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Kermions

Elizabeth Winstanley

Abstract In the framework of quantum field theory in curved space-tiwne study
the quantization of a massless fermion field on a non-extrera black hole. The
key theme in this note is the fundamental difference betvwamatar and fermion
fields for the process of defining quantum states. In pagicwe define two new
states for fermions on Kerr which cannot be defined for quargaalar fields on
Kerr. These two states are the analogues of the standardvBeulnd Hartle-
Hawking states on a Schwarzschild black hole.

1 Canonical quantization

In the canonical quantization of a free field on a curved sytimce, an object of
fundamental importance is the vacuum st&e On a general curved space-time,
there is no unique vacuum state.

For a quantum scalar field, the process starts by expandirgjahksical fieldp in
terms of an orthonormal basis of field modes, which are sgtitpositive frequency
modesqoj+ and negative frequency modes:

®= Zajqoj*jta}rqoj*. 1)
]

The choice of positive/negative frequency modes is comg&daby the fact that
positive frequency modes must have positive Klein-Gordammand negative fre-
quency modes have negative Klein-Gordon norm (by “normielvee mean the in-
ner product of a field mode with itself). With this restriatiqquantization proceeds
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by promoting the expansion coefficients[ih (1) to operatatisfying the usual com-
mutation relations. The; are interpreted as particle annihilation operators and the
é}r as particle creation operators. The vacuum g@tés then defined as that state
annihilated by all the particle annihilation operatas{0) = 0. The definition of a
vacuum state is therefore dependent on how the field modesphirénto positive
and negative frequency modes, which is restricted for a tyuascalar field by the
fact that positive frequency (particle) modes must havétipesiorm.

For a fermion field¥, we again start with an expansion in terms of an orthonor-
mal basis of field modes analogous[ib (1):

wzzbjwﬁc}w;. 2)

In this case, both positive and negative frequency fermiodes have positive Dirac
norm, so the split of the field modes into positive and negdtigquency is much
less constrained for a fermion field compared with a scaldd.fi&s in the scalar
field case, the expansion coefficients are promoted to aperatit now they satisfy
anti-commutation relations. The vacuum st@eis again defined as that state anni-
hilated by all the particle annihilation operatolog{0) = 0 = €; |0). Compared with
the scalar field case, there is much more freedom in how thewvastate is defined
for a fermion field, because there is much more freedom in hasitipe frequency
modes can be chosen.

2 Quantum field theory on Schwarzschild space-time

Before studying the construction of quantum states on alflaak hole, we briefly
review the Boulware [1] and Hartle-Hawkingl [3] states on &&arzschild black
hole. We emphasize that the construction of these two staties same for quantum
fermion and scalar fields.

Modes for both a massless scalar field and massless fermidafeeindexed by
the quantum numbeuts, ¢ (a total angular momentum quantum number) ar(the
azimuthal quantum number). The quantum numbés the frequency of the modes
as seen by a static observer either near the event horizanirdfirdty. For scalar
field modes, the Klein-Gordon norm is proportionaldo We emphasize that!
fermion modes have positive Dirac norm. A suitable basiseadfifmodes consists
of the “in” and “up” modes shown in Figk. llla,]1b.

Boulware state|B) [1]
To define this state we choose positive frequency modes adgeestatic observer

at infinity. The resulting vacuum staf®) contains no particles in the “in” and “up”
modes withw > 0. This state is as empty as possible at infihitybut diverges on
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Fig. 1a “In” modes: a wave is incident from Fig. 1b “Up” modes: a wave is outgoing
infinity; part of the wave is reflected back to from the event horizon; part of the wave is re-
infinity and part goes down the event horizon  flected back down the event horizon and part
of the black hole escapes to infinity

the event horizorH*. The unrenormalized expectation value of the stress-gnerg
tensor (UEVSET) for a fermion field in this state is

1
(BITw[B) = 52

é /wd‘*’{Tuv {wwfm} + Tuy [Ll-’w/m}} 3

N‘\lb—'M 8

Here, and in subsequent expressions, we write the UEVSE Trasla sum to show

the differences between the various states consideredexpressionT | w&/ntip]
denotes a classical field mode contribution to the total UEV.S

Hartle-Hawking state |H) [3]

In this case we choose positive frequency modes with respéatuskal time near
the event horizoH*. The “in” and “up” modes withw > 0 become thermally
populated with energgo. The resulting statfH ) is regular at both the event horizon
and infinity; however it is not empty at infinity. It repressmatblack hole in thermal
equilibrium with a heat bath at the Hawking temperatfife The UEVSET for a
fermion field in this state is

Z / dwtanh<2_|_ > {Tuv {wwgm} + Tov (W] } (4)

V2 m=—

8

1
(H|Tpuv[H) =5

1l
N

For a quantum scalar field, the thermal “tanh” factor becoan&nth”.
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3 Quantum field theory on Kerr space-time

The Kerr space-time represents a black hole whose ever#omordtates with an-
gular velocityQy. Some key features of the geometry are shown in Eig$. 2an2b. |
each figure, the central black region is the interior of thengéworizon, and the axis
of rotation runs vertically down the middle of each diagramo further surfaces
are important in our later discussion:

e Thedtationary limit surface (the short-dashed surface in Figsl [2d, 2b) is the sur-
face inside which it is not possible for an observer to renadirest relative to
infinity;

e Thespeed of light surface (the long-dashed surface in Figs] 2a, 2b) is the surface
outside which it is not possible for an observer to co-rotata the black hole
event horizon.

A suitable basis of field modes is made up of “in” and “up” modesin the
Schwarzschild case, indexed by the quantum numibefsandm. A static observer
near infinity measures to be the frequency of a particular field mode. Choosing
modes with positive frequency at infinity therefore cor@ts to choosing > 0.
Due to the rotation of the black hole, the correspondingdesqy near the hori-
zon is no longermw but is shifted by the angular velocity of the black hole to be
@ = w—mQy. Choosing modes with positive frequency with respect toskall
time near the horizon therefore corresponds to thermalpufading the “in” and
“up” modes with energywo rather tharw. A further complication is that, for scalar
fields, the “in” modes have positive norm onlydf > O whereas the “up” modes
have positive norm only i€ > 0. As previously, for a fermion field all modes have
positive norm.

We now describe three quantum states on Kerr space-timading analogues
of the Boulware and Hartle-Hawking states defined above ébm@rzschild black
holes.

“Past” Boulware state |B~) [5]
Based on the norms of the scalar field modes, the natural drexyufor the “in”
modes isw, while for the “up” modes it isv. Choosingw > 0 for the “in” modes

and @ > 0 for the “up” modes as the definition of positive frequencgdse to the
“past” Boulware [4| 5] state, for which the UEVSET for a feonifield is [2]

mﬁ {/ dw Ty [Lﬂmm / ddT v [l’uwfm]} (5)

8

oA 1
(B [Tuw[B7) :Eg

Il
N

Like the Boulware state on a Schwarzschild black hole, trest'pBoulware state
is divergent on the event horizon of a Kerr black hole, bus itdgular everywhere
outside the event horizon. Unlike the Boulware state on a@ctschild black hole,
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it is not empty at infinity; there is an outgoing flux of rad@tiatl ™ [5]. The con-
struction of the “past” Boulware state is identical for betalar and fermion fields.

“Boulware” state |B) [2]

We next seek to construct an analogue of the Boulware statscbwarzschild
space-time, which is as empty as possible at both future asdrull infinity, 1 +.
We would therefore like to choose > 0 as positive frequency for both “in” and
“up” modes. For scalar fields there is an immediate problée‘tip” modes have
positive norm foré > 0, notw > 0. As a result for scalar fields no state empty
at both future and past null infinity™ can be defined [4]. However, for fermion
fields all modes have positive norm and in this case we cantemi® state, the
“Boulware” state|B), by takingw > 0 as the definition of positive frequency for all
modes. The UEVSET for a fermion field in this state_is [2]

1
(BITw[B) = ée

é /wd‘*’{Tuv {wwfm} + Tuy [Ll-’w/m}} (6)

N‘\lb—'M 8

To determine where the staf®) is regular, we subtract frorhl(6) the UEVSHT (5),
since the statéB~) is regular everywhere outside the event horizon. It can ba se
from Fig.[2& that this difference in expectation values gitar outside the station-
ary limit surface of the Kerr black hole, but diverges in thgasphere. We therefore
deduce that the statB) is also regular outside the stationary limit surface but di-
vergent in the ergosphere.

“Hartle-Hawking” state |H) [2]

To define an analogue of the Hartle-Hawking state on Schwhildsspace-time, we
would like to construct a state representing a Kerr black irothermal equilibrium
with a heat bath at the Hawking temperatiife Since the frequency of the modes
near the horizon igo, this would correspond to thermally populating the “in” and
“up” modes with energyo. For a quantum scalar field, this cannot be done because
the “in” modes are defined in terms of frequenaynot é.

On the other hand, for fermions on Kerr we are able to definesattéltHawking”
state for which both the “in” and “up” modes are thermalizethvenergyc. In this
case the UEVSET for the fermion field is [2]

(HITu|H) :%i Z / dwtanh( ){TW [wwfm}ﬂw[ w,,m}} @)

(=1m=

N

To determine where the stdte) is regular, we subtract frornl(7) the UEVSHT (5). It
can be seen from Fig._Rb that this difference in expectatidwes is regular between
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Fig. 2a Regularity properties ofB). The Fig. 2b Regularity properties ofH). The

UEVSET [8) is subtracted frori}(6). Dark re- UEVSET [8) is subtracted frori(7). Dark re-
gions indicate where this difference is diver-  gions indicate where this difference is diver-
gent and light regions where itis finite. Taken ~ gent and light regions where it is finite. Taken
from [2] from [2]

the event horizon and the speed-of-light surface, but deeputside the speed-of-
light surface. We therefore deduce that the stbtgis also regular between the
event horizon and the speed-of-light surface but divergéside the speed-of-light
surface.
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