φ, e} = φ(e), {φ1, φ2} = φ1φ2 − φ2φ1

for f ∈ O0
M, e, e1, e2 ∈ O1

M, and φ, φ1, φ2 ∈ O2
M. Since OM is generated in degrees

0, 1, and 2, this information is sufficient to determine OM, albeit in a not very
explicit way.

Comparing the descriptions of Ck(E) and Ok
M in low degrees, we immediately

see that the two are naturally isomorphic for k ≤ 2. The following theorem shows
that this isomorphism extends to all degrees.

1The formula in [25, Corollary 3.17] has an extra factor of (−1)km, due to a slightly different
choice of convention.
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Theorem 2.5. Let E → M be a vector bundle of positive rank, equipped with a

nondegenerate symmetric bilinear form. Let M be the corresponding symplectic

degree 2 manifold. Then the map Υ : Ok
M → Ck(E), given by

Υ(ψ)(e1, . . . , ek) = {ek, {ek−1, . . . , {e1, ψ} · · · },

is an isomorphism of graded commutative algebras.

Proof. First we show that Υ is well-defined. Since

Υ(ψ)(e1, . . . , fek) = {fek, {ek−1, . . . , {e1, ψ} · · · }

= f{ek, {ek−1, . . . , {e1, ψ} · · · }

= fΥ(ψ)(e1, . . . , ek)

for ψ ∈ Ok
M, f ∈ C∞(M), ei ∈ Γ(E), we see that Υ is C∞(M)-linear in the last

entry.
Let σΥ(ψ) be given by

σΥ(ψ)(e1, . . . , ek−2)(f) = {f, {ek−2, . . . , {e1, ψ} · · · }.

Then, using the Jacobi identity and the fact that certain brackets vanish by degree
considerations, we have

Υ(ψ)(e1, . . . , ei, ei+1, . . . , ek) + Υ(ψ)(e1, . . . , ei+1, ei, . . . , ek)

= {ek, . . . , {ei+1, {ei, . . . , {e1, ψ} · · · }+ {ek, . . . , {ei, {ei+1, . . . , {e1, ψ} · · · }

= {ek, . . . , {{ei+1, ei}, {ei−1, . . . , {e1, ψ} · · · }

= {{ei+1, ei}, {ek, . . . , {e1, ψ} · · · }

= σΥ(ψ)(e1, . . . , êi, êi+1, . . . , ek)(〈ei, ei+1〉).

This shows that Υ(ψ) is indeed an element of Ck(E), so Υ is well-defined.
For ψ ∈ Ok

M, η ∈ Om
M, repeated application of the Leibniz rule gives

Υ(ψη)(e1, . . . , ek+m) = {ek+m, . . . , {e1, ψη}}

= {ek+m, . . . , {e1, ψ}η + (−1)|ψ|ψ{e1, η}}

=
∑

π∈Sh(k,m)

sgn(π){eπ(k), . . . , {eπ(1), ψ}}{eπ(k+m), . . . , {eπ(k+1), η}}

=
∑

π∈Sh(k,m)

sgn(π)Υ(ψ)(eπ(1), . . . , eπ(k))Υ(η)(eπ(k+1), . . . , eπ(k+m))

= (Υ(ψ)`Υ(η))(e1, . . . , ek+m).

This shows that Υ is a morphism of algebras. By Proposition 2.3 and the fact that
Υ is an isomorphism in degrees k ≤ 2, we deduce that Υ is onto.

It can be shown that Υ is one-to-one by induction on k. We have already
established the base cases k ≤ 2. Suppose that ψ ∈ Ok

M is such that Υ(ψ) = 0.
Then, for any e, e1, . . . , ek−1 ∈ Γ(E), we see that

Υ({e, ψ})(e1, . . . , ek−1) = Υ(ψ)(e, e1, . . . , ek−1) = 0,

so by the inductive hypothesis we have {e, ψ} = 0 for all e ∈ Γ(E). By a local
coordinate argument, it follows that ψ = 0. �
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Remark 2.6. The isomorphism Υ allows us to transfer the degree−2 Poisson bracket
from OM to C•(E). By repeated application of the Jacobi identity, one could derive
an explicit formula for [ω, τ ](e1, . . . ek+m−2), where ω ∈ Ck(E), τ ∈ Cm(E), as sums
over (un)shuffles of terms involving ω and τ . For the purposes of this paper, such
a formula is not needed.

Remark 2.7. Keller and Waldmann [25] also consider the Rothstein algebra

R(E) = Sym(X(M))⊗
∧

Γ(E).

They show that, given a choice of metric connection on E, one can put a degree
−2 Poisson bracket on R(E), and that, under hypotheses that always hold in the
smooth case, there is an isomorphism R(E)→̃C(E). This isomorphism depends on
the choice of connection, and it is constructed using iterated brackets similar to
those in the proof of Theorem 2.5.

It is also well-known from the perspective of graded geometry [31] that R(E) is
noncanonically isomorphic to OM, with the isomorphism depending on a choice of
connection. The result of Theorem 2.5 thus closes the diagram with a canonical

isomorphism OM→̃C(E).

Example 2.8. Consider the case where M is a point, so that E = V is a vector
space equipped with a nondenerate symmetric bilinear form. In this case, the
Keller-Waldmann cochains are necessarily skew-symmetric, so

C(V ) =
∧
V ∗.

Although the bilinear form does not affect the algebra structure in this case, it is
used to define the degree −2 Poisson bracket.

Example 2.9. Let A→M be a vector bundle, and let E = A⊕A∗ with the bilinear
form

〈X1 + ξ1, X2 + ξ2〉 = ξ1(X2) + ξ2(X1).

In this case, the Keller-Waldmann algebra can be identified with the algebra of
polyderivations of A =

∧
Γ(A∗), with an appropriate degree shift:

C(E) ∼= Sym (Der(A)[−2]) .

Here, the symmetric product is taken as a module over
∧
Γ(A∗). We give here a

brief sketch of this correspondence, leaving some details to the reader.

For β ∈ Ak =
∧k

Γ(A∗), the corresponding k-cochain c(β) ∈ Ck(E) is given by

c(β)(X1 + ξ1, . . . , Xk + ξk) = β(X1, . . . , Xk).

The degree −1 derivations of A are the contraction operators ιY , where Y ∈
Γ(A). The corresponding 1-cochain IY ∈ C1(E) is given by

IY (X + ξ) = ξ(Y ).

The degree 0 derivations of A correspond to covariant differential operators on

A. Given a CDO φ with symbol σφ, the corresponding 2-cochain φ̃ ∈ C2(E) is
given by

φ̃(X1 + ξ1, X2 + ξ2) = ξ2(φ(X1))− ξ1(φ(X2)) + σφ(ξ1(X2)).

Since Der(A) is generated as an A module in degrees −1 and 0, the above corre-
spondences are sufficient to determine the isomorphism C(E) ∼= Sym (Der(A)[−2]).
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In light of Theorem 2.5, the above correspondence agrees with the graded ge-
ometry perspective, where the symplectic degree 2 manifold is T ∗[2]A[1], whose
functions are polyvector fields on A[1].

Example 2.10. An important special case of Example 2.9 is when E = TM ⊕T ∗M .
Then

C(E) ∼= Sym (Der(Ω(M))[−2]) .

Furthermore, using the results of [15] on the algebra of derivations of Ω(M) we can
obtain an isomorphism

Ck(E) ∼=
⊕

i+j+2l=k

Ωi
(
M ;

∧j
TM ⊗ Syml TM

)
.

We note that the iterated bracket construction combined with the nonlinear iso-
morphism between derivations and vector valued forms makes this isomorphism
highly non-trivial, albeit canonical.

2.3. Courant algebroids.

Definition 2.11. A Courant algebroid is a vector bundle E → M equipped with
a nondegenerate symmetric bilinear form 〈·, ·〉, a bundle map ρ : E → TM (called
the anchor), and a bracket J·, ·K (called the Courant bracket) such that

(C1) Je1, fe2K = ρ(e1)(f)e2 + fJe1, e2K,
(C2) ρ(e1)(〈e2, e3〉) = 〈Je1, e2K, e3〉+ 〈e2, Je1, e3K〉,
(C3) JJe1, e2K, e3K = Je1, Je2, e3KK − Je2, Je1, e3KK,
(C4) Je1, e2K + Je2, e1K = D〈e1, e2〉,

for all f ∈ C∞(M) and ei ∈ Γ(E), where D : C∞(M) → Γ(E) is defined by

〈Df, e〉 = ρ(e)(f).

Note that we are using the “Dorfman convention”, where the bracket is not
skew-symmetric (at least if ρ is nonzero), but where a Jacobi identity (axiom (C3))
holds.

Remark 2.12. The following identities, which were axioms in the original definition
of Courant algebroid [28], are consequences of the axioms in Definition 2.11:

(A1) ρ(Je1, e2K) = [ρ(e1), ρ(e2)] for all e1, e2 ∈ Γ(E),
(A2) ρ ◦ D = 0.

See [39] for a discussion of the dependencies among the axioms.

Let E → M be a Courant algebroid. Since E is, in particular, a vector bundle
equipped with a nondegenerate symmetric bilinear form, there is by Proposition
2.4 an associated symplectic degree 2 manifold M. The following theorem, due to
Ševera [36] and Roytenberg [31], goes further to state that the anchor and bracket
can be completely encoded in a certain degree 3 function on M.

Theorem 2.13 ([31, 36]). Let E → M be a vector bundle equipped with a nonde-

generate symmetric bilinear form, with corresponding symplectic degree 2 manifold

M. Then there is a one-to-one correspondence between anchor-and-bracket data

(ρ, J·, ·K) satisfying the axioms of Definition 2.11 and degree 3 functions θ ∈ O3
M

such that {θ, θ} = 0.
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Remark 2.14. The correspondence in Theorem 2.13 is given by the following derived
bracket formulas (see [31]):

ρ(e)(f) = {{e, θ}, f} = −{f, {e, θ}},(2.1)

Je1, e2K = {{e1, θ}, e2} = {e2, {e1, θ}},(2.2)

for e, e1, e2 ∈ O1
M = Γ(E) and f ∈ O0

M = C∞(M). As a consequence, we have the
following corollary.

Corollary 2.15. Let E → M be a Courant algebroid with associated symplectic

degree 2 manifold M and degree 3 function θ. Let T = Υ(θ) ∈ C3(E). Then T is

given by

T (e1, e2, e3) = 〈Je1, e2K, e3〉.

2.4. Cartan calculus. Let E → M be a Courant algebroid with associated sym-
plectic degree 2 manifold M and degree 3 function θ. Since θ satisfies the classical
master equation {θ, θ} = 0, the operator dE = {θ, ·} defines a differential on OM.
The standard complex of a Courant algebroid is defined to be the cochain complex
(OM, dE).

For any section e ∈ Γ(E), we can introduce the “contraction” and “Lie deriva-
tive” operators

ιe = {e, ·}, Le = {{e, θ}, ·},

on OM. The contractions, Lie derivatives, and differential satisfy many relations
that are formally identical to the Cartan relations in de Rham theory.

Proposition 2.16. The following graded commutation relations hold for all e, e′ ∈
Γ(E):

d2E = 0, [Le, dE ] = 0,

[ιe, dE ] = Le, [Le,Le′ ] = LJe,e′K,

[Le, ιe′ ] = ιJe,e′K

Proof. The proofs involve using the Jacobi identity and known identities for Poisson
brackets involving θ and sections of E. For example, using the Jacobi identity and
(2.2), we have

[Le, ιe′ ] = Leιe′ − ιe′Le

= {{e, θ}, {e′, ·}} − {e′, {{e, θ}, ·}}

= {{{e, θ}, e′}, ·}

= ιJe,e′K.

We leave the other relations as exercises for the reader. �

Remark 2.17. It should be emphasized that contraction operators do not anticom-
mute with each other, in contrast to the case of de Rham theory. Specifically,

[ιe, ιe′ ] = {e, {e′, ·}}+ {e′, {e, ·}}

= {{e, e′}, ·},

which does not vanish in general. This situation could be handled by introduc-
ing additional degree −2 contraction operators ιf = {f, ·} for f ∈ C∞(M) and
using them to extend the Cartan calculus. This idea is closely connected to the
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L∞-algebra structure associated to a Courant algebroid [34]. Rather than consid-
ering this, we will take the simpler approach of not trying to exchange contraction
operators.

The result of Theorem 2.5 allows us to use the isomorphism Υ to transfer the
operators ιe, Le, and dE to the Keller-Waldmann complex Ck(E). The advantage
is that we can now interpret ιe as a contraction operator in the usual sense, since

(ιeω)(e1, . . . , ek−1) = ω(e, e1, . . . , ek−1)

for ω ∈ Ck(E).

Theorem 2.18. For ω ∈ Ck(E) and e ∈ Γ(E), Leω and dEω are given by the

following formulas:

(Leω)(e1, . . . , ek) =ρ(e) (ω(e1, . . . , ek))−

k∑

i=1

ω(e1, . . . , ei−1, Je, eiK, ei+1, . . . , ek),

(dEω)(e0, . . . , ek) =

k∑

i=0

(−1)iρ(ei)ω(e0, . . . , êi, . . . , ek)

−
∑

i<j

(−1)iω(e0, . . . , êi, . . . , ej−1, Jei, ejK, ej+1, . . . , ek).

Proof. For f ∈ C∞(M), the formula (2.1) gives us Lef = ρ(e)(f). Then, by
repeated use of the relation [Le, ιe′ ] = ιJe,e′K, we have

(Leω)(e1, . . . , ek) = ιek · · · ιe1Leω

= Leιek · · · ιe1ω −

k∑

i=1

ιek · · · ιei−1ιJe,eiKιei+1 · · · ιe1ω

= ρ(e) (ω(e1, . . . , ek))−

k∑

i=1

ω(e1, . . . , ei−1, Je, eiK, ei+1, . . . , ek).

Similarly,

(dEω)(e0, . . . , ek) = ιek . . . ιe0dEω

=
k∑

i=0

(−1)iLei ιek · · · ι̂ei · · · ιe0ω −
∑

i<j

(−1)iιek · · · ιej−1 ιJei,ejKιej+1 · · · ι̂ei · · · ιe0ω

=

k∑

i=0

(−1)iρ(ei)ω(e0, . . . , êi, . . . , ek)−
∑

i<j

(−1)iω(e0, . . . , êi, . . . , Jei, ejK, . . . , ek).

�

Remark 2.19. In OM, it is clear that the degree 3 function θ is a cocycle, since
dEθ = {θ, θ} = 0. It follows that T = Υ(θ) is a cocycle in C3(E). An alternative
approach is to directly define T by the formula in Corollary 2.15 and then use the
Cartan formula to verify that dET = 0.

Example 2.20. In the case where M is a point, a Courant algebroid is a Lie alge-
bra g equipped with an invariant nondegenerate symmetric bilinear form. Recall
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(see Example 2.8) that, in this case, C(g) =
∧
g∗. The associated 3-cocycle (see

Corollary 2.15) is the Cartan 3-cocycle

T (v1, v2, v3) = 〈[v1, v2], v3〉,

and from Theorem 2.18 we see that the differential dg is the Chevalley-Eilenberg
differential.

Example 2.21. The standard Courant algebroid on a manifold M is defined as
E = TM ⊕ T ∗M , with the bilinear form

〈X + α, Y + β〉 = α(Y ) + β(X)

and bracket
JX + α, Y + βK = [X,Y ] + LXβ − ιY dα.

In Example 2.10, it was observed that, in this case, C(E) ∼= Sym(Der(Ω(M))[−2]).
Under this identification, the 3-cocycle T ∈ C3(E) corresponds to the de Rham
operator d, which is a degree 1 derivation of Ω(M).

If H ∈ Ω3(M) is a closed 3-form, then we can use the above identification to
view d + H as an element of C3(E), thus inducing the H-twisted version of the
above bracket [35, 37], given by

JX + α, Y + βKH = [X,Y ] + LXβ − ιY dα+ ιXιYH.

We note that this perspective provides a good framework for the interpretation
[2, 26] of the standard Courant bracket as a Vinogradov bracket.

Example 2.22. In contrast with many cohomology theories, Courant algebroid co-
homology is not necessarily bounded in degree. For example, consider a Courant
algebroid E → M with dim(M) > 0 and rk(E) > 0, where the anchor and bracket
are zero. Since the differential is zero, we have

Hk(E) = Ck(E).

Let ω ∈ C2(E) be such that σω 6= 0, and let e ∈ ΓE be such that σω(〈e, e〉) 6= 0.
Such ω and e always exist in this situation.

From Definition 2.1, we have

ω(e, e) =
1

2
σω(〈e, e〉) 6= 0,

and thus

(ω`ω)(e, e, e, e) = ω(e, e)2
∑

π∈Sh(2,2)

sgn(π) = 2ω(e, e)2 6= 0.

Similarly, one can show that ωk and e`ωk are nonzero, so in this case Ck(E) is
nontrivial for all k ≥ 0.

3. Courant algebroid connections

Let E → M be a Courant algebroid. As mentioned in the introduction, the
notion of an E-connection arose in unpublished work of Alekseev and Xu [2]. In
this section, we develop the theory of E-connections in light of Theorems 2.5 and
2.18. The key point is that, because of the existence of Cartan formulas, many
results can be proved in a way that is virtually identical to the classical theory. We
will sometimes omit such proofs, instead focusing on the aspects that are specific
to Courant algebroids.
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3.1. Connections, covariant derivatives, and curvature. Let B → M be a
vector bundle.

Definition 3.1. An E-connection on B is a map ∇ : Γ(E) × Γ(B) → Γ(B) such
that

(1) ∇e(fb) = f∇e(b) + ρ(e)(f)b,
(2) ∇feb = f∇eb,

for all f ∈ C∞(M), e ∈ Γ(E), and b ∈ Γ(B).

Let C•(E;B) = C•(E) ⊗ Γ(B) denote the space of B-valued cochains. If ∇ is
an E-connection on B, then we can define a covariant derivative operator D∇ on
C•(E;B) by the formula

(D∇τ)(e0, . . . , ek) =

k∑

i=0

(−1)i∇eiτ(e0, . . . , êi, . . . , ek)

−
∑

i<j

(−1)iτ(e0, . . . , êi, . . . , Jei, ejK, . . . , ek)

(3.1)

for τ ∈ Ck(E;B). The covariant derivative operator satisfies the property

(3.2) D∇(ω`τ) = (dEω)`τ + (−1)kω`(D∇τ)

for ω ∈ Ck(E) and τ ∈ C•(E;B).
Conversely, given a degree 1 operatorD on C•(E;B) satisfying (3.2), there exists

a unique E-connection ∇ such that D = D∇.

Definition 3.2. The curvature of an E-connection ∇ on B is defined as the map
F∇ : Γ(E)× Γ(E)× Γ(B) → Γ(B) given by

(3.3) F∇(e1, e2)(b) = ∇e1∇e2b−∇e2∇e1b−∇Je1,e2Kb.

If ∇ is flat, i.e. F∇ = 0, then we say that ∇ is a representation of E on B.

Proposition 3.3. The curvature F∇ is an element of C2(E; End(B)).

Proof. We will sketch two different approaches to the proof. One is to use (3.1) to
show that F∇(e1, e2)(b) = (D2

∇b)(e1, e2). This proves that F∇(·, ·)(b) is a 2-cochain.
Using (3.2), we can also see that F∇ is C∞(M)-linear in b, which proves that it
takes values in End(B).

The other approach is to directly check, using (3.3), that F∇(e1, e2)(b) is C
∞(M)-

linear in e2 and b, and to observe that

F∇(e, e′)(b) + F∇(e′, e)(b) = −∇Je,e′K+Je′,eKb = −∇D〈e,e′〉b.

Therefore, F∇ satisfies the conditions of Definition 2.1 with σF∇
(f)(b) = −∇Dfb.

Here, it is important that σF∇
is C∞(M)-linear in b (because ρ ◦ D = 0) and a

derivation in f . �

The E-connection ∇ naturally induces an E-connection ∇̃ on End(B), given by

(3.4) ∇̃eτ = [∇e, τ ]

for τ ∈ Γ(End(B)) and e ∈ Γ(E), where the right side is a commutator bracket of
operators on Γ(B). The following is a straightforward calculation using (3.1) and
(3.3).

Proposition 3.4. The Bianchi identity D∇̃F∇ = 0 holds.
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Suppose that B is equipped with a nondegenerate bilinear form 〈·, ·〉B . Then we
can define the adjoint E-connection ∇† on B, given by

(3.5) 〈∇†
eb1, b2〉B = ρ(e)〈b1, b2〉B − 〈b1,∇eb〉B

for all e ∈ Γ(E), b1, b2 ∈ Γ(B). The following is a straightforward calculation using
(3.3) and (A1) from Remark 2.12.

Proposition 3.5. The curvatures of ∇ and ∇† are related by the identity F∇† =
−(F∇)

†.

3.2. Examples. The following are some important examples of E-connections.

Example 3.6. There is a canonical representation ∇top of E on
∧top

E, given by

∇top
e (e1 ∧ · · · ∧ em) =

m∑

i=1

e1 ∧ · · · ∧ Je, eiK ∧ · · · ∧ em.

This is the representation that was used by Stiénon and Xu [38] in their construction
of the modular class. We will discuss this further in Section 4 (also see Remark
3.10).

Example 3.7. If E is regular, i.e. if the anchor map ρ has constant rank, then there
are canonical representations on the following bundles:

• ker ρ/ imρ∗. This representation is given by ∇eē
′ = Lee′ = Je, e′K, where

the overline indicates the image under the projection kerρ→ ker ρ/ imρ∗.
• ker ρ∗. This representation is given by ∇eα = Lρ(e)α for α ∈ Γ(kerρ∗) ⊆

Ω1(M).

• coker ρ. This representation is given by ∇eX̄ = Lρ(e)X = [ρ(e), X ], where
the overline indicates the image under the projection TM → cokerρ.

Example 3.8. Given a choice of linear connection ∇ : X(M)×Γ(E) → Γ(E), we can
define the following E-connections. These E-connections extend the representations
in Example 3.7 but are not flat in general.

• ∇E is an E-connection on E, given by

∇E
e e

′ = Je, e′K +∇ρ(e′)e− ρ∗〈D∇e, e
′〉.

• ∇TM is an E-connection on TM , given by

∇TM
e X = [ρ(e), X ] + ρ(∇Xe).

• ∇T∗M is an E-connection on T ∗M , given by

∇T∗M
e α = Lρ(e)α− 〈D∇e, ρ

∗α〉.

To verify that ∇E is an E-connection, we check that

∇E
e fe

′ =Je, fe′K +∇ρ(fe′)e− ρ∗〈D∇e, fe
′〉

=fJe, e′K + ρ(e)(f)e′ + f∇ρ(e′)e− fρ∗〈D∇e, e
′〉

=f∇E
e e

′ + ρ(e)(f)e′

and

∇E
fee

′ =Jfe, e′K +∇ρ(e′)fe− ρ∗〈D∇fe, e
′〉

=− Je′, feK +D〈fe, e′〉+ f∇ρ(e′)e+ ρ(e′)(f)e− ρ∗〈fD∇e, e
′〉 − ρ∗〈df ⊗ e, e′〉

=− fJe′, eK + fD〈e, e′〉+ f∇ρ(e′)e− fρ∗〈D∇e, e
′〉 = f∇E

e e
′.
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For ∇TM and ∇T∗M the computations are similar.

Example 3.9. Consider the case E = TM ⊕ T ∗M , with the H-twisted Courant
bracket; see Example 2.21. In this case, it is possible to make a special choice of
linear connection so that the E-connection ∇E takes a simple form.

First, choose a torsion-free linear connection ∇ on TM , and let ∇† be the dual

connection on T ∗M . Define a linear connection ∇̂ on TM ⊕ T ∗M by the formula

∇̂X(Y + β) = ∇XY +∇†
Xβ +

1

2
iX iYH

for X,Y ∈ X(M), β ∈ Ω1(M). The associated E-connection ∇E is then given by

∇E
X+α(Y + β) =JX + α, Y + βKH + ∇̂Y (X + α)− 〈D∇̂(X + α), Y + β〉

=[X,Y ] + LXβ − iY dα+ iX iYH +∇YX +∇†
Y α+

1

2
iY iXH

− 〈D∇X, β〉 − 〈D∇†α−
1

2
iXH,Y 〉

=[X,Y ] +∇YX + LXβ − 〈D∇X, β〉

− iY dα+∇†
Y α− 〈D∇†α, Y 〉

=∇XY +∇†
Xβ.

This calculation will be important in Section 5.

Remark 3.10. E-connections can be extended to tensor powers using a derivation
rule. In particular, the connection ∇E extends to

∧topE as follows:

∇E(e1 ∧ · · · ∧ em) =

m∑

i=1

e1 ∧ · · · ∧ ∇E
e ei ∧ · · · em.

It turns out that this extension of ∇E coincides with the representation ∇top in
Example 3.6. The reason is that, for e, e1, e2 ∈ Γ(E),

〈∇E
e e1 − Je, e1K, e2〉 = 〈∇ρ(e1)e, e2〉 − 〈ρ∗〈D∇e, e1〉, e2〉

= 〈∇ρ(e1)e, e2〉 − 〈∇ρ(e2)e, e1〉,

which is C∞(M)-linear and skew-symmetric in e1, e2. Therefore∇ρ(e1)e−ρ
∗〈D∇e, e1〉

is a traceless endomorphism of E which vanishes in the extension to
∧top

E.

Remark 3.11. The connections in Example 3.8 are analogues of the Bott connections
for Lie algebroids [13]. In further analogy with the case of Lie algebroids, one should
expect the connections in Example 3.8 to be part of an adjoint representation up
to homotopy of E on the 3-term complex T ∗M → E → TM . A full development of
this idea would be outside the scope of this paper, but we will make some comments
that may be helpful to the reader who wishes to pursue further.

Recall [1, 19] that a representation up to homotopy of a Lie algebroid A → M
on a graded vector bundle B →M is a differential on the complex ∧Γ(A∗)⊗ Γ(B).
Because this complex is bigraded, the differential splits into different components,
and the equation D2 = 0 splits into a series of equations relating the different
components. The components can be interpreted as connections and Lie algebroid
forms with values in homomorphism bundles.

One could similarly define a representation up to homotopy of a Courant al-
gebroid E → M as a differential on the complex Ck(E) ⊗ Γ(B). The rest of the
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analysis would be very similar to the case of Lie algebroids. In particular, (3.1)
could be used to express some of the equations in terms of brackets.

The following proposition gives some useful properties of the Bott connections.

Proposition 3.12. Let E →M be a Courant algebroid, and let ∇ be a linear con-

nection on E. Then the E-connections ∇E, ∇TM , and ∇T∗M satisfy the identities

〈∇E
e1
e2, e3〉+ 〈e2,∇

E
e1
e3〉 = ρ(e1)〈e2, e3〉,

〈∇TM
e X,α〉+ 〈X,∇T∗M

e α〉 = ρ(e)〈X,α〉.

for all e, ei ∈ Γ(E), X ∈ X(M), and α ∈ Ω1(M).

Proof. We first note that 〈ρ∗〈D∇e1, e2〉, e3〉 = 〈〈D∇e1, e2〉, ρ(e3)〉 = 〈∇ρ(e3)e1, e2〉.
Using this and Axiom (C2) in Definition 2.11, we have

〈∇E
e1
e2, e3〉+ 〈e2,∇

E
e1
e3〉 =〈Je1, e2K +∇ρ(e2)e1, e3〉 − 〈∇ρ(e3)e1, e2〉

+ 〈e2, Je1, e3K +∇ρ(e3)e1〉 − 〈∇ρ(e2)e1, e3〉

=〈Je1, e2K, e3〉+ 〈e2, Je1, e3K〉

=ρ(e1)〈e2, e3〉.

Additionally, since 〈X,Lρ(e)α〉 = ρ(e)〈X,α〉 − 〈[ρ(e), X ], α〉 and 〈X, 〈D∇e, ρ
∗α〉〉 =

〈∇Xα, ρ
∗α〉 = 〈ρ(∇Xe), α〉, we have

〈∇TM
e X,α〉+ 〈X,∇T∗M

e α〉 = 〈[ρ(e), X ] + ρ(∇Xe), α〉+ 〈X,Lρ(e)α− 〈D∇e, ρ
∗α〉〉

= ρ(e)〈X,α〉. �

Remark 3.13. The first identity in Proposition 3.12 says that ∇E is self-adjoint
with respect to the bilinear form on E. The second identity can also be seen
as a self-adjointness property, in the sense that the E-connection ∇TM ⊕ ∇T∗M

on TM ⊕ T ∗M is self-adjoint with respect to the usual symmetric bilinear form
〈(X,α), (Y, β)〉 = α(Y ) + β(X).

4. The modular class

The modular class of a Courant algebroid was introduced by Stiénon and Xu
[38] in the more general setting of Loday algebroids. Their construction produces
a degree 1 class in the näıve cohomology of E. By working in the näıve complex,
they had access to a Cartan formula, which allowed them to construct the class
following essentially the same procedure as in [11]. In degree 1, the näıve cohomol-
ogy is isomorphic to the standard cohomology, so they indirectly obtained a class
in H1(E).

Here we review the construction. But now, as a result of Theorem 2.18, we are
able to make the additional observation that the construction directly produces a
class in H1(E).

Let E → M be a Courant algebroid, and let ∇ be a representation of E on a
trivializable real line bundle L → M . Choose a nonvanishing section λ ∈ Γ(L).
Then, for each e ∈ Γ(E), there exists a unique function ge ∈ C∞(M) such that
∇eλ = geλ. The fact that ∇feλ = f∇eλ implies that ge = 〈ξλ, e〉 for some
ξλ ∈ Γ(E).
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The flatness of ∇ implies that, for all e1, e2 ∈ Γ(E),

〈ξλ, Je1, e2K〉λ = ∇Je1,e2Kλ

= ∇e1∇e2λ−∇e2∇e1λ

= (ρ(e1)(〈ξλ, e2〉)− ρ(e2)(〈ξλ, e1〉))λ.

Therefore, if we view ξλ as an element of C1(E), we have dEξλ = 0.
If λ′ is another nonvanishing section, then we can write λ′ = fλ for some non-

vanishing f ∈ C∞(M). Then we have

〈ξλ′ , e〉fλ = 〈ξλ′ , e〉λ′ = ∇eλ
′ = ∇efλ = f∇eλ+ ρ(e)(f)λ,

and therefore
ξλ′ = ξλ + dE log |f |.

Thus the class [ξλ] ∈ H1(E) is well-defined and independent of λ (so the subscript
λ can be omitted). The class [ξ] is called the modular class of the representation
(L,∇).

In the case where L is not trivializable, the modular class is defined as 1
2 [ξ

L⊗L],

where [ξL⊗L] is the modular class of the induced representation on L ⊗ L. This
definition is justified by the following fact.

Lemma 4.1. Let (L,∇L) and (L′,∇L′

) be trivializable line bundles with represen-

tations of E. Let [ξL] and [ξL
′

] denote the respective modular classes. Then the

modular class of the induced representation on L⊗ L′ is [ξL] + [ξL
′

].

Proof. Let λL and λL
′

be nonvanishing sections of L and L′, respectively. Then

〈ξL⊗L
′

λL⊗λL′ , e〉λ
L ⊗ λL

′

= ∇L⊗L′

e (λL ⊗ λL
′

)

= ∇L
e λ

L ⊗ λL
′

+ λL ⊗∇L′

e λ
L′

= 〈ξLλL + ξL
′

λL′ , e〉λL ⊗ λL
′

. �

The (intrinsic) modular class of E is defined in [38] to be the modular class of the

canonical representation ∇top on
∧top

E (see Example 3.6). They proved that, if
E = A⊕A∗, where (A,A∗) is a Lie bialgebroid, then the modular class vanishes. It
is also known (e.g. [30]) that quadratic Lie algebras (i.e. Courant algebroids where
M is a point) are unimodular. Using a supergeometric argument, Grabowski [18]
observed that, in fact, all Courant algebroids have vanishing modular class. Here
we give a new proof of this result.

Proposition 4.2. The modular class vanishes for every Courant algebroid.

Proof. For any representation ∇ of E on a line bundle L, we can consider the dual
representation ∇∗ on L∗, given by

〈∇∗
eα, ℓ〉 = ρ(e)〈α, ℓ〉 − 〈α,∇eℓ〉

for e ∈ Γ(E), ℓ ∈ Γ(L), and α ∈ Γ(L∗). Since L ⊗ L∗ is canonically isomorphic to
the trivial representation on M × R, Proposition 4.2 implies that [ξL

∗

] = −[ξL].
Comparing with (3.5), we see that, if L has a nondegenerate bilinear form,

then ∇† is obtained by transferring ∇∗ via the isomorphism L ∼= L∗ associated to
the bilinear form, so the modular classes associated to ∇ and ∇† are minuses of
each other. Thus, if the representation on L is self-adjoint, then its modular class
vanishes.
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The result then follows from the fact that the canonical representation on
∧top

E
is self-adjoint; this can be seen by a direct calculation, using Axiom (C2) in Def-
inition 2.11, or alternatively as a consequence of Remark 3.10 and Proposition
3.12. �

Remark 4.3. Although Courant algebroids are unimodular, it should be emphasized
that modular classes do not vanish in general. In fact, given any cocycle ξ ∈
C1(E) = Γ(E), one can use the equation ∇eλ = 〈ξ, e〉λ to define a representation
on a trivial line bundle for which the modular class is [ξ].

Remark 4.4. The unimodularity of Courant algebroids has a simple explanation.
From the definition, it is clear that the modular class is the obstruction to the
existence of an invariant volume form. Because a Courant algebroid comes equipped
with an invariant nondegenerate bilinear form, there is always an induced invariant
volume form on

∧top
E. In the next section, we construct higher characteristic

classes which are obstructions to the existence of an invariant (positive definite)
metric. It is known that there exist examples of Lie algebras that admit an invariant
nondegenerate bilinear form but do not admit an invariant positive-definite bilinear
form. We expect that the higher characteristic classes can detect such phenomena.

5. Characteristic classes

In this section, we describe the construction of intrinsic characteristic classes
associated to a Courant algebroid E. Surprisingly, the construction is even simpler
than that of Lie algebroids (e.g. [8]) because it does not require a representation
up to homotopy. Indeed, the results of previous sections allow for a construction
that is similar to the classical theory, e.g. [5]. We will sometimes omit proofs that
closely resemble proofs in the classical theory.

5.1. Chern forms and Chern-Simons forms. Let E → M be a Courant alge-
broid, and let ∇ be an E-connection on a vector bundle B →M . We first recall a
few facts about End(B)-valued cochains.

• The elements of Ck(E; End(B)) can be identified with degree k operators
on C•(E;B) that are C•(E)-linear.

• Composition of operators gives a product on C•(E; End(B)).
• The covariant derivative operator D∇̃ associated to the E-connection (3.4)
is given by the graded commutator of operators: D∇̃φ = [D∇, φ] for φ ∈
C•(E; End(B)).

• There is a natural trace map tr : C•(E; End(B)) → C•(E). Moreover, the
identity

(5.1) dE tr(φ) = tr(D∇̃φ)

holds for all φ ∈ C•(E; End(B)).

For k = 1, 2, . . . , we define the Chern forms chk(∇) ∈ C2k(E) by

chk(∇) = tr(F k∇).

From (5.1) and the Bianchi identity, we see that

(5.2) dEchk(∇) = 0.
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Given a path ∇t of E-connections on B, for 0 ≤ t ≤ 1, we can define the
Chern-Simons forms csk(∇t) ∈ C2k−1(E) by

(5.3) csk(∇t) = k

∫ 1

0

tr

(
d

dt
[∇t]`F

k−1
∇t

)
dt.

The Chern-Simons forms are transgressions of the Chern forms, in the following
sense.

Proposition 5.1. Let ∇t be a path of E-connections on B. Then dEcsk(∇t) =
chk(∇1) − chk(∇0). Therefore, the cohomology class [chk(∇)] ∈ H2k(E) is inde-

pendent of ∇.

Proof. By the Fundamental Theorem of Calculus, we have

chk(∇1)− chk(∇0) =

∫ 1

0

d

dt
[chk(∇t)]dt

=

∫ 1

0

d

dt
[tr(F k∇t

)]dt

= k

∫ 1

0

tr

(
d

dt
[F∇t

]`F k−1
∇t

)
dt.

Using the fact that d
dt
[F∇t

] = D∇̃t

(
d
dt
[∇t]

)
and the Bianchi identity, we see that

the above is

k

∫ 1

0

tr

(
D∇̃t

(
d

dt
[∇t]

)
`F k−1

∇t

)
dt = k

∫ 1

0

dE tr

(
d

dt
[∇t]`F

k−1
∇t

)
dt

= dEcsk(∇t). �

Proposition 5.2. Let ∇t,∇
′
t be two paths of E-connections on B with ∇0 = ∇′

0

and ∇1 = ∇′
1. Then csk(∇t)− csk(∇

′
t) is exact.

Proof. Let ∇ = (1− s)∇t + s∇′
t. Then

csk(∇
′
t)− csk(∇t) =

∫ 1

0

d

ds
[csk(∇)] ds

=

∫ 1

0

d

ds

[∫ 1

0

k tr

(
∂

∂t
[∇]`F k−1

∇

)
dt

]
ds

= k

∫ 1

0

∫ 1

0

tr

(
∂2

∂s∂t
[∇]`F∇k−1 +

∂

∂t
[∇]`

∂

∂s
[F k−1

∇
]

)
dt ds.

Integrating by parts in the first term, we get

k

∫ 1

0

∫ 1

0

tr

(
∂

∂t
[∇]`

∂

∂s
[F k−1

∇
]−

∂

∂s
[∇]`

∂

∂t
[F k−1

∇
]

)
dt ds

=k

∫ 1

0

∫ 1

0

k−2∑

i=0

tr

(
∂

∂t
[∇]`F i∇`D

∇̃

(
∂

∂s
[∇]

)
`F k−i−2

∇

−
∂

∂s
[∇]`F i∇`D

∇̃

(
∂

∂t
[∇]

)
`F k−i−2

∇

)
dt ds

=dEk

∫ 1

0

∫ 1

0

k−2∑

i=0

tr

(
∂

∂s
[∇]`F i

∇
`
∂

∂t
[∇]`F k−i−2

∇

)
dt ds,
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which is exact. �

It follows from Proposition 5.2 that, if ∇0,∇1 are E-connections on B such
that chk(∇0) = chk(∇1) = 0 for some k, then we can unambiguously define
[csk(∇0,∇1)] = [csk(∇t)] ∈ H2k−1(E), where ∇t is any path from ∇0 to ∇1.
Furthermore, the triangle identity

(5.4) [csk(∇0,∇1)] + [csk(∇1,∇2)] = [csk(∇0,∇2)]

holds for all ∇i such that chk(∇i) = 0.

Remark 5.3. Taking ∇t to be the straight-line path between ∇0 and ∇1, we can
explicitly evaluate the integral in (5.3) to find formulas for [csk(∇0,∇1)]. Specifi-
cally, if we write φ = ∇1 −∇0, then we can let ∇t = ∇0 + tφ. Then the first two
Chern-Simons forms are

cs1(∇t) =

∫ 1

0

tr(φ)dt = tr(φ)

and

cs2(∇t) = 2

∫ 1

0

tr(φ`F∇t
)dt

= 2

∫ 1

0

tr
(
φ`(F∇0 + tD∇̃0

φ+ t2φ2)
)
dt

= tr

(
2φ`F∇0 + φ`D∇̃0

φ+
2

3
φ3

)
.

We note that, when ∇0 is flat, this formula for cs2(∇t) is (up to scalar) formally
identical to the formula for the classical Chern-Simons 3-form.

Remark 5.4. The above construction fits into the general theory of transgressions
as described in, e.g., [8, 14]. A rigorous treatment requires infinite-dimensional
analysis, but the picture is quite nice, so we sketch it here.

We can view chk as being a C
2k(E)-valued function on the space ofB-connections

on E. From (5.2), we have dEchk = 0. The formula (5.3) essentially defines a
C2k−1(E)-valued 1-form αk on the space of B-connections on E, such that

csk(∇t) =

∫

∇t

α.

Proposition 5.1 can then be interpreted as saying that dEαk = δchk, where δ is the
de Rham operator. Thus, αk is a transgression of chk.

There is a C2k−2(E)-valued 2-form βk that is a transgression of αk. Its existence
explains why Proposition 5.2 is true; indeed, a formula for βk can be extracted from
the proof of Proposition 5.2.

One could continue, constructing higher transgression forms such that chk+αk+
βk+. . . is closed in the total complex of C(E)-valued differential forms on the space
of B-connections on E.

5.2. Gauge and metric compatibility. Let u be an automorphism of B covering
the identity map on M . Then u acts on E-connections on B by gauge transforma-
tions, as follows:

u(∇)eb = (u ◦ ∇e ◦ u
−1)b.

The Chern-Simons forms satisfy the following “small gauge-invariance” property.
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Proposition 5.5. Let ∇ be an E-connection on B, and let ut be a path of auto-

morphisms of B covering the identity map on M , with u0 = id. Then csk(ut(∇))
is exact.

Proof. Clearly, Fut(∇) = utF∇u
−1
t . Additionally, writing d

dt
[ut] = u̇t, we have

d

dt
[ut(∇)] =

d

dt
[utD∇u

−1
t ]

= u̇tD∇u
−1
t − utD∇u

−1
t u̇tu

−1
t

= [u̇tu
−1
t , utD∇u

−1
t ].

Using these calculations and the Bianchi identity, we see that

csk(ut(∇)) = k

∫ 1

0

tr
(
[u̇tu

−1
t , utD∇u

−1
t ]`utF

k−1
∇ u−1

t

)
dt

= k

∫ 1

0

tr
(
ut[u

−1
t u̇t, D∇]`F k−1

∇ u−1
t

)
dt

= −k

∫ 1

0

tr
(
[D∇, u

−1
t u̇tF

k−1
∇ ]

)
dt

= −kdE

∫ 1

0

tr
(
u−1
t u̇tF

k−1
∇

)
dt,

which is exact. �

Suppose that B is equipped with a nondegenerate bilinear form 〈·, ·〉B . Then
the Chern-Simons forms satisfy the following compatibility condition with respect
to the adjoint operation (see (3.5)).

Proposition 5.6. For any path ∇t of E-connections on B,

csk(∇
†
t ) = (−1)kcsk(∇t).

Proof. From Proposition 3.5, we have F∇†
t
= −(F∇t

)†. Also, from (3.5) we see that
d
dt
[∇†

t ] = − d
dt
[∇t]

†. Putting these into the definition of the Chern-Simons forms,
we immediately obtain the result. �

5.3. Secondary characteristic classes. Recall from Example 3.8 that, given a
choice of linear connection ∇ : X(M) × Γ(E) → Γ(E), there is an induced E-
connection ∇E on E.

Proposition 5.7. If k is odd, then chk(∇
E) = 0.

Proof. A straightforward calculation using Proposition 3.12 shows that

(5.5) 〈F∇E (e1, e2)e3, e4〉 = 〈e3,−F∇E (e1, e2)e4〉

for all ei ∈ Γ(E), so F∇E is skew-symmetric with respect to 〈·, ·〉. Therefore,
tr(F k∇E ) = (−1)k tr(F k∇E ), and the result follows. �

To obtain Chern-Simons forms, we need another E-connection. To do this, we
choose a (positive definite) metric g(·, ·) on E and let ∇E,g be the adjoint with
respect to g, given by

g(∇E
e1
e2, e3) + g(e2,∇

E,g
e1

e3) = ρ(e1)g(e2, e3)
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for ei ∈ Γ(E). Note that we do not assume any compatibility condition between g
and the Courant bracket or anchor.

From Proposition 3.5, we have F∇E,g = −(F∇)
g, where the g superscript denotes

the adjoint with respect to g. It then follows from Proposition 5.7 that chk(∇
E,g) =

0 for odd k. Proposition 5.2 then implies that [csk(∇
E ,∇E,g)] ∈ H2k−1(E) is a

well-defined cohomology class for odd k.

Definition 5.8. The secondary characteristic classes of E are the classes

[cs2k−1(∇
E ,∇E,g)] ∈ H4k−3(E).

A priori, the secondary characteristic classes depend on the choices of a linear
connection ∇ and a metric g on E. The following theorem shows that the classes
don’t depend on these choices, so they are intrinsically defined.

Theorem 5.9. The cohomology class [csk(∇
E ,∇E,g)] is independent of the choice

of linear connection ∇ and metric g.

Proof. Let ∇E′

be the E-connection arising from a different choice of linear con-
nection, let φ = ∇E′

−∇E , and let ∇E
t = ∇E + tφ. From Proposition 3.12, we see

that 〈φe1e2, e3〉 = −〈e2, φe1e3〉, so φ is skew-symmetric with respect to 〈·, ·〉.
The dependence of ∇E on ∇ is affine, so ∇E

t is the E-connection associated to
some choice of linear connection for all t. Therefore, from (5.5), we see that, when

k is odd, F k−1
∇E

t

is symmetric with respect to 〈·, ·〉 for all t.

A basic fact from linear algebra is that the trace of the product of a skew-
symmetric matrix with a symmetric matrix vanishes. Thus, tr(φ`F k−1

∇E
t

) = 0, so

csk(∇
E
t ) vanishes. By (5.4) and Proposition 5.6, we deduce that [csk(∇

E ,∇E,g)] is
independent of the choice of linear connection.

Now let gt be a path of metrics with g0 = g. Then we can obtain a path ut of
automorphisms of E, given by gt(e1, e2) = g(ut(e1), e2) for all e1, e2 ∈ Γ(E).

A straightforward calculation shows that ∇E,gt = ut(∇
E,g). Since csk(∇

E,gt) =
csk(ut(∇

E,g)) is exact by Proposition 5.6, we conclude by (5.4) that [csk(∇
E ,∇E,g)]

is independent of the choice of metric. �

Example 5.10. In the case where M is a point, so that E = g is a quadratic
Lie algebra, there is a unique linear connection, and the associated E-connection
∇E = ad is just the adjoint representation. In this case it can be seen that the
secondary characteristic classes have natural representatives that are independent
of the choice of metric g and given (up to a constant factor) by

csk(ad, ad
g) = tr(ad2k−1).

Thus, as a cocycle,

csk(ad, ad
g)(e1, . . . , e2k−1) =

∑

π∈S2k−1

sgn(π) tr
(
adeπ(1)

· · · adeπ(2k−1)

)

for ei ∈ g. In the context of Poisson geometry, a similar formula appeared (with
signs missing) in [12]. Note that, in this case, the bilinear form does not play a role
in defining the secondary characteristic classes.

Example 5.11. Consider the case where E = TM ⊕ T ∗M , with an H-twisted
Courant bracket; see Example 2.21.



COURANT COHOMOLOGY, CARTAN CALCULUS 21

Choose a Riemannian metric g onM and denote by∇ its Levi-Civita connection.
Then g + g† defines a metric on E. Since ∇ is torsion-free, we can apply Example
3.9 to obtain a linear connection on E such that the associated E-connection is
given by

∇E
X+α(Y + β) = ∇XY +∇†

Xβ

for X,Y ∈ X(M) and α, β ∈ Ω1(M). From this expression and the fact that ∇
preserves the metric g we obtain that ∇E,g = ∇E . It immediately follows that all
the secondary characteristic classes of E vanish.

6. Dirac structures

We conclude the paper with some remarks about Dirac structures.
Let E → M be a Courant algebroid. A Dirac structure in E is a subbundle

L ⊆ E such that L⊥ = L and JΓ(L),Γ(L)K ⊆ Γ(L). If L ⊆ E is a Dirac structure,
then the restriction of the Courant bracket to L is a Lie bracket, giving L → M
the structure of a Lie algebroid. Thus there is an associated cochain complex
(
∧
Γ(L∗), dL), where dL is given by a Cartan formula. The cohomology of this

complex is, by definition, the Lie algebroid cohomology H•(L). There are also
secondary characteristic classes (e.g. [8]) associated to L. These classes are elements
of H4k−3(L) for k ≥ 1. The first of these classes is the modular class [11] of L.

It should be emphasized that H•(L) and the characteristic classes therein are
defined intrinsically with respect to the Lie algebroid structure of L, so they do not
contain any information about how L sits inside of E.

Consider a k-cochain ω ∈ Ck(E). From Definition 2.1 we see that, if L ⊆ E is a
Dirac structure, then the restriction of ω to Γ(L) is skew-symmetric. Thus there is
a natural map π : C•(E) →

∧• Γ(L∗). As an immediate consequence of Theorem
2.18, we see that π is compatible with the differentials and therefore induces a map
π∗ : H•(E) → H•(L).

The map π can provide information about the relationship between L and E.
For example, for each k, we can define relative characteristic classes of L as the
difference between the characteristic class in H4k−3(L) and the image under π∗

of the characteristic class in H4k−3(E). These classes do not automatically van-
ish; in particular, when k = 1, it follows from Proposition 4.2 that the relative
characteristic class is just the modular class of L.

We note that, in the special case of a projectible Courant algebroid, a relative
modular class of a Dirac structure was defined by Grabowski [18]. His definition
uses projectibility in a nontrivial way and is not simply a special case of the relative
characteristic classes defined here.
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