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Abstract：A modified Prandtl-Ishlinskii (P-I) hysteresis model is developed to form the 

feedforward controller for a 3-DOF flexure-based mechanism. To improve the control accuracy of 

the P-I hysteresis model, a hybrid structure that includes backlash operators, dead-zone operators 

and a cubic polynomial function is proposed. Both the rate-dependent hysteresis modeling and 

adaptive dead-zone thresholds selection method are investigated. System identification was used to 

obtain the parameters of the newly-developed hysteresis model. Closed-loop control was added to 

reduce the influence from external disturbances such as vibration and noise, leading to a combined 

feedforward/feedback control strategy. The cross-axis coupling motion of the 3-DOF flexure-based 

mechanism has been explored using the established controller. Accordingly, a decoupling 

feedforward/feedback controller is proposed and implemented to compensate the coupled motion of 

the moving platform. Experimental tests are reported to examine the tracking capability of the 

whole system and features of the controller. It is demonstrated that the proposed decoupling control 

methodology can distinctly reduce the coupling motion of the moving platform and thus improve 

the positioning accuracy and trajectory tracking capability.  

Keywords: decoupling control, flexure-based mechanism, P-I hysteresis model, piezoelectric 

actuator. 



1. Introduction 

Micro/nano positioning is one of the key enabling techniques in the scientific and engineering 

fields including AFM (Atomic Force Microscopy) [1], STM (Scanning Tunnel Microscopy) [2], 

optical fiber alignment [3, 4], bio-micro-surgery [5, 6] and micro-assembly [7, 8]. In order to reach 

the required high precision, the piezo-driven flexure-based mechanism has been widely used due to 

the large output force and quick response [9-11]. However, the hysteresis of the piezoelectric 

ceramic significantly reduces the positioning accuracy of the developed system, so a variety of 

hysteresis models and control methodologies for the piezoelectric have been proposed. In addition, 

electromagnetic-driven flexure stage starts to be designed in recent years [12-14], especially in the 

requirement of large stroke, but electromagnetic drive such as voice coil motor usually owns small 

output force, leading to a small stiffness of the stage and further a low resonant frequency. In 

reference [15, 16], it is easy to find the mainstream modeling and control methods of piezo-actuated 

nanopositioning stages, and in reference [17], a corresponding general skeleton on this is presented. 

Among various hysteresis models such as Preisach model [18, 19], Bouc-Wen model [20, 21], 

Prandtl-Ishlinskii (P-I) model [22, 23], the P-I hysteresis model attracts more attention for the 

structural simplicity, easy model identification and analytical inverse. As a result, the P-I model is 

selected to model the hysteresis and further form a feedforward-feedback controller to control the 

motion of the platform. 

Micro/nano planar positioning systems generally employ parallel kinematics mechanisms 

because of their compact structure, high stiffness and ease of monolithic fabrication [24, 25]. 

However, a degree of motion coupling between axes is one disadvantage for many potential 

applications. Although the coupling effects can be reduced to some extent through good mechanical 

design and optimization, the influences of assembly and manufacturing tolerances on the different 

axes will inevitably result in some residual coupling phenomena [26]. Further, the initial conditions 

of the installed piezoelectric actuators will significantly affect the static and dynamic properties, 

especially, the preload and the Hertzian contact between the piezoelectric actuator and the driving 

point. Discrepancy between the kinematic chains will induce motion coupling in such mechanisms, 

because the platform motion is determined by all of the kinematic chains in the parallel mechanism 

and apparently single-axis motion may depend on several actuators. For example, the rotational 

angle is implemented by driving three actuators simultaneously in the mechanisms described in [27, 

28], two piezoelectric actuators are utilized to realize the rotational and translational displacement 



in the mechanism described in [29]. Therefore, it remains important to develop a decoupling control 

methodology for parallel planar positioning systems even if their mechanism is designed with 

decoupling capability. 

This paper proposes a modified inverse P-I hysteresis model, identified by a direct inverse 

modelling approach [30], to form the feedforward controller and thus compensate the nonlinearity 

of the piezoelectric actuators. In order to improve the accuracy of the hysteresis model without 

increasing the structural complexity, a hybrid structure of the inverse P-I hysteresis model is 

developed. It includes several serial connected backlash operators and dead-zone operators and a 

parallel connected cubic polynomial input function. A proportional-integral controller is added to 

form a feedforward/feedback controller to further improve the trajectory tracking performance of 

the developed flexure-based mechanism. A decoupling methodology has been proposed and 

constructed to reduce the coupling effects at the moving platform. The performance of the 

developed controller has been validated using a number of experimental tests. The rest of this paper 

is arranged as follows: Section II briefly describes the mechanical design and control system of the 

developed 3-DOF flexure-based mechanism. The modified P-I hysteresis model and parameter 

identification are provided in Section III. Section IV explores the decoupling feedforward/feedback 

control method for the 3-DOF flexure-based mechanism. Section V then examines the trajectory 

tracking capability of the developed controller. Finally, conclusions are drawn in Section VI. 

2. 3-DOF flexure-based mechanism 

A newly developed 3-DOF flexure-based micro/nano positioning mechanism is shown in Fig. 

1(a). It is monolithically manufactured from an Aluminum Alloy T7075 plate using the Wire 

   (a) 3-DOF flexure-based mechanism  (b) Control system setup 

Fig. 1. Developed 3-DOF flexure-based mechanism and control system. 
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Electric Discharge Machining (WEDM). The moving platform is supported by flexure-hinge links 

which are orthogonally arranged in the x and y directions. Two pairs of links are connected in 

parallel in the x direction and one pair of links in the y direction. Thus, the platform can translate in 

the x and y direction and rotate about the z axis. Three piezoelectric actuators are installed between 

the base and the driving points, and ball contacts (modeled as Hertzian) are used to avoid imposing 

bending force on the piezoelectric actuators (Model: AE 0505D18F, THORlabs Company USA). 

The preload is set by adjusting the bolt behind the actuator. The nominal maximal displacement of 

these specific actuators is 15 µm at the driving voltage of 100 V. After assemble the piezoelectric, 

the plane displacement of the flexure-based mechanism can reach 12.74 µm, 12.22 µm in the x and 

y direction, respectively, the maximal rotation angle in clockwise and anticlockwise are 0.0088° and 

0.0103°, respectively, the first resonant frequency is 790 HZ in the θZ direction. More detailed 

information about the positioning mechanism can reference our previous work [31]. The actuators 

are driven by a piezoelectric amplifier (E-505.00, PI, Germany) that receives command signals from 

the I/O interface of a dSPACE DS1103 R&D control board, on which the newly developed control 

methodology is implemented with a sampling rate of 10 kHz. Three laser displacement sensors 

(LK-H050, Keyence, Japan) provide real time displacement sensing and measurement for the 

moving platform. Two of them are arranged in parallel in the x direction, allowing to translation in 

the x direction and rotation about the z axis be measured. The third one measures the platform 

displacement in the y direction. In order to reduce the influences of external disturbances, the whole 

system is mounted on a Newport RS-4000 optical table, as shown in Fig. 1(b). 

3. The feedforward/feedback controller based on a modified inverse P-I hysteresis model 

A new design of feedforward/feedback controller for the flexure-based mechanism, accounting 

for hysteresis and external disturbances, has been established and implemented in the dSPACE 

DS1103 R&D control board. The rate dependent hysteresis of the piezoelectric actuator is 

compensated by exploiting a modified inverse P-I hysteresis model in a feedforward controller, 

using the direct parameter identification technique. Then a closed-loop feedback controller is used 

to eliminate the effects of external disturbances such as vibration and noise on the positioning 

accuracy of the mechanism. 

3.1. The modified inverse P-I hysteresis model 

The traditional P-I hysteresis model is generally constructed from parallel-connected backlash 

operators which can be expressed as 
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where Hr[u](t) is the output of the backlash operator, u(t) is the input function, r is the threshold of 

backlash operator, and T is the sampling period. The start state of the backlash operator is 

determined by the initial energy condition of the actuation devices. If the actuator starts from the 

de-energized state, the initial condition can be set to zero. 

Superposing several weighted backlash operators can effectively model the hysteresis loops 

with acceptable accuracy. However, the backlash operator has symmetrical shape about the central 

line and so the modeled hysteresis loop must also possess symmetrical characteristics. It is not a 

feasible model for applications in which the hysteresis loops show asymmetry and saturation 

properties. Thus, it is necessary to introduce a dead-zone operator [26] or a cubic polynomial input 

function [28, 29] to compensate such kinds of nonlinearity. The basic dead-zone operator is 
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where Sd[u](t) is the output and d is the threshold of the dead-zone operator. 

The standard literature notes that the saturation and asymmetry characteristics can be well 

modeled by multiple dead-zone operators. However, a number of parameters of the dead-zone 

operators need to be identified. Improving the modeling accuracy requires increasing numbers of 

the dead-zone operators, and thus results in the system complexity. To overcome this problem, a 

cubic polynomial function of the input trajectory is used to compensate the saturation and 

asymmetric properties of the hysteresis loops. The common configuration is to connect the 

dead-zone operators or cubic polynomial input functions in series with the backlash operators. In 

order to improve model accuracy without losing structural simplicity, a novel hysteresis model 

configuration is proposed. In this hysteresis model, the superposition of the weighted backlash 

operators is serially connected with the superposition of the weighted dead-zone operators, and then 

this whole sub-system is parallel connected with a cubic polynomial input function. Adopting the 

parallel connected cubic polynomial function can significantly reduce the need for dead-zone 

operators, leading to a simpler system with fewer parameters. Based on this proposal, the inverse 

P-I hysteresis model is established and shown in Fig. 2. The governing equation of the inverse 

hysteresis model is 
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where Hr[u1(t)]=[Hr1[u1](t), Hr2[u1](t),…, Hrn[u1](t)]
T and Sd[y](t)=[Sd1[y](t), Sd2[y](t), …, 

Sdm[y](t)]T are backlash operator vector and dead-zone operator vector, respectively, wh
T=[wh1, wh2, 

wh3, …, whn]
T and ws

T=[ws1, ws2, ws3, …, wsm]T are the backlash operator and dead-zone operator 

weightings, respectively, G(y)=a1y(t)3+a2y(t)2+a3y(t)+a4 is a cubic polynomial input function, y is 

the desired trajectory, and u(t) is the output of the model. 

The rate-dependence of the hysteresis loop is modeled in a simple but effective method, where 

the weights of the backlash operators change linearly with the input rate [26]. The linear 

relationship between the weight and the input rate is 

  bkwh  ty                                         (4) 

where k=[k1, k2,…, kn]
T and b=[b1, b2,…, bn]

T are the slop and intercept vectors, respectively, which 

can be determined in the parameter identification. 

The thresholds d and r are generally taken as constants in previous research [28, 29]. And the 

values of the thresholds are commonly chosen based on the personal experience, leading to 

uncertainty that significantly affects the modeling results. Thus, here, a variable c is introduced to 

adjust the values of these thresholds, which can be determined through experimental system 

identification. The parameter c directly optimizes the dead-zone threshold value d and further 

affects the backlash threshold value r, since the two components are cascaded, with the output of 

the dead-zone operators being the input of the backlash operators. When the maximal output of the 

dead-zone operators is smaller than some threshold values of backlash operators, these backlash 

operators will lose function, so an overall scale coefficient u1max/10 is applied to the backlash 

thresholds to guarantee that the entire set of backlash operators can operate effectively. The current 

implementation of the proposed inverse P-I hysteresis model uses ten backlash operators and six 
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Fig. 2. Block diagram of modified inverse P-I hysteresis model. 



dead-zone operators with a cubic polynomial input function. The thresholds of the dead-zone and 

backlash operators are 
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The least square curve fitting method was adopted to conduct the parameter identification 

using the Matlab® software package. Three sinusoidal signals with frequencies of 1 Hz, 0.7 Hz, and 

0.2 Hz are superimposed to generate the input command 

5.5 3sin(2 0.5 ) sin(1.4 0.5 ) 1.5sin(0.4 0.5 )u t t t                         (6) 

The objective function is defined as 

 
2

2
F u t u                                        (7) 

where u(t) is the output voltage of the proposed inverse hysteresis model and u is the actual input 

voltage. 

Parameter identification must be undertaken for each of the three piezoelectric actuators used 

in the 3-DOF flexure-based mechanism. Parameter identification in the y direction is 

straightforward, since there is only one actuator in this axis. However, two parallel actuators (PZT2 

and PZT3) are installed in the x direction. In order to obtain similar static and dynamic 

characteristics from them, the preloads on these two piezoelectric actuators were carefully adjusted 

until their maximum displacements were almost equal. By minimizing the error between the 

measured and desired data, the cubic polynomial input function were identified as 

   272.0005.110518.210119.0 2234   xxxtxG                 (8) 

   380.0628.010391.210587.6 2234   yyytyG                (9) 

The parameter c was identified as 1.033 and 0.716 in the x and y directions, respectively, and 

the parameters of the backlash operators and dead-zone operators in the x and y directions are listed 

in Table 1. Fig. 3 shows the voltage applied to identify the model and compares the measured curve 

with the prediction. The good agreement indicates the correctness of the proposed inverse hysteresis 

model. 



In order to show the advantages of the modified inverse P-I model, the paper focused on the 

comparison in the modeling accuracy and the response time. Two traditional inverse P-I models are 

selected for the comparison, the first one has ten backlash operators and six dead-zone operators, 

the second one has ten backlash operators and ten dead-zone operators, note that the latter model 

has same number of parameters with the proposed model. 

The value of F in Eq. (7) is ideal to evaluate the modeling accuracy, in order to minimize the 

effects of accidents, thirty groups of random data are selected as the initial values of the three 

inverse P-I models and the minimal objective function value reflects the modeling accuracy. 

Through the simulation, the function value of the proposed inverse P-I model, the traditional inverse 

P-I model with ten and six dead-zone operators are 21.44, 30.09, 35.33, respectively, which 

indicates the proposed inverse P-I model has the highest modeling accuracy. In the comparison of 

the response time, the results of thirty times measurements are implemented and shown in Fig. 4, 
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(a)                                    (b) 

Fig. 3. Identification results of inverse modified P-I model in the y direction: (a) inverse hysteresis loop of 

model and actual output; (b) time plot of model and actual output. 

Table 1.  Identified parameters in the x and y directions 

 x y 

i ki(10-2) bi wsi(10-2) ki(10-3) bi wsi 

1 24.582 -1.415 -1.351 -6.585 1.191 -3.001 

2 -26.332 1.549 5.660 9.993 -0.653 -2.737 

3 2.409 0.856 2.915 0.784 -0.358 9.210×10-2 

4 -0.590 0.638 -2.259 -2.679 -7.630×10-2 3.230×10-2 

5 -4.738 2.114 -1.095 1.071 -0.181 0.129 

6 1.034 2.087 0.389 -2.371 -3.551×10-2 -0.203 

7 -3.011 1.403 / 34.135 0.263 / 

8 20.546 -0.061 / -112.860 2.675 / 

9 -44.572 3.543 / 128.310 -4.102 / 

10 -25.857 -3.441 / -47.858 1.139 / 

 



which manifests both the proposed model and the model with ten dead-zone operators spend a 

longer response time, but the latter consume much more.  

It is demonstrated that both the dead-zone operator and polynomial input function can be used 

to describe the asymmetric hysteresis [32]. However, the modelling precision with only polynomial 

input function is hardly further improved, and the modelling precision can be improved by 

increasing the number of the dead-zone operators resulting in an obvious increase of the response 

time. Thus, the combination of the dead-zone operator and polynomial input function overcame 

these problems effectively. 

3.2. The feedforward/feedback controller 

The modified inverse P-I hysteresis model can be used to form the feedforward controller, but 

it cannot compensate the unmodeled errors, including creep of the piezoelectric actuator and 

external disturbances such as vibration and noise, which also influence the positioning accuracy of 

the mechanism. These errors can be effectively compensated by feedback methods, so in order to 

improve the static and dynamic performance of the entire system, a combined feedforward/feedback 

controller is introduced. The feedback path uses a traditional Proportional Integral (PI) control 

algorithm, and the block diagram of the feedforward/feedback controller is shown in Fig. 5, yd and y 

denote the desired and actual displacement of the flexure-based mechanism, respectively. 

Combined with the feedback control, the input voltage of piezoelectric actuator should be 
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where kp and ki are the proportional and integral gains of the feedback controller, respectively, e is 

the tracking error between desired and actual displacement, and e= yd-y.  
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Fig. 4. Response time of three different inverse hysteresis models. 



The parameter of the feedback controller are tuned by the Ziegler-Nichols method, in 

translational direction kp and ki are 0.05 and 50, respectively, while in the motion rotate about the z 

axis they are 0.06 and 70, respectively. 

There is only one piezoelectric actuator (PZT1) in the y direction of the flexure-based 

mechanism, so the desired trajectory is transformed directly into the driving voltage of the 

piezoelectric actuator by combining the output of the modified inverse P-I hysteresis model with the 

compensation voltage, which is calculated by the Proportional Integral controller from the tracking 

error. The driving voltage is amplified by a piezoelectric amplifier with a gain of 10 before it is 

supplied to the actuator. 

Realizing the motion in the x and θZ directions requires driving the other two piezoelectric 

actuators (PZT2 and PZT3). Expanding both of them simultaneously results in translational 

displacement of the platform in the x direction, while supplying command signals with the opposite 

and equal magnitude to the two actuators can generate the rotational motion about the z axis. 

Because the piezoelectric actuators cannot retract from their initial position (zero control voltage), 

so in order to implement the rotational motion of the platform, the home position in the x direction 

should be defined at the half stroke of the platform motion. 

 

Γ-1 

yd 
Amplifier PZTs 

Flexure-based 

mechanism 

Laser displacement sensor 

- 

+ 

 PI controller 

y e 

Fig. 5. Block diagram of feedforwar/feedback controller in the y direction. 
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Fig. 6. The trajectory tracking of a sinusoidal signal in the y direction with feedforward controller. 



The performance of the 3-DOF flexure-based mechanism with the newly-developed 

feedforward/feedback controller has been examined through sinusoidal signal tracking. In turn, the 

motion axis was driven (10 µm or 9.2×10-3 deg), with the demand on the other two axes held at 

zero. The displacements in driven and another two non-driven directions were recorded 

simultaneously by three laser displacement sensors. Note that x2 and x3 are parallel displacements 

measured by two sensors (s2 and s3 in Fig. 1(b)), they are used to calculate the output and coupling 

error in both the x and θZ axes. 

As shown in Fig. 6, a sinusoidal signal in the y direction is tracked using feedforward 

controller, the maximal tracking error and root mean square (RMS) tracking error are 0.2389 μm 

and 0.0850 μm, respectively, which are used to compare the tracking property with the 

feedforward/feedback controller. Fig. 7 shows the experimental results for all three axes using 

feedforward/ feedback controller, and Fig. 7(a) is the tracking result in the y direction, the maximal 

tracking error and root mean square (RMS) tracking error are 0.0544 μm and 0.0134 μm, 

respectively, indicating that the feedforward/feedback controller is more effective than the 

feedforward controller in signal tracking. However, the coupling errors detected by s2 and s3 are too 

large to be neglected, at around 2 μm. It is obvious that the two measured coupling error are 

different, which might be caused by different initial conditions of the x-direction PZTs or possible 

assembly errors at the reflector, but is most likely a coupled rotation of the moving platform. Figs. 

7(b) and (c) respectively show the maximal and RMS tracking errors, 0.0701 μm and 0.0171 μm in 
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(a)                             (b)                            (c) 

Fig. 7. The trajectory tracking of a sinusoidal signal and coupling error with feedforward/feedback controller: (a) 

trajectory tracking in the y direction and coupling error in x2 and x3; (b) trajectory tracking in the x direction and 

coupling error in y; (c) trajectory tracking in the θZ direction and coupling error in y. 



the x direction and 1.21×10-4 deg and 3.3×10-5 deg in the θZ direction. Again, the cross-coupling 

displacement in the y direction is seriously large. Thus, it is essential to implement decoupling 

control to achieve precision capability for the planar trajectory tracking. 

What’s more, in order to understand the bandwidth of the inverse P-I model based feedforward 

controller and the corresponding feedforward/feedback controller, a higher frequency input signal 

with 10 HZ is tracked and the results are shown in Fig. 8, indicating both the controller are effective 

in tracking higher frequency signal, and obviously the feedforward/feedback controller has a better 

tracking property. 

4. The decoupling Feedforward/feedback controller 

Even if ideally designed in principle, a real 3-DOF flexure-based mechanism will exhibit some 

coupling motions between different motion directions because of inevitable manufacturing and 

assembly errors. Although the mechanism used here is monolithically fabricated with a symmetric 

structure, there will be machining errors from the WEDM process. Also, the installation of the 

piezoelectric actuators will introduce additional stiffness in that side of the moving platform and 

thus disturb the symmetric properties of the entire system. However, when the platform is actuated, 

any coupled error motions will degrade its tracking property of a 2-D trajectory, so a decoupling 

strategy has been introduced as a necessary part of the controller. 
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Fig. 8. The trajectory tracking of a sinusoidal input in the y direction with a higher frequency. 

 



The coupling errors can be compensated by adjusting the input voltages of the piezoelectric 

actuators in the coupled directions. This can be realized in practice by changing the input signal to 

the modified inverse P-I hysteresis model, and this signal can be achieved by adding the decoupling 

control algorithm onto the previous version of the controller. Fig. 9 shows the block diagram of the 

decoupling feedforward /feedback controller. The decoupling compensation signal for the 

non-actuated directions is calculated based on the experimental results from single axis actuation 

testing (Fig.7), and these signals are just compensated to the input command of the modified inverse 

P-I model, the tracking error e still determined by difference between the desired displacement and 

the measured displacement. 

The decoupling algorithm is defined as 

  
  
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                 (11) 

where 
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fD , xd, yd and zd are the desired 

displacement of the mechanism, xr, yrx and yrθ are signals after compensation and they are inputted 

to the modified inverse P-I model, four piecewise functions Di (i=1, 2, 3, 4) are used to calculate the 

decoupling compensation signal, L is the distance between the two piezoelectric actuators (PZT2 

and PZT3) in the x direction as shown in Fig. 1(a), the parameter Δk, Δb, p, q determined from the 
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Fig. 9. Block diagram of decoupling feedforward/feedback controller. 



experimental data are listed in Table 2, if the value of p or q is ±10, it means that particular cutoff is 

useless for the decoupling signal. 

After the coupling compensation, the final voltage u′in inputted into the piezoelectric can be 

obtained by following equation. 

       1

0
,

t

in r r p iu y y k e t k e d     
                           (12) 

where yr is the signal after compensation. 

5. Trajectory tracking testing 

In order to examine the decoupling performance of the fully developed control methodology, a 

1-D trajectory is firstly utilized. Single axis sinusoidal trajectory tracking under the same 

experimental conditions as the previous tracking tests are implemented, allowing easy comparison 

to the results in Fig. 7. Fig. 10 shows the desired and actually obtained trajectories as well as the 

associated tracking errors and coupling errors. The platform follows the desired trajectory with 

tracking errors very similar to those seen in the previous experiments. However, the coupling 

motion have been significantly reduced. Details of the decoupling performance are summarized in 

Table 2.  Parameter of decoupling algorithm 

i Δki Δbi pi qi 

1 0.38 -0.38 2.05 10 

2 0.31 -0.70 10 -10 

3 -0.20 1.50 0.27 -10 

4 -0.75×10-2 0.87 10 -0.18 
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(a)                             (b)                            (c) 

Fig. 10. The trajectory tracking of a sinusoidal signal and coupling error with decoupling feedforward/feedback 

controller: (a) trajectory tracking in the y direction and coupling error in x2 and x3; (b) trajectory tracking in the x 

direction and coupling error in y; (c) trajectory tracking in the θZ direction and coupling error in y. 
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Fig. 11. The trajectory tracking of a new composed signal 

Table 3. Compared with the controller lacking decoupling compensation, the spans of the coupling 

error ranges have been reduced by a factor of 3.8-7.0 times. These demonstrate the effectiveness of 

the proposed decoupling feedforward/feedback controller. What’s more, considering the 

rate-dependence of the hysteresis, a new composed signal with multi frequencies as listed in Eq. 13 

is tracked and the results are shown in Fig. 11, the maximal and RMS tracking error are 0.1466 µm 

and 0.0425 µm, respectively, pointing out the effectiveness of the proposed hysteresis model and 

the constructed controller. 

5.5 1.5sin(2 0.5 ) sin(0.6 0.5 ) sin( 0.5 )u t t t                     (13) 

The 3-DOF flexure-based mechanism is intended for planar motion and so further insights on 

the performance of the decoupling controller were sought through 2-D trajectory tracking tests. A 

circular trajectory in the xy plane with radius of 5 µm was examined using the new 

Table 3.  The range and span of the coupling error with and without decoupling algorithm 

   

Coupling error with 

feedforward/feedback controller 

(μm) 

Coupling error with 

decoupling 

feedforward/feedback 

controller (μm) 

Coupling error in x2 from y 
Range [0.4272, 2.6337] [-0.0846, 0.2327] 

Span 2.2065 0.3173 

Coupling error in x3 from y 
Range [0.1740, 2.9175] [-0.4380, 0.1772] 

Span 2.7435 0.6152 

Coupling error in y from x 
Range [-0.7874, 0.4608] [-0.2246, 0.0993] 

Span 1.2482 0.3239 

Coupling error in y from 

rotation 

Range [-0.2258, 1.4526] [-0.2535, 0.1183] 

span 1.6784 0.3718 

 



feedforward/feedback controller with and without enabling the decoupling algorithm. The signal 

input into the x and y directions are respectively as follows: 

 5sin 0.8 6x t                                   (14) 

 5sin 0.8 0.5 6y t                                   (15) 

As shown in Fig. 12, the moving platform follows the demand trajectory quite well in both 

conditions but the tracking property is significantly improved when the decoupling technique is 

enabled. The 2-norm of the contouring error can be easily calculated in Matlab software and which 

are 11.19 and 5.72 with and without the decoupling compensation, respectively. What’s more, as 

the tracking error curves shown, the tracking errors in the x and y directions are within ±97 nm and 

±65 nm with decoupling control, but ±162 nm and ±117 nm in the x and y directions, respectively, 

without decoupling compensation. These demonstrate that the cross-axis coupling motion in xy 

plane is effectively compensated using the new control scheme. 

Since the mechanism also realizes the rotational motion to adjust the orientation of the moving 

platform, a good decoupling between the translational and rotational motions is also important. It 

was evaluated by experimental tests of the motion in the y direction and the θZ direction, a 

translation in the y direction and a rotation about the z axis were simultaneously actuated, the 

rotation command is given by 
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 (a)                                      (b) 

Fig. 12. Tracking of a circular trajectory in the x and y directions: (a) with feedforward/feedback controller; 

(b) with decoupling feedforward/feedbak controller. 



  39.2sin 0.8 10z t                               (16) 

The trajectories and errors are shown in Fig. 13 with and without enabling the decoupling 

control algorithm. Again, the tracking accuracy is improved when decoupling is enabled; tracking 

errors were reduced roughly from [-1.68×10-4, 1.87×10-4] deg to [-1.73×10-4, 1.11×10-4] deg in 

the θZ direction and from [-170, 123] nm to [-113, 102] nm in the y direction. These demonstrate the 

effectiveness of the developed controller for the decoupling of the rotational and translation motion. 

6. Conclusions 

A modified inverse P-I hysteresis model including backlash operators, dead-zone operators and 

a cubic polynomial function has been established. The thresholds of backlash operators and 

dead-zone operators have been optimized and the rate-dependent phenomenon has been modeled 

using linearly weighted variation method. The predictions of the identified inverse hysteresis model 

showed close agreement with experimental curves. The model is incorporated in the feedforward 

controller for a planar 3-DOF flexure mechanism intended for micrometer-scale operations. A 

feedforward/feedback controller has then been proposed to reduce the effects of external 

disturbances and improve the static and dynamic performance of the entire system. Experimental 

study of tracking sinusoidal demand signals has confirmed the effectiveness of the proposed model 

and identification methodologies. 

   

-0.01 -0.005 0 0.005 0.01
0

2

4

6

8

10

12

Rotation angle in θz direction (deg)

D
is

p
la

ce
m

en
t 

in
 y

 d
ir

ec
ti

o
n
 (


m

)

 

 

Desired trajectory Actual trajectory

0 0.5 1 1.5 2 2.5
-2

0

2
x 10

-4

E
rr

o
r 

in
 θ

z 
(d

eg
)

0 0.5 1 1.5 2 2.5
-0.2

0

0.2

Time (s)

E
rr

o
r 

in
 y

 (


m
)

   

-0.01 -0.005 0 0.005 0.01
0

2

4

6

8

10

12

Rotation angle in θz direction (deg)

D
is

p
la

ce
m

en
t 

in
 y

 d
ir

ec
ti

on
 (


m

)

 

 

Desired trajectory Actual trajectory

0 0.5 1 1.5 2 2.5
-2

0

2
x 10

-4

E
rr

or
 i

n 
θz

 (
d

eg
)

0 0.5 1 1.5 2 2.5
-0.2

0

0.2

Time (s)

E
rr

or
 i

n 
y 

(
m

)

 
      (a)                                    (b) 

Fig. 13. Tracking of a 2-D trajectory with rotation in the θZ direction and translation in the y directions: (a) 

with feedforward/feedback controller; (b) with decoupling feedforward/feedbak controller. 



Because a degree of residual cross-coupling between the axis of such mechanism is inevitable 

in practice, a decoupling algorithm has been developed and incorporated in the 

feedforward/feedback controller. Under the requirement of a single axis motion, experimental 

testing has verified that the error motion coupled into each axis is significantly reduced when using 

the new decoupling feedforward/feedback controller. Further testing by 2-D trajectory tracking 

showed that the decoupling feedforward/feedback controller significantly improved the trajectory 

tracking performance of the whole system. The new approach can be readily adapted for the 

decoupling control of other kinds of flexure-based mechanisms. 

In order to further improve the static and dynamic characteristics including the high frequency 

trajectory tracking performance, our future work will focus on the laser interferometry based 

sensing and measurement technique to improve the robustness and stability of the proposed novel 

feedforward/feedback control methodology. 
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