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1 INTRODUCTION

In 1857, B. Riemann (see, e.g. [25]) posed the following problem:
to find a system of functions Y (2) = (y1 (2),...,ym (2)), with 3
properties: R

1. functions are analytic everywhere in C except of a finite
number of points ay, as, ..., ay;

2. the function Y (z) possesses a linear transformation with a
non-singular constant matrix V;, whenever z is traversing around
each singular point a; (k=1,2,...,n), i.e. Y — VY, such that
Vi-Va-...-V, = E:

3. at each singular point a; (k=1,2,...,n) functions
y1(2),92(2),...,Ym (2) can turn to infinity of a finite order.

Matrices Vi, Vs, ..., V, form a monodromy group. Riemann
showed that, in the neighborhood of each particular point a; the
solution of the problem is

(z —ap)™ ui (z)
Y () =Dy | oo ’
where u; (2),...,un (2) are analytic functions, wu;(ar) #
0 (J=1,...m), pp, = ﬁln/\jk, Ay« -+, Ami are the character-

istic numbers of the matrix Vi (k=1,...n), D) are matrices
transforming the matrices Vi to a Jordan form. Riemann also
pointed out that the functions v, ..., ¥y, will be solutions of an
m-~th order complex differential equation with rational coefficients
(see, e.g., [2]). In 1900, Hilbert included the problem of construc-
tion of the differential equation of Fuchsian type as 21-st into the
list of the mathematical problems for XX century. This problem
is known nowadays as the Riemann-Hilbert problem, see [3], [7].
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The Riemann problem can be formulated as the Riemann
boundary value problem for analytic functions (see [22], and
known monographs [20], [27]). Let’s draw a simple closed loop
through singular points. Then bypassing the point a; the follow-
ing transformation yields Y »— Vi -V5-...- V.- YT =Y ~. Hence
we arrive at the boundary condition

Y+<t>:AkY7<t)7 te(akaak-l-l)v k’:l,...n, Qp41 = a1,

1)
where Ay = (V- -- V;g)_1 , A, = E. The vector-matrix Riemann
boundary value problem with piece-wise continuous algebraic co-
efficients was first solved by [10] by using Green’s function method.
The solution of the Riemann-Hilbert problem using its reduction
to the Riemann boundary value problem for analytic functions
was proposed in 1908 by Plemelj [23] (see also [24]).

For a long time it was thought that Plemelj had found a
complete and positive answer to the question of existence of the
complex differential equation with a given monodromy group.
Therefore the interest in this problem was moved into the area
of the effective construction of its solution. We have to mention
here the results by Lappo-Danilevsky, Rohrl and Erugin. N.P. Eru-
gin [6] considered the case of four singular points and showed, in
particular, that the Riemann-Hilbert problem is related to the
Penleve type differential equations.

In the late 1980s, Bolibrukh (see e.g. [2]) showed that the
proof of Plemelj is incomplete and that the negative answer is
also possible. An extended description of the modern state of the
Riemann-Hilbert problem as well as the presentation of the main
results by A.Bolibruch is presented in [2] and [3]. We also have to
mention the paper [7] which is devoted to the connection between
the factorization of piece-wise constant nxn matrix functions with
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m jumps and the Riemann-Hilbert problem. In studying these re-
lated problems, some results for the partial indices for general n
and m were obtained, including complete answers for n = 2, m = 4
and for n = m = 3. In some cases, the partial indices can be deter-
mined explicitly, while in the remaining cases, there remain two
possibilities. The determination of the correct possibility is equiv-
alent to the description of the monodromy of n-th order linear
Fuchsian differential equations with m singular points.

Despite the fact that more than 160 years have passed since
the statement of the Riemann problem, it has not been completely
solved. This paper presents one of possible directions in the study
of the Riemann problem. In order not to be too cumbersome we
limit our attention to the case of m = 2, i.e. for vector functions

Y(2) = (v1,42).

2 CONSTRUCTION OF THE CANONICAL MATRIX FOR
THE RIEMANN PROBLEM WITH THREE SINGULAR
POINTS

Before proceeding with the presentation of a solution scheme for
the Riemann problem with an arbitrary number of singular points,
let us show how its solutions are constructed in the case of 3 sin-
gular points aq, as, az. Without loss of generality, we assume that
ag = 00. The question is to find the solution of the homogeneous
Riemann boundary value problem with boundary conditions

{ Y+(t) = Al 'Y_<t>, t e (&1,@2), (2>
YT(@t)=A- Y~ (t), te€ (az,00),

where Ay, A, are constant non-singular matrices of the 2nd order.
The solution to problem (2) will be sought in the class of functions
that are integrable as z — a; and z — as, but almost bounded
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(i.e. bounded or admitting a logarithmic singularity) as z — oc.
In the selected class, the homogeneous boundary value problem
(2) is always solvable.

Denote by «ay, Br the characteristic numbers of matrices V; =
Ak,lAlzl, k=1,23, Ay = A3 = E, respectively. For each k =
1,2, 3 find the numbers

1 1
pr=—1Inaoy, —1 < Rep, <0, o, =-—1Inpf, —1< Reo;, <0,
27i 211

3
A= Z (pr +0r), Alis an integer, —5 < A <0.
k=1
We look for the solution of problem (2) in the neighborhood of
each singular point in the form

Y(z) = <y1<2>)zpk((2_“’f)pk “W;) k=12 (3)

ya(2) (z—ar)™ v (2
y1(2) 277 g (2)
Y(2)= =D 4
o-(u) -0 0E).
where Dy (k = 1,2,3) transform monodromy matrices Vj to a

normal Jordan form, the functions uy (z) are analytic in a neigh-
borhood of points ay, and the functions vy (z) are either analytic
if px # oy, or have the form

1

v (2) :%ln(z—ak)uk(z)—l—wk (2) at pp =01, k=1,2, (5)

1
v3(2) = 37 Inz-us(z)+ws(z) at p3 = o3, (6)
with wy, (2) being analytic in the neighborhood of the points ay,

uk(ak)#oa wk(ak)%(hk:17273;p:p3+/€170203+’%27 and
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integers k1 and k9 determine the order of the solution at infinity,
which will be maximal if |Re (p — 0)| < 1.

In order to solve the homogeneous Riemann boundary value
problem, it is necessary to find the canonical matrix X (z) of
this problem (see [20]). The columns of the matrix X (z) satisfy
the boundary conditions and the matrix X (z) has the following
properties [18]:

1. det X (z) # 0 for Vz # a;, (k= 1,2,3);

2. the columns of the matrix X (z) belong to the selected class
of functions;

3. the order of the determinant X (z) is equal to the sum of
the orders of its columns.

The first two conditions are satisfied by the matrix

Xy (2) = (yl (Z—al)(z—%)yé)_

Y2 (2 —a1)(z—a2)ys

Taking into account representation (4) we establish that the
order p of the determinant of the matrix Xy (z) is equal p =
Re(p+ o) — 1, and the orders p; and ps its columns are equal
p1 = min (Rep, Rec), po = p; — 1. Therefore, p = p; + py only in
the case p = 0.

Let us consider the matrix

X<Z)2X0<Z)(1 52’) _ (y1 ezy1+(z—a1)(z—a2)yi>,

0 1 Yo €zya+ (2 —a1) (z — a2) v
(7)
p, if Rep < Reo,
o, if Rep > Reo.
The matrix X (z) has the property 3 of canonical matrices, i.e.
p = p1 + p2. Indeed, let Rep < Reo. Then € = p and the order p;
of the first column of the matrix X (z) at infinity will be equal to

where € = {

84—
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p1 = min (Rep, Reo) = Rep. The order ps of the second column of
the matrix X (z) at infinity is py = min (Rep, Rec — 1) = Reo —1.
Consequently, p = Rep + Rec — 1 = p; + po and the matrix X (z)
is the canonical matrix of the problem (2).

Let us find the differential equation to which the matrix satis-
fies Xy (2). By construction, the matrix Xy (z) is a solution to the
boundary value problem (2), i.e.

X[;r (t)=Ar- X, (t), te (ar,ars1), k=1,2. (8)

where
Av= X7 (- [Xg 0] (9)

Differentiating both parts of the boundary condition (8) and
taking into account (9), we arrive at the boundary condition or

ax;F _1-1dx;
7 :XO+' [XO} @ Or
dx,1+ dX,]~
X' =2 = | X =0 1

Let us denote p (2) = (z — a1) (2 — az) and consider the matrix

X (2. dX,(2) 1 , (p(Z) v —p ()Y ) «

dz p(2) (nyh — 1) —ys Y1

X<Mﬂ@wﬁpw%):(§_¢@>, (11)

1
v P'(2)yp+p(2) 5 o P2(2)

where the following notation is used 1 (2) := p (2) %, o (2) =
J152 1
Pz) | s —ysur
p(z) " yiya—yeyt
In order to apply to (11) the theorem on analytic continuation

and the generalized Liouville’s theorem we find the main parts of
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the decomposition of the elements of this matrix in the vicinity of
singular points ay, ag, ag = oo, using formulas (3) — (6).

If pp # or, k= 1,2,3, then in a neighborhood of the point a,
there are representations

as — a o +o
):(2 1)P1 1+”’ s02(2)201 1+....

Z—a ' Z—a

@1 (2

Similar representations take place in a neighborhood of the
point z = a»

a;— a o +o
—(1 2)p22—|—..., gpz(z):pz 2.

Z — a9 Z — a9

p1(z) =

In a neighborhood of a point ag = 0o the functions ¢4 (2) and
©2 (2) admit the following representation
l—p—-0o
l—p=o

pr(z)=—pot.... p2(2) = ——

Given that res gy + res s + res o = 0, we get the following
ai as 00
relation p;1 + 01+ ps+ 03— (1—p—0)=0or

prto1+patort+pto=1, (12)

which is called the Fuchs relation.

Since p = p3+ K1, 0 = 03+ K9, then we have Zi:l (px + ox) +
k1 + ke = 1, and thus k; + ko = 1 — A. From the last equality
it follows that the solution Y (z) will have the maximum possible
order at infinity, if we choose the numbers k; and ks in such a way
that ky = [%552] ko = [552] at Reps < Reos, ky = [552] ks =
[%} at Reps < Reos. So we have found that

-1 dXO (Z) 0 ((LQ_Z(ilczpl”l + (“1—2(12(2/)20’2 — po
Xo o (2)- dz | L 1m+32+?f2 ;

p(Z) Z—ay Z—as
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and the matrix X, (2) satisfies the differential equation

dX, Uy Uy 0 —po

— =X =: X

dz Olz_a1+z_a2+ 0 0 0(Z>U(Z)a
(13)

), and the matrix coefficients U}, UY

where U(z) = (uu 12

U1 U2

0 _
are defined by the relations U} = ~1 (a2 = 1) pro ,
! (ay — a») p1+ 01

0_ 0 (a1 — az) p202
U2 — -1
(a2 — a1) p2 + 02
ential equation for the canonical matrix (7). Substituting X, (z) =

_ 1 <
X (2)- ( (1) 182 ), where ¢ = { ’2’7 i Z(;pp g ]]ELZZ’, into equation

(13) we obtain

%(é _182>+X(2><8 _(f)zX(z)-(é 81Z>U(z),

or

o0 T (3 ) () (7))

Direct calculations show that

Loz \ o (L oez | L gty el )
0 1 1 0 1 1 ,01+0'1+ £ay

a1—az a1—a2
NESURWES —e2(z —ay) — 2a1* + € (p1 + 01) (ag — a1)
a; — ay 0 €
= U1 + (Z - CLl) Uiku

). We now construct a differ-
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1 —ez [0 1 ez _ afﬁz@ (P2(a2*a1)+fzi)fgi(02*01)+Ea2) N
0 1 2 0 1 1 ;02+U2+ gaz

as—ap a2—aq

+<z—a2>.( —£ —SQ(Z—CLQ)—2&252+6(p2+02)(a1—a2))

as — 0 £
:Uz—i—(z—ag)UQ*,

()6 E) 67 ) (i) 7)-
:<8 5—0/)")211;.

Therefore, it follows from (12) that

2 _
U1*+U2*+U§‘:<O e2+e(p+o) pa)z

0 0

(1))

since either ¢ = p, or ¢ = o. Consequently, the canonical ma-
trix X (z) of the boundary value problem (2) is a solution of the
Fuchs’s class equation (a regular system of differential equations)
of the form

dX Uy U,
=X 14
dz [z—a1+z—a2] (14)
with matrix coefficients Uy, Us:
U — 1 ea; (p1 (a1 —ag) +eay) - (o1 (a1 — as) +€ay)
Yy —a \ -1 (p1+01) (ag —a1) —eay ’
U, — 1 £a9 (pg (CLQ — CL1) + ECLQ) . (02 (ag — Cll) -+ 8@2)
2 a; — o —1 (pg -+ 02) (Cll — (12) — £a9 ’
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where
I 2 it Rep < Reo,
| o, if Rep > Reo.
From the matrix equation (13) we obtain a second-order differ-
ential equation, whose solutions are components y; (z) and y; (2)

of the vector Y (z). The functions of the first and second rows of
the matrix X, (z) in (13) satisfy the relation

(v we )= we) (L )
which yields the system of two equations
{ Y =p(2)y - un (2),
)Y +p()y =u(2)y+p(2)un(z) y.

The first equation is satisfied identically, and the second
equation can be rewritten as

y' + (p/ &) _ U2 (2)> y - (Z)y =0.

p(2) p(2)

Substituting into the last equation the values of the functions
p(z), uia (2), ug (z), we obtain the differential Riemann equation
with singular points ay, as, and oo, whose solutions are functions

y1 (z) and yo (2):

1—p1—0 1—py—0o
y// + ( P1 1 + P2 2) y/_ (15>
Z — ay zZ — a9

1 a; — a as — a
_ p0+( 1 2)P101+( 2 1),0202 y=0.
(z —a1) (2 — ag) z—a z— ap
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By linear fractional transformation mapping the points ap, ao,
oo to 0, 1, oo, we arrive at the hypergeometric equation

uu+<1+/)1—01+1+ﬂ2—02) g proitp)otpite)

z z—1 z(z—1)

or
zl=z)u"+(c—(a+b+1)z) v —abu=0, (16)

wherea =p+p1+p2, b=0c+p1+p2, c=1+4+p —o01.

The following systems of functions [1] can be taken as a fun-
damental system of solutions uy (2), v (2), k = 1,2, 3, to equation
(16) in the vicinity of points a1 = 0, ay = 1, ag = oo:

u () = F(a,b;c;2),
v (2)=21"Fla—c+1,b—c+1;2—c¢2), ifac#1,
Ul(z):ﬁ<—u1(z)lnz—|—2z”wn), ife=1,
n=0
(17)
where ¢, = b 2 (n4 1) — ¢ (a+n) = ¥ (b +n)], ¢ (2) is

the Euler psi function; F' (a, b; ¢; z) is the hypergeometric function;

uy (2) = F(a,bja+b+1—c¢1—2),

v (2)=(1—2) """ "F(c—a,c—bc+1—a—b1—2), ifc#a+Db,
()= (cnEnO-2+ 5 A=) o=+,

n=0

(18)
u (z):(—z)_aF(a,a+1—C'a+1—b 1)
Uj(z>:(_z)_bF(b+1 c,bib+1—a;l), ifc#b, (19)
vs(z)ZQLm[m(z)ln “Z zitﬂl )(2¢(n+1)_

n=0
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—(a+n)—v(a+1—c+n))], ifa=0.

Analytic continuation uy, v; to the entire complex plane can be
carried out according to formulas [1]:

(o) =)= (20 (20)

;(C)F(cljafZ) F(?F(a;rzfc)
with A1 = | o tiecart) et |+ if o1 # 01, p2 # 03,
F1-a)I'(1-b) T(a+1—c)L'(b+1—c)

P(1—a—b)  D(a+b—1)
Ay = ( F(l—a;l“(l—b) F(a)OF(b)

) 1fp1 =01, P2 7&0-27

T'(a)T(b)
2mil'(a+b)
O 27riF(a+b)
A= P(@)T'(b) 2zslzr£?§£?r)17rb >’ if p1 # 01, p2 = 09,
I'(a+b-1) sin (a+b)

0 2isin Ta .
A1=< 1 );lfl)l:Ul, p2 = 02.

\ 2isinma 0 L/
Ay is constructed similarly.

We replace the corresponding entry by zero if the argument
in Gamma-factors in the denominator is a nonpositive integer
number.

Thus, the canonical matrix of the problem (2) in the neigh-
borhood of each singular point a; = 0, as = 1, a3 = oo has the
form

(g e u, ezup + 2 (2 — 1) uy
X(z)=2"(1=2) Dk(vk ezvp+2(z—1uv, )7 (21)

where Dj. is the matrix transforming the matrix V;, = Ak,lAljl
to the normal Jordan form, k = 1,2,3, Ay = A3 = E, and uy,v;
are the functions defined in (17) — (19). The total index & of
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the problem, partial indices @1, & and the number ¢ of linearly
independent solutions are determined by the formulas

N %1:[%]7 aegzl%], l—wt1.  (22)

In order for local solutions (21) to be analytic continuations of

each other, it is necessary to fulfill the conditions Dy ( Zk ) =
k

Dk+1<:j]]:: ), or DNy = Dy, k = 1,2. Matrices D;

(k =1,2,3) have the form D, = DT}, where T}, = (VOk (? )7
k

if ap # By, and T = ( g]]: i ,if ay = By, and Dy, is any fixed
matrix performing transforrggtion of the matrix V}, to the normal
Jordan form. At last, the numbers ~;, d; are subject to further
definition. Denoting Sy, = (s;5) = Dk_1 - Dy, we find ~y;, and ;, from
the system of equations TpAr = SpTki1, k= 1,2.

If p1 # o1 and ps # 09, then this system will take the form

7 0 At Az ) [ su s 72 0 (23)
0 0 A2l A2 S21 S22 0 0 )°
System (23) is solvable under the following condition

A11A22512521 = A12A21511522. (24)

If the matrices A; and A, are reduced by a similarity transfor-
mation to the triangular form, then the matrix A; has the same
form and condition (24) is satisfied. If the matrices A; and A, are
not reduced by a similarity transformation to a triangular shape,
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then condition (24) can be written as 122 — Susz o
A12A21 512821

sin (C — CL) sin (C — b) . as + 53 — (04152 + 510[2) Qgﬁg
sina sin b az + 3 — (apag + B162) asfs’

(25)

Direct verification ensures that equality (25) is an identity.
From system (23) we find that as 71, d; and 79, d2 we can take
N s, Am

any pairs of numbers that satisfy the relations T =

S12. ez 22— Sz Ao S Gipilarly, we find the relations
S22 A1z’ O s11 A S21 A2z )
between v and 0y in cases when any of the matrices Vi, (k= 1,2)

is reduced to a triangular Jordan form. For example,

M= —(;1(11:@2));((12,?;), 01 = —F(CS,Z’;)FF((?,I)), if p1 # 01, p2 # 02,
N =T%(a)T?(b) Sp2, 0 = %FQ (@ +b) o, if p1 # 01, p2 = 03,
Y1 = S11 — @, 01 = S12 OF Y1 = S12, 01 = S92 — g if p1 = o7y.

3 TRANSFORMATION OF DIFFERENTIAL MATRICES
AND THE METHOD OF LOGARITHMIZATION OF
MATRIX PRODUCT

Let V4, V5 be constant non-degenerate matrices of the 2nd order.
Equality In (V4V32) = InVj + InV; is valid only for transitive ma-
trices. We derive a formula connecting the logarithms of matrices
Vi, Vo and V3 = V4 V5 in the case of non-commuting matrices. De-
note by aj, S the characteristic numbers of matrices Vj, and by
Pk = QLM Inay, o = %m In 55 the characteristic numbers of matri-
ces Wi = QLM InUy, k= 1,2,3. Fix any branches of logarithms p;,
01, p2, 02 so that |Re (pr — o;)| < 1, k = 1,2. Then the branches
of logarithms for ps, o3 should be consistent with, and selected
from, the condition py + 01 + pa + 09 = p3 + 03.

P3

0 O3
of two matrices S = S7 + S, where S, ~ Wy, k = 1,2. The last

Let ps # o3. Imagine the matrix S = as the sum
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equality can be written as

ps 0 (s c n S9 —c
0 o3 ) d p1+o1—95 —d py+0o9—359 )’
which is equivalent to a system of 4 equations:

S1+So=p3, p1+01+ps+ 09— 81— Sy =03,

s1(pr+ 01— s81) —cd=pro1, Sz(pa+ 09— s9) — cd = paos.

Subtracting from the 3rd equation of the 4th, we obtain a
system for determining s; and ss:

{ s1(p1 +o01) — 5% — S9(p2+ 09) + S% = P101 — P20,

51+ s2 = p3,
or
s1(p1+ 01— p3) — s2(p2 + 09 — p3) = p101 — Pa0a,
S1 + So = p3,
Thus
g = P11 (p3 — p2) (p3 — 09) 5y = 2202 + (p3 — p1) (p3 — 1)
03 — P3 ’ 03 — P3
Therefore

C'dzsl(p1+01—81)—01012—(51—01)(51—01)2

_lps—p1) (93— 01) = pa0] [(03 — p1) (p3 — 01) — p207)]
(o3 — P3)2
Thus, the following matrix representation is obtained:

pro1—(ps=p2)(ps=02)  (p3—p1)(03=01)=p202 4
P3 0 03— 03— p:
S = — 3703 3703 +
0 oy p202—(ps—01)(03—p1)  (03—p2)(03—02)—p101

A(os—p3) 03—p3

94—
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03—p3 93—p3
(p3—01)(03=p1)—p20a  (03—p1)(03—01)—p202
A(J?ﬁps) 03—P3

(26)

p202+(p3—p1)(p3—a1) PzUz—(P3—p1)(U3—01)A
_|_

moreover, this representation, up to a similarity transformation

using a diagonal matrix, is unique ( ¢ - an arbitrary constant,
. . . 0

¢ #0), if p3 = 3. Then the matrix representation S = < pf’ p )
3

as the sum of two matrices similar Wy, k = 1,2, given in [11]. Later
it turned out that we only need to use the decomposition (26).

Let us return to equation (14) and show another way of con-

structing differential matrices Uy, Us. For definiteness, we assume

e = p and find the sum of matrices U; and Us:

U1+U2:<_Op a ) (27)

1—0

po=—ar[(p+p1) (p+01) = p202] — az[(p + p2) (p+ 02) — pro].
Due to the choice of logarithms for numbers p and o the el-
ements standing on the main diagonal of the matrix (27), are
different. From formulas (19), in particular, it follows that even
in the case of ag = f3 equality is valid p = o, otherwise func-
tion w3 (2) when traversing around a point az = oo will be not
transformed linearly. Therefore, the matrix (26) can always be
—p
0 1—-o0
p_ (1 we=—p=1
0 c
from formula (26), replacing it ps by —p, o3 by 1 — o

diagonalized S = using similarity transformation

. Matrix representation S we obtain

S = gl + Sz, (28)
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Hgll\/vva7

14+p—0o 14-p—0c
p202—(pt+o1)(o+p1—1) (o+p2—1)(o+o2—1)—p10y

( p1o1—(p+p2)(p+02) (p+m)(0+01—1)—pzva>
A(l+p—0) 14+p—0

_ +p—0o 1+p—0 Q
Sy = p1o1—(pto2)(o+p2—1) (o+p1—1)(c+0o1—1)—paos ) ;S92 ~ W
A(l+p—o0) 1+p—0c

~ ( p202—(ptp)(ptor)  (ptpe)lotor—1)—pro1 4
1

Multiplying by the matrix D both sides of equation (14) on the
left, we come to the equation < (YD) = (Y D) [D_lUlD + D_IUQD}

Z—ay Z—asg
or

0 O
Z — ay Z — am

(29)

where Y = YD, U; = S, Uy = Sp. Thus, the right side of (28) is
the sum of the differential matrices U; and U, of equation (29).

In what follows, we use formula (28) to solve the Riemann
problem with four or even more singular points.

4 LOGARITHMIZATION OF THE PRODUCT OF THREE
MATRICES OF THE SECOND ORDER

Let Vi, V5, V3 be constant nonsingular matrices of the 2nd or-
der, V, = V1 V5 V5. Denote by ay, B the characteristic numbers of
matrices Vi, and by pp = ﬁ Inag, o = ﬁ In 55 the characteris-
tic numbers of matrices W = #ln Uk, k = 1,...,4, where the
branches of logarithms satisfy the conditions |Re (pr — o) < 1
and ", _, (pr + 0x) = pa + 04

Let py # o04. Then the matrix W, is reduced to a diagonal

Jordan form S; = (%4 f > Let the matrix S; be a sum of
4
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three matrices

3
S4=51+52+83=Z(5’“ Ci“>, (30)

k=1

where S, ~ Wi, SZ = pp + o — Sk, crdp = sksz, — PO =
- (Sk - Pk) (Sk - Uk)’ k=1,2,3, Zi:l Sk = P4, Zi:l S;c = 04,
Shoicr =0, Y dp=0.

We write the product of matrices Vi - V5 - V3 in the form of
multiplication of two matrices as follows:

Vi=Vi-Vo-Va=Vi-(Va-V3) =V Vag, (31)
Vi=Vi-Vo-Va= (V1 Vo) - V3=V V3. (32)
Denote by aqs, (12 and g, (o3 the characteristic numbers of
matrices Vip and Vag, pia = 5= Inaia, 013 = 5= In B, pog =

% In gz, 093 = % In 23, whose branches are chosen according

to the relations
p12 + 012 = p1 + 01+ pa + 09, |[Re (p12 — 012)| < 1,

P23 + 023 = pa + 09 + p3 + 03, |Re (pa3 — 093)| < 1.

Applying to (31) and (32) to formula (26) for the logarithm of
two matrices, we obtain two representations of the matrix Sy:

S4ZSI+SQ+S3:;91+SQ3: (Sl Cl)+<p4_31 —C1 >’

/ /
dy s —dy 04— 8]

54251+SQ+S32512+83:<p4_33 —C3 )+<33 CS>’

—d3 04 — 8/3 dg Sé
(34)
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where )
s1 = o1 — — —0 =
=T [p101 — (ps — p23) (pa — 023)]
1
= [ps (04 — p1 — 01) + p1o1 — pasoas),
04 — P4
L [y — (s — p12) (1 — o1)]
S3 = o3 — — —0 =
3 o1 — pa P303 — (P4 — P12) (P4 12
1
= [p4 (04 — p3 — 03) + p303 — p12o12],
04 — P4
Sia ~ g=1In (Vi - Va), Saz ~ 5= In (V2 - V3). From (33) and (34) it
follows that Sl + SQ = 512 and SQ + Sg = 523 = SQ = 512 — Sl =
. S22 C2 [ pPa—S83— 81 —C3—C
So3 — S3 or d s, )= —dy—dy oi—s,—, ) Hence
1
S9g = P4 — 81— 83 = [104(04—[)4)—
04 — P4

—pa (204 — p1 — 01 — p3 — 03) — P101 — P303 + P12012 + P230e3] =

1
= [—pa (p2 — 02) — p1o1 — P33 + pr2oi12 + pasoas], (35)
04 — P4

828/2 — (Cl + 03) (d1 + dg) = P202. (36)

Let us transform formula (35) using the identity for the
determinant of the sum of three matrices of the 2nd order:
D (S +Sy+83) = D(S1+S2) + D(S1+S3) + D(S2+ S3) —
D (S1) — D(S2) — D(S3) or psoy = p12012 + p13013 + p23oaz —
p101 — p209 — p3os. Denote

4

T3 = P12012, Ti = P23023, T2 = P13013 = E proy — T — T3. (37)
k=1
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Given (37), formula (35) can be written as

1
S2 = [—pa (p2 — 02) + p104 + p202 — p13013] =

B 04 — P4

1

= [p1 (04 — p2 — 02) + P20y — T .
04 — P4

Let us transform formula (36), linking constants ¢y, c3, di, ds.
Denoting v, = — (sx — px) (S — 0x), and taking into account
crdy = sks, — pror = — (sk — pr) (Sk — oK) = Yk, We rewrite (36)
in the form Yo — V1 — c3dy — cpdz — 3 =0 =

Vo= — s — et — 22 =0 (1 #0, c3#0), (38)
C1 C3
72—’71—73—%011—%013:0 (di #0, d3 #0). (39)
3 1
Denoting in (38) 7 = & or in (39) 7 = Z—‘l‘, we arrive at a
quadratic equation with respect to 7:
N+ =)+ =0 (40)
Hence
1 2 0 A2 A2
T = o Y2—— Y3k \/71 + 95 +75 — 2 (M2 + s +27s) )

for v #£ 0 and 7 = 727_3% for 1 = 0.
Knowing the parameter 7, we can find items ¢, d; matrices

Sk, k=1,2,3.

If 7 =2 thene =¢ =7 o=—-(atag) =
—(l4+7)e,dy =2, dy = _(1127)0 d3 = 2, where ¢ — arbitrary
constant, ¢ # 0.
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If 7 = d_f7 then d = d, d3 = 7d, dy = —(di+d3) =
—(14+7)d, 1 =21, o = _uz—i)d’ d3 = 2, when d — arbitrary

constant, d # 0.
Thus, we have the representations of the Jordan form of the
logarithm of the product of three non-singular 2nd order matrices:

ps 0 51 c s —(14+71)c
<0 U4>:<% Pl+01—51>+((1+77?)c ,02+02—32)+
(41)
S3 TC
+<% P3+03—83)’

pe 0\ _ [ s1 4 n 52 T i
0 o4 d p1+o1—95 —(1—|—7’)d p2 + 09 — Sa

(42)

@Ep‘l [pa (04 — pr — 0%) + prok — Te], Y = — (sk — px) (81 — 0%),

7 are defined by the formulas (37), 7 is determined from equation
(40), ¢ and d are arbitrary constants.

Representations (41) and (42), are, in general, equivalent. If
the matrix Dy, transforms Vj to the Jordan form, and any of the
matrices Vi (k= 1,2,3) are transformed to the triangular form,
then 7 = 0 and we can choose one of the representations that
corresponds to the form of a triangular matrix (upper or lower
triangular form).

Both (41) and (42) represent the logarithm of the product of
three matrices of the second order as a sum of matrices similar
to the logarithms of the matrices of factors. It is unique up to a
similarity transformation by a diagonal matrix.

S =

— 100 —
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If vy = — (51— p1) (51 —01) = 0, then ¢1d; = 0. The following
simpler matrix representations are possible Sy:

p1 0 59 —c S3 c
S - — - — )
! (—(WC%) 01)+(% p2+02—82)+(l§ ,03+03—83)
Y273 —2 3
g, — (P Ta 52 a 53 d
! (0 o1 )+(—d p2 + 02 — S2 "\ d ps+o3—s3 )’

_ P1 0 S92 %% S3 %
S <0 01>+(—d P2+ 09 — So + d p3+o3—s3 )’

Similar representations occur in cases v = 0, v3 = 0.

5 CONSTRUCTION OF THE CANONIC MATRIX FOR THE
RIEMANN PROBLEM WITH FOUR SINGULAR POINTS

A differential equation of Fuchs class with differential matrices
(42) has the form

dy S, dy
@y @y 4
dz ;z—ak oz 5(2), (43)

where Y (2) = (yi5), S (2) = (s45) is the 2nd order matrix with

3 S 3 c 3 s
elements s;1 = Y 11 75, S12 =) T, S =) 4 - =

s dlar—apirla-a)b) ¢ o
3 — 0 — 3 d a1—as+T7(az—asz))(z— .
Thoy S5t en = Thasty = MRS, £
) - Y Y Y an
b_:ag(al—a2)+7a1(a3—a2) (44)
' al—a2+T(a3—a2)
where 7 # 2122

— 101 —
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If dy =0, then dy + d3 = 0 and s = -2 — 2 — _d(a2-as)

z—az z—as (z—az)(z—as) "

IfdQZO, thend1+d3:0and821:dl(al—_a3)

(z—a1)(z—as3) "
If d3 = 07 then d; + dy = 0 and s9; = %'
d(az—ay)(az—a1)
z—ay)(z—az)(z—as)"

Equation (43) for matrix Y (z) leads to two systems of
equations

. a1—as —
Ifr= P then s91 = (

/
Y11 = sSuyn + s21Y12, .
{ yiQ = S12911 + $22Y12. < )
/ J—
yg1 : S$11Y21 + S21Y29, (46)
Yoo = S12Y21 + S22Y20.
By expressing ;2 from the first equation of system (45)
1
yiz = — (Y1 — suyn) (47)
521

and substituting it into the second equation, we obtain the
differential equation of the 2nd order

/ /
S S
" 21 / / 21
Yy — <511 + S99 + —> Y+ <811822 — S12891 — S11 + o 311) y=0.
21

S21
(48)
From system (46) we conclude that s is also a solution to
equation (48).

If b # ag, then 2

I
—~
—
=
»
(3]
[
~—
I
1S3
|-
<
I
(]
i
o=
>

/

3 3
s s+ s —1 1 +o0,—1 1
811+822+£: E i k + = E Pk k +
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3 3
POk
+Z PkOk — Tk ak+—+zz
k=1

::1w

CLk — aj :|
=1 j=1
#k
s3(b—a1) (b—az) =
O‘4£p4 Zi:l <p4 (04 — Pk — Uk) + POk — Tk) l_[l ( — CL]) .
J

g=s51(b—az)(b—as)+sy(b—ay)(b— ag)

ik
So the functions y;; and y;o are the fundamental system of

solutions of a differential equation of the Fuchs class of the 2nd
order:

3
1l—pL—o0 1 1
y'+ <Z Tk ) Y+ [ﬂ4 (04 — 1) z+bpst
Z — a z—0b
11 (

z — ay)

3 3 3

+ 32 (o = m)act 3 [T =)y = 0. (49)
k=1 k=1 j=1

Gtk

a; ay a3 b o

pr p2 p3 0 —py 2z

o1 09 03 2 1—0y4
(so called Riemann symbo). Denote p = —py, 0 = 1 — 0y, rewrite

equation (50) in the ”"standard” form

3
l—pr—o0 1 1
Y+ Z Pk~ Ok _ y'+—[p0z—bp+
Z — ag z—0> 3
k=l I (z—ax)

(49) corresponds to the symbol P =

=1
3 . 3 oo 3
KOk
+ Z (pkak - Tk) Clk‘i'Tb—l—Z - H (CLk — CL]')] Yy = 0, (50)
=1 o 1 - Gk y;i
j
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3 3
1
9=1 - Z(p(‘j+pk+0k—1)+Pk0k—7'k)H(b_aj)a
l+p—0 — e
ik

(51)
p1+ 01+ pa+ 09+ p3+ 03+ p+ o =1 1is the Fuchs relation. As in
the case of three singular points, it is proved that all the formulas
and equations obtained here remain valid regardless of the form
of the Jordan form of the matrix V.

Consider some particular cases of equation (50).

!
If di = 0 (v1 = 0 and matrix S; is upper triangular), then 32 =
3
1 21 _ petor 1 1 _ pito;
7—ag + 2—az’ S11 + S22 + S —an o o = o +

k=1
pim; L p3+o—; L ie. in equation (50) should be put b = a;, ¢ =

pr (a1 — a) (ay — a3)

If dy = 0 (72 = 0), then in equation (50) we assume b = as, q¢ =
P2 (CLQ - al) (CLQ — CL3).

If d3 =0 (3 = 0), then in equation (50) we assume b = a3, q¢ =
p3 (a3 — a1) (a3 — az).

If 7 = 2=, it is enough to go to the limit in equation (50) at
b — oo, and the differential equation takes the form

1—pr—ox 1 [

iz /

_|_§ y+——|p(c+1
Y z —ay Pl )z

3 3 3
g,
+ E pk(fk— —Tk ap + E ZpiskH(ak—aj)}y:O.
k=1

7=1

— 104 —
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In the neighborhood of each singular point ax, k£ = 1,...,4,
equation (50) has two linearly independent solutions

u (2) = (2 — ay p’“ZB (z —ap)", (52)
n=0

v (2) = (z—ap)™ Y c (z—ap)" at pr # op or v (z) =
n=0
%ln(z —ag) ug (z) +wg (2) at pr =0 (k=1,2,3),

ug(z) =277 Z BWy, (53)
n=0
vy (2) = 7”20 Zmat p # o or v (z) = —5=Inz uy(z) +

n=0
wy(2) at p = o, wp(2) (k=1,...,4) — holomorphic in neigh-

borhoods of points az. Coefficients BYY, C{Y he series (41), (42)
after substituting these series in equation (40) are found from
the recurrence relations. In the vicinity of the point z = b
the equation has 2 linearly independent solutions of the form

u (2) = ZB”< b)" and vy (2) = (2 — b)° 32 O (2 — b)".

n=0
Substltutlng So1 and sp3 in (47), we obtain y;p =

3
= H (2 — ay) <y11 y 1zf’;k > , with 7 = a1 —as+7 (ag — a2).
3

. 1 L1 (-0 ’
Similarly, y2 = 7=*=— (%1 - )

— 105 —
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Therefore, if y;, yo is the fundamental system of solutions to
(50), then the solution Y (2) to system (43) can be written as

k]ill(z_ak) / > Sk
g 4

kﬁll(z_ak) / 3 S O dr
Yo = (y2 e y2)

Y(z) =

Order p matrix determinant X (z) equals p = Rep + Reo — 1.
Order p; the first column of the matrix X (z) equals p; =
min { Rep, Rec} = Rep. Because the s1 + so + s3 = py =
—p, that order ps second column matrix X (z) equals py =
min {Rep, Reo — 1} = Reoc — 1, i.e. p = p; + pa. Therefore,
the matrix X (z) is the canonical matrix of the boundary value
problem

Y* () =AY (t), t€(ag,ap1), k=1,2,3, ag=o00, (55)

A=V A= (Vi Vo) ™, Ag= (Vi Vo V) !

Using formula (54) we rewrite the differential equation (43) in
the form

3
=X
Zz_ak (56)
k=1
U, — S1 _ 32 _'7271/ (1_'_7—)
1/r p1+01—81 +1)/r py+oy—s9 )’
o S3 37"/7’ . .
U3_(T/r ,03—1—03—53) r=a a2+T(CL3 as), r#0.
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kli[ (z—ag) .
In [12] the matrix X* (z) = L Rl =Ty
H( w)
yo v+ (p2— 5 u)
is taken as the canonical matrix for the differential equation
3
dx= Ur
=X : 57
dZ Zl Z— ap ( )
— M (e +pr) (e tow)
with Uy’ = ’ (b=ax)wr A et
(ar —b)wp Mk + pr + o 11 (ax—a;)
i=1
é#k
— 0
[pak(ak' _b) _q]wkv k= 172737 Uik"’Uék‘i‘Uék = < Op 1—o >,
3
(% + pr) le + oy,
1 b — ak Wik ’

A differential equation of the form (with unknown (accessory)
parameters b and ¢q)

’ 1l—pr—o 1
//+ k k_ /
Y (Z Z — ag z—2b v

h—1
1 q 7 P + O,
3 [ —b 3 ta2.7
® — Ok
H 2 — ay) TT0¢—a)
k=1 k=1
: PrO : : POk ’
+Z H ak_aj)+z H(ak‘_aj)]y—o,
- %k~ ]:1 — © Gk
J#k J#k
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was obtained for functions 3, y2. In [16] formulas are proposed
for determining the parameters b and ¢, which coincide with for-

mulas (44) and (51). Direct calculations show that when replacing
9

1 —
X*(2) = X (2) - < 0 ”—i’—l ) we arrive at the equation for the

function X (z), coinciding with equation (56). Substituting the
values ¢ from (51) in equation (58), we obtain equation (50), which
confirms the previously obtained results.

Equation (50) can be simplified by replacing y =

3
I1 (2 — ax)” w. Then the function w will satisfy an equation of

k=1
the form (50), where it should be replaced

3 3
pr =0, Oy =0k —pr, PP+ pp=p, c=0+> pp=0",
k=1 k=1

71— 11— (p2+ps) (o2 +03) =7, T2 = T0— (p1+ p3) (01 + 03) =73,

T3 — T3 — (p1 + p2) (01 + 09) = 73,
3

q%mﬁZ[(Pﬂka)(U—Uk—l)—Tk] ﬁ(b—aj) =q".

This equation has then the form

3

1—|-pk—(7k 1 1

i / * ok *
+(D - +—( —bp'—
w <k21 —ar P w p oz P

Therefore, as the canonical matrix of problem (55) in the neigh-
borhood of each singular point ai,k = 1,...,4, we can take the
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matrix

where Dy is the matrix transforming Vj to normal Jordan form,
uy, v} is the fundamental solution system of equation (60) in the
neighborhood of a singular point aj, whose parameters are found
by formulas (59), s; = H’%J ((p+pp)(c+o0,—1) =7 , k =
1,2,3. The homogeneous boundary value problem (55) will be
unconditionally solvable if the branches of logarithms py, o char-
acteristic numbers oy, f; matrices Vi, = A, 1AL k= 1,...,4
choose from conditions —1 < Repr < 0, —1 < Reoy < 0. Then,

4
denoting A = > (p. + o%) (A — integer, —7 < A < 0), numbers
k=1

p and o more convenient to find the formula p = ps + [%} ,O =

o4+ [%], it Repy > Reoy,p = py + [%} ,0 = 04+ [%}, if
Repy < Reoy. The total index x of the problem (55), partial in-
dices x1, x2 and the number ¢ of linearly independent solutions
are found by the formulas (22). The gluing together of local solu-
tions is performed in the same way as in the case of three singular
points [12].

The method of logarithmization of the product of matrices that
we considered was applied in solving one hydrodynamic problem
[14] and solving the integral equation of Carleman type on the
pair disjoint segments [15]. The scheme of applying this method
for the case of five singular points is given in [16], [17].
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