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Abstract. The theory of formal argumentation distinguishes and unifies various no-
tions of attack, support and preference among arguments, and principles are used to
classify the semantics of various kinds of argumentation frameworks. In this paper,
we consider the case in which we know that an argument is supporting another one,
but we do not know yet which kind of support it is. Most common in the literature
is to classify support as deductive, necessary, or evidentiary. Alternatively, support
is characterized using principles. We discuss the interpretation of support using a
legal divorce action. Technical results and proofs can be found in an accompanying
technical report.
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1. Introduction

The theory of formal argumentation distinguishes and unifies different notions of attack,
support and preference among arguments. For example, whereas in structured argumen-
tation attack among arguments can be based on rebut, undercutting or undermining, at
the abstract level all these kinds of attack are treated in a uniform way. Likewise, de-
ductive, necessary and evidentiary support can be unified at the abstract level [14]. The
picture that emerges from the formal argumentation literature is that there is a broad
agreement on how to interpret attack, even when different kinds of semantics have been
proposed, whereas there is less consensus on the interpretation of support. Moreover,
different kinds of support can occur in the same framework, and each variant of support
can be more prominent in a particular application.

The common approach in the literature classifies a support among arguments as de-
ductive support, necessary support or evidentiary support. Deductive support [2] captures
the intuition that if a supports b, then the acceptance of a implies the acceptance of b, and
as a consequence the non-acceptance of b implies the non-acceptance of a. Evidentiary
support [11,10] distinguishes prima-facie from standard arguments, where prima-facie
arguments do not require any support from other arguments to stand, while standard ar-
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guments must be supported by at least one prima-facie argument. Necessary support [9]
captures the intuition that if a supports b, then the acceptance of a is necessary to get the
acceptance of b, or equivalently the acceptance of b implies the acceptance of a.

In addition to this classification, we can consider the principles the support relation
satisfies. In formal argumentation, principles can be used as a guideline for choosing the
appropriate definitions and semantics depending on various needs. After the principles
are chosen, it can be seen at a second step whether there is a semantics satisfying that set
of principles. If a set of principles corresponds to one of the semantics then the support
can be classified as such, but it may also be the case that no semantics corresponds to the
desired set of principles.

In this paper, we consider the case in which an argument supports another one, but
we do not know yet which kind of support it is. We consider a legal divorce action in
which the interpretation of support is in close relation to the interpretation of law itself.
In a divorce action, a judge should decide about the custody according to the child’s
best interest. The civil code says that, when deciding, the judge has to take the child’s
opinion into consideration. We also show how the interpretation of this rule influences
the interpretation of the support relation, and how this latter interpretation influences the
judgement.

Our paper contributes to the discussion on the formalization of legal interpretation
in the following way. The role of interpretation is crucial in law, but it is also a source
of criticism of using logic-based methods in modelling legal reasoning. For example,
Prakken reminds to Leith’s warning that the knowledge-engineer’s interpretation when
formalizing is necessarily premature, as the authority of interpretation of law is assigned
to the judiciary [16]. Addressing this criticism, the literature on legal interpretation has
discussed the possibility that legal knowledge-based systems contain alternative syntactic
formalizations. Prakken observes that while on the syntactic level formalization commits
us to a given interpretation, on the conceptual level, classification of factual situations as
legal concepts is not an issue of logical form [16, p.14]. Alternatively, we can restrict the
investigation by saying that “the only aspects of legal reasoning which can be formalized
are those aspects which concern the following problem: given a particular interpretation
of a body of legal knowledge, and given a particular description of some legal problem,
what are then the general rational patterns of reasoning with which a solution to the
problem can be obtained?” [16, p.4]. If a formal framework itself offers the different
interpretations, though, then using it might be directly exploitable to the comparison of
the different possibilities and routes of reasoning given each interpretation.

In a recent paper, Prakken [18] argues that for the validation of bipolar argumen-
tation theory, the so-called theory-based validation is preferred to an empirical valida-
tion [13], which itself is preferred to an intuition-based validation. We agree with this
ordering, but we believe that the principle-based analysis complements these validation
methods, and that the theory of formal argumentation needs to be complemented with
examples and case studies about the use of the theory. This paper contributes to the latter
two areas.

The layout of this paper is as follows. In Section 2 we briefly repeat the definitions
of bipolar argumentation, and we introduce a principle-based approach. In Section 3 we
apply the theory to the legal divorce action. All technical details and proofs of this paper
can be found in a technical report [20], and will be added to the journal extension of this
paper.
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2. Formal approaches to the interpretation of support among arguments

For completeness we repeat the basic definitions of abstract argumentation theory.

Definition 1 (Dung semantics [6]) An argumentation framework (AF) is a tuple 〈A,R〉
where A is a set of arguments and R ⊆ A×A is a binary attack relation over A.
E ⊆ A is conflict-free iff �a,b ∈ E such that (a,b) ∈ R. E ⊆ A defends c iff ∀b ∈ A

with (b,c) ∈ R, ∃a ∈ E such that (a,b) ∈ R. E ⊆ A is admissible iff it is conflict-
free and defends all its elements. A conflict-free E ⊆ A is a complete extension iff
E = {a|E defends a}. E ⊆ A is the grounded extension iff it is the smallest (for set in-
clusion) complete extension. E ⊆ A is a preferred extension iff it is the largest (for set
inclusion) complete extension. E ⊆A is a stable extension iff it is admissible and attacks
all arguments in A\E.

The semantics of deductive and necessary support is based on a reduction of a bipo-
lar framework to an argumentation framework together with a Dung semantics. Based on
various interpretations, these reductions add indirect attacks obtained from sets of attack
and support relations, then from the obtained indirect attacks and the support additional
indirect attacks can be added and so on. We follow the style and notation of Polberg [12],
and the reductions are visualized in Figure 1.

Definition 2 (Deductive and necessary support [3,12]) A bipolar argumentation frame-
work (BAF, for short) is a 3-tuple 〈A,R,S〉, adding a binary support relation S⊆A×A

to AFs. In addition six reductions from BAF to AF are defined:
SupportedReduction: RS(BAF) = (A,R∪Rsup), Rsup = {(a,b)|(a,c) is in the transitive
closure of S,(c,b) ∈ R};
MediatedReduction: RM(BAF) =

(
A,R∪Rmed

)
, Rmed = {(a,b)|(b,c) is in the transi-

tive closure of S, (a,c) ∈ R};
SecondaryReduction: R2(BAF) = (A,R∪Rsec), Rsec = {(a,b)|(c,b) is in the transitive
closure of S,(a,c) ∈ R};
ExtendedReduction: RE(BAF) =

(
A,R∪Rexd

)
, Rexd = {(a,b)|(c,a) is in the transitive

closure of S,(c,b) ∈ R};
DeductiveReduction: RD(BAF) = (A,R∪Rsup ∪Rmed

Rsup), where Rmed
Rsup= {(a,b)|(b,c) is

in the transitive closure of S,(a,c) ∈ R or (a,c) ∈ Rsup};
NecessaryReduction: RN(BAF) = (A,R∪Rsec ∪Rext).

Figure 1. Four kinds of indirect attacks as an intermediate step towards semantics for BAFs

We write ESR for the function from BAF to sets of extensions, ESR(BAF) =
ES(R(BAF)), where S is one of the Dung semantics (grounded, complete, preferred or
stable) and R is one of the reductions (RS, RM, R2, RE, RD or RN). Thus we have 6×4
BAF semantics.

We represent evidentiary support using self-supporting arguments, see the technical
report [20] for the comparison with other kinds of formalizations of evidentiary support.
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The basic idea is that every argument in the extension and every attacker is now an
evidentiary chain from a self-supporting argument, a is self-supporting represented as
(a,a) ∈ S.

Definition 3 (Evidentiary support) Given a BAF = 〈A,R,S〉. A sequence (a0, . . . ,an)
of elements of A is an evidentiary sequence for argument an iff (a0,a0) ∈ S, and for
0 ≤ i<n we have (ai,ai+1) ∈ S. A set of arguments S ⊆ A e-defends argument a ∈ A

iff for every evidentiary sequence (a0, . . . ,an) where an attacks a, there is an argument
b ∈ S attacking one of the arguments of the sequence. Moreover, a set of arguments S
is e-admissible iff for every argument a ∈ S there is an evidentiary sequence (a0, . . . ,a)
such that each ai ∈ S (a is e-supported by S), S is conflict free, and S e-defends all its
elements. A set of arguments is an e-complete extension iff it is e-admissible and it con-
tains all arguments it e-defends; it is e-grounded extension iff it is a minimal e-complete
extension; and it is e-preferred if it is maximal e-admissible extension. Moreover, it is
e-stable if for every for every evidentiary sequence (a0, . . . ,an) where an not in S, we
have an argument b ∈ S attacking an element of the sequence.

We introduce various principles for bipolar argumentation. Transitivity (P1, TRA)
and closure (P2, CLO) of an extension under supported arguments are introduced by
Cayrol et al. [4], inverse closure (P3) was introduced by Polberg [12]. Number of exten-
sions (P4) says that adding support relations can only lead to a decrease of extensions.
BAF directionality (P5) is a generalization of Dung’s central principle of directionality.
Global support (P6) and grounded support (P7) are two ways to characterize evidentiary
support. Some additional principles are defined in the technical report [20].

Definition 4 (Principles) Given a BAF = 〈A, R, S〉, a set U is unattacked and unsup-
ported if and only if there exists no a ∈ A\U such that a attacks an argument of U or a
supports an argument of U. The set of all sets unattacked and unsupported arguments in
BAF is denoted US(BAF). A semantics ESR satisfies principle P iff for all BAF, for all E
in ESR(BAF), we have:

P1. Transitivity If (a,b) ∈ S, (b,c) ∈ S, then ESR〈A,R,S〉= ESR〈A,R,S∪ (a,c)〉.
P2. Closure If (a,b) ∈ S and a ∈ E, then b ∈ E.

P3. Inverse Closure If (a,b) ∈ S and b ∈ E, then a ∈ E.

P4. Number of extensions For all S′, |ESR(A,R,S∪S′)|� |ESR(A,R,S)|.
P5. BAF Directionality U ∈US(BAF), it holds that σ (BAF↓U )= {E∩U |E ∈σ(BAF)},

BAF↓U = (U,R∩U ×U,S∩U ×U) is a projection, and σ (BAF↓U ) are the exten-
sions of the projection.

P6. Global support If a ∈ E, then there must be an argument b such that b ∈ E, and b
supports a.

P7. Grounded support If a ∈ E, then there must be an argument b ∈ E and (b,b) ∈ S

(or (a,a) ∈ S), such that there is a support sequence (b,a0, . . . ,an,a), all ai ∈ E.

When analyzing an example with support relations, we can consider whether for
this example the principles hold or not. The following table summarizes the relations
between the reductions and the principles. See the technical report [20] for the proofs of
these relations.
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Table 1. Comparison among the reductions and the proposed principles. We refer to Dung’s semantics as
follows: Complete (C), Grounded (G), Preferred (P), Stable (S). When a principle is never satisfied by a certain
reduction for all semantics, we use the × symbol.

Red. P1 P2 P3 P4 P5 P6 P7

RS CGPSGCPS × G CGP × ×
RM CGPSGCPS × G × × ×
R2 CGPS × GCPS G CGP × ×
RE CGPS × GCPS G × × ×
RD CGPSGCPS × G × × ×
RN CGPS × GCPS G × × ×
e- CGPS × × G × GCPSGCPS

3. Divorce action

Consider the bipolar framework visualized below (the detailed description of the divorce
case and its scenarios comes after). The figure should be read as follows. A normal arrow
visualizes attack, a dashed arrow visualizes support, a double box visualizes a prima
facie argument which is self-supporting and single box visualizes a standard argument
that does not support itself.

Figure 2. Divorce action

We first consider the graph with only the arguments in black and orange and the
relations among them. The basic dilemma is represented by two arguments attacking
each other, stating respectively that the child’s best interest is that she lives with her
mother (M) or that the child’s best interest is that she lives with her father (F). Obviously,
there may be additional reasons for these conclusions which we do not make explicit
here, and in order to illustrate the dilemma-nature of the situation the judge has to deal
with, we consider a well-balanced case. There are arguments attacking (M) and (F), and
arguments attacking those attackers. If we do not consider support, then the grounded
extension is {CJ,W,OP,R}, two preferred extensions are E1 = {R,M,W,OP,CJ} and
E2 = {F,CJ,W,OP,R}. The judge cannot make any decision based on these two exten-
sions, thus, further investigation is needed in this case.

In general, a support relation can be used to choose or select an extension, and this
intuition is reflected by Principle P4 (short for P4 and the same for other principles). This
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so-called number of extensions principle says that adding support relations does not de-
crease the number of extensions. However, the analysis in Table 1 shows that this princi-
ple only holds trivially, for the grounded semantics. As there is only one extension under
that semantics, the number of extensions can never increase. But for all other semantics,
it is possible that the number of extensions grows when adding support relations. As we
will see in the remainder of this section, that does not happen for this example.

The first support relation we interpret is the support of the father being wealthy (W )
to the argument that it is in the child’s best interest that she lives with her father (F). We
leave the support of mother side in this following paragraph. There are different options
for the interpretation of the support between (W ) and (F). If the interpretation is deduc-
tive, then we add the supported attacks from (W ) to (M) i.e., using RS, we have only
one preferred extension {W,CJ,OP,R,F}. If we add the mediated attack from (M) to
(W ) with the same interpretation but under RM, then we have two preferred extensions:
E1 = {M,R,OP,CJ} and E2 = {R,F,W,CJ,OP}. If we choose RD, we still have the two
preferred extensions containing (M) and (F) separately. When we consider the interpre-
tation of this support as necessary, saying, for example, that raising a child does take
a lot of money, it means adding secondary or extended attack, since there is no attack
coming from or going towards (W ), we have the same preferred extensions under these
two reduction: E1 = {R,M,W,OP,CJ} and E2 = {F,CJ,W,OP,R}. We see this as a clear
case of deductive support, but as we saw, this doesn’t solve the case either.

A similar analysis can be given using the P2 and P3 instead of the reductions, which
as Table 1 shows are characteristic for deductive and necessary support respectively.
P2 represents Closure and is characteristic for deductive support. It says that if (W ) is
accepted then (F) is accepted. So by contraposition, it means that if (F) is not accepted,
then also (W ) is not accepted. This implies that for the extension containing (M), where
(F) is not accepted, by accepting closure, (W ) cannot be in the extension. Based on the
above, the extensions show the preferred semantics under deductive reduction satisfies
P2. However, in this scenario, the extensions still do not give decisive influence to the
decision of the case. It may seem counterintuitive that under the deductive interpretation,
a mediated attack is added from (M) to (W ), as there does not seem to be a reason to
question the wealth of the father. This surprising indirect attack is partly explained by P5,
which shows that mediated attack does not satisfy BAF directionality. This reflects that
the direction of the indirect attack goes against the direction of the attacks and supports
in the framework.

If we consider the attacks and support of the argument (M), first we need to note that,
according to the judicial practice and the public opinion, for decades, (M) was taken for
granted: judges automatically gave the custody for the mother, that is, (M) was a prima
facie argument and (M) was the only argument being accepted. Thus, traditionally, (M)
could have been modeled as a self-supporting argument. However, the judicial practice
and the public opinion have been changing, so in the figure above, we modeled (M) as a
standard argument requiring evidentiary support.

While the argument structure on the mother’s side seems to be the same as the fa-
ther’s side, there is a difference coming from the law. The supporting argument might
have a special status because of the rules of the Civil Code: the judge has to take the
child’s opinion into consideration when deciding about custody. The variants of the sup-
port interpretations and their relation to the interpretation of law can be shown with the
analysis of this rule. We assume that the child wants to live with her mother (OP). What
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does this mean? One can say that the obligation of taking an argument into consider-
ation means that the (OP) is prima facie and has to be accepted. If it is a prima facie
argument, (M) receives the evidentiary support it needs. But this in itself doesn’t decide
how argument (OP) affects the extension. The extension depends on how we interpret
the support relation between (OP) and (M): deductive or necessary. It seems to be very
intuitive to interpret the support relation deductive: the obligation of taking the opinion
into consideration is apparently very much in align with what deductive support means:
if we accept the opinion (which is prima facie) then we have to accept (M) too. But if
we interpret the relation between (OP) and (M) deductive, under RS we have the only
preferred extension {OP,CJ,R,W}. Under RM we have the two preferred extensions
{F,W,CJ,R} and {M,R,CJ,OP}. These results in this scenario, on one hand, reflect the
RS satisfies P8, because supported attack is directional. On the other hand, this result
means that even the deductive support between the prima facie (OP) and (M), the fact that
the child wants to live with her mother won’t decide the case in the favor of her if there is
some support on the father’s side too. However, especially in such a well-balanced case,
the judge’s obligation to take the child’s opinion into consideration might mean that it
should be decisive. In order to show what that legal interpretation would mean formally,
we need another approach. There is also a way to add the supported attack from (OP)
to (F), and mediated attack from (M) to (W ), by doing so we have the only preferred
extension {R,OP,M,CJ}. That is, in order to give the opinion a decisive nature, consid-
ering both relations between (OP) and (M) and (W) and (F) still deductive support, we
do so under different reduction: using RS for (OP) and (M), and RM for the other. This
context-dependent solution is needed to represent the given legal interpretation.

We now consider a scenario visualized in red and black in which (OP) is attacked by
(4): the child is only 4 years old and 4-year-olds don’t know what they want. Argument
(4) impairs that the child can form a reliable opinion at all, that is, (4) attacks (OP). If
the support between (OP) and (M) is deductive, under RS the unique preferred extension
is {R,F,4,CJ,W}, while changes to {R,F,4,CJ,W} and {R,4,CJ,M,OP} under RM.
If the interpretation of the support is necessary, under R2 the only extension should be
{R,4,F,CJ,W}, while under RE, the extension is the same as the framework without
considering support. The P3 Inverse Closure says that if (M) is accepted then (OP) is
accepted. So by contraposition, it means that if (OP) is not accepted, then also (M) is not
accepted. This implies that for the extension containing (F), where (M) is not accepted,
by accepting Inverse Closure, (OP) cannot be in the extension. Based on the above, the
extensions show the preferred semantics under necessary interpretation satisfies P3.

Let’s consider another scenario, as visualized in blue and black. In a Hungarian case,
the court emphasized that the child’s opinion is decisive concerning the custody, unless
the child’s healthy development would be endangered in the environment she would
choose. This can be translated as the deductive nature of the support depends on whether
there is a specific argument (of being endangered) attacking (M). The child wants to live
with her mother, but the mother often changes her boyfriends, and according to the judge,
this would endanger the child’s healthy emotional development (D). If the interpretation
of support is deductive and under RS, the only preferred extension is {R,17,OP,CJ,W},
the results under RM and RD are not decisive, either.

Finally, we consider a scenario visualized in green and black. The mother is a
teacher, which supports that she knows how to handle children, and this again clearly
supports that the child’s best interest is to live with her mom. However, we also have the
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argument that mother often punishes the child harshly attacking (KH). While the first
support relation between (T ) and (KH) is deductive, it seems reasonable to say the one
between (KH) and (M) is necessary: it is difficult to defend a view as it is fine to give cus-
tody to someone who cannot handle children. (M) receives secondary attack from (PH)
with the interpretation of necessary, if we still consider (OP) supported attacks (F), and
the same for (W ) to (M), both (M) and (F) should not be accepted. If we consider (OP)
mediated attacks (F), and the same for (W ) to (M), (F) is accepted in the only preferred
semantics.

4. Concluding remarks

Polberg and Oren [14] aim to unify some of the most popular approaches to the represen-
tation of support and to construct an unified environment capable of handling the avail-
able types of support, and we agree with them that doing so not only provides impor-
tant theoretical contributions, but also helps in the representation of real world domains.
Towards this goal, we contribute to theory with a principle-based analysis for bipolar
argumentation framework semantics, and to practice with a case study in divorce action.
Our case study reveals a number of issues to be addressed in future work.

First of all, once the support relations are interpreted, it seems that we need to con-
sider bipolar argumentation with multiple support relations BAF = 〈A,R,S1, . . . ,Sn〉 and
adapt the definitions accordingly. Moreover, for the interpretation of the support rela-
tions, we can define new combinations. For example, it is quite natural for a support to
be both deductive and evidentiary, or to be both necessary and evidentiary. This can be
achieved by combining definitions 2 and 3 in the following way. We first add indirect
attacks using the construction of definition 2, and then we consider evidentiary seman-
tics instead of Dung semantics. In other words, the support relation is used twice, first to
define indirect attacks, and then again to define e-admissible sets, and so on. This would
lead to six more rows in Table 1, for each of the reductions now combined with eviden-
tiary support, leading to a total of 13 rows. Such combined interpretations of support can
be characterized by new principles combining on the one hand closure and inverse clo-
sure, characteristic for deductive and necessary support, and on the other hand grounded
or global support. For example:

P8. Self-supported Closure For all BAF = (A,R,S), for all extensions E in ESR,
∀a,b ∈A, if aSa, aSb and a ∈ E, then b ∈ E.

P9. Self-supported Inverse Closure For all BAF = 〈A,R,S〉, for all extensions E in
ESR, ∀a,b ∈A, if aSa, aSb and b ∈ E, then a ∈ E.

More generally, sometimes it seems to depend on the context whether a support
is interpreted as deductive or necessary, like the interpretation of the support between
(OP) and (M) in the running example. Moreover, in our experience in modeling the
divorce action, the choice between deductive, necessary and evidentiary support is rather
limited. This reinforces the results on the theory-based validation of existing kinds of
support, where only for necessary support some results have been obtained [17,5,18].
Alternative approaches are proposed by Gabbay [7], Gottifredi et al [8] and Potyka [15].
The principle-based analysis suggests that there are many possible combinations which
have not been explored yet within the realm of bipolar argumentation. We also found that
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in this example, the necessary supports didn’t affect much the outcome: compared to the
original framework, the result stayed the same. However, in such a symmetric, what is
more, parallel case, where the two arguments constituting the dilemma by attacking each
other are the same with different subjects, considering a support necessary on one side
should result in an attack on the other: if knowing how to handle children is necessary
on the mother side, it is on the father side too, which if he lacks, it should be added
as an attack. This indirect attack nature of the necessary support is of course context-
dependent, but its formal representation might be worth further investigation.

Second, we found that in modeling the divorce action, there are two ways to model
support. On the one hand we can model both attacks and supports among arguments, as
we did in this paper, but on the other hand we can also model all support within the argu-
ments, and only attack among the arguments. It seems that in the former case, most au-
thors see the need to generalize to sets of arguments attacking or supporting arguments,
as in dialectical argumentation frameworks. Despite this apparently fundamental model-
ing choice, we found little help in the literature about the advantages and disadvantages
of the two approaches. Also it is unclear to us in general whether we can translate one
kind of model into the other and vice versa. Consider the scenario where the child is
only 4 years old. (4) actually rather attacks the deductive support between (OP) and (M).
Now consider that the attorney of the mother would like bring some arguments regard-
ing the wealth difference between the parents. He might say: ”money is not everything”.
What would this argument attack? It wouldn’t attack the fact that the father is wealthy.
What it would attack is the the deductive support relation between (W ) and (F). Con-
sider a scenario where the father is wealthy because he is an entrepreneur. This as an
argument, or if we consider it as two arguments one deductively supporting the other, the
support relation between them could be attacked by the mother’s attorney’s argument as
”entrepreneur is risky”. In this paper we didn’t use a language for describing arguments
attacking relations, but we think it might be fruitful research direction investigating com-
paring solutions.

Third, when defining our principles we found a lot of research on semantics and
principles for complex forms with set attack and set support, and numbers representing
the strengths and supports [1]. From a formal perspective, we believe that this research
is very useful because it helps relate formal argumentation to other domains like multi-
criteria decision making.

Fourth, what struck us in this research is the similarity between reductions for bipo-
lar argumentation frameworks, and the for preference-based argumentation frameworks
we studied in earlier work. Whereas in both frameworks, the support relation and the
preference can be both added and removed. Moreover, we found that the theory of reduc-
tions for preference based argumentation and bipolar argumentation is closely related to
dynamic principles for AF [19], and we expect that this can be a source of further princi-
ples. Finally, like in preference-based argumentation, we believe that bipolar frameworks
with symmetric attacks can be studied as a fragment with good computational properties.
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