View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Warwick Research Archives Portal Repository

Original citation:
Burger, M., Lorz, A. and Wolfram, Marie-Therese. (2016) On a Boltzmann mean field model
for knowledge growth. SIAM Journal on Applied Mathematics, 76 (5). pp. 1799-1818.

Permanent WRAP URL:
http://wrap.warwick.ac.uk/80349

Copyright and reuse:

The Warwick Research Archive Portal (WRAP) makes this work of researchers of the
University of Warwick available open access under the following conditions. Copyright ©
and all moral rights to the version of the paper presented here belong to the individual
author(s) and/or other copyright owners. To the extent reasonable and practicable the
material made available in WRAP has been checked for eligibility before being made
available.

Copies of full items can be used for personal research or study, educational, or not-for-profit
purposes without prior permission or charge. Provided that the authors, title and full
bibliographic details are credited, a hyperlink and/or URL is given for the original metadata
page and the content is not changed in any way.

Publisher’s statement:

First Published in SIAM Journal on Applied Mathematics in 76, (5) 2016 published by the
Society for Industrial and Applied Mathematics (SIAM). Copyright © by SIAM. Unauthorized
reproduction of this article is prohibited.

A note on versions:
The version presented in WRAP is the published version or, version of record, and may be

cited as it appears here.

For more information, please contact the WRAP Team at: wrap@warwick.ac.uk

warwick.ac.uk/lib-publications


https://core.ac.uk/display/42624262?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://go.warwick.ac.uk/lib-publications
http://go.warwick.ac.uk/lib-publications
http://wrap.warwick.ac.uk/80349
mailto:wrap@warwick.ac.uk

Downloaded 05/03/17 to 217.112.157.113. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

SIAM J. APPL. MATH. (© 2016 Society for Industrial and Applied Mathematics
Vol. 76, No. 5, pp. 1799-1818

ON A BOLTZMANN MEAN FIELD MODEL FOR KNOWLEDGE
GROWTH*

MARTIN BURGER', ALEXANDER LORZf, AND MARIE-THERESE WOLFRAMS$

Abstract. In this paper we analyze a Boltzmann-type mean field game model for knowledge
growth, which was proposed by Lucas et al. [J. Political Econ., 122 (2014), pp. 1-51]. We discuss the
underlying mathematical model, which consists of a coupled system of a Boltzmann-type equation for
the agent density and a Hamilton—-Jacobi-Bellman equation for the optimal strategy. We study the
analytic features of each equation separately and show local in time existence and uniqueness for the
fully coupled system. Furthermore we focus on the construction and existence of special solutions,
which relate to exponential growth in time—so-called balanced growth path solutions. Finally, we
illustrate the behavior of solutions for the full system and the balanced growth path equations with
numerical simulations.
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1. Introduction. Endogenous growth theory is based on the assumption that
human capital, innovation, and knowledge are significant factors for economic growth.
Understanding how innovation and knowledge lead to long-term economic growth has
attracted a lot of interest in the macroeconomic literature. Different models have been
proposed to describe knowledge increase; most of them relate innovation or imitation
to knowledge growth. In [11, 12] economic growth is initiated by imitation in ran-
dom meetings. Koenig, Lorenz, and Zilibotti [13] proposed a decision-based model, in
which firms decide between “imitation” or “innovation.” Luttmer [17, 16] claims that
noise and imitation lead to growth and considered a model in which individuals are
characterized by their productivity or knowledge level. Here the cumulative distri-
bution function describes the distribution of knowledge, which evolves as individuals
meet each other, compare ideas, and improve their own knowledge level. Individual
meetings are modeled by “collisions” in a Boltzmann-type equation for the distribu-
tion function. The interaction frequency among individual agents is assumed to be
given; agents do not decide how much time they invest in learning or working. Lu-
cas and Moll [15] extended this approach by modeling agents as rational individuals,
who decide between either option. Each agent’s decision is based on maximizing its
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individual earnings given the distribution of all other agents with respect to their
knowledge level. The resulting system corresponds to a Boltzmann equation for the
agent distribution that is coupled to an Hamilton—Jacobi-Bellman equation for the
optimal strategy. This novel approach combines mathematical models developed in
the field of kinetic equations as well as mean field games.

Mathematical tools and methods from statistical mechanics such as kinetic theory
have become a popular and successful tool in economics and social sciences. The
kinetic theory developed by Boltzmann studies the statistical behavior of a system
not in equilibrium and has its origins in analyzing the thermodynamics of dilute
gases. The Boltzmann equation describes the evolution of the probability distribution
function of molecules due to microscopic interactions, namely, the collisions between
particles. In socioeconomic applications these collisions correspond to trading events
[3, 9], the exchange of opinion [20, 8, 18, 19, 2, 1], or noncooperative games [7].

In mean field models the effect of all other individuals on a single individual is
replaced by an averaged effect. In mean field game theory the dynamics of a single
individual are determined from stochastic optimal control problems, in which the
optimal strategy is influenced by the knowledge of the distribution of all other players
at all times. Mean field game models received an increasing interest in economics,
e.g., for describing the strategic decision making processes in large player stochastic
games; see, for example, [14, 10], in the last years. Their general structure corresponds
to a coupled system of a Fokker—Planck equation describing the evolution of the
macroscopic agent density (forward in time) and a Hamilton—Jacobi-Bellman equation
for the optimal strategy (backward in time).

Degond, Liu, and Ringhofer [7] introduced a different mean-field kinetic model for
rational agents that act in a game-theoretical framework. This framework, initially
developed to describe herding, has been extended to model wealth evolution in [6]
and further investigated with respect to model predictive control in [5].

In this paper we investigate the existence and uniqueness of solutions to a Boltz-
mann mean field game (BMFG) model for knowledge growth, with a particular focus
on the construction of the so-called balanced growth path (BGP). We prove the ex-
istence of local in time solutions using a fixed point argument. The BMFG system
exhibits interesting analytic features, such as mass accumulation of agents at the max-
imum initial knowledge level or BGP solutions. These special solutions correspond to
an exponentially growing production function—a characteristic feature particularly
interesting for economists. Identifying conditions which initiate sustained exponen-
tial growth gives important indications of which factors drive economic progress. In
this work we prove the existence of BGP solutions in a special case and provide first
analytic results, which ensure the existence for a suitable chosen optimal strategy.
This result corresponds to an intermediate step in an elaborate fixed point argument
which ensures existence in the general case. The detailed construction of this existence
argument is given in [4].

This paper is organized as follows: in section 2 we present the BMFG model of
Lucas and Moll and discuss specific modeling assumptions. Section 3 focuses on the
separate analysis of the Boltzmann and the Hamilton—-Jacobi-Bellman equation as
well as the coupled system. In section 4 we discuss the existence of BGP solutions.
We conclude by presenting various numerical examples to illustrate the behavior of
the proposed model in section 5.

2. A Boltzmann-type model for knowledge growth. Lucas et al. [15] stud-
ied the following scenario: consider an economy or society with a constant number
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of interacting agents, which are characterized by their knowledge level. Agents can
decide how much time they devote to working (by producing goods with the knowl-
edge the already have) and how much to learning (by exchanging ideas with others).
Each agent is characterized by its knowledge level z € 7 and the fraction of time
s =s(z,t): I x[0,T] — [0,1] it devotes to learning. The interval Z may correspond
to the positive real line, i.e., Z = RT, or the bounded interval with maximum knowl-
edge level z, i.e., T = [0, z]. The function f = f(z,t) describes the distribution of the
agents with respect to their knowledge z and time ¢. We assume that each agent has
one unit of time, and hence the time devoted to working corresponds to 1 — s(z, t).

The evolution of the distribution f = f(z,t) is modeled by a Boltzmann-type
approach; individuals meet (i.e., collide) and exchange ideas and knowledge. Lucas
and Moll proposed the following minimal interaction law to model knowledge increase.
If two individuals with knowledge levels z and z’ meet, their postcollision knowledge
corresponds to

(2.1) z = max(z, 2’),

i.e., the agent with the lower knowledge level matches its level with the other. Based
n (2.1), the evolution of all agents f = f(z,t¢) can be described by the following
Boltzmann-type equation:

220) () = —als(z )0 | T f .ty + (1) / sy, £)) . 1)y,
20)  f(20) = fol2).

The function o = «a(s(z,t)) : [0,1] — [0,1] denotes the learning function, i.e., the
interaction probability of an individual with knowledge level z. We assume that the
initial distribution of all agents fo = fo(z) is a probability distribution, i.e., it satisfies
Jz fo(z) dz =1 and fo(z) >0 for all z € Z.

Note that (2.2) can be written in terms of the Heaviside function H = H(z),
namely,

(2.3) 0if(2,1) = —als(z, 1)) f (2, 1) (1 = H) = f) + f(z,1)(H * (af)).

Another reformulation of (2.3) is based on the cumulative distribution function (CDF)
F(z,t) = [; f(z,t)dz and reads as

(2.4) OF (2,8) = —[1 — F(z,1)] /O a(s(z, 1) f(z, £)dz.

We assume that the working and learning time is directly related to the individual
benefit—more precisely that the earnings y = y(z,¢) of an agent with knowledge
level z corresponds to the product of the time the individual spends on working, i.e.,
1 — s(z,t), times its knowledge level z. Hence we have

(2.5) y(z,t) = (1 — s(z,t))z.

The per-capita production illustrates the total earning in a society and is given by

(2.6) Y(t) = /1(1 = sz )2 f (2, 1) de.
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Based on the per-capita production each agent wants to maximize its earnings (dis-
counted by a given temporal discount factor r € RT), by choosing an optimal partition
of its working, respectively, learning, time. Then the optimal ratio of working to learn-
ing time (a quantity related to the work-life balance) is determined by the solution
s = s(z,t) of the optimal control problem

V(2,t') = max [/t/ =) (1 _ 5(2, 1)) 2palz, t)dzdt]

seS

subject to

Opalzit) = ~a(o)palert) [ 1w 0)dy+ Fa1t) [ alo)pauat)dy
z 0
with p,(z,t') = d,. Here S denotes the set of admissible controls given by
(2.7) S={s:Zx][0,T]—1[0,1]}.

Then the optimal strategy can be calculated via the Lagrange functional

T z
L= / / (1= 5(z ) zpa(z. 1)
t’ 0

- [atmz,t) +als(e)eet) [ Flo 0 dy

— f(z1) /OZ a(s(y,t)pz(y,t) dy] e*T(t*tl)V(z,t) dzdt.

The optimality condition with respect to f corresponds to the Hamilton—Jacobi—
Bellman equation:

0V (z,t) —rV(z,t) + Igleag [(1—s(z,t)z — a(s(z,t))V(z,t)((1 — H) * f)
+a(s(z,1)(1 - H) = (Vf))] =

The function V = V(z,t) denotes the value function and represents the production
level starting from knowledge level z at time ¢ and controlling the system until a final
or infinite time. Altogether we obtain a BMFG of the form

(283)  0uf(2) = —a(S()F( (L= H) x )+ f(=,0) (H  (alS(=, 1)) )

OV (z,t) —rV(z,t) = [( = 5(z,0)z — a(S(z, 1))V (z,)((1 - H) * f)
(2.8b) a(S(z,0)((1 - H)* (V)]

S(z,t) = arg max [(1—s(z,t)z —a(s(z,t))V(z,6)(1 — H) = f)
(2.8¢) as(z, ) (1= H) (V)]
(2.8d) f(2,0) = fo(2),
(2.8e) V(z,T)=0.

Lucas and Moll refer to o = a(s) : [0,1] — R as the learning technology function,
which may have the form

(2.9) a(s) =aps”, nel0,1).

We conclude this section by stating three special modeling situations, which we shall
discuss and analyze later.
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2.1. Symmetric meetings. In the initial model only one party in the interac-
tion/collisions gains knowledge; the other one has no benefit. To capture symmetric
meetings Lucas and Moll propose a modified Boltzmann-type equation of the form

01(0) =~ 1) | L5z, 0)) + Bals(y, 0)]F (s )dy
(2.10) z

+f(z:1) /0 [als(y, 1)) + Bals(z, 1)) f (y, t)dy,

where 8 € [0, 1] encodes the probability to learn from each other. The case 8 = 0
corresponds to the original model, 8 = 1 to perfectly symmetric meetings.

2.2. Special case: a = ap € RT. Let us consider the BMFG model (2.8)
with a given constant learning function o = ap € R, i.e., n =0 in (2.9). Note that in
this case the value function V' = V/(z,t) is positive by definition and that f = f(z,t)
is nonnegative for all times if f(z,0) > 0. Then the maximum of

(1 =s(z0))z+ a0 (V(z0)((1 = H)* f) + (1 = H) « (V[)))

is given by s(z,t) = 0. In this case system (2.8) decouples and the Boltzmann-
type equation (2.8a) can be written in terms of the cumulative distribution function
F = F(z,1),ie.,

(2.11) O F (z,t) = —ap(1 — F(z,1))F(z,1).

Hence the optimal strategy V = V(z,t) can be calculated independently, which also
motivates the separate analysis of the Boltzmann and the Hamilton-Jacobi-Bellman
equation in the next section.

2.3. Balanced growth path. Lucas and Moll postulated the existence of BGP
solutions to system (2.8), for which the production rate (2.6) grows exponentially in
time. BGPs correspond to solutions in the rescaled variables (¢, v, 0):

(2.12) flz,t) = e p(ze™ ), V(z,t) = e v(ze ") and s(z,t) = o(ze™ ")

assuming the existence of a constant v € R™. If this is the case the production (2.6)
can be transformed to

Y(t) =e /000[1 —o(x)]zg(x)dz.

The rescaled equations for (¢,v,0) = (¢(z),v(x),o(x)) read as

(2138) —16(z) — 16 (@) = B(z) / " a(o()dly) dy — alo(a))é(x) / " o) dy,
(2.13b)
(r —y)v(x) + v’ (z)r = max {(1 — o)z + a(o) /

o0

(o(y) — v(x)]é(y) dy} ,

4SS .

where Z = {0 : R* — [0, 1]} denotes the set of admissible controls.
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3. Analysis of the Boltzmann mean field model. In this section we present
a local existence result for the fully coupled Boltzmann mean field model (2.8). We
start with the analysis of the Boltzmann equation (2.2) for a given interaction rate a =
a(z,t). Then we discuss the existence and uniqueness of solutions for the Hamilton—
Jacobi equation and conclude the section by studying the fully coupled system.

In this section we will need the following assumptions on the initial datum fy =

fo(2):
(A1) Let fo € L°°(Z) be a probability density, i.e., [; fo(z)dz =1 and fo(z) >0
for all z € 7.

3.1. Analysis of the Boltzmann equation for a given learning function
a. We start with the analysis of the Boltzmann-type equation (2.2) for a given learn-
ing function o = a(z,t). Hence we consider

Bl 0t = a0l [ i) dy + (1) / " aly.t)f (4. 0)dy,
B1b)  f(20) = fol2).
on the interval Z = [0, z].

Remark 3.1. Let us introduce the operators G5 = a(s(z,t)) fj f(y,t) dy and
Ly =[5 a(s(y, 1)) f(y,t) dy. Then (3.1) can be written as

8tf(zvt) = f(Z,t) (Lsf(zvt) - Gsf(zvt)) :

Note that G and L, are adjoint operators, i.e., LY = G since
(tt.o) = [ ] [ alstn.0)5000)] ate.0i:
= [ sz] atstwns.oan
Y

First we present a global existence result for (3.1) in time.
THEOREM 3.2. Let (A1) be satisfied and o = a(z,t) € L*(Z) x L*>([0,T]). Then
(3.1) has a global in time solution f = f(z,t) € LY(Z) x L>=([0,T]).

Proof. Let T > 0 be given, & := max «, and A the following closed subset:
A={geC([0,T],L'(T)),9 2 0, lg(- 1|l < a},

where a = ¢ [ fo(y) dy. For each g € A we define the operator ®(g) as the solution of

z

(3.2) O f(z,t) = —a(z,t) f(2,1) /Zg(y,t) derf(Z,t)/O a(y,t)g(y, t)dy

with initial data f(z,0) = fo(z). Then the existence of a solution follows from Picard-
Lindeloef by showing that the operator &

(a) maps A onto itself,

(b) is a contraction for 7' small.
A priori estimates are as follows: The change of the total mass can be estimated by

% /If (y,) dy < allglh / Fy.t) dy.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Based on this estimate we use Gronwall to deduce that

[ s <ew(a [ lalhas) [ st

Hence (a) is satisfied. To show that ® is a contraction we consider (3.2) for two given
functions g1 and g, ¢g; € A, i = 1,2. Then their difference satisfies

01— 2)(a:t) = = alz O (a.0) [ gt dy + fi(=t) / "y, gy, 1) dy

+a(0fal0 | Ty t)dy — folz ) / "y, gy, ) dy.

z

Using || fall1 < [|foll1e*®T =: Kjoc, for the L'-norm of the difference, we obtain the
differential inequality

Ol f1 — falli < 2aa| f1 — folli + 2Ki0cal g1 — g2l

Since f1(z,0) = fa(z,0) we deduce, using Gronwall, that ® is a contraction for suffi-
ciently small time 7. Note that all constants in the local existence argument depend
on the initial mass only. Since we have mass conservation, i.e.,

/ flz,t)dz = / fo(z) dz for all ¢t > 0,
I I

we can iterate the local existence argument at T, 27, ... to obtain global existence. 0O

Next we show that the support of f remains bounded if the initial datum f has
a compact support.

PROPOSITION 3.1. Let o € C([0,T) X Z) and f = f(z,t) be a continuous solution
to (3.1), i.e., f € C([0,T) x I) with suppf(-,0) C [0, M], M < z. Then

supp(f(-,t)) C [0, M] for all times t > 0.

Proof. The proof is based on the maximum principle. Let us assume there exists
a point £ in (M, z] such that f(2,¢) > 0. Then 0 < 9;f(2,t). But since f(z,0) =0
for all z > M, we deduce that f(z,t) =0 for all z > M. O

Note that Lemma 3.1 is only valid for continuous solutions. However we expect
that solutions of (3.1) converge to Dirac deltas as time evolves. This can be explained
by the fact that individuals with a lower knowledge level gain knowledge in each
collision, but individuals with the greater knowledge level cannot improve. Hence we
conjecture the formation of Dirac deltas at z = M if supp(f) C [0, M]. This can be
observed in the evolution of the first order moment, i.e.,

g Lt = [ o [ atnr.om - 160 [ o060 a:
(3.3 = [ 160 [ atw0500) @ - 2) v

>0

where we used the fact that Ly and G are adjoint operators (see Remark 3.1). Hence
we deduce that the first order moment is increasing in time. Also the mass located in
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the interval (zo, Z) is increasing, because
z
0

%/Z:f(zat)d»z:/z Uozf(zat)f(y,t)a(y,t)dy—/:f(z,t)a(z,t)f(y,t)dy} dz
= [ senswantair - [ s o] o

(3.4) -/ ) / " F () f (. Dy, )dydz > 0.

From the previous estimates we deduce the following theorem.

THEOREM 3.3. Let a(z,t) > a > 0 and z € supp(f), and then
f('ﬂ t) - dz.

Proof. Setting zo = 0 in (3.4) gives % fjo f(z,t)dz = 0 and therefore implies mass
conservation. From (3.4) we deduce that

_%F(zo,t) = %(1 — F(z0,t)) > g/z: f(z,t)dzF (20,t) = a(l — F(z0,t))F(20,1).

This differential inequality implies that the CDF F(zg,t) — 0 for zp < Z as time
t — oo. Since we can choose zg close to Z we conclude that f converges to a Dirac
mass. a

Remark 3.4. Note that the formation of a Delta Dirac mass accumulates at z = Z,
where Z = max, supp(f) for compactly supported initial datum and Z = z for positive
initial data on the bounded domain Z = [0, z]. If fo(z) > 0 for all z € R™, the mass
accumulates at z = oo.

3.2. Analysis of the Hamilton—Jacobi—Bellman equation. Next we study
the analytic behavior of the Hamilton-Jacobi-Bellman equation for a given f €
C(0,T,LY) on T =R*:

0V (z,t) —rV(z,t) = — max [(1—s(2,t)z —a(s(z,t)V(z,t)((1 — H) * f)

(3.5a) + a(s(z,1))((1 = H) = (Vf))],

(3.5b) V(z,T)=0.

We shall need the following assumption for the terminal value function in the rest of
the section:

(A2) Let the final data V(-,T) in (3.5) be nonnegative and nondecreasing.
To ensure the existence of a maximizer we need the following assumptions on the
learning function a = a(s):

(A3) Let a: [0,1] —» RT, o € C*([0,1]), a(0) =0, &/(0) = 00, & < 0, and «

monotone.

In the following we shall use the variable

B=-V(t)(1l-H)xf+(1—H)x(Vf)

to enhance readability.
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LEMMA 3.5. Let assumption (A3) be satisfied, z > 0, and B € R. Then there
exists a unique solution S = S(B) of the optimization problem

(3.6) max ((1—s)z+a(s)B)

with S = argmaxses ((1 — s)z + a(s)B).
Proof. Let 8:= a~!, and then the problem with ¢ = a(s) is equivalent to

arg max z(1— + Bo.
g max (1-50)

Because of the strict concavity of —f, there exists a unique solution. |

LEMMA 3.6. Let assumption (A3) be satisfied, z > 0, B € R, and S = S(B) be
the optimal control satisfying (3.6) for a given B. If

: " 3
El}lgloa (S(B))B® <0,

then the maps B — S(B), B — «(S(B)), and B — «(S(B))B are Lipschitz.

Proof. We distinguish between the following three cases:
Case 1: If B < 0, then s = 0.

Case 2: If B > a%(l) and since « is concave we deduce that

z(1—8)+ Ba(s) < z(1 —s) + Ba(l) + Ba'(1)(s — 1)
= Ba(1l) + (1 — s)(z — Ba/(1)) < Ba(1).

Hence the maximum is attained at s = 1. ,
Case 3: 1t 0 < B < gy let o/(s) = La(s) and o’'(s) = “a(s). In this case
there exists a unique solution of disa(s) = %, which gives the maximum. Furthermore

we have that

d? , z , z
and
) = Lols)s'(B) = o/(s)s'(B) = Z5/(B) = - — _ 2"
(37) dBa(S) - dSOé(S)S (B) =« (S)S (B) - BS (B) - B3a" - ZO//.

Because limp_,g —B3a” (B) > 0, we conclude that S is piecewise continuously differ-
entiable. Since

lim —B?%a”(B) = oo,
B—0

we deduce that S’(B) — 0 as B — 0. Hence we have continuity at B = 0 and
B= Q,L(l), Lipschitz continuity follows for S(B). The same is true for a(5)B. O

LEMMA 3.7. Let assumption (A2) be satisfied. Then the value function V(-,t)
solving (3.5) is nonnegative and nondecreasing for all times t € [0,T).

Proof. Equation (3.5) can be written as

(3.8)
OV (z,t) —rV(z,t) = —(1 = 5(z,1))z

~ a0 | [ Vo0 - Ve [T 0w
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In a minimum point 2z, we have
0:V (20,t) — 1V (20,t) < —(1 — S(20,t))20

~a|vean | °° Fsthdy Vo) [ °° o0y

Since this inequality is backward, it preserves nonnegativity.
Calculating the derivative of (3.8) with respect to z, we obtain

OV (z,t) —rV,(z,t) = S.(z,t)z+ S(z,t) — 1
— (S )85 08 +alS GOV [ " fw.t)dy.
Using o = z/B, it follows that
OV (2.) = V() = S(2.0) — L+ (S 0V (e.t) [ " . t)dy.

Since S < 1 we deduce that V, stays nonnegative. |

LEMMA 3.8. Let assumption (A2) and (A3) be satisfied. Then B(-,t) is nonin-
creasing and the mazimizer S(-,t) is nonincreasing for all times t € [0,T). Moreover
the function S(-,t) is strictly decreasing on the interval where 0 < S(-,t) < 1, except
in the degenerate case of B(0,t) = 0. Then S(z,t) =1 for small .

Proof. We have already seen above that B(z,t) > 0 and

If B(0,t) = 0, then S(z,t) = 1 for all 2. Otherwise B(0,t) > 0, so B > 7 and
therefore the maximizer S(z,t) is equal to 1 for small z. If 0 < B < 1> we have
S(z,t) = (/)7 1(%)- Since a is strictly concave, S(z,t) is strictly decreasing. O

The previous results lead to the following existence and uniqueness theorem for
the Hamilton—Jacobi-Bellman equation.

THEOREM 3.9. Let f € C(0,T,L") be given and o = «(s,t) satisfy assumption
(A3). Then there exists a unique solution V € C(0,T,L*°) of (3.5) with V(2,T) = 0.
Moreover, let V be a solution of (3.5) with f, and then there exist constants m and
D (independent of V and f) such that

(3.9) IV =Vl < D™ || f = fllew,r,enllV o

Proof. The proof is based on the following statements:
(i) V-B(V,f)=1—-H)x(Vf)—=V(1—H)*f is Lipschitz on the spaces given.
(i) B(V) — S and B(V) — «(S)B are Lipschitz because of Lemma 3.6.
Then (3.5) is of the form
oV =R(V)

with R Lipschitz, and we can conclude the proof with Picard-Lindeloef. For the
difference V' — V we obtain

8V — V) =R(V) - R(V) = R(V) — R(V) + R(V) — R(V).
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Since the estimate | B(V, f)—B(V, f)|los < |H~/HOOHf—f||C(07T7L1) holds, we can show
that 3 o o
IR(V) = RV < KI|If = fIllIV]loo

with K independent of V, f, f . Therefore we conclude

IV =Vl SDethf—f||c(o,T,L1)H‘7Hoo' a

3.3. Analysis of the fully coupled Boltzmann mean field game system.
We show existence and uniqueness of the fully coupled system using a fixed-point
argument.

Because of the term (1 — s)z, we expect linear growth of V' in z. Therefore we
are looking for a solution in the space C'(0,T, L{S ,(RT)), where

W = L35 (RT) = {u= (1 + 2)wjw € L®R")} with |ullLss . = ess sup @
= z
To compensate we use a weighted L'-norm for f:

w
142

wht=1' (R"):= {u =

1+z

|w€L1(]R+)} with [[ul| 1 ::/|u(z)|(1+z)dz.

142

First we state two lemmas, which provide the necessary estimates and bounds for the
local existence proof.

LEMMA 3.10. Let the initial datum fo = fo(2) satisfy assumption (Al) and the
learning function o = a(s) assumption (A3). Then every solution f = f(z,t) to (2.3)
has a bounded first order moment.

Proof. We reiterate from (3.3) that

d o _
& [erena< [ 1o [T awnswnmi<a [ faova

This gives an exponential bound for the first order moment. ad
LEMMA 3.11. Let V. = V(z,t) be a solution to (2.8b). Then V is bounded in
Ly (RT).
Proof. Dividing (2.8b) by 1 + z and changing ¢ to —t, we obtain

1% 1% z 1

0 < B(V,
t1+z_rl+z+1+z+1+za V. f)

and
B(V,f) < / (VH)@)dz < [Vliws [ fllw: < CIV [weXe.

This implies
\% v z 1

< — V - Kt.
1+27T1+z+1+z+1+za” lw=Ce

O

’

THEOREM 3.12. Let assumptions (A1)—(A3) be satisfied. If lims_,q (2—,23 < 00,

then the fully coupled BMFG system (2.8) on T = RT has a unique local in time
solution.
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Proof. For local existence, we take a g € C'(0,7T, L*, (R*)) and solve
+

(3.10) OV (z,t) —rV(z,t) = —max[(1 — s(z,t))z — a(s(z,t))B(V, g)]

seS

for V and S. Then we solve
(811)  0f(2,t) = —a(S(z D) f (5, )((1 = H) = f) + f(2,6) (H * (a(S(2,1)f))

for f. Let ¥ denote the operator mapping g to f. We show that ¥ is a contraction
by considering two solutions g and §. Taking the difference of (3.10) for g and § gives
OV =V)=r(V—=V)+2(5 = 5) - (a(S)B(V,g) — a(S)B(V, ).

To show that the second term on the right-hand side (RHS) is Lipschitz, we calculate
N2
S'(B) = z = )7 Gimilarly for the third term on the RHS we deduce that

T BZa ol

i(O‘B) = O/(S)S/(B)B +a= 29’ LToa=— (al)2 +a
B -

Since both derivatives are bounded we obtain
0V =V)<r(V-V)+K|(B(V,g) - B(V,9)l.

Let us consider the last term only. Due to the structure of B, i.e., B(V,g) = (1 —
H)x(Vg)— V(1 — H)*g, we work on the part (1 — H) = (Vg) only. The other part
can be estimated using similar arguments. We deduce that

(1—H)*(Vg) = (1=H)x(V§)=(1—H)x[(V = V)g+ V(g —9)]
(3.12) :/ (V- V)gdx+/ V(g —§)da
<V = Viiwellgllwr + IV lIwellg = gllw:-
This implies the following inequality:
0,(V = V) <r(V=V)+2K|V = V]w=gllw: + [[Vlw=lg = gllw:

So for fOT lg—gllwr dt small, |V —V |y~ is small. Moreover, according to Lemma 3.8,
S = 8 =1 for small z, so the Lipschitz constant coming from (3.7) is bounded.

Therefore we obtain that also the term |a(S) — «(S)| is small. This implies for (3.10)
that ||f — fllw: < a|lg — g|lwr with a < 1 for T small enough. Hence the operator ¥
is a contraction, which concludes the proof. a

4. Balanced growth paths. In this section we discuss the existence of BGP
solutions and the convergence behavior toward them. BGPs correspond to solutions
(¢,v,0) for which the production function (2.6) grows exponentially in time. We
reiterate that the rescaled equations for the BMFG (2.8) in the variables (¢,v,0) =

(p(x),v(x),o(x)) with

(4.1) flz,t) =e "p(ze™ ), V(z,t) =e"v(ze ") and s(z,t) = o(ze™ ")
read as

42)  y0le) 16 @) = o) [ alo)ol)dy - alo@)otw) [ o) dy

o0

(42b) (r = 7)o(z) + 0/ (2)z = max {(1 ~ o) talo) [ lby) - o(@)o) dy} ,
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where = = {0 : Rt — [0,1]} denotes the set of admissible controls. A necessary
prerequisite for the existence of BGP solutions is the assumption that the initial
cumulative distribution function F'(z,0) has a Pareto tail, which is given by the fol-
lowing:
(A4) The productivity function F(z,0) = foz fo(y)dy has a Pareto tail, i.e., there
exist constants k, € RT such that

(4.3) lim L= F(0)

Z—00 2—1/9

=k.

Condition (4.3) in the rescaled variable ¢ reads as

(4.4) lim L otwdy _ k.

2—00 2—1/0

LEMMA 4.1. Let assumption (A4) be satisfied. Then F = F(z,t) has a Pareto
tail with the same decay rate 6 for all times t € [0,T].

Proof. Note that we can rewrite (2.4) as
[l — F(z,t)] =[1 — F(z,t)]G(z,t) with G(z,t) := /Z a(s(z, t)) f(x, t)d.
0

Then the solution is given by

L= F(28) = [1 — F(z,0)] exp (/Ot Glz,5) ds) .

~1/0

Multiplication with z yields

[1—F(z,1)]2Y% = [1 = F(2,0)]2"% exp (/Ot G(z,s) ds) .

For a fixed time s the function G(z, s) is monotonically increasing in z and bounded.
Hence we can pass to the limit z — oo and deduce that the function F'(z,t) also has
a Pareto tail for all time ¢ € [0, 7. 0

LEMMA 4.2. Let assumption (A4) be satisfied. Then the growth parameter v € R
is given by

(4.5) V=0 / " a(o(y))bly)dy.

Proof. Recall that F' = [ f(y,t)dy satisfies (2.4). Using that F(z,t) = ®(ze™")
we deduce that

(46) 1) = (1~ 2a)] [ ala)oty) dv

Dividing this equation by 2%, passing to the limit z — oo, and using assumption
(A4), we obtain

~rgh =k [ alotu)otis

and subsequently formula (4.5). O
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4.1. Existence. Next we study the existence of BGP. In the special case of
a = o we can show the existence of solutions; for the fully coupled problem we shall
provide first results on the existence of (v, ¢) for a given (v, o).

4.2. Special case: a = ag. We reiterate that system (4.2) decouples in the
case of a constant learning function o = ap € R*. Hence we solve (4.2a) for ¢ = ¢(z)
first. Since « is constant, we have ¢ = 0 and can solve the equation (4.2b) for v = v(z2),
giving us a global solution.

THEOREM 4.3. Let assumption (A4) be satisfied and o = «g. Then there exists a
unique BGP solution (®,v,0) and a scaling constant v to (4.2) given by

1

Proof. Note that the initial datum fy uniquely determines the scaling constant ~y
for the BGP in the case of constant learning function a@ = «g. Since

[araz= [ 1@de= [erotetas = [ow i

we deduce for «y that

Y= 90&0/¢(y) dy = Gozo/zf(z,t) dz.

For @ = g we can write (4.2a) as

(4.7) — P (z)r = —ap[l — ®(z)]P(x).
We define ¢ := ﬁ ie, ®:=1-— % and obtain

® = a(®—1)
with a = % This equation has the solution

bx®
d = .
bxe 4+ 1

O = b +1 and

Since we look for solutions which have a Pareto tail we can determine the constant b
from the Pareto tail assumption (A4) and obtain

1

4. b=——
(4.8) 1+ kx—1/0

In the case a = oy, the maximum on the RHS of (4.2b) is attained at ¢ = 0. In order
to solve (4.2b) with ¢ given and o = 0, we consider w := v¢ which satisfies

(4.9) rw +yw'z = ¢x + ozod)/ wdy — aow/ o dy.
T 0

We define W := [ wdy and rewrite (4.9) as

rw+yw'z = &'z + ag®W — apdw.
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This gives

(v =)W —y(W'z) = @2 + ap(@W)".
With H'(z) = 2®'(z), it follows that
(4.10) (y—r)W —yW'z = H + ay®W + K.

Equation (4.10) is a first order ODE with W (oo) = 0, which can be solved by con-
sidering the solution to the homogeneous equation and then using the variation of
constants method. Hence we obtain a unique solution w, and therefore v = w/¢. O

For constant o we are able to prove the following results about the stability of
BGPs.

THEOREM 4.4. Let assumption (A4) be satisfied, « = g, and f denote a solution
to the original BMFG problem (2.8). Then the rescaled density ¢ = et f(xet t)
converges pointwise to the BGP solution ¢, given by (4.1), as t — oo.

Proof. The function ¢ (x,t) solves
01, t) = y6(a.t) = 10s0(a. ) = vlast) [ awv(et)dy—aav(et) [ w(at)d
0 x
and therefore its primitive (xz,t) := [ ¢(y,t) dy satisfies
(4.11) 0 (x,t) — yU(x,t) — y20, VU (z,t) = —ap[l — U(z, )|V (z, t).

We define U(z=9 1) := 2?91 (1 — 1), e, ¥ = and deduce

0 = —W2kz =09,
0,V = \IJQkx_l/eé (x_l/e_lU + x_z/e_layU) ,
U(1— ) =Wk VoU.
Hence we can rewrite (4.11) as

—oU — %U - %yayU = —agU.

Since ¢ has a Pareto-tail, U solves the equation
OuU + %yGyU = 0 with Up(z) = U(x,0) = 1.
This equation has the solution U(y,t) = Ug(e™"y), and hence U(y,t) converges

pointwise to 1 for ¢ — oo. |

4.3. Existence for the general model. We conclude the section by proving
the existence of a solution (v, ¢), which has a Pareto tail for a given (o,v). The
existence of the fully coupled system is a challenging problem, which is solved in a
subsequent paper by the authors, see [4].

THEOREM 4.5. Let assumption (A3) hold and o € C'([0,00)) denote a given
function, which satisfies

o(z) =1 for 2 € (0,20, 0'(z) <0.

Then there exists a v € R and a solution ¢ € L'([0,00)) to (4.2a), which has a
Pareto tail.
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Proof. The function o is nonincreasing and equal to 1 in the interval [0, z¢], and
hence a(o(z)) = a(l) on [0,zg]. We know from the previous subsection that in the

case & = ayp there exists a solution ® = ®(z), z € [0, zo] of the form
bz

4.12 P(z) = —

(412) ()= .

where a = «(1)/~ on the interval [0, zo]. That way we obtain ®(x).
We rewrite (4.6) by integration by parts as

(4.13) VP () = [1 - ©(x)] [q’(x)a(a(x)) - /Or <I>(y)d%0‘(0(y)) dy

and can obtain a solution on [xg, 00) starting from ®(xz¢) using Picard-Lindel6f. Next
we check that the Pareto-tail condition is satisfied. To do so we change variables to
#:= 2% and define ®(x) =: 1 — K(&)Z. The existence of the limit

. 1—3(x)
Ly

is equivalent to the existence of limz_,o K (Z). In this new variable (4.6) reads as

K'g = —K/Om o(6)(Ke)' de,

where & is o transformed in the new variable Z. Since (KZ)' is nonnegative we can
estimate the integral on the RHS

K'z > —K/ a(K¢) d¢ = —-KaK#.
0

Then it follows that

K K (7o)
_ﬁ S « and therefore K(O) S m

Since ®(x) — 1 for x — oo, we have ZoK (Zg) — 0 for £y — 0. This means that the
limit limy— oo 1;_41%) exists.
The proof follows by iterating between ® and . For 6 < 1, the derivative & is

bounded. So we obtain a fixed point (v, ¢) satisfying (4.2a) and (4.5). 0

5. Numerical simulations. In this section we present an iterative scheme to
solve (2.8) numerically. First we illustrate the formation of blow-up solutions for the
Boltzmann-type model (2.8a). Then we compare the numerical solution of our scheme
with the BGP calculated using the code provided by Lucas and Moll. For additional
information on the construction of solutions and the numerical solver for the BGP we
refer to [15]. Finally we study the stability of BGP solutions with respect to initial
perturbations.

5.1. Numerical scheme. We consider a bounded domain Z = [0, z], where z
denotes to the maximum knowledge level. The spatial discretization corresponds to NV
logarithmically spaced intervals. The temporal domain is split into equidistant time
steps of size At. Let z; denote the i — th grid point and t; = kAt the k-th time step.
We set the initial agent distribution to f(z,0) = fo(x) to

1
k _ern ;.3

folw) = 2o e
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Note that in this case the cumulative distribution function of Fy(z) = [; fo(y)dy
has a Pareto tail, i.e., assumption (A4) is satisfied. Let V(z,T) = 0 be the terminal
condition of the optimal strategy in the iterative solver. Then the numerical results
of the full model are based on the following iterative procedure:
1. Calculate the solution f = f(z,t) of the Boltzmann-type equation (2.8a) by
updating the solution via an explicit in time discretization:

Feiatin) = flest) + A |=als(en et |00y

T fenti) / " als(y.10)) (0, m)dy} ,

where the integrals on the RHS are evaluated using the trapezoidal rule.

2. Solve the Hamilton—Jacobi-Bellman equation (2.8b), by first calculating the
maximum via the optimality conditions. Then determine the new optimal
velocity using the updated density distribution f = f(z,t) and the function
s.

In particular

e (-9 +a(s) | V) - V() ay )

s(z)eS

is given by the following:
(a) 2 =0: Then s = 1 since a = a(s) is a strictly monotone function.
(b) z = z: Then the integral is equal to zero, and hence s = 0 gives the
maximum.
(¢) z€(0,2): Then s = min((omle)ﬁ7 ), and hence we cut off s if it lies
outside the interval [0, 1].
3. Go to (1) until convergence.

5.2. Numerical simulations of the Boltzmann-type equation for a given
a. In our first example we study mass accumulation in the case of compactly sup-
ported initial data f(z,0); cf. Lemma 3.3. We assume that the maximum knowledge
level is denoted by Z = 1 and choose an initial agent distribution of

2 for all 2 <0.5,
f(2,0) = .
0 otherwise.

We set o« = 1 — z, i.e., individuals with the lowest knowledge devote all their time to
“interactions,” those with the maximum knowledge do not interact at all. Figure 1
illustrates the formation of a Dirac at z = 0.5 for symmetric and nonsymmetric meet-
ings. Note that the lines correspond to f at different discrete time steps. Furthermore
we observe that the formation of the Dirac happens much faster in case of symmetric
meetings, i.e., § = 1.

5.3. Numerical simulations of the full Boltzmann mean field game
model. Next we compare our results with the numerical simulations of the BGP
solutions by Lucas and Moll. We choose the same simulation parameters in (2.9) and
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Distribution of agents f from t=0 to t=5

Distribution of agents f from t=0 to t=5

0.6 07 0.8 0.9

(a) B=0

Fi1c. 1. Distribution of agents f = f(z,t) at different times starting at t =0 up to t = 5.
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(a) Transient vs. BGP
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(b) Linear growth

200

F1G. 2. Evolution of the production function Y =Y (t) in time for different choices of n and 6

(4.3):

ap = 0.0849, n =0.3, § = 0.5,k = 0.05, and r = 0.06.

To compare the results of the two numerical solvers we fix a sufficiently large final
time T, i.e., t € [0,200], and rescale the computational domain Z using the parameter
v determined from the BGP simulations of Lucas and Moll. The simulation results
for k = 400 time steps and N = 1001 discretization points are depicted in Figure 2(a).
Note that we can not expect the existence of BGP solutions in general. If we choose,

for example,

oo =0.0849, n =0.9, § = 0.1,k = 0.05, and r = 0.06,

i.e., a larger value of n and a smaller value of 8, then the BGP solver of Lucas and
Moll is not converging. The simulation results in Figure 2(a) reveal the reason why
this is the case. Here the production function Y = Y (¢) is growing linear in time, and
hence the ansatz proposed by Lucas and Moll is not satisfied.
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————— Time dependent simulation
-~ Balanced growth path

| b e
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(a) Perturbed initial data

(b) Evolution of the production rate Y’

Fia. 3. Stability of BGP solutions.

5.4. Stability of balanced growth path. In our final example we illustrate
the stability of the BGP with respect to small perturbations of the initial data. We
consider a perturbation of the initial distribution of the form

f5(2) = fo(z) +0.1(1 — 2) sin(2572) x[0.1,1;

which corresponds to a perturbation on the interval [0.1, 1] that does not change the
overall mass; see Figure 3(a). Note that the initial datum still has a Pareto tail. We
set ag, n, k, 8, and r to the same values as in the previous example and solve the
system on the time interval ¢ € [0,250] using 500 equidistant time steps. Figure 3
compares the evolution of BGP for the corresponding unperturbed initial datum, with
the transient simulation. We observe that this perturbation does not change the long
time behavior of the production rate. Note that the difference of the two solutions at
t = 250 can be explained by the terminal condition V' (z,¢ = 250) = 0 for the transient
simulation.

6. Conclusion. In this paper we present first analytic results as well as numeri-
cal simulations for a novel BMFG model for knowledge growth proposed by Lucas and
Moll [15]. In this model the distribution of individuals with respect to the knowledge
level evolves according to a Boltzmann equation. Collisions correspond to knowledge
exchange, the individual interaction rate is determined by maximizing the individual
productivity (given the common knowledge of the distribution of all other agents).
This gives to a coupled system of a Boltzmann equation and a Hamilton—Jacobi—
Bellman equation. Knowledge growth is an inherent nature of the model, which is
also reflected in the analytic results. The value function of the HJB equation is
growing linearly in z, and hence we can only provide local in time existence. BGP
solutions, which also correspond to the exponential growth of the production function
in time, illustrate this nature as well—although we are not able to provide existence
results of these special solutions in a general situation, we provide first results on their
existence and stability in the case of a special interaction function.

This summary gives indications about several open analytic problems which shall
be addressed in the near future, e.g., the existence and stability of BGP solutions for
the fully coupled system. Another point of interest corresponds to the generalization
of the model, for example, by considering a common noise via an additional diffusion
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term, more general interaction laws for knowledge growth, or knowledge decay caused
by forgetting information.

Acknowledgments. The authors want to thank Benjamin Moll for his support

and valuable comments while preparing this manuscript.

[1]
2]
[3]
[4]
[5]
[6]
[7]

(8]

[9]

[10]

[11]

REFERENCES

L. BOUDIN, A. MERCIER, AND F. SALVARANI, Conciliatory and contradictory dynamics in opin-
ion formation, Phys. A, 391 (2012), pp. 5672-5684.

L. BOUDIN AND F. SALVARANI, A kinetic approach to the study of opinion formation, ESAIM
Math. Model. Numer. Anal., 43 (2009), pp. 507-522.

M. BURGER, L. CAFFARELLI, P. MARKOWICH, AND M.-T. WOLFRAM, On a Boltzmann-type
price formation model, Proc. Roy. Soc. A, 469 (2013).

M. BURGER, A. LORz, AND M.-T. WOLFRAM, Balanced Growth Path Solutions of a Boltzmann
Mean Field Game Model for Knowledge Growth, preprint, arXiv:1602.01423, 2016.

P. DEGoND, M. HERTY, AND J.-G. L1U, Mean-field games and model predictive control, sub-
mitted, 2015.

P. DEGOND, J.-G. Liu, AND C. RINGHOFER, Fvolution of wealth in a non-conservative economy
driven by local Nash equilibria, Philos. Trans. A, 372 (2014).

P. DEGOND, J.-G. Liu, AND C. RINGHOFER, Large-scale dynamics of mean-field games driven
by local Nash equilibria, J. Nonlinear Sci., 24 (2014), pp. 93-115.

B. DURING, P. MARKOWICH, J.-F. PIETSCHMANN, AND M.-T. WOLFRAM, Boltzmann and
Fokker—Planck equations modelling opinion formation in the presence of strong leaders,
Proc. Roy. Soc. A, 2009, rspa20090239.

B. DURING, D. MATTHES, AND G. T0OSCANI, Kinetic equations modelling wealth redistribution:
A comparison of approaches, Phys. Rev. E, 78 (2008), 056103.

M. Huang, R. P. MALHAME, P. E. CAINES, et al., Large population stochastic dynamic games:
Closed-loop McKean—Viasov systems and the Nash certainty equivalence principle, Com-
mun. Inf. Syst., 6 (2006), pp. 221-252.

B. JovaNovIC AND Y. NYARKO, Learning by doing and the choice of technology, Econometrica,
1996, pp. 1299-1310.

B. Jovanovic AND R. RoB, The growth and diffusion of knowledge, Rev. Econ. Stud., 56
(1989), pp. 569-582.

M. KoniG, J. LORENZ, AND F. ZILIBOTTI, Innovation vs Imitation and the Evolution of Pro-
ductivity Distributions, Centre for Economic Policy Research, 2012.

J.-M. LASRY AND P.-L. LIONS, Mean field games, Jpn. J. Math., 2 (2007), pp. 229-260.

R. E. Lucas, Jr., B. MoLL, J. PERLA, C. TONETTI, A. COSTINOT, G. LORENZONI, I. WERNING,
F. BeLo, X. LIN, S. BAZDRESCH, et al., Knowledge growth and the allocation of time
knowledge growth and the allocation of time, J. Political Econ., 122 (2014), pp. 1-51.

E. G. LUTTMER, Eventually, Noise and Imitation Implies Balanced Growth, Technical report,
2012.

E. G. LUTTMER, Technology diffusion and growth, J. Econom. Theory, 147 (2012), pp. 602-622.

G. NALDI, L. PARESCHI, AND G. TOSCANI, Mathematical Modeling of Collective Behavior in
Socio-Economic and Life Sciences, Springer, New York, 2010.

L. PARESCHI AND G. TOSCANI, Wealth distribution and collective knowledge: A Boltzmann
approach, Philo. Trans. A, 372 (2014).

G. TOSCANI ET AL., Kinetic models of opinion formation, Commun. Math. Sci., 4 (2006),
pp. 481-496.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	A Boltzmann-type model for knowledge growth
	Symmetric meetings
	Special case: = 0 R+
	Balanced growth path

	Analysis of the Boltzmann mean field model
	Analysis of the Boltzmann equation for a given learning function 
	Analysis of the Hamilton–Jacobi–Bellman equation
	Analysis of the fully coupled Boltzmann mean field game system

	Balanced growth paths
	Existence
	Special case: = 0
	Existence for the general model

	Numerical simulations
	Numerical scheme
	Numerical simulations of the Boltzmann-type equation for a given 
	Numerical simulations of the full Boltzmann mean field game model
	Stability of balanced growth path

	Conclusion
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


