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Abstract

We present a purely diagrammatic derivation of the dual fermion scheme [Phys. Rev.
B 77 (2008) 033101]. The derivation makes particularly clear that a similar scheme
can be developed for an arbitrary reference system provided it has the same interaction
term as the original system. Thereby no restrictions are imposed by the locality of
the reference problem or by the nature of the original problem as a lattice one. We
present new arguments in favour of keeping the dual denominator in the expression
for the lattice self-energy independently of the truncation of the dual interaction. As
an example we present the computational results for the half-filled 2D Hubbard model
with the choice of a 2 × 2 plaquette with periodic boundary conditions as a reference
system. We observe that obtained results are in a good agreement with numerically
exact lattice quantum Monte Carlo data.

Keywords: Strongly interacting electrons, Hubbard model, Reference system,
Feynman diagrams
MSC[2010]: 81T18, 81T25, 82B80

1. Introduction

The dynamical mean-field theory (DMFT) [1] has opened new ways in theory of
correlated electron systems, in particular, due to its implementation into electronic
structure calculations and the related progress in description and understanding the
properties of real materials [2, 3, 4]. It originates from the consideration of a rather
artificial limit of infinite dimensionality [5] and strictly speaking is exact only in this
limit. Viewing the DMFT approximation in terms of the Luttinger-Ward functional [4]
sheds light on the question why it works surprisingly well for real systems that are
three- or sometimes even two-dimensional. The dual fermion (DF) approach [6] gave a
different view on the DMFT. In this approach a change of variables in the path integral
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over fermionic degrees of freedom is suggested (which can be considered as a func-
tional analog of Fourier transformation) such that in the new variables DMFT Green’s
function is just the bare Green’s function, and a regular diagrammatic expansion start-
ing from this new zeroth-order approximation is possible. Specific applications of DF
as well as other diagrammatic approaches beyond DMFT are reviewed in Ref. [7]. Here
we rederive DF theory by a completely different approach, using topological analysis
of Feynman diagrams instead of explicit manipulations with the functional integrals.
The advantage of this view is that it allowed for new insights and possible nontrivial
generalizations. We consider DF as a particular case of the reference system ideology
where one relates the initial system described by the Hamiltonian H to some auxiliary
system, easier to treat, described by the Hamiltonian H∗ as was initially proposed in
Peierls-Feynman-Bogoliubov variational principle [8, 9, 10] (for recent applications
of this method to correlated fermions see [11, 12]). The problem with variational ap-
proaches is that generally speaking there is no regular way to improve them system-
atically. Instead, we develop here a diagrammatic approach to the reference system,
with two types of Green’s functions, related to the system with the Hamiltonian H
and to the system with the Hamiltonian H∗. We show that DF can be considered as a
particular case of this approach when H∗ corresponds to the effective impurity i.e. a
lattice site plus a bath [1]. We consider here a generalization of this approach. As a
simple numerical test we use the Hubbard model on the square lattice as an example,
with a plaquette playing the role of the reference system [13]. The results look promis-
ing. The approach developed here can have more applications, for example, it may
potentially help to solve the famous sign problem in quantum Monte Carlo (QMC) cal-
culations [14], by mapping of the system with sign problem (e.g., t− t′ Hubbard model
on a bipartite lattice with finite doping) onto the model without sign problem (e.g., the
same problem with t′ and doping being equal to zero).

The paper is organized as follows: in Section 2 we give a brief review of the DF for-
malism and outline some concepts used further. In Section 3 we give a detailed deriva-
tion of the generalized DF from the diagrammatic point view. Section 4 is devoted to a
discussion of the truncation of the DF scheme. In Section 5 we show numerical results
for a simple test problem and compare it with diagrammatic-QMC results [15]. Finally
in Section 6 we give conclusions and a brief outlook.

2. Dual fermions

The dual fermion technique [6] was primarily developed as a tool to go beyond
the well-established DMFT approximation [1]. It allows to systematically calculate
non-local corrections to the (by definition) local self-energy of DMFT. The approach
was derived using a Hubbard-Stratonovich transformation of the non-local part of the
action. It is done by separating the action of the Hubbard model

S = −
∑
k,ν,σ

c∗kνσ
[
iν + µ − εk

]
ckνσ + U

∑
i

ni↑ni↓, (1)
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into the impurity part Simp and the remainder Srem:

Simp = −
∑
i,ν,σ

c∗iνσ
[
iν + µ − ∆ν

]
ciνσ + U

∑
i

ni↑ni↓ (2)

Srem =
∑
k,ν,σ

c∗kνσ
[
εk − ∆ν

]
ckνσ. (3)

Here c, c∗ are the fermionic Grassmanian fields, k, ν, and σ are the fermion’s wave vec-
tor, Matsubara frequency, and spin respectively. εk is the dispersion of the fermions,
niσ is the number of fermions on site i with spin σ, U is the Hubbard interaction con-
stant, and µ — the chemical potential. In Eq. (3) we explicitly use that the summation
of the hybridization term c∗∆c over the wave-vector k is identical to summation over
the lattice sites i as ∆ is site-independent. After this the remainder term in the parti-
tion sum is decoupled using Hubbard–Stratonovich transformation introducing the dual
fermions f , f ∗ thus leaving the original fermionic fields c, c∗ only in the impurity part,
which allows to integrate them out assuming the solution of the impurity problem Simp
is known exactly. As a result we end up with the dual action

Sd = −
∑
k,ν,σ

f ∗kνσG̃−1
0 (k, ν) fkνσ + V[ f , f ∗]. (4)

Here
G̃0(k, ν) =

(
g−1
ν + ∆ν − εk

)−1
− gν (5)

is the bare dual Green’s function, gν being the full impurity Green’s function, and

V[ f , f ∗] =
1
4

∑
{k,ν σ}

γ(4)
{ν,σ}

f ∗{k,ν σ} f
∗
{k,ν σ} f{k,ν σ} f{k,ν σ} (6)

+
1

36

∑
{k,ν σ}

γ(6)
{ν,σ}

f ∗{k,ν σ} f
∗
{k,ν σ} f

∗
{k,ν σ} f{k,ν σ} f{k,ν σ} f{k,ν σ} + . . . (7)

is the interaction of the dual fermions that is represented here symbolically meaning
that the complete dual interaction consists from n-particle local interactions for all
n > 1, and the role of the n-particle interaction function is taken by the full n-particle
vertex γ(2n) of the impurity problem. The summation variables {k, ν σ} represent the
wave-vector, the frequency and the spin. All usual conservation laws are, of course,
fulfilled reducing the number of independent variables in each term to 2n − 1. The
choice of these parameters depends on the particular problem under consideration and
we will not specify it, while for our purposes it is enough to say that the usual diagram
building rules apply. We will concentrate on the topology and partial summation of
diagrams [16] and not on the calculations themselves.

The usual way of practical implementation of the dual fermion formalism is to
truncate the dual interaction restricting oneself only to the 2-particle term, and also to
choose the hybridization function ∆ν in such a way that the DMFT self-consistency
condition is fulfilled, i.e.

1
Nk

∑
k

GDMFT
kν = gν. (8)
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↑

↑

↓↓

↑

i ij

Figure 1: An example of a local contribution to the self-energy not included in DMFT. If the sites i and j are
different, then this diagram is local, but is clearly not included in Σimp.

Here GDMFT
kν = (g−1

ν +∆ν−εk)−1 is the DMFT Green’s function, and Nk is the number of
k-points. From Eq. (5) it is straightforward to see that the bare dual Green’s function is
given by G̃0 = GDMFT−g. This actually means that the starting point of the dual fermion
formalism for this particular choice of the hybridization is the DMFT solution, and any
correction to it stemming from the dual fermion diagrammatics is a beyond DMFT
correction. Even the simplest possible corrections have proven to bring interesting
insight in the properties of the Hubbard model, but there are ideological problems with
the method mostly due to the lack of clear understanding of what effects are accounted
for by what classes of dual diagrams. It is still an open question, for example, when
and to which extent leaving out the higher-order interaction terms (which are very
hard to handle in practical calculations) is justified.[15, 17, 18, 19, 20] The whole
dual technique is not very transparent due to the non-trivial nature of the Hubbard–
Stratonovich transformation that is used to introduce dual fields. The common wisdom
is that the dual Green’s function is somehow connected to the non-local part of the
original Green’s function, but this connection is literal only for the DMFT based choice
of the hybridization and only for the zeroth order. In any other case this is strictly
speaking not true. There exists a well-known exact connection between the original G
and dual G̃ Green’s functions [6]:

G = (∆ − ε)−1 + (∆ − ε)−1g−1G̃g−1(∆ − ε)−1. (9)

Here, we omit the indices k, ν, σ, which are trivially restored, and write the above
formula in a way that underlines its symmetry which becomes essential in a multi-
orbital case or in the case with a broken symmetry (superconductivity, magnetism),
where the matrix nature of the functions above is relevant. There is another way of
writing down the exact connection between the original and dual fermions, which is
more compact and allows more insight. For this we have to address the self-energies
instead of the Green’s functions. The (exact) connection becomes [21]:

Σ = Σimp + Σ̃(1 + gΣ̃)−1. (10)

Here, Σ is the self-energy of the original problem, Σimp is the self-energy of the impurity
problem, and Σ̃ is the self-energy of the dual problem. The last term on the r.h.s. is
often denoted as Σ′ and represents the correction to the impurity self-energy. It would
be wrong to call Σ′ the non-local part of the self-energy as it has local contributions. A
simple diagram in Fig. 1 is an example of such a contribution.

The meaning of the denominator (1 + gΣ̃) in the expression for Σ′ becomes clear
if we notice that it represents nothing else then a part of Σ̃ which is irreducible in
g. Indeed, the formula Σ′ = Σ̃(1 + gΣ̃)−1 is equivalent to Σ̃ = Σ′(1 − gΣ′)−1 and the
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(a)
γ(4) γ(4)

(b)

γ(4)

γ(4)

γ(4)

γ(4)

γ(4)

Figure 2: Examples of a one-particle reducible contributions to higher-order vertices. Hereafter plain lines
represent the full impurity Green’s functions g. We also omit the arrows in order not to over-complicate the
graphs.

(a) (b)

Figure 3: (a) g-reducible contribution to the dual self energy. The two 4-point vertices connected by the
impurity line are a part of a 6-point impurity vertex. (b) The corresponding dual diagram with a 6-point
vertex. The dual Green’s functions are depicted by dashed lines.

above statement becomes trivial. To understand what this means requires some insight
in the structure of the dual technique [20]. As mentioned above the dual interaction
consists from all possible many-particle terms. These terms are given by the full 2n-
point vertices of the impurity problem. The latter are defined as the non-trivial part of
the n-particle Green’s functions G(n) with amputated external legs. For example

γ(4)
1234 =

∑
1′,2′,3′,4′

(g−1)11′ (g−1)33′
[
G(2)

1′2′3′4′ − g1′2′g3′4′ + g1′4′g3′2′
]

(g−1)2′2(g−1)4′4. (11)

Here, the numbers represent the combined indices including spin, frequency, and, if
applicable, other impurity degrees of freedom. The last two terms in the square brack-
ets are the trivial part of the two-particle Green’s function that are subtracted from it.
Higher order vertices are defined similarly. It is easy to recognize that this definition
forbids contributions to γ(4) that are reducible in g. But higher order vertices can have
contributions that are one-particle reducible. The simplest example is a contribution to
γ(6) represented by two bare interaction vertices U connected by g. In general, we can
connect two γ(4) vertices by a single g-line and get a one-particle reducible contribution
to γ(6) (Fig. 2 (a)). For higher order vertices the possibilities get even richer. Fig. 2 (b)
shows a contribution to γ(12) that is one-particle reducible in four different points.

Although for the dual diagrammatic technique those vertices, whether or not they
are one-particle reducible, enter on equal footing, we can still consider all vertices as
a sum of the one-particle irreducible part and all possible one-particle reducible parts.
And that leads us to the understanding of what the irreducible in g part of Σ̃ mentioned
above means. The simplest example of a g-reducible contribution to the dual self-
energy is shown on Fig. 3.
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3. Diagrammatic derivation of the dual technique.

Up to now we have shown that the correction to the impurity self-energy that gives
the full self-energy is nothing else than the g-irreducible part of the dual self-energy.
This has been shown using the exact relation between the above-mentioned quantities
and by diagrammatic interpretation of this relation. In the following we will exam-
ine the diagrams that contribute to Σ′ and gain a diagrammatic insight of why those
diagrams indeed sum up to the g-irreducible part of the dual self-energy.

At this point let us briefly return to the beginning and generalize our considera-
tion. From this point on we no longer restrict ourselves to any specific model like the
Hubbard one. We consider an arbitrary fermion action with the general two-particle
(antisymmetrized) interaction U1234:

S = −
∑
1,2

c∗1[G−1
0 ]12c2 +

1
4

∑
1,2,3,4

U1234c∗1c∗2c3c4, (12)

where the numbers again symbolically denote all necessary indices defining the fermions’
states. We will refer to the system described by this action as “original system”. Again,
we split the action into two parts S = Simp + Srem, which we will still be referring to
as “impurity” and “remainder”, but we wish to make clear at this point that the term
“impurity” is used here purely for convenience, it has nothing to do with the Ander-
son impurity model. We also make no restrictions neither for the interaction nor for
the kinetic part in terms of locality. In this sense the “impurity” in general spans over
the whole lattice, and we do not specify whether or not the “impurity” model can be
represented as a set of equivalent local models.

Simp = −
∑
1,2

c∗1[G−1
0,imp]12c2 +

1
4

∑
1,2,3,4

U1234c∗1c∗2c3c4, (13)

Srem = −
∑
1,2

c∗1[G−1
0 −G−1

0,imp]12c2. (14)

Our goal will be to construct a diagrammatic perturbation series for the self-energy
of the original model, assuming that we know everything about the reference system
described by Simp (we will continue referring to it as “impurity model” for the sake
of continuity), i.e. its Green’s function g and all 2n-point vertices γ(2n). We wish
to show that the dual technique (and consequently the dual action) stems from the
conventional weak-coupling diagrammatic technique for the original model. To this
aim we introduce

G′ = G − g, (15)

and consider all possible skeleton diagrams for the self-energy Σ in the conventional
weak-coupling diagrammatic technique for the original system. We remind the reader
that skeleton diagrams are diagrams that are constructed from the full rather than bare
Green’s functions and thus do not include diagrams that have a subgraph connected to
the rest of the diagram only by two fermionic lines. Such diagrams are already included
in the full G line so we must remove them in order to prevent double-counting. Now,
instead of any diagram that has M fermionic lines we consider 2M expressions that
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Figure 4: A diagram giving contribution to a graph that is depicted on Fig.3(b). In particular the bare vertex
on the left contributes to a 4 point vertex. The G′ lines are hereafter depicted with dotted lines. The bare U
vertices are shown as dots rather than squares with four distinct corners in order not to overload the figure
with details.

are obtained from the expression for the diagram by replacing each G with either g or
G′. We will refer to the original diagram made of G lines as parent diagram. As the
interaction in the original lattice Hubbard model and the impurity model is identical,
the topological structure of the diagrams for Σ and Σimp is the same and differs only by
the value of the fermionic lines. In the former it is G and in the latter it is g. This in
turn means that Σ′ = Σ − Σimp is given the sum of all topologically distinct skeleton
diagrams built from fermionic lines and bare vertices U, where each fermionic line is
either G′ or g, but there is at least one G′ line.

The next step is to consider connected clusters in the above-mentioned diagrams
that consist of bare vertices connected by g lines. It is easy to see that those clusters
contribute to the γ(2n) vertices of the impurity model. Indeed, due to parity reasons
(each bare U vertex has 4 in/out-going lines and each g line has 2 ends), the number
of in/out-going lines for the cluster is even, whereby we have to count not only the G′

lines, but also the two lines that go in and out of the parent self-energy diagram. On
the other hand the number of those lines can not be 2, as it would violate the skeleton
nature of the parent diagram. Also because we consider skeleton diagrams, clusters can
not have loose ends (parts that are connected to the rest of the cluster with only one g
line and have only one in/out-going line), meaning that clusters on Fig. 2 are possible,
but if we connect two corners of any outside square with a g line it becomes forbidden,
just as in the case of the impurity problem γ(2n) vertices for which such loose ends are
amputated. The above observations mean that we can consider every diagram for Σ′

as a skeleton diagram consisting of polygons with 4, 6, 8 etc. edges connected by G′

lines; the polygons are contributions to the γ(2n) vertices of the impurity problem. A
schematic example is shown on Fig. 4.

The topology of the diagrams for Σ′ that we just obtained is identical to that of the
dual diagrams, that also are nothing other than skeleton diagrams built from fermionic
lines connecting polygons with even number of vertices. But there are several differ-
ences that we have to cope with to demonstrate how the dual technique emerges from
the original weak-coupling technique.

1. As we already discussed Σ̃ is not equal to Σ′. This is accounted for by the de-
nominator in Eq. (10) that diagrammatically means that Σ′ is the g-irreducible
part of Σ̃.

2. The fermionic lines in the diagrams for Σ′ and Σ̃ are not the same, the connection
between G′ and G̃ has to be established.

7



(a) (b)

(c) (d)

Figure 5: Graphs (b),(c), and (d) show what graph (a) turns into if one or both hexagons are replaced by two
connected squares. Graphs (b) and (c) are allowed, while the graph (d) corresponds to a non-skeleton parent
diagram and is thus forbidden.

3. The least trivial feature is that the polygons with 6 and more vertices in the
diagrams for Σ′ are though quite similar to the vertices of the impurity model,
but are not identical to them. Moreover, they even do not have a universal value,
meaning that a particular contribution to a polygon may or may not be present
depending on which particular contributions are considered for other polygons.

To clarify the last point let us consider the diagram on Fig. 5 (a). As we already
mentioned there is a g-reducible contribution to γ(6) that is shown on the Fig. 2 (a).
If we look at what happens with the diagram when we substitute one or two of the
hexagons with two squares, connected by a g line, we obtain graphs that are shown
on the Fig. 5 (b-d). It is obvious that the last graph is illegal and does not contribute
to Σ′ as the corresponding parent diagram is non-skeleton. Thus the g-reducible con-
tribution to the hexagon is allowed if it appears only in one of two hexagons, but is
not allowed if it appears in both of them. Thus, the diagrammatics built with G′ lines
is not related to any particular action as no universal value can be attributed to the in-
teraction vertices. On the other hand, if we look at the dual diagram with the same
topology as on Fig. 5 (a) and construct the corresponding parent diagrams by depicting
the γ(6) vertices as impurity diagrams, we immediately realize that parent diagram that
are non-skeleton emerge, simply because in the dual technique the values of the ver-
tices are universal and are given by the full reducible vertices of the impurity problem,
including all possible g-reducible contributions.

Now it becomes clear how to cope with the discrepancies 1)-3) between diagram-
matic representation of Σ̃ and Σ′. We have to consider all the non-skeleton parent
diagrams of the dual technique, and redefine the fermionic line by absorbing those
non-skeleton parts in the new fermionic line, which will eventually turn out to be G′.
Of course for the sake of logical consistency it would be preferable to go the other
way around — split G′ into G̃ and other contributions, that, after absorbing into the
polygons turn them into full impurity problem vertices. This is doable, but much less
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transparent and looks too artificial to be considered as “diagrammatic” derivation. In
other words, it is hardly possible to come up with such a derivation without know-
ing an analytic expression connecting G′ with G̃. So we choose an aesthetically more
appealing path of moving from Σ̃ to Σ′.

Let us consider all possible parent diagrams for the g-irreducible part of the (skele-
ton) dual diagrams. Now let us take any such diagram and choose some maximal
dressed fermionic line (MDFL) in it. By MDFL we understand a subgraph connected
to the rest of the diagram only at two points, that is not part of a longer subgraph of
this type. We explicitly exclude a single g line from this definition. It is clear that such
an object must be of the form GσG . . . σG, where G is a fermionic line, i.e. either g
or G̃, and σ is some subgraph with two external ends that is irreducible with respect
to a single fermionic line (either g or G̃). It is easy to see that maximum one of the G
lines can be a dual propagator G̃. Otherwise the corresponding dual diagram would be
a non-skeleton one. So the general form of a MDFL is (gσ)1−s(gσ)nG̃s(σg)msg1−s, i.e.
n g lines separated by some σ, then s G̃ lines, and finally further ms g lines, here n and
m are natural numbers or zero and s is 0 or 1. We multiply m with s to indicate that if
the MDFL consists only of g lines, then there is no need to consider the second group
of g lines, and the terms with 1 − s in the exponent ensure that if the dual line is absent
we start the row with gσg. Now let us freeze all the rest of the considered diagram
except for the MDFL and sum up all the diagrams that differ from each other only by
the concrete realization of the MDFL. It is obvious that the result would be the frozen
part of the diagram with the following object inserted in place of the MDFL:

G′′ = + Σ̃ + Σ̃ + Σ̃ + Σ̃ Σ̃ . (16)

Or in the analytic form: G′′ = G̃ + gΣ̃g + gΣ̃G̃ + G̃Σ̃g + gΣ̃G̃Σ̃g. To understand it, it is
enough to recall that Σ̃ is a g-reducible object, thus if there is anything left (or right) of
G̃, it sums up to (gΣ̃ (or Σ̃g). Similarly, all contributions with no dual line at all sum up
to gΣ̃g. Next we can do the same trick with all MDFL’s of all diagrams to end up with
a set of skeleton diagrams built from bare U vertices and fermionic lines that are either
g or G′′. Now we just have to persuade ourselves that G′′ and G′ are identical, and this
would conclude our derivation as this is precisely how Σ′ is defined, meaning Σ′ is the
g-irreducible part of Σ̃.

The identity of G′ and G′′ can be proven by inspection. We use (10), the definitions
of Σ′ and Σ̃, and the expression

G̃0 =
(
g−1 + G−1

0 −G−1
0,imp

)−1
− g, (17)

which is a trivial generalization of (5). We apply following transformations:

G−1 = G−1
0 − Σ = (g−1 + G−1

0 −G−1
0,imp) − Σ′ = (G̃0 + g)−1 − Σ′ (18)

=
(
(G̃−1 + Σ̃)−1 + g

)−1
− Σ̃(1 + gΣ̃)−1 =

(
g + G̃ + gΣ̃g + gΣ̃G̃ + G̃Σ̃g + gΣ̃G̃Σ̃g

)−1
,

which together with the definition of G′ proves the identity. As a consequence, from
the strictly diagrammatic point of view we have shown that the infinite diagrammatic
row Σ̃ = Σ′ + Σ′gΣ′ + Σ′gΣ′gΣ′ + . . . = Σ′(1 − gΣ′)−1 represents a self-energy of a
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theory with the interaction given by Eq. (7), and a full Green’s function G̃ satisfying
G′ = G̃ + gΣ̃g + gΣ̃G̃ + G̃Σ̃g + gΣ̃G̃Σ̃g. For the sake of completeness the last expression
can be inverted to yield

G̃ = G′ − gΣ′g − gΣ′G′ −G′Σ′g + gΣ′G′Σ′g + gΣ′gΣ′g. (19)

Then, knowing the self-energy and the full Green’s function of the theory, we can
calculate the bare Green’s function which of course happens to be the well-known G̃0
given by (17). This completes the diagrammatic derivation of the dual theory from the
conventional weak-coupling diagrammatics.

The highly non-trivial part of this derivation is that G′ happens to be identical with
G′′. The consequence of this fact is that we not just merely reshuffled the diagrams of
the original technique, but also constructed a new action. The building blocks of that
new action, i.e. the propagator (19) and the interaction (7) emerge from this reshuffling
of the diagrams, which is not something one would a priori expect.

4. Truncation of the dual fermion scheme

The proposed scheme in its complete form is clearly unsuitable for practical appli-
cations. As mentioned above, going beyond the γ(4) vertex in the dual interaction is
computationally extremely difficult, not to mention considering the whole infinite row
of interaction vertices. So for any practical implementations of the scheme a trunca-
tion is necessary. Strictly speaking any truncation would destroy the consistency of the
theory in the sense that one will no longer be able to identify the MDFL’s with G′. The
natural question that arises is to which degree the relation (10) is affected if instead of
the exact value of Σ̃ we take some approximation. In this section we argue that this
relation should be kept unaltered, i.e. the correction to Σimp stemming from the dual
theory is non-additive.

An important lesson of the diagrammatic derivation presented above is that the
full lattice Green’s function G of the original problem (12) cannot be easily separated
into the reference (“impurity”) and remainder contributions that are respectively given
by g and G̃ Green’s functions. The total Green’s function can still be expressed as
G = g + G′. However, as we explicitly showed above, it is impossible to rigorously
construct a theory using G′ lines as building blocks for a diagrammatic expansion.
As a consequence, the total self-energy also cannot be simply obtained as a sum of
corresponding contributions Σimp and Σ̃, contrary to a common belief of diagrammatic
theories formulated on the basis of the DMFT impurity reference system [22, 23, 24,
25, 26, 27, 28, 29, 30, 31]. This results in a more complicated relation for the lattice
self-energy (10). As discussed above, the denominator (1 + gΣ̃) in this expression
isolates only those contributions to Σ̃ that are irreducible with respect to the impurity
Green’s function g. Now, if we consider only γ(4) vertices in the dual diagrammatics
one might naively assume that as those vertices are g-irreducible, the denominator
in (10) is redundant. However, the role of this denominator can also be viewed from
a different angle that outlines its importance even in the case where an approximation
for Σ̃ is g-irreducible.

10



To illustrate this point, we first partially dress the bare Green’s function G0 of the
original model (12) with the “impurity” self-energy via the Dyson equation. This re-
sults in the DMFT-like Green’s function GDMFT = (G−1

0 − Σimp)−1 and leads to the
following expression for the full Green’s function

G = GDMFT + GDMFTTGDMFT. (20)

Here, we additionally introduced a T -matrix that satisfies

T−1 = Σ′−1 −GDMFT, (21)

which can be equivalently rewritten as

T−1 = Σ̃−1 − G̃0 (22)

using Eq. (10) and the fact that GDMFT = G̃0 + g. Therefore, one can see that in the
diagrammatic expression for the T -matrix, the self-energies Σ̃, which represent correc-
tions to the impurity self-energy, can be connected between themselves only by the dual
Green’s function G̃ and not by the impurity Green’s function g. The reason is that the
self-energy Σ̃ is related to the dual theory (4), where building blocks for the diagram-
matic expansion contain only dual Green’s functions and impurity vertices. Therefore,
in the exact theory impurity vertices cannot be connected by the impurity line g, since
the latter is not present in the dual problem (4). This has been pointed out already in
the Ref. [32]. The dual self-energy Σ̃ fulfills this requirement by construction. Thus,
the possibility to connect impurity vertices by the impurity Green’s function has to
be excluded only from the Dyson equation for the T -matrix (21). This exclusion is
performed exactly with the help of the denominator (1 + gΣ̃) that enters the Eq. (10),
which leads to the final diagrammatic form of the T -matrix (22). Should one omit the
denominator and merely replace Σ′ with Σ̃ in (21), one would generate contributions
to the T -matrix that include impurity vertices connected by impurity Green’s functions
as the latter are part of GDMFT, in contradiction with the general property of the exact
theory. We view this as an important indication that, contrary to the findings of [20]
using the Eq. (10) is crucial for obtaining reasonable results with the truncated dual
scheme, which is also supported by numerical data [7, 15].

5. General reference system: Plaquette example.

As mentioned earlier the dual fermion technique has the reputation of “beyond
DMFT” extension. We wish to once again draw the reader’s attention to the fact that
becomes particularly clear due to the diagrammatic derivation above, that the reference
system for its construction is in no way restricted to the Anderson impurity model.

For a simple numerical example we choose a 2 × 2 plaquette as a reference sys-
tem (13) to describe the half-filled two-dimension Hubbard model (1). We choose
parameters for the strong coupling regime U = W = 8t and T = 0.3t. In the standard
cluster DMFT scheme [1, 13] the bare Green’s function G0,imp (or equivalently the hy-
bridization function) of the reference system is determined from the self-consistency
condition (8) for the lattice Green’s function G(k) averaged over a supercell Brillouin
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Figure 6: Density of states for dual fermion second-order perturbation from plaquette for U = W = 8 (G)
in comparison with the DOS for the reference (plaquette) system (G0).

zone. Here, we explore another possibility and chose the bare Green’s function of the
reference system to be equivalent to the bare Green’s function of the initial model at
k = 0, namely G0,imp = G0(k = 0). In other words, we define the hybridization func-
tion of a 2 × 2 plaquette as the 4 × 4 matrix of hoppings taken at zero momentum in
momentum space representation ∆ = tk=0, which corresponds to a lattice of decoupled
plaquettes with periodic boundary conditions. Note that the single-particle spectrum of
such periodic plaquette coincides with the tight-binding energies at the 2 × 2 k-grid in
original Brillouin zone. In this sense, we can view the dual fermion perturbation from
the plaquette reference system as a multi-grid interpolation in the k-space. It is dif-
ferent from simple cluster size extrapolations in the DCA approach [33, 34] or nested
cluster approximation in CDMFT scheme [35, 36].

With this choice of the reference system, one can use the exact diagonalization
scheme to calculate the dual Green function and the plaquette vertex function [37].
The Fig. 6 shows the density of states (DOS) for the reference plaquette and the result
for the second-order plaquette dual-fermion [21]. We use Padé-analytical continuation
from Matsubara to the real energy axes [1]. We conclude that the DOS for the dual
fermion theory differs from original reference system and is related to the renormaliza-
tion of the low-energy singlet peaks in the plaquette towards the Fermi level to form
“Slatter-peaks” in the lattice, as well as moving the high-energy “Hubbard-peaks” in
the opposite direction[38, 39].

The Fig. 7 shows the dual fermion plaquette lattice self-energy in the second order
aproximation for the standard k-dependent high-symmetry path Γ − X − M − Γ in the
two-dimensional Brillouin zone, together with numerically exact lattice diagrammatic
QMC [15]. The almost perfect agreement for real part of Σ(k, ν = πT ) shows the
strength of the dual fermion superperturbation technique starting from a reasonable
plaquette reference system. We expect more elaborate approaches like ladder dual
fermion to significantly improve the results. A more thorough development of this
path will be presented in an upcoming publication.
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6. Conclusions and outlook

We have provided a diagrammatic dirivation of the dual fermion formalism start-
ing from the conventional weak-coupling diagrammatics. The derivation is based the
skeleton diagram approach and basically consists of splitting the fermionic lines of the
original system into the “impurity” line and the residual line. Upon this the contri-
butions are regrouped to single out n-particle vertices of the impurity problems as the
elements of the dual technique. Finally it is shown that the obtained diagrammatics
corresponds to the dual action with the vertices of the “impurity” problem serving as
its bare interaction.

We find that the residual self-energy is given by the impurity line-irreducible part of
the dual self-energy, and discuss the nature of the reducibility of the dual self-energy.
We argue that this property is essential and that the self-energy of the original problem
is intrinsically non-additive, i.e. not equal to the sum of the “impurity” and dual self-
energies.

We stress that the derivation does not rely on any particular form of the reference
“impurity” system. In particular we show a simple test with the reference system for
the Hubbard model being a set of disconnected 2×2 plaquettes with periodic boundary
conditions. Already the lowest orders of the dual self-energy provide very satisfactory
results.

We also expect this approach to be helpful for other problems, e.g. one might
choose a particle-hole symmetric Hubbard model as the reference model and account
for finite next-nearest-neighbour hopping and finite doping perturbatively. Also this
approach could be useful outside of condensed matter theory if a problem can be sig-
nificantly simplified by modifying the quadratic part of the action.
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[31] T. Ayral, J. Vučičević, O. Parcollet, Fierz Convergence Criterion: A Controlled
Approach to Strongly Interacting Systems with Small Embedded Clusters, Phys.
Rev. Lett. 119 (2017) 166401. doi:10.1103/PhysRevLett.119.166401.
URL https://link.aps.org/doi/10.1103/PhysRevLett.119.166401

[32] N. Dupuis, A new approach to strongly correlated fermion systems: the
spin–particle–hole coherent-state path integral, Nuclear Physics B 618 (3) (2001)
617 – 649. doi:https://doi.org/10.1016/S0550-3213(01)00465-5.
URL http://www.sciencedirect.com/science/article/pii/

S0550321301004655

[33] U. R. Hähner, T. A. Maier, T. C. Schulthess, Continuous momentum dependence
in the dynamical cluster approximation, Phys. Rev. B 101 (2020) 195114. doi:
10.1103/PhysRevB.101.195114.
URL https://link.aps.org/doi/10.1103/PhysRevB.101.195114

[34] P. Staar, M. Jiang, U. R. Hähner, T. C. Schulthess, T. A. Maier, Interlaced coarse-
graining for the dynamic cluster approximation, Phys. Rev. B 93 (2016) 165144.
doi:10.1103/PhysRevB.93.165144.
URL https://link.aps.org/doi/10.1103/PhysRevB.93.165144

[35] G. Biroli, O. Parcollet, G. Kotliar, Cluster dynamical mean-field theories:
Causality and classical limit, Phys. Rev. B 69 (2004) 205108. doi:10.1103/
PhysRevB.69.205108.
URL https://link.aps.org/doi/10.1103/PhysRevB.69.205108
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