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EMBEDDING MEDIAN ALGEBRAS IN PRODUCTS OF
TREES

BRIAN H. BOWDITCH

ABSTRACT. We show that a metric median algebra satisfying cer-
tain conditions admits a bilipschitz embedding into a finite product
of R-trees. This gives rise to a characterisation of closed connected
subalgebras of finite products of complete R-trees up to bilipschitz
equivalence. Spaces of this sort arise as asymptotic cones of coarse
median spaces. This applies to a large class of finitely generated
groups, via their Cayley graphs. We show that such groups satisfy
the rapid decay property. We also recover the result of Behrstock,
Drutu and Sapir, that the asymptotic cone of the mapping class
group embeds in a finite product of R-trees.

2010 Mathematics Subject Classification : 20F65
Keywords: median algebra, R-tree, embedding, rapid decay

1. INTRODUCTION

The main aim of this paper is to show that a metric median alge-
bra satisfying certain hypotheses admits a bilipschitz embedding into
a finite product of R-trees. Median algebras of this sort occur as as-
ymptotic cones of coarse median spaces as defined in [Bol]. The the-
ory also applies to finitely generated groups via their Cayley graphs.
Many natural groups have such a structure, notably the mapping class
groups of surfaces, see [BehM, Bol|. Other groups include right-angled
Artin groups, groups hyperbolic relative to other such groups [Bo2],
and direct products of such groups. Conjecturally it might apply to
all CAT(0) groups. For mapping class groups, we recover the bilip-
schitz embedding theorem of [BehDS]. (This can be thought of as a
kind of “asymptotic” version of the coarse embedding theorem given
in [BesBF].) The results will be set in a broader context in Section 8.

We note that median structures, from a related but somewhat differ-
ent perspective, are discussed in [ChaDH]. Also an analogous, though
different, result for topological median algebras can be found in [BaV].
(There it is assumed that intervals are compact. We do not take that
as an assumption here.) The issue of embedding median algebras in
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2 BRIAN H. BOWDITCH

products of trees is also studied in the combinatorial setting of cube
complexes, see for example [CheH], and the references therein.

We briefly recall the formal definitions (see [I, BaH, R, Che]). A me-
dian algebra is a set, ®, equipped with a ternary operation, p : ®3 —
®, such that for all a,b,c,d, e € O, we have:

(Ml): :u(a> b, C) = M(bv G, a) = M(b’ a, 0)7
(M2): u(a,a,b) = a, and

(M3): pu(a, b, p(c, d, e)) = p(p(a, b, c), p(a, b, d), e).

A subalgebra is a subset of ® closed under this operation.

(In practice will not use the formal definition above. It is sufficient
to note that any finite subset of ® lies in a finite subalgebra, and that
a finite median algebra can be naturally identified as the vertex set
of a CAT(0) complex, as discussed in Section 2. Indeed these two
statements combined could serve as an equivalent definition.)

A homomorphism is a map between median algebras respecting the
ternary operations. Given a,b € ®, the interval [a,b] is defined by
la,b] = {c € ® | pla,b,c) = ¢}. A subset, H C &, is convez if
[a,b] C H for all a,b € H. Any convex subset is a subalgebra.

A oriented wall, W, is an ordered partition, (H— (W), HT(W)) of
® into two non-empty convex subsets. A wall (or unoriented wall) is
an unordered such partition, {H~ (W), HT(W)}. We write W(®) for
the set of all walls. We say that two walls, W, W', cross, and write
W W' if each of the sets H-(W)n H-(W"), H- (W) n Ht*(W"),
HT*W)NH-(W') and H*(W) N H*(W’) is non-empty.

Definition. We say that ® had rank at most v if there is no collection
of v + 1 pairwise crossing walls of ®.

Various equivalent formulations of this are described in [Bol].

Definition. We say that ® is v-colourable if there is a map, x :
W(P) — {1,2,...,v}, such that x(W) # x(W’) whenever W th W".

Clearly v-colourable implies rank at most . There is a converse for
intervals (see Lemma 2.3), though not in general. Also, any subalgebra
of a v-colourable algebra is also v-colourable. The same statement
applies to rank (see [Bol]).

(We remark that in the context of a CAT(0) cube complex, the
notion of a wall is essentially equivalent to that of a “hyperplane” — a
totally geodesic codimension-1 subspace which cuts in half each cube
that crosses the wall.)
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Definition. By a metric median algebra we mean a triple (@, p, ),
where (®,u) is a median algebra, (®,p) is a metric space, and pu :
®3 — ® is continuous in the induced topology.

For the purposes of this paper, the following will serve as a definition
of an R-tree. It is one of many equivalent definitions.

Definition. An R-tree is a connected metric space, (T, 7), such that
for all a,b,c,d € T, we have:

(T1): 7(a,b) + 7(c,d) < max{7(a,c)+ 7(b,d), r(a,d) + 7(b,c)}.

An R-tree admits a unique median, pr, in such a way that for all
a,b € T, the median interval [a, b] is the unique topological arc from a
to b in 7. Moreover, [a,b] is isometric to the real interval [0, 7(a,b)].
In fact, (T, 7, ur) is a rank-1 median algebra. Note that it is clear from
the definition that the metric completion of an R-tree is an R-tree.

Given a collection, ®1,®,,...,d,, of ¥ metric median algebras, the
direct product, [[;_, ®;, with the [;-metric is also a metric median al-
gebra (defining the median co-ordinatewise). There is a natural iden-
tification of W([[, ®;) = ||, W(®:). If ®; is v;-colourable, then [, @,
is > . v;-colourable. (A similar statement applies to rank.) In particu-
lar, we see that a direct product of v R-trees is a r-colourable metric
median algebra.

We can now state the main result. Let (®, p, 1) be a metric median
algebra. We suppose:

L1): (3v € N) such that (®, ) is v-colourable.

):
(L2): (3k > 0) such that for all a,b,c,d € @, p(u(a,b,c), u(a,b,d)) <
kp(c,d).

)

(L3): (31 > 1) such that for all a,b € ® there is an [-lipschitz path,
a: [0, p(a,b)] — @ with a(0) = a and «a(p(a,b)) = b.

Note that (L3) is equivalent to saying that two points, a, b, are con-
nected by a recifiable path of length at most (p(a,b). In our main
appplications we have [ = 1, that is, ® will be a geodesic space.

Theorem 1.1. Suppose that (P, p, i) is a metric median algebra satis-
fying (L1), (L2) and (L3). Then there is an injective lipschitz median
homomorphism, f : ® — [[,_, T;, of ® into a product of v R-trees, T;,
with the ly-metric. Moreover, the inverse map f=': f(®) — ® is also
lipschitz, and both lipschitz constants depend only on the constants, v,
k and [, featuring in the hypotheses.
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Note that, conversely, hypotheses (L1) and (L2) follow from the con-
clusion of Theorem 1.1. Moreover, if f(®) is closed and connected,
then it is a geodesic space in the /;-metric, and so it also satisfies (L3).
(This is discussed further is Section 7.) If ® is complete (as in the case
of principal interest to us), then certainly, f(®) is closed. Moreover,
there is no loss in assuming each of the R-trees to be complete (by
taking their completions). Thus, up to bilipschitz equivalence, we have
a characterisation of closed connected subalgebras of a finite product
of complete R-trees.

We also note that it is an immediate consequence of Theorem 1.1
that @ is bilipschitz equivalent to a median metric space in the sense
described in [ChaDH]. For further discussion, see Section 7.

Corollary 1.2. Let ® be a metric median algebra of rank at most v
and satisfying (L2) and (L3). If a,b € ®, then [a,b] admits a bilipschitz
embedding as a median algebra into a product of v real intervals. The
bilipschitz constants depend only on v, k and (.

Any interval in a metric median algebra is (topologically) closed, and
so:

Corollary 1.3. Let ® be a complete metric median algebra of finite
rank satisfying (L2) and (L3). Then any interval in ® is compact.

Another consequence, of course, is that the Hausdorff dimension of
any interval is at most the rank. (Although there might be other com-
pact subsets of infinite Hausdorff dimension, even in an R-tree.)

In fact, our strategy will be to prove a variation of Corollary 1.2
first, and use this information to help us construct our embedding in
Theorem 1.1 (see the proof of Lemma 6.2). We state this variation as
follows. Here A will eventually play the role of an interval in . Both
the hypotheses and conclusion are weaker than those of Corollary 1.2.

Let A be a metric median algebra satisfying:

(I1): A has rank at most v < 0.
(I2): There is a continuous path 5 : [—1,1] — A with A = [5(—1), B(1)].

Proposition 1.4. Let (A, p, ) be a metric median algebra satisfying
(I11), and (I2). Then there is a continuous injective median homomor-
phism, f: A — Q into the v-cube Q = [—1,1]".

Note that the hypothesss make no reference to the metric. In fact,
all we really require for this is that A be a hausdorff topological space,
and that the median is continuous.
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Note also that, without loss of generality, we can suppose that ¢(5(—1))
and ¢(3(1)) are opposite corners of 2. (At least with some mild addi-
tional hypotheses, one could deduce that the inverse map is also con-
tinuous, but since we do not need this, we will not pursue that matter
here.)

With regard to applications, we note that if ® arises as the asymp-
totic cone of a coarse median algebra of rank at most v, in the sense
described in [Bol], then ® is complete, and automatically satisifes (L1),
(L2) and (L3) (with { = 1). This holds for a large class of finitely gen-
erated groups, as mentioned earlier. This ties in with earlier work, as
we describe in Section 8. One consequence of the embedding theorem
is the rapid decay of a coarse median group, as we discuss in Section 9.

It is natural to ask the general question of when a median algebra
admits a v-colouring. For example, in the context of CAT(0) cube
complexes it was asked independently by Chepoi and Sageev whether a
bound on the cardinality of links implies that v is finite (or equivalently
bounded for finite complexes). In [CheH], this is shown to be true in
dimension 2, but false in general in dimension 5. It remains open in
dimensions 3 and 4.

2. GENERAL OBSERVATIONS

In this section, we make some general observations, and collect to-
gether a few facts we will need later.

To begin, we note the following canonical correspondence between
finite median algebras and finite CAT(0) cube complexes. Let T be
a finite CAT(0) cube complex, with vertex set V(T). We write T*
for its 1-skeleton. (A graph arising in this way is sometimes termed a
“median graph”, cf. [Che].) Now V(Y) = V(T!) has a unique structure
as a median algebra with the property that, for all a,b € V(Y), the
median interval [a,b] C V() is precisely the set of vertices which lie on
some geodesic from a to b in T!. In other words, the median ju(a, b, c)
of a,b,c € V() is the unique vertex which lies on some geodesic
between each pair of distinct points of {a,b,c}. Conversely, if II is
any finite median algebra, one can construct a cube complex T with
V(T) =11, so that the median defined by T agrees with the original on
II. Moreover, T is completely determined (up to isomorphism fixing
IT).

We write E(T) for the set of edges of Y. Given a wall W € W(II),
let By C E(T) be the set of edges with one endpoint in H~ (W) and
one endpoint in H*(WW). One can check that {Ey | W € W(II)} is a
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partition of F(Y). We note that II is 1-colourable if and only if it has
rank at most 1. In this case, it is a simpicial tree.

Suppose that y : W(II) — {1,...,v} is a v-colouring. Given a
colour, 4, define a relation ~;, on Il by setting a ~; b, if and only if no
wall in x~!(i) separates a from b. This is an equivalence relation, and
we set IT; = II/~;. Since any two points of I are separated by a wall of
II, the canonical homomorphism II — [, II; is injective. Moreover,
it extends uniquely to an embedding of cube complexes, T — [[, 15,
where Y; is the simplicial tree with V(Y;) = II;. Thus, a colouring is
essentially the same structure as an embedding into a finite product of
trees.

Moving on to general median algebras, the following was proven in
[Bol]:

Proposition 2.1. A median algebra is v-colourable if and only if every
finite subalgebra is.

In fact, it is the latter statement that we will use here. Given this,
Theorem 1.1 gives another, though much more indirect proof of the
“if” part of the above statement.

The following observation will be used in Section 4.

Lemma 2.2. Suppose that M is a median algebra of finite rank, with
|M| > 2. Then there exist distinct points, a,b € M, such that [a,b] has
(intrinsic) rank 1.

For the proof, we recall the following definition from [Bol]. A hyper-
cube in @, is a subalgebra, @), isomorphic to {—1,1}” for some v € N,
(the “dimension” of @)). Fixing some such isomorphism, we write ag
for the point with all co-ordinates —1, and a; for the point with zth co-
ordinate 1 and all other co-ordinates —1. Thus, for each 1 = 1,..., v,
{ag,a;} is a side of the hypercube ). We recall that the rank of a
median algebra (defined here as the maximal cardinality of a set of
pairwise crossing walls) is also the maximal dimension of a hypercube
in the median algebra [Bol].

Proof of Lemma 2.2. Let () C M be a hypercube of maximal dimen-
sion, n. With the above notation, we claim that [ag,a;] has rank 1.
To see this, for each i we choose any wall W; € W(M) separating
ag from a;. Thus, W, will, in fact, separate all points of ) with ith
co-ordinate —1 from all points with ith co-ordinate 1. In particular,
the W; pairwise cross. If [ag,a;] has rank at least 2, then we could
find two walls, W, and W], separating ag and a;, which cross in M.
Thus, Wy, W{, Ws, ..., W, all pairwise cross in M, contradicting the
maximality of the dimension n. 0
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Suppose that (®, p, 1) is any metric median algebra. Suppose that
a,b € ®. Then the interval [a,b] C & is closed. There is a continuous
retraction, 7 : ® — [a, b] defined by w(z) = p(a,b,x). If ¢ satisfies
(L2), then 7 is k-lipschitz. Note that the properties (L1) and (L3)
also pass to [a,b]. For (L1), we apply Proposition 2.1, and for (L3)
we postcompose with 7. (Note that the constants k and v remain
unchanged, but that [ may increase to kl.) We can now focus on
intrinsic median algebras of this form.

Let A be a metric median algebra, with points e, et € A such that
A = [e7,et]. We can orient any wall, W € W(A), so that e~ € H~ (W)
and et € HT(W). Given W, W' € W(A), we write W < W’ to
mean that H~ (W) C H~(W’), or equivalently, H*(W') C H*(W).
This is a partial order on W(A). In fact, given any W, W' € W(A),
exactly one of W = W/ W < W/, W' < W or W th W’ holds. It
follows that the rank of A is exactly the maximal cardinality of any
antichain in WW(A), <). Dilworth’s lemma [Di] now tells us that we can
partition W(A) into v disjoint chains (cf. [BroCGNW]). This defines
a v-colouring of A. We deduce:

Lemma 2.3. If A is a median algebra with A = [e,e*] for some
e et € A, then A is v-colourable if and only if it has rank at most v.

Given a,b € A, we write a Ab = p(e ,a,b) and a Vb = p(e’,a,b).
One can verify that (A, A, V) is a distributive lattice. (That is, for all
a,b,c € A, we have aAb=bAa,aN(aVb) =aand aA (bVc) =
(aAD)V (aAc), and similarly, swapping A and V.) Moreover, one can
recover the median from the lattice structure as

pla,byc) =(aNb)V (bAc)V(ecNa)=(aVb)A(bVec)A(cVa).

We write a < b to mean a = a A b, or equivalently, b = bV a. This
is a partial order on A, with a A b and a V b respectively the greatest
lower bound and least upper bound with respect to this order. Note
that a < b is equivalent to a € [e™,b] or to b € [e™, a].

Suppose that ¢,d € A and [¢,d] has rank 1. Then we see that
{¢,d} = {e ANd,cV d}, soeither ¢ < dor d < c. Thus, Lemma 2.2,
applied intrinsically to any interval [a,b] in A, gives:

Lemma 2.4. If A is a finite rank median algebra, with A = [e™,e™].
Suppose a,b € A are distinct. Then there exist c¢,d € [a,b] with ¢ < d,
and with [c,d] of rank 1.

We finish this section by introducing the following notation regarding
the real v-cube, Q = [—1,1]*. We write w®* = (&1,...,+1) for the
opposite corners of 2. Thus, € is a median algebra with = [w™, w™].
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As before, we write x Ay = p(w,x,y) and z Vy = plw', z,y). We
write x; for the ith co-ordinate of x. Thus, (z A y); = min(z;,y;) and
(xVy); = max(z;,y;). Note that the partial order, <, defined as before
is equivalent to saying x; < y; for all 7.

3. TOTALLY ORDERED SETS

We make some observations regarding ordered sets used in proving
Proposition 1.4. In this section, we consider total orders, and we de-
scribe two distinct ways of obtaining real intervals from such orders
(see Lemmas 3.1 and 3.2).

Let (O, <) be a totally ordered set. Given z,y,z € O, we say that
z lies between x and y if either z < 2z <y or y < z < z. There is a
unique median structure on O such that for all x,y € O, the median
interval [z,y| is exactly the set of points between z and y. (With
this convention, we always have [z,y| = [y,z].) We write (z,y) =
[z, y] \ {z,y} and [z,y) = [z,y] \ {y}. We say that an interval is non-
trivial if it contains at least two elements. As before, we say that a
subset, H C O, is convez if [z,y] C H for all z,y € H.

A subset of O is dense if it meets every non-trivial interval in O.
By a rational subset of O we mean a subset which is order isomorphic
to the rational numbers. To simplify the exposition, we can assume
that O has a minimum, e~, and a maximum e*. (Such points can be
adjoined, if necessary).

Here is one result that allows us to construct real intervals.

Lemma 3.1. Let (O, <) be a totally ordered set with a countable dense
subset. Then there is a non-decreasing map, 60 : O — I, where I is
either {0} or [—1,1], such that (O) is dense in I, and such that for
all z,y € O, we get O(x) # O(y) if and only if x and y are separated by
a rational subset of O.

In this context, a wall W = {H (W), H* (W)}, with e* € H*(W),
is generally termed a cut. Note that H~ (W) and H*(W) are respec-
tively initial and final segments of O. A cut, W, is called a jump if
H~(W) has a maximum and H* (W) has a minimum. A cut, W, is
called a gap if H~ (W) has no maximum and H (W) has no minimum.

A standard completion process allows us to get rid of gaps. Note
that O UW(O) admits a natural total order extending < by setting
r<Wifze H(W), W<zifze H'(W)and W < W if W < W'
(i.e. H-(W) C H=(W")). One verifies that O UW(O) has no gaps and
that O is dense in O UW(O).

Here is a process for getting rid of jumps. Given z,y € O, we say
that a subset lies between = and y if it is contained in [z, y]. We define
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a relation, ~, on O, by writing = ¢ y if there is a rational subset
between x and y. We check that ~ is an equivalence relation, and
that all equivalence classes are convex. The quotient O/~ is therefore
equipped with a total order, and one verifies that it has no jumps.

If one performs the above constructions in turn (in either order) we
arrive at a total order O with a natural map O — O. Moreover, one
checks that O has no gaps or jumps. If O has a countable dense subset,
this maps to a countable dense subset of O; and it follows from the well
known characterisation of the order type of the reals (see for example
[HY]) that O is order isomorphic to a real interval. Lemma 3.1 now
follows.

Here is another way of arriving at a real interval.

Lemma 3.2. Suppose that O = [e™,e™] is a total order with e~ # e*.
Suppose that O admits a hausdorff topology such that [x,y] is closed for
all z,y € O. Suppose that there is a continuous map, B : [-1,1] — O,
with B(—1) = e~ and B(1) = eT. Then there is an order-preserving
homeomorphism from [—1,1] to O (necessarily taking —1 to e~ and 1
toet).

Proof. If x € (e, e"), then [e”,z] and [e™, z] are closed, and [e~,x] N
let,z] = {z} and [e7,z] U [e", 2] = O. In other words, x is a cut point
separating et from e~. It follows that = € 5([—1, 1]), and so j is surjec-
tive. As the continuous image of a real interval, O is a metrisable con-
tinuum (in fact, locally connected). Any non-trivial metrisable contin-
uum with at most two non-cut points is homeomorphic to a closed real
interval [HY]. We therefore have a homeomorphism, v : [-1,1] — O,
with v(—1) = e~ and (1) = e*. Note that, if z,y € [e7,e™), then
x < y if and only if y separates x from e*. It follows that v is order-
preserving. 0

Suppose now that A = [e™, e"] is a median algebra. In Section 2,
we defined the order, <, on A. If A has rank 1, then this is a total
order, and we are in the set-up of this section. In the following lemma,
we say “metric”, though we only really need “hausdorff topological”.
This hypothesis ensures that intervals are closed.

Lemma 3.3. Suppose that A = [e”,eT] is a metric median algebra
of rank 1, and suppose there is a continuous map, § : [—-1,1] — A
with B(—1) = e~ and B(1) = e*. Then there is a homeomorphism,
v [=1,1] — A, which is a median isomorphism.

Proof. We apply Lemma 3.2 to the order described on A, and note that
the median is determined by this order. 0
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We will also need the following elementary observation:

Lemma 3.4. Suppose that x : [—-1,1] — {1,...,v} is any function
into a finite set. Then there exist v+ <y in [—1,1] and i € {1,...,v}
such that [z,y] N x1(i) is dense in [z, y].

4. PROOF OF PROPOSITION 1.4

Let (A, p, 1) be a metric median algebra satisfying (I1) and (I2). In
(12), let e* = B(=£1), so that A = [e™, eT]. In Section 2, we noted that
A has the structure of a distributive lattice, (A, A, V), with induced
partial order <.

First, note that any interval in A will satisfy the same hypotheses.
In particular, for (I2) we note:

Lemma 4.1. Ifa,b € A, then there is a continuous path, v : [—1,1] —
la,b] with v(—1) = a and y(1) = b.

Proof. Note that the paths [t — aAS(t)] and [t — bA ()] respectively
connect e~ to a and to e~ to b. Concatenating them, we get a path, 9,
from a to b in A. We now set y(t) = u(a, b, (t)). O

Let H be the set of closed convex subsets, H, of A such that e~ € H,
et ¢ H, and such that A\ H is convex. Thus, Wy = {H,A\ H} is
a wall of A. We already have a partial order, <, on H, as defined
in Section 3. We define another partial order, <, on H as follows.
If H H € H, we write H < H' to mean that H C int H'. Clearly
H < H' implies H < H'. Also,if a € A, and H € H, we write a < H
to mean a € int(H) and H < a to mean that a ¢ H. Given a,b € A,
we will write ¢ < H < b to mean ¢ < H and H < b. (Note, however,
that this does not necessarily imply a < b.)

Given a € A, let H(a) = {H € H | a ¢ H}. Note that if H € H(a)
and H' < H, then H € H(a). Given a,b € A, write H(a,b) for the
symmetric difference, H(a,b) = H(a) A H(b). Note that if ¢,d € [a, b],
then H(c,d) C H(a,b).

Suppose that ¢ < d in A and that [c, d] has rank 1. By Lemmas 4.1
and 3.3, [c,d] is order isomorphic to the real interval, [—1,1]. Given
any x € [c,d) let H(x) = {z € A | u(c,d, z) € [e,z]}. We check easily
that H(z) € H(c,d). (In fact, every element of H(c,d) has this form.)
Note that, if x,y € [¢,d), then x < y if and only if H(z) < H(y).

Now, given any distinct, a,b € A, Lemma 2.4 gives us ¢,d € [a, ]
with ¢ < d and with [c, d] of rank 1. Putting the above facts together,
we conclude:

Lemma 4.2. If a,b € A are distinct, then (H(a,b),<) contains a
subset order isomorphic to the closed real interval [—1,1].
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We now introduce colouring. Note that, by Lemma 2.3, A admits a
v-colouring, x : W(A) — {1,...,v}. Given H € H, write x(H) =
Xx(Wg). Given i € {1,...,v}, write H; = H N x '(i). We also write
Hi(a) =H; N H(a) and H;(a,b) = H; N H(a,b).

Note that (H;, <) is a total order, but that (#;, <) might not be.
However, by Zorn’s lemma, we can find a maximal subset, Z, C H,,
such that (Z;, <) is totally ordered. Note that, on Z;, the total orders
< and < agree (so we will not need to specify the order). We write
IZ((I) = Il N H(a) and IZ‘(CL, b) = Iz N H((I, b)

Lemma 4.3. Ifa,b € A are distinct, then there is some i € {1,...,v}
such that Z;(a,b) contains a rational subset.

Proof. By Lemma 4.2, there is a subset H' C H(a, b) such that (H', <)
is order isomorphic to the real interval [—1,1]. Applying Lemma 3.4,
we can suppose that, for some i, H' N'H,; is dense in H’, in particular, it
contains a rational subset, say H.. From the maximality of Z;, between
any two distinct elements of H;, there must be some element of Z,.
Choosing one such element for every such pair in H/, we get a countable
subset of Z;, which is easily seen to be rational. ([l

Lemma 4.4. For eachi € {1,...,v}, Z; has a countable dense subset.

Proof. Let 3 : [—1,1] — A be as in the hypothesis (12). Given H € H,
let t(H) = max(8~'(H)). Note that if H < H', then t(H) < t(H').
Since Z; C H is totally ordered, the map ¢ : Z; — [—1, 1] is strictly
order preserving, and the statement follows. 0

Let 6; : Z, — I be a non-decreasing map as given by Lemma 3.1. In
order to simplify the exposition, we will assume that I is always equal
to [—1,1]. (We can simply discard those ¢ for which it is {0}. They
play no role in the discussion anyway.) In particular, if H, H' € Z; are
separated by a rational subset, then 0;(H) # 0;(H').

Suppose a € A. Now Z;(a) is an initial segment of Z;. We set
¢i(a) = sup0;(Z;(a)) € [-1,1]. (If Ziy(a) = 0, we set ¢;(a) = —1.)
Note that ¢;(e7) = —1 and ¢;(e™) = 1. If a < b, then Z;(a) C Z;(b),
so ¢i(a) < ¢i(b). Moreover, ¢;(a) < ¢;(b) if and only if Z;(b) \ Z;(a)
contains a rational subset. In particular, there will be H, H' € Z;, with
a< H< H <b.

Now let Q = [—1,1]". We define ¢ : A — Q by setting ¢(a) =
(p1(a),...,¢,(a)). Note that ¢p(e”) =w™ and ¢(et) = wT.

Lemma 4.5. ¢ is a median homomorphism.

Proof. Note that a median structure is determined by the set of inter-
vals. Therefore, it’s enough to show that if a,b € A and ¢ € [a, b], then
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o(c) € [p(a),d(b)]. In other words, ¢;(c) € [pi(a),p;(b)] for all 7. If
not, then without loss in generality, we have ¢;(a) < ¢;(b) < ¢;(c). It
follows that there is some H € Z; with a,b € H, but with ¢ ¢ H. But
H is convex, so we get the contradiction ¢ € [a,b] C H. (We get a
similar contradiction if ¢;(c) < ¢;(a) < ¢;(b).) O

Lemma 4.6. ¢ s injective.

Proof. Suppose a,b € A with a # b. By Lemma 4.3, there is some 1¢
such that Z;(a,b) contains a rational subset. Now Z;(a,b) = Z;(a) A
Z;(b), so we can assume that Z;(b) \ Z;(a) contains a rational subset,
and this implies that ¢;(a) < ¢;(b). O

Lemma 4.7. ¢ is continuous.

Proof. Let (a™), be a sequence in A converging to some a € A. We
claim that ¢(a") — ¢(a) in Q. If not, then passing to a subsquence,
we would have ¢(a") — z for some z € Q\ {¢(a)}. In particular, there
is some ¢ with z; # ¢;(a).

Suppose ¢;(a) < ;. Since ¢;(a™) — x;, and since 0;(Z;) is dense in
[—1,1], we have H, H' € Z; with a < H < H' < a" for all sufficiently
large n. Thus a € H and a" € A\ int(H'). But these are disjoint
closed subsets of A, so we could not have a™ — a.

If z; < ¢i(a), we arrive at a similar contradiction. O

Lemmas 4.5, 4.6 and 4.7 together now imply Proposition 1.4.

5. LATTICES IN THE CUBE

In this section we study further sublattices of Q = [—1,1]¥. This is
used in Section 6 for the proof of Theorem 1.1.

We recall from Section 2 that we define an order < on €2, by writing
r < y to mean that z # y and x; < y; for all i. Let w* = (£1,...,£1).
By a lattice in © we mean a median subalgebra containing w®™ and
w™. (In particular, it is closed under A and V.) Given x,y € ) write
N(z,y) = |{i | ; # y;}| for the number of coordinates in which = and
y differ.

Suppose that (II, p, 1) is a finite metric median algebra satisfying
(L2). Recall that IT = V(T) where T is a finite CAT(0) cube complex.
Given an edge e € E(T) we set A(e) = p(x,y) where z,y € II are the
endpoints of e. Given W € W, recall that Ey C E(Y) is the (non-
empty) set of edges crossing W. We write A(WW) = min{A(e) | e € Ew }.
(We can intuitively think of A(W) as measuring the “width” of the wall

Lemma 5.1. If e € Ey, then A(e) < kA(W).
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Proof. Ife,e’ € By and z,2’ € H- (W) and y,y’ € H* (W) are their re-
spective endpoints then x, ', y, 3 forms a 2-hypercube in II. In partic-
ular, 2’ € [z,y'] and ¢ € [y, 2] and so, by (L2), p(2’,y) < kp(z,y). O

Given z,y € I1, let W(z,y) € W(II) be the set of walls separating x
from y. Let A(z,y) = > Sweway) A(W). Note that any combinatorially
shortest path from x to y in the 1-skeleton of T crosses each wall of
W(x,y) exactly once, i.e. the sequence of edges in such a path has
exactly one representative from Ey, for each W € W(x,y). Note also
that, if z,y, z € I, then W(z,y) C W(z,z) UW(z,y). It follows that
A is a metric on II. An immediate consequence of Lemma 5.1 is:

Lemma 5.2. For any x,y € 11, p(z,y) < kA(z,y).

Now let F' C 2 be a sublattice, and suppose that p is a metric on
F satisfying (L2), and with the inclusion of (F,p) into © continuous.
(A-priori, p might induce a finer topology than the subspace topology.)
Suppose that we have a 1-lipschitz path, 8 : [0,T7] — (F,p), with
f(0) = w™ and B(T) = w™. Note that 3 is also continuous as a map
into Q. Given z € I, and i € {1,...,v}, let P(z2) ={z € F | 2; =
z}. Note that S must cross Pi(z) and so Pi(z) # 0. Let t;(z) =
max 371 (Py(2)). If z,w € [—1,1] with 2 < w, then #;(z) < t;(w). We
write s;(z,w) = t;(w) — t;(z) > 0. Given any z,y € F with 2 <y we
write S(z,y) = >, si(@i, yi).

The following will give an upper bound on p.

Lemma 5.3. Suppose that x,y € F, with x < y. Then p(z,y) <
3'kS(x,y).

Proof. We will the prove the following stronger statement by induc-
tion on p. If z,y € F with = < y with N(x,y) = p, then p(z,y) <
3PkS(z,y). (Note that p = [{i | z; < y;}|.) If p = 0, then x = y,
so this is trivial. We can therefore suppose, without loss of gen-
erality, that 1 < y;. Let a = S(t1(z1)) and b = B(t1(y1)), and
let ¢ = p(x,y,a) and d = p(x,y,b). Note that x,a,c € Pi(t1(z1))
and that y,b,d € Pi(t1(y1)). Now, since [ is 1-lipschitz, p(a,b) <
t1(y1) — ti(zq) = s1(x1, 1), and so by (L2), p(c,d) < ksi(z1,y1).

Note that ¢ € [z,y], z < ¢ and x; = ¢;. Thus, N(z,¢) < p. Also
x; < ¢ for all i, so t;(x;) < ti(¢;) < t;(y;). In particular, s;(z;,¢;) <
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si(x,y;) for all 4. By the inductive hypothesis, we have:
p(z, ) < P hS(z, ¢)

= 3p71]{7 Z Si(SL’i, Ci)
=1

<3k Z si(zi, y;)

=1

=3 1kS(z,y).

Similarly,
p(y,d) < 3'kS(z,y).

Thus

p(z,y) < p(e,d) + p(z, c) + p(y, d)
< ksy(xy,y1) + 2.3 kS(z, y)
< (1+2.3""YHkS(z,y)
< 3°kS(z,y).

The lemma now follows by induction, given that p < v. U

Now suppose that IT C F' is any finite subalgebra with w™,w™ € II.
Let p be the metric induced on II from F'. Note that there is another
metric, A, on II defined as above.

Lemma 5.4. A\(w™,w™) < 3"vkT.

Proof. Choose a combinatorially shortest path, w™ = 2%, z,... 2" =

w in IT = V(T). Thus, for each j, /7! and 2’ are adjacent in the
1-skeleton of Y. In other words, they are the endpoints of some edge
¢/ € FEy; for some W7 € W(II). This path must cross each wall
of W(II) exactly once, and /' < 27 for all j. Note that, for each
i, we have )7 si(z)7",2]) = T (directly from the definition of s;,
noting that ¢;(2?) = 0 and ¢;(27) = T'). By Lemma 5.3, p(2/~! 27) <
3YkS(x?~1, 27). Also, by the definition of A(e’), we have A(W7) <
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Ae?) = p(x?~1, 29) and so:

Awmwt) = 3 pla ™, 2d)
J
< BVkZS(xj_l,xj)
J
=3k Y si(al )
"

=3"kY T
= 3"k(vT).
Thus, AMw™,w’) < 3"WkT as claimed. O

6. PROOF OF THEOREM 1.1

We first describe, in general terms, how we aim to construct our
embedding.

Suppose, for the moment, that ® is any hausdorff topological space.
Let o be a continuous pseudometric on . Define an equivalence re-
lation, ~, on ® by = ~ y if o(z,y) = 0. The quotient &/~ admits a
metric, 7, given by 7([z], [y]) = o(x,y), where [.] denotes equivalence
class. This is the hausdorffification of (®,0). Note that if ® is con-
nected, then so is ®/~. If o satisfies property (T1), defined in the
Introduction, then so does 7.

Suppose now that (®,p) is a connected metric space. Suppose we
have v pseudometrics, o1, ...,0,, on ®, all satisfying (T1). Suppose
there is some K > 0 such that, for all z,y € ®, we have:

1 14
7P@y) < > aila,y) < Kp(x,y).
=1

In particular, each o; is continuous, so the hausdorffification, (7}, 7;)
is an R-tree. Let f : & — [[,7; be the natural map. Then, f is
injective, and bilipschitz onto its image. In this way, Theorem 1.1, is
reduced to finding a suitable set of pseudometrics o;.

We now suppose that ® be a metric median algebra satisfying (L1),
(L2) and (L3). Let M be the set of all finite median algebras of ®.
This is a directed set under inclusion.

Suppose that IT € M. Now II is v-colourable. Let x™ : W(II) —
{1,...,v} be any v-colouring. Given any a,b € II write W/l(a,b) =
(xX™) (@) W (a, b), where W' (a, b) is the set of walls of IT separating
a and b in II. With the notation of Section 5, we define \;(a,b) =
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Ma,b) = SS{AW) | W € WH(a,b)}. Thus, )\; is a pseudometric
on II. Moreover, A(a,b) = >_7 , \i(a,b), where A = M is the metric
defined in Section 5.

Lemma 6.1. For each i, the pseudometric \; satisfies (T1).

Proof. Let II; = II/~; be the median algebra described in Section 2.
We saw that I1/~; = V(7T;), where T; is a simplicial tree. The walls
in (x)71(i) are in bijective correspondence with the edges, F(T;).
In particular, we can assign to each edge e € E(T;) a length equal
to A(W), where W € W(II) is the corresponding wall. This defines
a metric, 7;, on II;, where we sum the lengths of the edges between
any given pair of points. Since Y; is a tree, 7; satisfies (T1). Now, if
a,b € II, then directly from the definition of \;, we see that \;(a,b) =
7;(a’, V'), where o/, b" are the projections of a,b to Y,;. The statement
now follows. O

Lemma 6.2. Ifa,b €11, then \(a,b) < 3"vk*lp(a,b).

Proof. Let A = [a,b] C ®. By (L3) there is an [-lipschitz map « :
0, p(a,b)] — & with «(0) = a and a(p(a,b)) = b. Composing with
the k-lipschitz projection [z — p(a, b, x)], and reparameterising, we get
a 1-lipschitz map 5 : [0,T] — A, with T' = klp(a,b), 5(0) = a and
B(T) = b. Now A satisfies the hypotheses of Proposition 1.4. Thus,
there is a continuous embedding, ¢ : A — Q. (The co-ordinates of
this embedding need bear no relation to the v-colouring of II.) Note
that ¢(a) = w™ and ¢(b) = w™. Also, ¢ o 8 gives us a 1-lipschitz map
of [0,7] into ¢(A) sending 0 to w™ and T to wt. Thus, Lemma 5.4
gives \(a,b) < 3"vkT = 3"vk?Ip(a,b) and the result follows. O

Let K = 3"vk%l. By Lemma 5.2 we have p(a,b) < kM(a,b). In
summary, we have A(a,b) = Y, Xi(a,b), 1p(a,b) < X(a,b) < Kp(a,b),
and each \; satisfies (T1).

Let P be the Tychonoff cube [], ,ce[0, Kp(a,b)]. Given Il € M

define o' € P by o(a,b) = N(a,b) if a,b € II, and o} (a,b) = 0
otherwise. (The latter is just an arbitrary assignment which plays no
essential role.)
Now, P is compact, and M is a directed set under inclusion. Thus,
there is a cofinal map, [j — II;], from a directed indexing set, J, such
i AL

that aiH 7 converges to some o; € P. We abbreviate 0] = o, and

XN = )" etc. For all a,b € ®, we have o;(a, b) = lim; o7 (a, b).
Any finite subset of ® lies in some element of M. Thus, for any
A C @ finite, there is some j € J with A C II;. In particular, o7 (a,b) =
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M(a,b) for all a,b € A. Moreover, this holds for all 5/ > j in J.
Therefore, applying Lemma 6.1, we have:

Lemma 6.3. o; is a pseudometric on ® and satisfies (T1).

Now set 07 (a,b) = 3>, 0l (a,b) and a(a,b) = 3, 5(a,b) for all a,b €
®. Recall that N(a,b) =", M(a,b). Thus, by Lemmas 5.2 and 6.2,
for all suffiently large j, we have tp(a,b) < o’(a,b) < Kp(a,b), so
passing to the limit, we get £p(a,b) < o(a,b) < Kp(a,b). In particular,
oi(a,b) < o(a,b) < Kp(a,b), so g; is continuous on (P, p).

We have thus obtained a set of pseudometrics on ® as described
at the beginning of this section. This therefore gives us a bilipschitz
embedding of ® into a product of v R-trees. This proves Theorem 1.1.

7. MEDIAN METRIC SPACES

In this section, we briefly describe a partial converse to Theorem 1.1,
and relate this to median metric spaces as described in [ChaDH].
Let (M, d) be any metric space. Given z,y € M, write

Ly(z,y) ={z€ M | d(z,z) + d(z,y) = d(z,y)}.

Suppose that W is a direct product of v R-trees, with the [;-metric,
p1. Suppose that & C ¥ is a subalgebra. We denote by [z, y|s and
[z, y]y the median intervals between = and y in ® and ¥ respectively.
Thus, [xay]fb =onN [xay]\ll

Lemma 7.1. Forallz,y € ®, I, (z,y) = [z, Y]o.

Proof. Given that [z,y]e = ® N [z,y]wy, we may as well assume that
® = V. Now, [z,y]y is isomorphic, as a metric median algebra, to a
product of closed real intervals in the [;-metric. Now it is easily seen
that R” satisfies Lemma 7.1, and so, in particular, we see that [z, y]g C
I, (x,y). For the reverse inclusion, write m(w) = py(z,y, w) € [z, Y.
If w ¢ [xvy]\lfa then pl(.CE,ﬂ'(U))) < pl('xaw) and pl(y7ﬂ-<w)) < p1<y7w)a
and so = ¢ I, (x,y). O

Suppose now that ® is connected. Since the projection map from @
to [z, yle is continuous, we see that [z, yle is connected. In particular,
given that [z,yle = I, (x,y), we see that x,y have a midpoint, i.e.
a point z with py(z,2) = pi(y,2) = 3p1(z,y). Let T = py(z,y) and
let @ = {Tp/2" | n € N, p € [0,2"] NN}, in other words, the diadic
rationals in [0, 1] rescaled by T'. By iterating the midpoint construction,
we get an isometric map, a : Q@ — [z,yle C P, with a(0) = x and

a(T) = y. If @ is closed in ¥, then [z,yls is compact (since it is a
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closed subset of [z, y]y which is product of closed intervals). Thus, «
extends to an isometric map « : [0,7] — ®. We deduce:

Proposition 7.2. If & C U is closed and connected, then ¥ is a
geodesic space.

In other words, it satisfies (L3) with [ = 1.

In [ChaDH], a metric space (M,d) is said to be a “median metric
space” if, for all x,y,z € M, I;(x,y) N I4(y, z) N 14(z, ) consists of a
single point. Thus, Lemma 7.1 tells us that a subalgebra of ¥ is median
metric space in the [;-metric. We see that a consequence of Theorem
1.1 is that a metric median algebra satisfying (L1), (L2) and (L3) is
bilipschitz equivalent to a median metric space. If ® is complete then
the median metric space is a geodesic space. (I suspect this to be true
without the assumption of completeness.)

8. APPLICATIONS

In this section, we put the results in context by noting some applica-
tions of the statements. These follow from the fact that metric median
algebras of the type described arise as ultralimits of coarse median
algebras.

We recall the following definition from [Bol].

Let (A, p) be a metric space, and let y: A> — A be a ternary oper-
ation. We say that p is a coarse median, and that (A, p, ) is a coarse
median space, if the following hold:

(C1): There are constants, k, h(0), such that for all a,b,c,a’,b', ¢ € A
we have

p(pla,b,c), ula’ V', ) < k(p(a, a’) + p(b, ) + plc, ) + h(0).

(C2): There is a function, h : N — [0, 00), with the following property.
Suppose that A C A with 1 < |A] < p < oo, then there is a finite
median algebra, (II, ur) and maps 7 : A — Il and A : II — A such
that for all x,y, z € Il we have:

p(Aun (2, y, 2), p(Az, Ay, Az)) < h(p)
and
pla, Ama) < h(p)
for all a € A.

We refer to k and h as the parameters of (A, p, u).



EMBEDDING MEDIAN ALGEBRAS 19

We say that A has rank at most v if we can always choose II to
have rank at most v (i.e. is the vertex set of a CAT(0) cube complex
of dimension at most v). Similarly, we say that A is v-colourable if we
can always choose II to be v-colourable. (Implicit in these definitions
are fixed parameters, k and h.)

Suppose that we have a sequence, ((Ay,, pn, fin))nen, of coarse median
spaces with parameters k, h,,. We suppose that k is fixed and that for
each p, h,(p) — 0 as n — oo. Fixing a non-principal ultrafilter on
N, and a basepoint in each A,,, we obtain an ultralimit, (A, oo, thoo);
which is a metric median algebra [Bol]. This automatically satisfies
(L2). Moreover, any such limit metric, py, will be complete. We also
note the following from [Bol]:

Lemma 8.1. If each A,, has rank at most v then A, has rank at most
v. If each A, is v-colourable, then A in v-colourable.

Here, “rank” and “colourablity” for A, refer to the coarse median
structure of A,, and are assumed to be with respect to parameters,
k, h,, as in the previous paragraph. For A, “rank” and “colourability”
refer to its structure as a (metric) median algebra, as defined earlier in
this paper.

If each A, is a “geodesic space”, then so is A, that is, it satisfies
(L3) with [ = 1.

A particular case of this construction arises by taking a coarse me-
dian space, (A, p, ), and rescaling the metric by a sequence of positive
numbers, (t,),, with ¢, — 0. That is, we set A, = A, p, = t,p, and
fn = . In this case, the ultralimit, (As, poo, fioo) s referred to as an
“asymptotic cone” (see [VW, G]). It depends on a choice of ultrafilter,
the sequence (t,), and a sequence of basepoints in A. A particular case
of interest is where A is a connected graph, and p is the combinatorial
metric (assigning each edge unit length).

In [Bol] we defined a “coarse median group” as a finitely generated
group for which the Cayley graph with respect to some (or equivalently
any) finite set admits a coarse median. This is quasi-isometry invari-
ant. Moreover one can specify that it be “of rank v” or “v-colourable.
(These properties are also quasi-isometry invariant.)

Examples of such groups are right-angled Artin groups (such as free
abelian groups), hyperbolic groups, or groups hyperbolic with respect
to other coarse median groups [Bo2|. Also, following from work of
[BehM], the mapping class groups are coarse median groups [Bol].
One might conjecture that it applies to a much broader class, including
CAT(0) groups.
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More specifically, let ¥ be a compact orientable surface, and let £(X2)
be its complezity, that is £(X) = 3g + p — 3, where ¢ is the genus, and
p is the number of boundary component. We suppose £(X) > 1. Let
Map(X) be the mapping class group of ¥. The following was proven in
[Bol]:

Theorem 8.2. If ¥ is a compact surface, then Map(X) is a coarse
median group of rank £(X). Moreover, it is v(3)-colourable, where
v(X) depends only on the topological type of ¥.

In fact, the constant v(X) arises from the topological construction
given in [BesBF] and can be explicitly bounded.

As a consequence, we recover the statement in [BehDS| that any
asymptotic cone of Map(X) admits a bilipschitz embedding in a finite
product of R-trees. Moreover, the median structure arising agrees with
that from [BehM]. Also, we also note that every interval in the asymp-
totic cone is compact, and admits a bilipschitz embedding into R&®),
again respecting the median structure.

Another application which we discuss in the next section is to the to
the “rapid decay” property.

9. RAPID DECAY

The property of rapid decay features prominently in work towards
the Novikov and Baum-Connes conjectures, one of the earliest appli-
cations being [CoM]. Further references can be found in [ChaR] and
[DrS]. Indeed this was the motivation behind introducing medians in
[BehM].

In this section, we show:
Theorem 9.1. A coarse median group of finite rank has rapid decay.

To this end we use the criterion given in [ChaR], described later.
(We note that a related criterion is given in [DrS].) For us, this boils
down to showing that “coarse intervals” have polynomial growth, in an
approprtiate sense (see Proposition 9.8 below).

Suppose, for the moment, that (A, p) is any geodesic space admiting
a coarse median, p. As observed in [Bol], there is no essential loss in
assuming that u(a,a,b) = a and that pu(a,b,c) = u(b,c,a) = u(b,a,c)
for all a, b, c € A (since this is always true up to bounded distance in A,
and hence exactly in some space quasi-isometric to A). Also, in (C2)
we can always assume that IT = (7(A)), so that |[II| < 2%. If we don’t
care about rank, we can take II to be the free median algebra on A,
and also arrange that Ara = a for all a € II. (This will be convenient
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later.) We will refer to k and h in the definition, as the parameters of
A.
Given k > 0 and a,b € A, write

[avb]ﬂ = {6 €A ’ p(e,,u(a,b, 6)) < ’{}'

Lemma 9.2. There is some k > 0, depending only on the parameters,
such that for all a,b,c € A, u(a,b,c) € |a,bl,.

Proof. Applying (C2), this is an easy consequence of the fact that in
any median algebra, II, we have up(a,b, un(a,b,c)) = un(a, b, c), and
so the same relation holds up to bounded distance in a coarse median
space. O

In particular, it follows that for such s, [a,b], N [b, ¢]. N [c, a],. # 0.

Lemma 9.3. The diameter of [a,b| is bounded above by a linear func-
tion of p(a,b) depending only on the parameters and k.

Proof. Suppose e € [a, b],;, so that p(e, u(a, b, e)) < k. Now p(u(a, b, e), u(a,a,e)) <
kp(a,b) + h(0). Also p(a,p(a,a,e)) is bounded above in terms of the
parameters. This gives a bound of the required form on p(a,€). O

Given a finite subset, A C A, write sep(A) = min{p(z,y) | =,y €
A, x # y} for the “separation constant”. Suppose that A is a set
of finite subets of A which is closed under inclusion (that is, B C
A € Aimples B € A). Let f(r,t) = max{|A|] | A € A, sep(4) >
r, diam(A) < rt}. This is, f(r,t) is non-decreasing in . We will
assume that f(r,t) is always finite (as is the case for uniformly locally
finite graphs which we use later).

Lemma 9.4. Ifr,t,u >0, we have f(r,tu) < f(r,2t)f(rt,u).

Proof. Let A € A with sep(A) > r and diam(A) < rtu. Let B C A
be maximal such that sep(B) > rt. Since diam(B) < rtu, we have
|B| < f(rt,u). Given a € A, there is some b(a) € B with p(a,b(a)) <
rt. Given b € B, let A(b) = {a € A | b(a) = b}. Thus, diam(A(b)) <
2rt and sep(A(b)) > r, so |[A(b)| < f(r,2t). Now A C [J,c5A(b),
so |A] < f(r,2t)f(rt,u). Since this applies to any such A, we have
flt,tu) < f(r,2t) f(rt,u) as required. O

Lemma 9.5. Suppose that (3C,v > 0)(Vt > 0)(3s > 0)(Vr > s)(f(r,t) <
Ct¥). Then f(1,7) = o(r’*) for all e > 0.
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Proof. Let § > 0. Choose u > (2"C)7, so that C(2u)” < u’*. Let s
be as in the hypotheses with ¢ = 2u. Given m € N, we have:

f(1,su™) < f(1,2s) f(s,u™)

< £(1,28) (5, 2u) f(su, ™)

< f(1,25)f(s,2u) f(su,2u) - - - f(su™*, 2u)
< f(1,2s)(C(2u)")™

< f(1,25)ulrrom

using induction and the fact that f(su™ ' u) < f(su™ 1 2u). Set-
ting K = f(1,2s), we have shown that (V6 > 0)(3K, s,u > 0)(Vm €
N)(f(1,su™) < Ku+9™)_ From this it follows that f(1,7) = o(r**)
for all € > 0. This is perhaps most easily seen by taking logarithms.
We have a non-decreasing function, log f(1,r), which, for all § > 0,
bounded by (v + ) logr on an infinite arithmetic sequence of values of
logr. It follows that (log f(1,r))/logr is eventually less than v + ¢ for
any € > 0. O

The aim now is to verify the hypotheses of Lemma 9.5 in the case
where A is set of all finite subsets of intervals of the form [a,b],. We
begin with the following lemma, which effectively tells us that we can
assume that a,b are not too far away from a given A € A.

Lemma 9.6. Given any p € N and k > 0, together with the parame-
ters, k,h, of A, there exist constants k', ¢ and & which depend only on
P, K, k, h, such that the following holds. Suppose a,b € A and A C [a, b,
with |A| < p. Then there exist ¢,d € A with A C [e,d] and with
diam(A U {c,d}) < (diam(A) +&.

Proof. Write D = diam(A) and set hg = h(p +2) > h(0). Let 7
AU{a,b} — IT and A : [T — A be the maps given by the hypothesis
(C2). We can assume that IT = (7(AU{a, b})), so that |II| < g = 22",
Moreover (since we make no reference to rank in the statement of the
theorem) we can assume that A\re = e for all e € A. (This will serve
to simplify notation.)

The basic idea of the proof is that if a is a long way from A, then
ma will be an extreme point of IT (identified as the vertex set of a cube
complex), and we can replace a by Az, where x is the unique point of
IT adjacent to wa. Similary, if b is far from A, we can replace it by
Ay, where y € II is adjacent to mb. We will need some more technical
statements in order to set this up.

We first claim that there are constants (y and &, depending only on
K, k, ho, p such that diam(\(IT \ {ra, 7b})) < (oD + &.
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To see this, we note that IT is generated from w(AU{a, b}) by iterating
the median operation at most ¢ times. More precisely, set M; = m(AU
{a,b}), and define M, inductively by M,,,1 = un(M3) C II. Thus,
II =M, Weset N,, = M, \ {ma, 7b}.

We claim, inductively, that there are constants, (,,,&,,, depending
only on &, k, hg,m such that diam(AN,,) < (,,D + &,,. For m =1, we
simply note that N; C wA, so that AN; C AwA, and we set (; = 1 and
£ =0.

Suppose that u € N,,41. Then, u = un(z,y, z) where z,y, z € M,, =
Ny, U{ma,nb}. Since u ¢ {mwa,wb}, we can assume that z ¢ {ma, 7b}.
We distinguish two cases.

First suppose that {z,y} # {ma,nb}. Then, we can assume that
y € M,,, and so the inductive hypothesis gives p(Ay, Az) < (D + &pn.
Thus, by (C1), we have p(Az, Au) < kp(Ay, A\z)+ho < k(D +kEp+ ho.

Now suppose that {z,y} = {ma,nb}, so that u = pupn(wa,nb,z).
Since z € M, and A C M,,, there is some e € A with p(e, A\z) <
CmD + &n. By hypothesis, e € [a, b],., that is, u(e, u(a,b,e)) < k. We
also note that p(u(a,b,e), u(a, b, 2)) < kp(e, \z) < k((nD + &) +
ho and p(p(a,b, Az), ) = p(p(Ara, A\wb, Az), Ap(ma, wb, z)) < hg, so
ple, \u) < K+ k(G D + &) + 2ho.

In both cases, we have bounded p(Au, AN,,) linearly in terms of D.
We conclude that diam(AN,,) < ((nD + &n) + 2(k + k(G D + &n) +
2ho) < (142k), D+ (142k)Em +2k+4hg < (i1 D+ &1, on setting
Cma1 = (14 2k)&,, and &1 = (1 + 2k)&, + 26 + 4hg. The first claim
now follows by induction, noting that II \ {ma,7b} C N, and setting
Go = Cq and & = gq-

Suppose wa € |y, zJu, where y,z € II\ {wa,7b}. Now a = Ara =
Apn(ma, y, ), so pla, pu(a, Ax, \y)) < hg. Also p(a,\x) < k(D +
&) + 2ho, and p(Ay, A) < (oD +&y. Thus, p(a, A) < L, where L = (1+
k)CoD+ (14 k)& +2hg. Similarly, if 7b € [y, 2]y, for y, 2 € 11\ {ma, 70},
then p(b, A) < L.

Suppose that [ra, by = {ma, b} has at most two points. Then,
swapping a with b, if necessary, we can suppose that there is some e € A
with 7b € [ra,me]. Now b = Awb = p(wa, wb, we), so p(b, u(a,b,e)) <
p(Aun(ma, b, we), p(Ara, Awb, Ame)) < hg. But e € [a, b],, so p(a, pu(a, b, e)) <
Kk, thus, p(b,a) < k + hy. In particular, p(b,a) < L. By a similar ar-
gument, if [ra, wb] has at most three points, there is some z € II with
p(Az, A) < L.

Recall that IT = V(T), where T is a finite CAT(0) complex. We
say that w € Il is strictly between u,v € II if w € [u,v]y \ {u,v}. We
say that u is terminal if it is not strictly between any two other points
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of II. In other words, it is incident on just one edge of T. We write
w(z) € II for the adjacent vertex.

At least one of the following five cases must occur:
(1) ma, wb are both terminal. We set z = w(mwa) and y = w(7b).
(2) ma is terminal, and b lies between two points of II \ {ma, 7b}, We
set © = w(mwa) and y = 7b.
(3) The same as (2), swapping a with b and = with y.
(4) Both wa and 7b lie between two points of II'\ {7a, 7b}, and we set
x =ma and y = 7b.
(5) The median interval [ra, bl has at most three points, and is
connected to the rest of T by a single cut vertex, z € II.
In this case, we set x =y = 2.

We now set ¢ = Az and d = Ay. In all cases, p(c,A) < L and
p(d, A) < L, so diam(A U {c,d}) < 2L+ D = (D + &, where ¢ and &
depend only on &, k, hg, p.

Moreover, if e € A C II'\ {ma, 7b}, then by choice of z,y we have
pn(ma, wb, me) = pn(z,y,me). Now p(e,d,e) = p(Ax, Ay, Are), and so
we have p(u(c, d, e), \u(ma, wb, me)) = p(p(Ax, Ay, Awe), Au(x, y, me)) <
ho. Also, p(p(a,b,e), \un(mwa, b, we)) < hg, and p(e, pu(a,b,e)) < K, so
ple,u(c,d,e)) < k', where k' = Kk + 2hy.

We have shown that A C [¢, d],» and diam(A U {c,d}) < (D +¢, as
required. 0

We now suppose that A has rank at most v.

Lemma 9.7. (3C > 0)(Vk,t > 0)(3s > 0)(Vr > s) if a,b € A and
A C [a,b], with sep(A) > r and with diam(A) < rt then |A| < Ct”.

Here C' is an explicit function of v and the parameters of A. So we
are saying that uniformly separated subsets of intervals have cardinality
eventually bounded above by a polynomial in the diameter. As we have
stated it, the scale, s, at which this bound starts might depend on A. In
fact, we shall see later that it depends only on k, v, t and the parameters

of A.

Proof. We set C = NK?, where N depends only on v and where K is
the bilipschitz constant arising from an application of Theorem 1.1 to
the ultralimit A, constructed below. We will see that K depends only
on the parameters, k, h, of A. We will specify N and K later.

We now fix x and assume that the conclusion fails. That is, there is
a particular ¢ for which the result fails. We set p = [Ct” + 1] > Ct”. In
other words, there is a sequence, (r,), with r, — oo, points a,,b, € A
and subsets, A, C [ay,by]., with sep(A,) > r,, diam(A,) < r,t and
Al = p.
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By Lemma 9.6, we find ¢,,d, € A so that diam(A, U {c,,d,}) <
(diam(A,) + & < (rpt + &, and with A, C [cp, dy) -

We now rescale the metric p by a factor of 1/r,, to give new spaces A,,.
With respect to the new metrics, we have sep(A4,,) > 1, diam(A4,) <t
and diam(A, U {cn,d,}) < (t + £/r, which is bounded. We choose
basepoints, e,, € A,, and pass to an ultralimit (A, poo, fieo). We have
A, = Ay, ¢y = cand d, — d. Now Ay C [¢,d], sep(Ax) > 1,
diam(Ay) <t and |As| = p.

By Corollary 1.2, we can find a K-bilipschitz embedding, ¢, of [c, d]
into R” with the [;-metric, where K depends only on k£ and h. (Here
[l =1.) Let B = ¢(As). We have sep(B) > 1/K, diam(B) < Kt,
and |B| = p. Thus, p < NK?t, where N depends only on v. But we
originally set C' = NK? and p = [Ct”+1], so this is a contradiction. [

We now let A be the set of finite subsets, A, of A for which there
exist a,b € A with A C [a,b],. Let f(r,t) be the function arising, as
defined before Lemma 9.3. Reinterpreting Lemma 9.6, we have now
verified the hypotheses of Lemma 9.5 and so we have f(1,7) = o(t"")
for all e > 0.

Suppose now that A is a connected uniformly locally finite graph
(each vertex has bounded finite degree). In this case, f(r,t) is always
finite, and we conclude:

Proposition 9.8. Suppose that A is a connected, uniformly locally
finite graph with combinatorial metric, p, and that p is a coarse median
of rank at most v on (A, p). Then, given any k > 0, there is a function,
P : N — N, with P(r) = o(r**€) for all € > 0, such that if a,b € A
and @ C la,bl, NV (A), then |Q| < P(diam(Q)).

Proof. We just set P(r) = f(1,7). O

Although we won’t need it here, we remark that we can take P to
depend only on the parameters, the constant x, and the maximal de-
gree of a vertex of A. To see this, note that we can allow the graph A
to vary in the proof of Lemma 9.7, taking a sequence of putative coun-
terexamples, and passing to an ultralimit to arrive at a contradiction.
Nevertheless, the argument remains non-constructive. One could ask
whether the Proposition 9.8 holds with P a polynomial of degree v,
and moreover, whether this is explictly computable.

Now let I' be a finitely generated group.

In [ChaR], the following sufficient condition was given for a finitely
generated group, I', to have the rapid decay property.

Suppose that to each pair, a,b € T', we have associated set, C'(a, b) =
C(b,a) € I'. We assume this to be ['-equivariant, i.e. C(ga,gb) =
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gC(a,b) for all g € T'. We also suppose:
(R1): For all a,b,c € T, such that C(a,b) N C(b,c) N C(c,a) # 0.

(R2): There is a polynomial, P, such that, for all a,b € I', and all
r € N, we have |{e € C(a,b) | p(a,e) < r}| < P(r).

(R3): There is a polynomial, R, such that for all a, b € T, diam C(a, b) <
R(p(a,b)).
Then I" has rapid decay [ChaR].

Suppose now that I' is a coarse median group of rank at most v.
Let (A, p) be any Cayley graph, so that I' = V(A). By definition, A
is a coarse median space. We fix £ as in Lemma 9.2 and set C(a,b) =
la,b], NT. Now (R1), (R2) and (R3) follow respectively from Lemma
9.2, Proposition 9.8 and Lemma 9.3. We deduce that I' has rapid decay,
proving Theorem 9.1.
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