
1 INTRODUCTION 

The earthen hydraulic civil constructions such as 
earth-dams and levees are often affected by a partic-
ular form of erosion caused by the flow of water 
over their surface, the so-called surface erosion 
(Foster et al. 2000). Other kinds of (internal) erosion 
such as piping, suffusion or contact erosion may also 
take place (Fell & Fry 2007), but involve different 
mechanisms and lie out of the scope of this paper. 
Several experimental procedures and devices have 
been developed for the general assessment of the 
sensitivity of granular materials like soils to the oc-
currence of surface erosion, among others the Jet 
Erosion Tests (JET) and the Hole Erosion Test 
(HET) (Hanson & Cook 2004; Benahmed & Bonelli 
2012). The JET has received much attention and 
gained broad acceptance due to the relative simplici-
ty of the experimental setup (Figure 1) and the pos-
sibility of performance of tests in-situ by means of 
portable JET devices (Hanson & Cook 2004). 

The so-called erodibility parameters are widely 
used to quantify the likelihood and magnitude of the 
erosive degradation in terms of, on the one hand, the 
critical threshold of hydrodynamic shear stress (τc) 
for the initiation of erosion and, on the other hand, 
an erosion modulus (kd) that relates the rate of mate-
rial erosion to the hydrodynamic conditions at the 
eroded surface (Hanson & Cook 2004). A conven-
ient and widely accepted form (though also contro-
versial, see the recent discussion in Walder 2015) of 

the erosion law can be then written in the following 
linear fashion: 

𝐸𝐸 = 𝑘𝑘𝑑𝑑(𝜏𝜏 − 𝜏𝜏𝑐𝑐)   for   𝜏𝜏 > 𝜏𝜏𝑐𝑐 (1) 

where E is the erosion rate and τ is the hydraulic 
shear stress. Therefore, the evolution of erosion is 
this way described in terms of solely one variable, 
the often elusive shear stress at the eroded surface, 
which is a quantity averaged over time and space 
that should represent the hydrodynamic conditions at 
the fluid-solid interface. This is of course a very 
rough simplification of the complex conditions at the 
surface under an impinging jet, where actually the 
shear stress should be zero right at the stagnation 
point. 

 
Figure 1. Conceptual sketch and relevant magnitudes of the Jet 
Erosion Test, taken from (Hanson & Cook 2004). 
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The aim of this paper is therefore to provide an 
insight into the local hydrodynamic conditions at the 
onset of jet erosion from a micromechanical per-
spective. For this purpose, an efficient numerical 
model that considers the fluid-solid interactions at 
the micro-scale (see also Cuéllar et al. 2015) is here 
introduced. Then, the local hydrodynamic variables 
at the surface are examined and the results from a 
preliminary parametric study varying the grain size 
and the jet's inflow velocity are discussed. 

2 NUMERICAL TECHNIQUES 

The approach adopted here combines the computa-
tional efficiency of the Lattice Boltzmann Method 
(LBM) for the fluid analysis with the relative sim-
plicity of the Discrete Element Method (DEM) for 
the consideration of the solid particles. The field of 
applications of this combined technique already co-
vers a wide spectrum of geomechanical problems 
(see e.g. Mutabaruka et al. 2014, Sibille et al. 2015, 
Ngoma 2015). 

2.1 Fluid dynamics 
The fluid dynamics are described here by means of a 
two-dimensional scheme of the lattice Boltzmann 
method, namely the so-called D2Q9, which is an ex-
plicit finite difference scheme of the continuous 
Boltzmann equation (Succi 2001, Lallemand & Luo 
2003). The LBM involves the definition of a Carte-
sian lattice grid in the space and a discrete set of 
probability density functions and velocities of fluid 
particles at each grid point. The fluid dynamics arise 
then as the result of two basic steps: the collision 
and advection of the fluid particles following a set of 
rules aiming to ensure the conservation of mass, 
momentum and energy (i.e. the incompressible Na-
vier-Stokes behaviour). However, some restrictions 
apply and this scheme only holds for very low Mach 
numbers, i.e. when fluid velocity is much lower than 
the lattice speed. All in all, the fluid phase is fully 
defined by specifying a lattice grid size Δx and a lat-
tice speed cs, the components sα of the diagonal re-
laxation matrix S (inverse of the different relaxation 
times) and the fluid material parameters of density ρf 
and kinematic viscosity ν. Further details of the em-
ployed formulation (multi-relaxation time type) can 
be found in (Cuéllar et al. 2015) and in the refer-
ences contained therein.  

2.2 Solid mechanics 
The solid phase is introduced here by means of a 
discrete element model of the granular soil based on 
the classical Molecular Dynamics method pioneered 
by Cundall & Strack (1979). This way, the soil is 
represented by a two-dimensional assembly of circu-

lar particles accounting for the soil grains, whose 
trajectories are computed by simple integration of 
Newton’s equations of motion. A great number of 
modifications of the smooth inter-particle contact 
and friction laws of the original model have been 
proposed in the past, in particular concerning the in-
troduction of cohesive interactions between particles 
(see e.g. Delenne et al. 2004, Richefeu 2005, Jiang 
et al. 2013). Here, and for the sake of concision, on-
ly the rheological mechanisms for the description of 
a frictional granular material without cohesion will 
be considered, while the more complex case of a 
granular material with inter-particular cohesive 
bonds will be discussed in a forthcoming publica-
tion. 

The interaction between two particles is thus for-
mulated in terms of an interaction force F and an in-
teraction moment M applied at their common contact 
point. The interaction force is thereby decomposed 
into its normal and shear components, Fn and Fs re-
spectively, corresponding to the normal and tangen-
tial directions at the contact. The normal force Fn is 
here described in terms of the local interpenetration 
δn by means of a classical Kelvin-Voigt viscoelastic 
relationship defined by the normal stiffness and 
damping coefficients, kn and ηn. On the other hand, 
the shear force arising at the frictional (non-
cohesive) contact is defined here by a viscous-
regularized Coulomb law (Richefeu et al. 2008, 
Schaefer et al. 1996) characterized by the static fric-
tion coefficient μ and the viscous coefficient of shear 
regularization ks. This way, the shear force is com-
puted in terms of the sliding velocity �̇�𝛿s, which in 
practice does not preclude the consideration of static 
friction, since this variable never really vanishes. 
Due to the small time steps considered here (in the 
order of 10-6 s), the quasi-static equilibrium under 
static friction is reached in the short term through re-
sidual micro-slips. Finally, the interaction moment 
acting on each particle’s centre is defined by the 
shear force with the particle’s radius as lever arm 
and a rolling friction component that restrains the 
rolling motion of the particles (relative rotation 
without sliding). The latter can be described analo-
gous to the shear friction in terms of the relative ve-
locity of rotation, a rolling friction coefficient μω and 
a coefficient of regularization kω (Richefeu 2005, 
McNamara 2011). 

2.3 Solid-fluid coupling 
The fluid-solid interaction, i.e. the coupling between 
the fluid and solid phases and the computation of the 
hydrodynamic forces on the discrete particles, is 
driven here by the momentum-exchange method 
proposed by Bouzidi et al. (2001), which relies on a 
generalized bounce-back rule for the fluid particles 



and a linear interpolation strategy for arbitrary ge-
ometries in the LBM. On the other hand, the sub-
cycling time integration technique proposed by Feng 
et al (2007) has been used to exploit the fact that the 
size of time steps required for the fluid computation 
is generally much larger than that necessary for the 
discrete solid phase. The number of DEM subcycles 
for each LBM step was nevertheless restricted to 2 
in order to preserve the accuracy of the computed 
hydrodynamic forces on the solid particles. In order 
to overcome the inherent limitations imposed by the 
two-dimensionality to the fluid flow through a 
densely packed assembly of particles, a “hydraulic” 
geometrical reduction factor was employed match-
ing the drag forces around a sphere to those of an 
equivalent cylinder with a reduced radius (Boutt et 
al. 2011, Cui et al. 2012). 

3 JET HYDRODYNAMICS 

Let us now examine the hydrodynamic conditions 
derived by the consideration of a free jet with pre-
scribed fluid velocity at the injection nozzle (nozzle 
diametre b), and then observe the influence of intro-
ducing a granular surface perpendicular to the jet's 
axis and located at a distance H from the nozzle (see 
Fig. 2). 

 
Figure 2. Spatial disposition of granular assembly, jet’s nozzle 
and control section for fluid variables. 

 
The arbitrary geometrical, material and rheologi-

cal parameters employed for these simulations have 
been chosen either for convenience or based on usu-
al values from the literature (see e.g. the comprehen-

sive review in Luding 2008) and are summarized in 
Table 1. The corresponding flow may be described 
as an inertial laminar one (jet's Reynolds number 
Rej ~ 60 to 100), i.e. a flow in the transition from a 
laminar to a turbulent regime. 

3.1 Free jet conditions. Self-similarity 
The particular case of a free jet, i.e. a fluid jet with-
out obstacles, permits an implicit validation of the 
computational model by comparing the results to the 
analytical solutions of the Navier-Stokes equations 
proposed by several authors in the past (see for in-
stance Bickley 1937 and Schlichting 1960 for the 
case of plane jets or Tritton 1988 for the general 
case of a round 3D jet). Such analytical models are 
based on the assumption of a self-similar propaga-
tion of the fluid jet and provide its centreline veloci-
ty um as follows (Badr 2014, Phares et al. 2000): 

2D Poiseuille inlet: 𝑢𝑢𝑚𝑚(ℎ) = 𝑈𝑈𝑗𝑗
(3 10⁄ )�5𝑅𝑅𝑅𝑅𝑗𝑗�

1/3

�(ℎ+𝜆𝜆)/𝑏𝑏�
1/3   (2) 

2D uniform inlet: 𝑢𝑢𝑚𝑚(ℎ) = 𝑈𝑈𝑗𝑗
0.454𝑅𝑅𝑅𝑅𝑗𝑗1/3

�(ℎ+𝜆𝜆)/𝑏𝑏�
1/3  (3) 

3D round, uniform jet:  𝑢𝑢𝑚𝑚(ℎ) = 𝑈𝑈𝑗𝑗
(3 32⁄ )𝑅𝑅𝑅𝑅𝑗𝑗
(ℎ+𝜆𝜆)/𝑏𝑏

  (4) 

where h is the axial distance to the jet's nozzle 
and λ is the nozzle distance to the virtual origin of 
the self-similar jet (Badr 2014). 

The computed numerical results are a bit overly 
diffusive but nevertheless show a fair agreement 
with the analytical Poiseuille plane-jet solution (Fig-
ure 3) and lie, as expected, between the centreline 
velocity of the 2D uniform jet and that of the 3D 
round jet, which suffers a stronger decay of velocity 
due to the jet diffusion in all three dimensions. 

Figures 4 and 5 show the computed velocity pro-
files perpendicular to the jet's axis, in a dimensional 
and normalised fashion respectively, confirming as 
well the hypothesis of self-similarity of the jet prop-
agation. It can be noted that the velocity profile at 
the nozzle is here prescribed with the parabolic 
Poiseuille shape and it thus necessarily deviates 
from the self-similar shape where the other results 
collapse in the normalised diagram. 

 
 
 
 
 
 
 
 
 
 
 
 



Table 1: Geometrical, material and model parameters for the presented simulations 

Solid phase Fluid phase 

Particle mean size, Dmean 3 x 10-3 m Jet’s distance to surface, H 7 x 10-2 m 
Polydispersity, Dmax / Dmin 1.5 Jet’s nozzle size, b 5 x 10-3 m 
Length of granular sample, L 2.63 x 10-1 m Kinematic fluid viscosity, ν 5 x 10-5 m2/s 
Height of granular sample, Hs 8 x 10-2 m Fluid density, ρf 847 kg/m3 
Particle density, ρs 2230 kg/m3 Lattice grid size, Δx 2.3 x 10-4 m 
Normal contact stiffness, kn 1.1 x 105 N/m Lattice speed, cs 10 m /s 
Shear contact stiffness, ks 1.1 x 105 N/m Hydraulic radius factor, Rh 0.8 
Rolling stiffness, kω 0.1 x kn Inlet fluid velocity, uj (0.45-0.8) m/s 
Friction coefficients, μ=3·μω 0.3   
 
 

 
 
Figure 3. Centreline fluid velocity of a free jet. Comparison of 
numerical results (black solid line) with the analytical solutions 
for a 2D jet with uniform inlet (green triangles), a 2D jet with 
Poiseuille inlet (blue squares), and a 3D round jet (red circles). 

 

Figure 4. Horizontal profiles of fluid velocity of a free jet at 
several heights (reference: height of nozzle at y=0). 

 

The variable adopted for normalisation of the ra-
dial distance is here the velocity half-width bu pro-
posed by Schlichting (1960): 

 
𝑏𝑏𝑢𝑢/ℎ = 3.20𝑅𝑅𝑅𝑅𝑗𝑗−2/3(ℎ/𝑏𝑏)−1/3  (5) 
 

3.2 Impingement on a fixed granular surface 
Now let us proceed with the introduction of a solid 
fixed (non-erodible) wall with an irregular surface 
(granular profile) at a certain distance H from the 
jet's nozzle and perpendicular to its axis. Figure 6 
shows the fluid velocity field and the jet's deflection 
at the solid surface. The flow is confined between 
the solid surface and the upper, closed boundary, 
while the lateral boundaries have been left open, and 
so the appearance of two convective cells can be ob-
served. 

Figure 5. Normalised profiles of fluid velocity of a free jet. Ba-
sis for normalisation in the ordinates and abscissae are the cen-
treline velocity um(h) and the velocity half-width bu(h) respec-
tively. 
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A closer inspection of the centreline velocity 
(Figure 7) shows now the appearance of a stagnation 
point (zero velocity) right at the solid surface and its 
consequent modification of the velocity axial profile, 
in fair agreement with the experimental trend de-
rived by Beltaos & Rajaratnam (1977) for the jet ve-
locity close to a solid wall, valid for (0.75 ≤ ℎ 𝐻𝐻⁄ ≤
1): 
𝑢𝑢𝑚𝑚(ℎ) = 5.5𝑈𝑈𝑗𝑗�1 − ℎ 𝐻𝐻⁄ �𝑏𝑏 𝐻𝐻⁄   (6) 

 
Figure 6. Fluid velocity field of the jet's impingement on a 
fixed irregular surface. Arrow marker size is proportional to the 
velocity magnitude at each point. 

 
 

Figure 7. Computed centreline velocity of an impinging jet as 
compared to the free jet (red circles) and the experimental trend 
derived in (Beltaos & Rajaratnam 1977) (cross markers). 

 
Now it is interesting to examine the profiles of 

fluid velocity, pressure and shear stress right over 
the solid surface, in particular taking into account 
the irregular profile of the granular assembly (Figure 
8). The characteristic "M"-shape profile of fluid ve-
locity with the stagnation point right under the jet's 
axis and its complementary maximum of fluid pres-
sure can be appreciated in the figure. However, the 
maxima of shear stress, as well as the highest pres-
sure gradients, are located actually right on the spots 
of the most prominent grains (the most exposed 
ones) of the irregular surface, marked with red cir-
cles in the lower diagram of Figure 8. Therefore, it 
appears that the topology of erosion, at least at its 
onset, can be dictated by the irregularities of the sur-
face in the relevant impingement area, approximate-
ly in the range (-H, H) of radial distance from the 
jet's axis. 

The employed numerical model has the ad-
vantage that it can provide access to a number of in-
sightful micromechanical variables (i.e. at the grain 
scale). The lower diagram of Figure 9 shows the in-
tegrated hydraulic force acting specifically on each 
grain at the surface, while the upper diagram por-
trays the estimated maximum pressure gradients and 
shear stresses taking place directly around the solid 
particles (a refined calculation of these magnitudes 
is on course and shall be published in due time). It 
can be noted that the hydraulic force is obtained as 
the integral of the momentum exchange between flu-
id particles and the grain's surface (thus computed 
from an explicitly micromechanical point of view), 
whereas the pressure gradients and shear stresses are 
derived from macroscopic magnitudes of fluid pres-
sure and velocity with a posterior identification of 
their maxima around the discrete particles. It seems 
therefore appropriate to highlight the apparent strong 
correlation between these three variables. 
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Figure 8. Upper diagram: Profiles of fluid velocity (solid line), pressure (red dashed) and shear stress (blue points and dashes) right 
above the granular surface. Lower diagram: Discrete profile of surface elevation of the granular assembly (prominent grains within 
the relevant impingement area highlighted with red circles). All profiles obtained at time t=8 s of the transient simulation. 

Figure 9. Upper diagram: Discrete profiles of maximum local pressure gradient (red squares) and shear stress (black cross markers) 
derived from macroscopic fluid variables around the surperficial grains. Lower diagram: Discrete profile of integrated hydraulic 
force at each grain on the surface of the assembly. All profiles obtained at time t=8 s of the transient simulation. 
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4 ONSET OF EROSION 

4.1 Topology of first grain movement 
Now let us turn the attention to the incipient motion 
of the soil grains under the action of the fluid jet 
when they are allowed to move. Figure 10 shows the 
topology of the first grain motion out of a parametric 
study encompassing three different random granular 
assemblies for each of four different mean particle 
sizes ranging from 1mm to 5mm, and two different 
fluid kinematic viscosities (4 x 10-5 and 5 x 10-5 m2/s 
respectively).  

The inlet fluid velocity was kept constant with a 
Poiseuille profile and a maximum velocity of 
0.6 m/s for all simulations. As a reference, Figure 10 
also depicts the locations of the maxima of shear 
stress provided in (Rajaratnam 1976) and (Weidner 
et al. 2012) out of experimental and numerical anal-
ysis of the impinging jet respectively. 

These results tend to show that the reference val-
ues of maximum shear stress can hardly predict the 
location of the motion onset which is rather gov-
erned by the irregularities of the surface, particularly 
as the size of the solid grains increases. In any case, 
the limitations of such a two-dimensional analysis 
may also play a relevant role in this respect. The su-
perficial irregularities of a 2D granular assembly are 
in general more pronounced than in three-
dimensional conditions, while the single grains at 
the surface resting on top of two other grains can in 
principle be set in motion more easily than their 
counterparts in 3D. 

Figure 10. Initial location of the first particle to be displaced at 
the onset of jet erosion and reference locations of shear stress 
maxima out of (Rajaratnam 1976) and (Weidner et al. 2012). 

4.2 Critical jet inflow velocity 
Finally, the magnitude of the critical jet inflow ve-
locity for the initiation of erosion has been addressed 
here by means of a further parameter variation. For 

this purpose, the parametric study introduced in Sec-
tion 4.1 was repeated but this time featuring an in-
creasing inflow velocity growing in time from an in-
itial value of 0.45 m/s with a rate of 0,02 m/s2.  

Despite the relatively large error bars (standard 
deviations here), the general trend of growing criti-
cal velocity with particle size and decreasing fluid 
viscosity shown in Figure 11 seems plausible and al-
so consistent with the experimental results obtained 
by Brunier-Coulin and coworkers (some preliminary 
details already available in Brunier-Coulin et al. 
2015; 2016). 

Figure 11. Critical jet velocity for the initiation of erosion in 
dependence of the solid particle size and of the fluid kinematic 
viscosity. 

5 CONCLUSIONS AND OUTLOOK 

The local distribution of hydrodynamic variables at 
the surface of a granular assembly under the action 
of an impinging jet can be suitably analysed from a 
micromechanical perspective employing a numerical 
model that combines the LBM and DEM techniques. 
The irregularities (rugosity) of the solid surface ap-
pear to bear a strong relevance on the distribution of 
shear stresses and pressure gradients, particularly as 
the size of the solid particles increases. The topology 
of the erosion onset seems therefore to be dictated 
by the granular profile and hardly follows the theo-
retical references of the maximum shear stress local-
ity. Finally, the critical velocity of the jet for the ini-
tiation of erosion seems also to be relatively variable 
depending on the actual surface irregularities, but 
tends to show a seemingly consistent growth pattern 
with particle size. 

The validity of these results is obviously con-
strained by the significant limitations imposed by the 
analytical method itself (i.a. the two-dimensionality, 
the particle size and shape, or the low Reynolds and 
Mach numbers, to name only a few) as well as by 
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the computational expense inherent to the multi-
scale study case (a macroscopic problem featuring 
microscopic details). The presented model might 
nevertheless prove useful while providing a rare in-
sight into the micromechanical origins of erosion. 

The authors are presently working on further par-
ametrical variations and an elaborate analysis of the 
micromechanical data for the case of jet erosion of 
frictional (non-cohesive) materials. On the other 
hand, a further study of granular assemblies with co-
hesion, thus allowing for tensile normal forces be-
tween the solid particles, is currently under way and 
shall complement the preliminary results already 
published in (Cuéllar et al., 2015). 
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