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ABSTRACT 

This report describes three computational models for determining wave 
refraction by a combination of depth variations and currents. The 
theoretical formulation of current-depth refraction and the numerical 
procedures used in the models are described. The models are tested for some 
simple cases involving parallel depth contours and unidirectional currents 
for which analytical solutions are available. 

The report was produced for the Water Directorate of the Department of the 
Environment under DOE Contract No. PECD 7/7/129. 
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1 INTRODUCTION 

The effects of waves and currents are important in many engineering 

applications. For example, knowledge of wave-current forces is needed 

to analyse the response of offshore structures, ships (berthed and 

under way), breakwaters, and coastal and harbour works. Knowing the 

wave current shear stress at the seabed is also essential to 

determining the concentration and movement of seabed material. 

Often engineers have reasonably accurate knowledge of waves and 

currents separately, and can analyse their separate effects. However, 

in many applications it is advisable to consider the interaction 

between them. Significantly different results are usually obtained 

when the interaction between waves and currents is taken into account 

compared with simply adding their separate effects. This is true both 

of the forces exerted by waves and currents, and of the propagation of 

wave energy from one location to another when currents are present. 

In this report we consider how wave-current interaction affects the 

propagation of waves in nearshore regions. The aim is to extend 

existing computational models of shallow water effects on waves 

(refraction, shoaling, bottom friction, breaking) to include the 

influence of currents. A complete description of wave-current 

interaction is not sought, and in any case would be mathematically 

intractable. Some simplifications are therefore assumed at the 

outset: 

1. The effects of waves on currents are ignored. Such effects 

include rip currents from a beach, and the circulation 

induced by differences in set-up of the water level between 

areas of different wave height. Generally the effects of 

waves on currents are smaller than those of currents on waves 

and often, as in the case of rip currents, they are 

localised, small-scale effects. 

2. Linear wave theory and the refraction approximation are 

assumed. This simplification is used in HR's existing ray 

tracing and finite difference models of wave propagation in 

coastal areas. The reason for this simplification is that it 



allows currents to be introduced without the equations 

becoming too complex for a ready computational solution in 

general coastal situations. The refraction approximation 

does place some limits on the types of waves and bathymetry 

that can be modelled with reasonable accuracy. Generally the 

refraction approximation does not hold shorewards of the 

breaker zone, and will work best where variations in water 

depth are gradual and regular. 

3. The currents are assumed to be vertically uniform and not 

varying with time. 

4. The tests described in this report do not include dissipative 

phenomena. However, the theoretical formulation used allows 

terms to be introduced describing the energy losses due to 

bottom friction and wave breaking. 

Existing wave models require gridded values of water depth over the 

studied sea area. The wave-current models will require, in addition, 

current magnitudes and directions to be specified in gridded form. In 

principle, currents from any physical source could be included, 

provided they are known in advance. However, many sources of currents 

such as wind-aenerated currents, wave-induced currents, currents 

arising from density variations etc, are difficult to determine over 

wide areas. Tidal currents, on the other hand, because of their 

periodicity, are usually predictable over large areas even where 

little tidal recording has taken place. In many nearshore regions of 

the world, and particularly around the British Isles, tidal currents 

are considerably more important than currents from other sources. It 

is envisaged therefore that tidal currents will be the main type of 

current used in these models. 

The models are not site specific and are designed to be used in 

general coastal areas. There are no restrictions on the grid size per 

wavelength, other than giving an adequate representation of the 

bathymetry and current field. They can therefore be used with waves 

of any period and sea areas of any size. 



2 THEORY 

2.1 I n t r o d u c t i o n  

The t h e o r y  of wave-current  i n t e r a c t i o n  w i t h i n  t h e  r e f r a c t i o n  

a p p r o x i ~ o a t i o n  has  been e x t e n s i v e l y  r e p o r t e d  i n  t h e  r e c e n t  t e c h n i c a l  

l i t e r a t u r e  ( s e e  f o r  example r e f e r e n c e s  1, 2,  3 ) .  A number of 

approaches  have been t r i e d ;  t h e  approach u s i n g  t h e  concept  of wave 

r a y s  i s  perhaps  t h e  most g e n e r a l ,  and i s  t h e  one most r e a d i l y  

i n c o r p o r a t e d  i n t o  e x i s t i n g  pure-wave computer models. A number of 

f u r t h e r  developments a r e  needed f o r  t h e  purpose  of a d a p t i n g  t h e  t h e o r y  

t o  e x i s t i n g  wave models i n  use  a t  HR. 

Wave-current i n t e r a c t i o n  h a s  been i n t r o d u c e d  i n t o  t h r e e  of H R ' s  

pure-wave computer models,  namely t h e  foward- t racking r a y  model, t h e  

back- t rack ing  r a y  model, and t h e  f i n i t e  d i f f e r e n c e  model. Each of 

t h e s e  pure-wave models c a t e r s  f o r  d i f f e r e n t  c o a s t a l  wave p r e d i c t i o n  

problems, and d e s c r i p t i o n s  of them can be found i n  r e f e r e n c e s  4-9. 

T h i s  s e c t i o n  c o n t a i n s  a  summary of t h e  d e r i v a t i o n  of t h e  wave-current  

e q u a t i o n s .  S e c t i o n  3 d e s c r i b e s  s p e c i f i c  f u r t h e r  developments needed 

t o  adap t  t h i s  t h e o r y  f o r  t h e  t h r e e  t y p e s  of computa t iona l  model. 

2.2 b e f i n i t i o n s  

I n  t h e  f o l l o w i n g ,  t h e  term " a b s o l u t e "  r e f e r s  t o  q u a n t i t i e s  measured 

r e l a t i v e  t o  t h e  seabed ,  and " r e l a t i v e "  t o  q u a n t i t i t e s  measured 

r e l a t i v e  t o  an o b s e r v e r  t r a v e l l i n g  w i t h  t h e  l o c a l  c u r r e n t .  

D e f i n i t i o n s  of symbols appear  i n  t h e  Appendix. 

F i g u r e  1 shows t h e  d e f i n i t i o n  of a  wave r a y .  I n  c o n t r a s t  t o  pure  

waves, r a y s  a r e  no t  d i r e c t e d  a long o r t h o g o n a l s  t o  wave f r o n t s .  

I n s t e a d  they  a r e  i n  t h e  d i r e c t i o n  of t r a v e l  of t h e  a b s o l u t e  group 

v e l o c i t y  ( e q u a l  t o  t h e  v e c t o r  sum of t h e  c u r r e n t  and t h e  r e l a t i v e  

group v e l o c i t y ) .  The wave k i n e m a t i c s  ( i . e .  d e t e r m i n a t i o n  of t h e  r a y  

p a t h s )  a r e  t r e a t e d  f i r s t .  The time-dependent governing e q u a t i o n s  a r e  

e s t a b l i s h e d  and then  p a r t i c u l a r i s e d  t o  t h e  t ime-independent c a s e ,  

which is used i n  t h e  models. The wave dynamics ( i . e  d e t e r m i n a t i o n  of 

wave energy)  a r e  t h e n  c o n s i d e r e d .  



2.3 Wave Kinemat ics  

We s t a r t  from f o u r  b a s i c  e q u a t i o n s  which a r e  d e r i v e d  from pure-wave 

r e f r a c t i o n  t h e o r y  and s imple  k inemat ic  c o n s i d e r a t i o n s .  

V x k  = D  - - E i c o n a l  Equa t ion  ( 1 )  

Zk - 
- + v w  = D  a t  - a  Conserva t ion  of Wave C r e s t  Equa t ion  ( 2 )  

w = w r + k . U  - - Doppler Equa t ion  
a  ( 3 )  

w2 = g  k  t a n h  (kh)  
K 

D i s p e r s i o n  Equa t ion  ( 4 )  

I n  t h e s e  e q u a t i o n s ,  w i s  t h e  a b s o l u t e  wave a n g u l a r  f r equency ,  w i s  
a  r 

t h e  r e l a t i v e  wave a n g u l a r  f r equency ,  k  i s  t h e  wavenumber, h  i s  t h e  

wa te r  d e p t h ,  g  i s  t h e  a c c e l e r a t i o n  due t o  g r a v i t y ,  U i s  t h e  c u r r e n t  

v e l o c i t y ,  and V is t h e  two-dimensional  h o r i z o n t a l  z r a d i e n t  o p e r a t o r .  

Under l ined symbols r e p r e s e n t  v e c t o r  q u a n t i t i e s .  

By e l i m i n a t i n g  w between Eq 3  and Eq 4, t h e  magnitude of the  wave- 
r 

number k  can be determined from t h e  r e s u l t i n g  e q u a t i o n  by a  

Newton-Raphson i t e r a t i o n  t echn ique .  

S u b s t i t u t i n g  Eq 3 i n t o  Eq 2  and u s i n g  Eq 1, 

a w  
+ 

W -  ( V U )  . k  - - - 

c  i s  t h e  r e l a t i v e  group v e l o c i t y .  
g r  

We can  w r i t e  Eq 5 a s  two e q u a t i o n s  i n v o l v i n g  t h e  magnitude ( k )  and 

d i r e c t i o n  ( a )  of t h e  wavenumber. T h i s  i s  done by t a k i n g  s c a l a r  

p r o d u c t s  w i t h  u n i t  v e c t o r s  i n  t h e  o r thogona l  d i r e c t i o n  ( S )  and wave 

c r e s t  d i r e c t i o n  ( f )  r e s p e c t i v e l y .  The r e s u l t s  a r e  
d  w r dh 



The time-independent equations are obtained by putting a / &  = 0 and 

c + U = c in the above equation 
er - - ga - 

In these equations, differentials of the depth (h) and the current 

quantities (U U ) are determined from the local depth and current 
X '  Y 

values. awr/ 2h is obtained by differentiation of the dispersion 

relation. The result is 

The relative and absolute group velocities are given by 

W 
C = L  (1 + 2kh 
gr Zk sinh (2kh) 1 

C 2  = u 2 +  c 2 +  2~ c cos (&a) 
ga er g= (12) 

in which 6 is the current direction. 

We now have equations for determining the spatial rate of change of 

wavenumber (k) and orthogonal angle ( a )  in the ray direction (along 

r). However, since the solution process relies on tracing rays (not 

orthogonals), we need an expression for the rate of change of ray 

direction (p) along r. We can derive this by using the relation 

between ray angle, and the current and orthogonal angles (see Fig 1). 

U s i n 6 + c  s l n a  
tan v = gr 

U cos 6 + c cos a 
gr 

Differentiation of Eq 13 vith respect to the ray direction (r) 

involves some algebra. The result simplifies to: 



I n  t h i s  e q u a t i o n ,  d i f f e r e n t i a l s  of  U and 6 are de te rmined  from l o c a l  

c u r r e n t  v a l u e s .  d a / d r  is g i v e n  by Eq 9. The e v a l u a t i o n  of d c  / d r  

r e q u i r e s  f u r t h e r  c o n s i d e r a t i o n .  From E q u a t i o n s  4  and 11 we can write 

dg k  t a n h ( k h )  2kh ) 
C = 

g= 2k ( l  + s i n h  (2kh) 

c i s  a f u n c t i o n  of  k  and h  o n l y ,  and t h e r e f o r e  
R =  

d k / d r  is g i v e n  by Eq 8, d h / d r  i s  de te rmined  f rom l o c a l  d e p t h  v a l u e s ,  

and ?c /dk and k /dh a r e  found from d i f f e r e n t i a t i o n  of Eq 15. 
€5 g r  

A f t e r  some a l g e b r a  t h e  r e s u l t s  are: 

where T = t a n h  ( k h )  

T h i s  comple te s  t h e  s y s t e m  of e q u a t i o n s  needed f o r  d e t e r m i n i n g  t h e  r a y  

p a t h s .  

2.4 Wave Dynamics 

The wave h e i g h t  is de te rmined  by t h e  c o n d i t i o n  of c o n s e r v a t i o n  of wave 

a c t i o n  a l o n g  r a y s  

A ~ C  b  
g =  = C o n s t a n t  



where b  i s  t h e  ray  s e p a r a t i o n .  Refe rences  10 and 11 c o n t a i n  

d e r i v a t i o n s  of t h i s  e q u a t i o n .  The c o n s e r v a t i o n  of wave a c t i o n  can be 

expressed  i n  o t h e r  ways. Which of t h e s e  i s  used depends on t h e  

numerical  method adopted,  and t h i s  w i l l  be cons idered  i n  t h e  nex t  

s e c t i o n .  

3 NUMERICAL SOLUTION OF THE WAVE-CURRENT EQUATIONS 

I n  t h i s  s e c t i o n  we d e s c r i b e  t h e  a d a p t a t i o n s  t o  t h e  theory  needed f o r  

each  of t h e  t h r e e  wave models. 

3.1 Forward-Tracking Ray Model 

The s e a  a r e a  under s t u d y  is d i s c r e t i s e d  wi th  a  s e t  of g r i d s ,  e a c h  

composed of square  e lements .  F i e l d  q u a n t i t i e s  ( i e  d e p t h s ,  c u r r e n t  

magnitudes and c u r r e n t  d i r e c t i o n s )  a r e  i n p u t  t o  t h e  model a s  a n  a r r a y  

of va lues  a t  t h e  v e r t i c e s  i n  t h e  g r i d s .  For t h e  purpose of p l o t t i n g  

rays  a c r o s s  t h e  g r i d s ,  each s q u a r e  element i s  subd iv ided  i n t o  two 

r igh t -ang led  t r i a n g l e s .  F i e l d  q u a n t i t i e s  and t h e i r  s p a t i a l  

d e r i v a t i v e s  a r e  determined a t  any p o i n t  i n  a  t r i a n g l e  by l i n e a r  

i n t e r p o l a t i o n  between t h e  f i e l d  v a l u e s  a t  t h e  t h r e e  v e r t i c e s .  

The t echn ique  of t r a c i n g  r a y s  a c r o s s  s u c c e s s i v e  t r i a n g u l a r  e lements  i s  

very  s i m i l a r  t o  t h e  pure-wave ~node l  ( r e f  7 ) .  However, t h e r e  a r e  some 

d i f f e r e n c e s  i n  t h e  d e t e r m i n a t i o n  of t h e  c u r v a t u r e  of t h e  ray pa ths .  

I n  t h e  pure-wave model t h e  i n t e r p o l a t e d  q u a n t i t y  i n  each t r i a n g l e  i s  

t h e  wave c e l e r i t y .  With t h i s  assumption t h e  ray  c u r v a t u r e  can  be 

shown t o  be c o n s t a n t  throughout  t h e  whole t r i a n g l e  ( r e £  8). Thus t h e  

ray p a t h s  a r e  s imply c i r c u l a r  a r c s  and can be determined e x a c t l y .  I n  

t h e  wave-current model, however, t h i s  is not t h e  c a s e ,  and t h e  

c u r v a t u r e  of a  ray p a t h  w i l l  change from p o i n t  t o  p o i n t  a long  t h e  p a t h  

w i t h i n  a  t r i a n g l e .  

T h i s  d i f f i c u l t y  can be overcome wi th  a n  i t e r a t i o n  p rocess .  When a  r a y  

e n t e r s  a  t r i a n g l e ,  i t s  c u r v a t u r e  i s  c a l c u l a t e d  and assumed t o  be 

c o n s t a n t  i n  t h e  t r i a n g l e .  The e x i t  p o i n t  is  determined and t h e  

c u r v a t u r e  a t  t h a t  p o i n t  c a l c u l a t e d .  Knowing t h e  c u r v a t u r e s  a t  t h e  

e n t r y  and e x i t  p o i n t ,  an  e s t i m a t e  can be made of t h e  e r r o r  i n  t h e  ray  

pa th .  I f  t h i s  e r r o r  exceeds  a  c e r t a i n  l e v e l ,  t h e  ray pa th  is 

r e - t r a c e d  u s i n g  t h e  average  of t h e  c u r v a t u r e s  a t  t h e  e n t r y  and e x i t  



p o i n t s .  T h i s  shou ld  g i v e  s u f f i c i e n t  accuracy  i n  most c a s e s ,  but  i f  

n e c e s s a r y  t h e  p r o c e s s  can  be r e p e a t e d  f u r t h e r .  I n  s e c t i o n  5.2 r e s u l t s  

a r e  p r e s e n t e d  showing t h e  e f f e c t  of i n c l u d i n g  t h e  i t e r a t i v e  s t e p .  

Eq 19 i s  used t o  de te rmine  wave h e i g h t s  a l o n g  a  r a y .  The c o n s t a n t  is 

s e t  a t  t h e  s t a r t  of each r a y ,  and subsequent  v a l u e s  of wave h e i g h t  

a long  each r a y  a r e  c a l c u l a t e d  from t h e  l o c a l  v a l u e s  of c  wr and b. 
g r  ' 

The f i r s t  two of t h e s e  q u a n t i t i e s  have a l r e a d y  been de te rmined  i n  t h e  

r a y  t r a c i n g  p r o c e s s  (Eqs 12 and 4 )  but the  ray  s e p a r a t i o n  b r e q u i r e s  

f u r t h e r  c a l c u l a t i o n .  For each r a y ,  t h e  r a y  s e p a r a t i o n  can be 

de te rmined ,  w i t h o u t  r e f e r e n c e  t o  neighbour ing r a y s ,  by s o l v i n g  

n u m e r i c a l l y  a  second o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  a long  t h e  

r a y  ( r e £  3).  However, a  b e t t e r  method is  t o  use  a  r a y  a v e r a g i n g  

p rocess  i n  each g r i d  s q u a r e  ( r e £  12) .  I f  t h i s  is  done,  t h e  ray  

s e p a r a t i o n  does not  have t o  be e x p l i c i t l y  c a l c u l a t e d .  F u r t h e r  

advan tages  of t h e  ray  a v e r a g i n g  p r o c e s s  a r e  t h a t  ray  c r o s s i n g s  and 

c a u s t i c s  a r e  a u t o m a t i c a l l y  smoothed, and r e s u l t s  a r e  g e n e r a t e d  i n  a  

r e g u l a r  a r r a y  o v e r  t h e  whole s t u d i e d  s e a  a r e a .  

3.2 Back-Tracking Ray Model 

The same c o n s i d e r a t i o n s  about  r e p r e s e n t i n g  f i e l d  q u a n t i t i e s ,  r a y  

t r a c i n g ,  and i t e r a t i o n  of ray  c u r v a t u r e  apply  t o  t h e  back- t rack ing  

model. However, a  d i f f e r e n t  method of c a l c u l a t i n g  wave h e i g h t s  i s  

used.  

I n  t h e  pure wave back- t rack ing  model a  f a n  of r a y s  i s  t r a c e d  from a  

s i n g l e  i n s h o r e  p o i n t  o u t  t o  deep water  i n  t h e  o p p o s i t e  s e n s e  t o  t h e  

a c t u a l  d i r e c t i o n  of t r a v e l  of t h e  waves (hence t h e  name 

' b a c k - t r a c k i n g '  o r  ' r e v e r s e - t r a c k i n g ' .  See F i g  3). I n  t h i s  method a  

wave spec t rum i n  pe r iod  and d i r e c t i o n  i s  c o n s i d e r e d ,  r a t h e r  than  t h e  

s i n g l e  p e r i o d s  and d i r e c t i o n s  i n  t h e  foward- t rack ing  model. An 

o f f s h o r e  wave spec t rum i s  s p e c i f i e d ,  and t h e  cor respond ing  i n s h o r e  

spec t rum i s  c a l c u l a t e d  u s i n g  t h e  c o n d i t i o n  of c o n s e r v a t i o n  of s p e c t r a l  

d e n s i t y  a l o n g  each  r a y .  T h i s  c o n d i t i o n  is s l i g h t l y  d i f f e r e n t  t o  t h a t  

f o r  pure waves. 

The c o n s e r v a t i o n  of s p e c t r a l  d e n s i t y  i n  t h e  wave-current  c a s e  can b e  

s t a t e d  a s  



where k and k are the components of wavenumber in the co-ordinate 
X Y 

directions. This condition follows from Liouville's Theorem in 

classical mechanics. 

Since offshore spectra are usually given in terms of period (or 

frequency) and orthogonal angle, we require the spectral density in Eq  

20 to be a function of these quantitites. We can obtain the relation 

between the two by equating infinitesimal elements. 

Now dkx dk = k dk da 
Y 

and, by differentiation of the Doppler equation Eq 3, 

C 

Therefore S(kx, ky) = 
gr + Ucos( &a) 

k s(wa, a) 

Substituting into Eq 20, 

c + Ucos( &a) 
( gr ) S(w ,a) = Constant along a ray a 

(7-2) 
% 

The determination of the inshore spectrum and related statistical 

quantitites is identical to the pure-wave back-tracking model. It is 

important to remember that since rays are being traced backwards, the 

input current directions should be altered by 180' from their 'real 

life' directions. 

3.3 Finite Difference Nodel 

In the Finite Difference model, the governing refraction equations are 

solved by a finite difference scheme with nodes at the grid vertices. 

The offshore wave conditions (either a single period and direction or 

a spectrum) are specified at points along the row at the seaward edge 



of t h e  g r i d .  A marching method i s  then used t o  c a l c u l a t e  wave 

h e i g h t s ,  p e r i o d s  and d i r e c t i o n s  a l o n g  s u c c e s s i v e  rows. A t  each row a n  

i t e r a t i v e  p r o c e s s  i n v o l v i n g  a  p r e d i c t o r  and c o r r e c t o r  s t e p  is c a r r i e d  

o u t .  D e t a i l s  of the  numer ica l  scheme a r e  t h e  same a s  f o r  t h e  pure- 

wave model ( r e f  9 )  extended t o  i n c l u d e  t h e  a d d i t i o n a l  v a r i a b l e s  i n  the  

wave-current c a s e .  The govern ing  k inemat ic  e q u a t i o n s  a r e  t h e  

same a s  f o r  t h e  wave-current  ray  models, but  t h e  dynamic e q u a t i o n s  

have a  d i f f e r e n t  form. Th i s  i s  cons ide red  below: 

A d i f f e r e n t i a l  form of Eq 19 i s  used f o r  de te rmin ing  wave h e i g h t s .  

Lf d i s s i p a t i v e  e f f e c t s  a r e  t o  be c o n s i d e r e d ,  a  n e g a t i v e  term i s  

in t roduced  on t h e  r ight-hand s i d e .  Eq 23 can  be expanded t o  g i v e  t h e  

r a t e  of change of wave energy p e r p e n d i c u l a r  t o  the  rows ( t h e  X 

d i r e c t i o n  is a long  rows, and t h e  y  d i r e c t i o n  a c r o s s  rows). 

x d e r i v a t i v e s  a r e  known from ne ighbour ing  v a l u e s  a long  rows. T h i s  

l e a v e s  dc / d r  and dw / d r  t o  be determined.  is found 
ga r 

from knowing d d d r  (Eq 1 4 )  and a d a x  

1 d p  3 = -  (- - cos  p-) W 
ay s i n  p  d r  &i 

d c  / d r  and dwr/dr a r e  found from d i f f e r e n t i a t i o n  of Eqs 12 and 3 
g a  

r e s p e c t i v e l y .  The r e s u l t s  a re :  

d 6  d a  - U c  s i n  ( & a )  (=- =)] 
g  = 



4 TESTS WITH THE WAVE-CURRENT WJDELS 

4.1 Introduction 

The verification of a mathematical model generally involves two 

stages. The first stage is to investigate how well the model predicts 

the exact solution of its governing equations. The second stage is to 

assess how good an approximation the governing equations are to a 

complete description of the physical processes occuring in nature. 

The tests described in this section are concerned with the first of 

these stages. The second stage, however, is usually more difficult. 

Generally speaking, since the wave-current models are based on a ray 

approximation, they will suffer much the same limitations as ray 

methods in the pure-wave case, plus some further restrictions relating 

to the modelling of the current field. An outline of some of these 

limitations has been given in the introduction to this report 

(Section 1). Much fuller discussions can be found in the technical 

literature (see for exalnple references 2, 11 and 13). 

4.2 Depth and Current Profiles 

The three wave-current models have been tested with a simple bed 

bathymetry and current field. These tests, as well as demonstrating 

the accuracy of the models in their predictions of wave height and 

direction, are designed to show the sort of effects that currents can 

have on wave propagation. 

The depth profile and grid used in these tests consist of a parallel 

contoured seabed covered by a grid of 24 by 9 square elements. The 

depth contours are parallel to the longer axis of the grid 

(X direction) and the depth values vary linearly fro10 15m to 5m along 

the shorter axis (y direction). Figure 2 shows the grid and depth 

contours. Despite its simplicity, a parallel contoured seabed is a 

good approximation to the depth profile in many coastal areas. 

The current magnitudes vary linearly in the y direction from a value 

of 3ms-l at the offshore boundary (the 15m depth contour) to 0.75ms-I 



a t  t h e  i n s h o r e  boundary ( t h e  5~  dep th  c o n t o u r ) .  There i s  no v a r i a t i o n  

of c u r r e n t  magnitude i n  t h e  X d i r e c t i o n .  The c u r r e n t  d i r e c t i o n s  a r e  

everywhere i n  t h e  n e g a t i v e  X d i r e c t i o n  ( t o  t h e  l e f t  i n  F igure  2 ) .  

The magnitudes of t h e s e  c u r r e n t s  a r e  l a r g e r  than commonly encountered 

i n  t i d a l  regimes.  These l a r g e  c u r r e n t s  have been chosen s o  t h a t  t h e  

performance of t h e  models can be a s s e s s e d  i n  a r e a s  of s t r o n g  c u r r e n t  

r e f r a c t i o n  which a r e  u n l i k e l y  t o  be exceeded i n  p r a c t i c e .  

4.3 T e s t s  Without C u r r e n t s  

A s e r i e s  of t e s t s  were c a r r i e d  o u t  i n i t i a l l y  t o  check t h a t  t h e  t h r e e  

t y p e s  of model g i v e  c o r r e c t  pure-wave r e s u l t s  when t h e r e  i s  no c u r r e n t  

f i e l d .  I n  t h e  absence of c u r r e n t s ,  t h e  wave h e i g h t  and d i r e c t i o n  a t  

any p o i n t  i n  t h e  g r i d  can be p r e d i c t e d  from S n e l l ' s  Law of r e f r a c t i o n  

f o r  g iven  i n c i d e n t  wave c o n d i t i o n s .  Each t e s t  was run a t  a  pe r iod  of 

16s  f o r  a  v a r i e t y  of i n c i d e n t  wave a n g l e s  ( d e f i n e d  a s  t h e  a n g l e  

between t h e  X a x i s  and t h e  forward ray  d i r e c t i o n ,  measured 

a n t i c l o c k w i s e  from t h e  X a x i s ) .  These t e s t s  a r e  d e s c r i b e d  below. 

4.3 .1  Back-Tracking Ray 1,Lodel 

A s i n g l e  run was performed, send ing  a  f a n  of r a y s  from one i n s h o r e  

p o i n t  s i t u a t e d  i n  t h e  c e n t r e  of t h e  n i n t h  row of s q u a r e s .  Rays were 

c o l l e c t e d  a l o n g  t h e  o f f s h o r e  boundary i n  a n g u l a r  'boxes '  of width 10'. 

These boxes were c e n t r e d  on v a l u e s  of 3 5 ' ,  4 5 ' ,  55' e t c  up t o  1 4 5 " .  

These c e n t r a l  v a l u e s  t h e r e f o r e  r e p r e s e n t  a n  average  i n c i d e n t  wave 

d i r e c t i o n  f o r  each box. For each of t h e s e  i n c i d e n t  wave d i r e c t i o n s ,  

wave h e i g h t s  and d i r e c t i o n s  a t  t h e  i n s h o r e  p o i n t  were determined.  

It was expec ted  t h a t  r e f r a c t i o n  e f f e c t s  would s t r o n g l y  reduce  t h e  

number of r a y s  i n  a n  o f f s h o r e  box compared t o  t h e  number of rays  

s e t t i n g  out  from t h e  i n s h o r e  p o i n t  w i t h i n  t h e  same angula r  range.  The 

i n i t i a l  increment i n  a n g l e  between r a y s  i n  t h e  f a n  was t h e r e f o r e  

chosen a s  0.125 d e g r e e s ,  a  va lue  which ensured a  s u f f i c i e n t  number of 

r a y s  reached each o f f s h o r e  box. 



4.3.2 Forward-Tracking Ray Model and F i n i t e  D i f f e r e n c e  Model 

S i x  runs  of each model were c a r r i e d  o u t  f o r  i n c i d e n t  wave d i r e c t i o n s  

of 35", 45", 55', 65', 75' and 85' t o  correspond t o  r e s u l t s  o b t a i n e d  

i n  t h e  back- t rack ing  model. From t h e  symmetry of t h e  problem, 

i n c i d e n t  a n g l e s  between 95' and 145" would g i v e  t h e  same r e s u l t s .  I n  

both  models,  r e s u l t s  were o b t a i n e d  a t  p o i n t s  i n  a  r e c t a n g u l a r  a r r a y  

c o v e r i n g  t h e  whole g r i d .  However, t h e s e  t e s t s  a r e  e s s e n t i a l l y  one 

d imens iona l  ( i n  t h e  h o r i z o n t a l  p l a n e )  and t h e r e f o r e  i d e n t i c a l  r e s u l t s  

a r e  expec ted  from p o i n t  t o  p o i n t  a l o n g  each row. An i m p o r t a n t  

d i f f e r e n c e  between t h e  models is  t h a t  t h e  ray  model g i v e s  r e s u l t s  

a t  t h e  c e n t r e s  of t h e  square  e lements  whi le  t h e  f i n i t e  d i f f e r e n c e  

model g i v e s  r e s u l t s  a t  t h e  g r i d  i n t e r s e c t i o n s .  I n s h o r e  r e s u l t s  from 

t h e  f i n i t e  d i f f e r e n c e  model a r e  t h e r e f o r e  an  average  of v a l u e s  i n  rows 

e i t h e r  s i d e  of t h e  s q u a r e  e lements  f o r  which ray  model r e s u l t s  a r e  

quoted.  I n s h o r e  r e s u l t s  a r e  o b t a i n e d  i n  t h e  middle of t h e  n i n t h  row 

of s q u a r e s ,  co r respond ing  t o  t h e  back- t racking t e s t s .  

4.4 T e s t s  With C u r r e n t s  

The c u r r e n t  f i e l d  ( d e f i n e d  i n  s e c t i o n  4.2) was now used i n  t h e  models,  

and t h e  same s e r i e s  of t e s t s  a s  i n  t h e  no-current  c a s e  was c a r r i e d  

o u t .  The i n c l u s i o n  of c u r r e n t s  meant t h a t  t h e r e  were some d i f f e r e n c e s  

i n  t h e  t e s t s .  

When c u r r e n t s  a r e  i n c l u d e d  i t  i s  n e c e s s a r y  t o  make t h e  d i s t i n c t i o n  

between wave o r t h o g o n a l s  and wave r a y s  when s p e c i f y i n g  wave d i r e c t i o n s  

( i n  t h e  pure-wave c a s e  o r t h o g o n a l s  and r a y s  a r e  c o i n c i d e n t ) .  I n  a l l  

t h r e e  models, t h e  i n c i d e n t  wave d i r e c t i o n s  a r e  s p e c i f i e d  a s  o r thogona l  

d i r e c t i o n s .  These a r e  conver ted  t o  r ay  d i r e c t i o n s  i n  t h e  models,  and 

t h e  r a y s  a r e  then  t r a c e d  a c r o s s  t h e  g r i d .  I n  t h e  f i n i t e  d i f f e r e n c e  

model, r ay  p a t h s  a r e  not  e x p l i c i t l y  determined b u t  r a t e s  of change of 

v a r i o u s  q u a n t i t i e s  a l o n g  ray  d i r e c t i o n s  a r e  c a l c u l a t e d .  On o u t p u t ,  

r a y  d i r e c t i o n s  a r e  conver ted  back t o  o r t h o g o n a l  d i r e c t i o n s .  

The p resence  of t h e  c u r r e n t  f i e l d  means t h a t  t h e  problem i s  no l o n g e r  

symmetric f o r  i n c i d e n t  o r t h o g o n a l  d i r e c t i o n s  e i t h e r  s i d e  of 90' .  

Twelve r u n s ,  i n s t e a d  of s i x ,  were t h e r e f o r e  c a r r i e d  o u t  w i t h  t h e  

fo rward- t rack ing  r a y  model and f i n i t e  d i f f e r e n c e  model, f o r  i n c i d e n t  

wave d i r e c t i o n s  between 35" and 145' i n c l u s i v e  a t  10' i n t e r v a l s .  For  



this current field, however, the problem remains one dimensional and 

identical results can be expected at all points on each row. Snell's 

Law can be extended to include the effects of this current field, 

thereby giving an analytical solution for this problem. 

Pig 3  shows the ray paths from the back-tracking model using this 

current field. Fig 4 shows three sets of ray paths using the forward- 

tracking model. 

5 DISCUSSION OF RESULTS 

5.1 Agreement Between Models and Analytical Solution 

Table 1 shows inshore wave heights for the pure-wave tests. Agreement 

between the models and the analytical solution is very good, with the 

forward-tracking and back-tracking ray models agreeing to within 0.5X 

of the analytical value for all incident wave directions. The finite 

difference model gives results somewhat lower than the analytical 

solution, the worst difference being about 2 L .  

The same trends in wave height error are apparent when the current 

field is introduced (Table 3 ) .  The forward-tracking and back-tracking 

ray models are slightly less accurate in comparison with the pure-wave 

tests. The forward-tracking wave heights are all within 1X of the 

analytical solution, while the back-tracking values differ by up to 

22. The finite difference model displays similar accuracy to the 

pure-wave tests. 

Table 2 shows inshore wave orthogonal directions for the pure-wave 

tests. There is excellent agreement between all the raodels and the 

analytical solution for all incident directions. With currents 

present (Table 4), all the models show a similar very good agreement 

with the analytical solution. 

From these results it can be concluded that the effects of quite 

strong current refraction, combined with depth refraction, are 

accurately represented in all three models. 



5.2 I n c l u s i o n  of I t e r a t i o n s  

I n  e a r l i e r  s e c t i o n s  i t  was shown t h a t  a n  i t e r a t i v e  p rocedure  could  b e  

i n c l u d e d  i n  a l l  t h r e e  models t o  improve t h e i r  accuracy .  I n  

S e c t i o n  3.1, we showed t h a t  an i t e r a t i v e  p rocedure  cou ld  be used t o  

improve t h e  p r e d i c t i o n  of t h e  r a y  p a t h s  i n  t h e  fo rward- t rack ing  and 

back- t racking r a y  models. I n  S e c t i o n  3.3, w e  saw t h a t  t h e  c o r r e c t o r  

s t e p  i n  t h e  p r e d i c t o r - c o r r e c t o r  method could  be r e p e a t e d  t o  g i v e  

g r e a t e r  accuracy .  T a b l e s  3 and 4 show t h e  e f f e c t s  of i n c l u d i n g  t h e s e  

i t e r a t i v e  p rocedures .  

Tab le  3 i n d i c a t e s  t h a t  i n c l u d i n g  t h e  i t e r a t i o n  s t e p  i n  t h e  forward-  

t r a c k i n g  r a y  model h a s  ve ry  l i t t l e  e f f e c t  on t h e  p r e d i c t e d  wave h e i g h t  

( l e s s  t h a n  0 .2%).  With t h e  back- t racking model, t h e  e f f e c t  is 

s l i g h t l y  g r e a t e r  f o r  some i n c i d e n t  wave d i r e c t i o n s  (up t o  1%).  I t  can 

be s e e n  t h a t  i n  some c a s e s  t h e  i t e r a t i o n  s t e p  a c t u a l l y  makes t h e  wave 

h e i g h t s  a g r e e  l e s s  w e l l  wi th  t h e  a n a l y t i c a l  v a l u e s .  However, t h i s  

might be expec ted  s i n c e  t h e  ve ry  s m a l l  a d j u s t m e n t s  i n  wave h e i g h t  a r e  

l i k e l y  t o  be outweighed by t h e  e r r o r s  i n  t h e  r a y  c o u n t i n g  p r o c e s s e s  

which a r e  p r e s e n t  i n  t h e  two r a y  models. These r a y  c o u n t i n g  p r o c e s s e s  

c a n  produce e r r o r s  of up t o  1% f o r  t h e  ray  d e n s i t i e s  used i n  t h e  

t e s t s ,  and t h e s e  e r r o r s  a r e  e s s e n t i a l l y  random. The i n c l u s i o n  of t h e  

second c o r r e c t o r  s t e p  i n  t h e  f i n i t e  d i f f e r e n c e  model makes no 

d i f f e r e n c e  t o  t h e  wave h e i g h t  r e s u l t s .  

The i n f l u e n c e  of t h e  i t e r a t i o n  s t e p  on p r e d i c t e d  o r t h o g o n a l  d i r e c t i o n s  

i s  shown i n  Tab le  4. I n  c o n t r a s t  t o  t h e  wave h e i g h t s ,  t h e  i t e r a t i o n  

s t e p  shows a  c o n s i s t e n t ,  though s m a l l ,  improvement f o r  t h e  two r a y  

models. I n  bo th  models t h e  d i f f e r e n c e  i s  a s  much a s  h a l f  a  degree ,  

and i n  most c a s e s  t h e  i t e r a t i o n  s t e p  b r i n g s  t h e  o r t h o g o n a l  d i r e c t i o n s  

c l o s e r  t o  t h e  a n a l y t i c a l  v a l u e s .  I n  t h e  f i n i t e  d i f f e r e n c e  model t h e r e  

i s  no e f f e c t  on o r t h o g o n a l  d i r e c t i o n .  

I n  c o n c l u s i o n ,  we s e e  t h a t  t h e  i t e r a t i o n  s t e p  has  a  n e g l i g i b l e  e f f e c t  

on t h e  p r e d i c t i o n  of wave h e i g h t s  i n  t h e  fo rward- t rack ing  and back- 

t r a c k i n g  r a y  models, b u t  g i v e s  a  s m a l l  improvement t o  t h e  p r e d i c t e d  

o r t h o g o n a l  d i r e c t i o n s .  The i n c l u s i o n  of a  second c o r r e c t o r  s t e p  i n  

t h e  f i n i t e  d i f f e r e n c e  model h a s  no e f f e c t  on e i t h e r  wave h e i g h t  o r  

o r t h o g o n a l  d i r e c t i o n .  



5.3 E f f e c t s  of C u r r e n t s  on Wave R e f r a c t i o n  

The i n f l u e n c e  of c u r r e n t s  on t h e  wave o r thogona l  d i r e c t i o n s  is shown 

by comparing Tables  2  and 4. From t h e s e  t a b l e s  i t  can be s e e n  t h a t  

t h e  e f f e c t  of t h e  c u r r e n t  f i e l d  i s  t o  reduce r e f r a c t i o n  f o r  i n c i d e n t  

o r t h o g o n a l  d i r e c t i o n s  l e s s  than 90' and t o  i n c r e a s e  r e f r a c t i o n  f o r  

d i r e c t i o n s  g r e a t e r  than  90". T h i s  behaviour  can be p r e d i c t e d  by t h e  

f o l l o w i n g  reasoning.  

For i n c i d e n t  o r thogona l  d i r e c t i o n s  less than  90": 

( a )  Cons ider ing  c u r r e n t  e f f e c t s  only .  A s  t h e  wave p ropaga tes  a c r o s s  

t h e  g r i d ,  t h e  wavenumber t e n d s  t o  decreases .  Th i s  is  by v i r t u e  of 

( 1 )  t h e  c u r r e n t  opposing t h e  wave d i r e c t i o n  and ( 2 )  t h e  c u r r e n t  

s t r e n g t h  decreas ing .  A d e c r e a s e  i n  wavenumber i n  t u r n  means (from 

E q  1 )  t h a t  t h e  o r thogona l  d i r e c t i o n  d e c r e a s e s .  

( b )  Cons ider ing  dep th  e f f e c t s  only .  There w i l l  be depth  r e f r a c t i o n  

c a u s i n g  t h e  o r thogona l  d i r e c t i o n  t o  i n c r e a s e .  

( c )  Cons ider ing  c u r r e n t  e f f e c t s  on dep th  r e f r a c t i o n .  With t h e  c u r r e n t  

f i e l d  p r e s e n t  w e  would expec t  l a r g e r  wavenumbers everywhere 

compared w i t h  t h e  pure-wave case .  These l a r g e r  wavenumbers mean 

t h a t  dep th  r e f r a c t i o n  w i l l  be weaker than t h e  pure-wave c a s e ,  and 

t h e r e f o r e  o r t h o g o n a l  d i r e c t i o n s  w i l l  i n c r e a s e  l e s s  r a p i d l y .  

E f f e c t s  ( a )  and ( c )  a c t  t o g e t h e r  and show t h a t  we would expec t  a  n e t  

d e c r e a s e  i n  o r thogona l  a n g l e  ( i e  reduced r e f r a c t i o n )  i n  t h e  c u r r e n t s  

c a s e  compared w i t h  t h e  pure-wave case .  

For i n c i d e n t  o r t h o g o n a l  d i r e c t i o n s  g r e a t e r  t h a n  90": 

( a )  Cons ider ing  c u r r e n t  e f f e c t s  only .  A s  t h e  wave p ropaga tes  a c r o s s  

t h e  g r i d ,  t h e  wavenumber t ends  t o  i n c r e a s e .  Th is  i s  because  ( 1 )  

t h e r e  i s  a  component of t h e  c u r r e n t  i n  t h e  same d i r e c t i o n  a s  t h e  

waves and (2)  t h e  c u r r e n t  s t r e n g t h  decreases .  An i n c r e a s e  i n  

wavenumber i n  t u r n  means t h a t  t h e  o r t h o g o n a l  a n g l e  i n c r e a s e s .  

( b )  Cons ider ing  d e p t h  e f f e c t s  on ly .  There w i l l  be dep th  r e f r a c t i o n  

c a u s i n g  t h e  o r thogona l  d i r e c t i o n  t o  d e c r e a s e .  



( C )  Cons ide r ing  c u r r e n t  e f f e c t s  on d e p t h  r e f r a c t i o n .  With t h e  c u r r e n t  

f i e l d  p r e s e n t  we would expec t  s m a l l e r  wavenumbers everywhere 

compared w i t h  t h e  pure-wave case .  These s m a l l e r  wavenutubers mean 

t h a t  d e p t h  r e f r a c t i o n  w i l l  be s t r o n g e r  than  t h e  pure-wave c a s e ,  

and t h e r e f o r e  or t l logonal  d i r e c t i o n s  w i l l  d e c r e a s e  more r a p i d l y .  

E f f e c t s  ( a )  and ( c )  now a c t  a g a i n s t  each o t h e r .  It i s  no t  c l e a r  

t h e r e f o r e  whether we would expec t  a  n e t  i n c r e a s e  o r  d e c r e a s e  i n  

o r thogona l  a n g l e  i n  t h e  c u r r e n t s  c a s e  compared w i t h  t h e  pure-wave 

c a s e .  However, whichever o c c u r s ,  we would expec t  t h e  change t o  be 

s m a l l e r  than  i t  was f o r  i n c i d e n t  o r thogona l  d i r e c t i o n s  l e s s  t h a n  90° ,  

where e f f e c t s  ( a )  and ( c )  a c t e d  wi th  each o t h e r .  I n  f a c t  we s e e  from 

Tab les  2 and 4  a  n e t  d e c r e a s e  i n  o r thogona l  a n g l e  ( i e  s t r o n g e r  

r e f r a c t i o n ) .  We a l s o  n o t e ,  a s  p r e d i c t e d ,  t h a t  t h e  change i s  s m a l l e r  

than  f o r  t h e  c a s e  w i t h  i n c i d e n t  o r thogona l  d i r e c t i o n s  less t h a n  90' 

It  can be s e e n  t h a t  a n  a t t e m p t  t o  p r e d i c t  t h e  behav iour  of o r thogona l  

d i r e c t i o n s  r e q u i r e s  c a r e f u l  r e a s o n i n g  even i n  t h i s  s i m p l e  example. 

P r e d i c t i o n s  of changes i n  wave h e i g h t  a r e  more d i f f i c u l t  s t i l l .  One 

h a s  t o  c o n s i d e r  t h e  e f f e c t s  of  r e f r a c t i o n ,  s h o a l i n g  and Doppler s h i f t ,  

which a r e  a l l  a f f e c t e d  by ray  and o r t h o g o n a l  d i r e c t i o n s ,  t h e  l o c a l  

c u r r e n t  f i e l d ,  and d e p t h  v a r i a t i o n s .  T h i s  r o u l t i p l i c i t y  of f a c t o r s  can 

g i v e  r i s e  t o  some s u r p r i s i n g  and a p p a r e n t l y  p a r a d o x i c a l  r e s u l t s .  A 

good i l l u s t r a t i o n  of a n  a p p a r e n t  paradox i s  shown i n  F i g  4. T h i s  

f i g u r e  shows t h r e e  s e t s  of r a y  p a t h s  i n  t h e  fo rward- t rack ing  model. 

Top p i c t u r e :  Ray p a t h s  f o r  i n c i d e n t  o r t h o g o n a l  d i r e c t i o n  of  

45' w i t h  c u r r e n t  f i e l d  t o  l e f t .  

14iddle P i c t u r e :  Ray p a t h s  f o r  i n c i d e n t  o r t h o g o n a l  d i r e c t i o n  of  

45' w i t h  no c u r r e n t s .  

Bottom P i c t u r e :  Ray p a t h s  f o r  i n c i d e n t  o r t h o g o n a l  d i r e c t i o n  of 

45' w i t h  c u r r e n t  f i e l d  t o  r i g h t .  

The bottom p i c t u r e  i s  e q u i v a l e n t  t o  an  i n c i d e n t  d i r e c t i o n  of 135' w i t h  

c u r r e n t s  t o  t h e  l e f t ,  bu t  is  p resen ted  a s  t h e  m i r r o r  image f o r  e a s e  of 

comparison w i t h  t h e  o t h e r  two p i c t u r e s .  Note t h a t  i n  t h e  t o p  p i c t u r e  

t h e  i n i t i a l  r a y  d i r e c t i o n  is g r e a t e r  than  45' w h i l e  i n  t h e  bottom 

p i c t u r e  t h e  i n i t i a l  r a y  d i r e c t i o n  is l e s s  t h a n  45'. 



Let  us a sk  which of t h e  t h r e e  p i c t u r e s  we would e x p e c t  t o  g i v e  t h e  

l a r g e s t  wave h e i g h t s  a t  t h e  i n s h o r e  boundary. The bottom p i c t u r e  

shows s t r o n g e r  r e f r a c t i o n  t h a n  t h e  middle p i c t u r e  which i n  t u r n  shows 

s t r o n g e r  r e f r a c t i o n  t h a n  t h e  t o p  p i c t u r e .  Th i s  means t h a t  t h e  ray  

s e p a r a t i o n  i n c r e a s e s  s u b s t a n t i a l l y  i n  t h e  bottom p i c t u r e  ( a s  can be 

seen  d i r e c t l y  from t h e  p i c t u r e )  and t h e r e f o r e  t h a t  t h e  wave h e i g h t  

w i l l  be c o n s i d e r a b l y  reduced.  P r o p o r t i o n a t e l y  s m a l l e r  r e d u c t i o n s  i n  

wave h e i g h t  o c c u r  i n  t h e  o t h e r  two p i c t u r e s .  D e s p i t e  t h i s  r e f r a c t i o n  

e f f e c t ,  it t u r n s  o u t  t h a t  t h e  bottom p i c t u r e  i s  t h e  c o r r e c t  answer t o  

our  q u e s t i o n  - i t  a c t u a l l y  g i v e s  l a r g e r  wave h e i g h t s  t h a n  t h e  middle 

p i c t u r e ,  which i n  t u r n  g i v e s  l a r g e r  wave h e i g h t s  than  t h e  top  

p i c t u r e .  

The reason  is due t o  t h e  s t r o n g  e f f e c t s  of s h o a l i n g  and t o  a  l e s s e r  

e x t e n t  t h e  Doppler s h i f t .  I n  t h e  bottom p i c t u r e  we have a l a r g e  

i n i t i a l  c  due t o  t h e  c  and a  l a r g e  c u r r e n t  a c t i n g  t o g e t h e r .  T h i s  
g a  g r  

becomes s i g n i f i c a n t l y  reduced a t  t h e  i n s h o r e  boundary a s  t h e  c u r r e n t  

i s  reduced t o  a  q u a r t e r  of i t s  s t a r t i n g  va lue .  We t h e r e f o r e  g e t  a  

l a r g e  s h o a l i n g  f a c t o r .  I n  t h e  t o p  p i c t u r e ,  however, t h e  i n i t i a l  c  

and c u r r e n t  oppose each  o t h e r  g i v i n g  a  s m a l l e r  i n i t i a l  c  . This  
ga 

d e c r e a s e s  a t  t h e  f a r  boundary, but  by a  l e s s e r  amount t h a n  i n  t h e  

p r e v i o u s  case .  A s m a l l e r  s h o a l i n g  f a c t o r  i s  t h e r e f o r e  ob ta ined .  The 

Doppler f a c t o r s  show s i m i l a r  though s m a l l e r  t r e n d s .  The d i f f e r e n c e s  

i n  t h e  s h o a l i n g  and Doppler f a c t o r s  a r e  s u f f i c i e n t l y  s t r o n g  t o  

outweigh t h e  d i f f e r e n c e s  i n  t h e  r e f r a c t i o n  f a c t o r s .  Table  5 g i v e s  t h e  

r e f r a c t i o n ,  s h o a l i n g  and Doppler c o e f f i c i e n t s  f o r  t h e  t h r e e  cases .  

Th i s  example shows t h a t  s imple  reason ing  and desk  c a l c u l a t i o n s ,  which 

can  o f t e n  g i v e  a  good q u a l i t a t i v e  i d e a  of d e p t h  r e f r a c t i o n ,  a r e  

u n l i k e l y  t o  be r e l i a b l e  i n  t h e  more complex t a s k  of p r e d i c t i n g  

c u r r e n t - d e p t h  r e f r a c t i o n .  We would recommend t h e  use  of p roper  

numer ica l  model l ing f o r  such problems. 

6 SUMMARY AND CONCLUSIONS 

This  r e p o r t  has  c o n s i d e r e d  t h e  numerical  mode l l ing  of t h e  e f f e c t s  of  

c u r r e n t s  on wave p ropaga t ion .  The theory  of c u r r e n t - d e p t h  r e f r a c t i o n  

of waves has  been developed w i t h i n  t h e  framework of t ime-independent 

and v e r t i c a l l y  uniform c u r r e n t s ,  and l i n e a r  r e f r a c t i o n  theory  f o r  

waves. Three  t y p e s  of pure-wave r e f r a c t i o n  model, namely t h e  forward-  



t r a c k i n g  and back- t racking ray  models and t h e  f i n i t e  d i f f e r e n c e  model, 

have been extended t o  i n c l u d e  t h e  e f f e c t s  of c u r r e n t s .  T e s t s  have 

been c a r r i e d  o u t  on a  s imple  d e p t h  g r i d  which demons t ra te  t h a t  each of 

t h e  models g i v e s  c o r r e c t  p r e d i c t i o n s  of wave h e i g h t s  and d i r e c t i o n s .  

These t e s t s  showed t h a t  some s u r p r i s i n g  r e s u l t s  can occur  even i n  t h e  

s imple  examples c o n s i d e r e d ,  and they h i g h l i g h t  t h e  need f o r  p roper  

numerical  model l ing of wave-current problems. 

These models a r e  des igned  t o  be used i n  q u i t e  g e n e r a l  c o a s t a l  

s i t u a t i o n s ,  though they  should  be used seawards of t h e  b r e a k e r  zone 

and where dep th  changes a r e  g r a d u a l  and r e g u l a r .  There  a r e  no 

r e s t r i c t i o n s  on g r i d  s i z e ,  provided t h a t  t h e  bathymetry and c u r r e n t  

f i e l d  a r e  a d e q u a t e l y  r e p r e s e n t e d .  Waves of any p e r i o d  and s e a  a r e a s  

of any s i z e  can be loodelled. 
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APPENDIX - LIST OF SYMBOLS 

Wave h e i g h t  

S e p a r a t i o n  between neighbour ing r a y s  

Absolute  group v e l o c i t y  

R e l a t i v e  group v e l o c i t y  

Co-ordinate d i r e c t i o n  a l o n g  wave f r o n t  

A c c e l e r a t i o n  due t o  g r a v i t y  

Depth 

Wavenumbe r 

Component of wavenumber i n  X d i r e c t i o n  

Component of wavenumber i n  y  d i r e c t i o n  

Co-ordinate  d i r e c t i o n  a long  ray 

Co-ordinate d i r e c t i o n  a long  wave o r thogona l  

S p e c t r a l  d e n s i t y  f u n c t i o n  

Time 

Tanh (kh)  

Cur ren t  magnitude 

Component of c u r r e n t  i n  X d i r e c t i o n  

Component of c u r r e n t  i n  y d i r e c t i o n  

C a r t e s i a n  co-ord ina te  

C a r t e s i a n  co-ord ina te  

Wave o r t h o g o n a l  d i r e c t i o n  

Cur ren t  d i r e c t i o n  

Ray d i r e c t i o n  

Absolute  a n g u l a r  f r equency  

R e l a t i v e  a n g u l a r  f r equency  

Two d imens iona l  g r a d i e n t  o p e r a t o r  

( U n d e r l i n e )  d e n o t e s  v e c t o r  q u a n t i t i e s  

S c a l a r  p roduc t  of two v e c t o r s  

Vector  product  of two v e c t o r s  ( i n  Eq 1) 

Ray, o r t h o g o n a l  and c u r r e n t  d i r e c t i o n s  measured a n t i c l o c k w i s e  from t h e  X 

a x i s  t o  t h e  forward d i r e c t i o n  of t h e  ray ,  o r t h o g o n a l  o r  c u r r e n t .  











INSHORE WAVE ORTHOGONAL DIRECTIONS.  NO CURRENTS 
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ANALYTICAL SOLUTION SHOWING REFRACTION,  SHOALING AND DOPPLER C O E F F I C I E N T S  

I N  EACH CASE THE I N C I D E N T  ORTHOGONAL DIRECTION I S  4 5 "  
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-ig 2 Computational model grid, depth contours and currents 





lnshore boundary 

Offshore boundary 
Current direction to left 

lnshore boundary 

Offshore boundary 
No currents 

lnshore boundary 

Offshore boundary 
Current direction to right 

g 4 Forward-tracking ray model. Ray paths. Incident 
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