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Brauer relations in finite groups II:
Quasi-elementary groups of order p“q

Alex Bartel and Tim Dokchitser

Communicated by Robert M. Guralnick

Abstract. This is the second in a series of papers investigating the space of Brauer rela-
tions of a finite group, the kernel of the natural map from its Burnside ring to the rational
representation ring. The first paper classified all primitive Brauer relations, that is those
that do not come from proper subquotients. In the case of quasi-elementary groups the de-
scription is intricate, and it does not specify groups that have primitive relations in terms
of generators and relations. In this paper we provide such a classification in terms of gen-
erators and relations for quasi-elementary groups of order p%q.

1 Introduction

Let G be a finite group. Recall that there is a natural map from the Burnside
ring B(G) of G to the rational representation ring R (G ), which sends a G-set to
the corresponding permutation representation. In [1], we have described the ker-
nel K(G) of this map by giving a set of generators, following the work of Bouc [2]
who had described this kernel for p-groups. The purpose of this paper is to make
our description more explicit in the most difficult case, that of quasi-elementary
groups.

We will write elements of B(G) as Z-linear combinations )y 5 ag H, using
the identification between transitive G-sets and conjugacy classes of subgroups
of G that maps a G-set to a point stabiliser. We call an element of K(G) a Brauer
relation.

If H < G, then there is an induction map B(H) — B(G), which yields an
induction map K(H) — K(G). We say that a Brauer relation of G is induced
from H if it is in the image of this map. Also, if N <1 G, then there is an inflation
map B(G/N) — B(G), which induces a map K(G/N) — K(G). We say that
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would like to thank these institutions for their hospitality and financial support.
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a Brauer relation of G is lifted from G/N if it is in the image of this inflation
map. We call a relation imprimitive if it is a linear combination of relations that
are induced and/or lifted from proper subquotients of G and primitive otherwise.
The quotient of K(G) by the subgroup consisting of imprimitive relations will be
denoted by Prim(G).

The main result of [1] is a group theoretic criterion for Prim(G) to be non-trivial
and a determination of the group structure of Prim(G) and of a set of generators.
This criterion is most complicated when G is quasi-elementary, i.e. when it is
of the form G = C x P, where C is cyclic and P is a p-group. Write K for
the kernel of the conjugation action of P on C. It is shown in [1] that for such
a group to have primitive relations, C must be of square-free order, and K must
be either trivial, or isomorphic to Dg, or have normal p-rank one. When K is triv-
ial, a complete description of Prim(G) is provided by [1, Proposition 6.5]. Here,
we explicitly describe the structure of those quasi-elementary groups for which
Prim(G) is non-trivial in the case that the order of C is prime and K is non-trivial.
We determine the general shape of a presentation for such groups in terms of gen-
erators and relations, thereby explicating the criterion of [1, Theorem 7.30] in this
special case.

Theorem 1.1. Let G = C x P be quasi-elementary, where C is cyclic of prime
order q and P is a p-group with p # q. Suppose that K = ker(P — AutC) is
either isomorphic to Dg or has normal p-rank one. A necessary condition for G to
have primitive relations is that P must be of the form P = K x A, where A acts
faithfully on C, and in particular is cyclic of order p™, say, A = (h). Assume that
this condition is satisfied. Let K be generated by c¢ of order p™ and possibly x of
order 2 or 4 as in Proposition 2.2, and define j, k by heh™ = ¢/ hxh™! = ckx.
The following are all the cases in which Prim(G) is non-trivial, together with the
group structure of Prim(G):

(1) K is cyclic, p #2, n <m; Prim(G) = C, whereu = p—2ifn =1 and
u = p — 1 otherwise.

(2) K iscyclic, p =2, j # —1; moreover, either 1 <n <m, or j =3 (mod 4)
and the order of j in (Z/2"7)* divides 2™~} in either case, Prim(G) = Cj.

(3) K is generalised quaternion, k is odd, and n < m; Prim(G) = C,.

(4) K is dihedral, k is even, ] # *+1, and
2 - 2 kG = /G - )

Prim(G) = C.
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(5) K is dihedral, k is odd, and either m > n or

. . m_l .
J#AEL 2P =D/ = D;
Prim(G) =~ Co x Cr if m > n and j # +1, and Prim(G) = C, otherwise.

Our strategy is equally suited to obtaining a concrete result of the same nature
when |C| has any other fixed number of prime divisors, although in the case under
consideration some substantial simplifications occur, most notably Proposition 2.5.

2 Some general results on the structure of P

We recall the relevant results from [1]. Throughout, we assume that G = C x P,
where C is cyclic of prime order ¢ and P is a p-group with p # ¢. The kernel of
the conjugation action of P on C is denoted by K.

Proposition 2.1 ([1, Proposition 7.6]). If G has a primitive relation, then K is
either trivial or isomorphic to Dg or has normal p-rank one.

Recall that the normal p-rank of a group is defined as the maximal rank of
a normal elementary abelian p-subgroup.

Proposition 2.2 ([3, Theorem 5.4.10]). Let X be a p-group with normal p-rank
one. Then X is one of the following:

e the cyclic group Cpn = (c | P =1),
e the dihedral group Dyn+1 = (c, X | ¢ =x2=1,xcx = c_l) withn > 3,

. . n—1 — —
o the generalised quaternion group, Q,n+1 = (¢, x | c? 2 x7lex =c7h)

withn > 2,

=X

o the semi-dihedral group SDon+1 = (¢, x | ¢?' =x2=1,xcx = czn_l_l) with
n > 3.

Notation 2.3. If K is trivial, then Prim(G) is described explicitly by [1, Proposi-
tion 6.5]. From now on, assume that K is either isomorphic to Dg or has normal
p-rank one. In particular, K contains a unique subgroup of order p that is normal
in G, which we will denote by C If .Let J denote the set of those subgroups' of P
that do not contain sz, and let J¢,, be the set of elements of J of maximal size.
Let Ck be either K if K is cyclic, or a cyclic index two subgroup of K that is

! This definition slightly differs from the one in [1], where J¢ was defined as a set of representa-
tives of conjugacy classes of subgroups.
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normal in G otherwise (such an index two subgroup is unique unless K = QOsg,
in which case there may be three such groups, see [1, Notation 7.9] for details).
Set Cx = CCk.

Lemma 2.4 ([1, Lemma 7.27]). The group Prim(G) is generated by relations of
the form

©= ) p(CN(CH-CH),
CSCK

for H, H' € Jy,, where i denotes the Mébius function.

Proposition 2.5. If G has a primitive relation, then P is a semi-direct product
by K, P = K x A, where A acts faithfully on C.

Proof. Since |C]| is prime, Aut C is cyclic. So for a subgroup H of P, either the
image of H under P — AutC is equal to that of P, or H is contained in the pre-
image under P — AutC of the unique index p subgroup of AutC. Thus, either
Hm contains a subgroup whose image under P — Aut C is equal to that of P, or
the relations of Lemma 2.4 are all imprimitive by [1, Proposition 3.7].

Suppose for the rest of the proof that # contains a subgroup A of P whose
image in Aut C is equal to that of P. If A intersects K trivially, then P must be
a semi-direct product K x A. In particular, this proves the claim in the cases that
K is cyclic or generalised quaternion, since in those cases intersecting K trivially
is equivalent to not containing C If .

Suppose that K is dihedral or semi-dihedral (in particular, P is a 2-group).
Then P is a semi-direct product by Cg . But since the automorphism of Cx given
by conjugation by a non-central involution of K is not divisible by 2 in Aut Cg,
this implies that P is a semi-direct product by K and the proof of the proposition
is complete. |

Lemma 2.6 ([1, Corollary 7.4]). If K is non-trivial and P has cyclic centre, then
G has no primitive relations.

Hypothesis 2.7. From now on, assume that P is a semi-direct product by K and
that the conjugation action of the quotient on K has a non-trivial kernel.

Note that if | K| = p, and in particular P is a direct product, then [1, Proposi-
tion 7.29] implies that Prim(G) =~ IF,;D 2 In the case that |K| # p, we recall the
description of Prim(G) in the special case under consideration that we want to
make explicit.
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Theorem 2.8 ([1, Theorem 7.30]). Assume that |K| > p. Define a graph T whose
vertices are the elements of H, and with an edge between H, H' € J,, if one of
the following applies:

(1) the subgroup generated by H and H' is a proper subgroup of P,

(2) the intersection H N H' is of index p in H and in H', and HH'/H N H' is
either dihedral, or the Heisenberg group of order p3.

Let d be the number of connected components of I'. Then Prim(G) = (Cp)d_l,
generated by relations © = 3 & _c  pn(|C)(CH — CH') for H H' € #y, cor-
responding to distinct connected components of the graph.

Remark 2.9. If H is a proper subgroup of P, then its image in the Frattini quo-
tient of P is also a proper subgroup. Since the Frattini quotient is abelian, P acts
trivially on it by conjugation, so if H’ is any conjugate of H, H and H’ never gen-
erate the whole of P. Thus, conjugate subgroups always lie in the same connected
component of T".

Notation 2.10. We will retain the notation I" for the graph described in Theo-
rem 2.8 for the rest of the paper.

3 K iscyclic

Let
K = (c|c’”7 =1), n=>2.

The only subgroup of K that does not contain C; is the trivial group, so J consists
of subgroups of P that intersect K trivially. We have P = K x A where A = (h)
is cyclic of order p™, acts faithfully on C and acts as hch~! = ¢/ on K with j of
order dividing p™ 1 in (Z/p"Z)* and in particular j = 1 (mod p).

All elements of J,, are of the form H, = (c¢*h) for 0 < a < p" — 1. Con-
versely, such an Hy is a complement of C x K in G if and only if Hy, N K = {1}
if and only if ¢*h has order p™.

Lemma 3.1. Let [ be a prime and letn = 1 (mod ) ifl isoddandn = 1 (mod 4)
if |l = 2. Then
v (n® = 1) = v (n — 1) + vy (s)

for any positive integer s, where vy is the normalised | -adic valuation.

Proof. Setr =1l ifl isodd and r = 4 if [ = 2. The isomorphism

exp: (rZ;,+) — (1 +rZ;,x)
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preserves the standard filtrations on both hand sides, i.e. it satisfies

vi(t) = vy (exp(r) = 1).

Raising to the s-th power on the right hand side corresponds to multiplying by s

on the left hand side and the result follows. O
Now,
o ip"M_
(@h)P" = oGP P e ey o J T #E L
cor”, j=1.

It follows thatif « = B (mod p), then Hy € Hy, if and only if Hg € Hp,. More-
over, two such groups generate a proper subgroup of P, so the corresponding ver-
tices of I' lie in one connected component of the graph. Thus, each connected
component is represented by some Hy, with 0 <« < p — 1. If p is odd, then
Lemma 3.1 implies that for any @ € {1,..., p — 1}, Hy is a complement if and
only if m > n. If on the other hand p = 2, then H; is a complement if and
only if either j = 3 (mod 4) (since the order of j € (Z/2"Z)* divides 2~ !) or
j =1 (mod 4) and m > n (by Lemma 3.1). In particular, if p is odd and n > m
orif p =2,j =1 (mod 4) and n > m, then the graph I" has only one connected
component, so G has no primitive relations.

From now on assume that eithern < mor p = 2, j =3 (mod 4), and the order
of j in (Z/2"7Z)* divides 2™~ 1,

If @ # B (mod p), then Hy and Hpg together generate P. Since n > 1, the
group P/Hy N Hg cannot be isomorphic to the Heisenberg group of order 3,
having exponent strictly bigger than p. Finally, P/Hy N Hpg can only be isomor-
phic to a dihedral group if p = 2 and j = —1, in which case any such quotient is
dihedral. This completes the proof of cases (1) and (2) of Theorem 1.1.

In all the remaining cases, we have p = 2.

4 K is semi-dihedral

A presentation of P by generators and relations is given by

KxA=(x,ch |x2 =c2 = p?" = 1, xcx = czn_l_l,
hxh™! = ckx, heh™ = ¢/,
n>3,je(Z/2"2)", k € Z/2"7).
Here, k must be even, since if z is the central involution of K, then

h = x(xhx)x = xzke®hx = ZFxekkxh = Fp.
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The only conjugacy class of non-trivial subgroups of K that do not contain the
subgroup C; = (z) is that of non-central involutions, represented by (x), so the
elements of ¢ are subgroups of P that either intersect K trivially or those that
intersect it in (¢ x) for some r € Z /2" Z.

Since k is even, A fixes a non-central involution, hc! xh™1 = ¢ x,and i can
be chosen such that ¢Ki+¥ = 1. So without loss of generality, replacing x by ¢! x
for such an i, assume that k = 0. In particular, elements of #,, have size om+1
and are isomorphic to Cp x Com.

We claim that all elements of J,, are contained in (c2, &, x), so that any two of
them generate a proper subgroup of P, which will show that G has no primitive
relations when K is semi-dihedral. Indeed, any element of #, is of the form
(c"h, c®x), with the two generators commuting, and it suffices to show that both
r and s must be even. Since 1 = (¢¥x)? = z*, s must be even. Moreover, the
condition that the two generators commute implies that

Crhcsx(crh)—l(csx)—l — Z—rc2r+(j—1)s -1

= 2r+(j—1)s=0 (mod 4)

ki+k

— r is even,

as required.

S K is generalised quaternion
A presentation for P by generators and relations is

P = (x,c,hlczn =hn?" = 1, x2 = czn_l, xexV=¢71
hxh™' = ckx, heh™! = cj,
n>2,j€(Z/2"7), keZ/2"Z).

Since every non-trivial subgroup of K contains C5, # consists of subgroups of
P that intersect K trivially. Note that it follows from the fact that j is odd that the
parity of k is independent of the choice of x.

Case 1: k even. Then /, x, and ¢ are independent in the Frattini quotient of P,
which is therefore three-dimensional. Since elements of # are cyclic, no two of
them can generate P, so the graph I has only one connected component and G
has no primitive relations.

Case 2: k odd. The Frattini quotient of P is then two-dimensional and has
exactly three lines, generated by the images of x, &, and xh, respectively. Only
two of these can be images of elements of #,,, the lines generated by the images
of i and xh. The structure of K implies that two elements of #, never satisfy
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condition (2) of Theorem 2.8, so we deduce that there is no edge between the
vertices of T" corresponding to H, H' € J,, if and only if their images in the
Frattini quotient of P are the lines generated by 4 and x/, respectively, and that
Prim(G) = C, if and only if there exists an H € #,, with image (xh) in the
Frattini quotient, and is trivial otherwise.

An arbitrary element of H,, is of the form (hx®c") for § € {0,1} and 0 < r <
2™ — 1, and a group of this form is in # if and only if ~x%c” has order 2™ (in
general, the order is greater than or equal to 2). Such a group has image equal to
that of (xh) in the Frattini quotient if and only if § = 1. We have

om—1 .
(hxe)?" = U 42" Bt D=+ {COddz.zm’ 2 ret
coddGT=D/GTY 2

By Lemma 3.1, the 2-adic valuation of the exponent is m — 1 in both cases, so the
right hand side is 1 if and only if m — 1 > n. That condition also insures that A
acts non-faithfully on K. This completes the proof of case (3) of Theorem 1.1.

6 K is dihedral

In this case P is given by generators and relations as
P ={(x,c,h |02n =K =x2 = 1, xex = ¢,
hxh™! = ckx, heh™ = ¢/,
n>2,j€(Z/2"2), k € Z]2"Z).
We have the following identities, which we will use repeatedly:

) 4 PR .
Bixh—t = kG )T X AL ©.1)

ckix, j=1,

heh™ = cji. (6.2)

Recall that by Hypothesis 2.7, h2" " acts trivially on K. Equations (6.1) and (6.2)
imply that this condition is equivalent to

2" | k2m—1, j=1,
PGP =0/ =1, AL

which we assume throughout. For any i € Z/2"Z, we have

.2m—1

2" 27—, 1 2" | (j2—1)2™2, and {

(Cih)zm _ Ci(jszl_’_jszz_*_,.._{_j_,_]) hzm’ (63)

(h)?" = (¢ FR2)2" " = RGP e P 27 (g g
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There are two conjugacy classes of non-trivial subgroups of K that do not con-
tain C7, represented by any (c®**"x) and any (c®%x), respectively.

Case 1: k even. Then equation (6.3) implies that ¢%/2h has order 2 and
so without loss of generality, 7 may be replaced by ¢~*/2], which acts trivially
on x by conjugation. Thus assume without loss of generality that k = 0. Also
equation (6.4) implies that, in this case, x/ has order 2™, so h can always be
replaced by x/, which shows that for any j, the choices j and —j yield isomorphic
groups.

The elements of ¢, are isomorphic to Cp x Com. More precisely, a general
element of #,, is of the form (c¢®x, ¢? ) with the two generators commuting and
with ¢¥ h having order 2.

We first claim that if j = £1,1i.e.if P = K X A, then G has no primitive rela-
tions. Indeed, suppose without loss of generality that j = 1. First note that

(Bx.cVh) € Hpy = (x)(c”h) = (" h)(Px)
— I Vxh = Ftrxn
— y e {0,271\

Let Hy = (c%x, ¢V h), Hy = (¢%2x,¢"2h) € Hy,. If 81 = 8, (or indeed if they
have the same parity), then H; and H, together generate a proper subgroup of
P and so lie in one connected component of I" (see Theorem 2.8, condition (1)).
If 1 # 65 but y; = y», then Hy N H» has index 2 in each of them and the group
Hi1H»/Hy N Hy is dihedral, so again they lie in the same connected compo-
nent (Theorem 2.8, condition (2)). Finally, if we have §; # 8, and y; # y», then
Hsz = (c%2x,c¥'h) € H,, also, and the same argument can be applied to the pairs
Hy, H3 and H,, H3 to show that H; and H> lie in the same component of I".

Now suppose that j # 1. We will show that in this case Prim(G) = C». Re-
placing & by xh if necessary, we may assume that j = 3 (mod 4). First, we claim
that if (c‘gx, c¢’h) € Hy,then§ =y (mod 2). Indeed,

(Bx,e7h) € Hyp = "heSxh™ eV = Py = (O
<2y +68(j—1)=0 (mod?2"),

which forces y and § to have the same parity, since j — 1 = 2 (mod 4). Moreover,
for any given y, this equation has a solution for § and vice versa.

If Hy = (c% x,c"h), Hy = (¢%2x,c"2h) € H,, satisfy §; = 8, (mod 2), and
therefore also y; = y» (mod 2), then H; and H, generate a proper subgroup
of P, so there is an edge between the corresponding vertices of I". It follows that
I" has at most two connected components, represented by Hoqq with §; odd and
Heven with 85 even. It remains to show that two such groups exist in #,, and that
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they lie in distinct connected components of I'. Now, there exists an Hyqq € Hy, if
and only if ¢®¥} has order 27, or equivalently (by (6.3)) 2" | (2" —1)/(j — 1),
or again equivalently (since j = 3 (mod 4)) 2"+1| j2" — 1, or equivalently (by
Lemma 3.1) 2771 | (j2 — 1)2!. This holds by assumption.

Clearly, Hoqq and Heyen together generate P, so it is enough to show that
Hoqq N Heyep s of index greater than 2 in either subgroup. If the intersection was
of index 2, then it would contain an element of order 2"~ 1. But Hyqq has only two
elements of order 2", namely

e = (c”lh)z = U2 a4 ey = Cglx(cylh)z — c51—71(j+1)xh2’
and similarly for Heyen. The former is in Heyep if and only if
IUTDR2 = 2UFDR2 s 27 | (41 — y2)(j + D),

which is impossible since Y1, y» have distinct parities and j is assumed to be not
equal to -1 in Z /2" 7Z. Similarly, e is in Heyey if and only if

A nUFDp2 = 82720+ D0 p2 0 27 |81 — 85 + (2 — y1)(j + 1),

which is also impossible since §; — 8> is odd, while (y2 — y1)(j + 1) is even. This
finishes the proof of case (4) of Theorem 1.1.

Case 2: k is odd. In this case no complement of C x K in P fixes a non-central
involution of K.

Notation 6.1. Elements of #, are either isomorphic to Com and are complements
of C x K in P, or isomorphic to Cy x C,m—1 and generated by the unique index 2
subgroup of a complement of C x K in P and by a non-central involution of K.
We call the two kinds of elements of #;,, full image subgroups and half image
subgroups, respectively, according to their image in Aut C.

We begin by counting the number of elements of ¥, of each of the two kinds.
An arbitrary full image subgroup of P is of the form H, = (gh) for g € K, and
conversely, such a group is in J¢ if and only if g/ has order 2. By our assumptions
(cf. (6.3)), this is satisfied for g = ¢ for any i € Z/2"Z. Also, by (6.4), xh has
order 2™ if and only if

2n|j2m_2+j2m_4+"'+j2+17

which we assume to hold for j = 1, while for j # 1 the condition is equivalent to
m > n by Lemma 3.1. Since replacing 4 by ¢! i for any i changes neither j nor the
parity of k, the same condition holds for (x’h) € J# for any non-central involution
x’ of K. It follows that there are 2" full image subgroups of P if m < n, and 2"+!
otherwise.
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Next we determine which of these subgroups are conjugate in P. The orbit of
any full image subgroup H under P -conjugation has size |P/NpH| = |P/Cp H|.
The last equality follows from the fact that H is a complement in a semi-direct
product. Since H does not commute with any non-central involution of K, we
have

CpH ={c*h|beZ/2"Z,acZ/2'Z, a(j —1)=0¢c Z/2"L)}.

The centraliser has size 2(j — 1,2"), so the orbit has size 2" T1/(; —1,2").
Note that if m < n, then our assumptions imply that j = 3 (mod 4). Indeed, oth-
erwise )

(G = D/G =) =m—1<n,

contradicting the assumption that 2" | (j - 1)/(j —1). Thus, if m < n, there

is one orbit of full image subgroups of P.
If on the other hand m > n, then H, is also a full image subgroup with cen-
traliser

CpHy ={c*(xh)l |b e Z/2"Z, a cZ)2"Z, a(j + 1) =0¢c Z/2"Z}.

Replacing & by xh if necessary, we may assume that j = 3 (mod 4). Then the
orbit of H = H, has size 2" and the other orbits have all size 2”71 /(j + 1,2").
We deduce that the total number of orbits is

2n (j+1,2"

1 =1
tourGry T T 2

From now on, assume without loss of generality that j = 3 (mod 4). To sum-
marise the computations, we have

Proposition 6.2. [f m < n, then Hi represents the unique conjugacy class of full
image subgroups in Hp,. Otherwise, the distinct conjugacy classes of full image
elements of Hp, are represented by {Hg}, g € {1,x,¢cx,..., cUHL2M)=1 5y

We now turn to the computation of half image elements of #,,. These are of
the form
B = (cPx%h2, c%x).
Multiplying c?x®h2 by ¢?x if necessary we may assume § = 0, and denote the
resulting group by B, ;. We have

Ph2 Ay (PRl (c9x)L = (2bHkG+D+a(i=1)

The two generators commuting is equivalent to

2b4+k(j+ 1) +a(j2—1)=0 (mod 2"), (6.5)
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which, given any a € Z/2"Z, has two solutions for b. This yields at most 2”1
half image subgroups. Moreover, since any solution of (6.5) automatically satisfies
v2(2b) = v2(j + 1), we claim that ¢?Ah? has order 2~ (the minimal possible),
so that any such B, j really does represent an element of #¢,,. Indeed,

.om
m m bﬁi—l .
I R I N
N
When j2 # 1 (mod 2"),
R B E A T -
= G .

21 -1+l
The three terms on the right have 2-adic valuations > v5(2"), > —1 and > 1 re-
spectively, so the product is a multiple of 2. When j2 = 1 (mod 2"), the same
computation together with Lemma 3.1 proves that b2~ ! is a multiple of 2", as

required. Thus, the half image subgroups of P are precisely B, ; for any solution
a,b of (6.5).

Lemma 6.3. There are two conjugacy classes of half image maximal groups in J :
for any a the representatives are B, p, B, p/, where b, b’ are the two different
solutions of (6.5).

Proof. Because conjugation by /& acts on the non-central involutions of K as
x — c'x, i odd, and conjugation by ¢ maps x — c2x, all non-central involutions
of K are P-conjugate. Because the orbit of ¢?x has length 2", its centraliser has
size 2" *1, 50 it must be C§ x B, 5. Therefore the normaliser of B, p is of the
same size (a normalising element must fix B, , N K = {1, c%x}), so its orbit has
size 2"* as well. |

Finally, we determine which vertices of I corresponding to the elements of #,,
are connected by an edge, and hence the structure of Prim(G).

Lemma 6.4. If j = —1, then the unique full image subgroup of P that intersects
a half image subgroup in an index 2 subgroup is H. If j # —1, then there are no
such full image subgroups.

Proof. We always have the full image group H = (h). The unique index 2 sub-
group of H is a subgroup of a half image group if and only if » = 0 is a solution
of (6.5) (for some a), which it is if and only if j = —1 (mod 2").
Other full image groups (in the case m > n) are generated by ¢ x/ for some d.
The square of this element is c4=k=djp2 The exponent b is odd, so it cannot
solve (6.5), since j + 1 = 0 (mod 4). |
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Proposition 6.5. The group Prim(G) is isomorphic to
e {1}ifm <nandj = —1,
e Caifm > norj # —1 but not both,
e CoxCrifm>nandj # —1.

Proof. First, note that two half image groups always generate together at most
the preimage of the unique index 2 subgroup of AutC, so they always lie in the
same connected component of the graph I'. A full image group and a half im-
age group together always generate all of P (the group they generate contains a
non-central involution of K and a complement to K in P, hence also c, since
k is odd). If j = —1, then H intersects a half image subgroup in an index 2
subgroup and the quotient of P by that intersection is dihedral, so in this case,
H lies in the same connected component of I' as the half image groups. Propo-
sition 6.2 and Lemma 6.4 now imply that if m < n, then Prim(G) is trivial if
J = —1 and has order 2 otherwise. Suppose that m > n. Two full image groups of
the form H i, generate a proper subgroup of P, since the subgroup they generate
contains no non-central involutions of K. On the other hand, H together with any
non-conjugate full image subgroup generates P by the same argument as above,
and the intersection of two such groups has index greater than 2, using the fact that
k is odd. The claim of the proposition follows. o

This finishes the proof of case (5) of Theorem 1.1.
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