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AsSIRACT

Thl.s report descrlbee a recently developed numerlcal nethod, knosn as the

parabollc nethod, for couputtog wave transfornatlons in coastal uatera.

Thle nethod hae potentlal advantagea oyer tradltl.onal ray traclng nethods

and has undergone rapid development slnce the Late nLoeteen-seventles. A

revles of technl.cal Ll.terature durlng thLc tlne ls contained ln the report,

and the Present stage of developnent, and future requirenents ar€ asaega€do

Some results are preeented from a computational model based oo the paraboLic

nethod shlch Ls being developed at Bristol Unlverslty and Eydraullcs

Research Llnlted.
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INTRODUCTION
The predict ion of  wave condi t ions in  coasta l  reglons

forms an essent ia l  par t  of  invest igat ions in  a l l  types

of  coasta l  engineer ing problems.  An inpor tant  s tep ln

wave predict ion exerc ises is  the determLnat ion of  how

Idaves transform from deep to shallow water. The sea

areas that  have to be considered in these exerc lses

are of ten too b ig (of  the order  of  several  k i lonetres

square)  to be represented in sealed physical  nodels '

Nurnerical nodell ing ls therefore the most conmon

neEhod  used .

Unt i l  qu i te recent ly ,  ray t rac ing models were the most

popular  type of  numer ical  nethod used by research

organtsat ions and coasta l  englneers.  These nodels do

have some important drawbacks and can give inaccurate

predlct ions ln  coasta l  regions wi th i r regular  depth

contours.  Wi th in the last  few years a ne\ t  tyPe of

numer ical  method suiEable for  coasta l  areas has been

developed which potentially can overcome many of the

drawbacks with ray models. This new apProach is known

as the parabol lc  method.

Dur lng th is  shor t  t ime there has been a great  deal  of

interest shown in the parabolic method and many

publ lcacions have appeared Ln research journals '

Numer ical  models based on the parabol ic  method are now

beginnlng to be used as tools  in  pract ica l  wave

predict lon problems.  l lowever,  because of  the shor t

time in whlch these developments have taken place'

many coastal engineers are probably unaware of the

exisEence of thls tyPe of nurnerical model and the

poss lb i l i t i es  t ha t  l t  can  o f f e r .

The purpose of  th is  repor t  ls  to  assess the stage that

has been reached in the development of the parabolic

method and to suggest  fur ther  work necessary for  the

method to become a standard numer ical  model l ing tool .

In  Chapter  2 the def ic iencies of  ray t rac lng uethods

and the possib l i ty  of  overcoming them wi th a parabol ic

nethod are explained. In the next chapter a brief

descr ipt lon of  the theoret ica l  basis  of  the parabol ic

method is given and an lndication of how it can be

represented in a computer  rnodel .  In  Chapter  4 there

is  a rev iew of  publ ished work on the subject ,  and ln

the fo l lowing chapter  some resul ts  f rom a parabol lc

nodel  belng developed jo int ly  at  Br is to l  Unlvers i ty

and } lydraul lcs Research L in i ted are presenEed'

Final ly ,  in  Chapters 6 and 7 the present  scage of

development  ls  summarised and suggest ions for  fur ther

work are made.

BACKGROUND TO TEE
PARABOLIC METHOD

Unt i l  the la te n ineteen-sevent ies most  numer lcal

models of wave transformation in shallow water used



ray t rac ing or  f in ice d i f ference methods.  These are
col lect lve ly  known as " ref ract ion nethods" and models
based on them as " ref ract ion models" .  In  these
methods the equations to be solved represent the wave
processes of  ref ractLon and shoal ing whi le  wave
di f f ract ion,  which a lso occurs in  qui te general
coasta l  s i tuat , ions,  is  lgnored.  The need to
Lncorporate d i f f ract lon is  the main mot ive behind the
development  of  the parabol lc  method.  Before
conslder ing th is  method i t  is  important  to  understand
why ref ract ion models can ln some cases be
lnaccurate.

Refract ion models have been most  successfu l ly  appl ied
to coasta l  regions where there is  a fa i r ly  regular  and
gent le decrease in depth f rom deep water  to the
coas t l l ne .  I n  f ac t ,  f o r  a  seabed  w i th  pe r fec t l y
st ra ight  and paral le l  depth contours and wi th a gent le
s1ope,  no d i f f ract ion occurs and the ref ract ion models
give accurate resul ts .  Many coasta l  reglons do
approximate qul te wel l  to  th is  ideal lsed depth
prof l1e,  and ref ract lon models have proved usefu l  in
such s i tuatLons.  However,  as the bathymetry becomes
more i r regular ,  d i f f ract ion ef fects general ly  beeome
more lmportant .  In  coasta l  areas wl th h lghly
l r regular  depth prof l les,  ref ract ion models of ten g ive
p o o r  r e s u l t s .

The ef fect  of  d i f f ract ion is  general ly  to  smooth out
( in  a spaEia l  sense)  the extremes of  wave height  and
steepness that  are qui te f requent ly  predicted by the
refract ion models.  Var ious improvements to these
models have been nade (Refs 1,  5,  27)  by in t roducing
numer ical  smoothing processes to mimic the ef fect  of
d i f f ract lon,  or  by us ing a spectra l  representat ion of
the wave f ie ld ( th is  reduces the importance of  not
ineorporat ing dt f f ract lon of  lnd lv idual  components of
the spectrun). I{owever, these improvements are
essent ia l ly  a numer ical  redis t r lbut lon of  wave energy
and are not  a genuine nodel l ing of  the d i f f ract ion
process.  In  some s i tuat lons,  for  instance where waves
propagaEe over  a system of  shoals and channels,
d l f f ract lon ef fects can be so dominant  that  Ehey
cannot  be adequate ly  represented by numer ical
smoothLng.  In these c l rcumsLances i t  ls  desi rable to
have a numerical wave model which incorporates
di f f racr lon behaviour  ln  the basic  governing
equa t i ons .

I t  i s  poss ib le ,  l n  p r i nc ip le  a t  l eas t ,  t o  re tu rn  t o
the fu l l  wave equat ion incorporat ing d i f f ract ion as
wel l  as ref ract ion and shoal ing.  However,  a model
based on this equation would have two important
d isadvantages.  F i rs t ly ,  the nodel  would be set  uP as
a boundary value problen requi r ing speci f ieat lon of
wave condi t ions on a l l  boundar ies of  the gr id.  Except



in  the s lnplest  open-sea s i tuat ions Ehis would be

inpossib le t ,o  do wiEh any accuracy.  A second
dlsadvantage is that a mininuu number of grld elements
per wavelength ls needed. If N ls the number of

e lements a long one s ide of  the gr id,  the computat ional
ef for t  is  proport ional  to  N4.  The conputat lonal
ef for t  therefore lncreases rapid ly  wi th the tota l  gr id

s ize per  wavelength,  and gr id s izes in  coasta l  wave

problems are typ lcal ly  of  the order  of  hundreds of
wavelengths square.  This type of  nodel  ls  therefore
of ten too cost ly  and inf lex ib le to be readi ly  used.

I t  is  for  these reasons that  in  recent  years a lo t  of

research ef for t  has been devoted to Ehe parabol ic

approxination to the full lrave equation. In this

approximat ion there are cer ta in rest r lc t ions to the
types of  waves that  can be node1led,  but  d i f f ract ion

terms are reta lned,  the problem wi th boundary

conditions is overcome, and much less computing time

is requi red compared wi th models us ing the fu l l  wave

equatLon ( for  parabol ic  models the comput ing ef for t  ls
p ropo r t i ona l  t o  N21 .

The pr inc ipal  rest r ic t ion requl red by the parabol ic

approximation is that waves everywhere Ln the study

area should t ravel  wi th in a re lat ive ly  narrow

direeE, ional  range e l ther  s ide of  a speci f ied "main

propagat ion"  d i rect ion.  In  pract ice th is  range ean

of ten be qui te large,  typ ical ly  up to 45o e i ther  s ide

of  the main d i reet lon.  I t  can be seen therefore that

the parabol ic  approxlmat ion is  wel l  su i ted to many

coastal appllcations ln which most of the wave energy

travels towards the coast  ln  a re lat ive ly  narro id

di rect ional  band wi th l i t t le  backscat ter  or  deviat ion

from this band. The nethod would not be appllcable

where there is  s ignl f icant  ref lected l tave energy '  for

instance in f ront  of  s t ructures or  wi th in harbours.

The method may also break down where there are strong

refract lon ef fects causing waves to bend too far  f rom

the main propagat ion d i rect ion.

DESCRIPTION OF TEE
PABABOLIC UETEOD

3.1 The governlng
equat lon

The full l inear wave equation with time-dependence
removed ls:

ro2. n
o

V. (cc  V l )  +  o  =  0
g c

( 1 )

In  th ls  equat ion c is  the wave celer l ty '  cq the group

veloc i ty ,  n the complex wave ampl l tude andoV the

two-dimensional  hor izonta l  gradient  oPerator '  This



equat ion descr ibes the propagat ion of  water  waves over
reglons of  arb i t rar i ly  vary ing depth provided the bed
slopes are not  too great .  Eq 1 is  usual ly  known as
the "n i ld-s lope equaEion" and der ivat lons are g iven in
Be rkho f f  ( L976 )  and  Sn i rh  and  Sp r i nks  (1975 ) .  The
n l l d - s l ope  equa t i on  l s  o f  t he  e l l i p t l c  t ype ,  and  i t s
method of  so lut ion requi res that  boundary condi t ions
are speci f led a long the ent l re boundary of  the study
a r e a .

To der ive the parabol ic  approximat ion to Eq 1,  the
complex wave ampl i tude,  n,  is  sp l i t  in to two
conponents represent ing t ransoi t ted
( fo rward -sca t te red )  waves  and  re f l ec ted
(back-scat tered)  r raves.  In  the der ivat ion,  the
ref lected wave f ie ld is  neglected as being snal l  in
compar ison wi th the t ransni t ted wave f ie ld,  and the
fo l l ow lng  equa t i on  i s  ob ta ined .
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In  th is  equat ion the x-coordlnate is  in  the main wave
propagat lon d i rect ion and the y-coordinate is  in  the
t ransve rse  d i rec t i on .  Th i s  equa t i on  was  f i r sc  de r i ved
in the la te n ineteen-sevenEies independent ly  by Radder
(1979 )  and  Lozano  and  L lu  (1980 ) .  The  reade r  i s
re fe r red  to  Ehese  pape rs  f o r  de r i va t i ons .  Eq  2  i s  o f
the parabol ic  type,  and th is  has important
consequences for  l ts  rnet ,hod of  so luc ion.

Before descr lb ing the computat ional  model  based on Eq
2,  i t  is  worchwhi le Eo rev lew br ief ly  the physical
p rocesses  i nco rpo ra ted  i n  Eq  I  and  EC.  2 .  Re f rac t i on
and shoal ing are incorporated in  both equat ions.
D i f f r ac t l on  l s  add i t l ona l l y  l nco rpo ra ted  i n  Eq  1 ,
wh i l e  i n  Eq  2  d i f f r ac t i on  i n  rhe  t ransve rse  d i rec t i on
is  inc luded but  not  in  the longi tudinal  d i rect ion ( the
d i rec t i on  o f  wave  t rave l ) .  D i f f r ac t l - on  e f f ec t s  i n  t he
transverse d i rect ion,  however,  are usual ly  more
important .  Waves f rom al l  d i rect ions are nodel led by
Eq 1,  but  Eq 2 is  rest r ic ted to waves f rom a
re lat ive ly  narror l  d i rect ional  band centred on Ehe main
propagat ion d i rect ion.  Ref lected or  back-scat . tered
waves are therefore not  nodel led.  The ef fects of
currents on wave ref ract ion are not  inc luded ln e i ther
equat ion,  nor  are any d iss ipat ive or  generat ive
ef fects such as bot ton f r ic t ion,  wave breaking and
wind grorr th.  Both equat ions assume l lnear  waves,  and
therefore no non- l inear  ef fects are rnodel led.  A
consequence of  the l inear  t reatment  is  that  a random
sea ( represented as a per iod and d i rect ional  spectruro)
can be model led by a s inple superposi t ion of  the
per iod and d l rect ional  components.



3.2 Numerical
representat lon

3.3 Boundary
condlt lons

A numer ical  so lut ion to a parabol ic  equat ion such as

Eq 2 can be achLeved by a "marching"  f in l te-d i f ference

scheme. Thls nethod involves superlmposlng a

rect.angular grid over a plan of the coasEal area of

in terest ,  and tak ing depth values at  each gr id

intersect ion point  (F ig 1) .  The gr id should be

al igned wi th one axls  (convent ional ly  the y-ax ls)

roughly para l le l  to  the shorel ine.  The marching

soluElon nethod requi res that  boundary condi t lons are

speci f ied on the of fshore boundary ( in  the form of  an
inc ldent  wave condi t ion)  and a long the s ide

boundar ies.  The solut ion process ls  to  s tar t  a t  the

of fshore boundary ( the f i rs t  row) and to calculate

wave conditions at all point,s along the second row

using the incident \{ave values on the flrst row and a

f in l te  d l f ference formulat lon of  Eq 2.  The calculated
wave parameters on the second row are then used to

determine wave values on the third row. Thls process

is  repeated unt l l  the last  row,  furEhest  inshore,  is

reached.

Var ious schemes exis t ,  for  a f in i te-d l f ference

formulacion of  Eq 2,  but  the sEandard Crank-Nicholson

scheme is by far the most common choice in published

work. Examples of thls scheme are given in Radder

(L979) and Kirby and Dalrynple (1983).

(a)  Of fshore boundary.
Thls takes the form of an lncident lJave conditi-on

speci f ied at  each point  on the of fshore row'  A

single wave energy,  per iod and d i rect lon should be

speci f ied at  each point .  I t  is  possib le to supply

di f ferent  va lues of  these parameters at  d i f ferent

points a long the of fshore row ( to s lmulate a

spat ia l  var iat , ion in  the ineident  wave) but  most

pract ica l  appl icat ions would involve the use of

ident ica l  va lues a long the whole of fshore row'  I f

a l l  wave processes are t reated l inear ly ,  a wave

spectrum can be represented by repeated running of

the model  wl th d i f ferent  in i t ia l  per iod and

direction values although this may involve

considerable computat lonal  ef for t '

(b) Inshore boundary

No boundary condltion is required if the inshore

row has a finite ltater depth. Land boundaries can

be represented by an appropriate boundary

condi t ion,  but  i t  is  of ten s impler  to  rePresent

land areas as sea areas with a small constant

depth.  Thts "chtn- f l ln"  technique is  a lso of ten



4 .L

REVIEW OF RECENT
DEVELOPMENTS

Incorporat ion of
addit ional wave
processes

the best  method of  representLng internal  land
areas such as smal l  is lands.

(c)  Side boundar les

Boundary condi t ions need to be speci f ied a long the
side boundar ies.  General ly ,  however,  in  open sea
si tuat ions i t  ls  not  possib le to spect fy  these
boundarli condl,t iona correctly because the inconing
wave along the side boundaries Ls not known. The
usual nethod to overcome t.his problen is to assume
a simple boundary condltion (such as a l inear nave
absorpt lon condi t lon for  waves f rom a g iven
direct ion) ,  and then to extend the gr id la tera l ly
so that  the errors which ar ise f rom the boundary
condi t ion do not  "propagate in"  to  the reglon of
ln teresE.  F lg 1 shows the areas adjacent  to each
side of  the gr id thaE are af fected in  th is  way.
This nethod of overcoming the problem does involve
some extra computat ional  ef for t  (but ,  not  an
excessive amount)  because of  the larger  gr id  s ize
needed.

SLnce the late nineteen-sevent ies much interest.  has
been shown ln applying parabolic methods to water-wave
propagat ion, and much research effort  has been devoted
to extendlng the baslc equat ion, Eq, 2, to lnclude
other wave phenomena.

Booi j  (1981) has Lntroduced a term describing rdave
energy dlssipat lon at rhe seabed, and this work has
been fol lowed up by Dalrynple, Klrby and Hwang (1984)
and L lu  and Tsay  (1985) .  Add i t iona l  te rms to  descr lbe
the effects of eurrents on the refract ion of waves
have been lncorporated inro Eq 2 by Booi j  (1981),  LLu
(1983) and Kirby (1984 and 1986).  An Lterar ive scheme
to include weak ref lect ions has been described by Liu
and Tsay (1983a).  Most recent ly,  the parabol lc nethod
has been extended to incorporate non-l inear deep-water
waves (Kirby and Dalrynple (1983 and 1984),  Liu and
Tsay (f984)) and shal low-water waves (Liu, Yoon and
K i r b y  ( 1 9 8 s ) ) .

Wave breaking ls a partteularly complex phenomenon,
and an accurate numerical  representaclon is not yet
avai lable. Present methods for Lncludlng breaking in
parabolie models attempt only uo determine the amount
of wave energy dissipated and are not concerned with
the other detai ls of  the breaking process. Bool j
(1981) and Dalrymple, Kirby and Hwang (1984) use a



4 .2 Conparlsons wlth
physieal models
and dl f ferent
types of
numerical rnodel

general dissipation term which can include energy loss
from breaking. Calculatlon of thls breaking term is
comrnonly based on the llnltlng wave helght allowed by
the breaklng process at a glven depth. Onee a nave
helght has been calculated, lt ls compared ltlth the
wave height at whlch breaklng starts to occur at that
depth. I f  i t  exceeds this breaker height i t  is
reduced to that value. Recent ly more sophlst icated
methods have been advanced. Dally, Dean and Dalrynple
(1985) descr ibe a method slnl lar to wave energy decay
ln a hydraulic jump which has been lncorporated in a
parabol lc nodel by Klrby and Dal,rymple (1986).
Dingemans et al  (1984) use a slml lar approach in
thelr parabolic nodel based on the analogy wlth the
energy disslpated in a t idal  bore (Batt jes and Janssen
(1978) ,  Bat t jes  and St ive  (1985) ) .  The inc lus ion  o f
wave breaking also allows a convenien! computation of
waves around lslands by means of che "thin flln"
procedure. This involves representlng the land area
on the ls land as a shoal wtEh a constant,  very shal low
water depth. The breaking process wi l l  ensure that
negl lgible energy wl l l  t , ravel over these land areas.
The advantage of this method ls Ehat there is no need
to specify speclal  boundary condit ions for internal
land areas  (sec t ion  3 .3 ) .

The problem of widenlng the allowed directional band
centred oo t,he main propagatlon direction has also
been invest, lgated. Boot j  (1981) has proposed
additlonal terms to Eq 2 which improve general
accuracy and extend che wldth of the allowed band by
about 10o. Kirby (1986) provides a more r igorous
derlvat lon of BooiJ rs correct ion terma and dlscusses
other possible approaches to more aecurate achemes,
including a "minl.-max" procedure to extend the wldth
of the al lowed dlrect lon band further st i l l .  l l l th
thls nethod wave angles out to about 70o froo the maln
direct lon can be computed accurately.

Parabollc models have been tested qulte extenslvely
agalnst other types of numerLcal model and laboratory
experLments. These eonparisons have usually lnvolved
sinplt f ted bathynetr ies represent ing test cases ln
which refraction theory breaks down and diffraction
effects become lmportant. The following are the most
common teat cases encountered ln the recent, technLcal
l i terature.



(a)  Single breakwater  on a f la t  seabed.

Dalrynple, Kirby and Hwang (1984) have
invest igated the problem of  wave d i f f ract ion
around a s ingle,  semi- in f lnLte,  per fect ly
ref lect ing breakwater  on a f la t  seabed.
Comparison rdas made between a parabolic nodel and
the analyt ica l  so lut ion to th ls  problen
(Sonmer fe ld  (1896 ) ,  Penney  and  P r i ce  (1952 ) )  f o r
the wave f ie ld ln  the shel ter  of  the breakwater .
Two angles of  lnc idence were invest igated,  90"  and
60o  ( see  F ig  5  f o r  de f i n l t i on  o f  l nc iden t  ang le ) .

Good agreement  for  the 90o case was obta ined,  but
the 60" incident angle gave poor agreement ln the
shel ter ,  wi th the parabol lc  model  underpredict lng
by up to 507". The single breakwater problem is
i nves t i ga ted  fu r the r  i n  Sec t i on  5 .2  o f  t h i s
r e p o r E .

(b )  C t r cu la r  shoa l  on  a  f l a t  seabed .

This is  another  c lass ical  test  case which has been
invest igated by Radder (L979> and Kirby and

Da l r ynp le  (1983 ) .  I t  r ep resen ts  a  pa r t i cu la r l y

severe test  for  the parabol ic  method.  The
refract .Lon method prediets a cusped caust ic  and

therefore breaks down wi th s t rong d i f f raet ion

ef fects occurr ing.  No analyt lca l  so lut ion ex is ts
for  th is  problen,  but  l t  has been lnvest igated

extensively  wi th other  types of  nodel  based on a

full wave equatlon. Radder has compared his
parabol ic  model  predlct ions wi th publ ished resul ts

f rom Ehese a l ternat ive models.  There is
qualltaclve agreement over and behind the shoal,

but  there are areas where s igni f icant  d i f ferences

in wave heighu occur. Klrby and Dalrynple

invest igated the ef fect  of  lnc luding thel r

deep-water non-llnear term. Generally they found

that  ch is  term had the ef fecE of  reducing wave

heights s t i l1  fur ther  at  the focus,  the ef fect

becoming more lmportant with higher incldent

rraves. Although Kirby and Dalrymple dld not

compare thei r  resul ts  rd i th  other  numer lcal  or

laboratory models,  other  researches (see below)

have found that  bet ter  predict ions are nade wi th

the lnc lus ion of  th is  type of  non- l lnear l ty .

( c )  E l l i p t l c  shoa l  on  a  s l op lng  seabed .

This is a slmilar but somewhat more complex test

case to the previous one.  As in  that  caser  a

cusped caust ic  is  obta lned by ref ract ion theory '

but the regular refraetion behaviour caused by the

sloping seabed is  super imposed on the caust ic '

This  problem was f i rs t  invest igated by Berkhof f ,

Booi j  and Radder (1982) who compared predlct ions



from their parabollc nodel wit,h those from a tay
tracing model and a full wave equation nodel.
Laboratory tests were addit ional ly carr ied out.
The parabollc model conpared well wlth both the
full wave equation model and the laboratory
measurements, and was sometthat better than the ray
traclng model.  l lowever,  there were signl f lcant
devlatlons from the measured wave heights at
certain locaEions behind the shoal.  The problem
was subsequently investigated by Llu and Tsay
(1983b) and Kirby and Dalrynple (1984).  Liu and
Tsay obtained sini lar results,  whl le Kirby and
Dalrynple obtained improved resulEs uslng thelr
deep-water non-linear parabolic nodel. Liu and
Tsay extended the problen by lntroducing a single
breakwater in different areas, but did not compare
their  results wlth other numerical  models or
laboratory measurements.

(d )  C i rcu la r  she l f .

As in the prevlous tr{o cases, this type of depth
prof i le causes a focussing of wave rays and
there fore  c rea tes  s t rong d i f f rac t lon  e f fec ts .
I , Ihal ln (1971) carr ied out a ser les of laboratory
experiments on wave propagation with this
bathynet,ry.  Lozano and Liu (1980) compared their
l lnear parabol ic model with Whal inrs data with
reasonably good agreement.  Llu and Tsay (1984)
compared their deep-water non-linear parabolic
nodel with some of l , thal ints measurenents (at
shorter per iods, correspondlng to deep water
condit ions).  Better wave heighE predlct ions rdere
obtalned, part icular ly near the focus, compared
with the linear model. Energy exchange between
the f i rst  and second harmonlcs l tas also predlcted.
Liu, Yoon and Kirby (1985) used their  shal low
waEer non-l lnear parabol ic nodel for a simi lar
comparison wlth I'Ihalints measurements at longer
perlods. Up to five harmonic components \rere
considered in this numerical model. Wave height
predlct lons for the f l rst  three harnonlcs ( the
only harmonics for whlch measured data were
available) were l-n reasonable agreement wlth
measurements.

(e) Subrnerged ls land wlth unlform slopes.

Tsay and Llu (L982) and Llu and Tsay (1983a) have
investigated the problem of waves travelling over
a submerged is land with a prof i le consist ing of
unlfornly sloping sides and a f lat  or polnted top.
The purpose ltas to test the ability of the
parabol ie model to lnclude weak ref lect ions.
Comparisons rrere made wlth wave heights from a
full wave equation model nith good agreement'



4.3  Conpar lsons  w i th
f ie ld  da ta

although the reflected wave energy was found to be
smal1.

Publ ished compar isons of  parabol lc  models wi th
laboratory experiments and alternatLve numerical
models are qui te exEensive.  In  contrast ,  there exLsts
l i t t1e publ ished mater ia l  compar lng the predict ions of
parabolic models ui.th measured wave data.

Boot j  (1981) has compared h ls  l lnear  parabol lc  model
wi th wave data f rom the Oosterschelde Estuary ln
Ilolland. IIe concluded that the nodel ls in good
agreement wit,h the fteld data, and the reader is
referred to Vr t j l ing and Bruinsma (1980) for  the
deta l led compar lson.  Booi j  a lso lnvest igated the
ef feets of  t ida l  currents ln  h is  model  and d iscovered
that  t ,hey created l i t t le  d i f ference in the overal l
spat ia l  d is t r lbut lon of  nave helghts,  but  that  at  some
locat lons the d l f ferences could be s igni f lcant .  The
currents tested were,  however,  qul t ,e  smal l ,  and more
severe ef fects could wel l  occur  in  areas wl th s t ronger
t idal  currents.

L iu and Tsay ( f985)  have compared thei r  l inear
parabollc model with two sets of ltave measurements
f rom the research p ler  of  the Amer lcan Coasta l
Engineer ing Research Cent , re at  Duck,  North Carol ina.
The bathynetry of  the area provides an in terest ing
test .  The depth contours are general ly  reasonably
st ra ight  and para11el ,  but  at  the t lp  of  the p ier

t ,here is  a depression which causes waves to ref ract
away to either side leaving reduced wave heights along
the length of the pier. Wave measurements were nade

at  spat ia l  in tervals  a long the p ler ,  and L lu and Tsay

achieved mixed success wi th thei r  model .  The f i rs t

set  of  measurements were wel l  predicted wi th the

inc lus lon of  an appropr late f r ic t lon facEor in  thei r

nodel .  The second set  of  measurements were '  however,

s igni f icant ly  underpredicted.  In  both cases the model
performed nuch better than a pure refraction model.

Unfor tunate ly ,  in  t ,hese compar isong,  no measured
of fshore data were avai lable and therefore the input

conditions to the model were somewhat unrellable.

A systemat ic  compar ison of  resul ts  f ron the parabol ic

model  developed by the Univers i ty  of  Del f t ,  l lo l land

wi th f ie ld data f rom the Dutch coast l ine near the

llaringvliet slulce has been carried out (Dingemans et

a l  (1984)) .  Thls  area has a complex,  shal low

bathynetry in  which st rong d i f f ract ion ef fects can be

expected.  Six  inshore waver ider  buoys were deployed,

with one buoy capable of recording wave dlrections

deployed fur ther  of fshore to prov ide the inc ident

boundary condi t ions for  the parabol ic  model .  I t  was

10



5 SOUE RESULTS A}ID
COUPARISONS WITE
A PARABOLIC
TIODEL

5.1  C i rcu la r  shoa l

found that the parabol ic nodel gave good results (with
a 157" standard deviatl.on) for Ehose cases where the
offshore naves approximated reasonably well to a
single frequency and direct ion. Results were less
accurate after naves had broken.

In view of the sparsl ty of f ie ld data/parabol ic nodel
comparisons, l t  is worth mentionlng two other seEs of
wave measurements which have been compared with pure
refract ion models and which could be reanalysed using
a parabol ic nodel.  These studles are reported in Wang
and Yang (1981) who took measurements at Syl t  on the
Dutch coast,  and Tucker,  Carr and Pit t  (1983) who
invesElgated wave transnl-ssion over Dunwich Bank on
the East Angl lan coast.

In  th ls  sect ion,  some resul ts  f rom a parabol ic  rnodel

being developed at  Br is to l  Univers l ty  and Hydraul ics

Researeh L ln l ted are presented.  Two c lass i .ca l  test

cases,  namely the c i rcu lar  shoal  and s lngle
breakwater ,  are lnvesElgated.

The slze of the modelled atea' and the location and

dimensions of  the shoal  are shown in F ig 2.  The depth

prof i le  over  the shoal  is  def ined by the equat ion:

h
o

[ = * 
(ho-hr)r  2

g 2
( 3 )

in  which h = depth at  a general  point  on the shoal ,  ho

ls  the constant  depth outs ide the shoal ,  hr  is  the

minimum depth at the centre of the shoal, R is the

radius of  the shoal  and r  ls  the d is tance f rom the

general  poinc to the centre of  the shoal .  In  these

tes t s ,  va lues  o f  R  =  5mr  ho  =  0 .9375m,  t r '  =  0 .3125n

and a wavelength,  Ler  of  2.5m on the f la t  area l lere

used. l"lonochromatic waves rtere incident at one slde

of  the gr id in  the d i rect ion of  the x-ax is  ( the nain

propagat lon d i rect ion) .  An e lement  s ize of  0.3125n ln

the x-dt rect lon by 0.L5625a in the y-d l rect ion l ras

used in these tests.  The values of  R,  ho,  h6,  Lo and

element  s lze correspond to those used by Radder (L979)

who investigated the same problem. A boundary

condLtLon 0r/ by = O was used on both side boundaries '

Resul ts  are presdnted in F ig 3 as contours of  wave

height coefficient over the whole rnodelled area. A

very s lmi lar  pat tern to Radderrs resul ts  is  obta lned'

1 1



This test  was repeated wi th extra correct lon terms
int roduced ln the governlng equat lon as suggested by
Ktrby (1986).  The governing equat ion wl th these terms
inc luded reads:

(4>

(s)

5.2 Single breakwater

#=for_+*r #. r,n**ln' ##
where nt = r l  lccr) l

Fig 4 shows wave height  coef f ic ients us lng Eq 4 in  the
ci rcular  shoal  problem. The ef fect  of  the correct ion
terms is t,o slightly enlargen the area of big wave
heights at  the focus and to shi f t  th ls  area upwave
from the shoal .  Thls  ef fect  ls ,  however,  very smal l ,
and even the or ig lnal  eguat ion gave good resul ts .  An
important  reason for  the snal l  e f fect  of  the
correct,ion terms is that only small deviations in the
di rect ion of  wave t ravel  occur  ln  th is  problen.  In
the s ingle breakwater  cest  case descr ibed below, the
ef fect ,  o f  larger  angles between the x-d i rect ion and
the wave d i - rect lon is  invest igated.

The position of the breakwater lras chosen to l ie along
the r ight-hand s ide of  the gr id in  the x-d l rect ion as
shown in Fig 5. The tip ri las at the upwave end of the
grid, and the breakwater was assumed to continue
indef ln i te ly  in  the downwave d i rect lon.  A f la t  seabed
Itas assumed throughout, and the problem was
non-dimensional ised by neasur lng d ls tances ln  terms of
wavelengths.  An e lement  s lze of  0.1 wavelength ln  the
x-d i rect lon by 0.125 wavelength in  the y-d i rect lon was

used.  An area of  2O wavelengths (x-d l rect ion)  by 10
wavelengths (y-d i rect ion)  was model led,  g iv ing a tota l
of  200 by 80 e lements.  Separate tests were carr led
ou t  f o r  i nc iden t  ang les  o f  1Oor  2O" r  30o r  40o  and  50o
(the inc ident  angle ls  def ined in Ffg 5) .  I^ Iave helght
coefflclents have been measured along a section normal

t ,o the breakwater  ( ie  tn the y-d i rect lon)  at  a
distance of f ive wavelengths downwave from the tip of

the break\rater. Results from the parabolic model are

compared wi th the analyt lca l  so lut ion to the problern.

These  resu l t s  a re  p resen ted  i n  F igs  6  t o  9 .

The compar ison for  the Inon-correctedr  parabol ie  nodel
(F igs 6 and 7)  ind lcates reasonable agreenent  for  10o

and 20o inc ident  angles,  but  becomes progressively

worse at  larger  angles.  The d i f ferences are worsE in

the t,ransition reglon between the unsheltered area Eo
the lef t  o f  the f igures and the shel ter  on the r ight .
When the tests nere repeated wt th the rcorrected '

parabol lc  model  the same t rend towards greater  error

L2



at large incident,  angles rras apparent (Figs 8 and 9).
llowever, results are generally much improved ln
comparlson wlth the non-corrected verslon,
part icular ly ln the t , ransl t lon reglon.

6 SII}I}IARY AND
CONCLUSIONS

(a) I"luch research work has been carried out slnce the
late nineteen-sevent ies on the appl lcat lon of
parabol ic methods to the propagat ion of waves in
coastal  regions. Tradit ional ly,  methods which
incorporate the refract ion and shoal ing of waves,
but not dl f f ract ion, have been used for these
types of problens. These methods, known as
refract, ion methods, have proved suecessful  in
areas where the seabed bathynetry ls reasonably
regular.  I {owever,  in areas of l r regular
bathymetry, such as where shoals and channels
occur,  these methods break down completely,  and a
type of method Ehat incorporates dl f f ract ion is
required. The parabol ic method is one such tyPe.
I t  ls part icular ly wel l -sui ted to open-sea coastal
rnodelling because known boundary conditions are
required only on the offshore boundary of the
grld,  and because the numerical  solut ion Process
involves considerably less conput ing effort  than
alternat ive models whleh lncorporate dl f i ract ion.

(b) A lot  of  the research effort  has been devoted to
extending the basic parabol ic equat ion (Eq 2) to
lnclude oLher wave phenomena such as bottom
fr ict ion, wave breaklng, current refract ion, and
various types of non-l ineari ty.  Most of the
published work has considered monochromatic and
monodirect ional lnput wave condit ions. Very
l i t t le considerat ion has been given to problems

concerned with random seas.

(c) Most of the publ ished comparisons of parabol ic
models rtith alternat,ive numerical models and
laboratory experiments have lnvolved ldealised .
depth prof i les which create imporcant di f f ract lon
effects.  In these comparisons, parabol ic models
invariably give better wave height predlct ions
than pure refractLon models. The agreement wlch
laboratory measurements appears to be generally

adequate for nost englneerLng purPoses, al though
cornmonly there are faLrly large areas, downwave of

the dl f f ract ing feature, where signi f icant
di f ferences occur.  There have been few publ lshed

comparlsons lnvolving lrregular bathymetries as
would typicat ly occur in pract ical  problerns '

(d) Li t t le comparison work wlth f le ld data has been
carrled out, and that whlch has been done is
lnconclusive.
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(e)  There has been l l t t le  publ ished work on the
accuracy of  parabol lc  models wi th respect  to
element size per wavelength, and on numerlcal
technl,ques to improve accuraey and lncrease the
al lowed e lement  s ize.  The lnformat ion that  has
been published usually forms a small part of a
paper whose main theme is the comparison with
other  types of  model .  However,  i t  is  probable
that unpublished work of thLs sort has been
carr ied out  and Lncorporated ln to pract ica l  models
in  use  a t  r esea rch  l ns t i t u t l ons .

FUl"ttRE REQUTBEMBNTS
(a)  The conput lng ef for t  ln  a parabol lc  nodel  is

strongly dependent on the maxLmum allowable
element  s ize.  The accuracy of  predlcted wave
helghts wi th respect  to  e lement  s izes should be
systemat ica l ly  invest igated and l f  possib le a
criterion for a maxlmum elenent slze per rrave-
length should be establ ished.

(b)  Fur ther  development  of  parabol ic  nodels is
necessary to incorporate inc ident  wave spectra,
and the addi t ional  computat lonal  ef for t  compared
with monochromatlc and monodirectional lncident
r laves should be assessed.

(c)  Systemat ic  compar lsons of  parabol ic  models (and
lndeed all types of numerical wave rnodel) with
f le ld data are an urgent  requLrement .  Di f ferent
types of  bathynetry,  seabed composi t lon and the
ef fects of  s t rong t ida l  curreots should be
inves t i ga ted .

(d)  The usefu lness of  parabol lc  models to coasta l
englneers w111 u l t lmate ly  depend on thel r
accuracy,  cost  and f lex lbt l l ty  when used in a
commerelal environment. Thls ls l ikely only to
become established by experLence when the models
are used on a regular  and fat r ly  rout ine basis .
At  the present  t ime parabol ic  models are st i l l  .
something of  a novel ty ,  and therefore exper lence
galned in thei r  use in  real  or  real is t ica l ly
s imulated problems wi l l  be Lnvaluable.
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