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Abstract

In Part IT of this series of papers, we consider an
initial-boundary value problem for the Kolmogorov-
Petrovskii-Piscounov (KPP)-type equation with a dis-
continuous cut-off in the reaction function at concentra-
tion u = u,. For fixed cut-off value u, € (0, 1), we apply
the method of matched asymptotic coordinate expan-
sions to obtain the complete large-time asymptotic form
of the solution, which exhibits the formation of a per-
manent form traveling wave (PTW) structure. In par-
ticular, this approach allows the correction to the wave
speed and the rate of convergence of the solution onto
the PTW to be determined via a detailed analysis of the
asymptotic structures in small time and, subsequently,
in large space. The asymptotic results are confirmed
against numerical results obtained for the particular
case of a cut-off Fisher reaction function.
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1 | INTRODUCTION

Traveling waves arise as the long-time solution to many reaction—diffusion models and are rele-
vant to a broad range of applications in chemistry, biology, ecology, epidemiology, and genetics.'
The most celebrated model where such waves emerge is the Kolmogorov-Petrovskii-Piscounov
(KPP) or Fisher-KPP model named after the pioneering work by Fisher® and Kolmogorov, Petro-
vskii, Piscounov.* In one spatial coordinate (x) this model describes the temporal (¢) evolution of
the concentration of a chemical or biological substance u(x, t) as

U = Uy, + f(u), (x,t) € RXRT, (1a)
subject to an initial condition
u(x,0) = up(x), x€R (1b)
and boundary conditions
1, asx - —o0
N ’ 1
u(x )_){0, as x — oo, (1c)

with the limits being uniform for time ¢t € [0,T] and any T > 0.

Here, uy : R — R is taken to be piecewise continuous, nonnegative, and nonincreasing with
lim,_, o Up(x) = 0 and lim,_, _, ug(x) = 1. The function f : R — R is a normalized KPP-type
reaction function that satisfies f € C'(R) with

fO=fM=0, fO=1 f1)<0 (22)
and

0< f(u)<u forall ue(0,1), fw)<0 forall ue(l,o). (2b)
A prototypical example of such a KPP reaction function is the Fisher reaction function® given by
f@) =u(l —u). 3

The initial-boundary value problem (1) has a classical and global solution u : R X [0, 0) — R.
In addition, on using the classical maximum principle and comparison theorem (see, for exam-
ple, Refs. 5and 1), 0 < u(x, t) < 1 and u,(x,t) < 0forall (x,t) € R x R*. The conditions (2) on f
imply also that the initial-boundary value problem (1) admits a one-parameter family of perma-
nent form traveling wave (PTW) solutions u(x, t) = U,(x — vt) that are strictly monotone decreas-
ing, with U, > 0, U, : R : R such that U, > 0 with lim,_,_, U,(y) = 1 and lim,_,, U,(y) = 0.
The parameterization is through the propagation speed v, with a unique (up to translation) PTW
for each v where v satisfies v > v, = 2.

A central question is whether a PTW evolves in the solution to (1) at large times and if so what
is its speed of propagation. It is well established*®’ that for Heaviside initial conditions:

1, forx<O0
U(x) = { 0, forx>o0, )
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the solution to (1) converges onto the PTW solution with minimum propagation speed v = v,, = 2,
in the sense that there exists a function s,,(t) such that as t - o0, s,,(t)/t — 2 and

u(z + s (1), 1) > Uy(2), ©)

uniformly for z € R.

A more detailed asymptotic description was provided by McKean®° and Bramson who,
using a probabilistic approach, obtained that the rate of convergence of the solution to the
initial-boundary value problem (1) to the PTW is algebraically small in ¢ as t — oo, specifically
O(s,,(t) — 2), where

10,11

§()=2— %t_l +o(t) ast — oo ©)

with the dot denoting differentiation with respect to t. More recently, the same result has been
established using a range of alternative approaches, based on a point patching procedure,'>'
the theory of matched asymptotic expansions,'*!> and rigorous bounds.'® All of these approaches
involve the solution to a linearized version of (1) that describes the behavior at the leading edge of
the front and is obtained by replacing f(u) with f’(0)u. The common observation is that, with the
appropriate boundary conditions, the linear version of (1) mainly determines the large-¢ structure
of the solution to (1).

A linearized approach is not available to apply in the case of the cut-off KPP model that Brunet
and Derrida'® proposed and considered, and was the focus of a companion paper!’ (hereafter
referred to as Part I). In this model, the cut-off value u. € (0, 1) is introduced by replacing f(u) in
the initial-boundary value problem (1) with f.(u) where

f@w), ue€ (ue, )
0, u € (—oo,u,]

fc(u) = { @)

and f(u) continues to satisfy the KPP conditions (2). The discontinuity in f.(u) at u = u, sug-
gests that the corresponding initial-boundary value problem is expressed as a moving boundary
problem with the location of the moving boundary given by s(t) where s(¢) satisfies u(s(t), t) = u,
for t > 0 (see Part I). For Heaviside initial conditions (4), this boundary separates the domain D
where u > u, from the domain DX where u < u.. A simple coordinate transformation (x, ) —
(y,t) with y = x — s(t) fixes the boundary at the origin and transforms the domains D and D
into Q' = R~ x R* and Qf = R* x R* and the moving boundary problem becomes the follow-
ing equivalent initial-boundary value problem that we refer to as QIVP (with a detailed derivation
given in Part I):

u — $(Ouy, = uyy + fo), (1) € QXUQR, (8a)
u>u.in Q% u<u,inQRk, (8b)
_J L y<o0
u(y,0) = { 0, y>0 (8c)
l, as y—- —o
u@y, ) - { 0, as y— oo (8d)
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uniformly for t € [0, T] for all T > 0. At the boundary,

u(0,t) = u,, te€(0,c0), (8e)
u,(0%,1) = uy(07,t), t€(0,00). (8f)
s(0%) = 0. (8g)

In Part I, we stated regularity conditions (see Equation 18) for the solution u(y, t) and s(t) to be
classical for all t > 0, and on using the classical maximum principle and comparison theorem (see,
for example, Refs. 5and 1), obtained that 0 < u(y, t) < u, forall (y,t) € Q%, u. < u(y,t) < 1forall

(n,1) € QX and uy(y,f) <0 forallt > 0and y € R with [uy,(y, t)]iz(o; = f} forallt € R* with
f& = fe(ul). We then established that in the presence of a cut-off, the initial-boundary value prob-
lem (8) admits exactly one PTW solution (up to translation) u(y, t) = Ur(y) that is strictly mono-
tone decreasing and positive, with lim,_,_, Ur(y) = 1 and lim,_,, Ur(y) = 0, where the speed
v = v*(u,) is, for fixed u, € (0,1), uniquely defined. An explicit expression of v*(u.) is in gen-
eral not known. It is however straightforward to establish that v*(u,) is a continuous, monotone
decreasing function of u, € (0,1), with v*(u.) = 2~ as u, — 0" and v*(u,) — 0" as u, — 1.7
Brunet and Derrida'? predicted that the difference between v*(u.) and v,, = 2 is strongly influ-
enced at small values of u,, being only logarithmically small in u, as u, — 07. This behavior was
rigorously verified by Dumortier, Popovic, and Kaper,'® with higher order corrections obtained in
Part I. This behavior is in contrast with the behavior of v*(u,) obtained as u, — 1~ in which case
it vanishes algebraically in (1 — u.) (see Part I).

We may now once again enquire as to whether or not a PTW solution evolves in the solution to
(8) for arbitrary cut-off u, € (0, 1) at large time, and, if this is the case, what is the rate of conver-
gence onto the PTW solution. In this paper, we observe that a PTW of speed lim;_, ,, $(t) = v*(u.)
emerges in the solution of (8) for t — oo via numerical simulations obtained for the specific case of
S with f given by (3). We then adapt the approach introduced in Ref. 15, where u, = 0, to obtain
the detailed description of the large-t structure of the solution to (8). In particular, we use the the-
ory of matched asymptotic coordinate expansions to establish that for each value of u. € (0, 1),
the solution to (8) converges to the PTW solution with propagation speed v = v*(u,) at a rate that
is linearly exponentially small in t as t — oo, specifically O(s(t) — v*(u,)), where

st) = v*(u.) + O<t7 exp <—%v*(uc)2t>>, ast — oo, 9

(withy = —1/2or —3/2 depending on the structure of f(u), specifically f/(Ur), which determines
the solution to (172) on which the choice in the value of y depends) so that convergence slows
down as u, increases. Thus, introducing an arbitrary cut-off into the reaction function changes
the rate of convergence of the large-time solution onto the PTW from algebraic to exponential. The
paper is organized as follows: In Section 2, we present numerical results for the specific case of
the cut-off Fisher reaction function with f given by (3). Sections 3 and 4 are, respectively, devoted
to the small-t (y € R) and large-|y| (¢t > O(1)) structure of the solution to QIVP. These are used
in Section 5 to develop the complete asymptotic structure to QIVP as t — oo, uniformlyiny € R.
At the end of Sections 3 and 5, we illustrate the theory for the specific case of the cut-off Fisher
reaction function (for which y = —3/2). The paper ends with the concluding Section 6.
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FIGURE 1 A graph of the solution u(y, t) to QIVP as it evolves over time. Results are obtained numerically
for (A)u. = 0.1,(B)u. = 0.5,and (C)u, = 0.9fort = 0,0.1,1,10 and ¢ = 30 with the arrow pointing in the direction
of increasing t. Panel (C) includes additional graphs of solutions obtained at ¢ = 100, 200, 300, 350, and t=400

2 | NUMERICAL SOLUTION TO QIVP

In this section, we consider a numerical solution to QIVP to indicate whether the solution con-
verges onto a PTW solution at large times. We present results for the particular case of the cut-off
Fisher reaction function, namely,

u(l—u), ué€ (u,o0),

0, u € (—oo,u,], (10)

fc(u) = {

for fixed cut-off value u, € (0,1). We adopt an explicit finite difference scheme, detailed in the
Appendix. We choose this scheme over an implicit scheme despite the severe numerical stability
restrictions on the time step. This is because an explicit scheme is very straightforward to use:
At each time step, the associated numerical calculation requires the solution of a linear algebraic
system (rather than a nonlinear algebraic system that would be required for an implicit scheme).
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FIGURE 2 A graph of the solution s(¢) to
QIVP obtained numerically for u. = 0.1 (top),
u, = 0.5 (middle), and u, = 0.9 (bottom)

We examine the behavior of u(y, t), s(t), and 5(t), obtained numerically for illustrative values
of u. € (0,1). Figures 1-3, respectively, focus on the structure of u(y, t), s(t), and s(¢) obtained
for u. = 0.1, 0.5, and 0.9. These confirm all of the qualitative properties obtained in Part I (see
Equation 20) and described in Section 1. Figure 1 indicates that a PTW develops in the large-
time structure of the solution to QIVP, that is, as t — co. Moreover, the rate of convergence of the
solution to the PTW depends on the value of u, (compare Panel A with Panel C). Figures 2 and 3
show that this PTW will have propagation speed given by lim;_, ., $(t) = v (u.) and in this case,
this limit has

1.248, foru. =0.1,
Uoo(Ue) 2 40.558, foru, =0.5, (11)
0.100, for u, = 0.9.

Figure 3 also illustrates that $(t) appears to have a (integrable) singularity at t = 0" when u, #
0.5. This is further supported in Figure 4, which shows the behavior of $(¢) when u, = 0.45 and
u. = 0.55. For u, = 0.5, Figure 3 suggests that s(t) is regular in this limit, tending to 0 from above.
Figures 3 and 4 show that the sign of $(t) as t - 0 depends upon u,, with s(t) initially positive

10}

-15 s s s s - : ‘ ‘ ‘ ‘

0 0.02 0.04 0.06 0.08 0.1 0 5 10 15 20 25 30
t t
(A) (B)

FIGURE 3 A graph of $(t) to QIVP obtained numerically for cut-off value u. = 0.1 (top), 0.5 (middle), and
0.9 (bottom) plotted for a (A) small and (B) large range of values of ¢
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FIGURE 4 Same as Figure 3 but this time u. = 0.45 (top) and u, = 0.55 (bottom)

FIGURE 5 A graphof 2
lim,_, , $(t) = v, (u,) obtained from the
numerical solution to QIVP for selected values
ofu, € (0,1) 1.5} 1
—~
Q
G A
8
>
0.5¢ 1
O L L L L
0 0.2 04 0.6 0.8 1

when 0 < u, < 0.5 and initially negative when 0.5 < u, < 1. Moreover, when 0 < u, < 0.2, then
$(t) is monotonic decreasing for all t > 0; when 0.2 < u, < 0.5, then $(¢) decreases to a minimum
value, before increasing to v, (u.); and when 0.5 < u, < 1, then $(¢) is monotonic increasing for
all t > 0. Finally, the correction to $(¢) as t — oo appears to be exponentially small in t. These
features are persistent for all considered values of u. € (0, 1).

We conclude that the numerical solution of QIVP involves the formation of a PTW as t — oo,
which has propagation speed v, (u,.) for all values of u, € (0,1). A graph of numerically calcu-
lated values v, (u,.) for u. € (0,1) is given in Figure 5, which indicates that v, (u.) is monotone
decreasingwith u, € (0, 1). The numerical cost increases drastically asu, — 0t andu, — 1~. Nev-
ertheless, we expect that v, (u,) — 27 as u, — 0%, while, v, (u,) = 0" as u, — 17. Finally, it is
instructive to compare the traveling wave speed obtained in the large-time limit of the numerical
solution to QIVP, namely, v (u.), with a PTW propagation speed, v*(u.), obtained numerically
in Part I. As anticipated, we find that, with a significant degree of accuracy (at least up to two
decimal places), v, (1.) = V*(u.).
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u=1-o0(l) u=o(1)
y=0(1)" y=0(1)*
11y, IIr Y

FIGURE 6 A sketch of the structure of the solution to QIVP as t — 0%

3 | ASYMPTOTIC SOLUTION TO QIVP ASt — 0*

We now develop the asymptotic structure to QIVP as t — 07 via the method of matched asymp-
totic coordinate expansions. We anticipate that the structure of the solution to QIVP as t — 0%
will have two asymptotic regions in y < 0, and two asymptotic regions in y > 0. An examination
of the leading order balances in Equation (8a), together with the initial condition (8c) and the
connection conditions (8e), (8f) determine the asymptotic structure as:

regionly : y= O(t%) <O0withu =0(1)ast — 0¥, (12a)
regionly : y= O(t%) >O0withu =0(1)ast — 0F, (12b)
regionIl; : y=0(1) < Owithu=1+0(1)ast - 07, (12¢)
region Iz : y = 0(1) > Owithu = o(1) ast — 0. (12d)

The situation is illustrated in Figure 6 (for any variable 1, we will henceforth write 1 = O(1) > 0
as 1 = O(1)*, and correspondingly, 1 = O(1) < 0 as 1 = O(1)™). It follows from the small-time

asymptotic structure (12) of QIVP that we anticipate an asymptotic expansion for s(t) of the form
s(t) = sot® + 5.t +o(tP) as t—0F, (13)

where the constants sy, s1, &, and S(> «) are to be found. The initial condition (8g), together with
a leading order balance in Equation (8a) determines

(14)

a—l
=5

3.1 | RegionsI; and I

1
We begin in region Iy, following (12a), where we introduce the coordinate n = yt 2 = O(1)~ as
t — 01 and where u = u(y, t) satisfies, from (8a),

17 $(t) 1
U = 75Uy = =y Uy = Sl + fQ@), 7 <0, (15)
2

t

We expand u(#, t) in the form,

u(, 1) = uro() + ¢r(Dur () + o(p (1)) as ¢ — 0%, (16)
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withzn = O(1)™ and ¢, (¢) = o(1) ast — 07 to be determined. On substituting expansions (13) and
(16) into Equation (15), we obtain at leading order as t — 0T,

1
ul, + 5(77 +soup, =0, 7<0, (17a)

which must be solved subject to the boundary condition (8¢) at = 0, together with the matching
condition with region Iy, as 7 - —oo. Using (12c) and (16), these conditions require,

uro(0) = u, (17b)
uro(m) -1 as n - —co. (17¢)

Due to the coupling condition (8f) across y = 0, it is necessary now to consider region Iy, in which,
via (12b), n = O(1)* and u = O(1) as t — 0" and where u = u(#, t) satisfies, from (8a),

1 s(t 1
u; — ?g“n - Qu,} =Tl > 0. (18)
t2
We expand u(#, t) in the form,
u(®, 1) = ugo(n) + Pr(Ouri(m) + o($r(t)) as ¢ — 0%, 19)

withn = O0(1)" ast — 0%. Here, ¢ = 0o(1) ast — 07, and is to be determined. Now, substituting
expansions (13) and (19) into Equation (18), we obtain at leading order as t — 0F,

1
Uy, + 5(77 +So)up, =0, 7>0, (20a)

which must be solved subject to the boundary condition (8¢) at # = 0, together with the matching
condition with region IIg as# — oo, which requires,

ugo(0) = uc, (20b)
ugo(®) >0 as 7 — co. (20c)

Finally, the boundary value problems (17) and (20) must be solved subject to the coupling condi-
tion (8f) across 7 = 0, which requires

u;,(0) = up,(0). (1)
The solutions to (17) and (20), respectively, are readily obtained as

waa) uc(l + erf(“%)) - erf(“TSO) + erf(%o) b <o o)
0 (1+ert()) T

1-— erf(HTSO)

Ugo(n) = uc n20. (22b)

_ Sy’
1 — erf( s )
Finally, an application of condition (21) to (22) determines

so = 2erf (1 - 2u,), (23)
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and thus, the leading order terms in region I, and region Iy, respectively, are given by

uro(n) = %[1 —erf <g + erf_l(l - Zu(_,))], 7 <0, (24a)
ugo(n) = %[1 —erf (Zreta-2uw)], 520 (24b)

‘We now proceed to the correction terms in expansions (13), (16), and (19). A balancing of terms
requires ¢;(t) = pg(t) = O(t) ast —» 0t and 8 = % Thus, we set ¢;(t) = ¢r(t) = t, without loss
of generality. On substitution from expansions (13), (16), and (19) into Equations (15) and (18), we
obtain the coupled problem for u;;(n)(n < 0), ug;(n)(n > 0), and s;, namely,

1 3
u,L’l + 5(77 + SO)“il —up = _Eslung = fuo(m), 1 <0, (25a)
1 3
up, + S+ So U, — Uy = _Eslufeo’ n>0, (25b)
subject to the coupling conditions
ur1(0) = ug(0) =0, (25¢)
u; 1 (0) = up, (0), (25d)

and the matching conditions to region Il and to region Ilg, respectively, which are readily
obtained as,

u(n) >0 as 7 — —oo, (25¢)
up1(m) > 0 as n - oo. (25f)
In considering the coupled problem (25), we first observe that 1 + %(77 + 50)? is a solution to the

homogeneous part of both (252) and (25b). With this observation, together with the method of
variation of parameters, we can write the general solutions to (25a) and (25b) as,

2

ur1(n) = dia(n) + dya(n) — zsﬁ exp (_(n J;s°> ) +up®), n<0, (26a)
2

ta () = dy ) + o) — 2;; exp (—(” 20) ) 720, (26)

where d;, d,, d;, and d, are arbitrary constants to be determined and the function up(n) is given
by

~ 0 _ 0
un) = "2 [ nwar-22 [ naai g <o @)
Yl 7

with functions

2 2
u(n) = \/E(l + @ +230) )erf (77 -;SO) +(m +5sp)exp <_<i230) ) (28a)



340 TISBURY ET AL.

u(n) =1+ @ (28b)
n+50\) .-

1,(7) = exp (( —) )u(n)f(um(n», (280)
n+50\").,

L(n) = exp (( =) >u(n)f(uLo(n))~ (284)

Next, an application of condition (25¢) requires

_%?
N e 4 So
d=| —-2d ——d f(—=), 29
2 <\/— 1s0>(s2+ 1\/;er (2) (29)

_%?
7 $1 57 e 4 3 S_O
d, = (—\/; 2c11s0>—(so2 ey dyy/7erf ( . ) (30)

while, applying the matching conditions (25e) and (25f) requires

d, = \/;<d1 + %‘ﬂ)» (31)

d, = —/zdy, (32)
with the constant d; given by
0
d, = / (\/;11(/1) + 12(/1)>d/1. (33)

A_xS u; ,(0) = 0, an application of the coupling condition (25d) determines d; = d; (and thus d, =
d,), which finally requires that

5, = %(ﬁ(%z + 2)(1 —erf (%’))eOTZ - 2s0>ci1, (34)

after which (using (23)), d,, d;, d, d, follow from (29), (30), (31), and (32).
Thus, we have determined that the two-term expansions for u(#, t) in region Iy, and region I
are given by

2
u(n,t) = %[1— erf (’7 J;So )] + t(dla(n) + dyii(n) — % exp [_<’? + SO) ] + upz(n)> +o(1),

p- 2

(35)
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ast —» 0" withn = 0(1)~, and

un, t) = %[1 —erf (’7“;—80)] + t<d1ﬁ(77) + dyii(n) — zj}_ exp [—(M)zD +o(), (36)

T 2
ast — 01, with n = O(1)*, while the two-term expansion for s(¢) is given by

1 3 3

s(t) = spt2 + s9t2 +o(t2), 37)

ast — 0*. Here, the constants d;, d,, sy, and s; are given by (31), (29), (23), and (34), respectively,
and the functions (), (1), I,(4), I,(1), and u,,(n) are given by (28) and (27), respectively. It is
worth noting that we have obtained the two-term small-time expansions for s(t) without needing
to know the precise asymptotic structure of the solution in regions II}, and IIg. The matching con-
ditions with regions Iy, and Iy, respectively, were sufficient. The asymptotic expansion in regions
IT;, and IIi are now obtained to complete the small-time asymptotic structure.

3.2 | RegionlII

First, from (35) and (36), we observe that for (—n) > 1,

2
uGp,0) ~ 1 % e (~(152) a0+, (39)
ast — 0", and forn > 1,
2
Uy, 0) ~ % e (—(’7 =) )(1 — 0@ + 5, (39)

ast — 0. Now, as 7 - —oo, we move out of region I and into region IIy, in which, via (12¢), y =
O0(1)” and u(y,t) =1+ o(1) ast — 0*. The structure of the expansion in region Iy, for (=) > 1
(given by (38)), suggests that in region I}, we write

_HG.D
u(y,t)=1—e 1+ , (40)
and expand in the form,
1
H(y,t) = Ho(y) + t2Hy(y) + tIntHy(y) + tH3(y) + o(2), (41)

ast — 0" with y = O(1)~ and Hy(y) > 0 (the t In ¢ term arises from the algebraic prefactor of the
exponential term in (38)). We substitute expansions (40) and (41) into Equation (82) to obtain (on
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solving at each order of ¢ in turn)

¥y 1 (s 1
u(y,t) =1—exp | — rrimi + Di(=y)2 | =D, Int
t2
(42)
1-2D soD; 1 D% 1
- (—22)ln(—y)+% I +Tl—+D3 +O(1) ,
(=y)?

ast — 0", with y = O(1)~, and where D;, D,, and D; are arbitrary constants to be determined. It
remains to match expansion (42) in region IIy, (as y — 07) with expansion (38) in region Iy, (as

7 — —o0). On applying Van Dyke’s matching principle,'” we readily obtain that
Dl :0, D2=—— D3= —1n77.'+s_. (43)

Thus, the expansion in region II; is given by

2 2
u(y,t) =1—exp <_Z_t — @ + %lnt — <1n(—y) + %lnﬂ + S%) +o(1)>, (44)
2t2

ast — 0%, with y = O(1)™. Furthermore, we conclude from (44) that this expansion remains uni-
form for (—y) > last — 0™.

3.3 | RegionII;

Next, as 7 — oo, we move out of region Iy and into region Ilg, in which, via (12d), y = O(1)* and
u(y,t) = o(1) as t — 0T. The structure of the expansion in region Iy, for 7 > 1 (given by (39)),
suggests that in region Iy we write

Hy.0)

uly,t)=e (45)
and expand in the form,
1
H(y,t) = Ho(y) + t2Hy(y) + tIn tHy(y) + tH3(y) + o(1), (46)

ast — 0" with y = O(1)* and Hy(y) > 0 (the t In ¢t term arises from the algebraic prefactor of the
exponential term in (39)). Substitution of (45) and (46) into Equation (8a) gives (on solving at each
order of ¢ in turn)

y2 1 So _ 1 _
u(y,t) =exp| — il By Ey+D1yz —D,Int
t2
(47)

= = 52
(1 —2D,) sy 1 Di1
1 —+—=4+D 1
5 ny+2 1+4y+3+0()’
y2
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ast — 01, with y = O(1)*, and where D;, D, and D; are arbitrary constants to be determined. It
remains to match expansion (47) in region IIg (as y — 0) with expansion (39) in region Iy (as
7 — o0). On applying Van Dyke’s matching principle,'” we readily obtain that

2

b0 D=l pi—lipgs
Dy=0, Dy=-3, Dy=zlnm+-. (48)
Thus, the expansion in region Ily is given by
3.0) = Vo L (nys b+ 20) 4o (49)
u(y,t) = exp| — zf > In ny+slnz+— 0 ,
2

ast — 0" and y = O(1)*. Furthermore, we conclude from (44) that this expansion remains uni-
formfory > 1ast — 0%,

The asymptotic structure of the solution to QIVP ast — 0% is now complete with the expansions
(44), (35), (36), and (49) in regions II, I;, Ig, and IIg. We next use this information to enable us
to develop the asymptotic structure of the solution to QIVP as |y| — oo with ¢ = O(1). However,
before proceeding to this, it is of interest to examine the form of $(¢) in the small-time limit for all
u, € (0,1). It follows from expression (37) that

1 -1 3 1
s'(t)~§s0t 2+§s1t2 as t— 0%, (50)

with sy and s; given by Equations (23) and (34), respectively. In particular, we observe from (23)
that s, is monotonic decreasing in u, with

Sg — oo as u, = 0", s, =0 when u, = %, and sy —> —oco0 as u. — 1°. (51)
Thus, the leading term in (50) reveals that s(¢) has an integrable singularity as t — 01, with
5(t) > +o0 as t— 0F, (52)
when 0 < u, < 1/2, while,
5(t) > —c0 as t— 0F, (53)
when 1/2 < u, < 1. When u, = 1/2, a transition occurs with §(¢) not singular and

5(t) >0 as t— 0%, (54)

3.4 | The case of a cut-off Fisher reaction

We observe that (52), (53), and (54) agree with the numerical solutions for QIVP obtained for
the cut-off Fisher reaction function in Section 2, as illustrated in Figures 3 and 4. Moreover,
it is straightforward to establish (via (33) and (34)) that for u, = 1/2, s; = 5] > 0. Therefore,
3(t) » 0% as t — 0*. In addition, it is interesting to note from expression (50) that when u, is
close to 1/2 a local minimum point in the graph of $(t) against ¢ bifurcates singularly from
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t = 0 as u, decreases through u, = 1/2. In particular, the local minimum point when u, < 1/2
is located when ¢ =t,, ~ %so/sl > 0. As u, - % , %so/sl ~ %ﬁ(l —2u.)/s7 +O0((1 - 2u.)?),
where s =~ 0.28 is approximated numerically using (33) and (34). The location of the minimum
point increases as u, decreases, until u. ~ 0.2 when t,, is no longer small and in fact the local min-
imum point ceases to exist at this sufficiently low value of u.. This is also in agreement with the
numerical solution of Section 2 and in particular Figures 3 and 4. A comparison of $(t) and u(y, t)
as computed from (35), (36), (44), and (49) with the full numerical solution to QIVP obtained for
the cut-off Fisher reaction function is readily made (but for brevity is not presented here). This
demonstrates the full agreement with the small-time asymptotic structure of the solution obtained
in this section and the numerical solution obtained in Section 2 for ¢ small.

4 | ASYMPTOTIC SOLUTION TO QIVP AS |y| — co WITH ¢ = O(1)

We now develop the structure of the solution to QIVP as |y| — oo with t = O(1).

4.1 | RegionIII;

We begin in region IITy, where y — —oo with ¢ = O(1). The structure of the expansion in region
I1; , for (—y) > 1, (given by (44)) suggests that in region III;, we write

u(y,1) = 1 -0, (53)
and expand in the form,

In(-y)
y2

O(y. 1) = B(t) + ifbl(t) + (1) + %%(r) +o(y2), (56)

asy — —oo with t = O(1) and ®,(¢t) > 0. On substitution from expansions (55) and (56) into Equa-
tion (8a), we obtain a system of equations at successive orders, which we solve in turn to give

o Qs +Cy) ~
D(t) = m, ®,(1) = —(4t T D,(t) = C,, (57a)
(s +C )\ 2+4C)  [(2s(0+C ),
ax(0 =500 500 ) + G - (BR) - (570)

where Cy, C;, C,, and the constant associated with integrating Equation (57b), Cs, are constants
to be determined. Note that ®,(t) and ®;(¢) both depend on the function s(t), which remains
undetermined when ¢t = O(1). We now match the expansion in region III;, given by substituting
expressions (56) and (57) into (55) (as t — 0%), with expansion (44) in region I, (as y — —c0). On
applying Van Dyke’s matching principle,'” we find

C() =0, Cl =0, C2 = -1, C3 ==-Inm. (58)
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Thus, the expansion in region IIly, is given by

v os()

s()? 1
x Y h

—In(—y) - (— =Int— f'(t + %lnﬂ> +o(1)>, (59)

u(y,t) =1—exp <— 4t 3

asy — —oo with t = O(1). Furthermore, we note that the uniformity of expansion (59)asy - —oo
when t > 1 is dependent on the order of s(¢) as t > 1. This will be discussed further in Section 5
when we investigate the asymptotic solution to QIVP as t — 0.

4.2 | Region III;

We next consider the corresponding region IIIz where we determine the structure of the solution
to QIVP as y — oo with ¢t = O(1). The structure of the expansion in region IIg, for y > 1, (given
by (44)) suggests that in region IIIz we write

u(y, t) = eV’ 00, (60)

and expand in the form,
- - 1. Iny . 1. -
B0.0) = o) + S () + — () + D0 + o(y7?), (61)

asy — oo with t = O(1) and ®(¢) > 0. On substitution from expansions (60) and (61) into Equa-
tion (8a), we obtain a system of equations at successive orders of y, which we solve in turn to
give

. 3 1 - (@s()+Cy) S A

Dy(t) = —(4t TGy O,(1) = —(4t TG D,(t) = Cy, (62a)
Lo (0 +C\  +4C)  [2s()+Cp )

®5(0) = S(t)< 4t + C, ) * (4t + Cy) - < 4t + C, > ’ (620)

where C,, C;, C,, and the constant associated with integrating equation (62b), C, are constants
to be determined. We now match the expansion in region IIlg, given by substituting expressions
(62) and (61) into (60) (as t — 0T), with expansion (49) in region Iy (as y — oo). On applying Van
Dyke’s matching principle'® we find

- - 1
CO = 0, Cl = 0, Cz = —1, C3 = 5 11‘17‘[ (63)

Thus, the expansion in region IIly is given by

2
u(y,t) = exp <—% —y% —Iny-— <S€4tt)2 - %lnt + %1n7r> + 0(1)), (64)
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as y — oo with t = O(1). As before, the uniformity of expansion (64) as y - oo when ¢ > 1 is

dependent on the order of s(¢) as t > 1. Finally, we are now in a position to consider the structure
of the solution to QIVP as t — oo.

5 | ASYMPTOTIC SOLUTION TO QIVP ASt — o0

We now develop the structure of the solution to QIVP as t — co. Guided by the numerical results
in Section 2, we anticipate that

3

s() = Y i) +o(ps(1) as ¢ — oo, (65)

i=0

where ¢o(t) = t, $1(t), $,(t) = 1, and ¢5(t) are a gauge sequence as t — oo, and the constants c,,

c1, €y, C3 are to be determined, with ¢, > 0. We begin by developing the structure of the solution
to QIVP as t — oo at leading order, uniform for y € R. We anticipate that the structure of the
solution to QIVP as t — oo will have two principal asymptotic regions in y < 0, and two principal
asymptotic regions in y > 0. An examination of the leading order balances in the exponent of
expansions (59) and (64) when ¢ > 1 (using (65)), together with the connection conditions (8e)
and (8f) determine the principal asymptotic structure as:

regionIVy : y=0()" withu=1+0(1)ast — oo, (66a)
regionIVy : y =0@)* withu =o(1)ast — oo, (66b)
region Vi, : y=01)" withu =0(1)ast - oo, (66¢)
region Vg : y =0(1)" withu = O(1) ast — co. (66d)

5.1 | Regions IV, V,,IVg,and Vi
The expansion (59) in region IITy, will remain uniform for ¢t > 1 provided that (—y) > ¢, but fails
when y = O(t)” ast — oo. Hence, we begin in region IVy, in which, via (66a), we introduce the

scaled coordinate w = % = O0(1)” as t - oo. The structure of the expansion in region III;, for
t > 1 (given by (59)), suggests that in region IV, we write

u(w,t) =1 —exp (—t(Gy(w) + o(1))), (67)

ast —» oo with w = O(1)™ and Gy(w) > 0. On substitution of expansions (65) and (67) into Equa-
tion (8a) we obtain the following boundary value problem, namely,

(Gé)2 — (W +¢)Gy + Gy =—f'(1), w<0, (68a)



TISBURY ET AL. | 347

Go(w) >0, w<O, (68b)

2
Go(w) ~ (#) — /(1) as w — —oo, (68¢)
Go(w)=0(w) as w—-0". (68d)

Here, condition (68c) represents the matching condition between expansion (67) in region IV,
when (—w) > 1, and expansion (59) in region III; ast — oo with (—y) > t while condition (63d)
represents the matching condition between expansion (67) in region IV, when w = O(¢t ™')™, and
region Vi, when y = O(t)~ via (66¢). Equation (682) has a family of linear solutions
Gow)=a;(w+c¢y—a)— f'(1) Vw <0, (69)

for any a; € R, and an envelope solution

w+ ¢y

2
Go(w) = ( ) (1) Yw<o. (70)

It is also possible for a combination of (69) and (70) to represent “envelope-linear” solutions to
Equation (68a), which also remain continuous and differentiable. Applying the matching condi-
tions (68c) and (68d) determines that for each ¢, > 0, the solution to the boundary value problem
(68) is given by the “envelope-linear” solution

2
(22) . w2 -ep0),
GO(w) = 2 ’
(CO—— W) w, —/—4f'(1)<w<0.

A sketch of Gy(w), for a fixed ¢y > 0, is given in Figure 7A. For completeness we note that although

(71)

Go(w) and G)(w) are continuous, G} (w) is discontinuous at the point w = —4/cz — 4f’(1). There-

fore, a thin transition region must exist about the point w = —1 /c(z) —4f'(1) where the second
derivative in Equation (8a) is retained at leading order to smooth out this discontinuity. More-
over, region I'Vy, will then be replaced by three regions, namely, region IV2, with —oco < w <

-1 /cé —4f(1) — o(1)*, region Ty, a thin transition region about the point w = — /cé —4f'(1)

and region IVY, with —1 /c(z) —4f7(1) + o(1)* < w < 0. As we are only interested in the leading
order structure in each expansion for now, we will return to consider these regions in more detail
in Section 5.3.

Now, as w — 0~ we move out of region IV}, and into region Vi, in which, via (66¢), u = O(1)
with y = O(1)™ as t — oo. In this region, we therefore expand as

u(y,t) =o(y) +0(@(1)) as t— oo, (72)
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Go(w) Go(w)

A9 -ra

SIS
\

Cp w

o =

-/ —4f(1) 0 w
(A) B)
FIGURE 7 (A) A sketch of the leading order term G,(w) in the exponential expansion of the large-time solu-

tion to QIVP when y = O(t). (B) A sketch of the leading order term Gy(w) in the exponential expansion of the
large-time solution to QIVP when y = O(t)*

with y = O(1)7, d;4(y) > 0 (Ref. 17, eq. (22b)) and where 1, (t) = o(1) as t — oco. On substitution
from expansions (65) and (72) into Equation (8a), we obtain at leading order as t — oo,

ﬁgo + Coflio + f(flLo) = 0, (733.)

which must be solved subject to the boundary condition (8¢) at y = 0, together with the matching
condition with region IV, as y — —oo. Using (72) and (71), these conditions require,

U0(07) = ue, (73b)

U0(y) > 1 as y— —oo. (73¢)

Due to the coupling condition (8f) across y = 0, it is necessary now to formulate the leading order
problem in the corresponding regions wheny > 0 as t — oo.

The expansion (64) in region IIIg will remain uniform for ¢ > 1 provided that y > ¢, but fails
wheny = O(¢)* ast — oo. Hence, we now consider region IV, in which, via (66b), we introduce
the scaled coordinate w = % = O(1)* ast — oo. The structure of the expansion in region ITlg, for

t > 1, (given by (64)) suggests that in region IVg, we write
u(w, 1) = exp (—t(Go(w) + o(1))), (74)

as t —» oo with w = O(1)* and Gy(w) > 0. On substitution of expansion (74) into Equation (8a),
we obtain the following boundary value problem, namely,

2 .-
(G})" — (W +c¢e)G)+Gy =0, w>0, (752)
Gy(w)>0, w>0, (75b)

= w + Co 2
Go(w) ~ ( ) as w— oo, (75¢)
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Go(w) =0(w) as w — 0%, (75d)

Here, condition (75c) represents the matching condition between expansion (74) in region IVg
when w > 1, and expansion (64) in region IIly as t — co when y > ¢t while condition (75d) rep-
resents the matching condition between expansion (74) in region IVg when w = O(t~!)*, and
region Vg when y = O(t)* via (66d). For each ¢, > 0, the boundary value problem (75) has the
unique solution

i <m> . w>co
Go(w) = 2 (76)
CoWw, 0<w < ¢

A sketch of Gy(w) for a fixed ¢, > 0 is given in Figure 7(B). For completeness we note that although
Go(w) and G;(w) are continuous, G(w) is discontinuous at the point w = c,. Hence, a thin tran-
sition region about the point w = ¢, is required in which the second derivative in Equation (8a) is
retained at leading order to smooth out the discontinuity. This requires that region I'Vy, is replaced
by three regions, namely, region IV, with ¢y + 0(1) < w < oo, region Ty, a thin transition region
about the point w = ¢, and region IV®, with 0 < w < ¢, — 0(1). As before, we will consider these
regions in more detail in Section 5.2.

Now, as w — 01 we move out of region IVy and into region Vg, in which, via (66d), u = O(1)
and y = O(1)* as t — oo. In this region we must therefore expand as

u(y, t) = tigo(y) + OWr(t)) as t — oo, (77)

with y = O(1)*, dige(y) > 0 (Ref. 17, eq. (22b)) and ¢z(t) = o(1) as t — oo. On substitution from
expansions (65) and (77) into Equation (82), we obtain at leading order as t — oo,

Qg + Cotlgy = 0, (78a)

which must be solved subject to the boundary condition (8¢) at y = 0, together with the matching
condition with region IVg as y — oo0. Using (72) and (71), these conditions require,

Gigo(0%) = u, (78b)
Uro(y) = 0 as y — oo. (78¢)

Finally, the boundary value problems (73) and (78) must be solved subject to the coupling condi-
tion (8f) across y = 0, which requires

11;,(07) = A, (01). (79)
The coupled nonlinear boundary value problem, given by (73), (78), and (79), across regions

VL and Vy is precisely the nonlinear boundary value problem satisfied by the PTW structure
considered in Part I with v replaced by cy. Thus, we immediately conclude that

tgo(y) =Ur(y), y =0, (80a)
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Uro(y) =Ur(y), y <0, (80b)
and that ¢, is now determined as,
co = v (ue), (80c)

where Uy : R — R is the PTW solution to QIVP at cut-off u. € (0,1), which has propagation
speed v*(u,). For convenience, we recall from Theorem 1.1 of Part I that

Ur(y) = u.e 0 @ vy e [0, ), (81a)

and
Ur(y) ~1— A_oe+0" Wy a5 3y 5 —0, (81b)
where 4, (v*(u,)) = i(—v*(uc) + vv*(u.)? —4f'(1)), and A_, is a global constant depending

upon u.. This completes the asymptotic structure of the solution to QIVP as t - oo at lead-
ing order.

5.2 | RegionsIV:, Ty, IV?, and Vi

To develop the solution to QIVP to higher order, we must first return to region Ty, the localized

transition region in which w = v*(u,) + o(1) as t — 0. It follows from the leading order term in

the expansion in region IVy (given by (76), (78), and (80c)) that to examine region Tg we must
1

introduce the scaled coordinate ¢ = (w — v*(u.))t2 and expand u(¢, t) in the form
1
u(¢, 1) = (Fo($) + o(1)) exp (—tv*(uc)2 - t2§v*(uc)>, (82)

ast — oo with ¢ = O(1) and Fy(¢) > 0. On substitution of expansions (82) and (65) into Equation
(8a), we obtain

th(H(V*(ue)e, Fy) + <—%§’F(’) - F(’)’) +0(1) =0, —00 < ¢ < oo. (83)

The only nontrivial dominant balance requires that we set, without loss of generality
() =Int. (84)
Thus, the leading order equation in region Ty is given by
F+ %gﬁg —yFy=0, —co<{<o, (85)

with y = v*(u,)c;. To obtain the full boundary value problem for F;(¢), we require matching con-
ditions as { - —oo with region IV; and as ¢ — oo with region IV}. Therefore, we next return
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to region Ivg. The structure of the expansion in region Vg, for y > 1 (given by (77), (80a), and
(81a)), dictates that in region IV‘I; we expand in the form

u(w, t) = exp (—t(v*(uc)w - %GA(w) + o<%) >>, (86)

1
ast — co with O(t™') < w < v*(u,) — O(t” 2). We substitute expansion (86) into Equation (8a) to

obtain, on solving at each order in turn,

u(w, 1) = exp (—tv*(uw + v*(u ey In (V*(u,) — w) + d + o(1)), (87)

1
as t — oo with O(t™!) < w < v*(u,) — O(t” 2) and where the constants ¢; and d are to be deter-
mined. On matching expansion (87) in region IV}{ (asw — v*(u.)”)with expansion (82) in region
Tg (as ¢ - —o0), via Van Dyke’s matching principle,"” we readily obtain that
¢ =0, (88)
after which we must have
Fo@)=el+0(1) as ¢ — —oo. (89)
To determine d we next match expansion (87) (with (88)) in region IVR (as w — 0%1) with expan-
sion (81a) in region Vg (as y — o0). On applying Van Dyke’s matching principle,'® we require
that
d =1nu,. (90)

Thus, via (87), (88), and (90), the expansion in region IV}; is given by

u(w, t) = exp (—tv*(u.)w + Inu,. + o(1)), 91

1
ast — oo with O(t™!) < w < v*(u,) — O(t 2). In addition (89) becomes
Fo)=u,+0(1) as ¢ — —oco. (92)
We next consider region IV}. The structure of the expansion in region Illg, as t — oo with y > ¢
(given by (64)) and the form of s(t) as t — oo (given by (65) with ¢; now determined by (88))
suggests that in region IV} we write

u(w, t) = e~ 10w, (93)

and expand in the form,

« 2
5.0 = (“E5E2) #8260+ 1 6atw) + o 99)
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1
as t — oo with w > v*(u.) + O(t 2). On substitution from (93) and (94) into Equation (8a) we
obtain a series of boundary value problems, which we solve at each order of ¢ in turn to obtain

N 2
u(w, £) = exp (—t(%) _ %lnt — G,y(w) + 0(1)>, (95)

1
as t — co with w > v*(u,) + O(t 2) and where the function G,(w) is indeterminate, being glob-
ally dependent on the evolution at earlier stages when t = O(1) and y = O(1). However, to match
with expansion IIlg (ast — oo with y > t), we require

w + v*(u,)

Gy (w) ~ Cz( 3

>+1nw+%1n7r as w — oo. (96)

In addition the structure of the expansion in region Ty, as given by (82), requires, for matching to
be possible, that,

Gy(w) ~a;In(w—v*(w))+a, as w— v*(u), 97)
for some constants &, &, to be determined. We now match in detail the expansion in region IV3,
given by (95) and (97) (as w — v*(u,)1), with expansion (82) in region Tg (as { — o). On applying
Van Dyke’s matching principle'” we find that

a =1, (98)

after which,
2

Fo©) = 6§’_1e_§7(1 +0(1)) as ¢ - oo, (99)

where & = e~%. Hence, on collecting (85), (88), (92), and (99), we obtain the boundary value prob-
lem in region Ty for Fy(¢) as,

' + %{F(’) =0, —o0<{<oo, (100a)
Fo©) >0, —00 < ¢ < o0, (100b)

Fo($) = 5§_1€_72(1 +0(1)) as {— oo, (100c)
Fo()=u.+0(1) as ¢ — —co. (100d)

This boundary value problem has a solution only when

G = (101)

e
\/E’
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: : : o u(w,t) : : : :
II,: Ivy @ Ty @ vk @ Vi Ve © 1vk @ Tr @ IVR Illg
- 0(1) o). o) () - 0(1) o). 0Q)
] — emtGow w =) e o)

Y v*(UC)? - 4f/(1) 0 v* ()

FIGURE 8 A schematic representation of the location and thickness of the asymptotic regions in the solution
to QIVP as t — co. Here, the leading order terms in the exponential form of the solution Gy(w) and G,(w) are
given by (71) and (76), respectively. Additionally, there are thin transition regions at w = —m and
at w = v*(u.). Note that regions III; and IIIy are far field regions for [w| > last —

with the solution being unique, and given by,

Fo(©) = %ucerfc<%> V—00<¢<oo. (102)

It follows from (101) that

& =—In (103)

N

It is now instructive to summarize the structure in regions IV, Ty, and IV}:. The expansion
in region IV is given by (95) together with the asymptotic conditions

In(w—v*(u,)) —In % as w— v*(uc)+,
Gy (w) ~ (104)
w+v*(ue) 1
02<T>+lnw+glnﬂ, as w — oo,
while in region Tg
u(¢,t) = Sl erfc 5 +0(1) ) exp | —tv*(u.)* —t2¢v*(u,) |, (105)
ast — oo with { = O(1), and in region IV}’{
u(w, t) = exp (—tv*(u. )w + Inu, + o(1)), (106)

1
as t — oo with O(t™') < w < v*(u.) — O(t" 2). A schematic representation of the location and
thickness of the asymptotic regions as t — oo is given in Figure 8.
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We next consider the structure of the expansion in region Tg in more detail. Via (105), we
observe that for (—¢) > 1,

U, ) ~ exp (—tv*(uc)z vt )e + In (uc<1 + ﬁge_%>>>, (107)

as t - oo, which demands that in region IVI';, to continue the expansion in (106), we must write

(108)

* _r_ t * 2
u(w, £) = ue W 4 73 G(w, 1) exp <—M>

4

1
ast — cowithO(t™!) < w < v*(u,) — O(t 2)and G(w,t) = O(1) ast — co. On substituting from
expansion (108) into Equation (82), and simplifying, we obtain

G, — %FlG_ —t72Gu = O<t%q63(t) exp <—t<wv*(uc) - M))) (109)

1
ast — cowithO(t™') < w < v*(u,) — O(t” 2). We will later verify that the right-hand side of Equa-
tion (109) is exponentially small as t — oo in this region. Hence, to obtain a structured balance in
(109), we must expand G(w, t) in the form

G(w, 1) = Gy(w) + t71G(w) + o(t71), (110)

1
ast — oo with O(t™1) < w < v*(u.) — O(¢" 2) and on substitution into (109) we obtain at leading
order

G} +G, =0, (1)

1
with O(t7!) < w < v*(u.) — O(t 2). We conclude that G,(w) is indeterminate and represents a
further globally determined function. Therefore, the expansion in region IV}; is, from Equations
(108) and (110),

(112)

1 . 5
u(w, [’) = uce—twv*(uc) + t_EG_O(w)(l + O(t_l)) exp <_M>,

4

1
as t — oo with O(t™!) < w < v*(u,) — O(t” 2). We now match the expansion (112) in region IV{;
(as w — v*(u.)™), with expansion (107) in region Ty (as { - —o), in detail. On applying Van
Dyke’s matching principle'” we require

Gow) = =2 (w — v ()™ + 0w — v* () as w — v*(u)". (13)
T

We next return to region Vy. First, a balance between expansion (72) in region Vi, and expansion
(77) in region Vg, across the connection at y = 0, requires

Pr(t) = Pr(t) = (), (114)
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where ¥(t) = o(1) as t — oo. Now, the induced correction term in expansion (77) in region Vg
from region IVR when 0 < w < 1, must have, via (112),

P(t)=0 <t7e_u*(lff) : > (115)

as t - oo, with constant y to be determined. Thus, without loss of generality we set

¥ (ue)t

Pp)=te 4 . (116)

Hence, in region Vi we develop expansion (77) in the form

v (ue)t

u@y, ) =Ur(+te + w1 +o0(1)), (117)

ast — oo with y = O(1)*. On substitution of expansion (117) into Equation (8a), and canceling at
leading order, we obtain

¥ (ue)t

— 0 e = 0 @, — uf +0() = UG T (e <, (us)

as t — oo with y = O(1)*. The nontrivial balance in (118) requires that we set, without loss of
generality

¥ (ue)t

()=t 4, (119)

and we note that this now confirms that the right-hand side of (109) is exponentially small as
t — oo. The corresponding problem for u;(y) is then

1
u + v*(udu! + Zv*(uc)zul = —cUL(y), y>0, (120a)

u,(0%) = 0, (120b)

where the condition (120b) is required for the boundary condition (8e) to be satisfied. The prob-
lem for u,(y), given by (120), must be solved subject to the matching condition with region IVlbl.
Before formulating this matching condition, we consider the corresponding structure in regions
IV]":, Ty, IV}:, and Vy . Thus, we now move to region IVI":.

5.3 | RegionsIV?, T, IV, and V;

The structure of the expansion in region Iy ast — oo with (—y) > ¢ (given by (59)), the structure
of s(t) ast — oo (given by (65) with ¢j and c; given by (80c) and (88), respectively) and the leading
order behavior in regions IV} and IV}: (given by (67) and (71)), suggests that in region IV} we
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write
u(w,t) =1 —e 16w, (121)
and expand in the form,

w ~+ v*(u,)

2
. ) ~ 11 + L6, (w) + 16,w) + 07 (122)

G(w,t) = <

1
as t — oo with w < —y/v*(u,)? — 4f'(1) — O(t™ 2). On substitution of (121) and expansion (122)
into Equation (8a), we obtain a sequence of boundary value problems, which we solve at each
order to obtain

N 2
u(w,t) =1—exp <—t(<%(u6)> - f’(l)) — %lnt - Gy(w) + 0(1)), (123)

1
as t — oo with w < —/v*(u.)? —4f/(1) — O(t 2), and where the function G,(w) is indetermi-
nate, being globally dependent on the evolution at earlier stages when t = O(1) and y = O(1).
However, to match with expansion III, (as t — oo with (—y) > t), we require

w + v*(u,)

Gy (w) ~ C'2< >

> + In(—w) + %lnﬂ as w — —oo. (124)

We next examine region Ty . It follows from the structure of the expansion in region IV?, as w —
(—=v/v*(uy)? —4f7(1))” (given by (123)), that in region Ty, we must introduce the scaled coordinate
1

¢ = (w+ \v*(u.)? —4f'(1))t2 and expand u(¢, t) in the form

2

V¥ (ue) — \ ur(ue)” — 4f7(1)

u(¢, 1) =1 — (Fo($) +o(1)) exp | —t >

- '@

| vrue) — Vo) - 4f7(1)

_tzg‘ 3 ,

(125)

ast — oo with ¢ = O(1). On substitution of expansion (125) into Equation (82) we obtain at leading
order

1
Fy +5¢F;=0, -0 <{<oo. (126)

To obtain the full boundary value problem for F,(¢), we require matching conditions as { — +oco.
To that end, the structure of the expansion in region Ty, as given by (125), requires, for matching
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to be possible, with expansions (123) and (124) in region IV}, that
Gy(w) ~ a; In |w + Vot (u.)? — 4f’(1)| + ay, 127)

as w — (—y/v*(u.)? —4f’(1))~ for some constants a;,a, to be determined. We now match in
detail the expansion in region IV?, given by (123) and (127), as w — (—y/v*(u.)? — 4f/(1))~, with
expansion (125) in region Ty, as ¢ — —oo. On applying Van Dyke’s matching principle, it imme-
diately follows that

a =1, (128)

after which we must have

2

Fo($) = GQ’_le_%(l +0(1)) as ¢ — —oo, (129)

where o = e~*2. We next consider the matching condition as { — oo. The structure of the expan-
sion in region Vi, for (—y) > 1 (given by (72), (80b), and (81b)) dictates that in region IVP, we
must expand in the form

u(w,t) =1—exp <—t< 07 (ue) = U*z(uC)z —4Q@ )w +Gw) + o(l)>, (130)

1
ast — oo with —y/v*(u,)? —4f/(1) + O(t” 2) < w < O(t~1)~. We substitute expansion (130) into
Equation (82) to obtain, on solving at each order in turn,

u(w,t) =1—exp (—t< 07(ue) = VU (e)® — 4/7Q) )w +d+ o(l)), (131)

2

1
as t — oo with —y/v*(u.)? —4f'(1) + O(t" 2) < w < O(t~!)~ and where the constant d is to be
determined. On matching expansion (131) in region IVE (as w — 07) with expansion (81b) in
region Vi, (as y — —o0), via Van Dyke’s matching principle,'” we readily obtain that

d=InA_,. 132)

Thus, via (131) and (132), the expansion in region IV}: is given by

*(U.) — \/ﬁ
u(w,t) =1—-exp (—t(v () 0 2(u P-4 w+InA_o +0Q) |, (133)

1
as t — oo with —y/v*(u,.)?2 —4f/(1) + O(t 2) < w < O(t~')~. On matching expansion (133) in
region IV}: (as w = (—y\/v*(u.)? — 4f'(1))") with expansion (125) in region Ty, (as { - ), we

obtain the condition

Fo(()=A_, +0(1) as ¢ — o. (134)
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Hence, on collecting (126), (129), and (134), we obtain the boundary value problem in region Ty,
for Fy(¢) as,

Fl + %{F(’] =0, -0 < ¢ < o, (135a)
Fo¢)>0, —oo<¢ <o, (135b)

Fo($) = 04‘16_§(1 +o(1)) as { - —oo, (135¢)
Fo)=A_i +0(1) as ¢ — co. (135d)

This boundary value problem has a solution only when

—— (136)

with the solution being unique, and given by,

N v

F0(§)=%A_oo<1+erf< >> Voo < < oo (137)

It follows from (136) that

A
o, =—In—=. (138)

N
It is again instructive to summarize the structure in regions IV?, Ty, and IV}". The expansion
in region IV is given by (123) together with the asymptotic conditions

In|w + \/v*(u.)’ — 4f'(1)] - In AT: as w — <—\/v*(uc)2 - 4f’(1))_,

Gy(w) ~ ;
(MUT(%)>+1nlw|+§lnn’, as w — —oo,

(139)
while in region Ty,

u¢, ) =1- GA_OO <1 +erf <g>> +0(1)>

2

v () — \vr )’ — 47 (1) o) =V ur )’ = 47D

x exp| > —f@|-e¢ . ,

(140)
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ast — oo with ¢ = O(1), and in region IVE

u(w,t) =1—exp (—t( 07(ue) = Vo) - 4f,(1)> +InA_o + o(l)), (141)

2

1
as t — oo with —y/v*(u,)?2 —4f/(1) + O(t" 2) < w < O(t~')~. A schematic representation of the
location and thickness of the asymptotic regions as ¢ — oo is given in Figure 8.
We next consider the structure of the expansion in region Ty, in closer detail. Via (140), we
observe that for ¢ > 1,

2

v () — \ o)’ — 4f7(1)

u(€,t) ~1—exp|—t 3 ey
1 * ) — * 02_4 /1 2
ik v (ue) \/vz(u) f1() +ln<A_m<1—%§e_%>> ’

as t - oo, which demands that in region IVI‘j, to continue the expansion in (141), we must
write

u(w,t) =1— A_, exp [—t( 07(ue) U*Z(uC)Z —4' )w] + t‘SG(w, t)e tHW), (143)

1
ast — oo with —y/v*(u.)? —4f/(1) + O(t " 2) < w < O(t~1)~ and G(w, t) = O(1) ast — co. Here,
§ is a constant to be determined and

H(w) > 3 (v () = Vorw? — 4/ w, (144)

for all —y/v*(u.)? —4f’(1) < w < 0. On substituting from expansion (143) with (144) into Equa-
tion (8a) we obtain

G(Hj — (w+ v*(u.)H, + H + f'(1)) + 0™

= O<ty+ﬁ exp <—t<<v (ue) o) = 4"Q) w+ %v"‘(uc)2 — H(w) ,  (145)

2

1
as t — co with —y/v*(u,.)2 —4f’(1) + Ot 2) < w < O(t~')~. To obtain a nontrivial balance at
leading order as t — oo we suppose that the function H(w) is such that the right-hand side of
Equation (145) is exponentially small as t — oo, and we will later verify this as consistent. Thus,
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at leading order, we obtain the following boundary value problem in region IVE for H(w),
HZ — (w+ v*(u)Hy, + H = —f'(1), (146a)

0< Hw)— %(:;*(uc) — Vo) = 4f’(1)>w < %v*(uc)z, (146b)

with —y/v*(u.)? —4f’(1) < w < 0 and which must be solved subject to

1
Hw) - ‘—lv*(uc)2 as w— 0, (146¢)

H(w) ~ %(w + 0 w))? = f'(1), as w— (—=Vv*(u.)? —4f'(1)*. (146d)

Here the lower bound of inequality (146b) follows from (144) while the upper bound ensures the
right-hand side of Equation (145) is exponentially small as t — oco. Condition (146c¢) is required
so that the correction term in expansion (143) is of the appropriate order to enable matching of
(143) in region IVE (as w - 07) with expansions (72), (80b), (81b), (114)m and (116), in region
VL (as y — —0). Condition (146d) represents the matching condition between the expansion in
region IVIL’ as w — (—y/v*(u.)? — 4f'(1))* (given by (143)) and the expansion in region Ty, as
¢ — oo (given by (142)). Recalling that for each u,. € (0, 1) then v*(u.) € (0, 2), the boundary value
problem (146) has the unique solution

Hpy(w), —\/vru)” —4f'(1) < w < —2y/=f'(D),

Hp(w), —24/—f'1)<w <0,

H(w) = (147a)

with

1 1 1
Hpy(w) = 3@+ @)l = (1) and Hyy(w) = 20w + <§v*<uc> : \/—f/(1)> w,
(147b)
and where we also determine, via asymptotic matching, that § = % for —v/v*(u.)2 —4f'(1) +

1 1

Ot 2) <w < —24/—f"(1) — O(t 2). A sketch of the exponents in expansions (95) and (106),
(123), and (141) in regions IVa,IVg, IV?, and IVE, respectively, is given in Figure 9. We note
that although H(w) and H'(w) are continuous for all —y/v*(u.)? — 4f'(1) < w < 0, the second
derivative H"'(w) is discontinuous at the point w = —24/—f7(1). Hence, a thin transition region
about the point w = —24/—f”(1) is required in which the second derivative in Equation (8a) is
retained at leading order to smooth out the discontinuity. However, this region is passive, and for
brevity will not be considered here. It remains to determine G(w, t) in region IVE. To that end,
because G(w, t) = O(1) as t - oo with w = O(1)~, we must expand G(w, t) in the form

G(w, 1) = Gy(w) + ™G, (w) + o(t™4), (148)

1
ast = oo with —v/v*(u.)2 —4f/(1) + O(t 2) < w < O(t~') and substitute from expansion (143)

(with (147) and (148)) into Equation (8a). When —+v/v*(u.)? —4f/(1) < w < —=24/—f'(1), we
find 4 = 1 and at leading order Gy(w) remains indeterminate when —v/v*(u.)>? —4f/(1) < w <
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a b —v*(ue) 0 v*(ue) w
FIGURE 9 Sketches of the exponent in the large-time solution to QIVP. Sketches of the leading order term
Go(w) when w < 0 (brown), in expansions (123) and (141), in regions IV} and IV}:, respectively; sketches of the

leading order term G,(w) when w > 0 (blue), in expansions (95) and (106) in regions IV and IV};, respectively;
and sketches of the exponential corrections (red) in regions IVE(a <w < 0)and IVlb{(O < w < v*(u,)), respectively.

Here we have used the notation a = —v/v*(u.)? — f/(1) and b = —24/—f'(1)

—24/—f'(1) and represents a further globally determined function. However, when —24/—f/(1) <
w < 0, we require that 1 = 1 and at leading order we obtain

(w+2v='M)G6; = -4Go, (149)

which gives, on integration,

(2 —f'(l))ﬁAL

Go(w) = ; (150)

(w +2 —f’(l))g

with —24/—f/(1) < w < 0, where A; # 0is a globally determined constant. Therefore, the expan-
sion in region IV}: is developed to

u(w,t) =1—A_, exp <—t< 07(ue) ~ yorlue) — 4/7(1) )w) + t(w, t), (151)

2

ast — oo. Here,

a(w, ) = tP(Gy(w) + o(1)) exp <—t <%(w + R ()’ — f'(1)> ) (152)

when —/v*(u.)? — 4f'(1) + O(t_é) <w < =24y/—-f'1) - O(t_é), with
Ao, -1
Gow) ~ T(w VP -4 m) (153)

T
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asw — (—y/v*(u.)? —4f'(1))* and
1
Pr=3, (154)

on matching with region Ty,. However,

B2
2¢/=f"1)) A
< ) ;2 t7P2(1 + 0(1)) exp <—t<%v*(u0)2 + <%v*(uc) - \/—f’(1)>w>>,
(w +2 —f’(l))

a(w,t) =

(155)

1
when —24/—f’(1) + O(t 2) < w < O(t~!)~, and with 3, undetermined at this stage. It is impor-
tant to recall that the change in structure of ii(w, t) across w = —24/—f/(1) is accommodated in

1
a transition region when w = —24/—f’(1) + O(¢ 2). This region is passive and its details may be
omitted here.
We can now return to region V. It follows from (72) with (80b), (81b), (114), and (116), that in
region Vi, we must develop expansion (72) in the form

u(y.£) = Ur(y) + ' exp (—}v*(uc)%)ul(y)(l +o(1), (156)

ast — oo with y = O(1)~. On substituting from expansions (65) and (156) into Equation (8a), and
canceling at leading order, we obtain

1
u + v*(uu) + <ZU*(MC)2 + f/(UT(J’))>u1 =—-cUL(y), y<0, (157a)
ul(o_) =0, (157b)
where the condition (157b) is required for the boundary condition (8e) to be satisfied. It
remains to match expansion (156) in region Vi, (as y — —oo0) with expansion (151) in region

IV}: (as w — 07). On applying Van Dyke’s matching principle,"” we readily obtain this matching
condition as

u1<y>~ALexp<<V—f'<1)—%v*(u&)y) as y - —oo, (157¢)

with 5, now determined as

By =-v. (158)
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On collecting (120) and (157), in addition to the derivative continuity condition (8f) at y = 0, we
obtain the following boundary value problem for u,(y),

u) + v*(uu) + iv*(uc)zul = —c;UL(y), y>0, (159a)

W+ v (U, + (iv*(uc)z +f’(UT<y>>)u1 = —ULG), y <0, (159b)
)~ avexp (VD= 30w )y) as v e, (155¢)
u1(07) = u(0%) =0, (159d)

uj(07) = uj(0h), (159)

which must be solved subject, in addition, to the matching condition on u;(y) as y — oo with
expansion (112) in region IVE. We begin in y < 0, with the inhomogeneous linear equation (159b).
Because U7 (y) satisfies the equation U’T’ )+ v*(uC)U’T(y) + f.(Ur(»)) = 0, a particular integral
for (159b) is readily deduced to be proportional to U’T(y), and so the general solution to (159b) may
be written as

() = Eoby () + E1¢_(y) — 4@ ULy, y <0, (160)

with ¢, (¥),¢_(¥) : (—o0,0] — R basis functions for the homogeneous part of Equation (159b)
chosen so that

8,00~ exp (V=P - 3o ) (51a)

b-() ~ exp <—<\/—f’(1) v %v*(ua)y), (161b)

asy — —oo, while E, and E; are arbitrary constants to be determined. It follows from (81b), (161),
and an application of condition (159¢) that we must have

EO = AL, El =0. (162)

Moreover, on applying condition (159d) (where we have evaluated U’T(O) via (81a)), we obtain

Apv* 0
, = A @8O 163
C
Thus, on collecting expressions (160), (162), and (163) we have
Ar$(0)
w(y) = Arg,(y) + ———UL(y), y<O0. (164)

U (ueJue
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We next consider u,(y) with y > 0. The general solution to the inhomogeneous linear equation
(1592) (using Equations (81a) and (163)) is readily found to be

1 . .
() = (Bs + Egy)e 2° " — 44,0 @Y,y >0, (165)

with arbitrary constants E; and E, determined, via application of the coupling conditions (159d)
and (159¢), as

E; = A1¢,(0), . (166)
E,=A4p <¢;(0) + ¢+(O)<%U*(uc) - f—c> > (167)

v*(uc)u,

with A; # 0. Finally, we match the expansion in region Vg (as y — oo) with the expansion in
region IV}: (asw — 0%). Now, when E, = 0, we obtain the matching condition

Go(w) ~ A;¢,(0) as w — 0, (168)
and
1
7 ==3(= B2 (169)
However, when E, # 0, we obtain the matching condition
Gy(w) ~E;w as w — 0%, (170)
and
3
7 =—3(=-B2). am)
Also, it follows from expression (163) (because A; # 0) that c; = 0 if and only if ¢ (0) = 0. There-
fore, we have the following cases, namely,
Case (I) ¢.(0) # 0. In this case
C3 ?é 0’
and
. 1 . 3
E, =0withy = —§(= —B,) or E;#0withy = —5(: —B5).
Case (II) ¢, (0) = 0. In this case ¢, (0) # 0 and
C3 = 0,
while E, # 0, and so

7 =—3(= 6.
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We next consider the basis function ¢, : (—o0,0] - R. For fixed u. € (0, 1) the initial value prob-
lem for ¢, : (—o0,0] — R is given by

oo, + 00+ P00 g =0,y <o (72a)

s~ e (V- 300 )y) a5 v - (172b)

We reduce the problem (172) to normal form by setting ¢_.(y) = ., (y) exp (—%v*(uc)y) with ¢, :
(—00,0] — R now satisfying the initial value problem

Y+ f'(Ur)p, =0, y <0, (173a)
$.0) ~exp (V=Fy) as y - -, (173b)

This can now be solved numerically to find 1. (0) and %', (0), which we then use to obtain ¢, (0)
and ¢/, (0), after which the occurrence of case (I) or case (II) is determined.

The asymptotic structure of the solution to QIVP ast — oo is now complete with the expansions
in regions IV?, Ty, IV}:, VL, Vg, IV}’{, Ty, and IV} providing a uniform approximation to the
solution of QIVP as t — co0. On collecting expressions (65), (80c), (84), (88), and (119), we have
obtained, in particular, that

5(t) = v*(u,) + cst? exp <—%v*(uc)2t> + 0<t7 exp <—%U*(uc)2t)> as t— oo, (174)

where the constants c; and y depend upon whether case (I) or case (II) is pertaining for the given
KPP reaction function and the cut-off value u. € (0, 1). Hence, via the method of matched asymp-
totic coordinate expansions, we have been able to obtain the correction term to the asymptotic
propagation speed v*(u.) of the developing PTW structure in the solution to QIVP as t — 0. In
addition, with u : R X [0, 00) — R being the solution to QIVP, it follows from expansions (95),
(104), (105), (112), (117), (123), (139), (140), (151), (156) in regions IV®, IV?, IV, IVQ, Ty, Ty, V1,
and Vg that,

u(y,t) = Ur(y) + E(y, 1), (175)

ast —» oo for y € R, with E(y, t) linearly exponentially small in ¢ as t — oo, uniformly for y € R.
In particular, on any closed bounded interval I,

_1 2
E(y,t):O(tVe g (“c)’>, 176)

as t — oo uniformly for y € I. A significant point to note here, is that, for KPP reaction functions
satisfying (2), in the absence of cut-off, the corresponding correction terms in (174), (175), and
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(176) are only algebraically small in ¢ as ¢ — oo, being of O(t™!) (see, for example, Leach and
Needham®).

To illustrate these results we consider a simple example of KPP reaction function f : R - R
which satisfies (2), and has

f=11-w), u> %(1 + 177)

%)
1+

with A > 0 fixed. With the cut-off value

1 A
we (2 (e gs) ). -

then, in this example, f. : R — R is given by

0, u € (—oco,u,],
few) = 179)

A1 —-u), ué€ (u,o),

and

FO=-4, ff=a0-u). (180)

For this example, we can readily obtain the PTW explicitly as U7 : R — R given by

Vs () +4A—v* (i)
1—(1—u.)ex o e < , y<o0,
Ur(y) = (1 —uc)exp (( >y> y

2 (181)
uce_U*(uc)y’ y> 0,
with propagation speed
1-—
v*(u,) = \/Iﬂ (182)
Ve
Now, via (172), the basis function ¢, : (—o0,0] — R satisfies
. 1
"+ vt (U, + <Zv*(uc)2 - /1>¢+ =0, y<0, (183a)
1

¢.(y) ~ exp <<\//_1 - Ev*(uc)>y> as y — —oo, (183b)

which has solution

$4) = exp ((x/Z - %v*(uc)>y), y<0. (184)
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Thus, we obtain via (184)

$. =1, ¢,0) = Vi- 30w, (185)
and so,
Ey= ALVA(1— /ug) #0. (186)

Thus, the particular reaction function (179) falls into case (I), which has

3

$(t) = v*(u.) +cst 2 exp <—%v*(uc)2t> + o(t_g exp <—%v*(uc)2t>> ast — oo, (187)

with ¢; # 0, and v*(u,) given by (182). Similarly, in this example, both (175) and (176) have y =
-3/2.

5.4 | The case of a cut-off Fisher reaction

To conclude this section we focus on the particular case of the cut-off Fisher reaction function
(10) for fixed cut-off u. € (0, 1). For this example, via (173), ¢, : (—o0,0] — R satisfies

"+ (1 =20y =0, y<O0, (188a)
P,(y)~e’ as y-o —oo. (188b)

We obtain numerical approximations of ¢, (0) and ¢ﬁr (0) from were we deduce ¢, (0) and ¢ﬁr (0).
This is readily achieved by solving (188) together with the nonlinear boundary value problem
determining Ur(y) (see Equation (11) in Part I of this series) numerically over an interval y €
[-M,0] for M € RT using the Matlab initial value solver ode45, taking v = v*(u,). The values of
v*(u.) and M are determined numerically as detailed in Part I of this series of papers. As “initial
condition” we employ (Ur, UL, %, %,) = (1 — €, =2, (v*(u.))e,e™,e™™), where ¢ = 107'% and
prescribe an absolute and relative ODE tolerance of 10713,

Figure 10 examines the behavior of ¢,(0) and E;/A; = ¢/ (0) + ¢,(0)(1/2v*(u.) — (1 —
u.)/v*(u.)) for a range of values of u.. It suggests that ¢,(0) and E, are both nonzero and
therefore the particular reaction function (10) falls into case (I) with c; # 0, y = —3/2 and where
$(t) has the asymptotic expression

A (U)$4(0) 2

5(t) ~v*(u,) — ™ 2 exp <—%v*(uc)2t> as t — oo. (189)
C

We observe that the asymptotic expression (189) qualitatively agrees with the numerical solutions
for QIVP obtained for the cut-off Fisher reaction function in Section 2: Figures 3 and 4 suggest
that the correction to §(¢) is exponentially small in ¢ as t — oo while Figure 1 makes clear that the
exponential decay rate decreases with the increasing value of u.. However, a quantitative test of the
validity of (189) is challenging because we do not have sufficient precision to allow the numerical
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FIGURE 10 Agraphof(A)¢,(0)and(B)E,/A; = ¢/.(0) + ¢, (0)(v*(u.)/2 — (1 — u.)/v*(u,)) corresponding
to the cut-off Fisher reaction function (10). These are obtained by solving (188) numerically for a range of values of
u. € (0,1) and are used to determine the precise form of the correction to $(t) as t — oo, given by Equation (174)

solver to resolve exponentially small terms in the numerical solution; as such we are unable to
accurately compare (189) directly with numerical solutions to estimate the global constant A; .

6 | CONCLUSIONS

In this series of papers we have considered an evolution problem for a reaction-diffusion pro-
cess when the reaction function is of standard KPP type, but experiences a cut-off in the reac-
tion rate below the normalized cut-off concentration u, € (0,1). We have formulated this evo-
lution problem in terms of the moving boundary initial-boundary value problem QIVP. In the
companion paper, we considered PTW solutions U7(y) = u(y, t) to QIVP. In this paper, we con-
centrated on examining whether a PTW evolves in the large-time solution to QIVP and when this
is found to be the case, determining the rate of convergence of the solution to the PTW. Key to this
studyisy = x — s(t) = 0, which represents the location of the moving boundary where u = u.. We
used the method of matched asymptotic coordinate expansions to develop the detailed asymptotic
structure of the solution to QIVP in the small-time (t = 0(1)), intermediate-time (¢t = O(1)), and
large-time (t — o0) regimes for arbitrary cut-off u. € (0,1). We first determined that the asymp-
totic structure of u(y, t) in the small-time regime has two regionsin y < 0, and two regionsiny > 0
and is given by expansions (44), (35), (36), and (49). The two-term asymptotic expression (37) for
the function s(¢) can be derived from the inner left and inner right regions, where y = o(1)~ and
y = o(1)*, in addition to the leading order boundary conditions. This reveals that as t — 0%, §(t)
has an integrable singularity, which depends on the cut-off u.. Here §(¢) — +oo when u. € (0, %),

while, §(t) > —oo when u, € (%, 1) with a transition case where $(t) - 0 when u, = % We then
employed the asymptotic structure of u(y, t) in the outer left and right regions, where y = O(1)~
and y = O(1)", for t = 0(1) to determine the asymptotic structures of u(y, t) when |y| — oo for
t = O(1). The latter is key to deriving the asymptotic structure of u(y, t) as t - oo, which consists
of two principal regions in y < 0 and two principal regions in y > 0 and given by the asymp-
totic expressions (95), (104), (105), (112), (117), (123), (139), (140), (151), (156), with the asymptotic
structure of s(t) as t — oo being determined simultaneously and given by the asymptotic expres-
sion (174). This systematic approach allows to establish that the solution to QIVP converges to
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the PTW solution as t — oo at a rate that is linearly exponentially small in ¢ with the exact form
dependent on the particular underlying KPP-type reaction function f(u) and the cut-off value
u. € (0,1). Thus, introducing an arbitrary cut-off into the reaction significantly modifies the rate
of convergence of the large-time solution onto the PTW (from an algebraic to an exponential rate).
Consequently, the presence of a cut-off significantly shortens the time for the solution to QIVP
to converge to the PTW. We anticipate that the approach developed in this paper will be readily
adaptable to corresponding problems, when the KPP-type cut-off reaction function is replaced by
a broader class of cut-off reaction functions.
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APPENDIX A: NUMERICAL SCHEME

We approximate u(y, t) and s(t) by piecewise linear functions u,(y;, ;) and s4(¢;), defined on
evenly spaced space and time grids given by {y; = —M + iAy}f:OI and {t; = jAt}jzo with y; =0
and t; = T. We use explicit finite differences to approximate (8a) by

v/t - ul = (U, —2u!l + UL )+ u(sit -0 (UL, - UL, ) ), D
for i=2,..,]—-1,I+1,.,I+T—-1, j=1,..J, u=At/Ay? and v = 1/(2Ay), where Ul.j =
ug(y;,t;) and Sij = s54(t;), respectively, approximate u(y;, t;) and s(t;). We then use (8d), (8¢), and

(8f) to set

J_ J _ J_ J
Uy=1 Uy,=0 U =u, Uy,

+U] | =2u, forj=1,.J. (A2)
We solve the resulting sparse linear algebraic system of equations for the unknowns Ul.j and S/
withi =2,..,]—1,I+1,..,]+ 7 —1and j =1,...,J in an evolutionary manner starting from

Oy—-1 _ O J+T _ 0 _
{Ui }izl - 19 {Ul }i:I - 09 S - 09 (A3)

corresponding to the initial conditions (8c) and (8g). We choose Ay = 5 x 1073 and At = 0.4Ay?
to ensure the stability of the explicit method. We take I and 7 sufficiently large to ensure that any
error arising from truncating the right-hand and left-hand boundary does not affect the solution
in the interior. In practice, we have found that choosing I and 7 so that e/1+(”*(”6))y0, eV Uy <
5% 107> (corresponding to the asymptotic behavior of the PTW as described by Equation (81))
provides reasonable accuracy. Comparison with results obtained for a spatial resolution of Ay =
1073 resulted in a less than 0.5% difference in uy(y;, t ) and s4(t)).
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