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❆❜str❛❝t

❚❤❡ str♦♥❣ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ♣❛t❤✇✐s❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✇✐t❤

L∞✲✈♦rt✐❝✐t② ♦❢ t❤❡ ✷❉ st♦❝❤❛st✐❝ ❊✉❧❡r ❡q✉❛t✐♦♥s ❛r❡ ♣r♦✈❡❞✳ ❚❤❡

♥♦✐s❡ ✐s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛♥❞ ✐t ✐♥✈♦❧✈❡s t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡s✳ ❆ ▲❛✲

❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤ ✐s ✐♠♣❧❡♠❡♥t❡❞✱ ✇❤❡r❡ ❛ st♦❝❤❛st✐❝ ✢♦✇ s♦❧✈✐♥❣ ❛

♥♦♥❧✐♥❡❛r ✢♦✇ ❡q✉❛t✐♦♥ ✐s ❝♦♥str✉❝t❡❞✳ ❚❤❡ st❛❜✐❧✐t② ✉♥❞❡r r❡❣✉❧❛r✐③❛✲

t✐♦♥s ✐s ❛❧s♦ ♣r♦✈❡❞✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦✈❡ t❤❡ str♦♥❣ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ♣❛t❤✇✐s❡
✉♥✐q✉❡♥❡ss ♦❢ L∞ s♦❧✉t✐♦♥s t♦ t❤❡ st♦❝❤❛st✐❝ ✷❉ ❊✉❧❡r ❡q✉❛t✐♦♥ ✐♥ ✈♦rt✐❝✐t②
❢♦r♠

dξ + uξ · ∇ξ dt+
∞∑

k=1

σk · ∇ξ ◦ dW k = 0, ξ|t=0 = ξ0, ✭✶✳✶✮

✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ✈♦rt✐❝✐t② ξ0 ❛❧s♦ ❜❡❧♦♥❣s t♦ t❤❡ L∞ s♣❛❝❡✳ ❚❤❡ ❡q✉❛t✐♦♥
❛❜♦✈❡ ✐s s✉❜❥❡❝t t♦ t❤❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤✉s ❝❛♥ ❜❡ r❡❢♦r✲
♠✉❧❛t❡❞ ❛s ❛ ♣r♦❜❧❡♠ ♦♥ ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ t♦r✉s T2 =

(
R/Z

)2✱ s❡❡ ❢♦r ✐♥st❛♥❝❡
❬✹✶✱ ❝❤❛♣t❡r ✷❪✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛♥ ❡❧❡✲
♠❡♥t ♦❢ T2 ❛♥❞ ❛❧❧ ✜❡❧❞s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ 1✲♣❡r✐♦❞✐❝ ✭♦r s✐♠♣❧② ❞❡✜♥❡❞ ♦♥
T
2✮✳ ❚❤❡ ♥♦✐s❡ ❝♦❡✣❝✐❡♥ts σk✬s ❛r❡ ❜♦✉♥❞❡❞✱ r❡❣✉❧❛r ❡♥♦✉❣❤✱ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡

✈❡❝t♦r ✜❡❧❞s✱ (W k)∞k=1 ✐s ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❛♥❞ t❤❡
✈❡❧♦❝✐t② ✜❡❧❞ uξ ✐s ❞❡✜♥❡❞ ❛s

uξt (x) = K ∗ ξt(x) =
∫

T2

K(x− y) ξt(y) dy, x ∈ T
2,

✶



✇❤❡r❡K = ∇⊥G = (−∂2G, ∂1G) ❛♥❞G ✐s t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥
♦♥ t❤❡ t♦r✉s T2 ✇✐t❤ ♠❡❛♥ 0✱ ✐✳❡✳✱

uξ = −∇⊥(−∆)−1ξ.

❲❡ ✇✐❧❧ ❛❧s♦ ♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s ✉♥❞❡r r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡
❦❡r♥❡❧ K✳
❚❤❡ ❙tr❛t♦♥♦✈✐❝❤ ❢♦r♠ ✐s t❤❡ ♥❛t✉r❛❧ ♦♥❡ ❢♦r s❡✈❡r❛❧ r❡❛s♦♥s✱ ✐♥❝❧✉❞✐♥❣ ♣❤②s✲
✐❝❛❧ ✐♥t✉✐t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ❲♦♥❣✲❩❛❦❛✐ ♣r✐♥❝✐♣❧❡ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❛♥ ■tô
t❡r♠ ♦❢ t❤❡ ❢♦r♠

∑∞
k=1 σk · ∇ξdW k ✇♦✉❧❞ r❡q✉✐r❡ ❛ ❝♦♠♣❡♥s❛t✐♥❣ s❡❝♦♥❞

♦r❞❡r ♦♣❡r❛t♦r t♦ ❤♦♣❡ ❢♦r ❛ ✇❡❧❧ ❞❡✜♥❡❞ s②st❡♠✱ s❡❡ ❬✸✾❪✳ ❇❡s✐❞❡s✱ t❤❡
❙tr❛t♦♥♦✈✐❝❤ ❢♦r♠ ♣r❡s❡r✈❡s t❤❡ L2 ♥♦r♠ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ ✐s t❤❡ r✐❣❤t ♦♥❡
t♦ ❞❡❛❧ ✇✐t❤ ♠❛♥✐❢♦❧❞✲✈❛❧✉❡❞ ❙P❉❊s✱ s❡❡ ❬✶✶❪✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ♦♣♣♦rt✉♥✐t②
♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✱ ✇❡ ✇✐❧❧ ❢♦r♠❛❧❧② r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ■tô
❢♦r♠

dξ + uξ · ∇ξ dt +
∞∑

k=1

σk · ∇ξdW k − 1

2

∞∑

k=1

(σk · ∇)σk · ∇ξ dt

=
1

2

∞∑

k=1

tr[σkσ
∗
kD

2ξ] dt, ✭✶✳✷✮

❛♥❞ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ r✐❣♦r♦✉s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ♦♥❡ ✭✉♥❞❡r s♦♠❡ s✐♠✲
♣❧✐✜❡❞ ❛ss✉♠♣t✐♦♥s✮✳ ◆♦♥❡t❤❡❧❡ss ✐t ✐s ✉s❡❢✉❧ t♦ t❤✐♥❦ s♦♠❡t✐♠❡s ❤❡✉r✐st✐❝❛❧❧②
✐♥ ❢♦r♠ ♦❢ t❤❡ ❙tr❛t♦♥♦✈✐❝❤ ❡①♣r❡ss✐♦♥ ❛♥❞ ✐t ✇♦✉❧❞ ❜❡ ♠✐s❧❡❛❞✐♥❣ t♦ ❜❡❧✐❡✈❡
t❤❛t t❤❡ ❡q✉❛t✐♦♥ ❤❛s ❛ ♣❛r❛❜♦❧✐❝ ❝❤❛r❛❝t❡r ❞✉❡ t♦ t❤❡ t❡r♠ tr (aD2ξ) ✐♥ t❤❡
■tô ❢♦r♠✉❧❛t✐♦♥✳
❚❤❡ ♥♦✐s❡ ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❤❛s ❛ ✈❡r② s♣❡❝✐❛❧ ❢♦r♠✱ ❝♦♠♣❛r❡❞ t♦ ❣❡♥❡r❛❧
❛❜str❛❝t ♠♦❞❡❧s ♦❢ ❙t♦❝❤❛st✐❝ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭❙P❉❊s✮✳ ❖✉r
❛✐♠ ✐s ♥♦t ❛♥ ❛❜str❛❝t ❣❡♥❡r❛❧✐t②✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t❤✐s ♥♦✐s❡ ❢♦r t✇♦ r❡❛s♦♥s✳
❋✐rst❧②✱ ❜❡❝❛✉s❡ ✐t ♦❝❝✉♣✐❡s ❛ r❡❧❡✈❛♥t ♣♦s✐t✐♦♥ ✐♥ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s
❧✐t❡r❛t✉r❡ ♦♥ ✢✉✐❞s ❛♥❞ s❡❝♦♥❞❧② ❜❡❝❛✉s❡ ✐t ✐s ♦❢ tr❛♥s♣♦rt t②♣❡✱ ❤❡♥❝❡ ❛❧✲
❧♦✇✐♥❣ ✉s t♦ ✉s❡ s♣❡❝✐❛❧ t♦♦❧s r❡❧❛t❡❞ t♦ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ✭✢♦✇s✱ L∞✲
❜♦✉♥❞s✮✳ ❚❤❡ ❛♣♣❧✐❡❞ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ ❙P❉❊s ❞r✐✈❡♥ ❜② t❤✐s
t②♣❡ ♦❢ ♥♦✐s❡ ✐s r✐❝❤✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺❪✱ ❬✻❪✱ ❬✶✹❪✱ ❬✶✾❪✱ ❬✷✷❪✱ ❬✸✶❪✱ ❬✸✸❪✱ ❬✸✻❪✱
❬✸✵❪✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ✐ts r❡❧❛t✐♦♥ ✇✐t❤ t✉r❜✉❧❡♥t tr❛♥s♣♦rt ♦❢ ♣❛ss✐✈❡ s❝❛❧❛rs
❛♥❞ t❤❡ s♦ ❝❛❧❧❡❞ ❑r❛✐❝❤♥❛♥ ♠♦❞❡❧ ✭❬✷✼❪✱ ❬✷✽❪✮✱ ♦♥❡ ♦❢ t❤❡ ♠♦st r❡♠❛r❦❛❜❧❡
t❤❡♦r✐❡s ✇❤❡r❡ st♦❝❤❛st✐❝ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ✇✐t❤ s✉❝❝❡ss t♦ ❡①♣❧❛✐♥
♣❤❡♥♦♠❡♥❛ ✐♥ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✳ ❚❤❡ tr❛♥s♣♦rt str✉❝t✉r❡ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❞❡✲
t❡r♠✐♥✐st✐❝ ♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭t❤❡ ✈♦rt✐❝✐t② ✐♥ ✷❉ ✐s ♦♥❧② tr❛♥s♣♦rt❡❞✮ ❛♥❞

✷



♦❢ t❤❡ st♦❝❤❛st✐❝ ♣❛rt ✭❙tr❛t♦♥♦✈✐❝❤ ❝❤♦✐❝❡ ✐s ✐♠♣♦rt❛♥t ❤❡r❡✮✱ ❛❧❧♦✇ ♦♥❡ t♦
✉s❡ st♦❝❤❛st✐❝ t❤❡ ✢♦✇s ❛♥❞ t♦ ❝♦♥tr♦❧ t❤❡ L∞✲♥♦r♠ ♦❢ s♦❧✉t✐♦♥s ✭t❤❡ ✈♦r✲
t✐❝✐t②✮ ❜② t❤❡ L∞✲♥♦r♠ ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ❝♦♥tr♦❧ ✐s ω✲✇✐s❡✱ ✉♥✐❢♦r♠
❛❧s♦ ✐♥ ω ✐♥ Ω✳ ❚❤✉s✱ ❤❛✈✐♥❣ ❛ss✉♠❡❞ t❤❛t ✐♥✐t✐❛❧ ✈♦rt✐❝✐t② ✐s ❜♦✉♥❞❡❞✱ t❤❡
s♦❧✉t✐♦♥ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ ❛❧❧ ♣❛r❛♠❡t❡rs ✭❛❧s♦ ω✮✱ ♦♣♣♦s✐t❡ t♦ s❡✈❡r❛❧
♦t❤❡r st♦❝❤❛st✐❝ ❝❛s❡s✱ ❧✐❦❡ t❤❡ ❛❞❞✐t✐✈❡ ♥♦✐s❡✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❛♥ ✐♠♣♦rt❛♥t
t♦♦❧ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ ✐t ❝❛♥♥♦t ❜❡ r❡❛❞✐❧② ❡①t❡♥❞❡❞ t♦ ♦t❤❡r st♦❝❤❛st✐❝
♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥s✳
❲❤❛t ❝♦♥❝❡r♥s t❤❡ t❤❡♦r② ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❊✉❧❡r ❡q✉❛t✐♦♥s✱ t❤❡ ✉♥✐q✉❡✲
♥❡ss ❢♦r L∞✲✈♦rt✐❝✐t② ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ ✐s t❤❡ ❝❡❧❡❜r❛t❡❞ r❡s✉❧t ♦❢
❲♦❧✐❜♥❡r ❬✹✷❪ ❛♥❞ ❨✉❞♦✈✐❝❤ ✭❬✹✹❪✱ ❬✹✺❪✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❛♥ ❡①❝❡❧❧❡♥t r❡✲
❝❡♥t ♠♦♥♦❣r❛♣❤ ❬✸✹❪ ✇❤❡r❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ tr❛❥❡❝t♦r②
♠❡t❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ♦♥❡ s❤♦✉❧❞ ❛❧s♦ ♠❡♥t✐♦♥ ♠♦r❡ r❡❝❡♥t ♣✉❜❧✐❝❛t✐♦♥s ❛s
❢♦r ✐♥st❛♥❝❡ ❛ r❡❝❡♥t r❡✈✐❡✇ ♣❛♣❡r ❬✶✺❪ ❜② ❈❤❡♠✐♥ ❛♥❞ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ t♦
t❤❡ ♦❧❞ ♥♦♥✲✉♥✐q✉❡♥❡ss r❡s✉❧ts ♦❢ ❙❝❤❛❡✛❡r ❛♥❞ ❙❤♥✐r❡❧♠❛♥ ❜② ❉❡ ▲❡❧❧✐s ❛♥❞
❙③è❦❡❧②❤✐❞✐ ✐♥ ❬✶✻❪✳
❚❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ❡q✉❛t✐♦♥s ❝♦✉♥ts ❛ ♥✉♠❜❡r ♦❢ ✇♦r❦s✱
✐♥❝❧✉❞✐♥❣ ❬✼❪✱ ❬✽❪✱ ❬✾❪✱ ❬✶✵❪✱ ❬✶✷❪✱ ❬✶✸❪✱ ❬✷✶❪✱ ❬✷✹❪✱ ❬✷✺❪✱ ❬✷✻❪✱ ❬✸✼❪✱ ❬✸✽❪✱ ❬✹✸❪✳ ❚❤❡
❞✐✛❡r❡♥❝❡s ❛r❡ ✐♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♥♦✐s❡✱ t❤❡ r❡s✉❧ts ❛♥❞ t♦♣♦❧♦❣✐❡s ✐♥✈♦❧✈❡❞
❛♥❞ s♦♠❡t✐♠❡s t❤❡ ❞♦♠❛✐♥ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❆ ❢✉❧❧ ❞✐s❝✉ss✐♦♥ ✐s ♥♦t
♣♦ss✐❜❧❡ s♦ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ ❢❡✇ r❡♠❛r❦s✳ ❙♦♠❡ ♦❢ t❤❡ ✇♦r❦s ❞❡❛❧ ✇✐t❤
❛❞❞✐t✐✈❡ ♥♦✐s❡✱ s♦♠❡ ♦t❤❡rs ✇✐t❤ ♠♦r❡ ❣❡♥❡r❛❧✱ ♥❛♠❡❧② ♠✉❧t✐♣❧✐❝❛t✐✈❡✱ ♥♦✐s❡
❜✉t ♥♦t ♦❢ t❤❡ ❢♦r♠ tr❡❛t❡❞ ❤❡r❡ ✇❤✐❝❤ ✐♥✈♦❧✈❡s t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ s♦❧✉t✐♦♥✱
❛♥❞ ♦♥❡ ♣❛♣❡r ✇✐t❤ ♥♦✐s❡ ✇✐t❤ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❲❤❡♥ t❤❡ ♥♦✐s❡
✐s ❛❞❞✐t✐✈❡✱ t❤❡ t❤❡♦r② ✐s ♠♦r❡ ❝♦♠♣❧❡t❡✱ ❛❧s♦ ❜❡❝❛✉s❡ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡
st✉❞✐❡❞ ♣❛t❤✇✐s❡✳ ❋✐rst r❡s✉❧ts ✇❡r❡ ❣✐✈❡♥ ✐♥ ❬✶✵❪✱ ✇❤❡r❡ t❤❡ ❡①✐st❡♥❝❡ ✐s
♣r♦✈❡❞ ✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ V ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ✐s ❛♥
H✲✈❛❧✉❡❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ V ✲✈❛❧✉❡❞ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♣r♦❝❡ss ✭✇❤❡r❡ V ✐s t❤❡
s♣❛❝❡ ♦❢ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✈❡❝t♦r ✜❡❧❞s ✇✐t❤ ✜♥✐t❡ ❡♥str♦♣❤② ❛♥❞ H ✐s t❤❡ s♣❛❝❡
♦❢ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ✈❡❝t♦r ✜❡❧❞s✱ ♣❡r✐♦❞✐❝ ✐♥ ❛♥ ❛♣♣r♦♣r✐❛t❡
s❡♥s❡✳ ❍♦✇❡✈❡r t❤✐s s♦❧✉t✐♦♥✱ ❝♦♥str✉❝t❡❞ ♣❛t❤✇✐s❡ ♦♥ ❛ ❣✐✈❡♥ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✱ ✐s ♥♦t ❦♥♦✇♥ t♦ ❜❡ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ✈♦rt✐❝✐t②
♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐s ❜♦✉♥❞❡❞ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s ✭❞❡t❡r♠✐♥✐st✐❝ ❛♥❞
r❛♥❞♦♠✮ s❛t✐s❢② ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s✱ t❤❡ s♦❧✉t✐♦♥ ✐s ♣r♦✈❡❞ t♦ ❜❡ ✉♥✐q✉❡✳
❚❤❡s❡ r❡s✉❧ts ✐♥ t❤❡ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ❝❛s❡ ❤❛✈❡ ❜❡❡♥ ✐♠♣r♦✈❡❞ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞
✐♥ t❤❡ ✐♥t❡r❡st✐♥❣ ♣❛♣❡r ❬✷✺❪✱ ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s ✇✐t❤ r❡s♣❡❝t t♦
❬✶✵❪✱ ✇❤✐❝❤ r❡❧❛①❡s ✈❛r✐♦✉s r❡❣✉❧❛r✐t② ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♥♦✐s❡
❢♦r t❤❡ r❡s✉❧t ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ ❜♦✉♥❞❡❞ ✈♦rt✐❝✐t②
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❛♥❞ ♣r♦✈❡s ✈❡r② ❝❛r❡❢✉❧ ♠❡❛s✉r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ s♦❧✉t✐♦♥s ✐♥
V ✱ t❤♦s❡ ✇❤✐❝❤ ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ✉♥✐q✉❡✳ ▲❡t ✉s ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t ✐♥ t❤❡
❛❞❞✐t✐✈❡ ♥♦✐s❡ ❝❛s❡ t❤❡ ♠♦r❡ r❡❝❡♥t ♣❛♣❡r ❬✷✸❪ ❣✐✈❡s ❞❡❧✐❝❛t❡ L∞✲✈♦rt✐❝✐t②
❡st✐♠❛t❡s ♦♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s ❢♦r t❤❡ st♦❝❤❛st✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
✇✐t❤ ❛♥❞ t❤❡✐r ✐♥✈✐s❝✐❞ ❧✐♠✐t✳ ▼✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❡❧♦❝✐t②
✜❡❧❞ u ✭❛♥❞ ♥♦t ♦♥ t❤❡ ❣r❛❞✐❡♥t✮ ❤❛s ❜❡❡♥ ✐♥✐t✐❛❧❧② tr❡❛t❡❞ ✐♥ t❤❡ ♣❛♣❡r ❬✶✸❪
❜② ♥♦♥st❛♥❞❛r❞ ❛♥❛❧②s✐s t♦♦❧s✳ ❚❤❛t ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r
❡q✉❛t✐♦♥s ♦♥ ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ t♦r✉s ❛♥❞ t❤❡ ❛✉t❤♦rs ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛
s♦❧✉t✐♦♥ ♦♥ t❤❡ ▲♦❡❜ s♣❛❝❡ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦t✐♦♥ ♦❢
st❛t✐st✐❝❛❧ s♦❧✉t✐♦♥ ❛♥❞ ✐t ❞♦❡s ♥♦t ❞❡❛❧ ✇✐t❤ t❤❡ ✉♥✐q✉❡♥❡ss✳ ❚❤❡♥✱ ✐♥ t❤❡
♣❛♣❡r ❬✶✷❪ t❤❡ ❛✉t❤♦rs ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ✭❜✉t ❛❣❛✐♥ ♥♦t t❤❡ ✉♥✐q✉❡♥❡ss✮
♦❢ ❛ s♦❧✉t✐♦♥ t♦ ❛ ♣r♦❜❧❡♠ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ❛s ✐♥ ❬✶✸❪ ❛♥❞ ♣♦ss✐❜❧②
✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✱ ❜✉t t❤❡ st❛t❡ s♣❛❝❡ ✐s t❤❡ s♣❛❝❡ t❤❡ s♣❛❝❡ H ✐♥t❡rs❡❝t❡❞
✇✐t❤ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1,p ❢♦r p > 2✳ ■♥ t❤✐s ✇❛② t❤❡② ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❛r❡ ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❛❝❡
✈❛r✐❛❜❧❡s✳ ❚❤❡ q✉❡st✐♦♥ ♦❢ ✉♥✐q✉❡♥❡ss ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡✱
✇❤✐❝❤ ✇❛s ❧❡❢t ♦♣❡♥ ❜② t❤❡s❡ ❛♥❞ ♦t❤❡r ✇♦r❦s ✭❧✐❦❡ ❬✼❪✮✱ ❤❛s ❜❡❡♥ r❡❝❡♥t❧②
✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♣❛♣❡r ❬✷✹❪✱ ❤♦✇❡✈❡r ♦♥❧② ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥
♠♦t✐♦♥ ✭s♦ t❤❛t t❤❡ ❉♦ss✲❙✉ss♠❛♥♥ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞✮✳ ❋✐♥❛❧❧②✱ ❧❡t
✉s ♠❡♥t✐♦♥ t❤❡ r❡❝❡♥t ♣❛♣❡r ❬✹✸❪ ❜② ❨♦❦♦②❛♠❛✱ ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s❡st t♦ ♦✉r
♠♦❞❡❧ ✭t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ❡q✉❛t✐♦♥s ✐♥ ❙tr❛t♦♥♦✈✐t❝❤ ❢♦r♠ ✇✐t❤ t❤❡ ♥♦✐s❡
❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞✐♥❣ ❧✐♥❡❛r❧② ♦♥ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥✮✱ ✇❤❡r❡ t❤❡
❛✉t❤♦r ♣r♦✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❛rt✐♥❣❛❧❡ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ st❛t❡ s♣❛❝❡ V ❀
t❤❡ ♣❛♣❡r ❞♦❡s ♥♦t ❞❡❛❧ ✇✐t❤ t❤❡ ✉♥✐q✉❡♥❡ss✳
❲❡ s♦❧✈❡ ❤❡r❡ t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ s♣❛❝❡ L∞ ❢♦❧❧♦✇✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤
♦❢ ❬✸✺❪✳ ■t ✐s ❜❛s❡❞✱ ✐♥ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✱ ♦♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝
✢♦✇ ❡q✉❛t✐♦♥

Φt(x) = x+

∫ t

0

∫

T2

K(Φs(x)− Φs(y)) ξ0(y)dy

+
∑

k

∫ t

0

σk(Φs(x))dW
k
s , t ∈ [0, T ], x ∈ T

2

✇❤✐❝❤ ✐s ❛ ♣r♦❜❧❡♠ ♦❢ ✐♥t❡r❡st ✐♥ ✐ts❡❧❢✱ ❡✈❡♥ ✇❤❡♥ t❤❡ ❦❡r♥❡❧ K ✐s s♠♦♦t❤✳
❚❤✐s ❡q✉❛t✐♦♥ ✐s ♥♦t tr✐✈✐❛❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ Φt(x) ♦♥
(Φs(y))y∈T2 ❛♥❞ t❤❡ ❞✐✣❝✉❧t② t♦ ❞❡✈❡❧♦♣ st♦❝❤❛st✐❝ ❝❛❧❝✉❧✉s ✭❢♦r ✐♥st❛♥❝❡ ❛
✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t✮ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✭♠❡❛s✉r❡ ♣r❡s❡r✈✐♥❣✱ ❝♦♥t✐♥✉♦✉s✮ ♠❛♣s
ψ : T2 → T

2✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐♥s♣✐r❡❞ ❜② ❬✸✺❪ ❛❧❧♦✇s ✉s t♦ st✉❞② t❤✐s ❡q✉❛t✐♦♥

✹



❛♥❞ ❛♣♣❧② t❤❡ r❡s✉❧t t♦ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐♥
L∞✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❲❡ t❤❛♥❦ ❛♥ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡ ❢♦r s❡✈❡r❛❧ r❡♠❛r❦s ❛♥❞ s✉❣❣❡st✐♦♥s✱ ✇❤✐❝❤
❤❡❧♣ t♦ ❝❧❛r✐❢② s♦♠❡ ♣♦✐♥ts ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ❡①♣♦s✐t✐♦♥✳ ❚❤❡ ✜rst ♥❛♠❡❞
❛✉t❤♦r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❉✐♣❛rt✐♠❡♥t♦ ❞✐ ▼❛t❡♠❛t✐❝❛✱ ❯♥✐✈❡rs✐tà ❞✐
P✐s❛✱ ❢♦r t❤❡ ❦✐♥❞ ❤♦s♣✐t❛❧✐t②✳

✷ ❚❤❡ ♠❛✐♥ r❡s✉❧ts

❇❡❢♦r❡ st❛t✐♥❣ t❤❡ r❡s✉❧ts✱ ✇❡ ❧✐st t❤❡ ❤②♣♦t❤❡s❡s ✇✐t❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡✲
♠❛r❦s✳

❈♦♥❞✐t✐♦♥ ✷✳✶✳ ■♥ t❤❡ ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t ξ0✱ t❤❡ ✐♥✐t✐❛❧
✈♦rt✐❝✐t②✱ ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ L∞(T2)✳

❈♦♥❞✐t✐♦♥ ✷✳✷✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ♣r♦❝❡ss❡s W = (W k)∞k=1 ✐s ❛ ❝②❧✐♥❞r✐❝❛❧ ❇r♦✇✲
♥✐❛♥ ♠♦t✐♦♥ ✭✐✳❡✳ W k✬s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✮✱ ❞❡✜♥❡❞ ♦♥ ❛
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,A, P )✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜❧tr❛t✐♦♥ F = (Ft)t∈[0,T ]✳

❈♦♥❞✐t✐♦♥ ✷✳✸✳ ❚❤❡ ✈❡❝t♦r ✜❡❧❞s σk✬s ❛r❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞ ❜❡❧♦♥❣ t♦
C0,1(T2) ✭▲✐♣s❝❤✐t③ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✱ ❤❡♥❝❡ ❛✳❡✳ ❞✐✛❡r❡♥t✐❛❜❧❡✮❀ ♠♦r❡♦✈❡r
t❤❡ ❢❛♠✐❧② (σk)

∞
k=1 ✐s ✐♥ W 1,∞(ℓ2)✱ t❤❛t ✐s

L2
σ := sup

x∈T2

∞∑

k=1

|σk(x)|2 +
∥∥∥∥∥

∞∑

k=1

|Dσk|2
∥∥∥∥∥
L∞

< +∞.

❲❡ ❝❛❧❧ a(x) :=
∑∞

k=1 σk(x)σk(x)
∗ ✭A∗ ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s❡ ♠❛tr✐① ♦❢ A✮✳

❲❡ ❛ss✉♠❡ ❛❧s♦ t❤❛t a ≡ cI2✱ ✇❤❡r❡ c ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♥st❛♥t ✭♣♦ss✐❜❧②
❡q✉❛❧ t♦ 0✮ ❛♥❞ I2 ✐s t❤❡ ❝♦♥st❛♥t ✐❞❡♥t✐t② ♠❛tr✐①✳

❘❡♠❛r❦ ✷✳✹✳ ■❢ a(x) ≡ cI2✱ ❢♦r ❛❧❧ x ✐♥ T
2✱ t❤❡ ■tô ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✷✮ ♦❢ t❤❡

st♦❝❤❛st✐❝ ❊✉❧❡r ❊q✉❛t✐♦♥s s✐♠♣❧✐✜❡s t♦

dξ + uξ · ∇ξ dt+
∞∑

k=1

σk · ∇ξdW k =
1

2
c∆ξ dt. ✭✷✳✶✮

✺



■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ t❤❡ ✈❡❝t♦r ✜❡❧❞s σk✬s ❛r❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱ t❤❡ ✜rst ♦r❞❡r ■tô
❝♦rr❡❝t✐♦♥ t❡r♠✱ ♥❛♠❡❧② 1

2

∑
k(σk · ∇)σk · ∇ξ dt✱ ❞✐s❛♣♣❡❛rs✿

∑

k

∑

i

σk,i(x)∂iσk,j(x) =
∑

i

∂i(
∑

k

σk,i(x)σk,j(x)) =
∑

i

∂iaij(x) = 0.

❘❡♠❛r❦ ✷✳✺✳ ❈♦♥❞✐t✐♦♥ a(x) ≡ cI2✱ x ∈ T
2✱ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❛t t❤❡ ♣r✐❝❡

♦❢ r❡q✉✐r✐♥❣ ♠♦r❡ r❡❣✉❧❛r✐t② ♦♥ t❤❡ ❢✉♥❝t✐♦♥s σk✬s ❛♥❞ ♦❢ ❛ ❢❡✇ ❛❞❞✐t✐♦♥❛❧
❝♦♠♣✉t❛t✐♦♥s✱ ✇❤✐❝❤ ✇♦✉❧❞ ♦❜s❝✉r❡ t❤❡ ♠❛✐♥ ❛r❣✉♠❡♥ts✳ ■♥❞❡❡❞✱ t❤❡ ❢❛❝t
t❤❛t a ✐s ❝♦♥st❛♥t ✐♠♣❧✐❡s t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ ✜rst ♦r❞❡r ■tô ❝♦rr❡❝t✐♦♥ t❡r♠✱
✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ σ✱ ❛♥❞ t❤❛t t❤❡ ♦♣❡r❛t♦r 1

2
tr[aD2] = 1

2
c∆

❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥❀ t❤✐s ✇✐❧❧ ❛✈♦✐❞ t❤❡ ✉s❡
♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r ❝♦♠♠✉t❛t♦r ❧❡♠♠❛ ✭♥♦t ❞✐✣❝✉❧t ❜✉t ❜♦r✐♥❣ ❛♥❞ r❡q✉✐r✐♥❣
♠❛②❜❡ ♠♦r❡ r❡❣✉❧❛r✐t② ♦♥ t❤❡ σk✬s✮✳

❘❡♠❛r❦ ✷✳✻✳ ▲❡t ✉s ❜r✐❡✢② ❞✐s❝✉ss ❡①❛♠♣❧❡s ♦❢ ♥♦✐s❡ ❝♦✈❡r❡❞ ❜② t❤❡ ❝❧❛ss
❛❜♦✈❡✳ ❚❤❡ tr✐✈✐❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ ♥♦✐s❡ t❡r♠ ♦❢ t❤❡ ❢♦r♠ ∇ξt · dWt ✇❤❡r❡ W ✐s
❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s ❝♦✈❡r❡❞ ❜② t❛❦✐♥❣ σk = ek ❢♦r k = 1, 2
✭✇❤❡r❡ (e1, e2) ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R2✮ ❛♥❞ σk = 0 ❢♦r k ≥ 3✳ ■♥ t❤✐s
❝❛s❡ ✐t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ r❡❞✉❝❡❞
t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡t❡r♠✐♥✐st✐❝ ♦♥❡s ❜② t❤❡ s✐♠♣❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ξ̃ (t, x) =
ξ (t, x+Wt)✳ ▼♦r❡ t❤❛♥ t❤✐s ♦♥❡✱ ✇❡ ❛r❡ ♠❛✐♥❧② ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❡①❛♠♣❧❡s
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ❧✐t❡r❛t✉r❡ q✉♦t❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱
✇❤❡r❡ t❤❡ ♥♦✐s❡ t❡r♠ ❤❛s ❤❡✉r✐st✐❝❛❧❧② t❤❡ ❢♦r♠ ∇ξ (t, x) · ∂tW (t, x)✱ ❢♦r ❛
s♣❛❝❡✲❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✜❡❧❞ W (t, x)✱ ❇r♦✇♥✐❛♥ ✐♥ t✐♠❡✱ ✇✐t❤ ❛ ❣✐✈❡♥ ✐♥✲
❝r❡♠❡♥t❛❧ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Q (x, y) = E [W (1, x)⊗W (1, y)]✱ s♦♠❡t✐♠❡s
♣r❡s❝r✐❜❡❞ t❤r♦✉❣❤ ✐ts ❋♦✉r✐❡r s♣❡❝tr✉♠ ❧✐❦❡ Q (x− y) =

∫
Z2 e

ik·xf (|k|) dk✱ ❢♦r
s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥s f ✳ ❆ r✐❣♦r♦✉s ❛♥❞ s✐♠♣❧❡ ✇❛② t♦ ❞❡❛❧ ✇✐t❤ s✉❝❤ s♣❛❝❡✲t✐♠❡
♥♦✐s❡ ✭❝♦rr❡❧❛t❡❞ ✐♥ s♣❛❝❡✮ ✐s t❤❡ ♦♥❡ ❛❞♦♣t❡❞ ❛❜♦✈❡✱ ♥❛♠❡❧② t♦ ♣r❡s❝r✐❜❡ ❛
s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧ ✈❛❧✉❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s W k

t ❛♥❞ ❛ s❡q✉❡♥❝❡
♦❢ ✈❡❝t♦r ✜❡❧❞s σk (x)✳ ❚❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ♥♦✐s❡ W (t, x) ✐s t❤❡♥ ❣✐✈❡♥ ❜②
W (t, x) =

∑∞
k=1 σk (x)W

k
t ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ Q (x, y) =

∑∞
k=1 σk (x) ⊗ σk (y)

✐s ✐ts ✐♥❝r❡♠❡♥t❛❧ ❝♦✈❛r✐❛♥❝❡✳ ■❢ ♦♥❡ st❛rts ✇✐t❤ ❛ ♣r❡s❝r✐❜❡❞ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝✲
t✐♦♥ Q(x, y) ✭✇✐t❤ s✉✐t❛❜❧❡ ♣r♦♣❡rt✐❡s✮✱ t❤❡ σk✬s ❛r❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢
❛ ❝❡rt❛✐♥ ❍✐❧❜❡rt s♣❛❝❡✱ t❤✉s t❤❡✐r ❢♦r♠ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ✭t❤♦✉❣❤ t❤❡✐r
❡①✐st❡♥❝❡ ✐s ❣✉❛r❛♥t❡❡❞✱ s❡❡ ❬✺❪ ❛♥❞ ❬✸✸❪✮✳
❍♦✇❡✈❡r✱ ✇❡ s❤♦✉❧❞ ♥♦t✐❝❡ t❤❛t ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡
❑r❛✐❝❤♥❛♥ ♠♦❞❡❧ ♦❢ t✉r❜✉❧❡♥t ❛❞✈❡❝t✐♦♥ ✭r❡❧❛t❡❞ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❑r❛✐❝❤♥❛♥✬s
♣❛♣❡rs ❬✷✼❪✱ ❬✷✽❪✮✱ ✇❡ ✐♠♣♦s❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ♦♥ t❤❡ ✈❡❝t♦r ✜❡❧❞s σk

✻



✇❤✐❝❤ ❢♦r❜✐❞ ✉s ❢r♦♠ ❝♦♥s✐❞❡r✐♥❣ ❝❡rt❛✐♥ s✐♥❣✉❧❛r ❡①❛♠♣❧❡s tr❡❛t❡❞ t❤❡r❡✳ ❚❤❡
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Q (x, y)✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✉r ❝❛s❡✱ ✐s ❛❧✇❛②s r❡❧❛t✐✈❡❧②
r❡❣✉❧❛r✱ ✇❤✐❧❡ ✐t s❝❛❧❡s ✇✐t❤ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs ♦❢ |x− y| ✐♥ ❑r❛✐❝❤♥❛♥ ♠♦❞❡❧✱
s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✷✷❪✱ ❬✸✸❪✳

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ▲❡t ξ ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ L∞([0, T ] × T
2 × Ω)✳ ❲❡ s❛② t❤❛t

ξ ✐s F✲✇❡❛❦❧② ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ✐❢✱ ❢♦r ❡✈❡r② f ✐♥ L1(T2)✱ t❤❡ ♣r♦❝❡ss
t→ 〈ξt, f〉 =

∫
T2 fξtdx ✐s F✲♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡✳

●✐✈❡♥ ❛♥ ❡❧❡♠❡♥t w ✐♥ L∞(T2)✱ ✇❡ ✇✐❧❧ ✇r✐t❡

u = uw = K ∗ w.

■❢ w ✐s ❛❧s♦ t✐♠❡✲❞❡♣❡♥❞❡♥t✱ ✇❡ ✇✐❧❧ ✇r✐t❡ uwt = uwt ✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥✱ s❡❡
❈♦r♦❧❧❛r② ✷✳✶✽✱ t❤❛t |uw(x) − uw(y)| ≤ LK‖w‖L∞ |x − y|(1 − log |x − y|) ❢♦r
s♦♠❡ ❝♦♥st❛♥t LK ✐❢ |x− y| ≤ 1✳
◆♦✇ ✇❡ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s♦❧✉t✐♦♥✳ ❲❡ ✉s❡ t❤❡ ■tô ❢♦r♠✉❧❛t✐♦♥✱
❤❛✈✐♥❣ ✐♥ ♠✐♥❞ ❘❡♠❛r❦ ✷✳✹✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ 〈f, g〉 :=

∫
T2 fgdx ❞❡♥♦t❡s t❤❡

s❝❛❧❛r ♣r♦❞✉❝t ✐♥ L2(T2)✳

❉❡✜♥✐t✐♦♥ ✷✳✽✳ ▲❡t ξ0 ❜❡ ✐♥ L∞(T2)✳ ❆ ❞✐str✐❜✉t✐♦♥❛❧ L∞ s♦❧✉t✐♦♥ t♦ t❤❡
st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ ✭✷✳✶✮ ✐s ❛♥ F✲✇❡❛❦❧② ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r✲
❛❜❧❡ ❡❧❡♠❡♥t ξ ✐♥ L∞([0, T ]× T

2 × Ω)✱ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ϕ ✐♥ C∞(T2)✱ ✐t
❤♦❧❞s P ✲❛✳s✳

〈ξt, ϕ〉 = 〈ξ0, ϕ〉+
∫ t

0

〈ξr, uξr · ∇ϕ〉dr +
∑

k

∫ t

0

〈ξr, σk · ∇ϕ〉dWr

+
1

2

∫ t

0

〈ξr, tr[aD2ϕ]〉dr ∀t ∈ [0, T ]. ✭✷✳✷✮

■t ✐s ✐♠♣❧✐❝✐t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t t❤❡ ♣r♦❝❡ss 〈ξt, ϕ〉 ❤❛s ❝♦♥t✐♥✉♦✉s tr❛❥❡❝✲
t♦r✐❡s✳

❘❡♠❛r❦ ✷✳✾✳ ■❢ ❛ ♣r♦❝❡ss ξ ∈ L∞([0, T ] × T
2 × Ω) ✐s ✇❡❛❦❧② ♣r♦❣r❡ss✐✈❡

♠❡❛s✉r❛❜❧❡ t❤❡♥ s♦ ✐s t❤❡ ♣r♦❝❡ss uξξ✳ ■♥❞❡❡❞ ✐t ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❡✈❡r② h ✐♥
L1(T2 × T

2)✱ t❤❡ ♣r♦❝❡ss

t 7→
∫

T2

∫

T2

ξ(t, x) ξ(t, y)h(x, y)dxdy ✭✷✳✸✮

✼



✐s ♣r♦❣r❡ss✐✈❡ ♠❡❛s✉r❛❜❧❡ ✭t❤✐s ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ✜rst ❢♦r h ♦❢ t❤❡ ❢♦r♠ h(x, y) =
f(x)g(y)✱ t❤❡♥ ❛♣♣r♦①✐♠❛t✐♥❣ ❡✈❡r② h ✇✐t❤ s✉♠s ♦❢ s✉❝❤ s❡♣❛r❛❜❧❡ ❢✉♥❝t✐♦♥s✮✳
◆♦✇✱ ❢♦r ❛ t❡st ❢✉♥❝t✐♦♥ ϕ✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ✇r✐t❡

∫
uξξ · ϕdx ❛s

∫

T2

∫

T2

K(x− y) ξt(y) ξt(x) · ϕ(x)dxdy

❛♥❞ t❛❦❡ h(x, y) = K(x− y)ϕ(x)✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ❛❜♦✉t t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✷✳✶✵✳ ●✐✈❡♥ ξ0 ✐♥ L∞(T2) ❛♥❞ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
W ✭✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ✜❧tr❛t✐♦♥✮✱ ✉♥❞❡r ❈♦♥❞✐t✐♦♥s ✷✳✷ ❛♥❞ ✷✳✸ ♦♥ t❤❡ ❝♦✲
❡✣❝✐❡♥ts ♦❢ t❤❡ ♥♦✐s❡✱ t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❛❞♠✐ts ❛
✉♥✐q✉❡ L∞ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥✳

❘❡♠❛r❦ ✷✳✶✶✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✜❧tr❛t✐♦♥ ✐s ❣✐✈❡♥ ❛✲♣r✐♦r✐✳ ❚❤✉s ❜♦t❤ t❤❡
❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ❛r❡ ✐♥ t❤❡ str♦♥❣ s❡♥s❡✿ t❤❡r❡ ❡①✐sts ❛ s♦❧✉✲
t✐♦♥ ξ ❛❞❛♣t❡❞ t♦ t❤❡ ✭❝♦♠♣❧❡t❡❞✮ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥ ✭t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡
✜❧tr❛t✐♦♥✮ ❛♥❞ ❛♥② s♦❧✉t✐♦♥✱ ❞❡✜♥❡❞ ♦♥ ❛ ♣♦ss✐❜❧② ❧❛r❣❡r ✜❧t❡r❡❞ s♣❛❝❡✱ ♠✉st
❝♦✐♥❝✐❞❡ ✇✐t❤ ξ✳ ❚❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ✇✐❧❧ ❤♦❧❞ ❢♦r
❡✈❡r② ❡q✉❛t✐♦♥ ✇❡ ✇✐❧❧ ♠❡❡t✳

❚❤❡♦r❡♠ ✷✳✶✵ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦♥✲❧♦❝❛❧ ❙❉❊✿

Φt(x) = x+

∫ t

0

∫

T2

K(Φr(x)− Φr(y)) ξ0(y) dy dr

+
∑

k

∫ t

0

σk(Φr(x))dW
k
r . ✭✷✳✹✮

◆♦t✐❝❡ t❤❛t ❤❡r❡ t❤❡ ❞r✐❢t✱ ♥❛♠❡❧②

uΦ(t, x) =

∫

T2

K(x− Φt(y)) ξ0(y)dy, ✭✷✳✺✮

❞❡♣❡♥❞s ♦♥ t❤❡ ✇❤♦❧❡ ✢♦✇✳

❉❡✜♥✐t✐♦♥ ✷✳✶✷✳ • ❆ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s ✢♦✇ ✐s ❛ ♠❡❛s✉r❛❜❧❡ ♠❛♣ Φ :
[0, T ]×T

2×Ω → T
2 s✉❝❤ t❤❛t✱ ❢♦r ❛✳❡✳ ω ✐♥ Ω✱ Φ(ω) : [0, T ]×T

2 → T
2

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞✱ ❢♦r ❡✈❡r② x ∈ T
2✱ t❤❡ ♣r♦❝❡ss Φ(x) : [0, T ]×Ω → T

2

✐s ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡✳

✽



• ❆ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s ✢♦✇ Φ ✐s s❛✐❞ t♦ ❜❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ✐✛✶✱ ❢♦r
❛✳❡✳ ω✱Φt(ω) : T

2 → T
2 ♣r❡s❡r✈❡s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ T

2 ❢♦r ❡✈❡r②
t✳

❉❡✜♥✐t✐♦♥ ✷✳✶✸✳ ❲❡ s❛② t❤❛t ❛ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s ✢♦✇ Φ ✐s s♦❧✉t✐♦♥ t♦
t❤❡ ❙❉❊ ✭✷✳✹✮ ✐❢✱ ❢♦r ❡✈❡r② x✱ t❤❡ ♣r♦❝❡ss X := Φ(x) s♦❧✈❡s t❤❡ ❙❉❊

dX = uΦ(X) dt+
∑

k

σk(X)dW k ✭✷✳✻✮

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X0 = x✳

❚❤❡♦r❡♠ ✷✳✶✹✳ ●✐✈❡♥ ξ0 ✐♥ L∞(T2) ❛♥❞ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
W ✭✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ✜❧tr❛t✐♦♥✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣
st♦❝❤❛st✐❝ ✢♦✇ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✷✳✹✮✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s ❛ ❝♦♥t✐♥✉♦✉s ✢♦✇
Φ ♦❢ ❝❧❛ss Cα ✐♥ s♣❛❝❡ ❛♥❞ Cβ ✐♥ t✐♠❡✱ ❢♦r s♦♠❡ α > 0 ❛♥❞ ❢♦r ❡✈❡r② β < 1/2✳

❘❡♠❛r❦ ✷✳✶✺✳ ❆❝t✉❛❧❧② t❤❡ ✉♥✐q✉❡♥❡ss ❤♦❧❞s ✐♥ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ✢♦✇s✱
♥❛♠❡❧② t❤❡ ❝❧❛ss SM ❞❡✜♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✱ ❛s ✐t ❝❛♥ ❜❡
s❡❡♥ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✹✳

✷✳✶ ❚❤❡ str❛t❡❣②

❚❤❡r❡ ❛r❡ t✇♦ ✇❛②s t♦ ♣r♦✈❡ ♦✉r r❡s✉❧ts✳ ❲❡ ✇✐❧❧ ❞❡✈❡❧♦♣ ♠❛✐♥❧② t❤❡ ♦♥❡
✇❤✐❝❤ r❡q✉✐r❡s t❤❡ ✇❡❛❦❡st r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ σk✬s✳ ❚❤✐s str❛t❡❣②
✇✐❧❧ ❜❡ ❛s ❢♦❧❧♦✇s✳
❋✐rst ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛ ❧♦❣✲▲✐♣s❝❤✐t③ r❛♥❞♦♠ ✈❡❝t♦r ✜❡❧❞ u✱ t❤❡ ❙❉❊

dXt = u(Xt) dt+
∑

k

σk(Xt)dW
k
t

❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❣✐✈❡♥ ❜② ❛ st♦❝❤❛st✐❝ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ❝♦♥t✐♥✉✲
♦✉s ✢♦✇ ✭▲❡♠♠❛ ✹✳✺✮✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ ❛ ✏❧✐♥❡❛r✑ ✈❡rs✐♦♥ ♦❢ ✭✷✳✹✮✱
✇❤❡r❡ t❤❡ ❞r✐❢t ✐s r❡♣❧❛❝❡❞ ❜② uψ ❢♦r s♦♠❡ ✜①❡❞ st♦❝❤❛st✐❝ ✢♦✇ ψ✱ s❡❡ ❛❧s♦
♥❡①t ♣❛r❛❣r❛♣❤ ❢♦r ♥♦t❛t✐♦♥✳ ❚❤❡♥✱ ✉s✐♥❣ ❛♥ ✐t❡r❛t✐♦♥ s❝❤❡♠❡✱ ✇❡ ✇✐❧❧ ❜✉✐❧❞
❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✹✮✱ r❡❛❝❤✐♥❣ t❤❡ ❛ss❡rt✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✹✳
■♥ t❤❡ s✉❜s❡q✉❡♥t s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✉s❡ ❚❤❡♦r❡♠ ✷✳✶✹ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✶✵✳

✶❚♦ ❛✈♦✐❞ ❛♥② ❛♠❜✐❣✉✐t② ❤❡r❡ ❛♥❞ ♦t❤❡r s✐♠✐❧❛r s✐t✉❛t✐♦♥s ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ t❤❡r❡

❡①✐sts ❛ ♠❡❛s✉r❛❜❧❡ s❡t Ω̃ ♦❢ ❢✉❧❧ P✲♠❡❛s✉r❡✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ω ∈ Ω̃ ❛♥❞ ❡✈❡r② t ∈ [0, T ]✱
t❤❡ ♠❛♣ Φt(ω) : T

2 → T
2 ♣r❡s❡r✈❡s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ T

2✳

✾



■♥ t❤❡ ❧❛st s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❡ s❡❝♦♥❞ ♠❡t❤♦❞✿ ❛ ✏tr✐❝❦✑ ❛❧❧♦✇s ✉s t♦
r❡❞✉❝❡ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡ t♦ ❛ ♠♦❞✐✜❡❞ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ❚❤✐s s❡❡♠s t♦
❜❡ ♠♦r❡ r❛♣✐❞ ❜✉t r❡q✉✐r❡s t❤❡ σk✬s t♦ ❜❡ ❛t ❧❡❛st C2 ✭❛t ❧❡❛st ✐❢ ♦♥❡ ✇❛♥ts
t♦ ✉s❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts✮✱ ✇❤✐❧❡ t❤❡ ✜rst ♠❡t❤♦❞ r❡q✉✐r❡s ♦♥❧② ❛ ▲✐♣s❝❤✐t③✲t②♣❡
✭♣r❡❝✐s❡❧② W 1,∞(ℓ2)✮ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❚❤❛t ✐s ✇❤② ✇❡
✇✐❧❧ ♥♦t ❞❡✈❡❧♦♣ t❤✐s s❡❝♦♥❞ ♠❡t❤♦❞ ✐♥ ❛❧❧ t❤❡ ❞❡t❛✐❧s✳

✷✳✷ ▲♦❣✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ K ❛♥❞ ♦t❤❡r ✉s❡❢✉❧ ❢❛❝ts

❋✐rst ✇❡ st❛t❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❧♦❣✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ❢♦r K ❛♥❞ t❤❡ ❞r✐❢t
uξ✳ ❚❤❡ ❦❡② ✐♥❡q✉❛❧✐t② ✭✷✳✽✮ ✐s st❛t❡❞ ✐♥ ❬✸✺✱ s❡❝t✐♦♥ ✶✳✷❪✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠
st❛♥❞❛r❞ ❡st✐♠❛t❡s ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ G✱ s❡❡ ❡✳❣✳ ❬✸✱ s❡❝t✐♦♥ ✹✳✷❪✳ ❋♦r t❤❡
❝♦♠♣❧❡t❡♥❡ss s❛❦❡✱ ✇❡ ❤❛✈❡ r❡❝❛❧❧❡❞ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❋♦r r ≥ 0✱
❝❛❧❧

γ(r) = r(1− log r)1]0,1/e[(r) + (r + (1/e))1[1/e,+∞[(r).

❘❡♠❛r❦ ✷✳✶✻✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ γ ✇✐❧❧ ❜❡ ♦❢ ✉s❡✿ t❤❡
❢✉♥❝t✐♦♥ γ ✐s ✐♥❝r❡❛s✐♥❣✱ ❝♦♥❝❛✈❡ ❛♥❞ ❢♦r ❡✈❡r② 0 < ε < 1/e✱ ✇❡ ❤❛✈❡

γ(r) ≤ −r log ε+ ε, ∀r ≥ 0. ✭✷✳✼✮

▲❡♠♠❛ ✷✳✶✼✳ ❚❤❡ ♠❛♣ K✱ ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡✱ ✐s ❛♥ Lp(T2) ❞✐✈❡r❣❡♥❝❡✲❢r❡❡
✭✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✮ ✈❡❝t♦r ✜❡❧❞✱ ❢♦r ❡✈❡r② p < 2✱ ❛♥❞ ✈❡r✐✜❡s ❢♦r
❝❡rt❛✐♥ ❝♦♥st❛♥ts L0,K✱ LK✿

‖K‖L1(T2) ≤ L0,K ,∫

T2

|K(x− y)−K(x′ − y)|dy ≤ LKγ(|x− x′|), ∀x, x′ ∈ T
2. ✭✷✳✽✮

❚❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ♣r♦♣❡rt② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛tK ✐s ♦rt❤♦❣♦♥❛❧
t♦ ❛ ❣r❛❞✐❡♥t ♦❢ ❛ s❝❛❧❛r ✜❡❧❞✳

❈♦r♦❧❧❛r② ✷✳✶✽✳ ❋♦r ❡✈❡r② w ✐♥ L∞(T2)✱ uw = K ∗w ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❛♥❞
s❛t✐s✜❡s

‖uw‖L∞ ≤ L0,K‖w‖L∞ ,

|uw(x)− uw(x′)| ≤ LK‖w‖L∞γ(|x− x′|), ∀x, x′ ∈ T
2. ✭✷✳✾✮

✶✵



❲❡ ✇✐❧❧ ✉s❡ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② r❡s✉❧t✳ ❲❡ r❡❝❛❧❧ t❤❛t✱ ❢♦r ❛ ✜♥✐t❡
s✐❣♥❡❞ ♠❡❛s✉r❡ µ ♦♥ ❛ s♣❛❝❡ E ❛♥❞ ❛ ♠❡❛s✉r❛❜❧❡ ♠❛♣ F : E → E ′✱ ν = F#µ
❞❡♥♦t❡s t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ ♦❢ µ ♦♥ E ′✱ ♥❛♠❡❧② ν(A) = µ(F−1(A)) ❢♦r ❡✈❡r②
♠❡❛s✉r❛❜❧❡ s❡t A ✐♥ E ′✳ ◆♦t✐❝❡ t❤❛t ν ✐s ❛ ✜♥✐t❡ s✐❣♥❡❞ ♠❡❛s✉r❡ ❛♥❞ t❤❛t
|ν| ≤ F#|µ| ✭s✐♥❝❡ |ν|(A) ≤ F#|µ|(A) ❢♦r ❡✈❡r② A✮✳

▲❡♠♠❛ ✷✳✶✾✳ ▲❡t F ❜❡ ❛ ♠❡❛s✉r❡ ♣r❡s❡r✈✐♥❣ ♠❛♣ ♦♥ T
2 ❛♥❞ ❧❡t w ❜❡ ✐♥

L∞(T2)✳ ▲❡t µ t❤❡ ✭s✐❣♥❡❞✮ ♠❡❛s✉r❡ ♦♥ T
2 ✇✐t❤ ❞❡♥s✐t② w ✭✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✮ ❛♥❞ ❞❡✜♥❡ ν = F#w✳ ❚❤❡♥ ν ❤❛s ❛ ❞❡♥s✐t② ✭❞❡♥♦t❡❞
❜② v✮ ✇✐t❤ r❡s♣❡❝t t♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ ‖v‖L∞ ≤ ‖w‖L∞✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ▲❡♠♠❛ ✇❤❡♥ w ✐s ♥♦♥♥❡❣❛t✐✈❡✳ ❙✐♥❝❡ F
✐s ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣✱ ✐❢ A ✐s ❛ s❡t ♦❢ ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡♥ L2{F ∈
A} = L2(A) = 0✱ ❛♥❞ s♦

∫
A
dν =

∫
T2 1A(F )wdx = 0✳ ❙♦ ν ❛❞♠✐ts ❛ ✭♥♦♥♥❡❣✲

❛t✐✈❡✮ ❞❡♥s✐t② v✳ ◆♦✇✱ t❛❦✐♥❣ ε > 0✱ B = {v > ‖w‖L∞ + ε}✱ ✇❡ ❤❛✈❡

(‖w‖L∞ + ε)L2(B) ≤
∫

T2

1Bvdx =

∫

T2

1B(F )wdx ≤

≤ ‖w‖L∞L2{F ∈ B} = ‖w‖L∞L2(B),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t L2(B) = 0✳ ❇② ❛r❜✐tr❛r✐♥❡ss ♦❢ ε✱ ✇❡ ❣❡t ‖v‖L∞ ≤ ‖w‖L∞ ✳

●✐✈❡♥ ▲❡♠♠❛ ✷✳✶✾✱ ✇❡ ✇✐❧❧ ✉s❡ ♦❢t❡♥ v = F#w ✐♥st❡❛❞ ♦❢ ν = F#µ✳
❋✐♥❛❧❧② s♦♠❡ ♦t❤❡r ♥♦t❛t✐♦♥✳ ▲❡t ψ ❛ ♠❡❛s✉r❛❜❧❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ✢♦✇ ♦♥
T
2✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❞❡✜♥❡ ξψt = (ψt)#ξ0 ✭✇❤✐❝❤ ✐s

✐♥ L∞([0, T ]× T
2) ❜② ▲❡♠♠❛ ✷✳✶✾✮ ❛♥❞ uψ = uξ

ψ
✱ ✇❤✐❝❤ ❛❧s♦ r❡❛❞s

uψ(t, x) =

∫

T2

K(x− ψt(y)) ξ0(y)dy.

❆s ❛❧r❡❛❞② ♥♦t✐❝❡❞✱ t❤❡ ❙❉❊ ✭✷✳✹✮ r❡❛❞s ❛s

Φt(x) = x+

∫ t

0

uΦr (Φr(x))dr +
∑

k

∫ t

0

σk(Φr(x))dW
k
r .

❘❡♠❛r❦ ✷✳✷✵✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ uψ✱ ❈♦r♦❧❧❛r② ✷✳✶✽ ❛♥❞ ▲❡♠♠❛ ✷✳✶✾✱ uψ

❡♥❥♦②s ‖uψ‖L∞ ≤ L0,K‖ξ0‖L∞ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❣✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt②✿

|uψ(x)− uψ(x′)| ≤ LK‖ξ0‖L∞γ(|x− x′|), ∀x, x′ ∈ T
2. ✭✷✳✶✵✮

✶✶



●✐✈❡♥ λ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ z0 ✐♥ [0, 1/e]✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❞❡♥♦t❡ ❜② zλ(t, z0)
✭♦♠✐tt✐♥❣ t❤❡ λ ✇❤❡♥ ♥♦t ♥❡❝❡ss❛r②✮ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❖❉❊

zt = z0 +

∫ t

0

λγr(zr)dr

❚❤✐s z ✐s ✉♥✐q✉❡ ❛♥❞ ❤❛s t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛

z(t, z0) = z
exp[−λt]
0 e1−exp[−λt]1t<t0 + (2e−1 exp[λ(t− t0)]− e−1)1t≥t0 , ✭✷✳✶✶✮

✇❤❡r❡ t0 = t0(λ, z0) =
1
λ
log 1−log z0

2
✐s t❤❡ t✐♠❡ s✉❝❤ t❤❛t z(t0) = 1/e✳ ◆♦t✐❝❡

t❤❛t✱ ❢♦r z0 ✐♥ [0, exp[1− 2eλT ]]✱ ✐t ❤♦❧❞s t0 ≥ T ❛♥❞ s♦✱ ❢♦r t ✐♥ [0, T ]✱

z(t, z0) ≤ ez
exp[−λt]
0 . ✭✷✳✶✷✮

✸ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡

❲❡ ✜rst tr❡❛t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✱ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ ❜❛s✐❝ ✐❞❡❛s✳ ❚❤❡
s❝❤❡♠❡ ♦❢ t❤❡ ♣r♦♦❢✱ str♦♥❣❧② ✐♥s♣✐r❡❞ ❜② ❬✸✺❪✱ ✐s ❛ s✉✐t❛❜❧❡ r❡✇r✐t✐♥❣ ♦❢ ❬✸✺❪✱
❝♦♥✈❡♥✐❡♥t ❢♦r ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✳
❊✉❧❡r ✢♦✇s ✐♥ ✷❉ ✭♦♥ t❤❡ t♦r✉s T2✮ ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✲❧♦❝❛❧
❖❉❊✿

Φt(x) = x+

∫ t

0

∫

T2

K(Φs(x)− Φs(y)) ξ0(y)dy. ✭✸✳✶✮

❊q✉❛t✐♦♥ ✭✸✳✶✮ r❡❛❞s ❛s Φ̇ = uΦ(Φ) ✭✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Φ0 = id✮✱ ♥♦t✐❝❡
t❤❛t t❤❡ ❞r✐❢t ✐s ❧♦❣✲▲✐♣s❝❤✐t③✳ ❚❤❛t ✐s ✇❤② ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛✉①✐❧✐❛r② ❡q✉❛t✐♦♥
✭❧✐♥❡❛r ♣r♦❜❧❡♠✮✿

Xx
t = x+

∫ t

0

u(s,Xx
s )ds, ✭✸✳✷✮

✇❤❡r❡ u ✐s ❛ ✜①❡❞ ♠❡❛s✉r❛❜❧❡ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿ ❢♦r
❡✈❡r② t✱ x, y✱

|u(t, x)− u(t, y)| ≤ Luγ(|x− y|) ✭✸✳✸✮

❢♦r s♦♠❡ Lu ✐♥❞❡♣❡♥❞❡♥t ♦❢ t, x, y✳

▲❡♠♠❛ ✸✳✶✳ ❋♦r ❡✈❡r② ✐♥✐t✐❛❧ ❞❛t✉♠ x✱ ❡q✉❛t✐♦♥ ✭✸✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳
❚❤✐s s♦❧✉t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ✭✉♥✐q✉❡✮ ✢♦✇ ψ ♦❢ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ❤♦♠❡♦✲
♠♦r♣❤✐s♠s ♦❢ ❝❧❛ss Cα ✐♥ s♣❛❝❡ ❛♥❞ ▲✐♣s❝❤✐t③ ✐♥ t✐♠❡✱ ✇✐t❤ α = exp[−LuT ]✳

✶✷



Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ✭✐♥ R
2✮ t♦ ✭✸✳✷✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡

P❡❛♥♦ ❚❤❡♦r❡♠✱ s✐♥❝❡ u ✐s ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ❤♦❧❞s ❜② t❤❡
❖s❣♦♦❞ ❝r✐t❡r✐♦♥ ✭s✐♥❝❡

∫ ε
0
γ(r)−1dr = +∞)✮ ♦r ❡✈❡♥ ❜② t❤❡ ❍ö❧❞❡r ❡st✐♠❛t❡

❜❡❧♦✇ ✭s✐♠♣❧② t❛❦❡ x = y✮✳
❚❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✐♥ t✐♠❡ ❢♦❧❧♦✇s ❜② ❜♦✉♥❞❡❞♥❡ss ♦❢ u✳ ❆s ❢♦r t❤❡
❍ö❧❞❡r ❝♦♥t✐♥✉✐t②✱ ♣r♦♣❡rt② ✭✸✳✸✮ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❡✈❡r② x ❛♥❞ x′✱

|ψt(x)− ψt(x
′)| ≤ |x− x′|+ Lu

∫ t

0

γ(|ψs(x)− ψs(x
′)|)ds.

❇② ❛ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t✱ |ψt(x) − ψt(x
′)| ≤ zLu(t, |x − x′|) ✭r❡❝❛❧❧ t❤❛t zλ ✐s

t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ zt = z0 +
∫ t
0
λγ(zs)ds✮✳ ❚❤❡ ❜♦✉♥❞ ✭✷✳✶✷✮ ❢♦r z ❣✐✈❡s

t❤❡ ❞❡s✐r❡❞ r❡❣✉❧❛r✐t②✳ ❚❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥✈❡rs❡ ♠❛♣
❛r❡ ❞✉❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦❝②❝❧❡ ❧❛✇✱ s♦ t❤❛t t❤❡ ✐♥✈❡rs❡ ✢♦✇ ♦❢ ψt ✐s ψ−t✳ ❚❤❡
♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt② ❢♦❧❧♦✇s ❜② ❛ s✐♠♣❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t✱
s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✺ ✐♥ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡✳

◆♦✇ ✇❡ ✉s❡ t❤❡ P✐❝❛r❞ ✐t❡r❛t✐♦♥ s❝❤❡♠❡ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s t♦ ✭✸✳✶✮✳ ❈♦♥s✐❞❡r t❤❡ s❡t

MT =
{
ψ : [0, T ]× T

2 → T
2|ψ ♠❡❛s✉r❛❜❧❡ , sup

[0,T ]

∫

T2

|ψt(x)| dx < +∞,

ψt ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ❢♦r ❛✳❡✳ t
}
.

■t ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ dist(ψ1, ψ2) =
sup[0,T ]

∫
T2 |ψ1

t (x) − ψ2
t (x)| dx✳ ❋♦r ❛♥② ψ ✐♥ MT ✱ ❞❡✜♥❡ G(ψ) ❛s t❤❡ ✉♥✐q✉❡

✢♦✇ s♦❧✉t✐♦♥ t♦ ✭✸✳✷✮ ✇✐t❤ u = uψ✱ ✐✳❡✳

d

dt
G(ψ) = uψ(G(ψ))

✭✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ G(ψ)(0, x) = x✮✳ ❘❡❝❛❧❧ t❤❛t

uψ(t, x) =

∫

T2

K(x− ψt(y)) ξ0(y)dy.

❡♥❥♦②s t❤❡ ❧♦❣✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ✭✷✳✶✵✮✱ s♦ t❤❛t ❜② t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ G
t❛❦❡s ✈❛❧✉❡s ✐♥ MT ✳

✶✸



▲❡♠♠❛ ✸✳✷✳ ❋♦r ❡✈❡r② ε > 0✱ ❢♦r ❡✈❡r② t✇♦ ✢♦✇s ψ1✱ ψ2 ✐♥ MT ✱ ✇❡ ❤❛✈❡✿
∫

T2

|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ LK‖ξ0‖L∞

∫ t

0

γ

(∫

T2

|ψ1
s(x)− ψ2

s(x)| dx
)
ds

+ LK‖ξ0‖L∞

∫ t

0

γ

(∫

T2

|G(ψ1)s(x)−G(ψ2)s(x)| dx
)
ds ✭✸✳✹✮

❛♥❞ ❛❧s♦∫

T2

|G(ψ1)t −G(ψ2)t| dx

≤ LK‖ξ0‖L∞(− log ε)

∫ t

0

∫

T2

|G(ψ1)s −G(ψ2)s| dxds

+ LK‖ξ0‖L∞(− log ε)

∫ t

0

∫

T2

|ψ1
s − ψ2

s | dxds+ 2LK‖ξ0‖L∞tε. ✭✸✳✺✮

Pr♦♦❢✳ ❲❡ ❤❛✈❡
∫

T2

|G(ψ1)t(x)−G(ψ2)t(x)| dx ≤ ‖ξ0‖L∞

∫ t

0

∫

T2

∫

T2

|K(G(ψ1)s(x)− ψ1
s(y))−K(G(ψ2)s(x)− ψ2

s(y))| dxdyds.
■♥ ♦r❞❡r t♦ ✉s❡ ✭✷✳✽✮✱ ✇❡ ❛❞❞ ❛♥❞ s✉❜tr❛❝t K(G(ψ1)s(x) − ψ2

s(y)) t♦ t❤❡
✐♥t❡❣r❛♥❞ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❚❤✉s ✇❡ ❣❡t

∫

T2

|G(ψ1)t(x)−G(ψ2)t(x)| dx ≤ ‖ξ0‖L∞

∫ t

0

∫

T2

∫

T2[
|K(G(ψ1)s(x)− ψ1

s(y))−K(G(ψ1)s(x)− ψ2
s(y))|

+|K(G(ψ1)s(x)− ψ2
s(y))−K(G(ψ2)s(x)− ψ2

s(y))|
]
dxdyds

≤ ‖ξ0‖L∞

∫ t

0

∫

T2

∫

T2

[
|K(x− ψ1

s(y))−K(x− ψ2
s(y))|

K(G(ψ1)s(x)− y)−K(G(ψ2)s(x)− y)|
]
dxdyds

≤ LK‖ξ0‖L∞

∫ t

0

∫

T2

γ(|ψ1
s(y)− ψ2

s(y)|)dyds

+ LK‖ξ0‖L∞

∫ t

0

∫

T2

γ(|G(ψ1)s(x)−G(ψ2)s(x)|)dxds,

✶✹



✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛ss❛❣❡ ✇❡ ✉s❡❞ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②✳ ❋✐✲
♥❛❧❧②✱ ❜② t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② ❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ γ✱ ✇❡ ❤❛✈❡

∫

T2

|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ LK‖ξ0‖L∞

∫ t

0

γ

(∫

T2

|ψ1
s(x)− ψ2

s(x)| dx
)
ds

+ LK‖ξ0‖L∞

∫ t

0

γ

(∫

T2

|G(ψ1)s(x)−G(ψ2)s(x)| dx
)
ds,

t❤❛t ✐s t❤❡ ✜rst ❡st✐♠❛t❡ ✭✸✳✹✮✳ ◆♦✇ ✇❡ ❛♣♣❧② ♣r♦♣❡rt② ✭✷✳✼✮✿
∫

T2

|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ LK‖ξ0‖L∞(− log ε)

∫ t

0

∫

T2

|ψ1
s(x)− ψ2

s(x)| dxds+

+LK‖ξ0‖L∞(− log ε)

∫ t

0

∫

T2

∫

T2

|G(ψ1)s(x)−G(ψ2)s(x)| dxds+

+2LK‖ξ0‖L∞tε,

✐✳❡✳ t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡ ✭✸✳✺✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉✐t② r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛✳

❈♦r♦❧❧❛r② ✸✳✸✳ ❚❤❡ ♠❛♣ G : MT → MT ✐s ❝♦♥t✐♥✉♦✉s✳ ■♥ ❢❛❝t✱ ✐t ✐s ❧♦❝❛❧❧②
❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ wt =
∫
T2 |G(ψ1)t(x)−G(ψ2)t(x)| dx✳ ❚❤❡♥ t❤❡ ❡st✐♠❛t❡

✭✸✳✹✮ ✐♥ ▲❡♠♠❛ ✸✳✷✱ t♦❣❡t❤❡r ✇✐t❤ ♠♦♥♦t♦♥✐❝✐t② ♦❢ γ✱ ❣✐✈❡s

wt ≤ LK‖ξ0‖L∞Tγ

(
sup
s∈[0,T ]

∫

T2

|ψ1
s(x)− ψ2

s(x)| dx
)

+ LK‖ξ0‖L∞

∫ t

0

γ(ws)ds.

❆❣❛✐♥ ❜② ❛ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ✭r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ z ✐♥ ✭✷✳✶✶✮✮✱ ✇❡ ❣❡t
t❤❛t ∫

T2

|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ zLK‖ξ0‖L∞

(
t, LK‖ξ0‖L∞Tγ

(
sup
s∈[0,T ]

∫

T2

|ψ1
s(x)− ψ2

s(x)| dx
))

.

✶✺



❲❤❡♥ LK‖ξ0‖L∞Tγ(dist(ψ1, ψ2)) ≤ exp[1− 2eLK‖ξ0‖L∞T ] ✭❛ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤
✐s ✈❡r✐✜❡❞ ❢♦r dist(ψ1, ψ2) s♠❛❧❧ ❡♥♦✉❣❤✱ ❢♦r ✜①❡❞ ‖ξ0‖ ❛♥❞ T ✮✱ t❤❡ ❡st✐♠❛t❡
✭✷✳✶✷✮ ❣✐✈❡s✿

∫

T2

|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ e

(
LK‖ξ0‖L∞Tγ

(
sup
s∈[0,T ]

∫

T2

|ψ1
s(x)− ψ2

s(x)| dx
))exp[−LK‖ξ0‖L∞ t]

.

❋r♦♠ t❤✐s ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ γ✱ ✇❡ s❡❡ t❤❛t G ✐s ❝♦♥t✐♥✉♦✉s ♦♥ MT ✳ ❚❤❡
❍ö❧❞❡r ❝♦♥t✐♥✉✐t② ♦❢ G ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t γ ✐s ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s✳

❲❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡✿

❚❤❡♦r❡♠ ✸✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥MT t♦ ❡q✉❛t✐♦♥ ✭✸✳✶✮✱ ✇❤✐❝❤
✐s ❛ ✢♦✇ Φ ♦❢ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠s ♦❢ ❝❧❛ss Cα ✐♥ s♣❛❝❡ ❛♥❞
▲✐♣s❝❤✐t③ ✐♥ t✐♠❡✳

Pr♦♦❢✳ ❋✐rst st❡♣✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦♥ ❛♥
✐♥t❡r✈❛❧ [0, T1]✱ ❢♦r T1 s♠❛❧❧ ❡♥♦✉❣❤✳ ❋♦r t❤❡ ❡①✐st❡♥❝❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛♣✲
♣r♦①✐♠❛t✐♥❣ s❡q✉❡♥❝❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✸✳✶✮✳ ❈❤♦♦s❡ ψ0

t = I✳
❋♦r ❛♥② n✱ ♣✉t ψn+1 = G(ψn) ✭G ❜❡✐♥❣ ❞❡✜♥❡❞ ♦♥ MT1✮ ❛♥❞ ❞❡♥♦t❡ ρnt =
supk≥n

∫
T2 |ψk+1

t (x) − ψkt (x)| dx✳ ❬❚❤❡ r❡❛s♦♥ ❢♦r t❤❡ s✉♣r❡♠✉♠ ✐♥ k ≥ n ✐s
t♦ ❤❛✈❡✱ ✐♥ t❤❡ ❢♦r♠✉❧❛ ✭✸✳✻✮ ❜❡❧♦✇✱ ρn ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❛♥❞ ρn−1 ♦♥ t❤❡
r✐❣❤t ❤❛♥❞ s✐❞❡✿ ♦t❤❡r✇✐s❡ ✐t s❡❡♠s ❞✐✣❝✉❧t t♦ ❤❛✈❡ ❣♦♦❞ ❡st✐♠❛t❡s✳❪ ❚❤❡
❡st✐♠❛t❡ ✭✸✳✺✮ ✐♥ ▲❡♠♠❛ ✸✳✷ ❣✐✈❡s ✐♠♠❡❞✐❛t❡❧② t❤❛t ❢♦r ❛❧❧ n ∈ N

ρnt ≤ 2LK‖ξ0‖L∞(− log ε)

∫ t

0

ρn−1
s ds+ 2LK‖ξ0‖L∞tε. ✭✸✳✻✮

❇② ▲❡♠♠❛ ❆✳✶ ✇❡ ✐♥❢❡r t❤❛t

sup
[0,T1]

ρnt ≤ (2eLK‖ξ0‖L∞T1)
n

√
2πn

sup
[0,T1]

ρ0t +2LK‖ξ0‖L∞T1 exp[n(2LK‖ξ0‖L∞T1−1)]

✭✸✳✼✮
❛♥❞ s♦✱ ♣r♦✈✐❞❡❞ α := 2eLK‖ξ0‖L∞T1 < 1✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ψ ∈ MT1

s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (ψn)n ❝♦♥✈❡r❣❡s ✐♥ MT1 t♦ ψ✳ ❇② ❈♦r♦❧❧❛r② ✸✳✸ ✐t
❢♦❧❧♦✇s t❤❛t G(ψ) = ψ✳
❚❤❡ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❜② ❛♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐t❡r❛t✐✈❡ s❝❤❡♠❡ t♦ t✇♦
s♦❧✉t✐♦♥s Φ1✱ Φ2✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ t❛❦❡ Φi,0 = Φi ❛♥❞ Φi,n+1 = G(Φi,n)✱
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i = 1, 2✱ ❛♥❞ ✇❡ ❞❡✜♥❡ ρ̄nt = supk≥n
∫
T2 |Φ1,k

t (x) − Φ2,k
t (x)| dx✳ ❚❤❡♥ ✭✸✳✻✮

❛♥❞ s♦ ✭✸✳✼✮ ❤♦❧❞ ❢♦r t❤❡ s❡q✉❡♥❝❡ ρ̄n ✭✐♥ ♣❧❛❝❡ ♦❢ ρn✮✳ ❇✉t✱ s✐♥❝❡ Φ1✱ Φ2 ❛r❡
s♦❧✉t✐♦♥s ❛♥❞ ❤❡♥❝❡ ✜①❡❞ ♣♦✐♥ts ♦❢ G✱ Φi,n = Φi ❛♥❞ ρ̄nt = ρ̄0t ❢♦r ❡✈❡r② n✱
i = 1, 2 ❛♥❞ s♦ ✇❡ ❣❡t

dist(Φ1,Φ2) = sup
[0,T1]

ρ̄nt =≤ αn sup
[0,T1]

ρ̄0t+e
−1αe−n(1−α) = αndist(Φ1,Φ2)+αe−n(1−α),

❢♦r ❛♥② ✐♥t❡❣❡r n✳ ❙✐♥❝❡ α < 1✱ t❛❦✐♥❣ n ❧❛r❣❡✱ ✇❡ ❣❡t dist(Φ1,Φ2) = 0✳
❙❡❝♦♥❞ st❡♣✳ ❲❡ ♣r♦✈❡ t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✳ ❚❤❡② ❢♦❧❧♦✇
❡ss❡♥t✐❛❧❧② ❜② ✐t❡r❛t✐♦♥ ✐♥ t✐♠❡✱ ❜✉t ✇❡ ♣r❡❢❡r t♦ ♠❛❦❡ t❤✐s ❛r❣✉♠❡♥t ❡①♣❧✐❝✐t✱
s✐♥❝❡ t❤❡ ♥♦♥✲❧♦❝❛❧✐t② ♦❢ t❤❡ ❞r✐❢t ❝♦✉❧❞ ❝r❡❛t❡ s♦♠❡ ❝♦♥❢✉s✐♦♥✳ ❚❤❡ ♠❛✐♥
♣♦✐♥t ✐s t♦ ♥♦t✐❝❡ t❤❛t✱ ❢♦r ✜①❡❞ 0 < T ′ < T ✱ ❛ ✢♦✇ Φ s♦❧✈❡s t❤❡ ♥♦♥✲❧♦❝❛❧
❖❉❊ ✭✸✳✶✮ ♦♥ [0, T ] ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s♦❧✈❡s t❤❡ ♥♦♥✲❧♦❝❛❧ ❖❉❊ ♦♥ [0, T ′] ❛♥❞
✐t s❛t✐s✜❡s✱ ❢♦r t ✐♥ [T ′, T ]✱

Φt(x) = ΦT ′(x) +

∫ t

T ′

∫

T2

K(Φs(x)− Φs(y)) ξ0(y)dy. ✭✸✳✽✮

❍❡♥❝❡ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❣❧♦❜❛❧ r❡s✉❧t ❜② s❤♦✇✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡✲
♥❡ss ❢♦r ❡q✉❛t✐♦♥ ✭✸✳✽✮ ♦♥ [T1, 2T1]✱ ❛♥❞ t❤❡♥ ✐t❡r❛t✐♥❣ t❤❡ ✐❞❡❛✳ ❆s ❜❡❢♦r❡✱
✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ s❡q✉❡♥❝❡ (ψn)n ♦❢ ♠❛♣s ♦♥ [T1, 2T1] × T

2 ❜②
✐♠♣♦s✐♥❣

ψnt (x) = ΦT1(x) +

∫ t

T1

∫

T2

K(ψns (x)− ψn−1
s (y)) ξ0(y)dy. ✭✸✳✾✮

❍❡r❡ ❛ s♠❛❧❧ t❡❝❤♥✐❝❛❧ ❝❧❛r✐✜❝❛t✐♦♥ ✐s ♥❡❡❞❡❞ ❢♦r t❤❡ ❡①✐st❡♥❝❡✱ t❤❡ ❝♦♥t✐♥✉✐t②
❛♥❞ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt② ♦❢ ψn✿ t❤❡② ❝❛♥♥♦t ❜❡ ✐♥❢❡rr❡❞ ❞✐r❡❝t❧②
❢r♦♠ ▲❡♠♠❛ ✸✳✶✱ s✐♥❝❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ ✐s ♥♦ ♠♦r❡ x ✭✇❡ ❝♦✉❧❞ r❡♣❡❛t
t❤❡ ❛r❣✉♠❡♥t st❛rt✐♥❣ ❢r♦♠ ΦT1(x)✿ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡✱ ❜✉t ❛t t❤❡ ♣r✐❝❡ ♦❢
✐♥tr♦❞✉❝✐♥❣ ❛ ✢♦✇ ♠❛♣ ΦT1,t ✇❤✐❝❤ ✇❡ ❛✈♦✐❞ ❢♦r s✐♠♣❧✐❝✐t②✮✳ ❙♦ ✇❡ ♣r♦✈❡
ψn ❡①✐sts ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐s ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣✱ ❜② ❞❡✜♥✐♥❣ ψn ♦♥ t❤❡ ✇❤♦❧❡
✐♥t❡r✈❛❧ [0, 2T1] ❛s ψ0

t = Φt1[0,T1]+ΦT11]T1,2T1] ❛♥❞ ψ
n = G(ψn−1)✱ t❤❡ ♠❛♣ G

r❡❧❛t✐✈❡ t♦ t❤❡ ✐♥t❡r✈❛❧ [0, 2T1]✳ ■♥ t❤✐s ✇❛② ψn ❝♦✐♥❝✐❞❡s ✇✐t❤ Φ ♦♥ [0, T1] ✭✐♥
♣❛rt✐❝✉❧❛r ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ψnT1 = ΦT1✮ ❛♥❞ ✐t ✈❡r✐✜❡s ❡q✉❛t✐♦♥ ✭✸✳✾✮
♦♥ [T1, 2T1]✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψn ✭✇✐t❤ ❝♦♥t✐♥✉✐t② ❛♥❞ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣
♣r♦♣❡rt②✮ ✐s ♥♦✇ ❞♦♥❡✳
❍❛✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②✱ ✇❡ ❝❛♥ r❡♣❡❛t
t❤❡ ❡st✐♠❛t❡s ✐♥ ▲❡♠♠❛ ✸✳✷✱ st❛rt✐♥❣ ❢r♦♠ ΦT1 ✱ ✇✐t❤ ♥♦ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡
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♣r♦♦❢❀ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡st✐♠❛t❡s ❤♦❧❞ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥st❛♥t ❛♥❞ ✇✐t❤ ✜♥❛❧
t✐♠❡ T ✇❤✐❝❤ ✐s r❡♣❧❛❝❡❞ ❜② T − T1✳ ■♥ t❤✐s ✇❛② ✇❡ ❣❡t t❤❡ ❡①✐st❡♥❝❡ ♦♥
T1 ≤ t ≤ T1 + T1 = 2T1✳
❚❤❡ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❛❣❛✐♥ ❛♣♣❧②✐♥❣ t❤❡ ✐t❡r❛t✐✈❡ s❝❤❡♠❡ ❛❜♦✈❡ t♦ t✇♦
s♦❧✉t✐♦♥s ❛♥❞ ❝♦♥❝❧✉❞✐♥❣ ❛s ✐♥ st❡♣ ✶✳
❙t❡♣ ✸✳ ❚❤❡ r❡❣✉❧❛r✐t② ❛♥❞ ❤♦♠❡♦♠♦r♣❤✐s♠ ♣r♦♣❡rt✐❡s ❤♦❧❞ ❜② ▲❡♠♠❛ ✸✳✶✱
s✐♥❝❡ Φ = G(Φ) ✐s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ G ✭G ♥♦✇ ❜❡✐♥❣ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡
[0, T ]✮✳

❘❡♠❛r❦ ✸✳✺✳ ■♥ ❝❛s❡ ξ0 ✐s ♠♦r❡ s♠♦♦t❤✱ ♠♦r❡ r❡❣✉❧❛r✐t② ♦❢ Φ ❝❛♥ ❜❡ ♦❜✲
t❛✐♥❡❞✱ ✉s✐♥❣ t❤❡ ✉s✉❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡✿ ✐❢ Φ ❤❛s s♦♠❡ r❡❣✉❧❛r✐t②✱ t❤❡♥ uΦ

❤❛s ♠♦r❡ r❡❣✉❧❛r✐t②✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛❣❛✐♥ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ r❡❣✉❧❛r✐t② ♦❢ Φ✱
❛♥❞ s♦ ♦♥✳

✹ ❚❤❡ st♦❝❤❛st✐❝ ❝❛s❡

◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s
✢♦✇ s♦❧✈✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✹✮✳ ◆♦t✐❝❡ t❤❛t✱ ❞✐✛❡r❡♥t❧② ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ✭❧✐♥❡❛r✮
❝❛s❡✱ t❤❡ ❞r✐❢t ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❤♦❧❡ ✢♦✇✱ s♦ ❑✉♥✐t❛✬s t❤❡♦r② ✭❬✷✾❪✱ ❬✸✵❪✮ ✐s
♥♦t ✭❛t ❧❡❛st ❡❛s✐❧②✮ ❛♣♣❧✐❝❛❜❧❡✳
❲❡ tr② t♦ ♠✐♠✐❝ t❤❡ ♣r❡✈✐♦✉s r❡❛s♦♥✐♥❣ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ❚❤❡ ❧❛st
♣❛rt✱ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✱ ✇♦r❦s ✐♥ t❤✐s
s✐♠♣❧❡ ✇❛②✳ ❋✐rst ✇❡ ❣❡t ❛ ❣❡♥❡r❛❧✐③❡❞ ▲❡♠♠❛ ✸✳✶ ✭✇✐t❤ ■tô ❢♦r♠✉❧❛ t♦ tr❡❛t
t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ✢♦✇s✮✱ t❤❡♥ ✇❡ r❡♣❡❛t t❤❡ s❝❤❡♠❡ ❛♥❞
♦❜t❛✐♥ ❛ ♠❡❛s✉r❛❜❧❡ ✢♦✇ s♦❧✉t✐♦♥ t♦ ✭✷✳✹✮✳
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐s ✐♥ t❤❡ ✜rst ♣❛rt✱ ♣r❡❝✐s❡❧② ✐♥ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢
▲❡♠♠❛ ✸✳✶ t♦ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s ✢♦✇s ✭r❡♠❡♠❜❡r t❤❛t ✇❡ ♥❡❡❞ ❛ ❝♦♥t✐✲
♥✉✐t② ♣r♦♣❡rt② ❢♦r ω ✜①❡❞✮✳ ■♥ ♦r❞❡r t♦ ❣❡t r✐❞ ♦❢ t❤❡ ✜rst ❞✐✣❝✉❧t②✱ ✇❡ ✇✐❧❧
❛♣♣❧② ❑♦❧♠♦❣♦r♦✈ t❡st✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ ❑✉♥✐t❛✬s r❡s✉❧ts ✭s❡❡ ❬✷✾❪✱ ❬✸✵❪✮✳ ❋♦r
t❤✐s ✇❡ ♥❡❡❞ s♦♠❡ ❡st✐♠❛t❡s ♦♥ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥✳

✹✳✶ ❚❤❡ ❧✐♥❡❛r st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❉❊ ✭✏❧✐♥❡❛r✑ ♣r♦❜❧❡♠✮✿

dXt = ut(Xt) dt+
∑

k

σk(Xt)dW
k
t , ✭✹✳✶✮

✶✽



✇❤❡r❡ u ✐s ❛ r❛♥❞♦♠ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ❢♦r ❡✈❡r② x✱
(t, ω) → u(t, x, ω) ✐s ❛ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss ❛♥❞✱ ❢♦r ❡✈❡r② t✱ x, y✱
ω✱

u(t, x, ω) ≤ L0,u, ✭✹✳✷✮
|u(t, x, ω)− u(t, y, ω)| ≤ Luγ(|x− y|) ✭✹✳✸✮

❢♦r s♦♠❡ L0,u✱ Lu ✐♥❞❡♣❡♥❞❡♥t ♦❢ t, x, y, ω✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ✐♠♣❧② t❤❛t✱ ✐❢
X ✐s ❛ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♣r♦❝❡ss ✇✐t❤ ✈❛❧✉❡s ✐♥ T

2✱ t❤❡♥ u(t,Xt) ✐s
♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ t♦♦✳

▲❡♠♠❛ ✹✳✶✳ ▲❡t X✱ Y ❜❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ ✭✹✳✶✮ st❛rt✐♥❣ ❢r♦♠ x✱ x′ r❡s♣✳✳
❚❤❡♥✱ ❢♦r ❛♥② p ≥ 2✱ t❤❡r❡ ❡①✐sts δ = δ(T, Lu, Lσ, p) s✉❝❤ t❤❛t✱ ✐❢ |x−x′| < δ✱
✐t ❤♦❧❞s ❢♦r s♦♠❡ ❝♦♥st❛♥t Cp,T ✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p ❛♥❞ T

E[|Xt − Yt′ |p] ≤ e|x− x′|p exp[−(2pLu+Lσ)T ] + Cp,T (L
p
0,u + Lpσ)|t− t′|p/2. ✭✹✳✹✮

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❢♦r♠✉❧❛ ✐♥ t❤❡ t✇♦ ♣❛rt✐❝✉❧❛r ❝❛s❡s t = t′

❛♥❞ x = x′✳ ❋✐① t = t′✳ ❇② t❤❡ ■tô ❢♦r♠✉❧❛ ✭❛♣♣❧✐❡❞ t♦ f(x) = |x|p✮✱ ❝❛❧❧✐♥❣
Z = X − Y ✱ ✇❡ ❤❛✈❡

d[|Z|p] = p|Z|p−2Z · (u(X)− u(Y )) dt

+
[∑

k

p|Z|p−2|σk(X)− σk(Y )|2
]
dt

+
[∑

k

p(p− 2)|Z|p−4|Z · (σk(X)− σk(Y ))|2
]
dt+

+
∑

k

p|Z|p−2Z · (σk(X)− σk(Y ))dW k.

❲❡ t❛❦❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ✉s❡ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ σk✬s ❛♥❞ t❤❡
❧♦❣✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ u✿

p|Z|p−1|u(X)− u(Y )|
≤ pLu|Z|p(1− log |Z|)1|Z|<1/e + pLu|Z|p−1(|Z|+ 1/e)1|Z|≥1/e

≤ pLu|Z|p(1− log |Z|p)1|Z|<1/e + 2pLu|Z|p + 1/e1|Z|≥1/epLuγ(|Z|p)
≤ 2pLuγ(|Z|p).

❚❤❡♥

E[|Z|pt ] ≤ |x− x′|p + 2pLu

∫ t

0

E[γ(|Z|ps)]ds+ Lσ

∫ t

0

E[|Z|ps]ds,

✶✾



❢r♦♠ ✇❤✐❝❤✱ ✉s✐♥❣ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ γ ❛♥❞ t❤❡ ❢❛❝t
t❤❛t r ≤ γ(r)✱ ✇❡ ♦❜t❛✐♥

E[|Z|pt ] ≤ |x− x′|p + 2pLu

∫ t

0

γ(E[|Z|ps])ds+ Lσ

∫ t

0

E[|Z|ps]ds

≤ |x− x′|p + (2pLu + Lσ)

∫ t

0

γ(E[|Z|ps])ds.

❇② ❛ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ E[|Z|pt ] ≤ z2pLu+Lσ(t, |x− x′|p) ✭r❡❝❛❧❧ t❤❡ ❞❡✜♥✐✲
t✐♦♥ ♦❢ z ✐♥ ✭✷✳✶✶✮✮✳ ❲❤❡♥ |x − x′| ✐s s♠❛❧❧ ❡♥♦✉❣❤ ✭♣r❡❝✐s❡❧②✱ < δ ❢♦r s♦♠❡
δ(T, Lu, Lσ, p)✮✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❡st✐♠❛t❡ ✭✷✳✶✷✮ ❛♥❞ ✇❡ ❣❡t t❤❡ t❤❡s✐s ❢♦r
t = t′✳
◆♦✇ ♣✉t x = x′✱ t′ < t✳ ❇② t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ u ❛♥❞ σk✬s✱ ✉s✐♥❣ t❤❡ ❍ö❧❞❡r
❛♥❞ t❤❡ ❇✉r❦❤♦❧❞❡r ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❣❡t

E[|Xt −Xt′ |p] ≤ 2p−1E
[∣∣
∫ t

t′
u(Xr)dr

∣∣p +
∣∣∑

k

∫ t

t′
σk(Xr)dW

k
r

∣∣p
]

≤ Cp(L
p
0,u + Lp,Tσ )(|t− t′|p + |t− t′|p/2).

❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❚❤✐s ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ ❣❡t t❤❡ ✉♥✐q✉❡♥❡ss ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t②✱ ❜✉t ✇❡ st✐❧❧ ♥❡❡❞
t❤❡ ❡①✐st❡♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱
❡①❤✐❜✐t✐♥❣ ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s✳ ▲❡t
ρ ❜❡ ❛ C∞

c (R2) ❢✉♥❝t✐♦♥✱ ❞❡✜♥❡ ρε(x) = ε−2ρ(ε−1x)❀ ❝♦♥s✐❞❡r t❤❡ st❛♥❞❛r❞
♠♦❧❧✐✜❝❛t✐♦♥ ♦❢ u✿ uε(t, x, ω) = u(t, ·, ω) ∗ ρε(x)✱ ❢♦r x ∈ T

2 ✭t❤❡ ❝♦♥✈♦❧✉t✐♦♥
♠✉st ❜❡ ✉♥❞❡rst♦♦❞ ♦♥ t❤❡ ✇❤♦❧❡ R

d✱ ✇❤❡r❡ u ✐s ❡①t❡♥❞❡❞ ❜② ♣❡r✐♦❞✐❝✐t②✮✳
◆♦t✐❝❡ t❤❛t✱ s✐♥❝❡ ❜② ✭✹✳✸✮ t❤❡ ✜❡❧❞ u ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ✐♥ x✱ ✉♥✐✲
❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ t ❛♥❞ ω✱ ✇❡ ❣❡t t❤❛t (uε)ε ❝♦♥✈❡r❣❡s t♦ u ✉♥✐❢♦r♠❧② ✐♥
(t, x, ω)✿ t❤❛t ✐s✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ θ : [0, 1] → [0,+∞[✱ ✇✐t❤
θ(0) = 0✱ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ε > 0✱ δ > 0✱

sup
[0,T ]×T2×Ω

|uε − uδ| ≤ θ(|ε− δ|). ✭✹✳✺✮

▼♦r❡♦✈❡r✱ ❈♦r♦❧❧❛r② ✸✳✸ ❤♦❧❞s ✉♥✐❢♦r♠❧② ✐♥ ε✿

sup
ε>0

|uε(t, x)− uε(t, x′)| ≤ Luγ(|x− x′|). ✭✹✳✻✮

✷✵



❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡ σεk(t, x) := σk(t, ·) ∗ ρε(x)❀ s✐♥❝❡ t❤❡ σk✬s ❛r❡ ▲✐♣s❝❤✐t③✲
❝♦♥t✐♥✉♦✉s ✭♠♦r❡ ♣r❡❝✐s❡❧②✱ ❜② ❈♦♥❞✐t✐♦♥ ✷✳✸✮✱ ✇❡ ❣❡t ✭♣♦ss✐❜❧② ❢♦r ❛♥♦t❤❡r
θ✱ ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s ❛❜♦✈❡✮

sup
[0,T ]×T2

∑

k

|σεk − σδk|2 ≤ θ(|ε− δ|), ✭✹✳✼✮

sup
ε>0

∑

k

|σεk(t, x)− σεk(t, x
′)|2 ≤ L2

σ|x− x′|2. ✭✹✳✽✮

▲❡♠♠❛ ✹✳✷✳ ❋♦r ❛♥② ε > 0✱ ❧❡t ψε ❜❡ t❤❡ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s ✢♦✇ s♦❧✉t✐♦♥
t♦

dXε
t = uεt(X

ε
t ) dt+

∑

k

σεk(X
ε
t )dW

k
t . ✭✹✳✾✮

❚❤❡♥✱ ❢♦r ❛♥② p ≥ 2✱ ❢♦r ❡✈❡r② ε✱ δ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ 0✱ ❢♦r ❡✈❡r② x✱ x′ ✐♥ T
2

✇✐t❤ |x− x′| s♠❛❧❧ ❡♥♦✉❣❤✱ ✐t ❤♦❧❞s

sup
[0,T ]

E[|ψεt (x)− ψδt (x
′)|p] ≤ C (|x− x′|p + Cθ(ε− δ))

exp[−Ct]

❢♦r s♦♠❡ C > 0 ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ ε, δ, x, x′✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ (ψε)ε ✐s ❛ ❈❛✉❝❤②
s❡q✉❡♥❝❡ ✐♥ C([0, T ]× T

2;Lp(Ω))✳

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❞♦ ♥♦t s♣❡❝✐❢②✱ ✐♥ t❤❡ r❡s✉❧t ❛❜♦✈❡ ❛♥❞ ✐♥ t❤❡
♣r♦♦❢ ❜❡❧♦✇✱ t❤❡ ❝♦♥st❛♥ts ✐♥✈♦❧✈❡❞ ✭✉s✐♥❣ t❤❡ ❧❡tt❡r C ❢♦r ❛❧❧ ♦❢ t❤❡♠✮✱ s✐♥❝❡
t❤❡ ❡st✐♠❛t❡s ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t✳

❘❡♠❛r❦ ✹✳✸✳ ❋♦r ❡✈❡r② ε > 0✱ ❢♦r ❡✈❡r② ✐♥✐t✐❛❧ ❞❛t✉♠✱ ❡q✉❛t✐♦♥ ✭✹✳✾✮ ❤❛s ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s ✢♦✇ ψε

♦❢ C1 ♠❛♣s✳ ■♥❞❡❡❞✱ ❜② t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ u✱ t❤❡ C1 ♥♦r♠ ♦❢ uε ✐s ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞✱ ❛♥❞ ❑✉♥✐t❛✬s t❤❡♦r② ❛♣♣❧✐❡s✳ ◆♦t✐❝❡ t❤❛t ❤❡r❡ ✇❡ ♥❡❡❞ ❑✉♥✐t❛✬s
r❡s✉❧t ✇✐t❤ ❛ st♦❝❤❛st✐❝ ❞r✐❢t✱ ♥❛♠❡❧② ❬✸✵❪✱ ❚❤❡♦r❡♠ ✹✳✻✳✺✳

❘❡♠❛r❦ ✹✳✹✳ ❆❣❛✐♥ ❢♦r ε > 0✱ s✐♥❝❡ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ✐s ♦❢ ❙tr❛t♦♥♦✈✐❝❤
t②♣❡ ✭✇❤✐❝❤ ✇❡ ❤❛✈❡ ✇r✐tt❡♥ ✐♥ ■tô ❢♦r♠✮✱ ✉s✉❛❧ ❝❛❧❝✉❧✉s r✉❧❡s ❣✐✈❡ t❤❡ st❛♥✲
❞❛r❞ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❏❛❝♦❜✐❛♥✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡
✈❡❝t♦r ✜❡❧❞s✳ ❙✐♥❝❡ uε ❛♥❞ σεk✬s ❛r❡ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡✱ t❤❡ ❏❛❝♦❜✐❛♥ t✉r♥s ♦✉t t♦
❜❡ ❝♦♥st❛♥t ❛♥❞ s♦ t❤❡ st♦❝❤❛st✐❝ ✢♦✇ ✐s ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣✳

Pr♦♦❢✳ ❋✐rst ✇❡ ♥♦t✐❝❡ t❤❛t✱ ❢♦r p ≥ 2✱ E[|ψεt (x)|p] ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t
✐♥❞❡♣❡♥❞❡♥t ♦❢ ε✱ t ❛♥❞ x ✭s✐♠♣❧② ❡st✐♠❛t❡ |uε(Xε)| ❛♥❞ |σk(Xε)| ✇✐t❤ t❤❡

✷✶



sup✲♥♦r♠s ♦❢ u ❛♥❞ σk ❛♥❞ ✉s❡ ❍ö❧❞❡r ❛♥❞ ❇✉r❦❤♦❧❞❡r ✐♥❡q✉❛❧✐t✐❡s✮✳ ❙✐♠✲
✐❧❛r❧②✱ ♦♥❡ s❡❡s t❤❛t ψε ✐s ✐♥ C([0, T ] × T

2;Lp(Ω)) ❢♦r ❡✈❡r② ε > 0✳ ❇② ■tô
❢♦r♠✉❧❛ ✭❛♣♣❧✐❡❞ t♦ f(x) = |x|p✮✱ ❝❛❧❧✐♥❣ Z = ψεt (y)− ψδt (x)✱ ✇❡ ❤❛✈❡

d[|Z|p] = p|Z|p−2Z · (uε(ψε(x))− uδ(ψδ(x′))) dt

+
[∑

k

p|Z|p−2|σεk(ψε(x))− σδk(ψ
δ(x′))|2

+
∑

k

p(p− 2)|Z|p−4|Z · (σεk(ψε(x))− σδk(ψ
δ(x′)))|2

]
dt

+
∑

k

p|Z|p−2Z · (σεk(ψε(x))− σδk(ψ
δ(x′)))dW k.

❚❤❡ ❞✐✣❝✉❧t t❡r♠ ✐s uε(ψε(x))− uδ(ψδ(x′))✳ ❋♦r t❤✐s✱ ❜② ✭✹✳✺✮ ❛♥❞ ✭✹✳✻✮✱ ✇❡
❤❛✈❡

|uε(ψε(x))− uδ(ψδ(x′))|
≤ |uε(ψε(x))− uδ(ψε(x))|+ |uδ(ψε(x))− uδ(ψδ(x′))|
≤ θ(ε− δ) + Cγ(|Z|).

❚❤❡ t❡r♠s ✇✐t❤ σεk ❛r❡ ❡❛s✐❡r✿ ❜② ✭✹✳✼✮ ❛♥❞ ✭✹✳✽✮✱ ✇❡ ❤❛✈❡
∑

k

|σε(ψε(x))− σδk(ψ
δ(x′))|2

≤ 2
∑

k

[
|σεk(ψε(x))− σδk(ψ

ε(x))|2 + |σδk(ψε(x))− σδk(ψ
δ(x′))|2

]

≤ θ(ε− δ) + C|Z|2.
❙♦✱ ♣r♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡✱ ✉s✐♥❣ ❝♦♥❝❛✈✐t② ♦❢ γ ❛♥❞ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♦❢
E[|Z|p−1] ❛♥❞ E[|Z|p−2]✱ ✇❡ ❣❡t

E[|Z|pt ] ≤ |x− x′|p + Cθ(|ε− δ|) +
∫ t

0

γ(E[|Z|ps])ds.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ✐❢ |x−x′|p+Cθ(|ε− δ|) ✐s s♠❛❧❧ ❡♥♦✉❣❤ ✭♣r❡❝✐s❡❧②✱ s♠❛❧❧❡r
t❤❛t ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ T ✱ C ❛♥❞ p✮✱

sup
[0,T ]

E[|Z|pt ] ≤ C
(
|x− x′|p + Cθ(|ε− δ|)

)exp[−Ct]
,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t✱ ✐❢ x = x′✱ t❤❡ s❡q✉❡♥❝❡ (ψε)ε ✐s ❈❛✉❝❤② ✐♥ t❤❡ s♣❛❝❡
C([0, T ]× T

2;Lp(Ω))✳

✷✷



▲❡♠♠❛ ✹✳✺✳ ❊q✉❛t✐♦♥ ✭✹✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❢♦r ❡✈❡r② ❞❡t❡r♠✐♥✐st✐❝
✐♥✐t✐❛❧ ❞❛t✉♠✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ✭✉♥✐q✉❡✮ st♦❝❤❛st✐❝ ♠❡❛s✉r❡✲
♣r❡s❡r✈✐♥❣ ❝♦♥t✐♥✉♦✉s ✢♦✇ ψ ♦❢ ❝❧❛ss Cα ✐♥ s♣❛❝❡✱ ❢♦r s♦♠❡ α > 0✱ ❛♥❞ Cβ

✐♥ t✐♠❡✱ ❢♦r ❡✈❡r② β < 1/2✳

Pr♦♦❢✳ ❇② t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛✱ ❢♦r ❡✈❡r② x✱ t❤❡r❡ ❡①✐sts t❤❡ ❧✐♠✐t✱ ✐♥ C([0, T ];Lp(Ω))✱
X ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣r♦❝❡ss❡s Xε = ψε(x)✬s✳ ❚❤❡♥ ✇❡ ❝❛♥ ♣❛ss t♦ t❤❡
❧✐♠✐t ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✾✮✱ ❜❡❝❛✉s❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞✳
❍❡♥❝❡ ✇❡ ✐♥❢❡r t❤❛t t❤❡ ♣r♦❝❡ss X ✐s ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ❛♥❞ s♦❧✈❡s
✭✹✳✶✮✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✶✱ ✇✐t❤ x = y✳ ❚❤❡ ❍ö❧❞❡r ❝♦♥✲
t✐♥✉✐t② ♣r♦♣❡rt② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❝r✐t❡r✐♦♥✱ ❛♣♣❧✐❡❞ ❛❣❛✐♥
t♦ ✭✹✳✹✮✳ ■♥❞❡❡❞ ✇❡ ❣❡t t❤❛t ψ ✐s α✲❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✐♥ s♣❛❝❡✱ ❢♦r ❡✈❡r②
α < e−CT − 2/p✱ ❛♥❞ β✲❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✐♥ t✐♠❡✱ ❢♦r ❡✈❡r② β < 1/2− 1/p✱
s♦ ❢♦r ❡✈❡r② β < 1/2✳
❆s ❢♦r t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t✱ ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞
♠❡❛s✉r❛❜❧❡ F : Ω → R✱ ❡✈❡r② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ h : [0, T ] → R ❛♥❞ ❡✈❡r②
❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ g : T2 → R✱
∫ T

0

h(t)E

[
F

∫

T2

g(ψt(x))dx

]
dt =

∫ T

0

h(t)E

[
F

∫

T2

g(x)dx

]
dt. ✭✹✳✶✵✮

❚❤✐s ✇✐❧❧ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛✳❡✳ (t, ω)✱ ψt(ω) ✐s ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣✳ ❇② ❝♦♥t✐♥✉✲
✐t② ✐♥ (t, x) ❛t ω ✜①❡❞✱ t❤✐s ✐♠♣❧✐❡s ❡❛s✐❧② t❤❛t✱ ❢♦r ❛✳❡✳ ω✱ ψt(ω) ✐s ♠❡❛s✉r❡✲
♣r❡s❡r✈✐♥❣ ❢♦r ❡✈❡r② t✳ ❙✐♥❝❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ✢♦✇s ψε✬s ❛r❡ ♠❡❛s✉r❡✲
♣r❡s❡r✈✐♥❣ ✭r❡♠❡♠❜❡r ❘❡♠❛r❦ ✹✳✹✮✱ ❡q✉❛❧✐t② ✭✹✳✶✵✮ ❤♦❧❞s ❢♦r t❤❡ ψε✬s✳ ❇②
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ Lp✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s✉❜s❡q✉❡♥❝❡ ψεn s✉❝❤ t❤❛t (ψεn)n ❝♦♥✲
✈❡r❣❡s t♦ ψ ❢♦r ❛✳❡✳ (t, x, ω)✳ P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛❧♦♥❣ t❤✐s s✉❜s❡q✉❡♥❝❡
✭✉s✐♥❣ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✮✱ ✇❡ ❣❡t ✭✹✳✶✵✮ ❢♦r ψ✳ ❚❤❡ ♣r♦♦❢ ✐s
❝♦♠♣❧❡t❡✳

❘❡♠❛r❦ ✹✳✻✳ ❲✐t❤ ❛ s♠❛❧❧ ❡✛♦rt✱ ♦♥❡ ❝♦✉❧❞ ❛❧s♦ s❤♦✇ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ ψt(ω)
❢♦r ❛❧❧ t✱ ❢♦r ❛✳❡✳ ω ✭❡ss❡♥t✐❛❧❧②✱ ♦♥❡ ❤❛s t♦ ❡①t❡♥❞ ▲❡♠♠❛ ✹✳✶ t♦ ♥❡❣❛t✐✈❡ p
❛♥❞ ✉s❡ ❑♦❧♠♦❣♦r♦✈ ❝r✐t❡r✐♦♥ ❢♦r |ψt(x)−ψt(y)|−1✮✳ ❙✉r❥❡❝t✐✈✐t② ❛♥❞ ❝♦♥t✐♥✉✲
✐t② ♦❢ t❤❡ ✐♥✈❡rs❡ ♠❛♣ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣
♣r♦♣❡rt②✳ ❚❤❡ r❛♥❣❡ ♦❢ ❛ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ❝♦♥t✐♥✉♦✉s ♠❛♣ ✐s ❛ ❝♦♠♣❛❝t
s❡t✱ ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ✭❛♥ ♦♣❡♥ s❡t✮ ✐s ▲❡❜❡s❣✉❡✲♥❡❣❧✐❣✐❜❧❡✳ ❚❤✉s t❤✐s r❛♥❣❡
♠✉st ❜❡ t❤❡ ✇❤♦❧❡ T2✳ ❚❤✉s t❤❡ ✢♦✇ ✐s ❛ ❛❝t✉❛❧❧② ❛ ✢♦✇ ♦❢ ❤♦♠❡♦♠♦r♣❤✐s♠s✳

❈♦r♦❧❧❛r② ✹✳✼✳ ▲❡t ξ ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ L∞([0, T ]× T
2 × Ω)✳ ❚❤❡♥ ❡q✉❛t✐♦♥

✭✹✳✶✮ ✇✐t❤ u = uξ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❢♦r ❡✈❡r② ❞❡t❡r♠✐♥✐st✐❝ ✐♥✐t✐❛❧ ❞❛t✉♠✱
✇❤✐❝❤ ❡♥❥♦②s t❤❡ ♣r♦♣❡rt✐❡s ✐♥ ▲❡♠♠❛ ✹✳✺✳

✷✸



✹✳✷ ❙t♦❝❤❛st✐❝ ❊✉❧❡r ✢♦✇s

❚❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥ ❣♦❡s ♦♥ ✐♥ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ❲❡
❞❡✜♥❡ ❛ s♣❛❝❡

SMT =
{
ψ : [0, T ]× T

2 × Ω → T
2 : ψ ♠❡❛s✉r❛❜❧❡ ✇✳r✳t✳ P × (B)(T2),

sup
[0,T ]

∫

T2

E[|ψt(x)|]dx < +∞, ψt ♠❡❛s✳✲♣r❡s✳ ❢♦r ❛✳❡✳ (t, ω)
}
.

❍❡r❡ P ✐s t❤❡ ♣r❡❞✐❝t❛❜❧❡ σ✲❛❧❣❡❜r❛ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥ (Ft)t✳
■t ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ dist(ψ1, ψ2) =
sup[0,T ]

∫
T2 E|ψ1

t (x) − ψ2
t (x)| dx✳ ❋♦r ❛ ❣✐✈❡♥ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ st♦❝❤❛st✐❝

✢♦✇ ψ ✐♥ SMT ✱ ✇❡ ❝❛❧❧ G(ψ) t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❙❉❊ ✭✹✳✶✮ ✇✐t❤
u = uψ✳ ❘❡❝❛❧❧ ❛❣❛✐♥ t❤❛t

uψ(t, x) =

∫

T2

K(x− ψt(y)) ξ0(y)dy.

❡♥❥♦②s t❤❡ ❧♦❣✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ✭✷✳✶✵✮ ❛♥❞ ✐t ✐s ❛❧s♦ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r✲
❛❜❧❡ ❛s r❡q✉✐r❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ s♦ t❤❛t G t❛❦❡s ✈❛❧✉❡s ✐♥ SMT ✳

❘❡♠❛r❦ ✹✳✽✳ ❖♥❡ ♠❛② ❛s❦ ❛t t❤✐s ♣♦✐♥t ✇❤②✱ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦♥ SMT ✱
✇❡ ❤❛✈❡ t❤❡ s✉♣r❡♠✉♠ ✐♥ t✐♠❡ ♦✉ts✐❞❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ♥♦t ✐♥s✐❞❡ ✭✇❤✐❧❡
❇✉r❦❤♦❧❞❡r ✐♥❡q✉❛❧✐t② ❛❧❧♦✇s s✉♣r❡♠✉♠ ✐♥s✐❞❡✱ ✐♥ s♦♠❡ ❝❛s❡s✮✳ ❚❤❡ r❡❛s♦♥
✐s t❤❛t t❤❡ ❛r❣✉♠❡♥t ✇♦r❦s ✇✐t❤ t❤❡ s✉♣r❡♠✉♠ ♦✉ts✐❞❡ ❛♥❞ ♣✉tt✐♥❣ t❤❡ s✉♣r❡✲
♠✉♠ ✐♥s✐❞❡ ❝♦✉❧❞ ❝r❡❛t❡ ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t✐❡s✳ ❆ ♣♦st❡r✐♦r✐✱ s✐♥❝❡ t❤❡ ✢♦✇
s♦❧✉t✐♦♥ Φ t♦ ✭✷✳✹✮ ✐s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ G✱ ✐t ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❛❧s♦ ❍ö❧❞❡r
❝♦♥t✐♥✉♦✉s✳

▲❡♠♠❛ ✹✳✾✳ ❋♦r ❡✈❡r② ε > 0 ✭s♠❛❧❧ ❡♥♦✉❣❤✮✱ ❢♦r ❡✈❡r② ψ1✱ ψ2 ✢♦✇s ✐♥

✷✹



SMT ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✿
∫

T2

E|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ LK‖ξ0‖L∞

∫ t

0

γ

(∫

T2

E|ψ1
s(x)− ψ2

s(x)| dx
)
ds

+ LK‖ξ0‖L∞

∫ t

0

γ

(∫

T2

E|G(ψ1)s(x)−G(ψ2)s(x)| dx
)
ds,

+ 2L2
σ

∫ t

0

∫

T2

E|G(ψ1)s(x)−G(ψ2)s(x)| dxds,
∫

T2

E|G(ψ1)t −G(ψ2)t| dx

≤ (LK‖ξ0‖L∞ + 2L2
σ)(− log ε)

∫ t

0

∫

T2

E|G(ψ1)s −G(ψ2)s| dxds

+ LK‖ξ0‖L∞(− log ε)

∫ t

0

∫

T2

E|ψ1
s − ψ2

s | dxds+ 2LK‖ξ0‖L∞tε.

Pr♦♦❢✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛♣♣❧② ■tô ❢♦r♠✉❧❛ t♦ t❤❡ ♠♦❞✉❧✉s ❢✉♥❝t✐♦♥ ❛♥❞ ❣❡t
❛♥ ❡st✐♠❛t❡ ❢♦r |G(ψ1)t(x) − G(ψ2)t(x)|✳ ❙✐♥❝❡ t❤❡ ♠♦❞✉❧✉s ✐s ♥♦t C2✱ ✇❡
✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❢✉♥❝t✐♦♥s fδ(x) = (|x|2 + δ)1/2✱ ❢♦r δ > 0✳ ❈❛❧❧✐♥❣
Z = G(ψ1)t(x)−G(ψ2)t(x)✱ ✇❡ ❤❛✈❡

d[fδ(Z)] = fδ(Z)
−1Z · [uψ1

(G(ψ1))− uψ
2

(G(ψ2))] dt

+
∑

k

fδ(Z)
−1|σk(G(ψ1))− σk(G(ψ

2))|2dt

+
∑

k

fδ(Z)
−3[(G(ψ1)−G(ψ2)) · (σk(G(ψ1))− σk(G(ψ

2)))]2dt

+
∑

k

fδ(Z)
−1Z · [σk(G(ψ1))− σk(G(ψ

2))]dW.

❚❛❦✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ✉s✐♥❣ t❤❡ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ σ✱ s✐♥❝❡ fδ(x) ≥
|x|✱ ✇❡ ❣❡t

E[|Zt|] ≤
∫ t

0

E[|uψ1

s (G(ψ1)s(x))− uψ
2

s (G(ψ2)s(x))|]ds

+ 2L2
σ

∫ t

0

E[|Zs|]ds.

✷✺



❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ ❧✐♥❡s ♦❢ ▲❡♠♠❛ ✸✳✷✿ ✇❡ ❡st✐♠❛t❡
∫
T2 |uψ

1

s (G(ψ1)s(x))−
uψ

2

s (G(ψ2)s(x))| dx ❛♥❞ ✉s❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t② t♦ ♣❛ss γ ♦✉ts✐❞❡ t❤❡ ✐♥t❡❣r❛❧
✐♥ x ❛♥❞ ♦✉ts✐❞❡ t❤❡ ❡①♣❡❝t❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ ✜rst ♦♥❡✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✹✳ ❙✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✱ ✇❡ ♦♥❧② r❡❝❛❧❧
t❤❡ ♠❛✐♥ ♣❛ss❛❣❡s✳
❋✐rst st❡♣✳ ❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦♥ ❛♥ ✐♥t❡r✈❛❧ [0, T1]✱
✇✐t❤ T1 s♠❛❧❧ ❡♥♦✉❣❤ ✭❜✉t ❞❡t❡r♠✐♥✐st✐❝✮✳ ❚❤❡ ✐t❡r❛t✐♦♥ s❝❤❡♠❡ ✐s ❝♦♠✲
♣❧❡t❡❧② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✿ ✇❡ ❝♦♥s✐❞❡r ψ0

t (x) = x✱
ψn+1 = G(ψn)✱ ρnt = supk≥n

∫
T2 E|ψk+1

t (x) − ψkt (x)| dx ❛♥❞ ♣r♦❝❡❡❞ ❛s ✐♥
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✱ ❣❡tt✐♥❣ ❛ ❧✐♠✐t ✢♦✇ Φ ✐♥ SMT1 ✱ ❢♦r T1 s✉❝❤ t❤❛t
α := 2e(LK‖ξ0‖L∞ + L2

σ)T1 < 1 ✭♥♦t✐❝❡ t❤❛t T1 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ω✱ s✐♥❝❡
❛❧❧ t❤❡ ❡st✐♠❛t❡s ❛r❡ ✐♥ ❡①♣❡❝t❛t✐♦♥✮✳ ❙✉❝❤ ❛ ✢♦✇ s♦❧✈❡s ✭✷✳✹✮✱ ❜❡❝❛✉s❡ G ✐s
❝♦♥t✐♥✉♦✉s ✐♥ SMT ✿ ✐♥❞❡❡❞✱ ❢r♦♠ ▲❡♠♠❛ ✹✳✾ ❛❣❛✐♥ ❜② ❝♦♠♣❛r✐s♦♥ ✇✐t❤ z∫

T2

E|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ zLK‖ξ0‖L∞+2L2
σ

(
t, LK‖ξ0‖L∞Tγ

(
sup
s∈[0,T ]

∫

T2

E|ψ1
s(x)− ψ2

s(x)| dx
))

❛♥❞✱ ✐❢ dist(ψ1, ψ2) ✐s s♠❛❧❧ ❡♥♦✉❣❤✱
∫

T2

E|G(ψ1)t(x)−G(ψ2)t(x)| dx

≤ e
(
LK‖ξ0‖L∞Tγ

(
sup
s∈[0,T ]

∫

T2

E|ψ1
s(x)− ψ2

s(x)| dx
))exp[−(LK‖ξ0‖L∞+2L2

σ)t]

.

❚❤❡ ✉♥✐q✉❡♥❡ss ♦♥ [0, T1] ✐s ❛❧s♦ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
❝❛s❡✳
❙❡❝♦♥❞ st❡♣✳ ❲❡ ♣r♦✈❡ t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✳ ❋♦r t❤✐s✱ ❛s ✐♥
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✱ ✇❡ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦♥ [T1, 2T1]

Φt(x) = ΦT1(x) +

∫ t

T1

∫

T2

K(Φs(x)− Φs(y)) ξ0(y)dy +
∑

k

∫ t

T1

σk(Φs(x))dW
k
s .

❚♦ ❣❡t t❤❡ ❡①✐st❡♥❝❡ ❢♦r t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ s❡q✉❡♥❝❡
(ψn)n ♦❢ ♠❛♣s ♦♥ [T1, 2T1]× T

2 ❜② ✐♠♣♦s✐♥❣

ψnt (x) = ΦT1(x)+

∫ t

T1

∫

T2

K(ψns (x)−ψn−1
s (y)) ξ0(y)dy+

∑

k

∫ t

T1

σk(ψ
n−1
s (x))dW k

s

✭✹✳✶✶✮

✷✻



❚❤❡ ❡①✐st❡♥❝❡✱ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt② ❢♦r ❡q✉❛✲
t✐♦♥ ✭✹✳✶✶✮ ❛r❡ ❛❣❛✐♥ ♥♦t ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛t❛ ✹✳✶ ❛♥❞ ✹✳✷✱ s✐♥❝❡
❤❡r❡ ✇❡ st❛rt ❢r♦♠ ΦT1 ❛♥❞ ♥♦t ❢r♦♠ t❤❡ ✐❞❡♥t✐t②❀ ❤❡r❡ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ♣r♦❜✲
❧❡♠ ♦❢ t❤❡ r❛♥❞♦♠♥❡ss ♦❢ ΦT1 ✱ ✇❤✐❝❤ ❜r✐♥❣s ✉s t♦ ❝♦♥s✐❞❡r t❤❡ str❛t❡❣② ✐♥
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ❋♦❧❧♦✇✐♥❣ t❤❛t str❛t❡❣② ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✱ ✇❡
❝❛♥ ❜✉✐❧❞ ψn ❛♥❞ ♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②✳
❚❤❡♥ ✇❡ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ ❛❣❛✐♥ ✇✐t❤ ♥♦ ❝❤❛♥❝❡ ✐♥ t❤❡ ❝♦♥st❛♥ts
❛♥❞ ✇✐t❤ t❤❡ ✜♥❛❧ t✐♠❡ T r❡♣❧❛❝❡❞ ❜② T − T1 ✭❛❣❛✐♥ ❞❡t❡r♠✐♥✐st✐❝✮✳ ❚❤✐s
❛❧❧♦✇s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦♥ [T1, 2T1]✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦♥ t❤✐s ✐♥t❡r✈❛❧
✐s ❛s ✐♥ t❤❡ st❡♣ ✶✳
❚❤✐r❞ st❡♣✳ ❚❤❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ❤♦❧❞ ❜② ▲❡♠♠♠❛ ✹✳✶✱ s✐♥❝❡ Φ = G(Φ)
✐s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ G ✭G ♥♦✇ ❜❡✐♥❣ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ [0, T ]✮✳

✺ ❚❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✶✵✳ ❋✐rst ✇❡ ♥❡❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢
s♦❧✉t✐♦♥s t♦ t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ ✭✷✳✶✮✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ▲❡t Φ ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✹✮✳ ❋♦r t ≥ 0✱ ❞❡✜♥❡ ξt =
(Φt)#ξ0✳ ❚❤❡♥ ξ ❤❛s ❛ ❞❡♥s✐t② ✭st✐❧❧ ❞❡♥♦t❡❞ ❜② ξ✮ ✐♥ L∞([0, T ] × T

2 × Ω)✱
✇❤✐❝❤ ✐s ❛ ❞✐str✐❜✉t✐♦♥❛❧ L∞ s♦❧✉t✐♦♥ t♦ t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ❡q✉❛t✐♦♥ ✭✷✳✶✮✳

Pr♦♦❢✳ ❋✐① t > 0 ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❞❛t✉♠ ω ✭♦♠✐tt❡❞ ✐♥ t❤❡ s❡q✉❡❧✮✳ ❇②
▲❡♠♠❛ ✷✳✶✾✱ s✐♥❝❡ Φt ✐s ♠❡❛s✉r❡ ♣r❡s❡r✈✐♥❣✱ ξt ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ T

2 ❛♥❞ ‖ξt‖L∞ ≤ ‖ξ0‖L∞ ✳
▲❡t ϕ ❜❡ ❛ t❡st ❢✉♥❝t✐♦♥✱ ■tô ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ ϕ(Φt) ❣✐✈❡s

d[ϕ(Φt)] = uΦt (Φt) · ∇ϕ(Φt) dt+
∑

k

σk(Φt) · ∇ϕ(Φt)dW
k
r

+
1

2
tr[a(Φt)D

2ϕ(Φt)] dt.

◆♦✇ ♥♦t✐❝❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ξt✱ uΦt = K ∗ ξt❀ s♦✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ ξ0dx✱ ✇❡
❣❡t ✭✷✳✷✮✳

❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss✱ ✇❡ ✇✐❧❧ ❛❞❛♣t ❛ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥t ❢♦r t❤❡
tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❲❡ ✜rst r❡❝❛❧❧ t❤❡ ✐❞❡❛ ✐♥ t❤❡ ❝❛s❡ σk ≡ 0 ❢♦r s✐♠♣❧✐❝✐t②✳
❆ ❢♦r♠❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❤❛✐♥ r✉❧❡ ❣✐✈❡s

d

dt
ξt(Φt) = ∂tξt(Φt) +Dξt(Φt)

dΦt

dt
= (∂tξt + ut · ∇ξt)(Φt) = 0.

✷✼



❚❤✐s ✐♠♣❧✐❡s t❤❛t ξt(Φt) = ξ0✱ s♦ t❤❛t ξt = ξ0(Φ
−1
t ) ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ✢♦✇✳ ❇✉t ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❝❤❛✐♥ r✉❧❡ ❢♦r ❛♥ ♦❜❥❡❝t ✭ξt✮ ✇❤✐❝❤ ✐s ♥♦t
r❡❣✉❧❛r ✐♥ ❣❡♥❡r❛❧ ✭❛♥❞ ✐♥ ❢❛❝t t❤❡r❡ ❛r❡ ❝♦✉♥t❡r❡①❛♠♣❧❡s ❢♦r ✐rr❡❣✉❧❛r ❞r✐❢ts✮✳
❚❤✉s ✇❡ ♥❡❡❞ t♦ r❡❣✉❧❛r✐③❡ ξ✳ ❚❤✐s r❡❣✉❧❛r✐③❛t✐♦♥ ξε s♦❧✈❡s ❛ tr❛♥s♣♦rt✲t②♣❡
❡q✉❛t✐♦♥ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠✱ ❛ ❝♦♠♠✉t❛t♦r✱ ✇❤✐❝❤ ✇❡ ♥❡❡❞ t♦ ❝♦♥tr♦❧
t♦ ❝♦♥❝❧✉❞❡ t❤❡ ❛r❣✉♠❡♥t✳ ❲❡ ✉s❡ ❢♦r t❤✐s t❤❡ ❛r❣✉♠❡♥t ✐♥ ❬✶✼❪✱ ❬✶❪✱ ❬✷❪✱
✇❤❡r❡ t❤❡ ❝♦♠♠✉t❛t♦r ✐s ❛♥ ❡ss❡♥t✐❛❧ t♦♦❧ ❢♦r t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ tr❛♥s♣♦rt
❡q✉❛t✐♦♥✳
❋✐rst ✇❡ ♥❡❡❞ ❛♣♣r♦①✐♠❛t❡ ✐❞❡♥t✐t✐❡s✳ ❋♦r t❤✐s✱ ❧❡t ρ ❜❡ ❛ C∞(R2) ♥♦♥♥❡❣❛t✐✈❡
❡✈❡♥ ❢✉♥❝t✐♦♥✱ ✇✐t❤ s✉♣♣♦rt ✐♥ [−1/2, 1/2]2 ❛♥❞

∫
R2 ρdx = 1✳ ❋♦r ε > 0✱ ❞❡✜♥❡

ρε(x) = ε−2ρ(x/ε)✳ ■❢ f ✐s ❛♥ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ T
2✱ f ❝❛♥ ❜❡ ❡①t❡♥❞❡❞

♣❡r✐♦❞✐❝❛❧❧② t♦ ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ R
2✱ s♦ t❤❛t t❤❡

❝♦♥✈♦❧✉t✐♦♥ ρε ∗ f ♠❛❦❡s s❡♥s❡ ❛♥❞ ✐s st✐❧❧ ❛ C∞ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✳
❋♦r ❛ ✈❡❝t♦r ✜❡❧❞ v ❛♥❞ ❛ ❢✉♥❝t✐♦♥ w ♦♥ t❤❡ t♦r✉s✱ ✇❡ ❞❡✜♥❡ ❢♦r♠❛❧❧② t❤❡
❝♦♠♠✉t❛t♦r ❛s

[v · ∇, ρε∗]w := v · ∇(ρε ∗ w)− ρε ∗ (v · ∇w). ✭✺✳✶✮

❙✉♣♣♦s❡ t❤❛t v ❛♥❞ w ❛r❡ ✐♥t❡❣r❛❜❧❡ ❛♥❞ v ✐s ❞✐✈❡r❣❡♥❝❡ ❢r❡❡✳ ❚❤❡♥ t❤❡
❡①♣r❡ss✐♦♥ ❛❜♦✈❡ ❞❡✜♥❡s ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ T

2✳ ■♥❞❡❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛❧✐t✐❡s ❤♦❧❞ ✐♥ ❞✐str✐❜✉t✐♦♥ ✭t❤❡ ❢✉♥❝t✐♦♥s ❜❡✐♥❣ t❤♦✉❣❤t ❛s ❡①t❡♥❞❡❞ t♦
t❤❡ ✇❤♦❧❡ R

2✮✿

ρε ∗ (v · ∇w) = ρε ∗ div(vw) = −
∫

R2

∇ρε(z) · v(· − z)w(· − z)dz. ✭✺✳✷✮

❇❡s✐❞❡s✱ ❜② ✭✺✳✶✮ ❛♥❞ ✭✺✳✷✮✱ t❤❡ ❝♦♠♠✉t❛t♦r r❡❛❞s

[v · ∇, ρε∗]w(x) =
∫

R2

(v(x)− v(x− z)) · ∇ρε(z)w(x− z)dz.

❲✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ y = z/ε✱ x′ = x′ε = x− εy ✇❡ ❣❡t

[v · ∇, ρε∗]w(x) =
∫

R2

v(x′ + εy)− v(x′)

ε
· ∇ρ(y)w(x′)dy.

■❢ v ✐s ✐♥W 1,1(T2)✱ t❤❡♥✱ ❢♦r ❡✈❡r② y ✐♥ R
2✱ ❢♦r ❛✳❡✳ x′ ✐♥ T

2✱ v(x′+εy)−v(x′) =
ε
∫ 1

0
Dv(x′ + ξεy)ydξ✳ ■♥❞❡❡❞✱ t❤✐s ✐s tr✉❡ ❢♦r vδ = ρδ ∗ v ❛♥❞✱ ❢♦r ✜①❡❞ y✱

vδ(x′ + εy) − vδ(x′) − ε
∫ 1

0
Dvδ(x′ + ξεy)ydξ✱ ❛s ❢✉♥❝t✐♦♥ ♦❢ x′✱ ❝♦♥✈❡r❣❡s t♦

✷✽



0 ❛✳❡✳ ❛s δ → 0 ✭♣♦ss✐❜❧② ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✮✳ ❙♦✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡
❝♦♠♠✉t❛t♦r ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

[v · ∇, ρε∗]w(x′) =
∫

R2

∫ 1

0

Dv(x′ + ξεy)ydξ · ∇ρ(y)w(x′)dy. ✭✺✳✸✮

▲❡♠♠❛ ✺✳✷ ✭❈♦♠♠✉t❛t♦r ❧❡♠♠❛✮✳ ▲❡t p ❜❡ ✐♥ [1,+∞[✱ ❧❡t v ❜❡ ✐♥ W 1,p(T2)
✇✐t❤ ③❡r♦ ❞✐✈❡r❣❡♥❝❡✱ ❧❡t w ❜❡ ✐♥ L∞(T2)✳ ❚❤❡♥

lim
ε→0

[v · ∇, ρε∗]w = 0 ✐♥ Lp(T2)

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

‖[v · ∇, ρε∗]w‖Lp(T2) ≤ C‖Dv‖Lp(T2)‖w‖L∞(T2).

Pr♦♦❢✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ✐♥t❡❣r❛t✐♥❣ ✐♥ x t❤❡ p✲♣♦✇❡r ♦❢ t❤❡ ❡①♣r❡ss✐♦♥
♦♥ t❤❡ ▲❍❙ ♦❢ ✭✺✳✸✮✳ Pr❡❝✐s❡❧②✱ s✐♥❝❡ ρ ✐s s✉♣♣♦rt❡❞ ♦♥ [−1/2, 1/2]2✱ ✇❡ ❤❛✈❡
❜② ❍ö❧❞❡r ✐♥❡q✉❛❧✐t② ✭r❡♠❡♠❜❡r x′ = x+ εy✮

∫

T2

|[v · ∇, ρε∗]w|pdx

≤
∫

R2

∫

T2

∫ 1

0

|Dv(x′ + ξεy)|pdξ|w(x′)|pdx′|y|p|∇ρ(y)|pdy

≤ ‖Dv‖pLp(T2)‖w‖
p
L∞(T2)

∫

R2

|y|p|∇ρ(y)|pdy

✭t❤❡ ✐♥t❡❣r❛❧ ✐♥ x′ s❤♦✉❧❞ ❜❡ ♦♥ T
2 − εy✱ ❜✉t ❜② ♣❡r✐♦❞✐❝✐t② ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡

♦♥ T
2 ❛s ✇❡❧❧✮✳

❋♦r t❤❡ ❧✐♠✐t✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t

Lp(T2)✲ lim
ε→0

[v · ∇, ρε∗]w = w(·)
(∫

R2

Dv(·)y · ∇ρ(y)dy
)
.

■♥❞❡❡❞✱ ❜② t❤❡ s②♠♠❡tr② ♣r♦♣❡rt② ♦❢ ρ✱
∫
R2 yi∂jρ(y)dy = −Cδij ✭✇❤❡r❡ C ✐s

✐♥❞❡♣❡♥❞❡♥t ♦❢ i✮ ❛♥❞ s♦
∫
R2 Dv(x)y · ∇ρ(y)dy = −Cdivw = 0✳ ❇② ✭✺✳✸✮ ✇❡

❤❛✈❡
∫

T2

∣∣∣∣[v · ∇, ρε∗]w(x)− w(x)

(∫

R2

Dv(x)y · ∇ρ(y)dy
)∣∣∣∣

p

dx ≤
∫

R2

∫

T2

∫ 1

0

|w(x′)Dv(x′ + ξεy)− w(x′ + εy)Dv(x′ + εy)|pdξdx′|y|p|∇ρ(y)|pdy,

✷✾



❤❡♥❝❡ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t
∫

T2

∫ 1

0

|w(x′)Dv(x′ + ξεy)− w(x′ + εy)Dv(x′ + εy)|pdξdx′ → 0

✉♥✐❢♦r♠❧② ✐♥ y✳ ❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ tr❛♥s❧❛t✐♦♥s ✐♥ Lp ❢♦r t❤❡ ❢✉♥❝t✐♦♥
wDv✱ ✇❡ ♥❡❡❞ ♦♥❧② t♦ s❤♦✇ t❤❛t

∫

T2

∫ 1

0

|w(x′)Dv(x′ + ξεy)− w(x′)Dv(x′)|pdξdx′ → 0.

❙✐♥❝❡ w ✐s ✐♥ L∞✱ t❤✐s ❢♦❧❧♦✇s ❢r♦♠
∫
T2

∫ 1

0
|Dv(x′+ ξεy)−Dv(x′)|pdξdx′ → 0✱

✇❤✐❝❤ ✐s ❛❣❛✐♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ tr❛♥s❧❛t✐♦♥ ✐♥ Lp ❛♣♣❧✐❡❞ t♦
Dv✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳ ▲❡t ξ ❜❡ ❛ ✭❞✐str✐❜✉t✐♦♥❛❧✮ L∞ s♦❧✉t✐♦♥ t♦ t❤❡ st♦❝❤❛st✐❝
❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥✳ ▲❡t Φ ❜❡ ❛ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ st♦❝❤❛st✐❝ ✢♦✇✱ ✇❤✐❝❤
s♦❧✈❡s ✭✹✳✶✮ ✇✐t❤ u = uξ ✭✐t ❡①✐sts ❜② ❈♦r♦❧❧❛r② ✹✳✼✮✳ ❚❤❡♥ ξt = (Φt)#ξ0✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ξt(Φt) = ξ0 ▲❡❜❡s❣✉❡✲❛✳❡✳✳ ❍❛✈✐♥❣ t❤✐s✱ t❤❡♥✱
❢♦r ❡✈❡r② ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ ♦♥ T

2✱ 〈ξt, ϕ〉 = 〈ξt(Φt), ϕ(Φt)〉 =
〈ξ0, ϕ(Φt)〉 ✭✐♥ t❤❡ ✜rst ❡q✉❛❧✐t② ✇❡ ✉s❡❞ t❤❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②✮
❛♥❞ s♦ ξt = (Φt)#ξ0✳
❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ξεt = ξt ∗ ρε ✐♥st❡❛❞ ♦❢ ξt✳ ◆♦t✐❝❡
t❤❛t✱ ❢♦r ❡✈❡r② x✱ ξεt (x) = 〈ξt, ρε(x− ·)〉✳ ❙♦ ξε(x) ✐s ❛ ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r✲
❛❜❧❡ ♣r♦❝❡ss✱ ✇✐t❤ ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s✱ ❛♥❞ t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t②
❡q✉❛t✐♦♥✱ ❛♣♣❧✐❡❞ t♦ t❤❡ t❡st ❢✉♥❝t✐♦♥ ρε(x− ·)✱ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿

dξε + (u · ∇ξ) ∗ ρε dt+
∑

k

(σk · ∇ξ) ∗ ρεdW k − 1

2
tr[aD2ξε] dt = 0, ✭✺✳✹✮

✇❤✐❝❤ ❛❧s♦ r❡❛❞s

dξε + u · ∇ξε dt+
∑

k

σk · ∇ξεdW k − 1

2
tr[aD2ξε] dt = [u · ∇, ρε∗]ξ dt

+
∑

k

[σk · ∇, ρε∗]ξdW k.

◆♦✇✱ ❜② ✭✺✳✹✮✱ s✐♥❝❡ ξε ✐s ❛❞❛♣t❡❞ r❡❣✉❧❛r ✭t♦❣❡t❤❡r ✇✐t❤ (u·∇ξ)∗ρε✱ σk ·∇ξ)∗
ρε✱ aD2ξε✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ■tô✲❑✉♥✐t❛✲❲❡♥t③❡❧❧ ❢♦r♠✉❧❛ ✭s❡❡ ❡✳❣✳ ❚❤❡♦r❡♠ ✽✳✸✱

✸✵



♣❛❣❡ ✶✽✽ ♦❢ ❬✷✾❪✱ ✇✐t❤ ❡❛s② ♠♦❞✐✜❝❛t✐♦♥s ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r
♦❢ k✬s✮✱ ♦❜t❛✐♥✐♥❣ ❢♦r ξεt (Φt)

dξεt (Φt) = [ut · ∇, ρε∗]ξt(Φt) dt+
∑

k

[σk · ∇, ρε∗]ξt(Φt)dW
k.

❙✐♥❝❡ Φ ✐s ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ s♣❛❝❡ ✇❡ ❣❡t

E[

∫

T2

|ξεt (Φt)− ξ0| dx] ≤
∫ t

0

∫

T2

E[|[ur · ∇, ρε∗]ξr|]dxdr

+
∑

k

∫ t

0

∫

T2

E[|[σk · ∇, ρε∗]ξr|2]1/2dxdr.

❇② t❤❡ ❈♦♠♠✉t❛t♦r ▲❡♠♠❛✱ ❢♦r ❛✳❡✳ r ❛♥❞ ω ✐♥ Ω✱
∫
T2 |[ur · ∇, ρε∗]ξr| dx

t❡♥❞s t♦ 0 ❛s ε→ 0✳ ❇❡s✐❞❡s✱ t❤✐s t❡r♠ ✐s ❞♦♠✐♥❛t❡❞ ❜②

C‖Dur‖L1(T2)‖‖ξr‖L∞(T2) ≤ C ′‖ξ‖2L∞([0,T ]×T2×ξ).

■♥❞❡❡❞✱ ❢♦r ❡✈❡r② v ✐♥ L∞(T2) ❛♥❞ ❡✈❡r② ✜♥✐t❡ p ≥ 1✱ ‖D(K ∗ v)‖Lp(T2) ≤
C‖D2(−∆)−1v‖Lp(T2) ≤ C ′‖v‖L∞(T2)✳ ❙♦ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠
❣✐✈❡s t❤❛t

lim
ε→0

∫ t

0

∫

T2

E[|[ur · ∇, ρε∗]ξr|]dxdr = 0.

❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡r② k✱ ❢♦r ❛✳❡✳ r ❛♥❞ ω ✐♥ Ω✱
∫
T2 |[σkr · ∇, ρε∗]ξr|2dx t❡♥❞s t♦

0 ❛s ε→ 0 ❛♥❞ ✐s ❞♦♠✐♥❛t❡❞ ❜②

C‖Dσk‖2L2(T2)‖ξr‖2L∞(T2).

❙✐♥❝❡
∑

k ‖Dσk‖2L2(T2) ≤ ‖
∑

k |Dσk|2‖L∞(T2) < +∞ ❜② ❤②♣♦t❤❡s✐s✱ t❤❡♥ ✇❡
❤❛✈❡ ✭❛❣❛✐♥ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✮

lim
ε→0

∑

k

∫ t

0

∫

T2

E[|[σk · ∇, ρε∗]ξr|2]dxdr = 0.

❚❤✉s✱ ❢♦r ❛♥② ✜①❡❞ t > 0✱ ξεt (Φt) t❡♥❞s t♦ ξ0 ✐♥ L1(T2×Ω) ❛s ε→ 0✳ ❙✐♥❝❡ ξεt
❝♦♥✈❡r❣❡s t♦ ξt ✐♥ L1(T2×Ω) ✭t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L1(T2) ❜❡✐♥❣ ❞♦♠✐♥❛t❡❞ ❜②
‖ξ‖L∞✮ ❛♥❞ Φt ✐s ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣✱ ξεt (Φt) ❝♦♥✈❡r❣❡s t♦ ξt(Φt) ✐♥ L1(T2×Ω)
❛♥❞ t❤✉s ξt(Φt) = ξ0✱ ✇❤✐❝❤ ✐s ♦✉r t❤❡s✐s✳

✸✶



❈♦r♦❧❧❛r② ✺✳✹✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥
✭✐♥ t❤❡ ❝❧❛ss ♦❢ L∞ s♦❧✉t✐♦♥s✮ ❤♦❧❞s✳

Pr♦♦❢✳ ❚❤❡ ❛❜♦✈❡ Pr♦♣♦s✐t✐♦♥ ✺✳✸ t❡❧❧s t❤❛t ❛ s♦❧✉t✐♦♥ ξ t♦ t❤❡ st♦❝❤❛st✐❝
❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛ss♦❝✐❛t❡❞ ✢♦✇ Φ
✇❤✐❝❤ s♦❧✈❡s ✭✹✳✶✮ ✇✐t❤ u = uξ❀ ❛❣❛✐♥ ❢♦r t❤❡ ♣r♦♣♦s✐t✐♦♥✱ u = uΦ ❛♥❞ s♦
Φ s♦❧✈❡s ✭✷✳✹✮✳ ❚❤✉s t❤❡ ✉♥✐q✉❡♥❡ss ❢♦r ✭✷✳✹✮ ✐♠♣❧✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡
st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✵✳

✻ ❙t❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ ❛ st❛❜✐❧✐t② r❡s✉❧t✱ ❜♦t❤ ❛t ▲❛❣r❛♥❣✐❛♥ ❛♥❞
❊✉❧❡r✐❛♥ ♣♦✐♥ts ♦❢ ✈✐❡✇✱ ✇❤❡♥ t❤❡ ❦❡r♥❡❧ K ✐s r❡❣✉❧❛r✐③❡❞✳
Pr❡❝✐s❡❧②✱ t❛❦❡ ❛ ❢❛♠✐❧② (ρε)ε ♦❢ ❡✈❡♥ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ r❡s♦❧✉t✐♦♥s ♦❢
✐❞❡♥t✐t② ❛♥❞ ❞❡✜♥❡ Kε := K ∗ρε✳ ❈♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♥♦♥✲❧♦❝❛❧ ❖❉❊

Φε
t(x) = x+

∫ t

0

∫

T2

Kε(Φε
r(x)− Φε

r(y) ξ0(y)dy +
∞∑

k=1

∫ t

0

∫

T2

σk(Φ
ε
r(x))dW

k
r

✭✻✳✶✮
❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ st♦❝❤❛st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥

dξε + uε,ξ
ε · ∇ξε dt+

∑

k

σk · ∇ξεdW k =
1

2
C∆ξε, ✭✻✳✷✮

✇❤❡r❡ uε,ξ
ε
:= Kε ∗ ξε✳

❖♥❡ ❝❛♥ r❡♣❡❛t ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s ❛♥❞ ❛r❣✉♠❡♥ts ✇✐t❤ Kε ✐♥ ♣❧❛❝❡
♦❢ K✱ t♦ ❣❡t t❤❡ ❛♥❛❧♦❣✉❡s ♦❢ ❚❤❡♦r❡♠ ✷✳✶✹ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✶✵✿ t❤❡r❡ ❡①✐sts ❛
✉♥✐q✉❡ ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ st♦❝❤❛st✐❝ ❝♦♥t✐♥✉♦✉s ✢♦✇ Φ s♦❧✈✐♥❣ ✭✻✳✶✮✱ ✇❤✐❝❤
✐s ❛❧s♦ Cα ✐♥ s♣❛❝❡✱ ❢♦r ❡✈❡r② α < 1 ❛♥❞ Cβ ✐♥ t✐♠❡✱ ❢♦r ❡✈❡r② β < 1/2❀ t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ L∞ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ ξε ❢♦r ✭✻✳✷✮✳ ▼♦r❡♦✈❡r ✐t ❤♦❧❞s

ξεt = (Φε
t)#ξ0. ✭✻✳✸✮

❚❤❡ ✜rst st❛❜✐❧✐t② r❡s✉❧t ✐s ❢♦r ✢♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ❚❤❡ ❢❛♠✐❧② (Φε)ε ❝♦♥✈❡r❣❡s t♦ Φ ✭❛s ε→ 0✮ ✐♥ C([0, T ];L1(T2×
Ω))✳

✸✷



Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t Φε ❛♥❞ Φ ❜❡❧♦♥❣ t♦ C([0, T ];L1(T2×Ω)) ❝❛♥ ❜❡ ♣r♦✈❡❞
❡❛s✐❧②✱ ✉s✐♥❣ s✐♠✐❧❛r t❡❝❤♥✐q✉❡s t♦ t❤♦s❡ ❜❡❧♦✇✳ ❋♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ❝❛❧❧
Zε
t (x) = Φε

t(x) − Φt(x)✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✾✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦
❛♣♣❧② ■tô ❢♦r♠✉❧❛ ❢♦r |Zε|✳ Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❛t ♣r♦♦❢ ✭❛♣♣❧②✐♥❣ ■tô ❢♦r♠✉❧❛
t♦ fδ(x) = (|x|2 + δ)1/2✮✱ ✇❡ ❣❡t

E|Zε
t (x)| ≤

∫ t

0

∫

T2

E |Kε(Φε
r(x)− Φε

r(y))−K(Φr(x)− Φr(y))| |ξ0(y)|dydr

+ 2L2
σ

∫ t

0

E|Zε
r (x)|dr.

■♥t❡❣r❛t✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ✐♥ x✱ s✐♥❝❡ ξ0 ✐s ❜♦✉♥❞❡❞✱ ✇❡ ♦❜t❛✐♥
∫

T2

E|Zε
t (x)| dx

≤ ‖ξ0‖L∞

∫ t

0

∫

T2

∫

T2

E |Kε(Φε
r(x)− Φε

r(y))−K(Φr(x)− Φr(y))| dxdydr

+2L2
σ

∫ t

0

∫

T2

E|Zε
r (x)| dxdr

≤ ‖ξ0‖L∞

∫ t

0

∫

T2

∫

T2

E |Kε(Φε
r(x)− Φε

r(y))−K(Φε
r(x)− Φε

r(y))| dxdydr

+‖ξ0‖L∞

∫ t

0

∫

T2

∫

T2

E |K(Φε
r(x)− Φε

r(y))−K(Φr(x)− Φr(y))| dxdydr

+2L2
σ

∫ t

0

∫

T2

E|Zε
r (x)| dxdr. ✭✻✳✹✮

❋♦r t❤❡ ✜rst ✐♥t❡❣r❛❧ ♦❢ ✭✻✳✹✮✱ ✇❡ ❡①♣❧♦✐t t❤❡ ❢❛❝t t❤❛t Φε ✐s ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣✱
❢♦r ❡✈❡r② ε❀ s♦ ✇❡ ❤❛✈❡

∫ t

0

∫

T2

∫

T2

E |Kε(Φε
r(x)− Φε

r(y))−K(Φε
r(x)− Φε

r(y))| dxdydr

=

∫ t

0

∫

T2

∫

T2

E |Kε(x− y)−K(x− y)| dxdydr

≤ T

∫

T2

|Kε(x′)−K(x′)| dx′,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞✱ ✐♥ t❤❡ ❧❛st ♣❛ss❛❣❡✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ x − y = x′✱
x+y = y′ ✭t❤✐s ✐♠♣❧✐❡s ❛ ❝❤❛♥❣❡ ♦❢ ❞♦♠❛✐♥✱ ❜✉t t❤❡ L1 ♥♦r♠ ♦❢Kε(x′)−K(x′)

✸✸



♦♥ t❤❡ ♥❡✇ ❞♦♠❛✐♥ ✐s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤❛t ♦♥ t❤❡ t♦r✉s✮✳ ❋♦r t❤❡ s❡❝♦♥❞
✐♥t❡❣r❛❧ ♦❢ ✭✻✳✹✮✱ ✇❡ ❡①♣❧♦✐t t❤❡ ❧♦❣✲▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ K ✭❡st✐♠❛t❡ ✭✷✳✽✮✮
❛♥❞ ❣❡t

∫ t

0

∫

T2

∫

T2

E |K(Φε
r(x)− Φε

r(y))−K(Φr(x)− Φr(y))| dxdydr

≤ LK

∫ t

0

∫

T2

∫

T2

Eγ(|Zε
r (x)− Zε

r (y)|)dxdydr

≤ LK

∫ t

0

∫

T2

∫

T2

E [γ(|Zε
r (x)|) + γ(|Zε

r (y)|)] dxdydr

≤ 2LK

∫ t

0

∫

T2

γ(E|Zε
r (x)|)dxdr,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ s✉❜✲❛❞❞✐t✐✈✐t② ♦❢ γ ✭γ(|x+ y|) ≤ γ(|x|)+ γ(|y|)✱ ❛s ✐t
❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞✮ ❛♥❞ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t②✳ P✉tt✐♥❣ ❛❧❧ t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡
∫

T2

E|Zε
t (x)| dx ≤ T‖Kε−K‖L1(T2)+(2LK‖ξ0‖L∞+2L2

σ)

∫ t

0

∫

T2

γ(E|Zε
r (x)|)dxdr.

❆❣❛✐♥ ❜② ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❣❡t
∫
T2 E|Zε

t (x)| dx ≤ z2LK‖ξ0‖L∞+2L2
σ(t, T‖Kε −

K‖L1(T2))✱ ✇❤❡r❡ z ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✷✳✶✶✮✳ ❙✐♥❝❡K ✐s ✐♥ L1(T2)✱ ‖Kε−K‖L1(T2)

t❡♥❞s t♦ 0 ✭❛s ε→ 0✮✱ s♦

sup
t∈[0,T ]

∫

T2

E|Zε
t (x)| dx ≤ sup

t∈[0,T ]

z(t, T‖Kε −K‖L1(T2)) → 0.

❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❍❡r❡ ✐s t❤❡ r❡s✉❧t ❢♦r t❤❡ ✈♦rt✐❝✐t②✿

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ❚❤❡ ❢❛♠✐❧② (ξε)ε ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ ξ ✭❛s ε→ 0✮✱ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ s❡♥s❡✳ ❋♦r ❡✈❡r② ϕ ✐♥ Cb(T2)✱

E

∣∣∣∣
∫

T2

ϕξεt dx−
∫

T2

ϕξtdx

∣∣∣∣→ 0

❢♦r ❡✈❡r② t ❛♥❞ ✐♥ Lp([0, T ])✱ ❢♦r ❛♥② p ∈ [1,∞)✳
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Pr♦♦❢✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t✱ ❜② ✭✻✳✸✮✱
∫

T2

ϕξεt dx =

∫

T2

ϕ(Φε
t) ξ0dx

❛♥❞ t❤❡ s❛♠❡ ✇✐t❤♦✉t ε✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ϕ(Φε
t) ξ0 ✐s ❞♦♠✐♥❛t❡❞ ❛✳❡✳ ❜② ❛ ❝♦♥✲

st❛♥t✳ ◆♦✇ ✜① t❤❡ t✐♠❡ t✳ ❲❡ ✉s❡ ❤❡r❡ ❛ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥t ✐♥ ♠❡❛s✉r❡
t❤❡♦r②✳ ❙✉♣♣♦s❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐st δ > 0 ❛♥❞ ❛ s❡q✉❡♥❝❡
εn → 0 s✉❝❤ t❤❛t

E

∣∣∣∣
∫

T2

ϕ(Φεn
t ) ξ0dx−

∫

T2

ϕ(Φt) ξ0dx

∣∣∣∣ ≥ δ. ✭✻✳✺✮

❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s t❤❛t Φεn
t ❝♦♥✈❡r❣❡s t♦ Φt ✐♥ L1(T2 × Ω)✳ ❙♦

✇❡ ❤❛✈❡ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ εnk t❤❛t Φ
εnk
t t❡♥❞s t♦ Φt ❢♦r ❛✳❡✳ (x, ω) ❛♥❞ s✐♠✲

✐❧❛r❧② ❢♦r ϕ(Φ
εnk
t )✱ s✐♥❝❡ ϕ ✐s ❝♦♥t✐♥✉♦✉s✳ ❍❡♥❝❡✱ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡

t❤❡♦r❡♠✱ ✇❡ ❣❡t t❤❛t

E

∣∣∣∣
∫

T2

ϕ(Φ
εnk
t ) ξ0dx−

∫

T2

ϕ(Φt) ξ0dx

∣∣∣∣→ 0,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ✭✻✳✺✮✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ ❝♦♥✈❡r❣❡♥❝❡ ❛t t ✜①❡❞✳ ❈♦♥✈❡r✲
❣❡♥❝❡ ✐♥ Lp([0, T ])✱ ❢♦r ❛♥② ✜♥✐t❡ p✱ ❢♦❧❧♦✇s ❢r♦♠ t❤✐s r❡s✉❧t ❛♥❞ t❤❡ ▲❡❜❡s❣✉❡
❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✳

✼ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✇❛②✿ r❡❞✉❝t✐♦♥ t♦ t❤❡ ❞❡t❡r✲

♠✐♥✐st✐❝ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t♦ ❞❡❞✉❝❡ t❤❡ r❡s✉❧ts ✐♥ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡ ❜② ❛
s✉✐t❛❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ❛ss✉♠✐♥❣ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ ❛♥❞ ♠♦r❡ r❡❣✉❧❛r✐t②
❢♦r t❤❡ σk✬s✳ ❆s ✇❡ ❛❧r❡❛❞② s❛✐❞✱ ✇❡ ✇✐❧❧ ♥♦t ❞❡✈❡❧♦♣ t❤✐s ♠❡t❤♦❞ ✐♥ ❛❧❧ t❤❡
❞❡t❛✐❧s✳
❆t ❛ ▲❛❣r❛♥❣✐❛♥ ❧❡✈❡❧ ✭tr❛❥❡❝t♦r✐❡s✮✱ ❝♦♥s✐❞❡r t❤❡ ❙❉❊ ✇✐t❤ ♦♥❧② t❤❡ st♦❝❤❛s✲
t✐❝ ✐♥t❡❣r❛❧✱ ♥❛♠❡❧②

dψ =
∑

k

σk(ψ) ◦ dW k. ✭✼✳✶✮

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ✐❢ t❤❡ ✜❡❧❞s σk✬s ❛r❡ r❡❣✉❧❛r ❡♥♦✉❣❤ ✭C3 s❤♦✉❧❞ ❜❡ s✉✣✲
❝✐❡♥t✱ C2 ✐s ❛ss✉♠❡❞ ✐♥ ❡✈❡r② ✏❝❧❛ss✐❝❛❧✑ r❡s✉❧t✮ ❛♥❞ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱ t❤❡♥ t❤❡r❡
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❡①✐sts ❛ st♦❝❤❛st✐❝ ✢♦✇s ψ ♦❢ C1,1(T2) ♠❡❛s✉r❡✲♣r❡s❡r✈✐♥❣ ❞✐✛❡♦♠♦r♣❤✐s♠s
s♦❧✈✐♥❣ ✭✼✳✶✮ ✭❛ C1,1 ❞✐✛❡♦♠♦r♣❤✐s♠ ✐s ❛ C1 ♠❛♣ ✇✐t❤ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s
❞❡r✐✈❛t✐✈❡s✱ t♦❣❡t❤❡r ✇✐t❤ ✐ts ✐♥✈❡rs❡✮✳ ❚❤❡ ✐♥✈❡rs❡ ✢♦✇ ψ−1

t s❛t✐s✜❡s

dψ−1
t (x) = −

∑

k

σk(x) · ∇ψ−1
t (x) ◦ dW k.

◆♦✇ ❧❡t Φ ❜❡ t❤❡ ❊✉❧❡r st♦❝❤❛st✐❝ ✢♦✇ ✭s♦❧✈✐♥❣ ✭✷✳✹✮✮ ❛♥❞ ♠❛❦❡ ❛ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡✱ ❝♦♠♣♦s✐♥❣ ✇✐t❤ ψ−1

t ✿ ❝❛❧❧

Φ̃(t, x, ω) = ψ−1
t,ω(Φt,ω(x)). ✭✼✳✷✮

❯s✐♥❣ t❤❡ ■tô✲❑✉♥✐t❛✲❲❡♥t③❡❧❧ ❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❞♦♠ ❖❉❊
❢♦r Φ̃✿

dΦ̃t = (Dψt)
−1uΦt (ψt(Φ̃t)) dt,

✇❤❡r❡ uΦ ✐s ❛s ✐♥ ✭✷✳✺✮✳ ❚❤✐s ❡q✉❛t✐♦♥ r❡❛❞s ❛❧s♦ ❛s

dΦ̃t = ũΦ̃t (Φ̃t) dt, ✭✼✳✸✮

✇❤❡r❡

ũΦ̃(t, x, ω) = (Dψt,ω(x))
−1

∫

T2

K(ψt,ω(x)− ψt,ω(Φ̃t,ω(y))) ξ0(y)dy.

❚❤❡ ❡q✉❛t✐♦♥ ✭✼✳✸✮ ✐s ♥♦t ✭✸✳✶✮✱ ❜✉t t❤❡ ❞r✐❢t ũξ̃ ❤❛s t❤❡ s❛♠❡ r❡❣✉❧❛r✐t②
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞r✐❢t uΦ ♦❢ ✭✸✳✶✮✱ ♣r♦✈✐❞❡❞ ψ ✐s ❛ ✢♦✇ ♦❢ C1,1(T2) ❞✐✛❡♦♠♦r✲
♣❤✐s♠s✱ s✐♥❝❡ t❤❡ t❡r♠ Dψt ❛♣♣❡❛rs❀ ❤❡r❡ ✇❡ ♥❡❡❞ σ t♦ ❜❡ ❛t ❧❡❛st C2✳ ❚❤✉s✱
♦♥❡ ❝♦✉❧❞ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ✜rst ✇❡ ❝❛♥ r❡♣❡❛t t❤❡ ❛r❣✉♠❡♥t ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt✱ t♦ ❣❡t t❤❡
❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ❢♦r Φ̃ s❛t✐s❢②✐♥❣ ✭✼✳✸✮❀ s✐♥❝❡ ψ ✐s ❛ r❡❣✉❧❛r
✢♦✇ ❛❞❛♣t❡❞ t♦ t❤❡ ❇r♦✇♥✐❛♥ ✜❧tr❛t✐♦♥✱ t❤✐s ✐♠♣❧✐❡s t❤❡ str♦♥❣ ❡①✐s✲
t❡♥❝❡ ❛♥❞ t❤❡ str♦♥❣ ✉♥✐q✉❡♥❡ss ❢♦r Φ ✐ts❡❧❢ ✭♣❧✉s t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠
♣r♦♣❡rt②✮✱ ✐✳❡✳ ❚❤❡♦r❡♠ ✷✳✶✹❀

✷✳ t❤❡♥ ❙❡❝t✐♦♥ ✺ ❛♣♣❧✐❡s ❛♥❞ ✇❡ ❞❡❞✉❝❡ ❚❤❡♦r❡♠ ✷✳✶✵✳

❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛❧s♦ ❛t ❛♥ ❊✉❧❡r✐❛♥ ❧❡✈❡❧ ✭✈❡❧♦❝✐t② ✜❡❧❞✮✳ ❍❡✉r✐st✐❝❛❧❧②✱
✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✭✼✳✷✮✱ ✇❡ s❤♦✉❧❞ ❝♦♥s✐❞❡r✱ ❛s ♥❡✇ ✈♦rt✐❝✐t②✱ ξ̃t =
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ξ0(Φ̃
−1
t ) = ξt(ψt)✳ ■♥❞❡❡❞✱ ❧❡t ξ ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✮ ❛♥❞ ❧❡t ψ ❜❡ ❛s ❛❜♦✈❡✱

❝❛❧❧
ξ̃(t, x, ω) = ξ(t, ψ(t, x, ω), ω).

❆♣♣❧②✐♥❣✱ t❤✐s t✐♠❡ ❢♦r♠❛❧❧②✱ t❤❡ ■tô✲❑✉♥✐t❛✲❲❡♥t③❡❧❧ ❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ r❛♥❞♦♠ P❉❊ ❢♦r ξ̃✿

∂tξ̃ + ũξ̃ · ∇ξ̃ = 0, ✭✼✳✹✮

✇❤❡r❡
ũξ̃ = (Dψt,ω(x))

−1

∫

T2

K(ψt,ω(x)− ψt,ω(y))ξ̃t(y)dy.

❚❤✐s ❢❛❝t✱ ❛s ✇❡❧❧ ❛s ✐ts ❝♦♥✈❡rs❡ ✭t❤❡ ♣❛ss❛❣❡ ❢r♦♠ ξ̃ t♦ ξ✮✱ ❝❛♥ ❜❡ ♠❛❞❡
r✐❣♦r♦✉s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❋✐rst✱ ✇❡ t❛❦❡ ξε = ξ ∗ ρε ✭✇❤❡r❡ ρε ❛r❡
❡✈❡♥ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♠♦❧❧✐✜❡rs✮ ❛♥❞ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ❢♦r ξε ✭✉s✐♥❣
❝♦♠♠✉t❛t♦rs ♦♥❧② ❢♦r t❤❡ σk✬s✮✿

∂tξ
ε + (uξ · ∇ξ)ε +

∑

k

σk · ∇ξε ◦ Ẇ k −
∑

k

[σk · ∇, ρε∗]ξ ◦ Ẇ k = 0.

❚❤❡♥ ✇❡ ♠✉❧t✐♣❧② t❤✐s ❡q✉❛t✐♦♥ ❜② ϕ(ψ−1)✱ ✇❤❡r❡ ϕ ✐s ❛♥② r❡❣✉❧❛r t❡st ❢✉♥❝✲
t✐♦♥ ♦♥ T

2✳ ■♥ t❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ ✭✼✳✹✮ ❢♦r ξε(ψ)✱ ✇✐t❤ (uξ · ∇ξ)ε(ψ) ✐♥ ♣❧❛❝❡
♦❢ ũξ̃ ·∇ξ̃ ❛♥❞ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠✉t❛t♦r t❡r♠

∑
k[σk ·∇, ρε∗]ξ(ψ)◦Ẇ k✳

❋✐♥❛❧❧② ✇❡ ❧❡t ε ❣♦ t♦ 0✱ ❣❡tt✐♥❣ ✭✼✳✹✮✳
❆❣❛✐♥ ✭✼✳✹✮ ✐s ♥♦t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❊✉❧❡r ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ ✭✭✶✳✶✮ ✇✐t❤
σ = 0✮✱ ❜✉t ✐ts ❞r✐❢t ũξ̃ ❤❛s t❤❡ s❛♠❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞r✐❢t uξ

♦❢ ✭✸✳✶✮✱ ♣r♦✈✐❞❡❞ ψ ✐s ❛ ✢♦✇ C1,1(T2) ❞✐✛❡♦♠♦r♣❤✐s♠s✳ ❙♦ ♦♥❡ ❝❛♥ r❡♣❡❛t
t❤❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡ ✭✢♦✇s ❛♥❞ ❝♦♠♠✉t❛t♦r ❧❡♠♠❛✮✱ t♦
❣❡t t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ r❛♥❞♦♠ P❉❊ ✭✼✳✹✮✱ t❤❡♥ t❤❡
str♦♥❣ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ str♦♥❣ ✉♥✐q✉❡♥❡ss ❢♦r ✶✳✶ ❢♦❧❧♦✇ ✐♠♠❡❞✐❛t❡❧②✳
❋✐♥❛❧❧② ✇❡ ♠❡♥t✐♦♥ t❤❛t t❤❡ ♣❛ss❛❣❡ ❜❡t✇❡❡♥ ξ ❛♥❞ ξ̃ ❝❛♥ ❜❡ s❡❡♥ ❛t ❛ ♠♦r❡
❛❜str❛❝t ❧❡✈❡❧❀ t❤✐s ✐s ❛ ❝❧❛ss✐❝❛❧ r❡♠❛r❦✱ ❞✉❡ ❛t ❧❡❛st t♦ ▲❛♠♣❡rt✐✱ ❉♦ss ❛♥❞
❙✉ss♠❛♥♥ ✭❬✸✷❪✱ ❬✶✽❪✱ ❬✹✵❪✮✳ ❙✉♣♣♦s❡ t♦ ❤❛✈❡ ❛♥ ❙P❉❊ ♦❢ t❤❡ ❢♦r♠

dξ + A(ξ) ξ dt+
∑

k

Bkξ ◦ dW k = 0,

✇❤❡r❡ A(x) ❛♥❞ Bk ❛r❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs ✭❢♦r s✐♠♣❧✐❝✐t② ❛ss✉♠❡ Bk t✐♠❡✲
✐♥❞❡♣❡♥❞❡♥t✮❀ ✐♥ ♦✉r ❝❛s❡✱ A(ξ) = uξ · ∇ ❛♥❞ Bk = σk · ∇✳ ❈♦♥s✐❞❡r ❢♦r♠❛❧❧②

ξ̃t = e
∑
k BkW

k
t ξt;
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✐♥ ♦✉r ❝❛s❡✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ξ(ψ)✳ ❚❤❡♥ ❢♦r♠❛❧❧② ξ̃
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❞♦♠ P❉❊✿

∂tξ̃ + e
∑
k BkW

k
t A(e−

∑
k BkW

k
t ξ̃)e−

∑
k BkW

k
t ξ̃ = 0.

❚❤✉s ✇❡ ❤❛✈❡ r❡❞✉❝❡❞ ❛♥ ❙P❉❊ t♦ ❛ r❛♥❞♦♠ P❉❊✱ ✇❤✐❝❤ ❝❛♥ ❜❡ tr❡❛t❡❞
t❤r♦✉❣❤ ❞❡t❡r♠✐♥✐st✐❝ t❡❝❤♥✐q✉❡s✳

❆ ❆ ✉s❡❢✉❧ ✐♥❡q✉❛❧✐t②

❚❤✐s s❡❝t✐♦♥ ❝♦♥t❛✐♥s ❛ ♣r♦♦❢ ♦❢ ❛♥ ❛✉①✐❧✐❛r② ✐♥❡q✉❛❧✐t② ✉s❡❞ ✐♥ ❛ ❝r✉❝✐❛❧ ✇❛②
t✇✐❝❡ ✐♥ ♦✉r ♣❛♣❡r✳

▲❡♠♠❛ ❆✳✶✳ ❆ss✉♠❡ t❤❛t A,B > 0 ❛♥❞ T > 0✳ ❙✉♣♣♦s❡ t❤❛t (ρn)∞n=0 ✐s
❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ]
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε ∈ (0, 1) ❛♥❞ ❡✈❡r② n✱

ρnt ≤ A log
1

ε

∫ t

0

ρn−1
s ds+ εBt, t ∈ [0, T ]. ✭❆✳✶✮

❚❤❡♥

ρnt ≤ (At)n√
2πn

sup
s∈[0,t]

|ρ0s|+Bt(eAt−1)n, t ∈ [0, T ].

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ❆✳✶✳ ❇② ■♥❞✉❝t✐♦♥ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❡✈❡r② n ∈ N
∗ ❛♥❞

❡✈❡r② ε ∈ (0, 1)

ρnt ≤ (A(− log ε))n
∫ t

0

. . .

∫ s2

0

ρ0s1ds1 . . . dsn

+ Bεt
n−1∑

k=0

(A(− log ε))k
∫ t

0

. . .

∫ s2

0

ds1 . . . dsk

≤ (A(− log ε)t)n

n!
sup
s∈[0,t]

|ρ0s|+Bεt

n−1∑

k=0

(A(− log ε)t)k

k!
, t ∈ [0, T ].✭❆✳✷✮

▲❡t ✉s t❛❦❡ n ∈ N✳ ❈❤♦♦s❡ ε = e−n✳ ❚❤❡♥ ❜② t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❛♥❞
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❙t✐r❧✐♥❣✬s ✐♥❡q✉❛❧✐t②✱

ρnt ≤ (Ant)n

n!
sup
s∈[0,t]

|ρ0s|+Be−nt

n−1∑

k=0

(Ant)k

k!

≤ (eAnt)n

n!
sup
s∈[0,t]

|ρ0s|+Bt(eAt−1)n

≤ (eAt)n√
2πn

sup
s∈[0,t]

|ρ0s|+Bt(eAt−1)n, t ∈ [0, T ]. ✭❆✳✸✮

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❈♦r♦❧❧❛r② ❆✳✷✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❛❜♦✈❡ ▲❡♠♠♠❛✱ ✐❢ eAT ∗ < 1✱ t❤❡♥
supt∈[0,T ∗] ρ

n
t → 0✳

Pr♦♦❢✳ ■❢ eAT ∗ < 1✱ t❤❡♥ supt∈[0,T ∗] ρ
n
t ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② ❛ s✉♠ ♦❢

t❤❡ n✲t❤ t❡r♠s ♦❢ t✇♦ ❝♦♥✈❡r❣❡♥t ❣❡♦♠❡tr✐❝❛❧ s❡r✐❡s✳

❇ Pr♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✷✳✽✮

❲❡ ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✷✳✽✮✳ ❈❛❧❧ G ✐s t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r −∆ ♦♥ t❤❡ t♦r✉s T

2 = [−1/2, 1/2]2 ✭✇✐t❤ ♣❡r✐♦❞✐❝
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✮✳ ❲❡ ✇✐❧❧ ♣r♦✈❡✿

Pr♦♣♦s✐t✐♦♥ ❇✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ G ✐s ✐♥ C∞(T2 \ {0})✳ ■ts ❜❡❤❛✈✐♦✉r ✐♥ 0 ✐s
❣✐✈❡♥ ❜②

|G(x)| ≤ C(− log |x|+ 1)

❛♥❞ t❤❛t ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡ D(n)✱ n ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ❜②

|DnG(x)| ≤ Cn(|x|−n + 1).

❆ss✉♠✐♥❣ t❤✐s r❡s✉❧t✱ ✇❡ ❣❡t t❤❛t |K(x)| ≤ C1(|x|−1 + 1)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡
❡st✐♠❛t❡ ✭✷✳✽✮ ❜② ❛♥ ❡❧❡♠❡♥t❛r② ❛r❣✉♠❡♥t ✭s❡❡ ❬✸✺❪✱ ❆♣♣❡♥❞✐① ✷✳✸✮✳
Pr♦♣♦s✐t✐♦♥ ❇✳✶ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ✭❛t ❧❡❛st ❢♦r n ≤ 2✮ ♦❢ ❛ ❣❡♥❡r❛❧ ❢❛❝t✱ ✈❛❧✐❞
❢♦r ❝♦♠♣❛❝t C∞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥s✱ s❡❡ ❬✸✱ s❡❝t✐♦♥
✹✳✷❪✱ ❢♦r t❤❡ st❛t❡♠❡♥t ❛♥❞ ❛ ♣r♦♦❢✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛ ❞✐✛❡r❡♥t ♣r♦♦❢✱ t❛❦❡♥ ✐♥
s♣✐r✐t ❢r♦♠ ❬✹❪ ✭✇❤✐❝❤ st✉❞✐❡s t❤❡ ✸❉ ❝❛s❡✮✳
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❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ♦❢ G ✐s

G(x) = − 1

4π2

∑

k∈Z2,k 6=0

1

|k|2 e
2πik·x

❙✐♥❝❡ t❤✐s ❡①♣r❡ss✐♦♥ s❡❡♠s ♥♦t ❤❡❧♣❢✉❧ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ r❡❣✉❧❛r✐t② ❛r♦✉♥❞
0✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s♦❧✉t✐♦♥ v✱ ✐♥ L2([0, T ]× T

2)✱ ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥

∂tv = ∆v,

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ v0 = δ0− 1 ✭♠♦r❡ ♣r❡❝✐s❡❧②✱ vt ⇀ δ0− 1 ❛s t→ 0✮✳ ■t ✐s
❡❛s② t♦ s❡❡ t❤❛t t❤✐s ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t✇♦ ✇❛②s✿ ♦♥❡ ✇✐t❤
✐ts ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥✱ ✇❤✐❝❤ ✐s

v(t, x) =
∑

k∈Z2,k 6=0

e−4π2|k|2te2πik·x, ✭❇✳✶✮

t❤❡ ♦t❤❡r ✇✐t❤ ●❛✉ss✐❛♥ ❞❡♥s✐t✐❡s✱ t❤❛t ✐s

v(t, x) = −1 +
1

4πt

∑

l∈Z2

exp
−|x− l|2

4t
. ✭❇✳✷✮

❖♥❡ ✈❡r✐✜❡s✱ ❡✳❣✳ ✉s✐♥❣ ✭❇✳✶✮✱ t❤❛t

G(x) = −
∫ +∞

0

v(t, x) dt = −
∫ +∞

1

v(t, x) dt−
∫ 1

0

v(t, x) dt

=: −G1(x)−G2(x).

◆♦✇ G1 ✐s ✐♥ C∞(T2)✱ ❛s ♦♥❡ ❝❛♥ s❡❡ ❢r♦♠ ✐ts ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥✱ ❛❣❛✐♥ ❢r♦♠
✭❇✳✶✮✳ ❋♦r G2 ✇❡ ❡①♣❧♦✐t ✭❇✳✷✮✿

G2(x) =


−1 +

∫ 1

0

1

4πt

∑

l∈Z2,l 6=0

exp
−|x− l|2

4t
dt




+

∫ 1

0

1

4πt
exp

−|x|2
4t

=: G3(x) +G4(x),

t❤❡ s✉♠ ❜❡✐♥❣ ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥s ♦♥ R
2 ✭t❤♦✉❣❤ x ✐s st✐❧❧ ✐♥ [−1/2, 1/2]2✮✳

❚❤❡ ✜rst ❛❞❞❡♥❞ G3 ✐s C∞ ♦♥ ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ [−1/2, 1/2]2 ✭❡✳❣✳
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]− 3/4, 3/4[2✮✿ ✐♥❞❡❡❞✱ ❢♦r ❛♥② n ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✱ ✇❡ ❤❛✈❡

∫ 1

0

∣∣∣∣∣∣
D(n) 1

4πt

∑

l∈Z2,l 6=0

exp
−|x− l|2

4t

∣∣∣∣∣∣
dt

.

∫ 1

0

t−(2n+1)
∑

l 6=0

exp
−|x− l|2

4t
dt

.

∫ 1

0

t−(2n+1)

∞∑

h=1

exp
−h
ct
dt

∼
∫ 1

0

t−(2n+1)e−1/(ct)dt < +∞,

❢♦r s♦♠❡ c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ x✱ ✇❤❡♥ x ✐s ✐♥ ] − 3/4, 3/4[2✳ ❚❤❡ s❡❝♦♥❞
❛❞❞❡♥❞ G4 ✐s ✐♥ C∞(] − 3/4, 3/4[2\{0})✳ ❙♦ G ✐s ✐♥ C∞(T2 \ {0}✳ ❋♦r t❤❡
❜❡❤❛✈✐♦✉r ✐♥ 0✱ t❤✐s ✐s ❣✐✈❡♥ ❜② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ G4✱ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ❜②
st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s✳ ❲❡ ❤❛✈❡✱ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ s = |x|−1/2t✱

G4(x) ∼
∫ |x|−1/2

0

s−1e−1/(4s)ds ∼ − log |x|

❛♥❞✱ ❢♦r n ≥ 1✱

|D(n)G4(x)| ∼ |x|−n
∫ |x|−1/2

0

s−(2n+1)e−1/(4s)ds ∼ |x|−n.
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