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Convergence of the Two-Dimensional Dynamic
Ising-Kac Model to ®;

JEAN-CHRISTOPHE MOURRAT
Ecole Normale Supérieure de Lyon, CNRS

HENDRIK WEBER
University of Warwick

Abstract

The Ising-Kac model is a variant of the ferromagnetic Ising model in which each
spin variable interacts with all spins in a neighborhood of radius y ! for y <« 1
around its base point. We study the Glauber dynamics for this model on a discrete
two-dimensional torus Z2/(2N + 1)Z2 for a system size N > y~! and for an
inverse temperature close to the critical value of the mean field model. We show
that the suitably rescaled coarse-grained spin field converges in distribution to
the solution of a nonlinear stochastic partial differential equation.

This equation is the dynamic version of the CID‘Z‘ quantum field theory, which is
formally given by a reaction-diffusion equation driven by an additive space-time
white noise. It is well-known that in two spatial dimensions such equations are
distribution valued and a Wick renormalization has to be performed in order to
define the nonlinear term. Formally, this renormalization corresponds to adding
an infinite mass term to the equation. We show that this need for renormalization
for the limiting equation is reflected in the discrete system by a shift of the critical
temperature away from its mean field value. © 2016 by the authors. Commu-
nications on Pure and Applied Mathematics is published by Wiley Periodicals,
Inc., on behalf of the Courant Institute of Mathematics.

1 Introduction

The aim of this article is to show the convergence of a rescaled discrete spin
system to the solution of a stochastic partial differential equation formally given

by
(1.1)  3,X(t.x) = AX(t,x) — % X3(t,x) + AX(1,x) + V2E(t, x).

Here x € T? takes values in the two-dimensional torus, £ denotes a space-time
white noise, and A € R is a real parameter.

The particle system that we consider is an Ising-Kac model evolving according
to the Glauber dynamics. This model is similar to the usual ferromagnetic Ising
model. The difference is that every spin variable interacts with all other spin vari-
ables in a large ball of radius y~! around its base point. We consider this model on
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a discrete two-dimensional torus Z2/(2N + 1)Z? for N > y~!. We then study
the random fluctuations of a coarse-grained and suitably rescaled magnetization
field X, in the limit y — O for inverse temperature close to the critical temper-
ature of the mean field model. Our main result, Theorem [2.1] states that under
suitable assumptions on the initial configuration, these fields X, converge in law
to the solution of (I.I). A similar result in one spatial dimension was shown in the
1990s in [6,[22]]. Our two-dimensional result was conjectured in [24].

The two-dimensional situation is more difficult than the one-dimensional case,
because the solution theory for (I.1]) is more intricate. Indeed, it is well-known that
in dimension higher than 1, equation (I.I)) does not make sense as it stands. We
will recall below in Section [3] that the solution X to (I.I)) is a distribution-valued
process. For each fixed ¢, the regularity properties of X are identical to those of
the Gaussian free field. In this regularity class, it is a priori not possible to give a
consistent interpretation to the nonlinear term X 3. In order to even give a meaning
to (I.1), a renormalization procedure has to be performed. Formally, this procedure
corresponds to adding an infinite mass term to (I.1)); i.e., (I.1) is formally replaced

by
0:; X(t,x) = AX(t,x)— %(X3(t,x) —300 x X(1,x)) + AX(t,x) + V2E(t, x),

where “c0” denotes a constant that diverges to infinity in the renormalization pro-
cedure (see Section [3|for a more precise discussion).

A similar renormalization was performed for the equilibrium state of in
the 1970s, in the context of constructive quantum field theory (see [25[] and the
references therein). This equilibrium state is given by a measure on the space of
distributions over T? (or R?), which is formally described by

(1.2) é exp(—/ 11—2(X4(X) — 600 x X(x)% + 300) + %AX(x)Z dx)v(dX),
where v is the law of a Gaussian free field. The measure (I.2) is usually called
the ®3 model, and we will therefore refer to the solution of (I.1) as the dynamic
CD% model. Connections between the measure (I.2)) and the Ising model are well
known: In [29,30] the measure (I.2)) was obtained as a limit of spin models with
continuous spins on a lattice (essentially the natural discretization of (I.2))). Then
in [52] the one-point distribution appearing in this approximation, i.e., the measure
on R whose density is proportional to exp(—ax* + bx?)dx, was shown to arise as
a limit of mean field Ising models. Furthermore, in [26] the authors showed that the
¢§ model admits a phase transition just like the two-dimensional Ising model, the
parameter A playing the role of the inverse temperature. We hope that our dynamic
result will also allow us to derive the invariant measure (I.2)) directly as a scaling
limit of a Kac-Ising model in equilibrium.

The construction of the dynamic CIDg model was a challenge for stochastic an-
alysts for many years. Notable contributions include [2,/39,141,47|]. Our analysis
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builds on the fundamental work of Da Prato and Debussche [[17]], in which strong
solutions for (I.1)) were constructed for the first time.

Much more recently there was great progress in the theory of singular SPDEs,
in particular with [32,33]]. In these papers, Hairer developed a theory of regular-
ity structures that allows one to perform similar renormalization procedures for
many more singular equations such as the three-dimensional version of (I.I)) or
the Kardar-Parisi-Zhang (KPZ) equation. Parallel to [[32}33]], another fruitful ap-
proach to give a meaning to such equations was developed in [[11},28]. One of the
motivations for these works is to develop a technique to show that fluctuations of
nonlinear particle systems are governed by such an equation. The present article
establishes such a result in this framework for the first time. One interesting feature
of our result is that it gives a natural interpretation for the infinite renormalization
constant as a shift of critical temperature away from its mean field value (as was
already predicted in [[10,[24]]).

The study of the KPZ equation has recently witnessed tremendous developments
(see [[144/15//51]] and references therein). In their seminal paper [5]], Bertini and Gia-
comin proved that the (suitably rescaled height process associated with the) weakly
asymmetric exclusion process converges to the KPZ equation. This result relies on
two crucial properties: (1) that the KPZ equation can be transformed into a linear
equation (the stochastic heat equation with multiplicative noise) via a Cole-Hopf
transform, and (2) that the discrete system itself allows for a microscopic analogue
of the Cole-Hopf transform [23]]. The result can be extended to other particle sys-
tems as long as some form of microscopic Cole-Hopf transform is available [20].
However, for more general models, the question is still open, although notable
results in this direction were obtained in [27]].

For the asymmetric exclusion process to converge to the KPZ equation, it is es-
sential to tune down the asymmetry parameter to 0 while taking the scaling limit
(hence the name weakly asymmetric). This procedure enables one to keep the sys-
tem away from the scale-invariant KPZ fixed point. This KPZ fixed point remains
partly elusive [16]. Proving that a discrete system converges to the KPZ fixed point
has so far only been possible (in a limited sense) by relying on the special alge-
braic properties of integrable models; see [4}/38,/48|] for early works and [[15]] and
references therein for more recent developments.

We would like to underline the analogy between these observations and the sit-
uation with the two-dimensional Ising, Ising-Kac, and ®* models. The scaling
limit of the (static) two-dimensional Ising model with nearest-neighbor interac-
tions is now well understood; see [8,/12}/13}/53]] and references therein. We may
call this limit the (static, critical) continuous Ising model. Our replacement of
nearest-neighbor by long-range, Kac-type interactions does not simply serve as a
technical convenience. It also plays the role that the tunable asymmetry has for the
convergence of the weakly asymmetric exclusion process discussed above. That is,
it enables one to keep the model away from the (scale-invariant) continuous Ising
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model. In order to best see that this limit is qualitatively different from the contin-
uous Ising model (and its near-critical analogues), we point out that the probability
for the field averaged over the torus to be above a large value x decays roughly
like exp(—x16) for the continuous Ising model [9], while one can check that this
probability decays roughly like exp(—x*) for the measure in (T.2), as it does for
the Curie-Weiss model [21} theorem V.9.5]. It is expected that the measure (I.2))
with critical A converges, under a suitable scaling, to the continuous Ising model.

1.1 Structure of the Article

In Section 2} we define our model and give a precise statement of our main re-
sults. In Section 3| we describe briefly the solution theory for the limiting dynam-
ics, following essentially the strategy of [17]]. Sections[]to[6|contain the core of our
article. There we introduce a suitable linearization of the rescaled particle model
and prove the convergence of this linearization and several nonlinear functionals
thereof to the continuum model. In Section [7| we analyze the nonlinear evolution
and complete the proof of our main theorem. Finally, in Section[] we derive some
additional bounds on an approximation to the heat semigroup that are referred to
freely throughout the paper. In several appendices, we provide background mate-
rial on Besov spaces, martingale inequalities, and the martingale characterization
of the solution to the stochastic heat equation.

1.2 Notation

Throughout the paper, C will denote a generic constant that can change at every
occurrence. We sometimes write C(a, b, . ..) if the exact value of C depends on
the quantities a, b, . . .. For x € R4 , We write

x| = /X7 + -+ x3

for the euclidean norm of x. Forx € R? andr > 0, B(x,r) = {y € R%: |x—y| <
r} is the euclidean ball of radius r around x. Fora, b € R, we writea Ab and a vV b
to denote the minimum and the maximum of {a, b}. We denote by N = {1,2,...}
the set of natural numbers and by Ny = N U {0}. We also write R+ = [0, c0).

2 Setting and Main Result

For N > 1, let Ay = Z?/(2N + 1)Z? be the two-dimensional discrete
torus that we identify with the set {—N,—(N — 1),..., N}?. Denote by Sy =
{—1, +1}A¥ the set of spin configurations on A . We will always denote spin
configurations by o0 = (o(k),k € An).

Let & : R?Z — [0, 1] be a C? function with compact support contained in B(0, 3),
the euclidean ball of radius 3 around 0 in R?. We assume that £ is invariant under
rotations and satisfies

.1 /ﬁ(x)dx =1, /ﬁ(x)|x|2dx =4,

R2 R2
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For0 <y < %, let k: Ay — [0, 00) be defined as «, (0) = 0 and
2.2) ky (k) = cy1y®R(yk). k #0,
where c;} = ZkeA;, y2R(yk) and Ay, = Ay \ {0}.
For any 0 € Xy, we introduce the locally averaged field
(2.3) hy(o.k) = Y ky(k = j)o(j) =t ky » o (k)
JEAN
and the Hamiltonian

Ca) Ay0)i=—5 Y eyl — oot =5 Y ok (k).

k,jEAN keAn

In both (2.3)) and (2.4), subtraction on A y is to be understood with periodic bound-
ary conditions. Throughout this article we will always assume that N > y~!, so
that the assumption «,,(0) = 0 implies that there is no self-interaction in (2.4)).

For any inverse temperature 8 > 0, we define the Gibbs measure A, on Xy as

Ay(0) := - exp(=p; (0)),

1
2
where

7, = Z exp(—BH;(0))
TEXN
denotes the normalization constant that makes A, a probability measure. On Xy,
we study the Markov process given by the generator

2.5) L f0) =Y ¢,(0.))(f(0)) = f(0))
JEAN

acting on functions f: Xy — R. Here 0/ € Xy is the spin configuration that
coincides with o except for a flipped spin at position j. As jump rates ¢y (o, j) we
choose those of the Glauber dynamics,

Ay(o 7)
Ay(o) + Ay(0/)
It is clear that these jump rates are reversible with respect to the measure A,,. Since

ky(0) = 0, the local mean field &, (o, j) does not depend on o' (). Using also the
fact that 0 (j) € {—1, 1}, we can conveniently rewrite the jump rates as

e_o-(])ﬂh)/(as])
eBhy(0.)) + e—Bhy(0.))

2.7) = %(1 —o(j)tanh (Bhy (0, j)))-

We write (0(t)):>0 for the (pure jump) Markov process on Xy thus defined, with
the notation o (1) = (0 (¢,k))ken 5 - With a slight abuse of notation, we let

(2.8) hy(t.k) = hy (o (1), k).

(2.6) cy(o,j) =

cy(o,j) =
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The aim of this article is to describe the critical fluctuations of the local mean
field &, as defined in (2.8) and to derive a nonlinear SPDE for a suitably rescaled
version of it. To this end we write, fort > 0 and k € Ay,

t
2.9) hy(t.k) = hy(0,k) + / Ly hy(s.k)ds + my (1. k),
0

where the process my, (-, k) is a martingale. Observing that for any 0 € Xy and
for any j,k € Ay we have hy(0/,k) —hy(0.k) = =2k, (k — j)o(j), we get
from (2.3) and (2.7)

Zyhy(0,k) = —hy(0,k) + K, » tanh (,Bhy(o, k))

= (ky * hy(0,k) — h,,(a,k)) + (B — Dky x hy (0, k)
3
(2.10) —%(Ky*h;(g,k)“...,

where we have used the Taylor expansion tanh(Bh) = Bh — %(,Bh)3 + e
The predictable quadratic covariations (see Appendix [C) of the martingales
my (-, k) are given by

t
Q.11) (my (-, k),my(-,j)) = 4/ Z Ky (k — )iy (j —E)cy(a(s),ﬁ)ds.

0 (GAN
Furthermore, the jumps of m,, (-, k) coincide with those of 4, (-, k). In particular,
if for some £ € Ay the spin o({) changes sign, then m, (-, k) has a jump of
—20(£)ky (k = 1).

2.1 Rescaled Dynamics

Forany 0 < y < 1let N = N(y) be the microscopic system size determined
below (in (2.16))). Then set ¢ = ﬁ Every microscopic point k € A can be
identified with x = ek € Ay = {x = (x1,x2) € €Z? : —1 < x1,x» < 1}. We
view A as a discretization of the continuous two-dimensional torus T2 identified
with [—1, 1]. For suitable scaling factors &, § > 0 and inverse temperature f3 to be
determined below, we set

1 I x

In these macroscopic coordinates, the evolution equation (2.9) (also with (2.10))
reads
X)/(Zv x) = X)/(Oa x)

e 1« B-1
+/0 (ﬁ&AyXy(s,x) + ot Ky xg Xy (s, x)
/33 52
3
+ My (t, x)

(2.13)
Ky %e X5 (s.x) + Ky Ey(s,x))ds
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for x € A, Here we have set Ky (x) = e 2k, (¢ 1x) = Cy,l()/z/sz)ﬁ(%x)
(the second equality being valid for x # 0). The convolution x, on A, is defined
through X %, Y(x) = ZzeAg e2X(x — z)Y(z) (where subtraction on A, is to be
understood with periodic boundary conditions on [—1, 1]?) and

RyX = 5 (Ky % X = X)

(so that Zy scales like the continuous Laplacian). The rescaled martingale is de-
fined as M, (t,x) := %my(é, ). Finally, the error term Ey (¢, x) (implicit in

(2.10)) is given by
(B3)’

(2.14) Ey(t,-)=%(tanh(ﬂSXy(t,-))—,BSX,,(I,-)+ 3 X,,(t,-)3).

In these coordinates, the expression (2.11) for the quadratic variation becomes

(2.15) (My(-.x), My(-.y)): =

2 ot
4882_11 /0 Z 2K, (x —2)Ky(y — 2)Cy (s.z)ds,
ZEA,
where Cy(s,z) := cy(0(s/a),z/¢). In these macroscopic coordinates, for the
martingale My (-, x) a spin flip at the microscopic position k = e 1y causes a
jump of =20 (¢ 1y)§ 712 K, (y — x).
The scaling of the approximated Laplacian, the term K, x X 3 , and the quadratic
variation in (2.15) suggest that in order to see nontrivial behavior for these terms,
we need to impose

1N821N52N82
T y2a T o §%a
Hence, from now on we set
2
2.16 N=|y?2|, e=——, =y, §=y.
(2.16) ly™%]. e SNl Y7 y

For later reference, we note that this implies that for 0 < y < % we have
2.17) &= yzcy,z with (1 — y?) < cy2 < (14 v?).

Under these assumptions, the leading-order term in the expansion of the error term
[2.14) scales like §*a~! = y2. Hence it seems reasonable to suspect that it will
disappear in the limit. In order to prevent the (essentially irrelevant) factor ¢y »
from appearing in too many formulas, we define
g2 1
Yo
At first sight, (2.13) suggests that B should be so close to 1 that (8 — 1)/a =
O(1). It was already observed in [[10] (for the equilibrium system) that this naive

(2.18) Ay i=cl A, = A,.
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guess is incorrect. Instead, we will always assume that
(2.19) B-1) =a(cy + A),

where A € R is fixed. The extra term ¢, reflects the fact that the limiting equation
has to be renormalized (see Section [3]for a detailed explanation). Its precise value
is given below in (2.20), but we mention right away that the difference between ¢,

E —_—

weZ?,

o<|w|<y™!

remains bounded as y goes to 0. In particular, ¢, diverges logarithmically as y
goes to 0.

2.2 Main Result

For any metric space S, we denote by D(R4,S) the space of the S-valued
cadlag function endowed with the Skorokhod topology (see [7] for a discussion of
this topology). For any v > 0 we denote by C™" the Besov space B o, discussed
in Appendix

We denote by X the solution of the renormalized limiting SPDE discussed
in Section [3| for a fixed initial datum X® € C~". This process has continuous
trajectories with respect to the C ™" topology.

Assume that for y > 0, the spin configuration at time 0 is given by 0, (0, k), k €
A n, and define for x € A,

X)) =671 ) 2Ky (x =)oy (0.67"y).
YEA,
We extend X )(,) to a function on all of T?2 as a trigonometric polynomial of degree
< N still denoted by X?; a precise definition and some properties of this extension
can be found in Appendix |Al Let X, (t,x),t > 0, x € Af:, be defined by (2.12))

and extend X, (¢, ) to x € T? as a trigonometric polynomial of degree < N, still
denoted by X,.

THEOREM 2.1. Assume that the scaling assumptions (2.16), 2.17), and (2.19)
hold, where the precise value of ¢, is given by

(2.20) ¢ =

1 Z |KAy ()?

4 -2(1-K '

wet-Nonp2, V0= Ky (@)
w#0

Assume also that XJ(,) converges to X° in C™ for v > 0 small enough and that

X0, XJ(,) are uniformly bounded in C™VV* for an arbitrarily small k > 0. Then Xy

converges in law to X with respect to the topology of D(R4+,C™Y).
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Remark 2.2. In principle one can perform the analysis that leads to (2.16)) in any

spatial dimension 7. Indeed, the only necessary change is to replace the 2 terms

21 8 ¢
o

appearing in (2.15) by ", so that one wishes to impose 1 ~ 250 ~ & ~ 52 10

<

this way, one obtains the scaling relation

2n n

(2.21) swyﬁ, o yd-n, §rydn,

This relation was already obtained in [24] and for n = 1 it is indeed the scaling
used by [6,22]]. For n = 3, we expect that it is possible to combine the techniques
developed in this article with the theory developed in [|11},33]] to get a convergence
result to the dynamic ®% model. For n = 4, relation (2:21)) cannot be satisfied. This
corresponds exactly to the fact that the q)ﬁ model fails to satisfy the subcriticality
condition in [33]] and indeed, a limiting theory is not expected to exist for n > 4
(see [1]).

Remark 2.3. We stress that our analysis is purely based on the dynamics of the
system; we do not rely on properties of the invariant measure A.

Remark 2.4. A simple analysis (see, e.g., [[19, chap. 2.1]) of the trapezoidal ap-
proximation c;% = ZkeAN y2R(vk) to [ R(x)dx = 1 shows that under our c?
assumption on K, we have [c); — 1| < C y2. If we were to replace cy,1 by 1'in
([22), this error term of the form Cy2 would not disappear in our scaling but would
produce an O(1) contribution to the “mass” A in the limiting equation. But this
effect could be removed under slightly different assumptions: if we assumed that
K is C* and in addition removed the assumption «,, (0) = 0, then by the Euler-
Maclaurin formula (see [[19, chap. 2.9]) we could get an arbitrary polynomial rate
of convergence. Under these modified assumptions, setting ¢;,;7 = 1 would not
change the result.

Remark 2.5. The condition ky,(0) = 0 in the definition of 4, is very convenient,
because it allows one to rewrite the jump rates defined in (2.6) as a function of
hy in a clean way (2.7). However, at some places it causes some minor technical
problems: much of our analysis is performed in Fourier space, and due to this con-
dition the Fourier transform K y(w) of K, decays at most like ﬁ for large w (see
Lemma 8.2 below), whereas without this condition (and with a stronger regularity
assumption on K) one could obtain \yc;)’Tm for any m > 1. Fortunately, this only
produces some irrelevant logarithmic error terms.

Remark 2.6. In order to state our result, we have made two assumptions that may
seem debatable. On the one hand, we have chosen to define the coarse-graining /.,
in terms of the same kernel «,, that determines the interaction. On the other hand,
we have extended the field X, as a trigonometric polynomial.

The reader will see below that the first choice is necessary in order to get con-
trol on Fourier modes w satisfying y~! « |w| <« y 2. The second choice is
convenient but essentially irrelevant.
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A posteriori, it is not too hard to show that even without any coarse-graining,
the evolution

Xy(t.9) = ) epx)s a(t/e.x/e).

X€EA,

viewed as an evolution in the space of distributions S’(T?), converges in law to
the same limit but only with respect to the weaker topology of D(R 1, S’(T ?)).

Remark 2.7. Of course, there are many choices other than (2.7) for a rate ¢, to
define a Markov process on X that is reversible with respect to A,,. The Glauber
dynamics is a standard choice, but it would be possible to extend our proof to a
more general jump rate. We make strong use of the fact that ¢y (o, k) is a function
of hy (o, k) and of the specific form of the Taylor expansion around &y (0, k) = 0
(see (2.10)). We furthermore use the fact that ¢, is bounded by 1.

3 Analysis of the Limiting SPDE

As stated above, a well-posedness theory for the limiting equation (1.1) was
provided in [[17]. More precisely, in that article local-in-time existence and unique-
ness for arbitrary C™" initial data and for v > 0 small enough was shown (recall
the definition of the Besov space C™ in Appendix [B]). Furthermore, it was shown,
using an idea due to Bourgain, that global well-posedness holds for almost every
initial datum with respect to the invariant measure. In our companion paper [43],
we extend these results to show global well-posedness for every initial datum in
C™" for v > 0 small enough. In [43]], we also show how to extend these arguments
from the two-dimensional torus to the full space R?, but this extension is not rel-
evant for the present article. The purpose of this section is to review the relevant
results from [[17,43]]. We give some ideas of the proofs where it helps the reader to
understand our argument in the more complicated discussion of the discrete system
that follows.

As it stands, it is not clear at first sight how equation (I.T]) should be interpreted.
Indeed, the space-time white noise is a quite irregular distribution, and it is well-
known that the regularizing property of the heat semigroup is not enough to turn
the solution of the linearized equation (the one obtained by removing the X3 term
from (I.I)) into a function. We will see below that this linearized solution takes
values in all of the distributional Besov spaces of negative regularity but not of
positive regularity. We cannot expect the solution X to the nonlinear problem to
be more regular, and hence it is not clear how to interpret the nonlinear term X 3.

A naive approach consists in approximating solutions to (I.1) by solutions to a
regularized equation. More precisely, let X, be the solution to the stochastic PDE

1
(3.1) dX; = (AX,S -3 X3+ AXs)dz +V2dW,.



CONVERGENCE OF ISING-KAC TO <I>3 11

Here W,(t,x) = % Z|w|<€—1 eimox W(a), t) is a spatially regularized cylindrical
Wiener process. For every w € Z?2 the process W(w, t) is a complex-valued Brow-
nian motion with E|W(w, t)|?> = 4t. These Brownian motions are independent
except for the constraint

W(w,t) = W(—a),t) forallw € Z% and t > 0.

We choose to regularize the noise by considering a cutoff in Fourier space, but
this choice of regularization is inessential. A solution to equation for fixed
value of ¢ > 0 can be constructed with standard methods; see, e.g., [18,[31,49]. It
seems natural to study the behavior of these regularized solutions as & goes to 0.
Unfortunately, letting € go to O yields a trivial result. Indeed, it is shown in [34]
that X, converges to 0 in probability (in a space of distributions).

In order to obtain a nontrivial result, the approximations (3.1)) have to be modi-
fied. Indeed, it is shown in [[17] that if instead of (3.1)), we consider

1
(3.2) dXe = (AXg — (5 X3 - chs) + AXg)dt +V2dW;
for a particular choice of constant c., then a nontrivial limit can be obtained as &
goes to 0. Similarly to (2.20), the precise value of ¢, is given by

1
(33) Cg = Z W

0<|w|<e!

In particular, the constants ¢, diverge logarithmically as ¢ — 0. Note, however,
that our choice of ¢, is not universal—other choices would lead to a nontrivial
limit as long as the difference to our choice remains bounded as ¢ goes to 0. See
Remark [3.3|below for more on this.

As a first step to show this convergence, equation (3.2) is linearized. Let Z, be
the unique mild solution to

dZs(t,x) = AZg(t, x)dt + V2 dWe(t, x),

34
G4 Z:(0,x) =0,

ie., Zg(t,-) = \/Efot Pi_s dWy(s,-), where P; = e®! is the solution operator
of the heat equation on the torus T2. Then the renormalization is performed on
the level of this linearized equation. We explain this procedure in some detail,
because a similar study of a linearized version of (2.13) constitutes the core of our
argument.

We start by recalling that the Hermite polynomials H, = H, (X, T) are defined
recursively by setting

Hy =1,

(3.5)
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sothat Hy = X, Hy = X?> — T, H3 = X3 —3XT, etc. One can check by
induction that

(3.6) dx Hp = nHp_1
and
—
(3.7) a7 Hy = —%Hn_z

(the identities are even valid for n € {0, 1}, for an arbitrary interpretation of H_;
and H_»).

Now, for any fixed ¢ > 0, Z, is a random continuous function, and there is no
ambiguity in the definition of Z7, but for n > 2 these random functions Z7 fail to
converge to random distributions as & goes to 0. If, however, Z! are replaced by
the Hermite polynomials

ZIM(t,x) := Hu(Zg(t,x), ce(2))

for

ce(t) = E[Zs(1,0)%] = % Z /t exp(—2rn?|w|?)dr
0

lw|<e—1

(3.8) ; !
_ 212
=5+ E 4n2|a)|2(1 —exp(—2tn*|w|?)),

0<|w|<e—!

then a nontrivial limit is obtained. Note that ¢, = lim; o0 (cs(2) — %), where the
term % comes from the summand for @ = 0 in (3.8), which does not converge as
t — oo. Furthermore, for every fixed ¢ > 0 the difference |c; — c¢(¢)] is uniformly
bounded in ¢.

The following result, essentially [[17, lemma 3.2], summarizes this convergence.

PROPOSITION 3.1. For every T > 0 and every v > 0, the stochastic processes
Zg and Z for n > 2 converge almost surely and in every stochastic L? space
with respect to the metric of C([0, T],C™"). We denote the limiting processes by Z
and Z™.

We outline an argument for Proposition [3.1] that is inspired by the treatment of
a (more complicated) renormalization procedure in [33, sec. 10]. We start with
an alternative representation of the Z;". As explained above we have Z.(t,-) =

V2 f(; P, dW,(r). It will be useful to introduce the processes
S
Resls.3) = RliG5.) = V2 | Proy dWatrn),
0

defined for s < ¢, and to define recursively

S
R (s, x) = n/ . R;’ft_l:(r, X)dRe (1, X).
r=
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It can be checked easily using It6’s formula and the relations (3.6) and (3.7) that
for any ¢ > 0, we have
R (t,x) = Z"(t, x).

For any smooth function f:T? — R, the expectation

2
EZT(t, £)? = IE(/ Z;”:(t,x)f(x)dx)
T2

can now be calculated explicitly via It6’s isometry, and we obtairﬂ

n

S | f @1+ + o) [ [ Per; @))] dr.,

[0,¢]" |w;|<e~1 Jj=1

_— 2"
EZ™(t, f)* = n! ym

where dr = dry -+ dr, and where P, (w) = exp(—tn2|a)|2) denotes the Fourier
transform of the heat kernel on the torus. This quantity converges as ¢ goes to 0,
and the limit can be expressed as

n 2
n!2" / / (/ f(x)l_[P,_rj(x—zj)dx) dzdr,
[0,£]" (T2)n T2 Jj=1

where dz = dz1---dzy,. A crucial observation now uses the Gaussian structure
of the noise and the fact that Z (¢, f) is a random variable in the n™ homoge-
nous Wiener chaos over this Gaussian noise (see [46, chap. 1] for a definition and
properties of Gaussian Wiener chaos). According to Nelson’s estimate (see [45]]
or [46, chap. 1.5]) the estimate on EZJ (¢, f)? can be turned into an equivalent
estimate on EZ;* (¢, f)?. Then one can specialize this bound to f = ng(u — )
(defined in (B.8)) and apply Propositionto obtain bounds on E || Z;* (¢, -)|| g_,,
that are uniform in e.

One can modify this argument to get bounds on E||Z;"(¢,-) — Z]* (s, -)||g_u
and then apply the Kolmogorov criterion for continuity in time.

I'To derive this formula we introduce the Fourier coefficients ﬁs,, (s, w), ﬁe’,’t (s, 0) (w € Z?) of
Ret(s,+) and R (s, ), respectively, and observe that

t
Res(s,0) = ﬁ/ Pi_r(@)dW(w,r), |o| <&l
r=0

N

A~ 1 ~ 1. ~ ~

R (s,0) = nﬁ/ o3 E R L, 1) Pr—r (02)d W (w32, 7).
r=

w]twr=w

For instance,

2 ~ So N
/ Re,t(s,x>f(x>dx:§ Y Fw) / _ Prer@d W),

T2 ] <&
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In Sections 4] and [5] we will perform a similar argument for a linearized ver-
sion of the evolution equation (2.13). One obstacle we need to overcome is that
without the Gaussian structure of the noise, Nelson’s estimate is not available. In
Lemma[d.1] we replace it by a suitable version of the Burkholder-Davis-Gundy in-
equality. The price we have to pay is that various error terms caused by the jumps
need to be controlled.

It is useful to note that for fixed values of s and 7, s < 7, the processes R/ (s, -)
actually converge in nicer spaces than the C™". Indeed, Ry (s, ) = Pi—sZ¢(s,"),
and by the convergence of Z.(s) in C™¥ and standard regularizing properties of
the heat semigroup (see, e.g., and the discussion following it) R (s, x)
converges to

N
Ri(s,x) =2 P dW(r, x)
r=0

n:

in C¥ for every k € N. In the same way, R}"; converges to

N

(3.9) R/ (s,x) = n/ RV (r,x)dR;(r, x) = Hu(Ry(s,X), (R (-, X))s).
r=0

Here the quadratic variation of the continuous martingale s — Ry (s, x) for s < ¢

is given by

S 1 S
(Re(+,x))s = 2/0 Py—r)(0)dr = 3 Z /0 exp(—2(t —r)n2|a)|2)dr,

weZ?

where P;(x) is the heat kernel associated with the semigroup P;.

Finally, note that the convergence of R;*(z,-) to Z"(¢,-) in C™" can be quan-
tified. Using an argument in the same spirit as the one sketched above, one can see
that forallv > 0,0 <A <1, p >2,and T > 0, there exists C = C(v,A, p,T)
such that

(3.10) EIZ7(t,) = R (5. )| 2y = Cle = 5| F

forall0 <s <t < T. A similar bound in the more complicated discrete situation
is derived below in (4.20).

In order to study the convergence of the nonlinear equations (3.2)), we study the
remainder v, := X.— Z,. For ¢ > 0, we observe that v, is a solution to the random
partial differential equation

1
0rve(t, x) = Avg — (g(vs + Zs)3 — ce(ve + Zs)) + A(ve + Zy)

(3.11) = Ave — (v +302Z + 30 Z7 + ZF) + Ap(t) (ve + Zo),

where we have set A¢(¢) := A + ¢, — cz(¢). Note that the noise term d W, has
disappeared from equation (3.11). Note furthermore that in the second line, we

have rewritten the right-hand side in terms of the processes Zg, Z ;2‘, and Z ;3:,
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which converge to a nontrivial limit as & goes to 0. This is possible due to the

relation
n

Hp(z +v,c) = Z (Z) Hy(z. c)v"*,
k=0
which holds for arbitrary z,v € R and ¢ > 0.

Equation can be treated as a normal PDE, without taking into account
stochastic cancellations or stochastic integrals. The argument in [[17] is concluded
by observing that (at least for small times) the solutions of are stable under
approximation of the functions Z, Z:%, and Z:* in C([0, 00), C™") as well as the
limit of A, as € — 0. In this way, local-in-time solutions are obtained in [[17].

The authors then show that these solutions do not blow up in finite time for
almost every initial datum with respect to the invariant measure. For our purposes,
it is more convenient to have global existence for every initial datum in C™" for
v > 0 small enough, and we show this in the forthcoming article [43]]. In order to
state the main result, it is necessary to briefly discuss the role of the initial datum
X0 ec.

There are essentially two possibilities—either equation (3.4) is started with X©,
in which case the initial datum for (3.11) is O, or the linear equation is started
with 0 and (3.11)) is started with X°. The first option turns out to be slightly more
convenient. Hence we define Y(¢) := P, X and set

Z(t.)=Y(t.)+ Z@t.),
(B.12) ZZ%(t,-) = Z%(t.-) + 2Y(1. ) Z(t.-) + Y(t,-)%
Z3, )= Z3 (@, )+ 3Y(t, ) Z(t, - )F +3Y(t, )2 Z(t, ) + Y&, -)3.

Notice that by the regularization property of the heat semigroup (see (8.23))), for
any ¢ > 0, Y(¢,-) is actually a smooth function and, in particular, the products
appearing in these expressions are well-defined. More precisely, for every 8 > v,
there exists a constant C = C(v, B) such that forevery t > 0, we get || Y (¢, )|los <
Ct=+A)/2|| X0 ¢, and hence

1Y (t,)?[le—v < CmWFB2) X012 , Y (r,)?|cs < Ct=OFP | x0)2,,
and [|Y3(1,-)|le—v < Cr=OTB X032,

where we use the fact that C# is an algebra for § > 0 as well as the multiplica-
tive inequality, Lemma [B.5] Using Lemma [B.5] once more, we can conclude that
for every T > 0, there exists a random constant Cy (depending on T, v, B, and
| X©|lc-v and on the particular realization of Z, Z*%*, and Z*3") such that

B+v
2

sup | Z(t,-)e-v < Co, sup t 2z | Z%(t,-)|lc— < Co,

0<t<T 0=<t<T

sup PV Z3 e, Y| < Co
0<t<T

(3.13)
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After this preliminary discussion, we are now ready to state the main existence
result. For Z, Z*%, and Z*3* satisfying (3-13)), consider the problem.

1 ~ e -
;v =Av — 3(v3 + 3202 +3Z%0+ Z3) + A()(Z + v),

(3.14)
U(Ov ) =0,
where
t e,—2t712|a)|2
(15 AW=AtlimCoeO) =A-3+ 3 oo

weZ2\{0}

Note that A(¢) only diverges logarithmically in ¢ as ¢ goes to 0, and in particular
any power of A(t) is integrable at 0. The following theorem is essentially [43]
theorem 6.1]. (The continuity of the solution map is not stated explicitly there, but
it is contained in the method of proof).

THEOREM 3.2. For v > 0 small enough, fix an initial datum X° € C™". For
(Z,2°%,73) e (L®([0,T),C"))3, let (Z,Z%, Z*%) be defined as in (B-12).
Let S7(Z,Z*, Z**) denote the solution v on [0, T of the PDE (3.14). Then
for any k > 0, the mapping St is Lipschitz-continuous on bounded sets from
(L°([0, T1,.C™"))* 10 C([0, T], C>"7(T?)).

Remark 3.3. The choice of two different time-dependent normalization constants
¢ and c.(¢) may not seem particularly elegant. Indeed, in [17,33]], all processes
are renormalized with time-independent constants. This is possible because in
those papers, the processes Z, and Z;"* are replaced by similar processes that are
stationary in t. This can be done by adding a linear damping term and moving the
initial condition in tot = —oo (as in [17])), or by cutting off the heat kernel
P; outside of a ball (as in [33]]). In the discrete setting below, however, the choices
for the linearized process presented here seem most convenient.

This discussion shows as well that there is no canonical choice of the renormal-
ization constant ¢, and hence no canonical value of the constant A. The different
procedures in [[17]] and [33]] yield different choices of ¢.. The difference between
these two constants remains bounded as & goes to 0, but it does not disappear in the
limit.

4 Bounds for the Linearized System

We now come back to the study of the discrete system. By Duhamel’s principle
and using the scaling relations (2.16) and (2.19), the evolution equation (2.13)) can
be rewritten as

Xy(t,) = P/ X

! Y ﬁs 3
4.1) +/0 Piy Ky *e (-;Xy(r,-) + (¢y + )X (r-) + Ey(r,-))dr

t
—|—/ Pl .d My(r,-) on Ag,
r=0
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where we use the convention f[; = Ji0.1> and we denote by P/ = e®r! the

semigroup generated by A,,. For every ¢ > 0, the operator Pty acts on a function
Y:A; — R by convolution with a kernel, also denoted by P}. This kernel is
characterized by its Fourier transform (defined as in (A.I))

(4.2) P! (0) = exp(ty 2(Ky(®) — 1)) ifw € {~N,...,N}>.

Viewing P/ as a Fourier multiplication operator (with Isty (w) =0ifw ¢ {—N,
..., N}?) enables us to make sense of P} f for every f : T? — R. Further
properties of the operator P} are summarized in Lemmas and as well as
Corollary[8.7]

As explained above for the continuous equation, a crucial step in studying the
limiting behavior of X, consists of the analysis of a linearized evolution. For
x € Ag, we denote by

t

Zy(t,x) = / P} dM,(r,x)
r=0

the stochastic convolution appearing on the right-hand side of @.I)). The process

Z is the solution to the linear stochastic equation

for x € Ag, t > 0. It will be convenient to work with the following family of
approximations to Z, (¢, x). For s < ¢, we introduce

N

Ry:(s,x) := / PY., dM,(r,x).
r

As explained above (see the discussion after (A.2)), we extend Ry ;(s,-) : Ap —> R
and Z,(t,-) : A; — R to functions on all of T2 by trigonometric polynomials
of degree < N. Note that for any ¢ and any x € T2, the process Ry:(-,x)isa
martingale and Ry, (¢,-) = Z,(¢,-).

As in the case of the continuous process, it is not enough to control Z,, the
solution of the linearized evolution: we also need to control additional nonlinear
functions thereof. We introduce recursively the following quantities: for a fixed
t > 0and x € T2, we set R}!;(s.x) = Ry(s.x). Forn > 2,1 > 0,and x € A,
we set

S

(4.4) R (s,x) =n / R;,’ft_lz(r_, X)dRy;(r, x).

r=0
We use the notation R, (r=, x) to denote the left limit of Ry (., x) atr. This
definition ensures that (R;'; (s, x))o<s< is a martingale. To define an extension of

R} (s,-) to arguments x € T2\ Ag for n > 2, it is advisable not to extend it by
a trigonometric polynomial of degree < N. Indeed, products are not well captured
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by this extension. It is more natural to define the extension recursively through its
Fourier series

N
. 1 PN T ~ 15 ~
4.5) Ry (s, w) = n/ o2 E Ry Yo~ 0 —®)d Ry (r,®)
r= ez

and set R} (s, x) 1= T wez2 ﬁ;’t (s, )e'™*. This definition coincides with
(@.4) on A, and for every n > 2 the function Ry”t (s,-): T2 > Risa trigonometric
polynomial of degree < nN. For any n > 2 and for t > 0, x € T?2, we define

(4.6) Z)(t, x) == R} (t, x).

The main objective of this section is to prove uniform bounds on the Besov
n: n: . ..
norms of the processes Z3"* and R;)';. These bounds are stated in Proposmon

As a first step, we derive a general bound on p™ moments of iterated stochastic
integrals. We start by introducing some more notation: Let F': [0, 00)" X A7 xQ —
R be adapted and left-continuous in each of the n “time” variables. By adapted,
we mean that if s1,...,5, < f, then for all yy,..., y,, the random variable
F(s1,...,84,Y1,...,yYn) is measurable with respect to the sigma algebra gener-
ated by X, up to time #. We recursively define iterated integrals J, F(¢) as follows.

Forn =1,wesetJ; F(t) = frt=0 ZyeAg e2F(r,y)dM(r, y). Forn > 2, we set

t
I, F(t) :=/ Z 2 T FOOYD ) dM(ry, 1),
rl:OJ’IEAe

where F1:Y1: [0, 00)"~! x A"~ 1is defined as

F(r"y‘)(rz,...,rn,yz,...,yn) =F(r1,.o . Tn, Y1se ooy V).

As above (but somewhat abusively here), we denote by J,,—1 F (ri.y 1)(r1_ ) the left
limit of 1 — J,1 F (r.y l)(rl). With this definition, for every n and F, the
process t — J, F(¢) is a martingale. Finally, given any F as aboveand 1 < £ < n,
we define

4.7) Fo(ri,...sTns21 220 Ve+1s---Vn) i=

L
Yo Ly [ Ky i -z

yl""’yKEAg i=1

i.e., I is convolved with the kernel K, in the first £ spatial arguments. In what fol-

lows, when we write J,,_; Fy(r1,...,7¢;21,...2¢) We mean that the iterated sto-
chastic integral is taken with respect to the variables 7y ,..., 7, and yg4q,..., Vn
and evaluated at time ¢ = ry (the variables ry,...,7¢, 21, ..., 2 are just treated as

fixed parameters). Using the definition (4.4), it is easy to see that for x € A, and
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0 <s <1, wecan write R}';(s, x) = J, F(s) for

n
4.8) F(ry,....r, y1,.-.,Vn) = n! l_[ P,y_rl.(x — ¥i).
i=1
Furthermore, note that for every n, the mapping F +— J, F is linear in F'.
LEMMA 4.1. Letn > 1 and let F:[0,00)" x A? — R and Fy for1 < { < n be

deterministic and left-continuous in each time variable. Then for any p > 2, there
exists a constant C = C(n, p) such that

2 t rn—1
4.9) (IE sup |3nF(r)|1’>p < C/ / Z e2" Fy(r,2)? dr + Err(n),
r1=0 rn=0

<r<
0<r<t 2EA"

where we use the shorthandr = (r1,...ry) and dxr = dry ---drydry. The error
term Err(n) is given by

n t re—2
Err(n) = Ce*§™2 Z/ / Z g2
=1 0 re—1=0

= ZisenZe—1€Ag
2
~ p\»
(4.10) (B swp [T Fere20)]”)” dre,
O<re<re—i,
ZIQEAS
wherery = (ri,...7p), Zg = (Z1,....2¢), dry_y = dry_y---dradry (there is

no variable to integrate for £ = 1), and ro = t.

PROOF. We proceed by induction. Let us consider the case n = 1 first. In order
to apply the Burkholder-Davis-Gundy inequality (Lemma|[C.T)), we need to bound
the quadratic variation as well as the size of the jumps of the martingale J; F(%).
The quadratic variation is given by

(le)z

t
— [ X S FCDFC DM My ),

7=0 yeA..,

e
t
= 4c§’2/ Z e F(r,y)F(r,y) Z szKy(y — 2Ky (y —2)Cy(r, 2)dr
(4.11) 0 rehes zeA.
YENg

= 4"5,2/0 ) 82( Y EFE YKy —Z))zcy(r,z)dr

zZ€A, yEA:
t
< 4c§’2f Z &2 Fl(r,z)2 dr.
0 ZEA,

Here we have used (2.15) for the second equality and the deterministic estimate
0 < Cy(r,z) =< 1 in the last inequality. Let us now turn to the jumps. We had
seen above that a jump of the spin o (k) at microscopic position k = ¢!z causes a
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jump of size 26712 K y(y — z) for M,,. With probability 1, two such jumps never
occur at the same time, so that we only have to estimate the impact of such an event
on J; F. If such an event takes place at (macroscopic) time r, then the martingale
J1 F has a jump of absolute value

(4.12) 2825_1‘ 3 P 0Ky (y —2)| = 2627 Fi(r. ).
YE€A;

Hence the Burkholder-Davis-Gundy inequality implies that for every p > 0, we
have

(E sup \JIF(r)}”)‘Z’ <

o<r<t

C(p)(/t Z &2 F1(r,z)2 dr + ¢*§72 sup Fi(r, Z)z),

o<r<t,
z€hs zeA,

which is what we wanted.

Let us now assume that is established for n — 1. In order to bound moments
of the martingale J, F'(t), we bound again the quadratic variation and the size of
the jumps. For the jumps, we can see as in that a jump of o (k) at location
k = e~ 1z at time ry causes a jump of J, F of absolute value

2825_1‘ Z gzjn_lF(”’y‘)(rl_)Ky(yl —-2z1)|.
Y1€A,
Recalling that

Z E2FUID (ry g ya, .y Ky (1 — 21) =
Y1€A,

Fi(ri,....mn,21.Y2, .- ¥n)

and that F' — J,_1 F is linear, we can rewrite the quantity above as

2257 32 91 P72,
Y1€A;

The corresponding error term in the bound for (E supg<, <, {Jn F(r) ‘p )2/P thus
takes the form

SIS

@.13) C(p*s2(E sup |1 Fi(r,20)]”)”,
0<ri=t,
zleAs

which is precisely the term corresponding to £ = 1 in (4.10).
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For the quadratic variation of J, F(¢), we get as above in (4.11) that
(j”F ) t

t _
— / Z &4 jn_lF(rlJ])(rl)jn_lF(rl,yl)(rl)
-

=0 5.
1 yilleelz\\s"d<My(',y1),My("J’1)>'1

2 r1.1) 2
<4Cy,/ Z Jp—1 FV11 (rl)Ky(yl_Zl)) dry

Z1€A; J’IEAs

4.14)

—4(:% / Z Jn 1F1(r1,Z1)) dry.

Z1€A,

In the first equality above, we have used the fact that F (.Y 1)(r1_ ) = FUuyd(ry)
for Lebesgue almost every ;. Then Minkowski’s inequality (for the exponent
£ > 1) implies that

4.15)  (E(3,F )”/2)%5 y,/ Y (BTt Fi(r, 2)?)7 dry.

Z1€A;

But the induction hypothesis implies that for some C = C(n, p), for every r; > 0
and z; € Ag, we have

2
(]EIJn_1F1(F1,Z1)|p)"

ri
(4.16) < c/ / 2D E (r,2)% dr’
r= rn=0

Z25.- 5Z}’l€A£

+ Err(ry, 21),

where dr’ = dry, --- dr, and where the error term is given by

(4.17) Err(r1,z1) = Ce*s72 Z/ / 202
rp= 0 re— l—

2500yl f— IEAE
2
(B sup |Jn—£Fe(l’e,Ze)|p) dr),
0<r¢<re—i,
ZZGAS

with drj, = dry---dr,. We then obtain the desired estimate by plugging @D
and (@.17) into @])

With Lemma in hand, we now proceed to derive bounds on Z y”

PROPOSITION 4.2. There exists a constant yo > 0 such that the following holds.

ForeveryneN,pzl,v>0,T>0,0§)L§l,and0</<§1,there
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exists a constant C = C(n, p,v, T, A, k) such that for every 0 < s <t < T and
0<y<vo

(418) E sup HRynt(r’ ')H(I;’)—V—ZA S Cl‘kp + Cyp(l—l()’
o<r<t ’

4.19) E sup | R (r.-) — RI(r As.)|oouan < Clt =522 + CyPU=0),

o<r<t

(420) E sup |RE() = REG A5, )2y an = Clt = 5|H? 4+ Cypp0=0),
0<r=<t

Remark 4.3. In particular, the bounds {.18)-({@.20) imply that (under the same
conditions on p, v, A, k) we have

IEHZ;/”Z(Z‘,-)Hg_v_z)L < CZAP + Cyp(l_,c)’
E| Z () = Z (s, ) |Povan < Clt = s|*P 4 CyP170),
E”Zyn(t,~) - R;/’;lt:(s’.)H(I;—V—ZA S Clt _S|/'{p 4 CVP(I_K)‘

These weaker bounds are the key ingredient for the proof of tightness in Proposi-
tion [5.4]and for the proof of convergence in law in Theorem [6.2] below.

PROOF. Recalling that R}5(0,-) = 0, we see that the bound (4.18) is contained
in (4.19), so that it suffices to show @.19) and (#.20). Furthermore, note that by
the monotonicity in p of stochastic L? norms, it is sufficient to prove these bounds
for p large enough.

For any smooth function f:T? — R and any 1, we write

R} (s, f) I=/R;,’f,:(s,x)f(x)dx,

T2

and similarly, Z;"(¢, f) := R};(t, f). Note that in general, neither f nor R}
(defined for all x € T? as in (#.3)) is a trigonometric polynomial of degree < N,
so that this integral does not coincide exactly with its Riemann sum approximation
on Ag.

In order to obtain {.19) and (.20), we derive bounds on

(4.21) Eosup |RJ(r, f) = R (r As, )]
<r<t
and E sup ‘Ry",(r f)—=R)(r ns, f)‘p

0<r=<t

for an arbitrary smooth test function f: T2 — R and for an arbitrary p > 2. Later
we will specialize to f(x) = n(u — x) (defined in (B-8)) for some u € T2 and
k > —1 to apply Proposition [B.4}
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A simple recursion based on (4.5)) shows that we have RJ(s, f) =TnF !(s) for
0<s<t,wherefory= (y1,....yn),r=(r1,....rp),and o = (w1, ..., wy),

n! = HEN I
Ft(y, r) = 4_n Z flwr + -+ wy) 1_[ ptl’_rj (w))e ITW;-Yj
j=1

we(Z2)n

=n!/ S [ PLy, (x = ypdx.

T2 j:l

Here, each Pty_,j is viewed as a function on all of T2. Note that the kernel
]_[;-’=1 Pty_rj (x — yj) is a trigonometric polynomial of degree < nN in the x-
variable and a trigonometric polynomial of degree < N in each y; coordinate.

By linearity of the operator J,, we get forany 0 < s <t and 0 <r < ¢ that
RYG(r, [) = RJ5(r As. f) = Tu(F' = F)(r),
R (r, ) = Ry (r As, f) = Tn(F' Ly efs.) (1)

Here we use the convention to set Psy_,j (x —yj) =0forr; >s.
Hence, by Lemma[d.1|there exists C = C(n, p) such that

(4.22) (Eosup Ry (r /) = Ry )]7)7 <
<r<t
c [ 2
— > &"(Fi(r.z) — Fj(r.2))" dr + Err

T1seeesFin =0 ZEA”

and

2
<

4.23) (E sup |RJ(r, /)= RJi(r ns, O)F)

o<r<t
C t ri ’
/ / e?" F!(r,z)* dr + Err’.
(n—1)! r1=s Jra,...,tn=0 jc &

Here F! denotes the convolution of F’ with the kernel K, in all n spatial argu-
ments as defined in @.7). In @.22)) and (4.23), we have used the symmetry of the
kernels F! and F; in their time arguments to replace the integrals over the sim-
plices0 <r, <.--<ry <tand0 <r, <--- <rp by integrals over [0, ]"* and
[0, 71]" 1. The precise form of the error terms Err and Err’ is discussed below.

We start by bounding the first term on the right-hand side of {#.22)). Using
Parseval’s identity (A.3) in each of the z; summations, we get for any fixed r

LN
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Z g2 (F,i (r,z) — F,(r, z))2 =

zEAY
(n!)? ~
o 2 [fert o)l
we(Z>)"
n n 2
' (l_[ Ply—rj K)/(C’)J) - 1_[ Psy—rj Ky(a)])) s
Jj=1 Jj=1
where as above we write @ = (w1, ..., wy). For fixed ® and r we bound
n n 2
(H B, Ryp —[] BL., Ky (w,))
J=1 Jj=1
n k-1 ) 5
(4.24) <ny_ (]‘[ (P, Ky (@) (PL, Ky (wr) — PL,, Ky(wp))
k=1 V=1

n

X l_[ (ﬁsy—rjlel’(wj))z)‘

j=k+1

We perform the r-integrations for fixed values of k and w for each term on the
right-hand side of (#.24) separately, recalling that for o € {—N, ..., N}? and for
any ¢ > 0 we have ﬁty (w) = exp(—ty~2(1 — I?,, (w))) according to (.2). For the
integrals over r; for j # k we use the elementary estimate

t o0
(4.25) / e~ 2t gy < ef eTCHD g = ¢
: = 1
0 0 i +2¢

ford = y=2(1 — I/fy (wj)) = 0. We split the integral over r¢ into an integral over
[0, s] and an integral over [s, ¢]. Then for the same choice of £ we use the bounds

/S (76— e gy = (1 — e 790)? /S em (T2t gy
0

0
t—s 1
</ e tdr —
0 20
e
1 9’
= T 20
as well as
t e
(4.26) / 2Nl o€
p L 4oy
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In this way we obtain for every k € {1,...,n}
k—1
l_[ (Pt —r; KV(‘UJ)) ( t— rkKy(wk) Py rkKy(wk))

n
< ] (ﬁsy_rj Ry (w)))* dr
j=k+1

g |I€y(“)j)‘2 ‘Iey(wk)‘z

% +2y2(1 - K)/(w])) s +2r72(1 - Ky(wk))
}KJ/(“)J'”
s 2 (1= Ky(@))

j=k+1

Here we have again made use of the convention ﬁsy_rj (wj) = Oforr; > 5. We
only make this bound worse if we replace the % appearing in the last line of this
expression by % Plugging this back into (4.22), summing over w, and using the
invariance of this expression under changing the value of k € {1,...,n}, we obtain

1 t

1 |KA (a)l)|2
<enn? — fl@r+-+ on) ;
4.27) yr we%:z)n | f (@1 n | T 02 (1— Ry(en)
1—[ |KV(('OJ)|
1

i T2 (1= Ky ()

The corresponding calculation for the integral in (.23) is very similar (but
slightly simpler). After passing to spatial Fourier variables and performing the
integrations over r, ..., I, using (4.23)), we get

1 /ﬁ /W‘ 2t e N2
E e "F, (r,z)dr
(n—1)! r1=s Jra,...,rn=0 "

ZEAY

R t
§e”_1n!ni Z ‘f(a)1+---+a),,)|2 (Pt rlKV(“)l))

ri=s

- Ky ()]
D L4 2y2(1— Ry (w))) drr.

As above, we only make this bound worse if we replace the expression % appearing

in the last line by % Then we can perform the dr; integral using (4.26). In this way
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we get the same upper bound (up to an inessential factor n) for the integrals

appearing on the right-hand side of {.22)) and {.23).
Now we specialize to f(x) = ng (u—x) forsomeu € T2 and k > —1. Note that

according to (B.9), for this choice of f, we have R} (s, /) = i R}’ t'(s u). For
this f, we recall from@])that f(a)) = yr(w)e™ ”””" .In partlcular |f(w)| <1
forall w € Z2 and f(w) = O for |o| ¢ Iy, where I, = 2k[2. %] for k > 0 and
Iy = |0, 3]. Summarizing, we can conclude that for every n > 1 and p > 2,
there exists C = C(n, p) suchthatforall0 <s <,k > —landu € T2,

2
@28) (B sup |5 R0 = 8RS o) <
o<r<
~ ’ ; S
C Z ‘Ky(a)l)‘ 1—[ : {Ky(wj)t e
Y wely ’ s 1 27/_2(1 -K (wl)) j=2 1 T 27/_2(1 — Ky (o) )

where, for @ = (w1,...,w,) € (Z*)", we write Y @ = Z};l wj. In the same
way, we have

2
4.29) (IE sup |8kRyt(r u) — SkRyt(r/\s u)| ),,

0<r<t
> 2
¢y Ky (@1)] 1 L ——
Y wel; I—s +2)/_2(1 -K (0)1) j=2 Tt _2(1 - Ky(wj))

We defer the analysis of the sum appearing on the right-hand side of both (4.28))
and to Lemma[4.4]below and proceed to analyze the error terms Err and Err/,
going back to the setting of an arbitrary smooth f : T2 — R for the moment. The
term Err on the right-hand side of is given by

no et
Err = Ce*s™2 Z/ / g2
(=17"11= re—1=0,

2
X (E sup |3n—z(th - Ff)(re,le)|p>p drg—p,
0<r¢<r¢—i,
ZZGAS

(4.30)
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where as above ry = (r1,...r¢), 2¢ = (21,...,2¢), and dry_1 = dry_1---dry.
Here, for any 1 < £ < n and for fixed ry, z;, we have

|Fn—e(Ff = F) (e z0)|”

14
/f(x)(R:y'f,_e:(rg,x) l_[ P,y_rj * Ky(x —z;)
T2 /=1
¢ p
— R:y'fs_e:(re, X) l_[ Psy_rj * Ky (x — zj))dx
4.31) Jj=1

L p
< p[| Ry E e o (/ S@ITT P, » Ky (x —Z-f)|dx)
5 1

T j=

¢ p
+p||R;,’f;£:(re,')HIIjoo(/ @I [P, * Ky —z,-ndx) ,
Jj=1

’]I‘Z

where we use the convention Ryot = 1 and R;,"’S_e:(rg,x) = 0 forry, > 5. By

Lemma and the definition of R;,’f,_ tasa trigonometric polynomial of degree
< (n—4L)N < nN, forevery k' > 0 there exists a constant C = C(n, k") such that

IR re, ) | oo < CY 2 RS Cres) | omer

Hence, plugging (4.31)) back into (4.30) and applying Minkowski’s inequality, we
get

Err < C(n, p,k")e* 672 y_4",

n 2
xZ[(E sup | Ry ) |2 + B sup | RSEGr) | 2)”
=1 o<r<t 0<r<s

(4.32) X/t m/ré_z L20-1)
r1=0 r@,1=OZ Z

1seeesZb—1€Ae

0<r¢<re—i,
Ze EAg

¢ 2
X sup (/|f(x)|l_“1’ty_rj*Ky(x—zj-)\dx) dre_l].
T2 Jj=1
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We turn to bounding Err’. In the same way,

2
Err’=Cs48_2( sup |Jn—1F[(r1.21)|" ),,

S<rp<t

ZleAs
n C€45—2z/ / L2(-1)
rn=s re=1=0 4, ., Ze— 1€As
2
p
X (IE sup |jn_gFé(r[,Zg)|p) dry_q
0<r¢<r¢—1,
ngAE
(4.33) < Cn. p.k")e*s72y =4

n 2
X Z [(E sup H R;,’f,_l:(r, .)||é’7,€,) !
(=1 o<r<t

t re—2
[ Y 2
r1=0 re—1 =0

----- Ze— IEAS

2

X sup (/|f(x)| |P, _r; *Ky(x—z,j)|dx) dr[_1:|,
0<re<rz 15
Z¢€A;

The integral appearing both on the right-hand side of (.32)) and (4.33)) specialized
to the case f(x) = nx(u — x) for some k > —1 and u € T? is bounded in
Lemma /4.3l

Actually, in the case n = 1, we obtain a slightly better bound, because the only

stochastic process R}~ & appearing on the right-hand side of @32)) and @33)) is

Ryot = 1. Hence, the embedding from C ' 5 [®js unnecessary, and we do not
need to introduce the factor y ¢ "

Finally, summarizing our calculations (4.28)) and (4.32) as well as the bounds
derived in Lemmas [E] and @], we can conclude that for every n > 1, p > 2,
T >0,A €[0,1],and v > 0, there exists a constant C = C(n, p, T, A, v) such
thatforall0 <y < 9,0 <s <t <T,u € T2, andeveryk >-—1,

(E sup }SkRyt(r u) — SRy (r As, u)|

o<r<t

(4.34) <Clt — S|'l ZZkA(k +2)"

2
_ —1y\2+6(n—1 £ »
+ Cy**(log(y ™)) =D ax (IE sup ||R'y‘f;(r,-)||é’7u)”,
{=0,..., 7;—1, 0<r<rt
T=s,

where as above we use the convention R; Ot = 1. We can bound

2

(IE sup }SkRyt(r u) — 8kR (r/\s,u)‘p)p

o<r<t

by exactly the same quantity, with the only difference being that the max in the
third line only needs to be taken with respect to t = ¢. The desired bounds (.19)
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and (4.20) now follow easily by induction, as we now explain. The arguments are
identical for both bounds, so we restrict ourselves to (4.19).
For n = 1, the bound (4.34) reduces to

2

(B sup 18Ry (r,u) = Berys(r As)l?)” <

o<r<t
Clt —s]* 224 (k +2) + Cy?(logy™H))?,
so that (4.19) for n = 1 and p large enough (choosing p > % suffices) follows

from Proposition To pass from n — 1 to n, we observe that for every fixed
k' > 0, the inductive hypothesis implies that

2
4.35 max (IE su R (r, /)p
(4.35) pmax_ (B swp [ RiG0)l
T=s,t

is uniformly bounded for t < T'. Hence (4.34) turns into

2
436) (E sup [8R}(nu) — 8RS ns)]?) <

o<r<t

C|t _ Sll 22kl(k + 2)11 + CV2—4K/ (1Og()/_1))2+6(n_1)
forC = C(n, p,T.A,«’). By choosing k" = % and applying ProposmonEfor p
large enough, (@.19) follows for arbltrary ne N O

LEMMA 4.4. Let n € N and ¢ < ¢ be fixed. Let 0 < y < yo, where g is
the constant appearing in Lemma For any k > 0 let I, = 2K[c,€), and let
I_1 = [0,271¢). Then for every T > 0 and A € [0, 1], there exists a constant
C =Cm,c,c,A,T)suchthat forallk > —1and 0 <s <t < T, we have

= 2
K, (o Ky (w
(4.37) Z ‘ _Vz( 1){ 1—[ 1 ‘_2)/( 1)} <
Swel A+ 2y72(1 - Ky (1)) it (1 - Ky (w)))
Clt — s 2% (k + 2",
where for any @ = (w1,...,wp) € (=N, ..., N¥*)*, we use the shorthand nota-

tion) =) ;| wj.

PROOF. We assume that 0 < y < yo where yp is the constant appearing in
Lemma We only need to consider those @ with w; € {—=N,..., N 32 for all j
because all other summands vanish.

For |w;| < y~!, we can use (8-8) and (8-14) to bound

> 2
|K}/(wj)‘ < C( )(;/\t)
P2 2(1-Ky(@) ~ 7+ Glel? T 1+ o2
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For |w;| > y~!, we get essentially the same bound using (88), (8-1T), and (8-14):

g 2
K, (w; C 1 1
(438) - &y @l < R - sC( z“)-
L+ 2y 2(1= Ky (wp)) ~ lvei? ¢+ + &y~ 1+ |oj|

To bound the sum over these terms we claim that for any w € 72,0<A<1,
and r > 0, we have the following bound:

n

1 1
G (w) := _— —_—
() Z (1—1—|a)1|2/\r)1_[1—|—|a)j|2

we(Z?)", j=2
Y w=w
(4.39) < C(n, Ay log(1 + |w|)"~".

[+ [wP02)

We show (@.39) by induction. For n = 1, it follows from an easy interpolation. For
n > 2, we observe that for any w € Z?2,

1
G™(w) = E G D (wy)——.

w1 +wr=w

To bound this sum, we split its index set A(w) := {(w1., w2) € (Z*)?: w1 + w2 =
w} into the following three sets:

A(0) := {(w1,02) € A: |wa| < J|ol},
Az (0) = {(01. @) € A: |wz| > 3o and |w1| < 3|},
Az (@) := {(01, 2) € A: |o1]| > 3|ol}.

On A;(w), we have by the triangle inequality that |wq| > %|w|, so that we can
bound

1
G(n—l)
> (@)1= P

Al (o)
<cC r’ log (1 + i)"Y 1
T4 LY U T 1+ oz
2 jw2]<2 0]
r/l

n—1
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For the sum over 45 (w) we write

> 6 Do)

2
) 1+ |ws]

ey T ()
TP 2(-7)

L+ glol |, 1S T el

rk

n—1

Actually, the extra logarithm on the right-hand side of this bound is only necessary
in the case A = 0, but we do not optimize this. For the sum over Ajz(w), we
observe that on A3 we have |wz| > %|w1| to write

1
G
Z (601)1 + w22

Az ()
<c Y o log(1 + oy )" 2 ——
= 0g w1
201—2) 1, 12
orizslel | T 11 L+ gl
A 1
.
= Cl + |a)|2(1_k) IOg(l + |C()|) 5

which finishes the proof of #39). Summing G (w) over all w with |»| € I
establishes (4.37). O

LEMMA 4.5. There exists yo > 0 such for any T > 0, there exists a constant
C = C(T) such that foranyl e N,0<t <T,k>—-1,0<y <ypandu € T?,

we have
t re—2
[0 n e
r1=0 rz_l:ozla“-azz—l GAS
4.40 ‘ ?
(4.40) X sup (/ Ink(u — x)| 1_[ |P,y_rj * Ky (x —Zj)\dX) drg_y

0<r¢<re—i, =1
ZeEN. T2 J

_ _ 24+6({—1
< Cy~*(log(y™H)> T,

PROOF. Throughout the calculation we make heavy use of the pointwise bounds
on Pty * K, derived in Lemma From now on we choose yp as the constant
appearing in this lemma, and we assume that 0 < y < y. Furthermore, for
notational simplicity we assume that ¥ = 0, but the argument and the choice of
constants are independent of this.
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We start by fixing 7y > --->rp_; >0and z1,...,2/—1 € A and bounding

2
(441)  sup (/|77k(x)|l_“Pt ,,*Ky(x—zj)}dx) <
0<r¢<r¢—1,
ZgGAg

2
Osup |PY + K HLOO(TZ)(/mk(x)l }Pt - *K,,(x—zj)‘dx) )

Lemma 8.3]implies that for 0 < r; < T we have
2 — —1\2
|27 % Ky [y = €Ty~ (02 7)

Hence we can write

[

15e05Z0— leAé‘

2
(4.42) X sup (/|77k(x)|1_[ P, *Ky(x—zj){dx) dry_;

0<re<rz 1»
Ze€A;
< Cy*(log(y™)) [ / 7 Ge) 7k (e2) | (x1. x2) iy o,
T2T?2
where
H (X1, X2)

t
_ / / L20-1)
r1= Fe— l_

Z1seeesZl— ]EAé‘

X 1_[ ‘Ply_rj * Ky (x1 _Zj)HPty—r_,- * Ky (x2 —zj)}drg_l
j=1

-1
(K—])l(/ Z 2|PV*Ky(X1—Z)HPV*K),(xz_Z)Mr) ‘

Here, in the second line we have used the symmetry of the integrand in the time
variables to replace the integral over the simplex ry—; < --- < r; < ¢ by an
integral over [0, 7]¢~1. We claim that (up to a power of log(y 1)) the convolution
D zeA, e2|PY % Kyy(x1 — 2)|| P} % Ky(x2 — z)| satisfies the same bounds
and as P} « K. Indeed, we get for all x1,x, € T that

Z &2 ‘Pr” * Ky (x1 —z)HPry * Ky (x2 —z)‘ <
z€A,

|7 % Ky @1 =9 ooqa [ 27 Ky 2 =9 aca,
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with the obvious conventions || f [|L1(a,) = D_zea, e2|f(z) and || f|lLoo(a,) i=
sup,en, | f(z)| for any function f:A, — R. According to (8.17), we have
uniformly over x € T2 and 0 < r < T that |P} x K,(x — MNrea,) =<
C(log(y™H)*(t="' Ay72).

On the other hand, and imply that

@43) [P+ Ky(x =) piga, =

_ 1 _ _
Clog(y ™) ) 82( Ay 1) < Clog(y™")*.

_ -2
seh |x — z|

Combining these bounds, we get
—1\\5,.— -
Y|P« Ky — )| P} * Ky(x2 —2)| < Clog(y™H) (™' Ay )
Z€EA,

for a constant C that is uniformin 0 <r < 7T and 0 < y < yp.
Integrating this bound over r for any fixed x1, xo € T2 brings

t
/ > &P« Ky(x1 = 2)||PY * Ky (x2 — 2)|dr
0 zZ€A,
2

t
< C(log(V_l))s(/Oy y2dr +f2r‘1dr)
Y

—1\\6
< C(log(y™)".
Plugging this back into (#.42) leads to

t re—o
[ Yy 2
r1=0 re—1=0 21

¢ 2
< s ([ [T1PE « &yt =zplax) dre
O<resre—i, =1
Z¢EAg T2 J

_ 1\ 246(—1
< Cy~*(log(y™1))* TV
By recalling that according to Lemma , e )17 (12 = C uniformly in
k = —1, we get the desired conclusion (4.40). O

||nk||1%1(T2)~

For technical reasons, below in Lemma[7.4] we will need an additional bound on
Z, that states that the very high frequencies of Z,, are actually much smaller than
predicted by Proposition[d.2] We define

Zyex) = Y 8Zy(t.x).

)
ksv—2
28>0
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LEMMA 4.6. There exists a constant vy > 0 such thatany p > 1, T > 0, and
Kk > 0, there exists a constant C = C(p, T, k) such that forall0 < s <t < T and
0<y<vo
(4.44) E|Zy® ¢, )| f e < Cy?I=0.

PROOF. In the proof of Proposition d.2] we had already seen in (4.28) that for
all kK > 0, we have

|fy(w)|2
=C 2 L 12y2(1- K, (w))

lwle2k[3.51 ¢

2
2

4.45)  (E|8Zy(t.u)|?) + Err.

According to (4.34)), we have
Err < Cyz(log(y_l))z.

In order to bound the first expression in (4.43), recall that we are only interested
in k with 28 > %. In particular, for y small enough all frequencies appearing in
this sum are much larger than y~!. For such w, the bounds derived in Lemma
are suboptimal. Indeed, the bound (@.38)) can be improved to

1Ry (0))]? _cC 1
Lr2y2(1- Ky(w))) ~ lrosl* 3+ &y~2

<C 2 A s
=7 (1 + oy P )
where we have used the fact that |w| > yl—_ozz. Following the rest of the argument
as before, we see that
high —
E[Zy$ e, o= < Cy? + CyProg(y™)?,
and the desired bound follows from Lemma [B.3| O

(4.46)

5 Tightness for the Linearized System

In this section, we continue the discussion of the processes Z,"* and R}'; defined
in (4.5) and (@.6). The first main result is Proposition which states that R}';
can be approximately written as a Hermite polynomial applied to R, ;. In Propo-
sition [5.4] we combine this result with the bounds obtained in Proposition 4.2 to
show tightness for the family Z J,” in an appropriate space.

We start by comparing the quadratic variation (Ry (-, x)); to the bracket pro-
cess [Ry (-, x)]; (see Appendix |C| for the different notions of quadratic variation
for a martingale with jumps). Implicitly in the proof of Lemma [.1| we have al-
ready seen that for x € A, and 0 < s <1, we have

(5.1 (Rys(-.x))s = 4c§,2/0 3 (Pl %o Ky) (x = 2)Cy(r.2)dr.

Z€A,
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LEMMA 5.1. For x € Ag, let

(5.2) Qy,t(s’x) = [Ry,t(' ,X)]s — (Ry,t(' ,X))ss

where s — [Ry (-, x)]s is the bracket process of the martingale Ry (-, x). Let
yo > 0 be the constant appearing in Lemma Foranyt > 0, «k > 0, and
1 < p < +o09, there exists C = C(t, k, p) such that for 0 < y < yy,

E sup sup |Qy,(s,x)|? < CyPd=0),

x€EA, 0<s<t
PROOF. By monotonicity of stochastic L? norms, it suffices to show the state-
ment for p large enough. We wish to apply the Burkholder-Davis-Gundy inequality
to the martingale QO (-, x) for a fixed x € A, and in order to do so, we need to
estimate the quadratic variation and the jumps of this martingale.
Since the martingale Ry ;( -, x) is of finite total variation, its bracket process is
simply
2
[Rys (- 0)ls = 3 (ArRys(-.2))"
O<r=<s

Moreover, as the process s = (R, (-, x))s is continuous, the jumps of Oy (-, x)
are identical to those of s = [Ry (-, Xx)]s.

Recall that an update of the spin o (k) at microscopic position k = ¢~z causes
a jump of size 287 1e2 K, (y — z) for M, (y). If such an event takes place at the
macroscopic time s, then the martingale Ry ;( -, x) has a jump at time s of absolute
value

(5.3) 26287 (P g %o Ky)(x —2) <26*87 | Ky llLoo(a,) < 37,
where we have used the fact that | P} |14,y = 1; cf. (816). Under the same
circumstance, the jump of the martingale Q (-, x) at time s is
— 2
(262871 (P)s %s Ky))(x —2))” < (3)%.

This gives us the required estimate on the jumps of Oy (-, x). We now turn to
its quadratic variation. It is the same as the quadratic variation of the process
s = [Ry:(-, x)]s, hence,

t
(Qye(-, X)) = /0 Z W(z(&lg—l(fﬁf_s *s Ky)(x —z))4ds

z€A,
1686 t 2 y 4
= wot ) Z € (Pt_s *g Ky) (2)ds,
Z€A;
where we used the fact that Cy (s, z) < 1. Using again (5.3) in the form

2
)4
| Pl *e Ky ”LOO(AE) = 25_2
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yields
68 2
G4 {Qy( ) =2 *e Ky)“(2)ds.
zZ€A;
We now use (¢2y2a$*) < 2 and (@.23)) to obtain
> 2
Ky (@)]

(5.5) (Qya(-. X)) =27y >

w€{—N,...,N}2

For 0 < y < ¥y, the bounds (B.TT)) and (8:14) imply that the sum over |w| > y~!
is bounded uniformly. By (8:8) and (8.14), the sum over |w| < Cy~! is smaller
than C(7) log(y~!). We have shown the deterministic bound

(5.6) (Qy1(-, X)) < CyZlog(y™).

By the Burkholder-Davis-Gundy inequality (Lemma [C.T), it follows that for all
p >0,

=1+ 2y72(1 — Ky (w))

E sup [Qy(s,%)|7 < Cy?logP?(y7h),

0<s<t
where C = C(p,t), and in particular the constant does not depend on x € A..
The conclusion is then obtained using the observation that

G E sup sup |Qys(s,x)|” < ) E sup [Qyu(s, x)|”
xeA, 0<s<t 0<s<t
xelAg
and choosing p sufficiently large. g

LEMMA 5.2. Let yo > 0 be the constant appearing in Lemma 8.2} For anyt > 0
and 1 < p < 400, there exists C = C(t, p) > 0 such that for every 0 < y < Yy,

(IE sup ‘ Z (ASR%,(.,X))z)P)I/p < Clog(yY).
XEA, 0<s<t

PROOF. We observe that
2
Y (AsRys(+.))" = Qya(t.x) + (Rys (-, X))
0<s<t

By Lemma|5.1] it thus suffices to show that
(5.8) sup (Ry,(+.x))s < Clog(y ™).

xeAg

We learn from (5.1)) (as when passing from (5.4) to (5.5))) that

|I€y(w)|2
(Rys(-. X)) <4c2, > = :
’ welnnp 22 (1= Ky ()

We obtain (5.8)) arguing in the same way as from (5.5)) to (5.6). O
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We are now ready to prove that the Ry”t can approximately be represented as
a Hermite polynomial applied to Ry ;. Recall the recursive definition (3.3) of the
Hermite polynomials H, = H,(X, T) as well as the identities (3.6) and for
their derivatives.

We aim to bound the quantity

(59) Ey’:lt(sv X) = Hl’l (R)/,t(sv X), [Ry,t(' ’ X)]s) - Ry',lt(sv X)

for any x € T2. Here, we view [Ry (-, x)]s as defined on all of T? by extending
it as a trigonometric polynomial of degree < N. Recall that according to (4.6),
R (t,x) = Z)" (1, x).

PROPOSITION 5.3 (Z," as a Hermite polynomial). Let yo be the constant appear-

ing in Lemma([8.2] Then foranyn € N,k > 0,¢t > 0, and 1 < p < oo, there exists
C = C(n, p,t,k) > 0 such that for every 0 < y < yo,

(E sup sup IE;',’é(s,x)\p)l/p <y~
x€T20=<s=<t

PROOF. We start by reducing the bound on the spatial supremum over x € T?
to the pointwise bounds for x in a grid. According to the definition, for every n
the function Ey", is a trigonometric polynomial of degree < nN. Forn = 1,
Lemma implies that we can control the supremum over x € T?2 by the supre-
mum over x € A, at the price of losing an arbitrarily small power of €. Forn > 2,
this lemma does not apply directly, but we can circumvent this problem by refining
the grid. Indeed, set Ag") ={x € %Zz :—1 < x1,x2 < 1}. Then Lemmai
applies (the fact that the number of grid points in this lemma is an odd multiple
of the dimension is just for convenience of notation), and we can conclude that
supyer2 | E}Y (s, )| < Cli)e™ SUP A () |E}; (s, x)|. Finally, as in (5.7) we can

reduce the bound on the supremum over x € A§”) to bounds on a single point
X € Aﬁ”). We now proceed to derive such a bound.

The proof proceeds by induction on n. For n = 1, it is obviously true since
E;'i = 0. We now assume n > 2.

To begin with, we observe that for any n, there exists C such that for every
x,t € Randevery |[h| < 1,|s] <1,

Hy(x +h,t +5)— Hy(x,t) — dx Hy(x,t)h

1
(5.10) -3 0% Hy (x,t)h* — 07 Hp(x,1)s

< C(Ix["72 + [t] 272 L 1)(1h]? + |s]?).

We fix x € A§") and use the shorthand notation
R(s) = (Ry,i (5, %), [Rys (-, x)]s).
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By It6’s formula (see Lemma [C.1]and Remark [C.3)),

N

Ha(R(s)) = / 07 Ha(R(-))d Ry (- )],

r=0

+ / 8x Ha(R(r))d Ry (r. %)

1 75
T 2 /r:o 0% Hy(R(r7))d[Ry.s (-, X)]r

+ Err(s, x),
where Err(s, x) is the error term caused by the jumps,

Errs,0) = Y { Ay Hy(R) = 37 Hy (RO A Ry (-, )],

O<r<s

— dx Hy(R(r™))Ay Ry,t(' ,X)

— 3 B Ha (RO (B Ry ()L

We have seen in (5.3)) that uniformly over r and x € A, we have |[A, Ry (-, x)| <
3y. Together with Lemma[B.6] this implies that

(5.11) sup  sup |A;Ry (-, x)| < Cy'™*

0<r<t xeA”

for any given k > 0, where C = C (k). Therefore,

ARy (- X)) = (Ar Ry (-, 1)) < (Cy'%).

As a consequence, we can apply the estimate in (5.10)) on the error term to get

Err(s, 01 = C(sup [, 0P 2+ sup [Rye (-, 0] /2 +1)

0<r<s o<r<s

X Z {(ArRy,t('»x))3 + (ArRy,t("x))4}-

o<r<s

In view of (5.I1), it is clear that the summand (A, Ry (-, x))* can be neglected.
From (5.11) and Lemma|[5.2] we obtain that for every 1 < p < +o0, there exists C
such that for every s < ¢,

31P\1/p _ _
(IE sup ‘ Z (ArRy (-, x)) ‘ ) < Cy"log(y™),
x€A, o<r<s
and using Lemma we can replace the supremum over x € A, by a supre-

mum over X € Ag") in this bound (at the price of changing the exact value of the
arbitrarily small k).
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By the bounds derived in Lemma . 1] Proposition[4.2] and Lemma[5.2] we also
get that for every « > 0, there exists C > 0 such that forevery s <t and x € Ag"),

p\1/p
(E| sup 1Ry ()™ + sup [Rya (0122 4+1)7) 7 < ¢y~

0<r<s 0<r<s

It follows from these observations that for every x > O and 1 < p < +o00, there
exists C such that uniformly over x € Ag,

1/p
(5.12) (IE su;t)|Err(s,x)|p) < Cyl™*,
s<

Going back to the relation in (5.11)), we can use and (3.7) to see that d7 H,, +
83( H, /2 = 0, so the first and third integrals in (5.11]) cancel out. Using again,
we arrive at

Ha(RG) = [ S_O H1t(R(r)dRy (. %) + E(s. x).

In view of the definition (@.4) of R}'; (s, x) (Which remains valid for x € A, we
can rewrite this as

(5.13) EJi(s,x) = nf

r=

N

. EJ7V(r™, x)dRy (r, x) + Ere(s, x).

Assuming that the proposition is true for the index n — 1, we want to prove that
it holds for the index n. In fact, it suffices to prove that for every k > 0, every
t > 0, and every p sufficiently large, there exists C > 0 such that uniformly over
x € Ag,

(5.14) (IE sup ‘E;,’,’;(s,x)}p)l/p < Cyl™*,
0<s<t

since we can later on argue as in to conclude. The error term in (5.13)) will

not cause any trouble by (5.12).

There remains to consider the integral in the right-hand side of (5.13). Since
this integral is a martingale as s varies, we can use the Burkholder-Davis-Gundy
inequality provided that we can estimate its quadratic variation and its maximal
jump size. The quadratic variation at time ¢ is bounded by

. 2
n® SUP‘E;}Z 1'(S’X)| (Ry(-.x))e,
s<t
with (Ry;(+,x))¢ < Clog(y™1) by (5.8). The maximal jump size is bounded by
n sup!E;,"’t_l‘(s,x)‘ sup |Ag (-, x)|,
§<t s<t

and we already saw that sup, -, [AsRy (-, x)| < C y17¢. The induction hypoth-
esis and the Burkholder-Davis-Gundy inequality thus lead to (5.14)), and the proof
is complete. U



40 J.-C. MOURRAT AND H. WEBER

Finally, we are ready to conclude by proving the tightness of the processes Z y”
Before we state the result, recall that for any separable metric space S, we denote
by D(R4, S) the space of cadlag functions on R taking values in S, endowed
with the Skorokhod topology (see [7, chaps. 16 and 18]). Recall in particular that
according to [7, theorem 16.4], a family of processes is tight on D(R 4+, S) as soon
as their restrictions to all compact time intervals are tight.

PROPOSITION 5.4. For any fixed n € N and any v > 0, the family {Z}",y €
(0, %)} is tight on D(R4,C™"). Any weak limit is supported on C(R4+,C™"). Fur-
thermore, for any p > 1 and T > 0, we have

(5.15) sup E sup HZ;,":(Z,-)HS_U < 0.
ye(,3) 0=t=T

PROOF. We can restrict ourselves to considering 0 < y < yg, where yg is the
constant appearing in Lemma [8.2] and Proposition We fix a T > 0 and show
tightness in D([0, T'],C™").

Our strategy is similar to that of [44]]. Let m € N be fixed below. The estimate
@.19) implies that forall s # ¢ € y™ Ny, all p > 1,V > 0,4 < ﬁ, andn € N,
we have

(516) E|Z () = Z2 (s, )| ooran < Ct = s +y2)P < Cle = 5],

where C = C(n, p,v’, T, A). We now define the following continuous interpola-
tion for ZJ"*: set Z"(t,-) = Z,"(¢,-) for t € y™No, and interpolate linearly

between these points. It is easy to check that 7 y” satisfies
E|Z () = Z] (5. )| 2an < Clt — s

for all values of 5,7 € [0, T], and hence the Kolomogorov criterion implies the
desired properties when Z** is replaced by Z"".
We claim that for any ¥ > 0 and p > 1, we have

(5.17) E sup sup }Z;,":(t,x) - Zi,”:(t,x)|p <C(n,p,T,k)yd=»r.
0<t<T xeT?2

Once we have established this bound, the proof is complete.

By monotonicity of L# norms, it is sufficient to establish for large p. We
treat the case n = 1 first. In view of Lemma|B.6] it suffices to establish with
the supremum over x € T2 replaced by the supremum over x € A,. We fix an
interval I = [ky™, (k + 1)y™] for some k € Ny and an x € Ag, and we start
with the estimate

sup ‘Zy(t,x) - Zy(t,x)} <2 sup ‘Zy(t,x) - Zy(kym,x)‘.

tely tely
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Using the definition (.3)) of Z,, the definition of M, just above (2.14), as well as
(2.9), we get for any t € I}

Z}/(t’x) - Zy(kymax)

t
= /]; AyZy(s.x)ds + (M (t.x) — My, (ky™, x))
ym

t 1 t/a X
(5.18) = / AyZy(s,x)ds — —(/ Zyhy (s, —)ds)
kym ) ymk/a &
1 I X ky" x
“5(m(e) ()

We bound the terms on the right-hand side of (5.18]) one by one: using the definition
of Ay, we get for the first term that

sup sup
XE€EA tely

A

d C
/1; AyZy(s,x)ds —2/ 1Zy (s, ) Loo(T2)ds

ym

C /
zsfzz /”Zy( Mg« ds.

In the second inequality we have used Lemma for an arbitrary «’ > 0. Hence
we get for any p > 1

P
E sup sup sup
k<Ty—m xelAgtely

t
/ AyZy(s,x)ds
k

ym

p
< Z E sup sup
k<Ty—m XEAg tely

p
<CW'. p) Z y (2+2K)pE(/ 1Zy (s, )l - K/ds)

k<Ty—m

t
/ AyZy(s,x)ds
kym

Iy

< C(K',p, T)y ™y~ @F2Dpyme qup  E[Z,(s,)]”

/.
0<t<T+ym e

By (@.18)), the supremum on the right-hand side of this expression is bounded by a
constant depending on T, k’, and p, so that the whole expression can be bounded
by

C(' . p. T)yPm(=5)-C+26).

Choosing m > 3, k’ small enough and p large enough, we can obtain any exponent
of the form p(1 —«) for y (" < § and p > 5 sufﬁce)

For the second term on the right-hand s1de of (5.18), we use the deterministic
estimate |.Zy hy (s, k)| < 2, which holds for any k € Ay and any time s to get for
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any x € A;andk < Ty ™ andanyt € I

1 t/a X ym
- Loy (s, Z)ds ) < 25— <2y 3,
8(/ymk/a iy () s) =g =

Hence this term satisfies the estimate (5.17)) as soon as m > 4.
Let us turn to the third term on the right-hand side of (5.18). The process
hy (-, %) onl};c f);ol\lles by jumps. Let us recall that a jump event at position j € Ay

attime s € [“X—, L] causes a jump of magnitude 2k, (X, j) < 3y? for hy (-, ).

Hence, we have

1 t ky™
sup sup —(hy(—, f) —hy (L, z)) < 3yJk,
X€Ag tely $ o & o0 ¢

where J is the total number of jumps at all locations j € Ay during the time
interval [% W] According to (2.7), the jump rate at any given location
is always bounded by 1, so the total jump rate is bounded by |A.|. This implies
that for every k, the random variable J is stochastically dominated by Poi(1),
a Poisson random variable with mean A = y"a~1|A| < Cy™®. We impose
m > 6, so that this rate goes to 0. We note that

E sup JZ< Y EJZ<Ty "EPoi(})?.
k<Ty—m k<Ty—m

Since E[Poi(1)?] < C(p)y™°, we arrive at

(5.19) yPE[ sup JP]<C(p.T)y?~°,
k<Ty—m

and as above we can obtain the exponent p(1 — k) by choosing p > g. Summariz-
ing these calculations and invoking Lemma[B.6] we see that for any « > 0, m > 6,
and p > g there exists a constant C = C(p, T, k) such that

(5.20) E sup sup sup|Z,(t,x)— Zy(ky™ x)|" < Cy?U=),
k<Ty=" xeT?2 teli

which establishes (5.17) in the case n = 1.
We now proceed to prove (5.17) in the case n > 2. According to Proposition[5.3]
it suffices to show

E sup sup |Ha(Z(t,x)) — Ha(Z)(t,x)|" < Cy1=0P,

0<t<T xeT2

where Z(t,x) := (Z,(t,x),[Ry,(-,x)];) and H,(Z) denotes the process ob-
tained by evaluating H,(Z(t, x)) at points ¢ € "N exactly and taking the linear
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interpolation in between. It is easy to see that for fixed x € T2 and ¢t € I} we have

}Hn(g(t’x)) - Hn(Z)(Z»x)}

< C)(1 + sup |Zy (&, x)[" + sup[Ry(-,x)]"?)

tely tely

x ( sup | Zy (t.x) — Zy (ky™. x))|

tely

(5.21)

+ 5up [[Rys (- )] = [Ryteym (-, ¥)]iym )

tely

We have already established (5.15]) for n = 1, which yields a bound on all moments
of sup,ey, |Zy(t, x)|" as well as (5.20), so that it remains to bound the terms in-
volving the bracket process. We start with the last term on the right-hand side of
(3.21)). For a fixed k, we write s = ky™ and get for any ¢ € I,

(5.22) |[Ry,(-. X))t — [Ry,s(+. X)]s| <
Y 1Ar Ryt (202 = (ArRys ()2 + D Ar(Ry (-, x))

0<r=<s S<r<t

Recall that a jump of spin o' (k) for k = =1z at time r causes a jump of absolute
value 262871 P}, ». K, (x — z) for R,;(-, x), so that the first term on the right-
hand side of (5.22)) can be bounded by

Z ‘Ar(Ry,t(' X)) — (ArRy,s(',x))z{ =

0<r<s
84

45 sup sup |(PL, xe Ky(2)” = (P, % Ky(2))?

82 Z€EA: 0<r<s

’

where J is the total number of jumps at any point in A x and any point in time
before T in macroscopic time, which corresponds to 7'/« in microscopic units.
As the jump rate at any given point is always bounded by 1, J is stochastically
dominated by a Poisson variable Poi(A) with mean A < CTe2a~! < CTy~°,
which implies in particular that for every p > 1,

EJ? < C(p,T)y °”.
On the other hand, forany 0 < r < s and z € A, we can write
2 2
‘(Pty—r *e KY(Z)) - (Psy—r *e KV(Z)) }

i ‘Pty_r *e Ky(2) + P, ¢ Ky(Z)HPty—r *e Ky(2) — PY_, ¢ Ky(z)‘
<Cy? log(y_l){P,y_, *e Ky(2) — P)_, *¢ Kyy(2)

’
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where we have made use of in the last line. We continue by bounding bru-
tally

| P, %o Ky(2) = PY, %e Ky (2)]

z‘l 3 einw-zK"y(w)(et;{(Ky(w)—l)_esy_gr(Ky(w)—l))‘

where we have used the bound |KAy (w)] < 1 twice. Summarizing these bounds, we
get for any p

E sup sup sup( Z |AF(Ry, (-, x))* — (ArRy,kym(-,x))ZDp <

k<Ty—MxeAst€lx gcp<g

C(p, T)y™? y~® log(y")?,

which is bounded by C(p, T)y?2=%) as soon as m > 10.
For the second term on the right-hand side of (5.22), we write using (5.3)

> Ar(Rys(-.x))* < Cy*Jg.
kym<r<(k+1y™
where as above J is the total number of jumps at all locations j € Ay during the

%, M] Repeating the argument that leads to (5.19), we get

time interval [ 2

that form > 6

y2PE  sup J,ffC(p,T)sz_6.
ksTy—ﬂ’l

Summarizing these calculations, we get that for m > 10 and p > g, there exists
C = C(p, T, «) such that

(523) B sup  sup sup [[Ryy (. 0)]i = [Ryjeyn (. 1)l | < Cy?C),
k<Ty—m xelAgtely
Finally, going back to (5.21]), it remains to bound

p
E( sup  sup SUP[Ry,t(',x)]gn/z))
k<Ty—m xelAg tely

<C Y0 B[ Rykyn G [ oeas)
k<Ty—m

+CE sup sup sup [[Rys (-0 = [Ryseym (. )iy 7.
k<Ty—m xeAgtely
In view of (5.23), the second term can be neglected. Using Lemma[5.2] we see that
the first term is bounded by C(p, T)y " log(y~1)™P. Plugging all of this back
into (5.21)), invoking Lemma [B.6|once more, and using Holder’s inequality (with a
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large exponent on the terms in the last line of (5.21])) we get for any k > 0 and p
large enough

E sup sup |Hn(Z(t,x)) — Ha(2)(t,%)|” < Cn, p, T,k)y? 1),
X€EA, 0<t<T

and the proof is complete. O

6 Convergence in Law of the Linearized System

The aim of this section is to prove the convergence in law of Z,, and the approx-
imate Wick powers Z y" to the solution of the stochastic heat equation and its Wick
powers. We will only be able to show the convergence in law of Z, and Z y” up to
a stopping time that depends on X, (the “nonlinear” dynamics), which we do not
control for now. For a fixed v € (0, %), anym > l,and 0 < y < 1, we set

(6.1 Tym = inf{t > 0: || X, (t,-)]c— > m}.

Theorem [6.T| below states, roughly speaking, that Z,, converges to Z (the solution
of the stochastic heat equation introduced in Section [3) “until 7, ,.” In order to
state this properly, we introduce a different extension of Z, beyond 1, . We start
by modifying the microscopic jump process o for times f > 7y. Indeed, for
k € Ay and for t > 0, define

o(t, k) if t < Zm,

o
0, m(t, k) otherwise.

oym(t, k) = §

Here U)/,,m is a spin system with U;’m(ry,m/oc, k) = o(tym/c, k) and with jumps
occurring for every ¢ > 1, /o and every k € Ay atrate 1 independently from o

We now construct processes My, and Z, , following exactly the construction
of M, and Z,, with o replaced by 0}, . Fort > Oandk € Ay wesethy n(t,k) =

(oy,m(t,+) * ky) (k) and, as in ([2.9), we set

t

62 iyt 1= hyan(t.0) = hym(0.0) = [ 25 s .
0

where £ | is defined as in (2.3) with ¢y replaced by

. T 3
s )¢y if s < %,
(6.3) Cym =191 )
’ 5 otherwise

(in other words, .,2”; m 18 the infinitesimal generator of ai,’m).
Finally, let My (2, x) 1= %m%m(é, Z). The processes My, (-, x) are martin-
gales with quadratic variations given by (2.15)) with C,, replaced by

(6.4) Cym(s.2) 1= ¢} n(Oym(s/@), 2/8).

Let R}, and ZJ, be defined as iterated stochastic integrals just as R}'; and

Z;,”: in (@.4), @.5), and (.6), but with M, replaced by M, . It is clear that for

s < Tym, we have R} (s,-) = R}(s,-). Furthermore, the main results of
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the previous two sections i.e., Proposition 4.2] Lemma [5.1] and Proposition 5.3
as well as Proposition [5.4} hold true unchanged if Ry ; and Z -, are replaced by
Ry”t m and ZJ o Indeed the only property used in these proofs concerning the
jump rate C, i 1s the fact that it is bounded by 1, and this remains true for Cy y.

THEOREM 6.1 (Convergence of Z,). Letv € (0, 5) and m > 1. As y tends to 0,

the processes Zw converge in law to Z with respect to the Skorokhod topology on
D(R4,C™"), where Z is defined in Proposition3.1]

PROOF. As in equation (#.3)) on T2, we have that

t
(6.5) Zym(t,x) = / Ay Zy (s, x)ds + My n(t, x).
0

As explained above, Proposition [5.4] also applies to the family of processes Zy .
Therefore, for any fixed m > 1 the family (Zy,)ye(0,1/3) is tight for the Sko-
rokhod topology on D(R4,C™"). Let Z be a subsequential limit of Z, ,;, as y
tends to 0. It suffices to show that the law of Z is that of Z. In order to see this, we
appeal to the martingale characterization of this law, as recalled in Theorem [D.1]
below. By Proposmonn Z must take values in C(R,C™").

Let ¢ € C*®°(T?). We define

t
My g(t) = (Zym(0). §) — /O (Zy(s). Dyd)ds.

where (f.g) = [ f(x)g(x)dx. More generally, when f is a distribution and g
a smooth test function, we write (f, g) to denote the evaluation of f on g. As
(f.Ayg) = (Ay f. g), the process M, 4 is a martingale.

Let us first see that for any s > 0,

(6.6) (Zym(8), Ay@) — (Zym(5). AB)| < CY* Y| Zym(s) [l

for a constant C = C(¢). Indeed, according to the definitions of A, and K, (see
the discussion below (2.13)) as well as (2.18))

290 =z 2 12869+ 22) 000

zeyZ?
oy Y. Vzﬁ&)(Z 0 2
)/ zeyZ? j=1,2
1 &2
+ E ajlajz¢(x) 5 Zj1%)2
J1,J2=1,2
1
Ts Z 9j,0,0j5¢(x) — Z,lzjzz];) + Err.
J15J2,j3=1,2

The error term Etrr is readily seen to be bounded by Cy? uniformly in x. Further-
more, by the symmetry of £, all of the sums involving odd powers of z; vanish.
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The only remaining contribution is

1
Ap ey Y VARR)L,

z€YZ?

where we used symmetry of the kernel again. The Riemann sum converges to the
integral f ﬁ(z)z% dz = 2, and the error is bounded by Cy? (see Remark .
Therefore, we get

1Ay¢ — Adllre < Cy2.

The estimate (6.6) thus follows from Lemma [B.3] and the fact that the Fourier co-
efficients of Z,, with frequency larger than N < y~2 vanish.
Forany L > 0 and z € D(R4,C™"), we define

Tp(z) =inf{t 2 0: ||zllc-v > L},

and for any > 0,

t
Meg(t) = (2(0). §) — /0 (2(s). A)ds.

The first condition from Theorem that needs to be checked is that ///Z o 18
a local martingale. For some s > 0, we give ourselves a bounded continuous
function F : D(R4+,C™") — R that is measurable with respect to the o-algebra
over D([0, s],C™"), and we consider, for ¢ > s,

G14(2) = (Mzp(t NTL(2)) = Mz (s A TL(2))) F(2),

where we slightly abuse notation by writing .#7 4 (t A Tr(z)) to denote the process
thatis equal to ./ ¢(¢) ift < T7,(z), and is equal to the left limit of .#; 4 at T7,(2)
otherwise. Let us define

Loc = {L > 0 : P[|| Z]|c-» has a local maximum at height L] > 0}.
Noting that
— 1
Lcc | J {L >0 ]P’[ sup | Z()|le— = L] > —%,

n,meN, t:t—s|<1/m n
S€Q+

we see that this set is countable. For L ¢ Loc, the process Z belongs a.s. to the set
of continuity points of the mapping

DR4+,CTY) — R
z — T.(2).
Similarly, Z belongs a.s. to the set of continuity points of the mapping

DR4+.CY) — R
Z = 91 (2).



48 J.-C. MOURRAT AND H. WEBER

By the continuous mapping theorem, ¥, ;(Z,,) thus converges in law to ¥, ; (Z)
along the subsequence y — 0. Since z — ¥ ;(z) is uniformly bounded, the ex-
pectations converge as well; i.e., E[9L, ;(Zy.m)] converges to E[4}, ;(Z)] along
the subsequence y — 0. Moreover, .#z, ot ANTL(Zyw)) is very close to
My st NTL(Zym)), as shown by (6.6) (and where we use the same abuse of
notation on ¢ A T7,(Zy,)). More precisely,

E[|92,:(Zy,m)
= Myt ATL(Zym)) = Myg(s A TL(Zym))) F(Zym) ]
< C@)ty* *'L||F||e.
By the martingale property of M, 4(¢), we have
E[(My,p(t ATL(Zym)) — Myg(s ATL(Zyw)) F(Zym)] = 0,

so E[9L.+(Zym)] tends to 0 as y tends to 0. This implies that E[¢} , (Z)] = 0, and
thus that (.//[Z P (t ATL(Z)))s=0 is a martingale. Since the set Loc is countable,
we can choose a sequence L, ¢ Loc that goes to infinity with n. For such a
sequence, 17, (Z) tends to infinity a.s. as n tends to infinity. We have thus proved
that ///z P is a local martingale, which is what we wanted.

Forz € D(R4+,C7Y), let

Lo(t) = (M2, p(1)* = 21|91 75
In order to verify the assumptions of Theorem @ it remains to see that I'> is a
local martingale. The reasoning is similar except that, unlike the first part, the ar-

gument relies on the presence of the stopping time 7y, . Let us see how. Recalling
M, v, from (6.5), we have

Myp(t) = (Mym(?). 9),
which coincides with (M, (t), ¢) if t < 1), . If we also assume that ¢ is a trigono-
metric polynomial of degree K < oo (i.e., ¢p(x) = % Z|@,|5K $(w)ei”w'x), then
by (A.3)), we have the identity

(Mym(0).¢) = > &My n(t, X)p(x)
X€EA,

for y=2 > K. By (2.13), the predictable quadratic variation of M, 4 is given by
t

(Myg)s = 42, / S e9p(00P () Ky (x — 2)Ky (7 — 2)Cpmls, 2)ds

X,y,2€A¢

with Cy , as in (6.4). The central point is the observation that for ¢ < 7y,

1 1
©7) ‘cy,m(z,o - 5' = |Gy (t.2) = 5| = COW X O e,

1 ..
whereas for 7 > 7)1, we have Cy, = 5 by definition.
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Indeed, to see we note that by (2.7) and (2.12)),

1
Cy(1.2) = 3| = Blhy(o(t/a).2/e)| = B5IX, (1.2)].

Moreover, since the Fourier coefficients of X, with frequency larger than y 2

vanish, we obtain from Lemma [B.3|that
1Xy (1) |Loe < Cy 2" Xy (0)llc—v.

Recalling that 6 = y and < 2 for y sufficiently small, we obtain (6.7). From
this, we deduce that the quadratic variation of M, 4 at time ¢ is close to

t
266 /O S $(B0)Ky (x — 2Ky (v — 2)ds

X,ysZGAs

up to an error controlled by y172V. It is then clear that this tends to 2¢ ||<,z§||i2 as y
tends to 0. We obtain that the martingale

M,z,,qs(f) —(My¢):
is close to I'z,, . (¢) up to an error that vanishes as y tends to 0. We can now
proceed as in the first part to obtain that I'> is a local martingale. Recall that we
have assumed that ¢ is a trigonometric polynomial. But by Remark [D.4] this is
sufficient to characterize the law of Z, and the proof is complete. U

We can now prove the convergence in law of the iterated integrals as well. As
above, for the moment we can only prove this “before the stopping time 7y,.”

Recall the definitions of the processes R}** and Z*"* in Section[3] Furthermore,
recall that for x € T2, the process s — R(s,x) = R:tl:(s, x), defined for s < ¢,
is a continuous martingale with quadratic variation given by

(6.8) (Ri(+,x))s Z / exp(2(t — r)m2|w|?)dr,

weZ2
and that for s < ¢ and x € T2, we have the exact identity
(6.9) R (s,x) = Hp(Re (s, %), (Re (-, X))s).
THEOREM 6.2 (Convergence of Z;,”:). For everym € N andn € N, the processes
(zZ:L: yans s L y”m) (defined as in the beginning of this section) converge (jointly) in
law to (Z*Y, ..., Z"™) with respect to the topology of D(R4,C™")".

PROOF. As explained at the beginning of this section, the results from Sec-
tions 4 I and [5| remain true if R}, and Z}"* are replaced by R}, and ZJ'.. In
particular, by Proposition [5.4] the family of processes (Z;'4),,¢(o, 1 is tight with
respect to the topology of D(R,C™") for every given n. This implies immedi-
ately that for every n, the family of vectors (Zy wo s Zym)s v € (0, %), is tight
with respect to the topology of D(R4,C~")". It remains to check the convergence
of the finite-dimensional distributions.
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From now on, we use the shorthand notation Z,, = (Z ylm, . Z y”m) and Z =
(ZY:,...,Z™) to denote the random vectors of interest. It will also be useful
touse Ry, = (R ... RJ; )and R, = (Rj",....R/™). WefixaK e N

and times 1 < --- < tg. Furthermore, let F: (C“’)”XK — R be bounded and
uniformly continuous (with respect to the product metric on (C™")"*K). We need
to show that

ylii%\ﬂ«: F(Zy(t1).....Zy(tx)) — E(Z(t1).....Z(ik))| = 0.

To this end, fix s1 < f1,...,8g < tg and write

|E F(Zy(11).....Zy(ik)) —E F(Z(11).....Z(tk))|
<E|F(Zy(t1).....Zy (1)) — F Ry, (s51). .. .. Ry1 (5K))|
+ |E F(Ry,(51), - ... Ry (55)) —E F (R, (s1). ... . Ryg (s))|
+E|F (R, (s1).....Rig (sx)) — F(Z(t1), ..., Z(ix))]|.

Recall the estimates (3.10) and @.20) that allow us to control all moments of
1 Zy (2;) — Ry s, (i) |l(c—v)» uniformly in y. Since F is uniformly continuous, we
can thus make the first and last terms on the right-hand side of (6.10) small uni-
formly in y by choosing |#; — s;| small enough. Therefore, in order to conclude,
it suffices to show the convergence in law of the vector (Ry ¢, (s1), ..., Ry 1, (Sk))
to (Ry, (1), ..., Ry (sk)) for fixed values of s5; < ;.

We will show the stronger statement that this convergence in law holds with
respect to the topology of (L>°)"**X_ By Proposition it suffices to show that

(6.10)

Hﬁ(Ry,ti,m(Si,X), [Ry,ti,m(‘,x)]si), L=1,....n, i=1,...,K,

converges in law to (R;(s1),...,R;(sg)) in L. By and Lemma it
suffices to show the two convergences

(law)
(61 1) (R)/,t] ,m(sl)’ ) Ry,tk,m(SK)) m) (Rt] (Sl)’ ) Rt]( (SK)),

and

(law)

6.12) ((Rysrm(» Nsir oo (Ryaem(-2))sx) —

((Rtl("'))é‘l""’(Rl‘[(("'))SK)’

both being understood for the (L°°)X topology. (The joint convergence in law of
(6.11)) and (6.12)) would follow immediately since the right-hand side of (6.12)) is
deterministic.) As for (6.11)), note that Ry w(s) = P} ;Z, m(s). We learn from
Corollary and Proposition 4.2 that fori = 1,..., K,

(P = Pos) Zymsi)] o 0
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almost surely. So it suffices to check the convergence of Py, 5, Z,, (s;) to Ry; (s;) =
Py;—s; Z(s;). The estimate (8.23) ensures that the mapping

cv" — L%
Z +— Pi_Z
is continuous, so the convergence in (6.11) follows from Theorem [6.1] and the

continuous mapping theorem.
Turning now to (6.12)), we learn from (5.1) that for x € A,

(Ryt;m(+.X))s; = 4cy2/ Z t—r *e Ky)z(z_x)cy,m("vz)d”,

z€A,

where Cy (s, z) satisfies (6.7). We can thus conclude that the quadratic variation
(Ry,1;,m(+,x))s, is given by

/ S &2 (P, % Ky)2(z — x)dr

zZ€A;

up to an error that is bounded uniformly over x € Ag (we also used the bound
(2.17), which implies that |c — 1| < Cy? and the calculation (5.3)—(5.6), which
yields a logarithmic bound on the sum). The latter quantity is equal to

(6.13) / > exp(=20i -y 2(1- K, (@)))| Ry ()| dr.

w€{—N,...,N}2
By (8:4) and (8.14), for any fixed |w| < y~1, we get

lexp(=2(ti — 1)y 2(1 = Ky (@))| Ky ()]
— exp(—Z(tl- — r)n2|w|2)|
2
< Cexp( 21 - r>'—')((r,- —Aylof? + y2ol?).

(6.14)

From the elementary bound
S
/ o= g < o=,
0

we can conclude that after integrating the bound over [0, s;] and summing
over |w| < y_l we obtain a quantity that is bounded by C(s;, t,)y In the same
way (using (8.14) once more), we obtain that the sum arising in ( restricted to
indices |w| > y~! is smaller than

1 _ 1
< i > GXP(—Z(ti — Si) 2) < Csiy ZCXP(—Z(H —Si)—z),
5 Ciy Cry
we{—N,...,N}-,
1

lw|>y~
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and a similar bound holds true for the limiting quantity exp(—=2(t; — r)7?|w|?).
Hence we can conclude that uniformly over x € A, we get the deterministic bound

‘(Ry,t,‘,m(' vx))s,' - (Rt[("x))é‘[‘ = C(Si’ti)yl_2v'

It only remains to refer to Lemma [B.6|to conclude that the convergence (6.12)) also
holds for the extensions to arbitrary x € T2, U

7 Analysis of the Nonlinear Equation

In this section, we summarize the calculations of the previous sections and prove
our main result, Theorem [2.1] Throughout this section, v > 0 will be assumed
to be small enough and fixed. We furthermore fix X° € C™”. We denote by
X € C(R4,C™Y) the solution of the renormalized limiting evolution equation
with initial datum X© as constructed in Section Throughout the section, we
make use of the bounds on K, and P/ collected in Section

Recall that the rescaled field X, (¢, x) was defined in (2.12). Recall furthermore
that it satisfies the evolution equation (2.13), or equivalently, its mild form (@.IJ.
For the reader’s convenience, we repeat here that states

Xy(@t,-)=P/X)

t 133
+/ Pl Ky x¢ (—?Xf(s,.)
(7.1 0

+ (¢ + A)Xy(s,-) + Ey(s, -))ds
+Z,(t,-) onA,.

This equation is only valid on the grid points x € A, because the extension by
trigonometric polynomials does not commute with cubing X, . Therefore, our first
step consists of deriving an equation that holds for all x € T?2.

The problem is only caused by a large @ in Fourier space. Indeed, as long as
lw;| < % we have

(72) Ext[(ei”w'x)?’] — [EXt eiﬂw~x]3’

where as before, we have used Ext to denote the extension operator for a function
A¢ — R to a function T? — R by trigonometric polynomials of degree < N.
In order to control the error caused by the extension, we will use the notation
introduced above Lemma 4.6l and write

(7.3) = 3" §X, ad XM= Y 5X,
2 2

kY < kY =
28>0 28 <5

high . . .
so that X, = X ylg + X ;,"W. It is now convenient to collect some error terms in

the first lemma, and to this end we discuss some notation. For x € Ag, we set
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¢y(s,X) = [Rys(-,x)]s, and we extend this to all x € T? as a trigonometric
polynomial. Recall that in (3.13) we had defined

e 2|2
28T |w|

472|w|?

N
Ay =4-2+ )

weZ2\{0}

Finally, recall that O, s was defined in Lemma
With this notation at hand, we are ready to state the following result.

LEMMA 7.1. For everyt > 0, we have on T2
Xy(t.) = P/ X)
t 1
[Py e (<5 X560 + 660
(7.4)
+ A(s)) Xy (s,-) + Err“)(s,.))ds

+Zy(t,-).

Forevery T > 0 and k > 0, there exists C = C(T, k,Vv) such that the error term
satisfies forall 0 < s < T and0 <y < Yo

[E D (s, )l oo r2)
(7.5) = Cy 71Xy G )2 + 1)
2 _1 high
X (V3S 3+ ”Xylg (Sv')”Loo('][‘Z) + [ Qy,s(s, ')”LOO(AE))-
PROOF. We get from ((7.1]) that
ErD = enr® 4 en® 4 en®,

where

err(l)(s, ) =Ey(s,)— %(,33 - 1)Ext(X3(s,-)),
err(z)(s, ) — —%(Ext (Xi(s, )) — (EXt Xy(s, .))3),

err(3)(s,~) =(cp + A—cy(s,-)—A(s)) Xy(s,).

The first term is easily bounded using the definition of E, in (2.14) and the as-
sumption (2.19) and (2.20) on . On A, we get

lerr™ (s, )l Loo(an) < CY? 1 Xy (5. )1 00(a,)
+ Cy?1og(y "I Xy (s, ) oo (a,)-

By using Lemma this bound can easily be extended to x € T? at the expense
of losing an arbitrarily small power of y. Furthermore, as we have already seen
at several places, we can use Lemma and the fact that X, (w) = 0 for w ¢
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{—N, ..., N}? tobound the L> norm by the C~¥ norm. In this way we get for any
arbitrarily small k > 0

le™ (s, )l poo(r2) < Clie, v)Y> 1 (11X (5, )2 + 1).
For the second term, we get on T2

Ext (X7) — (ExtXy)*
= [Ext((x)%) - (ExtXlOW)3]
4 Ext[Xhlgh(3(X)1/0w) 4 3Xloth1gh (X;ngh)z)]
— [Ext Xp® (3(Ext X[™¥)® + 3Ext X}V Ext Xp®" + (Ext X, =")%)].

According to (7.2), the term [Ext((X)l,OW)3) — (Ext X)I,OW)3] vanishes. By using
Lemma[B.6] the remaining terms can easily be bounded, so that we obtain

ler® (s, )lloo2) < CEY ™[ X5, )| Loor2y

(7.6) ow
x (| X7 (s, )HLOO(T2)+”X

hlgh(S’ ')”ioo(qrz))-

Finally, we bound the terms appearing in the bracket on the right-hand side of

(7.6) by

|6 ) | ooy = D 18k Xy (s, )l oo(r2)

-2
10

< >0 27Xy (s )lle

-2
0

< CONY Xy (5,) e,

2k <Y =

k
2<1

and in the same way

high -
X6 ) | poegrzy = D 186Xy (5. ) loor2y < Cy 2 [ Xy (5.l
22y

Note that the number of terms appearing in the last sum is uniformly bounded in y.

We will see below that this last bound does not capture the true behavior of X, hlgh
but it is sufficient for this particular part of the estimate (7.6)).
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In order to bound err®, we recall that the precise value of ¢, was defined in
(2.20). Then we get for x € T?

|1€y(wy2
p, 47720 = Ky ()

¢y + A—cy(s,x) — A(s) = Z —[Rys (-, )]s

we{—N,...,
wF#0
s exp(—2sm2|w|?)
3 Z 4n?|w?
weZ?,
w#0

Recall from (5.2) that for x € Ag, [Ry, (-, X))y = (Ry,r(-.X))r + Oy.r(s,x).
Furthermore, according to (5.1) we get for x € A,

<RV;S(' ’x))s
S
= 46‘)%’2 Z 82(Psy_r *g Ky)z(x — Z) C,,(r,z)dr
ZEA,
N
=2 Z e*(PY., e Ky)z(x —z) dr + e (s, x)
0 z€A,
L 21— R 2 ()2 )
= _/ Z €xp ——2(1 — Ky (0)) }Ky(a))} dr + e (s, x)
2 Jo y
w€e{—N,...,N}2
= 2
we{=N,...N}2, 47’_2(1 - Ky(w))

w#0

X |:1 —exp(—%(l — I?y(a))))] + err(4)(s,x),

where for any x > 0

N
err("‘)(s’x) = 4(65’2 — 1)/ Z 82(Psy_r * o Ky)2(x — Z) Cy(l’,Z)dr
0

z€A,

+ 4/: Z e?(PY, *¢ Ky)z(x —2) (Cy(r,z) — %)dr

Z€EA,

< C(T. k) y> ™ + C(T,, )y 27Xy (1)l e,

using (2:17) and (6.7) as well as the fact that Y zen, (P % Ky (x—2)dr
is bounded by C(T) log(y~!) < C(T, k)y ™.
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Summarizing these calculations, we get

¢y +A—cy(s,:) —A(s) + Oys(s,x) + err(4)(s,x)

K (w) g 28 ~
IS o
welnN.Np2, Y (1 - Ky(w)) Y
w#0
_y el
4r2|w|?
weZ?
w#0

We bound the difference between the sums over |w| < y~! term by term. We write

Ky (@) (_2_s 2 )_ exp(-2s72|w?)
4),—2(1 _ Iey(a))) €xp yz(l Ky(a))) 4n2|w|?

Ry ()| o
4y=2(1 - Ky(w)) 472o)?

(7.7) < exp(—2s72|w|?)

‘Iey(a))}z
4y=2(1 — Ky ()

‘exp(—%(l - Iey(a)))) — exp(—2s72|w|?)

Using Lemma [8.1] we can bound the expression on the right-hand side of (7.7) for
o] <y~ by

_slo|?
ool Lot L
13 [

N
]! *3

W=

sylo|> < Cy

So, summing over 0 < |w| < y~! results in a contribution that is bounded by

Cy?/3571/3_ Of course, the choice of the exponents here is essentially arbitrary—
we could have obtained any bound of the type )/)“s_k/ 2 for 0 < A < l1—but this
choice is convenient. R

For |w| > y~!, the terms in the sum involving K y are not a good approximation
to the corresponding limiting terms, so we simply bound each sum separately. For
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the first one, using (8.11) and (8.14)), we obtain

Ky (@) (_2_s e )
2 02(1- Ry@) " = K@)

we{—N,...,N}?
lw|=y~!
2
y 2s )
<(C expl —
2 , lyol* p( C1y?
we{—N,...,N}-,
lw|>y~!
<cyiss Y of 1|2 < Cy3sT3,
we{—N,...,N}? @
lw|>y~!

< C(K)S_%)/%_K.

472 |w|?
weZ?,
wzy~!
Summarizing our calculations, we get the desired estimate on Err(D, U

For m > 1, recall the definition of the stopping time 7y, in (6.I) and the defini-
tion of the processes Z, n (see the discussion following (6.3)). It will be useful to
introduce an auxiliary process Xy n(t,x),t > 0, x € T2, as the solution of
with Z,, replaced by Z,, 1, and Err( replaced by

En(D(s) ifs < tym,

7.8 ErrlD(s) :=
(7.8) M’ (5) 0 else.

The existence and uniqueness of this process for fixed y > 0 follows by an elemen-
tary ODE argument, which we omit. Of course, X (?,-) and X, (¢, ) coincide
on the event {¢ < 7, }. Note that according to (7.5), by choosing v > O andx > 0
small enough, for s < 1), we have the deterministic bound

|Er D) | poogray < CTM (2573 + 78 | X750 | oo
+ 770 Qys(5. ) ILooan)-

We will require yet another process that approximates X,,. Forany 0 <7 < T,
we define

Xy,m(t’ ) = PtXO + Zy,m(tv ) + ST (Zy,ma Zy?m, Zy?m)(t’ '),
where St is the solution operator to the continuous problem, defined in Theo-
rem [3.2] Recall that the definition of the operator St involves the choice of initial
datum X°, which we keep fixed. The following lemma is an immediate conse-

quence of the main results of Sections [3]and [ (The initial datum of the limiting
evolution X is X® e C™7))

(7.9)
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LEMMA 7.2. Forany T > 0, let F:D([0,T],C™") — R be uniformly continuous
and bounded. We have

J}i_r)nO}IE[F(Y,,,m)] —E[F(X)]| =0.

PROOF. Fort € [0, T], we can write
X(t.)=PX°()+ Z(t.-) + Sr(Z. 2%, Z7)(1.-).
In Theorem it was shown that the triple (Zy,m, Z;%,. Z;>,) convergences in

y,m
law with respect to the topology of D([0, T],C™")3 to the triple (Z, Z*%, Z*3).
As the limit is continuous, we can conclude that the convergence also holds with
respect to the metric of L>°([0, T],C™")3.

On the other hand, Theorem [3.2] ensures that the operator S7 is uniformly con-
tinuous on bounded sets from L2 ([0, T],C™")3 to, say, C([0, T'],C'(T?)). Note
that the evolution Y (¢) = P; X% isin C([0, T],C™") by properties of the heat semi-
group P;. In particular, the mapping that sends (Z, Z*%', Z*3) to

P X+ Z(t,)+Sr(Z, 2%, 23, )

is continuous from L%°([0, T'],C~")3 to D([0, T],C™"). This implies the desired
result. U

It remains to bound the difference between X, y,m and X, (or X, ). Note that
these two processes are naturally defined on the same probability space, so that we
can derive almost sure error bounds. For most of the remainder of this section we
collect bounds to show that for every fixed m > 1, T > 0, and bounded uniformly
continuous function F:D([0, T],C™") — R, we have
(7.10) limsup E|F (Xy,m) — F(Xym)| = 0.

y—0
Once (7.10) is established, it can be combined with Lemma [7.2] implying the con-
vergence in law of X, to X for every fixed m > 1. The stopping time 7y, can
then be removed by a soft argument that will be explained in the proof of our main
result, Theorem [2.1] at the end of the section.

We start by treating the initial datum. To this end we set Yy (t,-) = P/ X 3

on TZ2. Lemma and the uniform bound on || X 3 |c—v imply that for x > 0 and
B > 0, we have

(7.11) 1Yy (0. lea—e 174 < C(T k)

uniformly in y and in ¢ € [0, T']. This is slightly worse than the bound available for
the continuous equation, where we have uniform control on ||Y(z, )]st ¥ T#)/2
for all values of v, 8 > 0. The bound is weaker due to the bad behavior of P} on

high Fourier modes observed in Lemma 8.4] but is sufficient for our needs.
We set

Uy (€, %) 1= Xym(t, X) — Zym(t, x) = Yy (£,x), ¢ >0, xeT?,

(7.12) B _ )
Vym(t, x) := Xym(t,x) = Zym(t,x) =Y(t,x), t>0,xeT".
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So the desired bound (7.10) follows as soon as we have established bounds on

supg<;<7 1Y (t,-) =Yy (t,)llc—v as well as supg<; <7 [|[Vy,m(Z, ) — Vy,m(Z, )|l c1/2
for fixed T and m.

The first of these bounds is established in the following lemma.
LEMMA 7.3. Forevery T > 0 we have
(7.13) sup [Y(t.) = Yy (&, )le—v — 0.

0<t<T
PROOF. For any ¢ > 0 we can write
(T14) Y (t.) =Yyt )le =< | Pe(X0 = XD) v + [ (P = PY) XD -

The operator P; is bounded on C™" uniformly in ¢, so that the first term is bounded
by C|| X% — X )(,) |lc=v — 0. For the second term, we use the assumption that states
that the X 3 are uniformly bounded in C™"** for some small ¥ > 0, as well as the

fact that | P} — Py|lc—vix—e—v < C(T, v, k)y*/? according to (8:34). So (7-13)
is established. U

We now turn to the terms vy, iy and Uy, in. As in Section 3} we have to include the
initial conditions in the renormalized powers of Z, . We define

Zym(t,) =Yy (t,:) + Zymlt,-),

ZE () = Z () + 2Yy () Zym(t, ) + Yy (2, )%,

Z3 () = Z3 () + 3Yy (1, ) ZE () + 3Yy (1) Zym(t, )
+ Yy (t,-)3.

(7.15)

Furthermore, we define Z n, Z s and V4 ;% in exactly the same way as we de-

fined Zy,m, Z:%,, and Z:% in (713), with the only difference that all occurrences
of Y, (¢,-) are replaced by Y (¢,-) = P; X°.
With these notations in place, we can observe that vy, = ST(Zym, Z 2 7 y3m)

satisfies e
(7.16) Uym(t, ) =— /0 t Pi_s Uy m(s)ds,

where we have set

yn(5) = 5 () + 32y T 0) + 3225 Tym5) + Z53(6))

— A Ty () + Z}i(5)).

In the next lemma, we establish a similar expression for vy, ,. To this end, recall the
definition of E% in (5.9). We denote by E; | the corresponding quantity with
Ry, R} replaced by Ry m, R}'; . As discussed above, Proposition [5.3 holds

as well (in fact, with the same constant) with EJ; replaced by EJ; .

(7.17)
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LEMMA 7.4. Forally > 0 andt > 0 we have on T?

(7.18)  vym(t,-) = — / t Pl Ky (Wym(s) + EnD) + En@(s,-))ds

where ’

Uy m(s) := ( w(8) + 3Zym($)V2 () + 3ZE () vym(s) + Z3(5))
— A(5) (Vy.m () + Zym(s)).

The error term Err( ) was bounded in @ while for Err( ) ,wehavefor0 <s <T
and for0 <y < yp

H Err(z)

(7.19)

(s, ')HLOO(T2)
(7.20) < C(Tv ) (| Emll oo 2
+ (lvym(s. ) poor2)y + s 7) | EA,

).

PROOF. Using (7.4), we see that vy, satisfies for any # > 0 on T2
Vym(t,-) = /0’ P/ Ky e (_%(v%m + Zy,m)3(sv )
+ (cy(s.+) + A(s)) (vym + Zy,m)(s,-)
+ Errsnl)(s,-))ds.
The term Err )(s x) was already controlled in (7.9). For the rest, we write

1 ~ -
g(”y,m + Z%m)3 — ¢y () (Vym + Zym) =

1

1~
(1 2),
3 ym Zy +err™ 4 enr

+ 02 0 Zym + VymZi +3

where
¢y — 72
err (Ss ') - v)/ m(s : )( m(sa ') c)/(s ) ym(s ))
enr®(s,-) = ( () =36y (5,) Zym(s, ) = Ziia(s. ).
To control err(1), we write, using (7.13)),
Z)%,m(sv ) - CJ’(S’ ) - Zy?m(s’ )
= (Zym +2Yy Zym + Y7)(5.-) = ¢y (5,) = (Z5 + 2Yy Zym + 1)) (5, °)
= Zym(s:) = &y(s.0) = Z75(5.7)
= E: 2 (s,-).

Y,s,m
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For err®, we write using (7.13) once more (and dropping the arguments to im-
prove readability)

(Z3 =3¢y Zym — Z33)

= (Z3 0 +3Yy 22 +3Y2Zym + Y)) = 30y (Zym + ¥y)
—(Z% + 3V, 22 +3Y 2 Zym + V)

= (Z3m =3 Zym = Z7%) + 3V (230 — ¢y — Z771)

= Ejin+3Y,EN

V.s,m Y,s,m*

By assumption, X )9 is bounded in C™V. The bound (7.11) thus ensures that for

any k > 0, we have a uniform bound on s”*¥||Y, || Loo(T2) from which the desired
bound follows. U

In the next lemma, we combine the expressions and to derive a
bound on supy<; <7 [Vy,m(2,+) = vym(,-)llc1/2.

LEMMA 7.5. Let k > 0 be the constant appearing in the boundedness assumption
in Theorem[2.1|and let v > 0 be small enough. For every0 <t <T and0 <y <
Yo, we have

[Vy,m(t,-) — Vym(t,)lcr/2
t
(7.21) <G / (t =) 3576 [Tym(s, ) — Vym(s, |12 ds
0

+C; (y% + HX)(,) — XOHC_V) + Er® (),

where the constant Cy depends on v, k, T, | X0 o—vtec, and ||X)(/)||cfv+/c as well
as the random quantities

sup ”6}/,1’11(5"')”01/2’ sup ||Uy’m(S,')||cl/2,
0<s<T 0<s<T

SUp | Zym(s. M- sup | Z75 (s ) [emor sup [ 23505 ) o
0<s<T 0<s<T 0<s<T

3 : 5
The error term Err® satisfies for every T >0, p > 2, and0 < A < 2

(7.22) E sup |[Er® ()P < Coy*?
0<t<T

for a constant C, = Co(p, T, A, supg<s<7 [Vy,m(s, )l Loo(T2))-
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PROOF. Forany ¢t > 0 and y > 0, we get by combining and
Vym(t,+) —vym(t,+) = —/Ot (Pr—s — P/ % Ky) Wy m(s)ds
(7.23) - /0 BT wK, s (Tym(5) — Uy m(s))ds
+ /Ot Pl « Ky x (ED(s,) + En@(s,-))ds,

where Ey,m(s) was defined in (7.17) and W), n(s) was defined in (7.19). Using the
multiplicative inequality, Lemma [B.5] we can bound for every s > 0

1%y (5) [l
< Bym(s. ) 21/5 + CONZym(s. e [Tyum(s. )21
+ CO Z7 (5. | oo 10ym(s. ez + | Z2(5.) ] oo
+ A (1Tym(s, ez + 1 Zymls,)lle—»),

(7.24)

where we have chosen v > 0 small enough to assure v < % Recalling the defini-
tion of Zy,m, Z s and me just below (7.15)), we get for s > 0
1Zym(s. e = 1Zym(s, e + 1Y (s, )lle-v
< 1 Zym(s,)lle= + CIX°lle-,

and for any k > 0

1 Z2Z o < 1220 om0 + CORUZymlle— 1Y lovie + 1Y llews= Y llc—v)
1Z35 e < 1255 e + COR(| Z2 o= 1Y vt + 1 Zymlle= 1Y 1204
H 1Y 12042 1Y fle),

where we have omitted the arguments (s, - ) for all functions in the inequality. The
regularity bound (8.23)) for the heat semigroup P; implies that for any A > —v

_Atv
(7.25) 1Y(@)ller < CA)™2 [ XO)e-v.

Furthermore, the definition (3.15) of A(s) shows that |A(s)| < C log(s~!). By
combining these bounds, we get the following (brutal) bound uniformly over 0 <
s <T:

%y m)lle-s = COT) ([T, M2 + s~ ([ X220 + 1)
'(”Zy,m(S)HC*” + HZ):/%r:n(S) ”c—v + HZJ:/%*»(S)HC—U)’
where we have assumed that v and k are small enough to ensure that the exponent

on s in the term [|Y ()2, < C(T, v, K)s~ v+ X 0|2, satisfies 2v + & < 1.

(7.26)
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Combining Lemmaand Corollary we observe that for any A < %—% and
Kk > 0, there exists a constant C = C(7, A, k) such that uniformly over 0 <¢ < T,

(727) H (Pt - Pty * Ky) Hc—v_>(j2

Indeed, a combination of (8.24), (8.26), and (8.29) in conjunction with the standard
regularity estimate for the heat semigroup (8.23) yields that for any 0 < 8 < 2 and
k > 0, we have uniformly over 0 <¢ < T

[(P = PY % K)o pvinz < CB.E TS,

Interpolating between this bound and (8.33)) yields (7.27).
For any ¥ > 0 and A > 0 small enough, we can thus bound the first term on the
right-hand side of (7.23)) uniformly over 0 < s < T:

t
”/0 (Pe—s — Plg x Ky)Wym(s)ds

< CyrmiTE R,

—

cl/2

(7.28) < Crr A

where the constant C on the right-hand side depends on k, A, T', and || Xy, ||c—v but
also on the random quantities

sup ||Uy,m(sv')||cl/27 sup ”Zy,m(sv')”(?—"»
0<s<T 0<s<T

2: :3:
sup [ Z0 (s ) e—vr sup [[Z5565) o
0<s<T 0<s<T

In the inequality in we have chosen v, A, and k¥ small enough to ensure that
the quantity on the right-hand side of the integral in the second line is integrable
as s — t. By choosing v and k small enough we can still choose A = % Then

the right-hand side of is bounded by Cy!/2 where C depends on T and
| Xy |lc—v as well as all the random quantities listed above.

As we will now see, the second term on the right-hand side of (7.23) can be
treated in a similar way. Using again the multiplicative inequality, Lemma[B.5] as
well as the definitions of Zyw, Z%. Z;%, Zym. Z7,, and Z in (7.15) and

y’m’ y’m’
below, we get for all s > 0 and any ¥ > O that

Hmy,m(s) —Wym(s) Hc—v
< C. &, T)(I0ym(s.+) = vymls. Mgz + 1Y(s.+) = Yy (s, ) llc)
X (14 AE)) (10ym(s, IZ12 + 10pmls,)E1/2 + 1 Zymls, ) 13-
+ | Z2505, ) o + 1Y e + 1Yy (s, ) 20ie + 1)
Arguing as in the proof of Lemma[7.3] we see that
1Y(5.) = Yy (5. )le= < CIX® = XDl + C.ke. T2,
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where k > 0 is the constant appearing in the boundedness condition in the state-
ment of our main result, Theorem [2.1] Furthermore, using (7.11)) (or Lemma [8.4)),
we get for any ¥ > 0

1Y (s, ) I30ie < CO.R)s™2 X0 v,
1Yy (5, )|z0sze < C, & T)s™ 73 XD o

(As stated above, the bounds for the approximated heat semigroup are weaker than
the bounds in the continuous equation.)

This estimate, together with (8.29), gives the following bound on the second
term on the right-hand side of for any k¥ > 0:

t
“ /0 Pl Ky * (Uym(s) — Uym(s))ds

cl/2

t — —
(7.29) <C / (t — 5) "4 2 kg—4v=3k
0
Iy (8) = vy 2 + | X0 = X2 | oo + ¥ 2)ds

for a constant C that depends on v, &, , T, || X°||c—v+«, and ”X)(,)”Cf\hl»/c as well
as the random quantities

sup [[Uym(s,lcrz, sup [[vym(s, ez,
0<s<T 0<s<T

:2:
sup ”Zy,m(s, . ) ”c—v ) sup H Z}/,m(s5 : ) ”Cfv .
0<s<T 0<s<T

Here we have absorbed the logarithmic divergence of A(s) as s — 0 into the term
s~4V=3k by choosing a slightly larger k. If v,k > 0 are small enough, the integral
in the last inequality of can be bounded by

t
C / (t —5) 73578 [Tym(s) — vym() 12 ds + C| X0 = X oo + Cy 5.
0

For the last term on the right-hand side of (7.23), using (8.29) once more, we
get forany k > 0

=

t
H/ P/ K, * (Errg)(s, )+ Errff)(s, -))ds
0

Cl/z

t _
C(x. T)/ (t —s) 4 F|EnD (s, ) + En@(s, )| oo ds.
0
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Recall that according to (7.8), for s > 7, we have Err! )(s) = 0. Otherwise,
according to (7.9), we have

HE”l(nl)(S’ ')HLOO(TZ) = C(T, m)(V%S_% + V_é ”Xal;igh(s’ ')”LOO(’[FZ)

1
+y7o| Qy,s(S, ')”LOO(Ag))-
For the second term on the right-hand side of this estimate we write
high
| xy*
high high high
= ”Zy (5")HL0<>(T2) + ”v%m (s")”LOO(TZ) + H Y, (s")”LOO(TZ)
high
< 255 ) | powpay + €7 (s
— _Il4v =
+C,k, Tyt 2 KHX)(/)”c—V'
Here, vgfﬁ? and Y;l igh(s, -) are defined analogously to (7.3)). From this definition, it
follows immediately that || vgfﬁ? (5, ) lLoo T2y is controlled by CyHvym(s, )iz

(7.30)

(S’ ')HLOO(’]Tz)

1
2

and similarly for Y;l " We have also used once more the estimates provided in
Lemmato control the C!/2 norm of Y. Y (8).
According to (7.20), we have for any k¥ > 0

HErrt(f) < C(t,v,E)(HE:&

y,8,m ”LOO(T2)
+ (Ivyum(s. ) Looer2)y + 57 ) | EE

Summarizing all of these calculations, we get

loocr2)

‘LOO(Tz))'

_ - ! 1 _1 —
lvym(,+) — Vym(z, ')Hcl < /(; (1 —=5)735 0 |luym(s) — Vym(s)|lcr ds
+ G+ Xy = X ) + BT )

for a constant C that depends on all of the quantities listed below and (7.29).
The error term takes the form

Err(3)(t)
t 1 =
< CR.T) / (1 — )4 F
0
_1 hich _1
. (y EIXEE ) ooy + 761 Qs (5 lLoo(a

+ | E ”LOO(TZ)

+ (Ilvy,m(s. )l Loo(r2y + S_V_E)”E):Z_;,m”Loo(']I‘z))dsv
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In particular, we can conclude from Lemmas[4.6] [5.1] and[5.3]that for any p > 2,

E sup [EM®()|? < C(p,T. A, supg<s<1 [Vym(s, )l LooT2)) v
0<t<T

forany A < %. So the desired result follows. U
We are now ready to conclude the proof of our main result.

PROOF OF THEOREM 2.1l We define the events AZ = AZ(y,m) and A% =
AE(y, m) forrand m > 1 by

AZ = {1 Zymlc =0 )| Z2 oo =1 || 23| o= < ron[0. 71},
AE = { sup En® ()| < y%}
0<t<T
Recall that
Uy = ST(Zyms Z350 Z30).
By Theorem there exists a constant C (7, r) such that on the event ArZ ,
(7.31) sup |[Vy,m(t, )12 < C(T,1).

0<t<T
Letrg = C(T,r) + 2 and let T = T(y) be the stopping time defined by
T =inf{t > 0: |vym(t. )iz = ro}.

By a suitable version of Gronwall’s inequality (see, e.g., [35, lemma 5.7]), we
deduce that there exists a constant C depending on 7" and r and the choice of small
constants «, v > 0 in Theorem such that in the event .Arz N AE, we have

(7.32) sup  [|vym(t,-) = Tym(t,-)llerr2 < Cyz +|x0-Xx°.-)
0<t<TAT

(recall that the quantity in the supremum above is a continuous function of ¢). In

particular, for y sufficiently small,

sup lvym(, ) = Vym(t, )12 < 1.
0<t<TAT

Together with (7.31)), this implies that

|y T AT ) |12 <vo— 1.

By continuity of # = |[vy,m (2, - )||c1/2, this implies that T > T, and thus that (7:32)
can be upgraded to

(7.33) sup vy () = Ty )] o2 < C (2 + | X2 = X°| o)

0<t<
in the event AZ N AF and for y > 0 small enough (depending in r). Recalling that
Xym =Vym+Zym+Y, and Xyn=7Tpm+ Zyn+7,



CONVERGENCE OF ISING-KAC TO <I>g 67

we deduce from (7.33)) and Lemma [/.3|that for every m,r > 1 and every bounded
uniformly continuous mapping F : D([0, T],C™") — R,

(7.34) lim E[|F(Xym) = F(Xym) |14z .42] = 0.

Let us write f_(rZ and AF for the complementary events of ArZ and AE, respec-
tively. Note that in (7.34), the indicator function of the event AE does no harm,
since it follows from (7.22)) and Chebyshev’s inequality that

(7.35) lim P[AE] = 0.

Let ¢ > 0. We now argue that by choosing r sufficiently large, we can make the
probability of the event AZ smaller than ¢ as y — 0. In order to do so, let us
introduce the stopping times

Zr = inf{r > 0 : max (|| Zy,m(t)lc-.
TZr = mf{t >0: max(||Z(t)||C—v, }Z (I)HC_”’ 73 (I)HC_U) > r}.
Recall from Theorem that (Zym, Z ym, ) converges in law to (Z, Z'%,
73 for the topology of D(R4,C™)3. Argumg as in the proof of Theorem 6.1
we see that for every r outside of a countable set Loc (the set of r such that ¢ —
max (|| Zy,m(t)|lc— ||Z (@) le—v ||Z i1 (2)|lc—v) attains with positive probability

. Z .
the value r as a local max1mum), the random variable ‘L'y’,i‘{ converges in law to 74"

(t)”c v |Z n @) =1

as y — 0 (keeping m fixed). By Proposition [3.1] the random variable
sup_ max (|| Z()llc—v. | ZZ (O)lle-v. 1 27 ()]l c-v)

0<t<T
is finite a.s., so it suffices to choose r sufficiently large to ensure that
P[t?" <T]<e.
Enlarging r if necessary, we can also make sure that r ¢ Loc, and thus get

(7.36) limsupIP’[/Tr]<hmsupIP’[ Z'ST]<IP’[ Zr<T)<e.
y—)O y—> —0

We decompose
|E[F(Xym)] — E[F(X)]] <
[ELF (Kym)] ~ ELFCON + [ F () — F (Xyn) | Laz ]
+ || Fllp=P[AZ U AF].
By Lemma([7.2] (7.34), (7.35)), and (7.36)), we obtain that
hmsuplE[F(Xym)] E[F(X)]| < el FllLee.

)/—)

Since ¢ > 0 was arbitrary, this proves that X, , converges in law to X as y tends
to O for any fixed value of m.
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We can now remove m by a similar reasoning. Recall the definition of 7y, in
Tym = inf{t > 0 [| Xy m(®)|lc— = m},
and set
T = inf{t > 0: | X(®)|lc-v = m}.

Arguing as above, we obtain that for every m outside of a countable set Loc’, the
stopping time 7y, converges in law to 7. Moreover, we know from Theorem 3.2]
that supy<; <741 [[X(©)|[c— is almost surely finite. Hence, for any given ¢ > 0,
we can choose m = m(7T, ¢) sufficiently large and outside of Loc’ so that

limsup Pty m < T] <e.
y—0

Recalling that X, , and X, coincide up to 7y, this implies that

limsupP[X)m # Xy] < e.
y—0

Since Xy, converges in law to X, this concludes the proof of Theorem[2.1} [

8 Some Bounds on the Kernels K, and P,

In this section, we collect some facts about the kernels K, and the approximate
heat semigroups P}. We start by summarizing some properties of the Fourier
transform K, of K. Recall that for 0 < y < % andw € {—N, ..., N}?, itis given
by

B Ky =Y @Ky @)e T = ¢, Y p2R(x)e T TEMOx,

X€A, xeyZ?

where R is the smooth function introduced at the beginning of Section [2| In the
second equality, we have used the fact that & has compact support in B(0, 3) to
replace the sum over %A; by a sum over yZ2 := yZ? \ {0}. Recall our choice of
scaling in (2.16)) and (2.17), in particular ¢ = y2cy 5.

For some of the following calculations, it is useful to view 1€y as a function of a
continuous parameter by evaluating (8:1)) for all @ € R2. The function K y defined
in this way is smooth and (2N + 1) periodic in both coordinates. We will typically
evaluate it only for w € [-N — % N + %]2. Furthermore, we have for all w and
forj =1,2

(82) B Ry(@) =~ Smeys Y pPapR(x)e mEmex
4 x€yZ?
and
2
A~ 8 w )
(8.3) 812Ky(a)) — _P 7-[26%1 Z yzszﬁ(x)e in(e/y)w x

xeyZ?
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In (8:2) and (8:3), we can sum over yZ? instead of yZ?2 because the summand at
x = 0 vanishes. This will be slightly more convenient below.

For small y, the expression (8.1 approximates ﬁ(ya)), where the continuous
Fourier transform jA%(a)) is defined as

R(w) = /ﬁ(x)e_i”w'x dx, o eR2.
R2

The following lemmas state that some properties of fi(ya)) also hold for Ey, uni-
formly in y. We begin with pointwise estimates.

LEMMA 8.1. There exists a constant C > 0 such that for all 0 < y < % and for

lw| <y~ we have for j = 1,2

(8.4) Y21 = Ky (@) — 7°|o*| < Cylol?,
(8.5) \—y—ZajEy(w) — 2712a)j‘ < Cylw|?,
(8.6) |-y 22Ky (0) —27%| < Cylwl.

1

PROOF. For any |w| < y™", a Taylor expansion yields

=Ky @) =1 )y R =TT

x€yZ?
®.7) 3 1 3 2
= Cy,1 Z yzﬁ(x)(in —w-x+ —(n—a)-x) ) + Err,
) Y 20y
xeyZ
where

3

3
En| < ol
y 6

Cy,1 Z YixPR(x) < Cy3lol’.
xeyZ?

By the symmetry of the kernel R(x), we have

Z yzﬁ(x)(a) -x)=0 and Z ylexzﬁ(x) = 0.
xeyZ? xX€YZ?
Furthermore, for j = 1, 2, the sums
i Y VPR

xeyZ?

converge to [p> ﬁ(x)x]? dx = 2 as y — 0 and the error is controlled by Cy?2, so

(8-4) follows.
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The remaining bounds (8.5]) and (8.6) follow in a similar manner: For (8.5)), we
write

_ajley(w) =1 E TTCy,1 Z yzxjﬁ(x)(e_i”(e/y)w'x _ 1)
Y x€yZ?

2_2 2 2.2 /
=y T wjcy105, Z Y x;8(x) + Err
xeyZ?

for an error term Err’ that is bounded by C |w|?y3 uniformly for |w| < y~!. Here
we have used the symmetry of the kernel £ to add the term —1 in the first equality
and to remove the sum over x;x3 in the Taylor expansion in the second line. The
bound then follows as above.

In the same way, we write

2
A~ & —q .
—312-1{,,(0)) = 2 ey Z y? x}ﬁ(x)e in(e/y)o-x
xeyZ?
= yznzcy,lciz Z yzx]zfi(x) + Err’,
xeyZ?
where Err’ < Cy|w| and the bound (8:6) follows. O

LEMMA 8.2. There exists a constant C such that for all w € [-N — %, N + %]2,

O0<y< %, and j = 1,2, we have the following:

(1) Estimates most useful for |o| < y~L.

(8.8) |[Ky(@)| <1,
(8.9) 10 Ky ()| < Cy(lyw| A1),
(8.10) 03K, (w)| < Cy>.

(2) Estimates most useful for |w| > y~L.
@.11) yol?|Ky ()| < C.
(8.12) yol|d; Ky ()| < Cy,
(8.13) yol?[67 Ky ()| < €y

Furthermore, there exist constants C1 > 0 and yo > 0 such that forall0 <y < yg
andw € [-N — 3 N + 12,

(8.14) (1-Ky(w) > Ci1(|yw|2 A ).

PROOEF. To see (8.8), we write
|Ky(@)] <cpa Y y*R(x) =1

xeyZ?
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For |w| < y~!, equations (8:9) and (8.10) follow directly from Lemma For
|w| >y~ 1, the bounds (8-TT)—(8.13) are stronger, so it suffices to establish those.

The argument for (8.11)) is very similar to the argument used in the proof of
Lemma Indeed, for any function f:yZ? — R, we set

Ay f) =y > (fE) = f(x).

xeyZ2?,
X~Xx

where ¥ ~ x means that X and x are adjacent in yZ2. Similar to (B.T)), for fixed
0 € R2 weset ey : x > e ITEMOX and we get that

2
—Ayey = 2y 72 Z(l —cos(emw;j))eqw.
j=1
After a summation by parts, we get
1

Cy,1
2y—2 ij=1 (1 — cos(enw;)) Y

(8.15) Ky(w) = > Y (A R())ew (),

x€yZ2
where ?%(x) = R(x) for x # 0 and E(O) =0.
Recalling our scaling ((2.16) and (2.17)), it is easy to see that
1 1

2 =C5—
y—2 Zj=1(1—cos(sna)j)) y? |

uniformly over ¢ and |w;| < N + % On the other hand, the fact that K is a
C? function with compact support shows that the sum on the right-hand side of
(8.15) is bounded when restricted to points x that are not 0 or adjacent to 0. For
those five points x that are, we bound Ay?t(x) < 8/y2. Hence, the sum over these
five points weighted with y? is bounded by 40. This finishes the proof of (8:1T).
The arguments for (8.12)) and (8.13)) are almost identical to the argument for
(8-1T)). Indeed, performing the same summation by parts as in (8.13)), we get

93 Ry (@) = z)lz Y VA (R
Y x€yZ?

and

2
2K, ()] §c|yyw|2 3 12 -a, (ZRW))|-
x€yZ2?

Note that the problem caused by the fact that R(0) was defined replaced by 0 has
disappeared in these expressions. By assumption, both x; &(x) and x%ﬁ(x) are
C? functions with compact support, so that the sums appearing here are uniformly

bounded. This shows (8.12)) and (8.13).
Let us proceed to the proof of (8.14). From (8.11]), we get the existence of ¢ > 0
such that for > ¢y~!, we have K, (w) < 1. Hence (8:14) holds for such o.
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Next, we treat  with |w| < ¢y~! fora ¢ > 0 to be fixed below. For such o (84)
implies the existence of C such that

1 - Ky(0) > 72w?y? - Clo*y? > (22 - Co))|o|?y?,

. 2 .

which can be bounded from below by - |w |2y if we choose ¢ small enough.
Finally, in order to treat the case cy~! < |w| < ¢y~!, we observe that the

Riemann sums

Ky()/_l(,()) — C)/,l Z ,)/Zﬁ(x)e—l'ﬂcij-x

xeyZ?

approximate JA%(a)) uniformly for || € [¢, ¢]. On the other hand, R is the Fourier
transform of a probability measure with a density on R2, and as such, it is contin-
uous and has |fAi(a))| < lif w # 0. In particular, |fi(a))| is bounded away from 1
uniformly for |w| € [c, ¢]. Combining these facts, we see that for y small enough,
K, () is bounded away from 1 uniformly in ¢y~! < |w| < ¢y~!. This shows

B.19). O

The next lemma provides some pointwise estimates on the kernels P} » K, that
are used in the proof of Lemma On Ag, Pty (-) is a Markov kernel for every
t>0:

(8.16) X€Ae=P/(x)=0 and Y £P/(x)=1

XE€EA,

Recall our convention to define K, and Pty for all x € T? by extending them as
trigonometric polynomials of degree < N. We note that for x ¢ A, the properties
Ky(x) =cy1 Z—;R(x) and P} (x) > 0 do not hold in general.

LEMMA 8.3. Let yo > 0 be the constant introduced in Lemma [8.2] For every

T > 0, there exists a constant C = C(T') such that forall0 <y < y9,0 <t < T,
and x € T2, we have

(8.17) |P] » Ky(x)| < C(t7 (log(y™1)* Ay 2log(y™h)
and
(8.18) Ix[*|P] * Ky (x)| < Clog(y™").

PROOF. We write

}Ply * Ky(x)‘ < Z exp(ty_z(ley(a)) — 1))|I€y(a))}.

w€{—N,...,N}2

Bl
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We first bound the sum over w satisfying || < y~!. According to (8.8) and (8.14),
there exists C; > 0 such thatfor 0 < y < yp

Z exp (ty_z(f(\y(a)) — 1))‘12,,((0)! < Z exp(—CLl|a)|2)
lo]<y~! |o|<y—!

<C@t Ay,

for a universal constant C. On the other hand, using (8.11)) and (8.14)), we get

Yoo exp(ty 2 (Ky (@) — 1) | Ky ()] <

we{—N,...,N}2, |
lw|>y~! ( ! )
C expl ——— | ——.
2 T T2 ) yer
we{—N,...,N}*,
lw|>y~!

Ift > 4C1y?log(y~!) (and recalling that according to (2.16), N < y~2), then

Z exp(— ! 2) ! 5 §5y_4exp(— ! 2) 55)/_4)/4 = 5.
Ciy? ) lyol Cry

Otherwise, if t < 4C1y?log(y~!), we have

t 1 _ - - —1y)2
) exp(_—Z)—z < Cylog(y™") = Cr~(log(y™ )",
5 Cry? ) |yol
we{—N,...,N}*,
o[>y !

which shows (8.17).

The proof of (8.18) is again similar to the proof of Lemma and the proof
of Lemma(8.2] As in those arguments, we define a discrete Laplace operator, this
time acting on functions f:Z? — R and defined as

(8.19) Af@) = Y (f@) — f()).
weZ?,

o~

iTw-x

As above, for fixed x € T2 wesetey : w > e , and we get that

2
—Aey =2 Z(l —cos(mxj))ex.
j=1
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In this way, after a summation by parts over Z2, we get forall x € T? and ¢ > 0
that

| P/ % Ky (x)]
< — :
(8.20) 2% i1 (1 —cos(rx;))
1 _ .
X 1 Z !—é[exp (ty_z(Ky(a)) — 1))Ky(a))]|.

Recall that the P‘ty and KA,, are defined as 0 outside of {—N...., N}2. Hence by

(8:19), the discrete Laplacian of P} K, is 0 outside of {—~N —1,..., N + 1}2.
We treat the sum over the boundary points, i.e., over those @ = (w1, w>) for

which at least one w; satisfies |w;j| = N or |wj| = N + 1, first. For such an w we

bound brutally using (8.11)

AP Ry @) < 4P Ry@)| + Y [P Ry@)] = —— = 2.
weZ?, el
o~w

There are 16N + 8 < Cy~2 such boundary points, so that the sum over these
points in (8.20) is bounded uniformly in 0 < y < yp and ¢.

In order to bound the discretized Laplacian appearing on the right-hand side
of at interior points w, it is useful to pass to continuous coordinates. If
f:R? — R is C2, then for w € Z?2, equation (8.19) can be rewritten as

1
Af@) =] / 92 f(o + vep) (1 — [t
j=1,2""1
(8.21) < Z sup }ajz-f(a)—i-fej)},

j=1,2 ‘EG[—I,l]

where e and e, are the standard unit basis vectors of R2. In order to apply this to
bound (8.20), we calculate for j = 1,2

822) P(HAEVR)) =

HMED (23, R, K, + A(02

A~

>

y) Ky + 32Ky + 2203 K,)?).

where to improve readability we have dropped the arguments  and set A := ¢ty 2.
We now use the bounds derived in Lemmas [8.1] and [§.2] to bound the terms on

the right-hand side of this expression one by one. For the first term, we write for
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0<y<vyo o<y lLandj=1,2

sup e)“(ﬁy(“’”e/)_l)kz(aj Ry(0 +7¢)))” Ry (@ + Te;)
te[—1,1]

t
<C sup exp(——|w + fej|2) tz}a) + T€j|2
re[~1,1] G

t .
<C exp(—f |a)|2)ecl 212 (|lw|* + 1),
1

where we have used (8.8)), (8.9), and (8.14) in the first inequality. The sum over
{w € Z?:|w| < y~'} of the terms appearing in the last line is bounded uniformly
n0<¢t<Tand0 <y < 1.

For the second term, we write in a similar way for || < y~!and j = 1,2

sup eMKV(“’”e/)_l)/\ajz-I?y(w + rej)ley(a) + 1ej) <
te[—1,1] ; .
Cexp|l ——— |w|? |eCt t,
p( 2¢, ] )

where we have used (8.8), (8.10), and (8.14). The sum over |@| < y~! of these
terms is again uniformly bounded for 0 <¢ < T and0 <y < 1.

For the third term on the right-hand side of (8.22) and |w| < y~!, we use the
w-independent bound

e*(fv—l)(affy) < Cyz,

which follows immediately from (8.10) once we observe that AE =D <
Finally, for the fourth term we write

24 A~ t t
204 Ey@)=1)) (3, Ky(a)))2 <C exp(—c—|a)|2)—2 yHwl? < Cy2,
1 4

which shows that the sum over |w| < y~! of these terms is uniformly bounded.
For the sums over |w| > y~!, we note that by (8.14), for 0 < y < yp the terms

A Ey=1))2 and eAKy=D) are uniformly bounded for |w| > y~!, so that we can
bound the whole expression on the right-hand side of (8.22)) by

C((ajley)zley + (8?1?1,)[?1, + 812'123/ + 2(3JI€V)2) =

2 2 2
C()/6+ O yz)
lywl lywl lywl

Taking local maxima over w + te; only changes the constant in this expression.
The sum over {w € {—N +1,..., N —1}? : |w| > y~1} of this expression can be
bounded by a constant times log(y~!). Hence the proof is complete. U
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Finally, we summarize the regularizing properties of these approximate heat
operators P} as well as P} K. We recall that the usual heat operator P; satisfies

_B
(8.23) 1P Xllev+s = C(B)2 [ Xlev

forallve R, 8 >0,andz > 0.

In the following lemma, we discuss analogous bounds for the approximate oper-
ators. Recall that the operators Pty and K x are naturally defined on trigonometric
polynomials of degree < N, and are otherwise viewed as Fourier multiplication
operators (that is, they evaluate to 0 on trigonometric monomials of degree > N).
Their behavior is quite different on frequencies that are small compared to y~!
and on frequencies that are large compared to y~!, so we treat those two cases
separately. Our argument essentially follows [28], lemma A.5].

LEMMA 8.4. Let yg be the constant introduced in Lemma [8.2) and fix c1, ¢ > 0,
T >0, andk > 0.

(1) Forevery B > 0and 0 < A < 1, there exists a constant C = C(c1, T, «k,
B.A) such that for all functions X : T? — R with X (w) = 0 for |o| >

c1y~ Y, we have forall0 <y <y, 0 <t <T,andv € R
_8
(8.24) | PY X gvip—c = CE72 | Xlcv,
_i
825)  [|(PY = P)X | pve < (CYAE1XNIev) A (CYHIX llevr2).
(8.26) Ky * X|lev—+ < Cl|X]cv,
(8.27) 1Ky * X — X ||ev— < Cy?*| X || pv42r -

(2) For every B > 0, there exists C = C(ca, T, k, B) such that for any dis-
tribution X on T? with X (w) = 0 for |o| < cay~Y, we have for all
O0<y<v0,0=<t=<T,andv e R

(8.28) |P)X | ovipe < CEPXcv.
If furthermore 0 < B < 2, then

_B
(8.29) | PY(Ky * X)|ovprv = CET2NX]lcv

Remark 8.5. There are two reasons for the (arbitrarily small) loss of regularity
k in these estimates. It is caused on the one hand by the logarithmic divergence
that appears in the last line of the estimate below. This could probably
be removed by performing additional integrations by parts. A second (arbitrarily
small) loss of regularity is caused by the fact that in (8.30), we derive a bound on
a discrete L1 norm over A, rather than on the L norm over T 2. This allows us to
avoid boundary terms in the integration by parts.

Remark 8.6. The approximate heat operator P/ is not as regularizing on high
frequencies as P; is, as can be seen in the estimate (8.28). The usual rescaling
is recovered when one also convolves with K, as in (§.29), but only for 8 < 2.
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PROOF. We start by discussing the regularization properties of an abstract Four-
ier multiplication operator. Suppose that 7" is a Fourier multiplication operator with
symbol T:72->C vanishing for ¢ {—N, ..., N}?. We aim to derive a bound
on [|8x (TX) | poo(T2y = T8 X || Loo(T2) for k satisfying 2k% < N. By definition,
8 (TX) = 0 for all larger k.

In order to avoid boundary terms in (8.30)) below, we will actually derive bounds
on ||78; X ||peo(a,) and then use Lemmato conclude that

T8k X || Loo(r2) < C(k)e™ 3 T8k X l|Loo(a,) < C)2ZF | T8 X || Loo(ay:

i.e., we encounter an arbitrarily small loss of regularity.

We start by defining auxiliary cutoff functions yj for k > —1 as follows. Sup-
pose that ¥ : R? — R is smooth and symmetric, that it coincides with the
constant function 1 on B(0, 3) \ B(O0, %), and that y vanishes outside of the annulus

B(0,4) \ B(0, 3). For k € Ny, set Jx(0) = ¥(2*w). Let y_1 : R - R4 be
smooth and suppose that it coincides with 1 on B(0, %) and that it vanishes outside

of B(0,2). Finally, set 7 (x) = § Y pez2 Xk (@) e/ ™.
For any k > —1, we have according to Young’s inequality

T8k X Looap) = IT *e Mk *e S X |ILoo(a,) = NT *e Mkl (a8 X lLoo(a,)
<7 *e Mellzr a2 186 X llev

In this calculation, we identified 7" with its integral kernel. In order to bound the
L' norm appearing on the right-hand side of this estimate, we write for k > 4

IT * Ml (AL

-y )

Z Z rf(w))?(z—kw)eirrarx
xX€EA, w€{—N,...,N}2

1 ~ .
— Z 22k82 Z Z 2—2k T(2ka))7(a))elﬂa}'x
xe2k A, we2=k72,
| |§27kN

= Y %2 1
14223 52(1 —cos(m27%x;))

xe2k A,

1 ~ .
1 L TR - Ay
we2~ k72,

|a)j|52_kN

X =
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1 1 ~
=c ) el Y - apTRfe)Te)

2|1
xe2k A, |x| we2 k72,
|w_,-|52_kN
(8.30) < Clog(2¥) sup |(1—ANT 2 w)x(w)).

1<lo|<5

This time, the discrete Laplacian is defined as

Afl@) =22 7 (f@) - f()).
oe27k72,
lwj|<27*N,
w~w
and the nearest-neighbor relation is to be understood with periodic boundary condi-
tions on {w € 2772 : |w | < 27% N'}. The integration by parts is also understood
with periodic boundary conditions on this discrete torus. (This is why we had to
restrict the sum to x € A,—only for such x is @ > ¢/ an eigenfunction for
Ay.) In the fourth inequality in (8.30), we have used the fact that y has compact
support contained in B(0,4) \ B(0, %), which ensures that for k > 4 the discrete
Laplacian is supported in B(0, 5) \ B(0, %).
In all of our applications, T is defined and smooth on all of R2, and not only on
the grid points in Z2. As in (8:21)), we can then replace the local supremum over
the discrete Laplacian by a local supremum over the derivatives in the continuum.

We get for k > 4 and 2ktls < N
sup |(1—- AT o)) <C sup |T(2*0)]
1<lo|<5 1<|o|<5

+C sup 9,72 w)|

(8.31) 1<lo|<5,

j=1,2
+C sup  [RTFw)

i<lo|<s,
j=1,2

Inthe case k = —1,...,3, we get easily

_ 1 ~,
32) 1T+l e < | ‘Z Y P@i@)ldy <C swp [T)]
T2 @e{=N,. N} =32

. . . k3
The case where boundary terms appear in (8.30), i.e., those k for which 2% 3 <

N < 2ks, requires some extra care (recall that we had already excluded k with
2k% > N from our discussion in the beginning of the proof) . For such k the term

1 ~

1 X 2—2"(1—Ak>(T(2kw)7(w))‘
we2~ k72,

|a)j|§2_kN
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appearing in the sixth line of (8.30) has to be bounded in a different way. The
sum over those @ = (w1, w,) for which ||, 1] < 27%N can be bounded by
C sup; /5<jp|<s [(1 — Ak)(?(2ka)))?(a)))| as in (8.30) but the boundary terms for
which at least one of the |w;| = 27kN require a different argument: We illustrate

the case where w = (w1, N) with |o1| < 27k N, the argument for the other cases
being the same. In this case the discrete second derivative in the w,-direction ap-

pearing in —A ;. (7A"(2k ) x(w)) gives (dropping the argument w; to improve read-
ability)

¥Q*N)22K(T(N = 1) + T(=N) — 2T (N))
+25(X(=N) = 1(\N)) 2X(T (=N) = T(N))
+2K(x7FN) — xR (N = 1)) 25(T(N) = T(N - 1))
+ T7*N)22K (775 (N = 1) + 7(=27FN) —2727F N)).

In the application we have in mind in this lemma, T is the restriction of a 2N + 1
periodic function to the grid that is well adapted to our choice of the periodic
boundary condition for A,. Hence the discrete first and second derivatives of
T can be bounded as before. However, x does not have this property. The discrete
first derivative (y(—N)—y(V)) vanishes by the symmetry assumption on Y, but the
discrete second derivative appearing in the last line of (8.33)) can only be bounded
by

22K|327F(N = 1)) + y(=27FN) —2527FN)| =
22K|327F(N = 1)) = x27FN)| < 25 sup V(o).

Fortunately, there are only < C 2k such boundary terms so that the Riemann factor
272k gives the uniform bound on these terms as well.

We are now ready to apply these bounds to the operators of interest. The bounds
on 8 X for k < 3 follow from (8.32]), so from now on we assume that k > 4. For
P,y we have for 0 < y < yy, for |w| < y~landj =1,2,

Pl(w) = exp(—#(l —~ I?y(an)) < exp(—["‘)'z),

G
5y 5y 4 o t|w|?
d; P/ (w) = P, (a))ﬁ 0 Ky(w) < C V't exp o (Vt|w)),
1
~ ~ 2, 4 A
B @) = P 0,8 @) + 5 2R 0)
twl|?
Cq

(8.33) < Ctexp(— )(l|w|2 +1),
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where we have used the bounds on 1€y and its derivatives stated in Lemmas
and
The first of these bounds immediately yields, for any 8 > 0,
2

~ t X2
sup {Pty(2ka))‘ < exp(——22k) < (2_kt_%)ﬂ sup xBem 50T
i<lol<s 235G x=0

Similar bounds on the first and second derivatives of 13,7/ follow in the same way
from the remaining estimates in (8.33). Indeed, both of these bounds behave
slightly better for small —we gain a factor /2 in the bound for the first de-
rivative, and a factor 7 in the bound for the second derivative. The desired bound

(8.24) then follows.

To get bounds on Pty — Py, we write

exp(—#(l - I?;,(w))) — exp(—tn2|a)|2)

< CXP( t|0)|2)
< -

¢ 2
< Conp(~125 ) tloPylol = COn e A fol),

1P} (0) — Pr(w)| =

t

P(l — Iey(a))) —t7?|w|?

the last inequality being valid for any 0 < A < 1. In the third inequality we have
made use of (8.4). For the derivatives, we write

|8; P (@) — 3; Py ()|

~ ~ ~ t ~
< 27t|o||P] (w) — Pi(o)] + P,(w)‘—ﬁajKy(w) — 27 w;

_tlwl2
<Cy+Ce €1 tylw|* <Cy.

Here, in the second inequality we have used (8.5]). Note that as above in the bound
for d; P} we gain a factor /7 with respect to the bound for P;”.
Finally, for the second derivatives we have, using (8.3) and (8.6),

|02 P! () — 02 Pi(o)]
< |4n*? w? — 27°1|| P () — Py (o))

2 A
F(aj Ky (@) - 4n* 0}

+ ﬁly(w)(

t N
+ ‘P 8]2~Ky(a)) + 272t

<Ct 2 V.
We can now deduce (8.23]) by repeating the argument below (8.33).
The bounds (8.26) and (8.27) follow immediately from (8.8), (8.9), and (8.10)

as well as the bound
|Ky (@) — 1] < Cy?|ol,
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uniformly in |@| < y~!, which is an immediate consequence of (8.4).

We now pass to the bounds for |w| > y~!. In order to get (8.28), we write for
lw| >y ! withw € {~N, ..., N}?

P 4 c t tw|
Pl (w) = exp(—ﬁ(l — Ky(a)))) < eXp(_Clyz) < eXp(_E)’

~ ~ t ~ t t
a.PV — PV ~ 9K <C _ =
Jht (w) t (C‘)) )/2 J V(w) = Cyexp Cl )/2 )/2

2
2P (w) = ﬁty(w)(;j(aj Ry (@) + #af-l?y(w))

) t 2t
=Ty )i )

In this case, we write for 8 > 0

~ t X
sup {P,V(Zka))‘ < exp(——Zk) < @7k Hp sup xBeT2CT
1<lo|<5 25C, x>0

and as before similar bounds on the first and second derivatives of ﬁty follow in
the same way, so that follows. Observe the exponent t=#, which yields a
weaker bound than the 1 ~#/2 one gets in the case of the heat operator P;.

Finally, for P, K, we write for |w| > y~!
C 1

~ A~ t
P’ (w)K <expl——— | 55 < CV)——
[Pl @k @) < Xp( C1)/2)J/2|w|2 - ()tklwlzk
for any 0 < A < 1. For the derivatives, we get

|9 P} (0) Ky ()| + | P} (0)3; Ky ()|

t t 1 t y
<C — — C SN P —
B J/eXp( Cn/Z)Vz)/ZIwIZJr eXp( CIVZ)V2|CU|2

%
< C)—r—

and
EH G &

_r 2 ~ A~ A~ A A A
< eCItV2 (%(@KV)ZKY + #(B?KV)KV + 3jz~Ky + 2L(8J'KV)2)

)/2
t t2 2 ¢ 2 2 ¢ 2
< CeC17? _V__|__ Y + Y +2_)/_
y4yllwl®  y2ySlwl®  y2lwl|? Y2 yHw|*
J/2
<c——~__.
t'1|a)|2A

Hence (8.29)) follows as well. O
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COROLLARY 8.7. Let yq be the constant appearing in Lemmal[8.2] For any T > 0,
k>0,8>0and0 < A <1, there exists a constant C = C(T,«, B, A) such that
forevery0 <y <yo, 0<t <T,v eR, and distribution X on T2,

(8.34) l(P} — P:)X
835  |[(P/Ky—P)X

< (Cy* X llev) A (CY* X [lovsr)-
< (CYM73)|X ||ov) A (CYA X [[ovia).-

CU—K

C])—K

PROOF. To see (8.34), we split X into its Littlewood-Paley blocks &; X, sep-
arating those with 28 < y~1 from those with 2¥ > y~1. For the blocks with
2k < y_l, the necessary bound is stated in (8.23). Indeed, this bound is even
better, because it has the term ¢ —* replaced by 12,

For the blocks with 2K > y~1, we bound brutally

Hgk(Pty - Pt)XHLoo(TZ) = HPty‘gkXHLoo(TZ) + ||Pt8kX||L°°(']I‘2)
< 27RO (| PY X | g + I1PeSKX v )
(8.36) <27y (| P/ Sk X Nlovir + | PeSi X

Cv+/\)~

Then the bound (8.34) follows from (8.28)), and this is where we pick up the
term I_A.
To get (8.35)), we argue in a similar way. For 8z X with 2k < y~1 we bound

|8 (P Ky = Pe)X || poo 2y =
185 (P! (Ky = DX)| poor2y + [86(PF = Pe) X | poo (12)-

The bound then follows from a combination of (8.24), (8.25), and (8.27). For
2k > y~1 we argue as in (8:36) with (8:28) replaced by (829). O

Appendix A Extension by Trigonometric Polynomials

In this appendix, we recall some properties of the extensions of functions on a
grid by trigonometric polynomials. For any function ¥ : A, — R, we define the
Fourier transform Y through

D xeA, 2Y(x)e "X ifw e {—N,...,N}?,
0

(A.1) Y (0) = ifweZ2\ {~N,...,N}2.

In this context, Fourier inversion states
1 ~ .
(A.2) Y(x) = 1 Z Y (w)e'™@*  forall x € Ag.
w€eZ?

It is thus natural to extend Y to all of T2 = [—1, 1] by taking (A.2) as a definition
of Y(x) for x € T?\ A,. More explicitly, for Y : A, — R, we define (ExtY) :
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T2 > R as
_ 1 2 inw-(x—y)
ExtY(x) = 1 Z Z ee Y(y)

we{—N,..,N}2y€A,

_ Z —Y( ) 1—[ s1n( (2N+ 1) (x; —y]))

yeA, =12 sin (5 (xj — )

The extension of Y defined in this way is smooth and real valued. The function
ExtY is the unique trigonometric polynomial of degree < N that coincides with ¥
on A;. This extension has the nice property that several identities that should hold
approximately are in fact exactly true.

First of all, by the continuous Fourier inversion we see that for w € Z?2

Y () = / e TITOX (ExtY)(x)dx;
’]I‘Z
1.e., the discrete Fourier transform of ¥ on A and the continuous Fourier transform
of its extension coincide. Furthermore, if X,Y : A, &> Rand Z := X x. Y, then
the discrete Fourier transform (A.I) satisfies Z(w) = X ()Y (w). As the Fourier
transform of Z (x) = [p2(Ext X)(x — y)(ExtY)(y)dy satisfies the same identity,

we can conclude that Z and Z coincide on Asg. Finally, in the current context,
Parseval’s identity states

Y Xy =5 Y X@F @)

x€Ag w€eZ?

/(Ext X)(x)(ExtY)(x)dx.

T2

Throughout the article, we use these nice identities to freely jump from discrete
to continuous expressions, depending on which one is more convenient. When no

confusion is possible, we omit the operator Ext and simply use the same symbol
for a function A, — R and its extension.

(A.3)

Appendix B Besov Spaces

The aim of this appendix is to recall some facts about Besov spaces on the
torus T”, which we identify with [—1, 1]”. We begin with a technical lemma.

LEMMA B.1. Let y be a smooth function with compact support. For every € > (),
let
Ne(x) = Z T y(ew), x e T".
w€eZL"
Forevery p, p’ € [1,+o0]with1/p 4+ 1/p’ = 1, we have

/
sup &"/? |[nellLo(rny < +o00.
0<e<l1
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Remark B.2. This lemma would follow from very simple scaling arguments if we
were considering the continuous Fourier transform instead of the discrete Fourier
series.

PROOF. Since ||r)€||]ij(Tn) = ||n8||£;ol(r]rn)”T]g”LI(']I‘n), it suffices to prove the
lemma for p = 1 and p = oo. Since yx is bounded and compactly supported, the
result is clear for p = oo. In order to cover the case p = 1, we define

Te@) =" > ™ y(w),

weeZ"

so that £"n.(ex) = ¥¢(x). Itis then clear that Y, is bounded uniformly over & and
that [|nell1(rny = | XellL1(Tn/e)- In order to conclude the proof, it thus suffices
to check that y, decays uniformly fast enough at infinity. In order to do so, we
introduce
Af@) =72 > (f(@)— flw),
w'€eZ™,

o' ~w

where o’ ~  is the usual nearest-neighbor relationship in eZ". Writing ex : @ +>

e'r'® we observe that

n
(B.1) Aex = 2672 Z(cos(snxl-) — Dex.
i=1

For every positive integer k, repeated integration by parts yields

(B.2) Y At = Y ex(@) A y().

weel" weeL"

Since y is smooth and compactly supported, | é’; x| is bounded uniformly over &,
and thus

Y ex@aby@)| = ¢

weeZ"
for some constant Cy. Combining this with (B.T)) and (B.2), we obtain that
. Ck
|Xe ()] <

=
[¢72 271 (1 —cos(emx;))]
Hence, there exists C;_ such that uniformly over & € (0, 1] and x € T" /e,

/

- C
(B.3) |Xe(X)] < W’

and this is sufficient to conclude the proof. U
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We learn from [3} prop. 2.10] that one can find smooth, rotationally invariant
functions Y, y taking values in [0, 1] and such that

(B.4) supp ¥ S B(0,4/3),

(B.5) supp x € B(0,8/3) \ B(0,3/4),
+00

(B.6) Vo eR?, J(@) + > x(w/2%) =1,
k=0

where we write supp f to denote the support of f, and B(0, ) to denote the eu-
clidean ball of radius r. Recall that any distribution Z on T” can be written (see,
e.g., |3, prop. 2.12]) as the Fourier series

I o ~ |
Z(x) = T Z Z(w)e'™?*  where Z(w) = / Z(x) e ITOX (x
weZ4 Ta

(this expression has to be interpreted as testing the distribution Z against the test
function x > e~#T®X)  We use the partition of unity provided by to de-
compose any distribution u over T” as a sum of (smooth) functions with localized
spectrum. More precisely, we let

-1 =7 k=025, k>0,

B 5 Z0) = 25 Y @ 2@, k=,
weZ4

so that

+o00

Z=)Y &z

k=—1

Forany v e Rand 1 < p,q < oo, we define
S :
1Zgy, = ( > (2kv||5kz||LP(T”))q) = @18 Zllr @) ks | ¢o
k=—1

with the usual interpretation (as a supremum) for ¢ = oco. We define the Besov
space B, , as the closure of C>°(T") with respect to this norm. Note that if
p,q = oo, this deviates slightly from the standard definition to take all distri-
butions for which this norm is finite. Our choice to take a slightly smaller space
has the advantage to yield separable spaces.

The operator &, is best thought of as a convolution operator. Letting

1 o
(B.8) () =5 D ae@)e™*, k= -,
weZ4

we observe that
(B.9) Z =np xZ,
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where * denotes the convolution in T”.

LEMMA B.3. Foreveryv > 0, there exists C = C(v) such that for any R > 1, if
Z(w) = 0 forall w € Z" such that |w| > R, then

I ZllLoo(rny < CR||Z]|c—v.
PROOF. By definition of the Besov norm
186 ZllLoo(rny < 2V Z lc-v.

Let [ be the smallest integer such that 2/ > R. The assumption on Z ensures that

l
Z=>) &Z.
k=0
hence
I l
1Zllzsocrny < Y I8k ZllLoony < I Zlle— Y 2K < €27 |1 Z]¢-v.
k=0 k=0
We get the result by observing that 2l <2R. U

The following Kolmogorov-like lemma is used for deriving a priori bounds in
Section 4l

PROPOSITION B4, Letr +— Z(r,-) be a cadlag process taking values in C°(T").
Foranyv e R, 1 < p < 00, and ve < v — %, there exists a constant C =

C(p,n,v,vy) such that
E sup [ Z(r,-)||5. < C sup sup 2P sup |8k Z(r, x)|P.
0<r<oo k>0xeTn 0<r<oo
PROOF. Let ¥ : R” — R be a smooth nonnegative function that is identical

to 1 on the unit ball B(0, 3) and with compact support contained in B(0, 4). For
k> —1, set

m(x) = 2in Z e x y2 k), x e T™
w€eZ"
For any k > —1, we have §; Z » i = 6;Z, and hence by Holder’s inequality we
get that for any 0 < r < o0,

sup |6 Z(r,x)| = sup

xeTn xeTn

[ 205~ iy
IRL
< 8 Z(r. L com ikl (pny-
where % + % =1 Lemmaimplies that

kn
D

”ﬁk”Lp%]Vg = C(p,n)2 s
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so that
18k Z(r, M o (pny < Cp.m)2 ™ 186 Z(r, L p iy
Using this estimate, we get

sup  sup 2kpv*||8kz(r )”Loo(’]I‘n)

0<r<ocok>-1

< sup Y PG Z(n ) o)

0<r<ook> 1

kp(vs
<C(p.n) Y 270D sup (I8 Z(r ) o pny-

k>—1 0<r<oo
Therefore,
E sup [|Z(r.)|&.
0<r<oo
sC(p,n)Zz"P(”*ﬂ)/E sup |8k Z(r, x)|? dx
k>0 P 0<r<oo
< C(p,n)z2kp(”*+%_v) sup sup 2P B sup |8, Z(r, x)|?
k>0 x€T” k>0 0<r<oo
< C(p,n,v,vs) sup sup2k”pIEl sup |8k Z(r,x)|?. O
xe€T” k>0 0<r<oo

In Section [7] we make use of the following multiplicative inequality.

LEMMA B.5. Let B < 0 < v withv 4+ 8 > 0. Then the mapping (Z1, Z3) +—
Z17Z, defined for Z1, Z, € C* extends uniquely to a continuous bilinear mapping
Sfrom CV x CB — CP. That is, there exists a constant C depending only on v and 8
such that

1Z1Z2lcs = CllZ1llev | Z2]lcs-

The proof of this statement in the case of the full space can be found in sections
2.6 and 2.5 of [3]] (see in particular theorem 2.85). The argument on the torus is
exactly the same, so we do not replicate it here.

Finally, we provide a bound on the L°° norm of a function defined by extension
from a grid by trigonometric polynomials.

LEMMA B.6. For N € N, set ¢ = 2N+1 andlet Ag = {x € eZ" : —1 < x; <
1 fori =1,...,n}. For anyZ Ae > R, we deﬁne the extension

Ext Z(x) = Z Z(Z) l—[ sin (2N + 1)(x; —ZJ))’

sin (3 (xj — zj))

zeAs
defined for all x € T". Then for any k > 0, there exists a constant C = C(k,n)
such that
IExt Z||Loo(rny < Ce™ (| Z]|Loo (A ,)-
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PROOF. For p > 1 we get from Young’s inequality that

Z 1_[ sm (2N + D(x; — ))’
2}’[

cen. 2 sin (5 (x; —z;))

" s1n (2N+1)(x]—z]))
(TSI

);

ceh, = j= in (5 (xj —2,))
sm Z@2N + 1) (x; —Zj)) P)z]a
(ZGXA: jl—[ 2N +1) sm( (x; —zj))
< Coye 7" ”( 3 H(lA_) )
Z&{~N,....N}" j %1

In the last line we have made use of the index change Z; = |2(N + 1)(x; — z;)]
(interpreted with periodic boundary condition on {—N, ..., N}). Now by choosing
P=ik O

Appendix C Martingales and an It6 Formula with Jumps

Let M = (M(t)):>0 be a cadlag square-integrable martingale (with M (0) = 0).
Its predictable quadratic variation (M ); is the unique predictable increasing (in
the wide sense) process such that M2 (t)—(M ), is a martingale. Its bracket process
is

M1, = M20) -2 [ MM ).

where M(s™) is the left limit of M at time s. A convenient way to think about
these processes consists in noting that the bracket process is the limit in probability
of

n—1

2

> (M(tip1) — M(1))

i=0
as the subdivision 0 = 7y < --- < 1, =t gets finer and finer 37, theorem 4.47],
while the predictable quadratic variation is the limit of

n—1

Y E[(M(tiy1) — M(6))? | F,).

i=0

where (.#;);>0 is the underlying filtration [37, prop. 4.50]. In particular, if M is
of finite total variation, then the bracket process is simply the sum of the jumps
squared:

M= ) (AsM)?,

0<s<t
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where A;M = M(s) — M(s™). If M has continuous sample paths, then the
predictable quadratic variation and the bracket process coincide [37) theorem 4.47].
In every case, [M]; — (M), is a martingale [37} prop. 4.50].

Let (o(?)):>0 be a Feller process. Denote by . its infinitesimal generator, with
domain D(Z). For f € D(%), the process

t
My (1) = f(U(t))—f(U(O))—/0 Z f(o(s))ds

is a martingale. Moreover, if f2 € D(Z), then its predictable quadratic variation
is given by

t
(My), = /0 Iy (0 (s))ds,

where I'y = Z(f 2) —2f.Z f is the so-called carré du champ (see, for instance,
[42] app. B]). When .Z is the operator defined in (2.5]), we have

: ; 2
Tr(0) = Y cy(0. /) (f(0?) = f(0))".
JEAN
The Burkholder-Davis-Gundy inequality below plays a key role in our analysis.

LEMMA C.1 (Burkholder-Davis-Gundy inequality). Let M be a cadlag square-

integrable martingale. For any p > 0, there exists a constant C = C(p) such that
forall T > 0,

ya
E[ sup [M@)IP] < CE[(M)Z]+E[ sup |A:M|?]),
0<t<T 0<t<T
where we recall that Ay M := M(t) — M(t™) denotes the jump of M at t.
PROOF. The case of discrete-time martingales is covered by [36, theorem 2.11].

The continuous-time case can be recovered by approximation. Alternatively, one
can consult, for instance, [40]. O

The following result, which can be found for instance in [50, theorem I1.7.31],
is akin to the fundamental theorem of calculus, but with integrands that may have
jumps.

LEMMA C.2. Let X = XM, ..., XMy Ry — R" be a cadlag process such
that for every i, X® is of bounded total variation. Let f : R" — R be a contin-
uously differentiable function. Then f(X) : R — R is of bounded total variation
and

n t 9 )
SX@) - f(XO) =D f B a—i(X(s—»dX(’)(s)
(C.1) S »
s {AsﬂX)—Za—i(X(s—»AsX@ ,

0<s<t i=1
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where we recall our notation AgF = F(s) — F(s™) and fst:o = fse(o i

Remark C.3. In the setting of Lemma|C.2] let us assume for simplicity that n = 1.
Recall that the bracket process of X is then given by

(X1 = ) (AsX)2
O<s<t
If f is twice continuously differentiable, we can rewrite (C.I)) as
f(X(@)) — f(X(0)

t

t
= [ ronaxe + 5 [ raenaix,
s=0

s=0
+ > {Asf(X) — 1(XGT)AX — % FIXGTN(AX)E
0<s<t

which is nothing but Itd’s formula; see |50, theorem I1.7.32].

Appendix D Martingale Characterization
of the Stochastic Heat Equation

Recall that we write (P;)s>0 = (e A) >0 for the semigroup associated with
the Laplacian on T2. Let W be a cylindrical Wiener process over LZ(T?). The
solution Z of the stochastic heat equation

dZ = AZ dt + 2dW

1
(D-1) Z(0,-) = zo

is defined by
t
Z(t) = Pizo + ﬁ/ Pi_g dW(s).
0

If ¢ € C*°(T?) is a smooth test function, and if we write (z, ¢) for the evaluation
of z € S’(T?) against ¢, we have

t
(Z(1).$) = (zo. Pd) + V2 /0 Py dW(s)

for every t > 0.
The goal of this section is to give a martingale characterization of the law of Z.

THEOREM D.1 (Uniqueness for the martingale problem). Let Z be a random pro-
cess in C(Ry, S'(T?)). For every ¢ € C®(T?), define

t
My(t) = (Z(1).$) — (Z(0). §) — /0 (Z(5). Ad)ds

and
Tp(t) = Mg () —2|p]7>.
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If for every ¢ € C_OO(TZ), the processes (Mg (t))i>0 and (I'y(t))s>0 are local
martingales, then Z has the same law as Z the solution of with initial con-
dition zo = Z(0).

Remark D.2. Since Z is assumed to take values in C(R ., S’(T?2)), the martingales
(Mg (t))e=0 and (I'¢(?)) >0 are automatically continuous.

Remark D.3. The fact that (I'¢ (7)) ;>0 is a local martingale identifies (2¢||¢ ”12,2)%0
as the quadratic variation of (M(?))s>0. In particular, for every t > 0, My(¢) is
square-integrable,

(D.2) E[MZ0)] = 2|17
and (Mg (t))r>0 and (I'y (¢))s>0 are (true) martingales.

Remark D.4. Theorem[D.T|remains true if we only know that Mg and T'y are con-
tinuous local martingales for every trigonometric polynomial ¢. Indeed, it suffices

to argue by density using (D.2).

Our proof of Theorem begins by showing that the martingale property can
be extended to smooth test functions that also depend on the time variable.

LEMMA D.5 (Time-dependent martingale characterization). Let Z be a random
process in C(Ry, S’ (T?)). Forevery € C®(R4 x T?), we let

t
My (6) = Z(O). v (1)) — (Z(0). ¥(0)) — /0 (Z(s5). (35 + MY (s))ds
and
2 ! 2
Fy(t) = M3 (1) —2 [0 1 (5)12 ds.

The processes (M (t))t>0 and (I'y(t)) >0 are continuous martingales under the
assumptions of Theorem D 1]

PROOF. We decompose (Z(2), ¥(t)) — (Z(0), ¥ (0)) into
(D.3) (Z(@), ¥ (1) = (Z(0), ¥ () + (Z(0), ¥ (1)) — (Z(0), ¥(0)).

By the assumptions of Theorem [D.I] we can rewrite the first difference as

t
/0 (Z(s). Ay (1)ds + My (0).

and we decompose the integral further into
r r

©4) [ ZE.506)ds + [(Z6). 800 - we)ds =
0 0

t t ot
/ (Z(s), Ay (s))ds + / / (Z(s), Aow (u))du ds.
0 s=0 Ju=s
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The second difference appearing in can be rewritten as

t _ t _ t _ _
/ (Z(0). 35¥(5))ds = / (Z(5), 05 (s))ds — / (Z(s) — Z(0), 35 (5))ds.
0 0 0

By the assumptions of Theorem we can rewrite the second integral in the
right-hand side above as

t s
[ @ sasondn+ Moy 0] as.

§= u

The double integral cancels with that appearing in the right-hand side of (D.4). We
thus obtain

ZO) @) — (Z(0). y(0) =
t t
fo (Z(s5). (5 + AP (s)ds + My (t) — /0 Mo,y (5)ds.

so that

t
(D.5) My (1) = Mw(t)(l) —/O Masw(s)(s)ds.

By Remark My (1) is square-integrable for any + > 0. If we denote by
(Ft)¢>0 the underlying filtration, we observe that

t+s
E[My(t +5)—My(t) | Ft] = Mw(,ﬂ)(t)—/\/lw(,)(t)—/ M, i) (@)dr.
t

By linearity, this is equal to 0, and thus (M (?));>0 is a martingale. We now
compute its quadratic variation. Since

t /Ot My s)(8)ds
and 1 — My, )(fo) are of bounded variation, we can write
d(My)r = d(My@)e =2y O3 dt,
that is, )
My =2 [ oI s

and the proof is complete. g

PROOF OF THEOREM[D.1l Let ¢ € C®°(T?2), and ¢ € C*([0,¢] x T?) be the
bounded solution of the backward heat equation

(05 + A)gp(s) =0 fors € (0,1),
o(1) = 9.
We learn from Lemma [D.3] that

Mg (1) = (Z(1),¢(1)) — (Z(0), $(0))
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is a martingale with quadratic variation

t
2 [ 1313 d.
Clearly, ¢(s) = P;—g¢, so we can rewrite Ma(t) as
Mg(t) = (Z(1),¢) — (Z(0), P1¢)

and the quadratic variation as

t
2 / | Pes |25 ds.
0

By polarization, it follows that the quadratic covariation at time ¢ between ./\/qu1
and Mg is

t
2/0 (Pr—sp1, Pr—sp2)ds

for every ¢1, ¢ € C®(T?). Since M # is a continuous martingale for every ¢,
the fact that the quadratic covariations are deterministic implies that the law of
(M3(1))120,pecoo(T2) is determined uniquely. Letting Z be the solution of (D.I)

with zg = Z(0), we observe that the quadratic covariations of

Miy(t) := (Z(2),$) = (Z(0), Pr9)

are the same as those of (M $(t))t20,¢ecoo(’l‘2), so the proof is complete. O
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