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Abstract

Estimating multiple geometric shapes such as tracks or surfaces creates significant mathemati-
cal challenges particularly in the presence of unknown data association. In particular, problems
of this type have two major challenges. The first is typically the object of interest is infinite di-
mensional whilst data is finite dimensional. As a result the inverse problem is ill-posed without
regularization. The second is the data association makes the likelihood function highly oscilla-
tory.

The focus of this thesis is on techniques to validate approaches to estimating problems
in geometric statistical inference. We use convergence of the large data limit as an indicator of
robustness of the methodology. One particular advantage of our approach is that we can prove
convergence under modest conditions on the data generating process. This allows one to apply
the theory where very little is known about the data. This indicates a robustness in applications
to real world problems.

The results of this thesis therefore concern the asymptotics for a selection of statistical
inference problems. We construct our estimates as the minimizer of an appropriate functional
and look at what happens in the large data limit. In each case we will show our estimates con-
verge to a minimizer of a limiting functional. In certain cases we also add rates of convergence.

The emphasis is on problems which contain a data association or classification compo-
nent. More precisely we study a generalized version of the k-means method which is suitable
for estimating multiple trajectories from unlabeled data which combines data association with
spline smoothing. Another problem considered is a graphical approach to estimating the la-
beling of data points. Our approach uses minimizers of the Ginzburg-Landau functional on a
suitably defined graph.

In order to study these problems we use variational techniques and in particular I'-
convergence. This is the natural framework to use for studying sequences of minimization
problems. A key advantage of this approach is that it allows us to deal with infinite dimensional

and highly oscillatory functionals.



Chapter 1

Introduction

“In theory, there is no difference between theory and practice. But in practice,

there is.”

- Yogi Berra

1.1 Motivation

Statistical estimators are used to extract information from data sets. Sometimes there may be
some true value pf which one hopes to recover in the large data limit, e.g. estimating the
trajectory of a moving target from space-time measurements. Such a trajectory would form
part of the data generating process. In other situation there may not be a true value of the
parameter, e.g. deciding how to advertise products to a potential customer based on any available
information, such as internet browsing history.

For the first type of problem it is natural to consider data {&; = (¢;, z;) }/_; of the form
Z = F(;ﬂ,ei,ti) 1=1,2,...,n

where e; is a random variable to account for noise, z; is an observation and ¢; is an input param-

eter. For example in the estimating trajectory problem one simple model is
5= F(ul, e ti) == pl(t;) + e

In many applications the function F' will have no inverse. Hence one cannot in general use the
inverse of F' to reconstruct xf. One solution is to adopt a Bayesian-like approach.' In general
one constructs (the maximum-a-posterior) estimate 1(™ of ! based on data {(;, z;)}7_, by

solving

pl™ = argmin » |z — F(,0,t;)” + AR (1) (1.1)
B =1

!"Technically without assumptions such as Gaussian noise and prior and with A, = A constant one could not use
Bayes rule to write the maximum-a-posteriori estimate in the form (1.1). But for the purpose of this discussion we
ignore the exact condition one needs on the distributions and with an abuse of notation assume the estimator is the
maximum-a-posteriori estimate.



where R is a regularization term and )\, is some appropriate scaling. In a fully Bayesian ap-
proach one should choose \,, = A to be constant and then (under Gaussian assumptions) one
can interpret AR(u) as the covariance of the prior. This is not always possible as the above
minimization problem may become ill-posed, a fact well known in the Bayesian inverse com-
munity [4] and in the spline fitting community [46, 117]. In such cases one may be able take
A, — oo and still show p(™ — uf. There is a very active community that work on results of
this type, see for example [4,55,72, 134,139, 162], and references therein.

For the second class of problems there is no ! so it does not make sense to look for F as
before. One can see that F’ allows one to compare estimates with the data and therefore in some
sense encodes the data generating model. Therefore without F' one has to produce estimates
without reference to any such model. As an example let us consider the k-means method which
will also be the subject of Chapter 3 and Chapter 4. Given a data set {z;}]" ; C R* it is the
objective of the k-means method to partition the data into & clusters. This is done by minimizing

the functional
n

Fulp) = ;jiﬁl}?’k‘zi — il .
1=

Minimizers p(") = ( Ng”), el ,ul(cn)) € RFX% of £, are called cluster centers and the partitioning

is defined by associating each data point to the closest center. One can see that f,, does not
depend on the data generating model.

The problems we consider in this thesis involve estimators which do not directly use
the data generating process (like the k-means method) and may also be ill-posed, requiring
regularization as we saw at the start of this section. For example Chapter 3 and Chapter 4 use
the k-means method where cluster centers are trajectories and data is space-time observations

{& = (ti, zi) }~. One can write the estimator as a minimizer of f,, where

n k
- . 2 212
Fulp) == ijil.?,k g () = 22l + 2 3 IV
=1 7j=1
Our results concern the asymptotic behavior of such estimators. The convergence in the large
data limit is a measure of stability. A lack of convergence indicates ill-posedness. In particular

there are two important questions one should consider:
(P1) Do our estimators converge?
(P2) Is there a limiting (large data) problem?

As we are looking at situation without truth then the second question is very impor-
tant because establishing a limiting problem can provide justification for a choice of estimator.
Furthermore, understanding the limit can help one design the finite dimensional problem so that
features of the practitioners choice become important. For a sequence of minimization problems
numbered according to the number of data points the convergence of the empirical distribution

motivates a ‘limiting problem’ that we can understand as having an infinite amount of data.



Crudely speaking in the k-means problem we expect
1 n
; 2 ) 9
w2 g (8) = =i [ min lus(0) = < P(a(e.2)

iid . . -
where (t;,2;) ~ P. So then what is the natural notion of convergence for sequence of mini-

mization problems?

If we consider a sequence of oscillating functionals as in Figure 1.1 we see that although
the minimum and minimizers are well behaved the function is not (in the sense that there is
no strong limit). And whilst the weak limit exists it clearly does not capture the behavior of
either minimizer or minimum. Approximately speaking the I'-limit is the limiting lower semi-
continuous envelope. We see in this case the ['-limit completely captures the behavior of both
the minimum and minimizers. Whilst the example in the figure shows functionals acting on a 1

dimensional space the same reasoning carries through to infinite dimensional spaces.

Figure 1.1: The Weak Limit Versus the I'-Limit

The blue and green curves show two instances of a minimization problem that becomes increas-
ingly oscillatory as the number of data points goes to infinity. The red curve gives the weak
limit (i.e. the average over the oscillations) and the black curve is the I'-limit. Clearly there is
no strong limit.

Let us now be a little more precise regarding the application of I'-convergence to mini-
mization problems. There are two criteria we must show to infer the convergence of minimizers.
The first is to find the I'-limit. Often this will rely on the (almost sure) weak convergence of
the empirical measure. The second is to show that minimizers are compact. If minimizers are
not compact then we have sequences of estimators that do not converge (nor will any subse-
quence). Under these two conditions the I"-convergence framework implies that the minimums
converge and that (up to subsequences) minimizers are also convergent. Furthermore the limit
of any subsequence of minimizers will minimize the I'-limit. Hence if the I'-limit has a unique
minimizer then the entire sequence will converge (without the recourse to subsequences). Let us
also emphasize that knowledge of the I'-limit helps one to understand what features one should
expect for estimators based on large (but finite) data sets. This is important criteria one can use

in order to justify a choice of estimator. In this thesis the I'-convergence methodology will be



our framework to investigate the convergence properties for several examples of estimators.

1.2 Overview of Thesis

In this thesis we investigate questions (P1-P2) stated in the previous section for three problems.

We give an overview of each type of problem below.

The k-Means Minimization Problem (Chapter 3 and Chapter 4). The first problem we
consider is a k-means type problem where we generalize the k-means framework [105] to allow
for cluster centers in different spaces to the data. This is motivated by the following smoothing-
data association problem. We are given data {(¢;, 2;) };_; sampled from & unknown curves /i,
and in particular the association of data point to curve is unknown. The problem is then to
recover the set of curves (u1, ..., ug) from {(¢;, z;)}I_,. By treating the unknown curves as
cluster centers one can use the k-means method as estimators.

Our setting is we have data §; € X and cluster centers p; € Y. The cost function
d: X xY — [0, 00) measures the similarity between a data point and a cluster center. In order
for the problem to be well posed we use a regularization term r : Y* — [0, 00) scaled by .

The object of interest is the optimal cluster centers, that is functions 1™ € Y* that minimize

n
fu(p) = = > min d(&, p) + Mr(p).
n = G=lk
When X =Y we show in Section 3.2 regularization is unnecessary and we can let A = 0.

We prove asymptotics concerning the general case in Chapter 3 before we investigate
the smoothing data-association further in Chapter 4 where we also prove a rate of convergence.
We define f by

Jroli) = [ min_d(w, ;) P(dz) + Ar(p)
x J=1,...,k

and where &; i p. Formally, in Chapter 3 we show for sequences of minimizers 1) and a

minimizer 1(>) of f. that:

for X =Y and A = 0 then min f, () — min foo(p) M = ()
ueXk peXk

for X #Y and A > 0 then min f,(1) = min fao(p) — p™ —
HEY'E HEY'E

with probability one. And in Chapter 4 we show that:

2
~o(1).
L2 n

The earliest results regarding the asymptotics of the k-means method considered the

37
j=1

application to Euclidean data sets, i.e. X = Y = R* and d(x,y) = |z — y|*> where | - | is the
Euclidean norm. Under the assumption that the limiting functional f, has a unique minimizer

10> then p(™ — 11(>) with probability one [80,124]. When there is no unique minimizer these



results do not hold [19]. With more generality the convergence of the minimum and minimizers
for X = Y a reflexive and separable Banach space has been studied in [95, 103]. And an
analogous result in [96] for metric spaces. Convergence results for X ## Y are, as far as the
author is aware, new.

The first result known to the author regarding the rate of convergence is a central limit
theorem result proved for X = Y = R* and d(z,y) = |z — y|? [126], that is there exists a

covariance matrix > such that
ne (,u(") — u(oo)) — N(0,3)

where the convergence is in distribution. A simple application of this shows [42] that the mini-

mum behaves as .
1) = )| = 0, (3).

When considering convergence in expectation one has
1
‘Efoo(ﬂ(n)) _foo(N(OO))’ =0 <\/ﬁ> ) (1.2)

see for example [10,102,104]. When k& = 1 standard results imply ‘Efoo (™) = foo (M(OO))’ =
0] (%) however when k& > 3 it is known [18, 102] that there exists a constant C' > 0 such that

C
Efoo(ﬂ(n)) - foo(ﬂ(oo))‘ > ﬁ
which in particular shows (1.2) is sharp. More generally (1.2) has been shown for X = Y a

Hilbert space when d(x,y) = ||z — y||?> and || - || is the norm on X and for X = Y a separable

and reflexive Banach space with d(z,y) = ||z — y

, see [21,95] respectively.

General Spline Smoothing (Chapter 5). The second problem, in Chapter 5, looks at the
general spline problem. This is similar to the above except we remove the data association
problem (i.e. £ = 1) and assume there is a true data generating curve. In this case we can scale
the regularization A,, — 0 and recover the ‘truth’ in the data rich limit.

Let # be a Hilbert space with norm || || and inner product (-, -). We consider the problem
of recovering i € H from observations {(L;, y;)}?; C H* x R and the model:

yi = Lip + ¢

where ¢; is noise. We refer to this as the general spline problem.
A particular case of much interest is when H = H" (the Sobolev space of degree m)
and observation operators are of the form L;u = pu(t;). We call this the special spline problem.
We assume that there exists exists a decomposition H = Hy & H; where H; are Hilbert
spaces with norms || - ||;. The estimator ("™ of u' is defined to be the minimizer of f,, : H —
[0, 00) defined by

1 n
fnlp) = - Z lyi — Lipl? + Anllxaplly
i=1



where x1 : H — H; is the orthogonal projection. Under suitable conditions one can interpret
u(") as a maximum a-posteriori estimator [89]. We assume that H is finite dimensional and H;
is infinite dimensional. It is typically not possible to show || — p|| — 0 which leaves one
with two natural options. The first is to look for convergence in a weaker norm, e.g. instead of
H™ we look at L2, and the second option is to look for weak convergence.

Assume that || - || = [|C™! - || .2 where C is the covariance operator and the existence of

a compact, positive semi-definite and self-adjoint operator U which satisfies
1 n
- > LiLi»U
i=1

for some suitable notion of convergence. From the assumptions one has the existence of a

eigenbasis {1; } of H satisfying

(i, Upj) = 65 and  (;,C ;) = 7idy.

One then constructs the Hilbert scale by defining the norm

1

00 2

el = (Z(l + %) (1, U¢i)2>
i=1

and sets 1) {u € H : ||u]l, < co}. One takes H,, to be the completion of ) under || - ||,. The

main results of [46, 117] imply that

) _ 1? < minf1. Ao l2 4 L

E [ = uf| S min{L, oYt IE + — (€O, p) +m)
P

for any constant 3 with p < 5 < p + 2, where dim(#() = m and

Ap) = D0+ A)

j>m

For special splines it has been shown [131, 158] that for uniformly spaced observations

the estimate ("™ of uf satisfies the following bound:

2 2

Ay
+ =

dtj L2 )\ om

<A1)\‘

L2

where Aj, As are constants and 0 < j < m. In particular the optimal rate of convergence is for
— 72’”1 . .
An <X n  2m+1 in which case

2 )
_2(m—j)
E =0 (n 2m+1 ) .
2

The results also generalize to non-uniform observations under assumptions on the ratio of the

d]
o =)

largest to smallest gap in observation times [131].
The result of Chapter 5 is to use weak convergence rather than strong convergence in

Hilbert scales. However we are able to reuse a lot of the ideas used to prove strong convergence.



In particular the result of Chapter 5 is for any F' € ‘H* and any € > 0 we have
P (‘F(u(”)) - F(MT)‘ > e) —0

asn — oo when A, = O <ﬁ), i.e. (™ converges weakly and in probability to uf. As in
the strong convergence case we make use of the approximation U ~ % >, LfL; in order to
prove boundedness.

An advantage of our result is that it negates the need for Hilbert scales which can be
quite abstruse; by which we mean the spaces H,, can be difficult to identify. Even for Sobolev
spaces understanding H, is in general very difficult although for some values of p one can
make informative statements such as identifying H, with another Sobolev space with boundary
conditions, see [46, Section 3]. The cost of our approach is that if one wants strong convergence
then we are dependent on embedding theorems. Such embedding theorems exist for Hilbert
scales but one gets a better rate of convergence (i.e. can scale A,, — 0 faster) if one proves the
result directly for Hilbert scales rather than proving weak convergence first.

Our results show that for weak convergence one cannot scale )\, — 0 faster that ﬁ
This is natural when one considers weak convergence as a finite dimensional projection and as-
sumes a central limit theorem holds. Hence the results of Chapter 5 are optimal and in particular

one cannot hope to recover the rates of convergence one has for strong convergence.

A Graphical Approach to Estimating the Data Association (Chapter 6 and Chapter 7).
Chapters 6 and 7 look at the third problem where we use a graphical representation of the data in
order to define an estimate to the data association problem, i.e. an estimate of x4 : {0,...,n} —
{0, 1} where for simplicity we assume there are two classes (note the slight change of notation, p
is now estimating the data association only). We allow for a soft classification so that x(j) € R.
We use minimizers of the Ginzburg-Landau functional which has two terms: the first penalizes
soft assignments in order that p(j) =~ {0, 1} and the second penalizes jumps between adjacent
data points so 1(j) ~ u(j + 1). We use the structure of the graph to determine what data points
are adjacent.

To be more precise we look for a function p € L'(¥,,) where ¥,, = {&}7, C R%is
the data and for convenience we write L'(¥,,) as the set of functions from ¥,, to R. The graph

is constructed by weighting edges between points §; and {; by

Wij =ne(& — &)

where

ne(z) = elgn (%)

is the interaction potential that we scale by € = ¢,, so that the graph remains sparse. We discuss

the advantages of this in Chapter 6 . For a function V' : R — [0, c0) we define the Ginzburg-



Landau functional &, : L'(¥,,) — [0, 0o] by
1 L1l
Enlp) = = D _V(u(&)) Z% (&) — (&)l
" i=1

We assume that V() = 0 < t € {0,1}, e.g. V(t) = t2(1 — t)? so that the first term penalizes
states not taking the values zero or one. The second term is defined as the graph total variation,
ie.

GTV,( —6 ZWW\M& 1(&5)!-

Estimates of the data partition are given by minimizers of &,.

The asymptotics of the classical Ginzburg-Landau functional (in a continuous setting),

Rl =+ [ Vi) do+ 7 [ nde =) ln(o) - )l de dy.

€

are well known, e.g. [5, 114]. These results show there exists some F{ such that
Fy =T-lim F;
e—0

and for any sequence ;™) € L'(X) and ¢, — 0 such that sup,,cy F., (1) < oo then
{,u(”)}neN is precompact in L!. These results allow one to infer the convergence of the con-
strained minimization problem where the constraints respect the I'-convergence, see Section 2.2.

More recently these results have been extended to discrete settings where {; }7_; form a
regular graph [163]. These results apply when the data is deterministic. The appropriate notion
of convergence of (™ — 1 where u(™ ¢ L'(V,) and ¢ € L'(R?) is to define a piecewise
constant approximation of (™ on L! (R9), the details are left to Section 2.5.

For random data points it has been shown in [69] that the I'-limit of GT'V,, is a total
variation distance (when 7 is isotropic). A consequence of our results shows this is also true
when 7 is anisotropic. The compactness property for GT'V,, requires the sequence (™ be
bounded in L' and GTV,, in order for compactness in L' which is easily seen as GTV, is
invariant under p — p + c.

Our results in Chapter 6 extend [5,163] to show the existence of a surface integral (where
we leave the definition untll Chapter 6) £, such that £, = ['-lim,,_,, &€, and the compactness
property holds when &; X P fora probability measure P. To do so we use the methodology
of [69].

The minimization problem, min, &, (), admits trivial minimizer 4 = 0 or ¢ = 1. In
order to obtain ‘more interesting’ minimizers one should impose constraints such as the mass
constraint, adding a data fidelity term, or boundary conditions. In Chapter 7 we use the results
of Chapter 6 to prove convergence results for each of the constrained minimization problems
described. To do so one must show that the constraint respects the I'-convergence. There is
also a discussion on the results for more than 2 classes. In Chapters 6 and 7 the data is in R?,

however we take some time in Chapter 8 to discuss the infinite dimensional case.



Chapter 2

Preliminary Material

2.1 Notation

The set of probability measures on X is denoted (X ) and the Borel o-algebra by B(X). The
problems which we address involve random observations usually denoted &; : 2 — X where
we assume throughout the existence of a probability space (€2, F,P), rich enough to support a
countably infinite sequence of such observations, {ﬁi(w) -2 ,. All random elements are defined
upon this common probability space and all stochastic quantifiers are to be understood as acting
with respect to P unless otherwise stated. Where appropriate, to emphasize the randomness
of the functionals f,,, we will write féw) to indicate the functional associated with the partic-
ular observation sequence §§w), . ,gff’) and we allow Péw) to denote the associated empirical
measure.

For clarity we often write integrals using operator notation. Specifically, for a measure

P (which is usually a probability distribution) we write

Ph = /h(x) P(dz).

A sequence of probability distributions P,, on a Polish space is said to converge weakly

to a probability measure P, and we write P, = P, if
P,h — Ph forall h € Cy

where Cj, is the space of continuous and bounded functions. A fact we will make use of is
the almost sure weak convergence of the empirical measure, e.g. [56, Theorem 11.4.1]. For a
sequence fgw) of random variables and each bounded and continuous function, h, it’s possible
to define the sequence of random variables P,(Lw) (h) which converges almost surely to Ph by the
strong law of large numbers. However this does not immediately imply the almost sure weak
convergence of the empirical measure since taking the intersection over the uncountable set C,

does not necessarily have probability one, i.e. we must be careful when concluding the set

_ . p)
9% hDCb{weQ P h—>Ph}



has probability one. However, when the space X is a separable metric space then one can find a
countable dense subset of C}, on which to apply the strong law of large numbers. By a continuity
argument this extends to the whole of C},.

With a slight abuse of notation we will sometimes write P(U) := Pl for a measurable

set U. We denote the support of a probability measure P by supp(P), i.e.

supp(P) = inf {X’ : X' C X, X' is closed, and / P(dz) = O} :
X

\ X

Throughout this thesis we say that a sequence of parameter estimators is consistent if,
for any value of the “parameters”, they converge with respect to the underlying topology in
probability (with respect to the data-generating mechanism) to the true value.

The space of functions from Z onto Y that are LP-integrable are denoted by LP(Z;Y)
(for 1 < p < o0). Usually either Y = {0,1} or Y = R. If Y = R then we write L”(Z)
instead of LP(Z;R). When we use the L” norm with respect to a measure P the Y dependence
is suppressed and we write LP(X; P). It will be obvious from the context what is meant.

We define the Sobolev spaces W*P(I) on I C R by

WP =WP(I)={f: 1 —Rst. V'f e LP(I)fori=0,...,s}

where we use V for the weak derivative, i.e. ¢ = V f if for all ¢ € C2°(I) (the space of smooth

functions with compact support)

/If(x)jf:(x) do = —/g(ww(x) dz.

1

In particular, we will use the special case when p = 2 and we write H* = W*2. This is a

Hilbert space with norm:
S
17 = DIV F Iz
i=0

For a Banach space A one can define the dual space A* to be the space of all bounded

and linear maps over A into R equipped with the norm || F|

A+ = Supgecy4 |F(x)|. Similarly
one can define the second dual A** as the space of all bounded and linear maps over A* into
R. Reflexive spaces are defined to be spaces A such that A is isometrically isomorphic to A**.
These have the useful property that closed and bounded sets are weakly compact. For example
any LP space (with 1 < p < o0) is reflexive, as is any Hilbert space (by application of the Riesz
Representation Theorem).

A sequence x,, € A is said to weakly convergence to x € A if F(z,) — F(x) for
all ' € A*. We write x,, — x. We say a functional G : A — R is weakly continuous
if G(z,) — G(z) whenever x,, — =z and strongly continuous if G(z,) — G(z) whenever
||lxn — x||4 — 0. Note that weak continuity implies strong continuity. Similarly a functional G
is weakly lower semi-continuous if lim inf,,_,, G(z,) > G(z) whenever x,, — z.

For a space A and a set K C A we write K¢ for the complement of K in A, i.e.
K¢=A\K.

10



For an operator U : H — H we will use Ran(U) to denote the range of U, i.e.
Ran(U)={peH:TveHst.Uv=pu}.

When U is linear and (#, || - ||) is a Banach space the operator norm is defined by

|Ull £, := sup [|Upl].
[l <1
The Euclidean norm is given by | - | and with a small abuse of notation the dimension is

inferred from the argument. The ball centered at 2 and with radius r in R? is given as
B(z,r) = {yeRd:\x—y\ <7“}.

When the ball is centered at the origin we write B(0, ).

For two real-valued and positive sequences a,, and r, we write a,, < 7, if ;f—;‘ is bounded.
If a, < 7y and r, < a, then we write a, < 7,. Alternatively we may sometimes write
an = O(ry) if ‘r‘—: is bounded where a,, and r,, are two real valued deterministic sequences and
ry, 18 positive. If ‘f,—: — 0 as n — oo we write a,, = o(ry). For random sequences a,, and r,,
where 7, are positive and real valued, we write a,, = Op(ry,) if ff—z is bounded in probability:

for all € > 0 there exist deterministic constants M, N, such that

"

If 2 — 0 in probability: for all € > 0

"

an,

n

2M5>§6 vn > N..

an

>e)] =0 asn — oo
Tn

we write a, = 0p(7y,).

2.2 TI'-Convergence

I"-convergence was introduced in the 1970’s by De Giorgi as a tool for studying oscillatory
objects. We are particularly motivated by using the I'-limit to design our minimization problems
so that our classifiers have certain properties. A key contribution of this thesis is to identify
the limiting minimization problem associated with a variety of statistical inference problems.
Knowledge of the limit aids the practitioner in designing the finite data problem, i.e. allows one
to pick out important features of the data. In this sense I"-convergence is used as a data analysis
tool. See, for example [28,50], for an introduction to I'-convergence.

We have the following definition of I'-convergence, see also Figure 1.1 in Chapter 1 for

an illustration of I'-convergence.

Definition 2.2.1 (I'-convergence). Let (X, T) be a topological space. A sequence f, : X —
R U {+o0} is said to T'-converge on the domain X to f : X — RU{zxoo} with respect to the
topology T on X, and we write foo = I'-lim,, f,, iffor all { € X we have

11



(i) (lim inf inequality) for every sequence (C™) converging to ¢
f(C) < linginf Fa(CM);

(ii) (recovery sequence) there exists a sequence (C (”)) converging to C such that

Foo(€) > limsup f,(C™).

n—o0

We give the above definition of I'-convergence in terms of a general topological space.
In this thesis the topology will either be the topology of weak convergence or strong conver-
gence.

When it exists the I'-limit is always lower semi-continuous [27, Proposition 1.31], and
hence there exists minimizers over compact intervals. The following result justifies the use of

I"-convergence as a variational type of convergence.

Theorem 2.2.1 (Convergence of Minimizers). Let (X, T) be a topological space and f,, : X —
[0, 0] be a sequence of functionals. Let ™) be a sequence of almost minimizers of fr. If (™

are precompact and foo = I'-lim,, f,, where foo : X — [0, 00| is not identically 400 then
g Joo = 100, I

Furthermore any cluster point of ;1\ minimizes f.

A simple consequence of the above is if one can show that the I'-limit has a unique
minimizer then any sequence of almost minimizers converges (without the recourse to subse-

quences).

Corollary 2.2.2. [fin addition to the assumptions of Theorem 2.2.1 the minimizer of the U-limit

is unique then any sequence of almost minimizers ,u(") of fn converges weakly to the minimizer

of foo

For the I'-convergence results to carry through to functions on domains f, : ©, —

[0, oo] we require that ©,, are compatible in the following sense.

Definition 2.2.2. Assume that f, I'-converges to f, on a topological space (X, T). Let ©,,,©0
be subsets of X. Then we say that (0, O, f,, fx) are compatible with respect to I'-convergence

if
1. ©is closed,
2. there exists ¢ € © such that foo () < 00,

3. if¢™ € 0, and (™ — ( then ¢ € © and

4. forall u € © there exists a sequence (™ € ©,, such that 1™ — 1 and

limsup fr, (™) < foo(p)-

n—0o0

12



We immediately see that if ©,,,© are compatible with respect to I'-convergence then
fn T-converges to fo on ©. Theorem 2.2.1 holds when restricting f,, and f. to compatible

subsets.

Corollary 2.2.3. Let (X, T) be a topological space and f, : X — [0,00] be a sequence of
functionals T'-converging to foo : X — [0,00]. Assume ©,,,© are compatible with respect to
T'-convergence. If any sequence u(”) of almost minimizers is precompact then

min = lim inf f,.
(S) o0 n—o00 O, fn

Furthermore any cluster point of ;1\ minimizes f~ in ©.

Another property of I"-convergence we will exploit is it stability under continuous per-
turbations. We say g,, converges continuously to goo if g, (C™) = goo(¢) whenever ¢ — (.

We have the following proposition.

Proposition 2.2.4. If f,, ['-converges to fo, on a topological space (X, 1) and gy, continuously

converges 10 oo then

foo + goo = I'-lim f;, + gn.
n—oo

If g, > 0 then any compactness of f, will also carry through to f,, + g,. Hence

convergence of minimizers/convergence of minima results for f,, carry through to f,, + gn.

2.3 The Gateaux Derivative

We very quickly recap Gateaux derivatives (also known as directional derivatives) and remind

the reader that Taylor’s theorem holds in the multi-dimensional case.

Definition 2.3.1. We say that f : H — R is Gdteaux differentiable at i € H in directionv € ‘H
if the limit

Of(isv) = lim LR = FW)

r—0 r

exists. We may define second order derivatives by

b /. -9 .
a2f(/L;7/,V/):lim f(,u—i—’l“l/,l/) f(,u,u)
r—0 r
for u,v,v' € H. Similarly for higher order derivatives. To simplify notation, when it is clear,

we write

Fflusv) :=0°f(wv,...,v).

Theorem 2.3.1 (Taylor’s Theorem). If f : H — R is m times continuously Gateaux differen-
tiable on a convex subset K C ‘H then, for u,v € K:

fw) =f(u)+3f(u;v—u)+%02f(u;v—u,v—u)+---
1

m—1 ., o
+7(m_1)!3 flpsv—p,...,v—p) + Ry,
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where

1

1
Ron(pow = 1) = g /0 (L= )™ 10 (1 — )+t — ) d.

2.4 Total Variation Distance

For the convenience of the reader we define the weighted total variation distance and recall some

well known results. We start by defining the total variation distance.

Definition 2.4.1. For a domain X C RY the weighted total variation TV (-; p,n) of a function
w € LY(X) with respect to a density p and potential 1 is defined by

TV (15 p,m) =Sup{/xu(fv) div (¢(z)) dz : ¢ € CX(X;RY),

2.1)
sup o* (—p~(2)¢(x) ) < OO},
zeX
o*(¢) = sup {u “p—o(v) : vE Rd} € {0, 00}, (2.2)
o(v) = /Rd n(z)|z - v| de. (2.3)

The space of functions with finite weighted total variation is denoted by BV (X;p,n). The

standard total variation distance on X is defined by
TV () = sup { [ ) divto) as < o€ CRO0. ol < 1}.

The standard bounded variation space BV (X)) is the set of functions such that ﬁ(,u) < o0,

When p € L'(X;{0,1}) then one can write the total variation distance as a surface

integral. In particular one can write:
V(i) = [ aln(e))p@) dni (o)
o{u=1}

where n(z) is the outward unit normal for the set d{u = 1}, H% ! is the d — 1 dimensional
Hausdorff measure. The equivalence when p € L(X; {0, 1}) can be seen from the simplifica-
tion of TV (+; p,n) when p € C*:

TV i pon) = [ o(Tua)@)do = [ [ no)ly- Vuo)le?(a) dy da.

One may also write
TV po) = [ n(TV:(ip) d
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where TV, (+; p) is defined by

TV, (p; p) = sup {/ p(z) div(g(x)) dz : ¢ € C*(X;RY),
X 2.4)
—v-¢(x) <|z-v|p*(x) Vv, x € Rd}

The following proposition is a slight generalization of a well known result regarding the
convergence of difference quotients to the total variation semi-norm. The proof is omitted but it

is a trivial adaptation of, for example, [97, Theorem 13.48].

Proposition 2.4.1. Assume ") — 1 in L'. For a sequence €, — 0 and a function p : X —
[0, 00) define f, : X — [0,00) by

fn(2) = eln/X ‘,u(n)(x + enz) — p(z)| p?(x) da.

Then
liminf f,(z) > TV (u; p).

n—o0

For each u € BV (X; p,n) the following theorem gives the existence of a measure that

one can understand as the weak derivative of u. See for example [15,60] for more details.

Theorem 2.4.2. For every n € BV (X;p,n) there exists a Radon measure \,, on X and a
App-measurable function o : X — R such that o(x) = 1 for X, ,-almost every x € X and

i = — 7(1:) L a(x T
[ m@ivot@) do = - [ ZEFra(@) A, da)

forall g € CH(X;R?). In particular,
)‘pm(X) =TV (15 p,m)-
For the standard total variation distance we write \ and have the following relationship:
Apn(de) = p*(@)o(2) A(da).

In particular
V(i po) = [ H@)ola) Ada).

A useful approximation result we will make use of is for all u € BV (X;p,n) there
exists a sequence ;™) € BV (X; p,n) N C>(R?) such that

p™ — pin LX) and TV (u™; p,n) = TV (1; p,m)
or equivalently )\,(072 (X) = App(X) (where )\,(072 is the measure given by Theorem 2.4.2 and

induced by p(™), see e.g. [60, Theorem 2, Section 5.2.2].
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The Rellich-Kondrachov theorem implies that any bounded set in BV is relatively com-
pact in L'. In particular if a sequence 1(™) can be bounded in BV then one can infer the

existence of a subsequence converging in L!.

2.5 Transportation Theory

In Chapters 6 and 7 we will look for convergence of the data association function y : ¥,, —
{1,...,k} (where ¥, = {&;}7_,). This requires a notion of convergence suitable for comparing
functions on different domains. We wish to define a map 7,, : X — ¥, that will allow us to
extend functions ,u(") on W, to functions (™ on X, i.e. i™ = u(™ o T,,. The challenge is to
define 7}, optimally in the sense that as little mass as possible is moved. We start by defining
the p-OT distance.

Definition 2.5.1. If 1 < p < oo then the p-OT distance between P, Q) € P(X) is defined by

4y(P, Q) = min { ([ je=ur w(dx,dw);

where T'(P, Q) is the set of couplings between P and Q, i.e. the set of probability measures on

7w eT(P, Q)} 2.5)

X x X such that the first marginal is P and the second marginal is Q).
If p = oo then the co-OT distance between P, () € P(X) is defined by

doo(P, Q) = min {esssup{|a: —y|:(z,y) e X x X}:me(P, Q)} . (2.6)

The minimization problem in (2.5) and (2.6) is known as Kantorovich’s optimal trans-
portation problem. The minimization is convex and and therefore the minimum is achieved
[40, 168]. One can also show that d,, defines a metric. Elements 7 € I'(P, Q) are called
transference plans. The distance ds is also known as the Wasserstein metric and do, the oco-
transportation distance. For bounded X C R? convergence in d, (for 1 < p < o0) is equiva-
lent to the weak convergence of probability measures [168] and therefore with probability one,
dy(Py, P) — 0 where P, is the empirical measure.

When P has density with respect to the Lebesgue measure then the Kantorovich mini-

mization problem is equivalent to the Monge optimal transportation problem [67]:
Minimize /X |z — T'(x)[P P(dxz) over all measurable maps 7" such that Tx P = Q
where the push forward measure is defined by
TyP(A) = P(T™'(4))

forany A € B(X). If Q = T4 P then we call T" a transportation map between P and Q.
Let P, be the empirical measure and 1 < p < oo then from dp(P,, P) — 0 (almost
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surely) one can immediately infer the existence of a sequence of transport plans such that

1= Tullf o, = [ Jo = Tl Pldo) = )

as n — 0o. We call any sequence of transportation maps {7, } that satisfy (2.7) stagnating.
In the next definition we use stagnating transport maps to define piecewise constant

approximations of functions on W,, in order to define a suitable notion of convergence.

Definition 2.5.2. Ler u(™ € LP(V,) = LP(X;P,) and p € LP(X; P) We say '™ — p in
TLP(X)if

) o T = llyy = [ 1) (Tu(a) = (@) Plda) =0 2:8)

for any sequence of stagnating transportation maps T,, : X — V. Similarly ,u(") is bounded
in TLP if | o T},|| v is bounded and p\™ is precompact in TLP if u™ o T}, is precompact

in LP.

One can show that if (2.8) holds for one sequence of stagnating transport maps then it
holds for any sequence of stagnating transport maps [69, Lemma 3.5].

In Chapters 6 and 7 we will assume that P has density p which is bounded above and
below by positive constants then (2.7) is equivalent to ||Id — T}, [|r(x) — 0 and LP(X; P) =
LP(X). We will mostly consider the case p = 1 however generalizations to 1 < p < oo are
straightforward.

Now consider an arbitrary 7' : X — X and a measurable ¢ : X — [0, 00). Recall that

/ o(z) Ty P(dx) := sup {/ s(x)TyP(dz) : 0 < s < ¢andsis simple} :
X b's

If s(x) = ZZ]\LI a;0y, (z) where a; = s(z) for any x € U; then

/ s(x)TyP(dz) ZalT#P Zal
X

for V; = T~1(U;). Note that a; = s(z) for any x € T(U;). From this it is not hard to see the

following change of variables formula:

/ﬂ@@ﬂ%ﬁ]@@mﬂwm 2.9)
X X

A particularly useful version of this will be when T’y P(dz) = P, (dx) where P, is the empirical
measure. In which case (2.9) implies

1 n
n;ﬂ®=éwﬂmP@»

As an aside one can generalize the T'LP norm to functions ; € LP(X;P) and ¢ €
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LP(Y; Q) where P, () are arbitrary measures on X and Y respectively. Let us define

drre (P, 1), (@, C))

- 7r6%1(11562) { </X><Y = =y mlde, dy))i i </X><Y lule) = )l mlde, dy)> ;} .

Let P have density with respect to the Lebesgue measure and take a sequence of measures P,
defined on a common space X (where we do not assume that P, is the empirical measure). Then
(P, fn) — (P, f)in T'LP is equivalent to weak convergence of measures (due to the first term)
and || (™ o T, — p| rr(x;p) — 0 (due to the second term), see [69, Proposition 3.6]. Since we
we will always work with the empirical measure then with probability one P, converges weakly
to P. Hence the first term plays no role in this thesis and so is not included.

We recall the following theorem which will be useful later.

Theorem 2.5.1. [70] Let X C R% with d > 2 be open, connected and bounded with Lipschitz
boundary. Let P be a probability measure on X with density (with respect to Lebesgue) p which
is bounded above and below by positive constants. Let £1,&2, . .. be a sequence of independent
random variables with distribution P and let P,, be the empirical measure. Then there exists a
constant C' > 0 such that almost surely there exists a sequence of transportation maps {1, }2°
from P to P, such that

nl|Id — Ty, || 70
ifd =2then limsup vl =)

L0 <
n—00 (log n)Z

1

and if d > 3 then  limsup i
n—00 (log n) d
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Chapter 3

Convergence of the k-Means
Minimization Problem in a General
Setting

Abstract

The k-means method is an iterative clustering algorithm which associates each ob-
servation with one of k clusters. It traditionally employs cluster centers in the same
space as the observed data. By relaxing this requirement, it is possible to apply
the k-means method to infinite dimensional problems, for example multiple target
tracking and smoothing problems in the presence of unknown data association. Via
a I'-convergence argument, the associated optimization problem is shown to con-
verge in the sense that both the k-means minimum and minimizers converge in the
large data limit to quantities which depend upon the observed data only through
its distribution. The theory is supplemented with two examples to demonstrate the
range of problems now accessible by the k-means method. The first example com-
bines a non-parametric smoothing problem with unknown data association. The

second addresses tracking using sparse data from a network of passive sensors.

3.1 Introduction

The k-means algorithm [105] is a technique for assigning each of a collection of observed data to
exactly one of k clusters, each of which has a unique center, in such a way that each observation
is assigned to the cluster whose center is closest to that observation in an appropriate sense.
The k-means method has traditionally been used with limited scope. Its usual applica-
tion has been in Euclidean spaces which restricts its application to finite dimensional problems.
There are relatively few theoretical results using the k-means methodology in infinite dimen-
sions of which [21, 34,49, 95,96, 103, 148] are the only papers known to the author. In the right
framework, post-hoc track estimation in multiple target scenarios with unknown data associ-

ation can be viewed as a clustering problem and therefore accessible to the k-means method.
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In such problems one typically has finite-dimensional data, but would wish to estimate infi-
nite dimensional tracks with the added complication of unresolved data association. It is our
aim to propose and characterize a framework for the k-means method which can deal with this
problem.

A natural question to ask of any clustering technique is whether the estimated clustering
stabilizes as more data becomes available. More precisely, we ask whether certain estimates
converge, in an appropriate sense, in the large data limit. In order to answer this question in our
particular context we first establish a related optimization problem and make precise the notion
of convergence.

Consistency of estimators for ill-posed inverse problems has been well studied, for ex-
ample [52, 118], but without the data association problem. In contrast to standard statistical
consistency results, we do not assume that there exists a structural relationship between the
optimization problem and the data-generating process in order to establish convergence to true
parameter values in the large data limit; rather, we demonstrate convergence to the solution of a
related limiting problem.

This chapter shows the convergence of the minimization problem associated with the
k-means method in a framework that is general enough to include examples where the cluster
centers are not necessarily in the same space as the data points. In particular we are moti-
vated by the application to infinite dimensional problems, e.g. the smoothing-data association
problem. The smoothing-data association problem is the problem of associating data points
{(ti,zi)}7—; C [0,1] x R" to unknown trajectories z; : [0,1] — R" for j = 1,2,...,k. By
treating the trajectories 1i; as the cluster centers one may approach this problem using the k-
means methodology. The comparison of data points to cluster centers is a pointwise distance:
d((ti, 2:), i) = |1j(ti) —2i|* (where | | is the Euclidean norm on R*). To ensure the problem is
well-posed some regularization is also necessary. For k = 1 the problem reduces to smoothing
and coincides with the limiting problem studied in [79]. We will discuss the smoothing-data
association problem more in Section 3.3.3.

Let us now introduce the notation for our variational approach. The k-means method is
a strategy for partitioning a data set U,, = {{;}?"; C X into k clusters where each cluster has
center pu; for j = 1,2,..., k. First let us consider the special case when p; € X. The data
partition is defined by associating each data point with the cluster center closest to it which is
measured by a cost function d : X x X — [0, 00). Traditionally the k-means method considers
Euclidean spaces X = R, where typically we choose d(z,y) = |z — y[* = Y5, (2 — )%

We define the energy for a choice of cluster centers given data by

k
1 n
fn:Xk%R fn(:u’an):gz:/\d(gh,uj):
i=1 j=1
where for any k variables, a1, as, ..., ag, /\?:1 a; = min{ay, ..., ax}. The optimal choice of

 is that which minimizes f,(-|¥,,). We define

A~

0 = min fn(M|\Ijn) eR.
peXk

20



An associated “limiting problem” can be defined

= min fo
E}gf (1)

iid . e
where we assume that &; ~ P for some suitable probability distribution, P, and define

k
Fooln) = / A da, 1) P(dz).
i=1

In Section 3.2 we validate the formulation by first showing that, under regularity conditions and
with probability one, the minimum energy converges: 6, — 6. And secondly by showing that
(up to a subsequence) the minimizers converge: p(™ = () where 1™ minimizes f,, and
11(>°) minimizes f., (again with probability one).

In a more sophisticated version of the k-means method the requirement that p; € X
can be relaxed. We instead allow 1 = (p1, fi2, ..., ) € Y* for some other Banach space,
Y, and define d appropriately. This leads to interesting statistical questions. When Y is infinite
dimensional even establishing whether or not a minimizer exists is non-trivial.

When the cluster center is in a different space to the data, bounding the set of minimizers
becomes less natural. For example, consider the smoothing problem in which one wishes to fit
a continuous function to a set of data points. The natural choice of cost function is a pointwise
distance of the data to the curve. The optimal solution is for the cluster center to interpolate
the data points: in the limit the cluster center may no longer be well defined. In particular we
cannot hope to have converging sequences of minimizers.

In the smoothing literature this problem is prevented by using a regularization term
r:Y*® — R. For a cost function d : X x Y — [0, 00) the energies f,(-|¥,,), foo(-) : Y¥ = R
are redefined

n k

Fulp ) = =3 A €, ps) + Aur()

izkl j=1
foli) = [ \ 1) Plao) + 2.

J

Adding regularization changes the nature of the problem so we commit time in Section 3.3 to
justifying our approach. Particularly we motivate treating A, = \ as a constant independent of
n. We are able to repeat the analysis from Section 3.2; that is to establish that the minimum and
a subsequence of minimizers still converge.

Early results assumed Y = X were Euclidean spaces and showed the convergence of
minimizers to the appropriate limit [80, 124]. The motivation for the early work in this area was
to show consistency of the methodology. In particular this requires there to be an underlying
‘truth’. This requires the assumption that there exists a unique minimizer to the limiting energy.
These results do not hold when the limiting energy has more than one minimizer [19]. In this
chapter we discuss only the convergence of the method and as such require no assumption

as to the existence or uniqueness of a minimizer to the limiting problem. Consistency has been
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strengthened to a central limit theorem in [126] also assuming a unique minimizer to the limiting
energy. Other rates of convergence have been shown in [10, 18,42, 104]. In Hilbert spaces there
exist convergence results and rates of convergence for the minimum. In [21] the authors show
that | f,, (1) — foo (12(°))| is of order %w however, there are no results for the convergence of
minimizers. Results exist for & — oo, see for example [34] (which are also valid for Y # X).

Assuming that Y = X, the convergence of the minimization problem in a reflexive
and separable Banach space has been proved in [103] and a similar result in metric spaces
in [96]. In [95], the existence of a weakly converging subsequence was inferred using the results
of [103].

The chapter is structured as follows. In Section 3.2 we consider convergence in the
special case when the cluster centers are in the same space as the data points, i.e. ¥ = X. In
this case we don’t have an issue with well-posedness as the data has the same dimension as the
cluster centers. For this reason we use energies defined without regularization. Theorem 3.2.5
shows that the minimum converges, i.e. 6,, — 6 as n — oo, for almost every sequence of
observations and furthermore we have a subsequence (™) of minimizers of f,,, which weakly
converge to some 1(°°) which minimizes fo.

This result is generalized in Section 3.3 to an arbitrary X and Y. The analogous result
to Theorem 3.2.5 is Theorem 3.3.6. We first motivate the problem and in particular our choice
of scaling in the regularization in Section 3.3.1 before proceeding to the results in Section 3.3.2.
Verifying the conditions on the cost function d and regularization term r is non-trivial and so
we show an application to the smoothing-data association problem in Section 3.3.3.

To demonstrate the generality of the results in this chapter, two applications are con-
sidered in Section 3.4. The first is the data association and smoothing problem. We show the
minimum converging as the data size increases. We also numerically investigate the use of the
k-means energy to determine whether two targets have crossed tracks. The second example
uses measured times of arrival and amplitudes of signals from moving sources that are received

across a network of three sensors. The cluster centers are the source trajectories in R2.

3.2 Convergence when Y = X

We assume we are given data points §; € X for+ = 1,2,... where X is a reflexive and
separable Banach space with norm || - || x and Borel o-algebra X'. These data points realize a
sequence of X'-measurable random elements on (2, F,P) which will also be denoted, with a

slight abuse of notation, &;.

We define
fXE SR, FO(0) = PP, = - Enj /k\ d(e’, ;) G.1)
i =1
k
fro: X SR, fuol) = Pgy = /X /\1 (e, 1) P(da) (3:2)
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where

k
g,U«(I) = /\ d(LE,,LL]),
7j=1

P is a probability measure on (X, X') and the empirical measure P associated with {fi(w) i
is defined by

L oo
=03 hE™)
for any X'-measurable function h : X — R. We assume ¢; are iid according to P with P =
Pog, L
We wish to show
éﬁl‘”) — 6 for almost every w as n — o0 (3.3)

where

6y = inf [ (1)

nexk
¢ = inf foo(:u')'
neXxk
We define || - ||z : X* — [0, 00) by
lll = el for o= Gur, po - ux) € X (34)

The reflexivity of (X, || - ||x) carries through to (X* || - ||x).

Our strategy is similar to that of [124] but we embed the methodology into the I'-
convergence framework. We show that (3.2) is the I'-limit in Theorem 3.2.2 and that mini-
mizers are bounded in Proposition 3.2.3. We may then apply Theorem 2.2.1 to infer (3.3) and
the existence of a weakly converging subsequence of minimizers.

The key assumptions on d and P are given in Assumptions 1.1-1.4. The first assump-
tion can be understood as a ‘closeness’ condition for the space X with respect to d. If we let
d(z,y) = 1 for x # y and d(x,x) = 0 then our cost function d does not carry any information
on how far apart two points are. Assume there exists a probability density for P which has
unbounded support. Then f, éw) (1) = "T_k (for almost every w), with equality when we choose
M € {ﬁi(w)}?:l. Le. any set of k unique data points will minimize f,S“’). Since our data points
are unbounded we may find a sequence Hfl(: ) ||l x — oo. Now we choose ,ugn) =¢ ()

in

and clearly
our cluster center is unbounded. We see that this choice of d violates the first assumption. We
also add a moment condition to the upper bound to ensure integrability. Note that this also im-
plies that Pd(-,0) < [, M(||z]|) P(dz) < o0 50 fo(0) < oo and, in particular, that fu, is not
identically infinity.

The second assumption is slightly stronger condition on d than a weak lower semi-
continuity condition in the first variable and strong continuity in the second variable. The con-
dition allows the application of Fatou’s lemma for weakly converging probabilities, see [64].

The third assumption allows us to view d(&;, y) as a collection of random variables. The
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fourth implies that we have at least k& open balls (where k is known) with positive probability

and therefore we are not overfitting clusters to data.
Assumptions 1. We have the following assumptions on d : X x X — [0, 00) and P.

1.1 There exist continuous, strictly increasing functions m, M : [0,00) — [0, 00) such that
m(|lz —yllx) <d(z,y) < M([lz —yllx) forallz,yeX
with lim,_,oo m(r) = oo, M(0) = 0, there exists v < oo such that M (||x + y||x) <
YM(||z||x) +vM(|lyl x) and finally [ M (||| x) P(dx) < oo (and M is measurable).

1.2. Foreach xz,y € X we have that if x,,, = x and y,, — y as n, m — oo then

liminf d(zp,, yn) > d(z,y) and lm d(zn,,y) = d(z,y).

n,m—0o0 m—r0o0

1.3. Foreachy € X we have that d(-,y) is X-measurable.

1.4. There exist k different centers ,u} €X,j=1,2,...,k such that forall § >0
P(B(u,8)) > 0 Vi=1,2,....k

where B(u,0) :=={x € X : ||u — x| x <}

We now show that for a particular common choice of cost function, d, Assumptions 1.1
to 1.3 hold.

Remark 3.2.1. For any p > 0 let d(x,y) = ||z — y||% then d satisfies Assumptions 1.1 to 1.3.

Proof. Taking m(r) = M (r) = rP we can bound m(||z — y||x) < d(z,y) < M(||lz — y||x)
and m, M clearly satisfy m(r) — oo, M(0) = 0, are strictly increasing and continuous. One
can also show that

M (|l + yllx) < 277" (l= % + lyl%)

hence Assumption 1.1 is satisfied.

Let x,,, — x and y, — y. Then

1
liminf d(zp,, yn)? = Uminf ||z, — ym|/x
n,m—o0 n,m—00

> liminf (ly, — 2 x — [lem — z[lx)
n,m—00
= liminf ||y, — z||x since z,, — =
n—o0
> |ly —zllx
where the last inequality follows as a consequence of the Hahn-Banach Theorem and the fact
that y,, — 2 — y —  which implies liminf,, . [|yn, — z||x > ||y — 2| x. Clearly d(z,,y) —
d(x,y) and so Assumption 1.2 holds.

The third assumption holds by the Borel measurability of metrics on complete separable

metric spaces. O
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We now state the first result of the chapter which formalizes the understanding that f.,
is the limit of £
Theorem 3.2.2. Let (X, ||-||x) be a reflexive and separable Banach space with Borel o-algebra,
X let {&; }ien be a sequence of independent X -valued random elements with common law P.
Assume d : X x X — [0,00) and that P satisfies the conditions in Assumptions 1. Define
féw) : Xk 5 Rand foo: XkF SR by (3.1) and (3.2) respectively. Then

foo = T-lim f)

for P-almost every w.

Proof. Define ) as the intersection of three events:
Q= {w eQ: P¥ = P} N {w e Q: PY“(B(0,q)¢) — P(B(0,9)°) Vq € N}
n {w €Q: /XHB(O,q)C(x) (lz]lx) P (dx)

%/ Tp0.q- () M (|2 x) P(dz) Vq € N}.
X

By the almost sure weak convergence of the empirical measure [56] the first of these events
has probability one, the second and third are characterized by the convergence of a countable
collection of empirical averages to their population average and, by the strong law of large
numbers, each has probability one. Hence P(Q)') = 1.

Fix w € ': we will show that the lim inf inequality holds and a recovery sequence
exists for this w and hence for every w € . We start by showing the lim inf inequality,
allowing {u(”)};f’:l € X" to denote any sequence which converges weakly to 1 € X*. We are
required to show:

liminf £ (1™) > fuo(p)-

By Theorem 1.1 in [64] we have

/ liminf g o) (z "y P(dz) < lim inf/ 9pm () P,(L )(dz) = lim inf P( )gu(”)‘
x n—oo,x’ =z n—oo  Jx n—00
For each x € X, we have by Assumption 1.2 that

liminf d(z’, e )) > d(z, ().

T —>1? n—o0 J

By taking the minimum over j we have

k
liminf g, (z "= /\ liminf d(z’ ,ugn)

' —x,n—00 ' Va'—x,n—o0
j= ]:1

>?v

d(x, pij) = gu().

Hence

lim inf f&) (™) = hmmfP( )guw) > / gu(z) P(dz) = foo(p)
X

n—oo
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as required.

We now establish the existence of a recovery sequence for every w € Q' and every u €
X*. Let u™ = p € X*. Let ¢, be a C>°(X) sequence of functions such that 0 < (,(z) < 1
forallz € X, (4(x) = 1forxz € B(0,q— 1) and {;(z) = 0 for x & B(0, q). Then the function

(q(x)gu () is continuous in = (and with respect to convergence in || - || x) for all g. We also have

Cq(@)gu(z) < ((@)d(z, 1)
< G(@)M([[z — pal[x)
< Go(@)M([lz]|x + [l ]lx)

< M(q+ ||pallx)

)

S0 (49 is a continuous and bounded function, hence by the weak convergence of Pr(lw to P we

have
Péw)ngu — PGy

asn — oo for all ¢ € N. For all ¢ € N we have

lim sup ]Pé“’)gu — Pg,| < lim_>sup \Pr(bw)gu - Péw)gqg#] + lim_>sup ]Péw)cqgﬂ — Py,
n—oo n—oo

n—oo

+ limsup | P{y9, — Pgyl
n—oo

= lim sup ‘PV(LW)QM - Pé‘“)gqgﬂ + |PCq9u - P9u|‘

n—oo

Therefore,

lim sup ]P}L”)gu — Pg,| < limsup limsup |P,(Lw)gu — PT(Lw)ngH/‘

n—00 q—00 n—00

by the dominated convergence theorem. We now show that the right hand side of the above

expression is equal to zero. We have

[P g = P Cagul < P p(0,-1)) 91
< PN po,g-1y)ed (-, 1)
< PN po,g-1)e M| - —p1llx)
<7 (PE 0,01y MU 1) + M1l ) P (0,01 )

= (PIigog-1)e M| - lx) + M llx)PLipo,g-1))c) asn— oo

—0 asqg— o0
where the last limit follows by the monotone convergence theorem. We have shown
' W g — -
Jim [Pr*g, — Pgu| = 0.

Hence

F) = fooln)
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as required. O

Now we have established almost sure I'-convergence we establish the boundedness con-

dition in Proposition 3.2.3 so we can apply Theorem 2.2.1.

Proposition 3.2.3. Assuming the conditions of Theorem 3.2.2 and define || - || by (3.4), there
exists R > 0 such that

inf f@(u)= inf f@(u) Vn sufficiently large
peXx*k lulle<R

for P-almost every w. In particular R is independent of n.

Proof. The structure of the proof is similar to [96, Lemma 2.1]. We argue by contradiction.
In particular we argue that if a cluster center is unbounded then in the limit the minimum is
achieved over the remaining k& — 1 cluster centers. We then use Assumption 1.4 to imply that
adding an extra cluster center will strictly decrease the minimum, and hence we have a contra-
diction.

We define Q" to be

Q" = N5eQn(0,00),i=1,2,....k {w € Q' : P¥N(B(uf,0)) — P(B(y}, 5))} :

As Q" is the countable intersection of sets of probability one, we have P(2”) = 1. Fix w € Q"

and assume that the cluster centers 1(™) € X* are almost minimizers, i.e.
™) < inf £ (n) + en
neXxk

for some sequence ¢, > 0 such that

lim ¢, = 0. 3.5)
n—oo
Assume that lim |u(™|;, = co. There exists [, € {1,...,k} with lim H,ul(n)HX =
n—00 n— 00 "

o0o. Fix ¢ € X then
(n)

ln

d(z, 1) = m(| " — xlx) = oo.

Therefore, for each x € X,
k
Jim. /_\ d(, V) - Q d(z, 1) | =0.
Let 6 > 0 then there exists N such that forn > N

d(z, u{) = N dz, p{”) > 4.

k
=1 J#n

J
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Hence

d(e, 1) = N da,wV) | P (dr) > 5.
1 J#ln

lim inf

k
n—00

J

Letting § — 0 we have

k
lim inf / N da, 1) = N da,u$?) | P (dz) >0
j=1

n—o0 X
J#ln

and moreover
lim inf (f,(;") <u(")) — [l ((M§n))j¢ln)> >0, (3.6)

n—o0

where we interpret fy(lw) accordingly. It suffices to demonstrate that

liminf ( inf f“(u)— inf f@ ><0. 3.7
im in (,fer} () Mg}ék_lfn (1) (3.7

Indeed, if (3.7) holds, then

lim inf (féw) (,u(n)> — fy(Lw) ((uﬁ”))#zn))

n—o0
— i W) () _ ; (w) i ; (w) _ fw) )y .
= i (19 (1)~ sng15900) + tmint (int 590 — £ (06,

<en

<0 by (3.5 and (3.7),

but this contradicts (3.6).

We now establish (3.7). By Assumption 1.4 there exists k centers u; € Xandd; >0
such that min; HM}L — ,ujHX > 1. Hence for any p € X! there exists [ € {1,2,...,k}
such that we have

) ‘
lpad = gl x > 51 forj=1,2,...,k—1.
Proceeding with this choice of [, for z € B(,uzr, d2) (for any 92 € (0, d1/2)) we have
01
iy = @llx = 5 = 62
and therefore d(y;,z) > m(%1 —dg) forall j =1,2,...,k— 1. Also

Dy(p) = min d(x, py) — d(ax, pl) > m(~y — 02) = M(b). (3.8)

So for &9 sufficiently small there exists € > 0 such that

Di(p) =z e.
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Since the right hand side is independent of ;u € X*~1,

inf maxD > €.
peXk-1 lX Hp) = €

Define the characteristic function

Ll g lx < 6

0 otherwise,

Xu(f) =

where [ (1) is the maximizer in (3.8). For each w € Q" one obtains

n k—1
1
Ce @y~ i L .
M€1)1(1£*1 S ) = uel)I(1£f1 n ; j/\l d(&, ;)
! t
> 2 o . | |
- “El)r(lg*l " ; 34\1 A& 1) (1= Xul&)) + (d(f“ Hrw) T 6) Xu(&:)
> inf f{) n PO (B(ul.5.)).
- ulen)gk i) e _min | B (Bl 02))

Then since PT(LW)(B(H;, d2)) — P(B(,uzr, d2)) > 0 by Assumption 1.4 (for 62 € QN (0, 00)) we
can conclude (3.7) holds. ]

Remark 3.2.4. One can easily show that Assumption 1.2 implies that d is weakly lower semi-
continuous in its second argument which carries through to féw). It follows that on any bounded
(or equivalently as X is reflexive: weakly compact) set the infimum of fy(bw) is achieved. Hence

the infimum in Proposition 3.2.3 is actually a minimum.
We now easily prove convergence by application of Theorem 2.2.1.

Theorem 3.2.5. Assuming the conditions of Theorem 3.2.2 and Proposition 3.2.3 the minimiza-

tion problem associated with the k-means method converges. lLe. for P-almost every w:

. - — . (w) .
E}&f () = lim ;gpkfn (1)

Furthermore any sequence of minimizers i\ of f,(lw) is almost surely weakly precompact and

any weak limit point minimizes fx.

Remark 3.2.6. If in addition to the conditions in the above theorem the I'-limit f, has a unique
minimizer then it follows (see Corollary 2.2.2) that the entire sequence p\™) of minimizers of
fn converge weakly to a minimizer of foo without the recourse to subsequences. The same

reasoning applies to Theorem 3.3.6 in the X # Y case.

3.3 The Case of General YV

In the previous section the data, &;, and cluster centers, 15, took their values in a common space,

X. We now remove this restriction and let §; : 2 — X and p; € Y. We may want to use this
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framework to deal with finite dimensional data and infinite dimensional cluster centers, which
can lead to the variational problem having uninformative minimizers.

In the previous section the cost function d was assumed to scale with the underlying
norm. This is no longer appropriate when d : X x Y — [0, co). In particular if we consider the
smoothing-data association problem then the natural choice of d is a pointwise distance which
will lead to the optimal cluster centers interpolating data points. Hence, in any H® norm with
s > 1, the optimal cluster centers “blow up”.

One possible solution would be to weaken the space to L? and allow this type of behav-
ior. This is undesirable from both modeling and mathematical perspectives: If we first consider
the modeling point of view then we do not expect our estimate to perfectly fit the data which
is observed in the presence of noise. It is natural that the cluster centers are smoother than the
data alone would suggest. It is desirable that the optimal clusters should reflect reality. From
the mathematical point of view, restricting ourselves to only very weak spaces gives no hope of
obtaining a strongly convergent subsequence.

An alternative approach is, as is common in the smoothing literature, to use a regular-
ization term. This approach is also standard when dealing with ill-posed inverse problems. This
changes the nature of the problem and so requires some justification. In particular the scaling of
the regularization with the data is of fundamental importance. In the following section we argue
that scaling motivated by a simple Bayesian interpretation of the problem is not strong enough
(unsurprisingly, countable collections of finite dimensional observations do not carry enough
information to provide consistency when dealing with infinite dimensional parameters). In the
form of a simple example we show that the optimal cluster center is unbounded in the large data
limit when the regularization goes to zero sufficiently quickly. The natural scaling in this exam-
ple is for the regularization to vary with the number of observations as n? for p € [—%, 0]. We
consider the case p = 0 in Section 3.3.2. This type of regularization is understood as penalized
likelihood estimation [75].

Although it may seem undesirable for the limiting problem to depend upon the regu-
larization it is unavoidable in ill-posed problems such as this one: there is not sufficient infor-
mation, in even countably infinite collections of observations to recover the unknown cluster
centers and exploiting known (or expected) regularity in these solutions provides one way to
combine observations with qualitative prior beliefs about the cluster centers in a principled man-
ner. There are many precedents for this approach, including [79] in which the consistency of
penalized splines is studied using, what in this thesis we call, the I'-limit. In that paper a fixed
regularization was used to define the limiting problem in order to derive an estimator. Naturally,
regularization strong enough to alter the limiting problem influences the solution and we cannot
hope to obtain consistent estimation in this setting, even in settings in which the cost function
can be interpreted as the log likelihood of the data generating process. In the setting of [79], the
regularization is finally scaled to zero whereupon under assumptions the estimator converges to
the truth but such a step is not feasible in the more complicated settings considered here.

When more structure is available it may be desirable to further investigate the regular-
ization. For example with £ = 1 the non-parametric regression model is equivalent to the white

noise model [32] for which optimal scaling of the regularization is known [4, 185]. It is the
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subject of further work to extend these results to k£ > 1.

With our redefined k-means type problem we can replicate the results of the previous
section, and do so in Theorem 3.3.6. That is, we prove that the k-means method converges
where Y is a general separable and reflexive Banach space and in particular need not be equal
to X.

This section is split into three subsections. In the first we motivate the regularization
term. The second contains the convergence theory in a general setting. Establishing that the
assumptions of this subsection hold is non-trivial and so, in the third subsection, we show an

application to the smoothing-data association problem.

3.3.1 Regularization

In this section we use a toy, £ = 1, smoothing problem to motivate an approach to regularization
which is adopted in what follows. We assume that the cluster centers are periodic with equally
spaced observations so we may use a Fourier argument. In particular we work on the space of

1-periodic functions in H?2,
Y ={p:[0,1] = Rs.t u(0) = p(1) and,uEHz}. (3.9)

For arbitrary sequences (an), (bn) and data Wy, = {(t;,2;)}j_; C [0,1] x RY we define

the functional

n—1
) = an Y luty) = 2z + bal V20l (3.10)
7=0

Data are points in space-time: [0,1] x R. The regularization is chosen so that it penalizes
the L? norm of the second derivative. For simplicity, we employ deterministic measurement
times ¢; in the following proposition although this lies outside the formal framework which
we consider subsequently. Another simplification we make is to use convergence in expectation
rather than almost sure convergence. This simplifies our arguments. We stress that this section is
the motivation for the problem studied in Section 3.3.2. We will give conditions on the scaling
of a, and b, that determine whether E min fV(Lw) and Ep(™ stay bounded where p(™ is the

. . . w
minimizer of f,(L ),

Proposition 3.3.1. Let data be given by V., = {(t;,zj)}}_ witht; = % under the assumption
zj = ;ﬁ(tj) + ¢, for €; iid noise with finite variance and ut € L? and define Y by (3.9). Then
inf, cy féw) (1) defined by (3.10) stays bounded (in expectation) if a,, = O(%) for any positive

sequence by,

Proof. Assume n is odd. Both p and z are 1-periodic so we can write

n—1 n—1
1 2 . 1 2 2milj
~ 2t ~
u(t) = — Z fye™ and zj=— Zie n
n n
= anl 1= n—1
with
n—1 il n—1 il
. _ 2mily R _ 27l
iy = Zu(tj)e n and Z = g zje~ no.
=0 j=0
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We will continue to use the notation that /i; is the Fourier transform of p. We write
e e

Similarly for z.

Substituting the Fourier expansion of x and 2 into f}(Lw) implies

£ ) = 2 (G ) = 200, 2) + (2.2) + 2000, 1))

n n

where v, = % and (&, 2) = 37, #%,. The Gateaux derivative 9f\*) (1;v) of £ at y in

the direction v is

2a, /. . Wl
Of\ (usv) = T <M —<+ PYTIM V> .

Which implies the minimizer (") of ]‘}(Lw) is (in terms of its Fourier expansion)

n—1

4N —1 4N\ —1 T2
i = (1 e > 5= <<1 L > 21) .
n n o n1

2

It follows that the minimum is

-1
w0 = (((1055) "))
n—1
<ap Z EZJQ
=0

< 2aun (|16 |32 + Var(e))

Similar expressions can be obtained for the case of even n. O

Clearly the natural choice for a,, is

1

Gp = —

n
which we use from here. We let b, = AnP and therefore 7, = 167*AnP*!. From Proposi-
tion 3.3.1 we immediately have [E min fT(Lw) is bounded for any choice of p. In our next proposi-
tion we show that for p € [—%, 0] our minimizer is bounded in H? whilst outside this window
the norm either blows up or the second derivative converges to zero. For simplicity in the calcu-

lations we impose the further condition that pf(¢) = 0.

Proposition 3.3.2. In addition to the assumptions of Proposition 3.3.1 let a,, = % by, = An?,
€; i N(0,02) and assume that p\™) is the minimizer off,(fu).
1. For n sufficiently large there exists My > 0 such that for all p and n the L? norm is
bounded:

E|lpnt™|72 < M.
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2. If p > 0 then
E||V2p(”)||%2 —0 asn— .

If we further assume that pf(t) = 0, then the following statements are true

3. Forallp € [—3%,0] there exists My > 0 such that

E|V2u"| 7. < M.
4. Ifp < —% then

IE||V2M(”)H%2 — 00 asn — oo.

Proof. The first two statements follow from

Ellu™)32 S 2 (It 22 + Var(e))

n 8min
V2™ <

< T (It + Vax(@)

n

which are easily shown. Statement 3 is shown after statement 4.

Following the calculation in the proof of Proposition 3.3.1, and assuming that x(¢) = 0,
it is easily shown that

n—1
16702 2 14
E|VZu™ |2, = —— = 3.11
Vol n lzn:_l (1 + 1674 AnPi*)? 5(n) (3.11)

2

since E|%|? = o?n. To show S(n) — co we will manipulate the Riemann sum approximation
of

’ v dz =C
/ 1+ 162 "~

=

where 0 < C' < co. We have

4 1,-1-% 4+p, 4
2 x P 2 n w p
dr = n't1 d where z = n't1
/_% (14 167m*A\z4)2 ren /_énlﬁ (1 4 1674 Anttrwt)? v e

~n Z : =: R(n).

(1+ 1674 \nPl4)2

Therefore assuming p > —4 we have

4 2
S(n) > “ 2 R(n).
n-"Ta

So for 1 + %p < 0 we have S(n) — oo. Since S(n) is monotonic in p then S(n) — oo for all
p < —%. This shows that statement 4 is true.
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Finally we establish the third statement. If p = —% then

1
Lng

-t o

14 <= 4
Z (L4 1674 Anpit)? (14 167*Anpl*)?
[=—2—1
2 I=| %= |+1

1
S(n) = 167%0? { R(n) + -

2to?

< 167*0*R(n) + —4————.
n5 (14 7tX)?

The remaining cases p € [—%, 0] are a consequence of (3.11) which implies that p — E(V?1)

is non-increasing. O

By the Poincaré inequality it follows that if p > —% then the 2 norm of our minimizer
stays bounded as » — oo. Our final calculation in this section is to show that the regularization
for p € [—%,O] is not too strong. We have already shown that || V2u(™)]| 2 is bounded (in
expectation) in this case but we wish to make sure that we don’t have the stronger result that
V20 2 = 0.

Proposition 3.3.3. With the assumptions of Proposition 3.3.1 and a,, = *

= b = AnP with
p € [—%, 0] there exists a choice of ' and a constant M > 0 such that if,u(”) is the minimizer
of f,S“’) then

E|V2u™|2, > M. (3.12)

Proof. We only need to prove the proposition for p = 0 (the strongest regularization) and find
one u! such that (3.12) is true. Let uf(t) = 2cos(27t) = €*™* 4 ¢~2™. Then the Fourier
transform of 4 satisfies /llT =0forl # +1and ﬂ; =nforl = %1. So,

n—1
167 22: 14
n? (1 4+ 1674N4)2

__n—1
I= 2

E|IV2u™|j3, = E|a[*

n—1

167t 5 )

Rz Z 1y 42 |“1T|2
n® =~ (14 1674N%)
="z
32m?

= ——5 >0

(14 167%X)2

which completes the proof. O

We have shown that the minimizer is bounded for any p > —% and V2™ |2 — 0
for p > 0. The case p > 0 is clearly undesirable as we would be restricting ourselves to straight
lines. The natural scaling for this problem is in the range p € [—%, 0]. In the remainder of this
chapter we consider the case p = 0. This has the advantage that, not only EHVzu(”) || 1.2, but also
E féw) (™) is O(1) as n — oo. In fact we will show that with this choice of regularization we
do not need to choose k dependent on the data generating model. The regularization makes the
methodology sufficiently robust to have convergence even for poor choices of k. For example,
if there exists a data generating process which is formed of a kf-mixture model then for our

method to be robust does not require us to choose k = kf. Of course with the ‘wrong” choice
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of k the results may be physically meaningless and we should take care in how to interpret the
results. The point to stress is that the methodology does not rely on a data generating model.
The disadvantage of this is to potentially increase the bias in the method. Since the k-
means is already biased we believe the advantages of our approach outweigh the disadvantages.
In particular we have in mind applications where only a coarse estimate is needed. For example
the k-means method may be used to initialize some other algorithm. Another application could
be part of a decision making process: in Section 3.4.1 we show the k-means methodology can

be used to determine whether two tracks have crossed.

3.3.2 Convergence For General Y

Let (X, | - |lx), (Y,] - ||v) be reflexive, separable Banach spaces We will also assume that the
data points, ¥,, = {}*; C X fori =1,2,...,n are iid random elements with common law
P. As before ;1 = (p1, pia, - . ., pt;) but now the cluster centers p1; € Y for each j. The cost
functionis d: X x Y — [0, 00).

The energy functions associated with the k-means algorithm in this setting are slightly

different to those used previously:

k
g X =R, gu(z)= /\ d(z, 115),

j=1
f@ YR SR 9 ) = PFg, + Ar(w), (3.13)
foo 1 YF 9 R, foolp) = Pgu+ Ar(p). (3.14)

The aim of this section is to show the convergence result:

97&“) = inf f,gw)(u) — inf foo(u) =6 and asn — oo for P-almost every w

HEY'E HEY'R
and that minimizers converge (almost surely).

The key assumptions are given in Assumption 2; they imply that f,(fu) is weakly lower
semi-continuous and coercive. In particular, Assumption 2.2 allows us to prove the lim inf in-
equality as we did for Theorem 3.2.2. Assumption 2.1 is likely to mean that our convergence
results are limited to the case of bounded noise. In fact, when applying the problem to the
smoothing-data association problem, it is necessary to bound the noise in order for Assump-
tion 2.5 to hold. Assumption 2.5 implies that fflw) is (uniformly) coercive and hence allows us
to easily bound the set of minimizers. In the next chapter we will remove the bounded noise
assumption for the smoothing-data association problem. Assumption 2.3 is a measurability con-
dition we require in order to integrate and the weak lower semi-continuity of r is needed for the
to obtain the lim inf inequality in the I'-convergence proof.

We note that, since Pd(:, p11) < SUPgequpp(p) AT, 111) < 00, we have foo (1) < oo for
every uu € Y* (and since () < oo for each p € Y*).

Assumptions 2. We have the following assumptions ond : X x Y — [0,00), r : Y* — [0, 00)
and P.

35



2.1. Forally € Y we have sup,cqpp(p) d(2,y) < 0o where supp(P) C X is the support of
P.

2.2. Foreachx € X andy € Y we have that if x,, — x and y, — y as n,m — oo then

liminf d(zp,, yn) > d(x,y) and lm d(zp,,y) = d(z,y).

n,m—0o0 m—ro0

2.3. Foreveryy €Y we have that d(-,y) is X-measurable.
2.4. r is weakly lower semi-continuous.
2.5. ris coercive.

We will follow the structure of Section 3.2. We start by showing that under the above
conditions f,(f’) I’-converges to fo.. We then show that the regularization term guarantees that
the minimizers to fﬁ‘“) lie in a bounded set. An application of Theorem 2.2.1 gives the desired
convergence result. Since we were able to restrict our analysis to a weakly compact subset of Y
we are easily able to deduce the existence of a weakly convergent subsequence.

Similarly to the previous section on the product space Y* we use the analogous norm

|1l := maxy ||}y

Theorem 3.34. Let (X, | - ||x) and (Y,|| - ||y) be separable and reflexive Banach spaces.
Assume v : Y¥ — [0,00), d : X x Y — [0,00) and the probability measure P on (X,X)
satisfy the conditions in Assumptions 2. For independent samples {f;u) i, from P define P7(Lw)
to be the empirical measure and f,sw) :Y* 5> Rand fr : YF — R by (3.13) and (3.14)
respectively and where A > 0. Then

foo = T-lim f)

for P-almost every w.

Proof. Define
Q’:{weQ;P,gw:P}m{wegzgfw) Gsupp(P)WEN}.

Then P(Q)’) = 1. For the remainder of the proof we consider an arbitrary w € €’. We start with
the lim inf inequality. Let ;("™) — 1 then

lim inf féw)(u(n)) > fool(p)

n—oo

follows (as in the proof of Theorem 3.2.2) by applying Theorem 1.1 in [64] and the fact that r
is weakly lower semi-continuous.

We now establish the existence of a recovery sequence. Let 11 € Y* and let u(™) = p.
We want to show

lim f£$) (1) = lim P g, + Ar(n) = P+ Ar(p) = foo(p).

n—o0
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Clearly this is equivalent to showing that

lim P“g, = Pg,,.

n—oo

Now g,, are continuous by assumption on d. Let M = sup,cqpp(p) d(2, p1) < 0o and note that
gu(x) < M for all z € supp(P) and therefore bounded. Hence p 9u — Py O

Proposition 3.3.5. Assuming the conditions of Theorem 3.3.4, then for P-almost every w there
exists N < oo and R > 0 such that

in £@ () = mi (@) i (w)
min f, = min f; < inf fy Vn > N.
MR = i ) < B g S

In particular R is independent of n.

Proof. Let
Q= {w e PW = P} N {w e PWd(.,0) = Pd(-,o)}.

Then, for every w € €, T(Lw)(O) — fo(0) < oo where with a slight abuse of notation we
denote the zero element in both Y and Y'* by 0. Take N sufficiently large so that
F0) < foo(0)+1  foralln > N.

n

Then min,,cy s £l (1) < foo(0) 4 1 for all n > N. By coercivity of r there exists R such
that if ||u|lx > R then A\r(u) > foo(0) + 1. Therefore any such y is not a minimizer and in
particular any minimizer must be contained in the set {y € Y* : ||p||x < R}. O

The convergence results now follows by applying Theorem 3.3.4 and Proposition 3.3.5
to Theorem 2.2.1.

Theorem 3.3.6. Assuming the conditions of Theorem 3.3.4 and Proposition 3.3.5 the minimiza-

tion problem associated with the k-means method converges in the following sense:

min foo(p) = lim. min [ (1)

for P-almost every w. Furthermore any sequence of minimizers ™ of f,(Lw) is almost surely
q M

weakly precompact and any weak limit point minimizes fo.

It was not necessary to assume that cluster centers are in a common space. A trivial
generalization would allow each p; € Y (%) with the cost and regularization terms appropriately
defined; in this setting Theorem 3.3.6 holds.

3.3.3 Application to the Smoothing-Data Association Problem

In this section we give an application to the smoothing-data association problem and show the
assumptions in the previous section are met. For £ = 1 the smoothing-data association problem

is the problem of fitting a curve to a data set (no data association). For £ > 1 we couple
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the smoothing problem with a data association problem. Each data point is associated with an
unknown member of a collection of k& curves. Solving the problem involves simultaneously
estimating both the data partition (i.e. the association of observations to curves) and the curve
which best fits each subset of the data. By treating the curve of best fit as the cluster center we
are able to approach this problem using the k-means methodology. The data points are points in
space-time whilst cluster centers are functions from time to space.

We let the Euclidean norm on R” be given by | - |. Let X = R x R” be the data space.
We will subsequently assume that the support of P, the common law of our observations, is
contained within X = [0,7] x X’ where X’ C [N, N]*. We define the cluster center space
tobe Y = H?([0,T]), the Sobolev space of functions from [0, 7] to R”. Clearly X and Y are
separable and reflexive. The cost function d : X x Y — [0, o0) is defined by

(&, pg) = |z — pi () (3.15)

where 1; € Y and £ = (t, z) € X. We introduce a regularization term that penalizes the second
derivative. This is a common choice in the smoothing literature, e.g. [132]. The regularization

term 7 : Y* — [0, 00) is given by

k
=Y Il 3.16)

The k-means energy f,, for data points {&; = (t;, 2;) }/—, is therefore written

n k n k
%Z/\ (&is ) + Ar(p %Z/\ \%AZHV%HLQ (3.17)

7j=1

In most cases it is reasonable to assume that any minimizer of f., must be uniformly
bounded, i.e. there exists N (which will in general depend on P) such that if 1(°°) minimizes
foo then |u(>) ()| < N for all ¢ € [0, T]. Under this assumption we redefine Y to be

Y = {u; € H*([0,T)) : |;(t)| < NVt € [0,T]}. (3.18)

Since pointwise evaluation is a bounded linear functional in H*® (for s > 1) this space is weakly
closed. We now minimize f, over Y*. Note that we are not immediately guaranteed that
minimizers of f,, over (H*)* are contained in Y'*. However when we apply Theorem 3.3.6 we
can conclude that minimizers (™ of f, over Y}, are weakly compact in (H*)* and any limit
point is a minimizer of f, in Y*. And therefore any limit point is a minimizer of f., over
(H),

If no such N exists then our results in Theorem 3.3.6 are still valid however the mini-

mum of f., over (H*)¥ is not necessarily equal to the minimum of f., over Y.
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Our results show that the I'-limit for P-almost every w is

//\da:uy (dz) + Ar(j //\Iz—ug rdeHZHV%JHLz

(3.19)
We start with the key result for this section, that is the existence of a weakly converging subse-
quence of minimizers. Our result relies upon the regularity of Sobolev functions. For our result
to be meaningful we require that the minimizer should at least be continuous. In fact every
g € H?([0,T]) is in C*([0,T]) for any s < 3. The regularity in the space allows us to further

deduce the existence of a strongly converging subsequence.

Theorem 3.3.7. Let X = [0,T] x R" and define Y by (3.18). Defined : X x Y — [0,00)
by (3.15) and r : Y* — [0,00) by (3.16). For independent samples {&;}?_, from P which has
compact support XcX define fn, foo : Y* — R by (3.17) and (3.19) respectively.

Then (1) any sequence of minimizers ,u(”) € Y* of f, is P-almost surely weakly-
precompact (in H?) with any weak limit point of ;1™ minimizes foo and (2) if ("™ — pu
is a weakly converging (in H?) subsequence of minimizers then the convergence is uniform (in

).

To prove the first part of Theorem 3.3.7 we are required to check the boundedness
and continuity assumptions on d (Proposition 3.3.8) and show that r is weakly lower semi-
continuous and coercive (Proposition 3.3.9). This statement is then a straightforward appli-
cation of Theorem 3.3.6. Note that we will have shown the result of Theorem 3.3.4 holds:
fro = T-lim,, £

In what follows we check that properties hold for any z € X, which should be under-
stood as implying that they hold for P-almost any = € X; this is sufficient for our purposes as
the collection of sequences &1, ... for which one or more observations lies in the complement

of X is P-null and the support of P, is P-almost surely contained within X.

Proposition 3.3.8. Let X = [0,7] x [-N, N|* and define Y by (3.18). Define d : X x
Y — [0,00) by (3.15). Then (i) for all y € Y we have sup,_ ¢
x € Xandy € Y and any sequences x,, — x and y, — y as m,n — oo then we have

Hminf, o0 d(Zm, Yn) = d(z,y).

d(x,y) < oo and (ii) for any

Proof. We start with (i). Lety € Y and = (¢, 2) € [0,T] x [N, N]*, then

d(z,y) = |z — y(t)
<202 + 20y (1))

<2N?+2 sup |y(t)|.
te[0,7]

Since y is continuous then sup;c[o 77 [y(t) 2 < 0o and moreover we can bound d(x, ) indepen-
dently of x which shows (i).
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For (i) we let (t, zm) = Tm — & = (t,2) in R*"! and y,, — 3. Then

d(xM7yn) = |Zm - yn(tm)‘Q
- |Zm|2 — 2z, - yn(tm) + ‘yn(tm)lz- (3.20)

Clearly |z,,|?> — |2|? and we now show that ,, (t,,,) — () as m,n — oo.

We start by showing that the sequence ||y,||y is bounded. Each y,, can be associated
with A,, € Y™ by A, (v) = v(y,) for v € Y*. As y, is weakly convergent it is weakly
bounded. So,

sup |An(¥)] = sup [¥(ya)| < My
neN neN

for some M, < oo. By the uniform boundedness principle [44]
sup || Ap ||y < oo.
neN

And so,

sup [|lyn|ly = sup [|An|ly« < oo.
neN neN

Hence there exists M > 0 such that ||y, ||y < M. Therefore

r r T
yn(r) — yuls)| = / V() dt]< / Vyat)] di = /0 Iy (£) [V (1) dt

< sl [[Vyn (D)l L2 < M /|7 — s].

Since ¥, is uniformly bounded and equi-continuous then by the Arzela—Ascoli theorem there
exists a uniformly converging subsequence, say y,,, — §. By uniqueness of the weak limit
9 = y. But this implies that

yn(t) = y(t)

uniformly for ¢ € [0, 7. Now as
Yn(tm) = Y@ < [Yn(tm) — y(Em)| + [y(tm) — y(?)]

then vy, (t,,) — y(t) as m,n — oo. Therefore the second and third terms of (3.20) satisfies

22m  Ym(tm) — 22 - y(t)
lyn(tm)1> = Jy (1)

as m,n — oco. Hence
(@, yn) = 27 = 22 -y () + [y(0)|* = |2 — y(&)* = d(z,y)

which completes the proof. O

Proposition 3.3.9. Define Y by (3.18) and r : Y* — [0, 00) by (3.16). Then r is weakly lower

semi-continuous and coercive.
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Proof. We start by showing r is weakly lower semi-continuous. For any weakly converging
sequence ugn) — 1 in H? we have that v%”) — V?2u; weakly in L?. Hence it follows that
r is weakly lower semi-continuous.

To show 7 is coercive let 7(pu1) = ||[V2p1]|2, for g € Y. We will show # is coercive.
Let ;1 € Y and note that since p; € C! the first derivative exists (strongly). Clearly we have

|1l L2 < NV/T and using a Poincaré inequality

L

d T4
\m ot < cIvial
. dt

for some C' independent of p1. Therefore

dMl dMl 2 2N
< C dt| < OV —
2] < crvuntie+ |1 [ il < o9ulie + 2
It follows that if || 41 || g2 — oo then || V21| 2 — oo, hence # is coercive. O

Finally, the existence of a strongly convergent subsequence in Theorem 3.3.7 follows
from the fact that H? is compactly embedded into H'. Hence the convergence is strong in
H'. By Morrey’s inequality H' is embedded into a Holder space (C’O’%) which is a subset of

uniformly continuous functions. This implies the convergence is uniform in C°.

3.4 Examples

In this section we give two exemplar applications of the methodology. In principle any cost
function, d, and regularization, r, (that satisfy the conditions) could be used. For illustrative
purposes we choose d and r to make the minimization simple to implement. In particular, in

Example 1 our choices allow us to use smoothing splines.

3.4.1 Example 1: A Smoothing-Data Association Problem

We use the k-means method to solve a smoothing-data association problem. For each j =
1,2,...,k we take functions 27 : [0, 7] x Rforj = 1,2,...,k as the “true” cluster centers,

and for sample times tf fori =1,2,...n;, uniformly distributed over [0, T, we let

d=al(t])+ ¢ (3.21)

’L

where e{ are iid noise terms.
The observations take the form & = (t;,2;) fori = 1,2,...,n = Z?Zl n; where
we have relabeled the observations to remove the (unobserved) target reference. We model the

observations with density (with respect to the Lebesgue measure)
p((t,2)) = Zwype z— (1))

on R x R where p. denotes the common density of the eg and w; denotes the probability that an
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observation is generated by trajectory j. We let each cluster center be equally weighted: w; = %
The cluster centers were fixed and in particular did not vary between numerical experiments.

When the noise is bounded this is precisely the problem described in Section 3.3.2 with
k = 1, hence the problem converges. We use a truncated Gaussian noise term.

In the theoretical analysis of the algorithm we have considered only the minimization
problem associated with the k-means algorithm; of course minimizing complex functionals of
the form of f,, is itself a challenging problem. Practically, we adopt the usual k-means strat-
egy [105] of iteratively assigning data to the closest of a collection of k centers and then re-
estimating each center by finding the center which minimizes the average regularized cost of
the observations currently associated with that center. As the energy function is bounded be-
low and monotonically decreasing over iterations, this algorithm converges to a local (but not
necessarily global) minimum.

More precisely, in the particular example considered here we employ the following iter-

ative procedure:
1. Initialize 0 : {1,2,...,n} — {1,2,...,k} arbitrarily.

2. For a given data partition ¢(") : {1,2,...,n} — {1,2,...,k} we independently find the
cluster centers 11" = (u{"), 8., 1)) where each uy) € H?([0,T]) by

1 .
,ugr) = argmin g |zi — i (t))? + M| V2132 forj =1,2,... k.
1 e
i) (i)=j

This is done using smoothing splines.

3. Data is repartitioned using the cluster centers ,u(”)

o (i) = argmin |z — ,ug'r) (ta)]-
7=12,..k

4. 1f (1) £ (") then return to Step 2. Else we terminate.

Let (" = (,ugn), ceey ,u,(vn)) be the output of the k-means algorithm from n data points.
To evaluate the success of the methodology when dealing with a finite sample of n data points
we look at how many iterations are required to reach convergence (defined as an assignment
which is unchanged over the course of an algorithmic iteration), the number of data points

correctly associated, the metric

k
1 n _
n(n) = 7| DI a2,
j=1

and the energy
On = f n(ﬂ(n))

where
n k

1 k
Falim) == N lzi = i)+ 2311925117

i=1 j=1 j=1
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Figure 3.1: Smoothed data association trajectory results for the k-means method.
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The figure on the left shows the raw data with the data generating model. That on the right
shows the output of the k-means algorithm. The parameters used are: k = 3,7 = 10, € from a
N(0,5) truncated at +100, A = 1, 2! (t) = —15 — 2t + 0.2t2, 2%(t) = 5 + t and 23(¢) = 40.

Figure 3.1 shows the raw data and output of the k-means algorithm for one realization of
the model. We run Monte Carlo trials for increasing numbers of data points; in particular we run
103 numerical trials independently for each n = 300, 600, . . . , 3000 where we generate the data
from (3.21) and cluster using the above algorithm. Each numerical experiment is independent.

Results, shown in Figure 3.2, illustrate that as measured by 7 the performance of the
k-means method improves with the size of the available data set, as do the proportion of data
points correctly assigned. The minimum energy stabilizes as the size of the data set increases,
although the algorithm does take more iterations for the method to converge. We also note that
the energy of the data generating functions is higher than the minimum energy.

Since the iterative k-means algorithm described above does not necessarily identify
global minima, we tested the algorithm on two targets whose paths intersect as shown in Fig-
ure 3.3. The data association hypotheses corresponding to correct and incorrect associations,
after the crossing point, correspond to two local minima. The observation window [0, 7] was
expanded to investigate the convergence to the correct data association hypothesis. To enable

this to be described in more detail we introduce the crossing and non-crossing energies:

1
E. = ffn(,uc)

1
Ey = ffn(,unc)

where p. and ppc are the k-means centers for the crossing (correct) and non-crossing (incorrect)
solutions. To allow the association performance to be quantified, we therefore define the relative

energy
AE = E; — Ey.

To determine how many numerical trials we should run in order to get a good number of
simulations that produce crossing and non-crossing outputs we first ran the experiment until we
achieved at least 100 tracks that crossed and at least 100 that did not. Le. let N be the number
of trials that output tracks that crossed and /V;'° be the number of trials that output tracks that
did not cross. We stop when min{ N, N/} > 100. Let N; = 10 (Ny + Ny). We then re-ran
the experiment with /Vy trials so we expect that we get 1000 tracks that do not cross and 1000

tracks that do cross at each time ¢.
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Figure 3.2: Monte Carlo convergence results.
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Convergence results for the parameters given in Figure 3.1. In (a) the thick dotted line corre-
sponds to the median number of iterations taken for the method to converge and the thinner
dotted lines are the 25% and 75% quantiles. The thick solid line corresponds to the median
percentage of data points correctly identified and the thinner solid line are the 25% and 75%
quantiles. (b) shows the median value of 7(n) (solid), interquartile range (box) and the interval
between the 5% and 95% percentiles (whiskers). (c) shows the mean minimum energy én (solid)
and the 10% and 90% quantiles (dashed). The energy associated with the data generating model
is also shown (long dashes). In order to increase the chance of finding a global minimum for
each Monte Carlo trial ten different initializations were tried and the one that had the smallest
energy on termination was recorded.

Figure 3.3: Crossing tracks in the k-means method.
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Typical data sets for times up to T With cluster centers, fitted up till time 7', exhibiting
crossing and non-crossing behavior. The parameters used are k = 2, Ty, = 9.6 < T < 11 =
Tnaxs eg by N(0,5), x1(t) = —20 + ¢? and 2%(t) = 20 + 4t. There are n = 220 data points
uniformly distributed over [0, 11] with 110 observations for each track. The crossing occurs at
approximately ¢ ~ 8.6 but we wait a further time unit before investigating the decision making
procedure.
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Figure 3.4: Energy differences in the k-means method.

% Correctly identified

Mean results are shown for data obtained using the parameters given in Figure 3.3 for data up to
time 7" (between Ty, and Thax). The thick solid line shows the mean AE and the thinner lines
one standard deviation either side of the mean. The dashed line shows the percentage of times
we correctly identified the tracks as crossing.

The results in Figure 3.4 show that initially the better solution to the k-means minimiza-
tion problem is the one that incorrectly partitions the tracks after the intersection. However, as
time is run forward the k-means favors the partition that correctly associates tracks to targets.
This is reflected in both an increase in A F and the percentage of outputs that correctly identify
the switch. Our results show that for 7' > 9.7 the energy difference between the two minima
grows linearly with time. However, when we look which minima the k-means algorithm finds
our results suggest that after time 7' ~ 10.25 the probability of finding the correct minima
stabilizes at approximately 64%. There is reasonably large variance in the energy difference.
The mean plus standard deviation is positive for all T" greater than 9.8, however it takes until

T = 10.8 for the average energy difference to be positive.

3.4.2 Example 2: Passive Electromagnetic Source Tracking

In the previous example the data is simply a linear projection of the trajectories. In contrast,
here we consider the more general case where the measurement X and model Y spaces are
very different; being connected by a complicated mapping that results in a very non-linear cost
function d. While the increased complexity of the cost function does lead to a (linear in data
size) increase in computational cost, the problem is equally amenable to our approach.

In this example we consider the tracking of targets that periodically emit radio pulses as
they travel on a two dimensional surface. These emissions are detected by an array of (three)
sensors that characterize the detected emissions in terms of ‘time of arrival’, ‘signal amplitude’
and the ‘identity of the sensor making the detection’.

Expressed in this way, the problem has a structure which does not fall directly within the
framework which the theoretical results of previous sections cover. In particular, the observa-
tions are not independent (we have exactly one from each target in each measurement interval),
they are not identically distributed and they do not admit an empirical measure which is weakly
convergent in the large data limit.

This formulation could be refined so that the problem did fall precisely within the frame-
work; but only at the expense of losing physical clarity. This is not done but as shall be seen

below, even in the current formulation, good performance is obtained. This gives some confi-
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dence that k-means like strategies in general settings, at least when the qualitatively important
features of the problem are close to those considered theoretically, and gives some heuristic
justification for the lack of rigor.

Three sensors receive amplitude and time of arrival from each target with periodic-
ity 7. Data at each sensor are points in R? whilst the cluster centers (trajectories) are time-
parameterized curves in a different R? space.

In the generating model, for clarity we again index the targets in the observed amplitude
and time of arrival. However, we again assume that this identifier is not observed and this
notation is redefined (identities suppressed) when we apply the k-means method.

Let x;(t) € R? be the position of target j for j = 1,2,...k at time ¢ € [0,7]. In every
time frame of length 7 each target emits a signal which is detected at three sensors. The time
difference from the start of the time frame to when the target emits this signal is called the time
offset. The time offset for each target is a constant which we call o; for j = 1,2,..., k. Target

7 therefore emits a signal at times

tj(m) = m7 + o,

for m € N such that £;(m) < T Note that this is not the time of arrival and we do not observe
L:J' (m)

Sensor p at position z, detects this signal some time later and measures the time of
arrival t%(m) € [0, 7] and amplitude o’ (m) € R from target j. The time of arrival is

|5 (m) = 2| L (m) + |zj(m) = 2|

tf(m):mT—Foj—i- j B j
where c is the speed of the signal and e? (m) are iid noise terms with variance o2. The amplitude
is
e
|zj(m) — 2> + 5

o) = o ) +82m)

where « and [ are constants and 5? (m) are iid noise terms with variance v2. We assume the
parameters «, 3, ¢, o, T, v and 2, are known.

To simplify the notation I, : R? — R is the projection of z onto it’s ¢™ coordinate for
q = 1,2. Le. the position of target j at time ¢ can be written x;(t) = (II12;(t), Ilaz;(2)).

In practice we do not know to which target each observation corresponds. We use the
k-means method to partition a set {§; = (%;,a;,p;)};—, into the k targets. Note the relabel-
ing of indices; & = (¢;,a;,p;) is the time of arrival ¢;, amplitude a; and sensor p; of the ith
detection. The cluster centers are in a function-parameter product space p; = (Z;(t),0;) €
C9([0,T];R?) x [0,7) € C°([0, T]; R?) x R that estimates the j™ target’s trajectory and time

offset. The k-means minimization problem is

n k
1
(n) — i bl -
1 argmin E /\d(fz,u])

HE(COX[0,M))* 1* 5y i1

for a choice of cost function d. If we look for cluster centers as straight trajectories then we can
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Figure 3.5: Representative data and resulting tracks for the passive tracking example.
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Representative data is shown for the parameters k = 2, 7 = 1, T' = 1000, ¢ = 100, z; =
(~10,-10), 25 = (10,-10), 25 = (0,10), €’(m) ~ N(0,0.03%), 6"(m) = N(0,0.05%),
a=108,8 =5 z1(t) = Y2 (1,1) + (0,5), za(t) = (6,7) — 7%(1,0), 01 = 0.3 and 03 = 0.6,
given the sensor configuration shown at the top of the figure. The k-means method was run until
it converged, with the trajectory component of the resulting cluster centers plotted with the true
trajectories at the top of the figure. Target one is the dashed line with starred data points, target
two is the solid line and square data points.
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restrict ourselves to functions of the form x;(t) = z;(0) + v;t and consider the cluster centers

as finite dimensional objects. This allows us to redefine our minimization problem as

1k
(n) — ; - A& s
u argmin - —% [\ d(&, 1)

pe(RIX[0,m)* T 52y jq

so that now uj = (z;(0),vj,0;) € R? x R? x [0,7). We note that in this finite dimensional
formulation it is not necessary to include a regularization term; a feature already anticipated in
the definition of the minimization problem.

For 11; = (x;, v;, 05) we define the cost function

1
d((t, a,p), pj) = ((t, @) = P (pj, p,m)) ( ‘g 2 ) (( Z > —w(ujvp,m)j

where m = max{n € N : n7 < t},

|z + mTvj — 2p| «
) _ . 1
Y, p,m) < c + 05 +mrt,log PR u————

and superscript T denotes the transpose.
We initialize the partitions by choosing ¢©(©) : {1,2,...,n} — {1,2,...,k} uniformly
randomly. At the 7 iteration the k-means minimization problem is then partitioned into k

independent problems

,uy) = argmin Z d((ti, ai, pi), py) forl <j<k.
B ie(ptr=0)=13j)

A range of initializations for y; are used to increase the chance of the method converging to a
global minimum.

For optimal centers conditioned on partition ¢("~1) we can define the partition (") to
(r)

be the optimal partition of {(¢;, a;, p;)};-; conditioned on centers (4 ’) by solving

o™ {1,2,...,n} = {1,2,... .k}
i — argmin d((¢;, ai,pi),,uy)).
=12,k
The method has converged when ¢(") = ("= for some r. Typical simulated data and resulting
trajectories are shown in Figure 3.5.
To illustrate the convergence result achieved above we performed a test on a set of

data simulated from the same model as shown in Figure 3.5. We sample ns observations from

{(ti, a;, p;)}?_, and compare our results as ny — n. Let #("s)(t) = (i‘gns)(t), e ,iﬁ,&ns)(t)) be
the position output by the k-means method described above using ns data points and z(t) =
(z1(t),...,zx(t)) be the true values of each cluster center. We use the metric
L[S a0
1) = 2| D1 — )2,
j=1



to measure how close the estimated position is to the exact position. Note we do not use the
estimated time offset given by the first model. The number of iterations required for the method
to converge is also recorded. Results are shown in Figure 3.6.

In this example the data has enough separation that we are always able to recover the
true data partition. We also see improvement in our estimated cluster centers and convergence
of the minimum energy as we increase the size of the data. Finding global minima is difficult

and although we run the k-means method from multiple starting points we sometimes only find

ns _

- 0.3 we see the effect of finding local minima. In this case only one

local minima. For
Monte Carlo trial produces a bad result, but the error 7 is so great (around 28 times greater than

the average) that it can be seen in the mean result shown in Figure 3.6(c).

Figure 3.6: Monte Carlo convergence results.

(a) (b) (©
& 5 | 2.2
e T 100 3 2| | 2.1+ :
5 - - e

S Q . " mw ey
2 3r 198 g =1 | < 20
é - N = él:i ‘-‘_,.--
RS ) E—— o 1.9}, A
= B ISS
g | 96 0 ‘ ‘ |
= 10 0.5 1 0 05 1 1‘80 05 1
ns/n ns/n ns/n

Convergence results for 103 Monte Carlo trials with the parameters given in Figure 3.5; ex-
pressed with the notation used in Figure 3.2. In (a) we have also recorded the mean number of
iterations to converge (long dashes). The 25% and 75% quantiles for the number of iterations to
converge is 2 and 4 for all n respectively. The 25% and 75% quantiles for the percentage of data
points correctly identified is 100% in both cases for all n. This is due to large separation in the
data space. To increase the chance of finding a global minimum for each Monte Carlo trial, out
of five different initializations, that which had the smallest energy on terminating was recorded.
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Chapter 4

Rate of Convergence for a Smoothing
Spline with Data Association Model

Abstract

The problem of estimating multiple trajectories from unlabeled data comprises two
coupled problems. The first is a data association problem: how to map data points
onto individual trajectories. The second is, given a solution to the data association
problem, to estimate those trajectories. We construct estimators as a solution to a
variational problem which uses smoothing splines under a k-means like framework
and show that, as the number of data points increases, we have stability. More
precisely, we show that these estimators converge weakly in an appropriate Sobolev
space with probability one. Furthermore, we show that the estimators converge in

probability with rate % in the L*? norm (strongly).

4.1 Introduction

Given observations from multiple moving targets we face two (coupled) problems. The first is
associating observations to targets: the data association problem. The second is estimating the
trajectory of each target given the appropriate set of observations. When there is one target then
the data association problem is trivial. However, when the number of targets is greater than
one (even when the number of targets is known) the set of data association hypothesis grows
combinatorially with the number of data points. Very quickly it becomes infeasible to check
every possibility. Hence the value of fast approximate solutions.

In this chapter we interpret the problem of estimating multiple trajectories with unknown
data association (see Figure 4.1) in such a way that the k-means method may be applied to find
a solution. As a special case of the previous chapter this is a non-standard application of the k-
means method where we generalize the notion of a ‘cluster center’ to partition finite dimensional
data using infinite dimensional cluster centers. In this chapter the cluster centers are trajectories

in some function space and the data are space-time observations.
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Figure 4.1: Unlabeled data is generated from three targets and using minimizers of (4.2) we
can find a partitioning of the data set and non-parametrically estimate each trajectory using the
k-means algorithm.

Let © C (H*)* where H® is the Sobolev space of degree s. Given a data set
{(ti,90)}ey C [0,1) x R
and a model for the observation process
yi = b (t) + & 4.1)

where ¢; id ¢o and t; id ¢ for densities ¢ and ¢ on [0, 1] and R? respectively. We assume
that the index of the cluster responsible for any given observation is an independent random
variable with a categorical distribution of parameter vector p = (p1, ..., px), writing (i) ~
Cat(p) to mean P(p(z) = j) = p;. This assumptions allow us to write the density of y given ¢,
which we denote by ¢y (y|t), as

k
oy (ylt) = > pido(uh(t) — v).
j=1

We can summarize the data generating process as follows. A cluster is selected at random:
P(¢ = j) = pj, the time and observation error are drawn independently from their respective
distributions, t ~ ¢, and € ~ ¢g; and we observe (t,y = ,ujp(t) +€).

The aim is to estimate p! = (;ﬂ;, ceey u,t) € O. In particular the data association
e:{1,2,....,n} = {1,2,...,k}

is unknown. With a single trajectory (kK = 1) the problem is precisely the spline smoothing
problem, see Chapter 5. For k£ > 1 trajectories there is an additional data association problem
coupled to the spline smoothing problem. We call this the smoothing-data association (SDA)
problem.

We assume £ is fixed and known. The aim of this chapter is to construct a sequence of

estimators (™) of ;i from the data {(t;,y;)}?_, and study the asymptotic behavior as n — oc.
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For each n our estimate is given as the minimizer of f,, : © — R defined by

k k
1 n
fali) = =0 N v = (8P + 23 19122 4.2)
i=1 j=1 j=1
where |- | is the Euclidean norm on R, /\;?:1 zj = min{z1, ..., 2} and X is a positive constant.

Penalizing the s derivative ensures that the problem is well posed. Optimizing this function
can be interpreted as seeking a hard data association: given 1 € © each observation (¢;, y;) is
associated with the trajectory closest to it so the corresponding data association solution is given
by
©"(i) = argmin |p;(t;) — yil-
i=1,2,...k

Here, we focus upon characterizing the solution of this problem rather than computational meth-
ods to obtain this solution. However, a variant of the k-means method would be readily appli-
cable — for this reason we term the 1; cluster centers.

The choice of regularization scheme and, in particular, of X is not straightforward. For
k = 1 there are many results in the spline literature on the selection of A = \,, and the resulting
asymptotic behavior as n — oo, see for example Chapter 5 and [3,45-47,98, 117, 131, 143,
144,146, 156-158, 173]. In this case one has \,, — 0 and can expect x("” to converge to p.
Convergence is either with respect to a Hilbert scale, e.g. L?, or in the dual space, i.e. weak
convergence. Using a Hilbert scale in effect measures the convergence in a norm weaker than
He.

The approach we take is to penalize the s™ derivative where we assume s is known.
Choosing s is also an interesting problem which we don’t address in this thesis. By Taylor’s
Theorem we can write H* = Hy & Hq where

4
’H():span{g}(t) = :izO,l,...,s—l},

Hi={geH:Vg0)=0foralli=0,1,...,5—1}.

We use || - |1 = ||V?® - || 12 as the norm on #; and denote the H( norm by || - ||o. Since H, is
finite dimensional we are free to use any norm we choose without changing the topology. We
can view H® = Hg & H; as a multiscale decomposition of H*. The polynomial component
represents a coarse approximation. The regularization penalizes oscillations on the fine scale,
i.e. in H;.

In the case k = 1, f, is quadratic and one can find an explicit representation of p™ ie.
there exists a random function G, ) such that with probability one ,u(") = G, ,\1/(") for some
function (™) which depends on the data. When k& > 1 the problem is no longer convex and the
methodology used in the £ = 1 case fails. The authors know of no method which would allow
A — 0 for k > 1 and therefore we treat \ as a constant in this chapter. A consequence of this
regularization is that we cannot expect to recover the true cluster centroids, even in the large
data limit.

The first result of this chapter (Theorem 4.2.1) is to show that there exists x(°) € ©
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such that (up to subsequences) (™ — () a5 in H5 and () is a minimizer of f., defined
by

1 k k
folid = [ [Nl OF ovuiter(t) dut + XY IV lEe @)
Jj=1 Jj=1
Considering the law of large numbers the limit f, is natural. The functional f,, can be seen as
a limit of f,, the nature of which will be made rigorous in Section 4.2.

We recall that the motivation for the minimization problem (4.2) is to embed the problem
into a framework that allows the application of the k-means method. Large data limits for the
k-means have been studied extensively in finite dimensions, see for example [10, 18, 42, 80,
124-126]. There are fewer results for the infinite dimensional case, with Chapter 3 and [21,
95, 96, 103] the only results known to us. Of these, only Chapter 3 can be applied to finite
dimensional data and infinite dimensional cluster centers but this required bounded noise. The
first contribution of this chapter is to extend this convergence result to unbounded noise for the
SDA problem.

By the compact embedding of H* into L? we have that (upto subsequences) p(™ —
u(oo) a.s. in L2. The second result of this chapter is to show in Theorem 4.3.1 that the rate of

convergence in L? is of order ﬁ in probability. Le.

n oo 1
I = 1z = 0, ().

This is closely related to the central limit theorem first proved for the k-means method by Pol-
lard [126] for Euclidean data. We extend his methodology to cluster centers in H*® to prove our
rate of convergence result.

Section 4.2 contains the convergence results. The rate of convergence results are in
Section 4.3.

4.2 Convergence

To show convergence we apply Theorem 2.2.1. The following two subsections prove that the
conditions required to apply this theorem, i.e. that f., is the I'-limit of f,, and that the minimiz-
ers 1™ are uniformly bounded, hold with probability one. Using the compact embedding of
H* into L? we are able to conclude that upto subsequences convergence is strong in L?.

For a fixed § > 0 we define the set © to be the set of functions in (H*)* which have

minimum separation distance of §:
0= {u € (H*)® : |uj(t) — ()] > 6 ¥ € [0,1] and j # z} : (4.4)

For d = 1 this is a strong assumption as we restrict ourselves to trajectories that do not intersect.
However, for larger d the assumption is much less stringent.

First let us show that © is weakly closed in (H*)*. Take any sequence p™ € © such
that (") — p € (H*)*. We have to show ;1 € ©. Pick t € [0,1], j # I and define F : © — R?
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by F : v — vj(t) — y(t), note that F is in the dual space of (H*)*. Hence

5 < (1) = M (0] = 1F (™) = [F()] = |us(t) — ml?)].

Therefore 11 € ©. Furthermore we can show that f,, f. are weakly lower semi-continuous by
Propositions 3.3.8 and 3.3.9 hence they obtain their minimizers on ©.
The minimum separation distance implies that f., is locally quadratic on ©. This is a

consequence of being able to define the association
j(t,y) = argmin |y — p; ()|
J

uniquely for (Lebesgue) almost every y € R and every ¢ € [0,1]. Modulo some technical
difficulties at the boundary of each partition (which we address in Lemma 4.3.2) we can write
foo as the sum of k quadratic functionals and is therefore quadratic itself. This implies f., is
differentiable and in particular allows the application of Taylor’s theorem in Section 4.3.

We now state our assumptions.
Assumptions 3. We use the following assumptions on the data model.

3.1 The data sequence (t;,y;) is independent and identically distributed in accordance with
the model (4.1), with (i) ~ Cat(p), €; ~ ¢o, ti ~ ¢ and (i), €;,ty, are independent
foralli,j and k. We assume ¢y and ¢ are densities with respect to the Lebesgue measure
on R? and [0, 1] respectively and use the same symbols to refer to these densities and to

their associated measures.
3.2 The density ¢q is centered and with finite second moment.
3.3 Forall ¢ € R we assume ¢o(€) > 0.

3.4 We can bound ¢ away from 0, i.e. inf,c(o ) ¢7(t) > 0.

Observe that

n k k
1 S
foollh) = =D N\ (k) — il + A IVEut]2,
j=1

i=1j=1

IN

k
1 n
- > lyi - ML@ )P+ A Vel
i=1 j=1
1 n k
LS ey v
i=1 j=1

k
— Var(e;) + A [Voul]|2, = o < 00
j=1
where the convergence is almost surely by the strong law of large numbers. Hence Assump-
tion 3.2 implies that there exists /N such that min,ce fn(1t) < o+ 1forn > N and N < oo
with probability one (although N could depend on the sequence {(¢;, ;) }!; and so we could

have sup,,cq N = 00).
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To simplify our proofs we use Assumption 3.3 although the results of this chapter can
be proved without it. The assumption is used in bounding the minimizers of f,,. Clearly if ¢q
has bounded support then each y; is uniformly bounded (a.s.) and one can show that [1(™) (¢)] is
bounded uniformly in n and ¢ (a.s.). When the support is unbounded, but Assumption 3.3 does
not hold, our proofs hold with some trivial but notationally messy modifications.

Assumption 3.4 will be used in the rate of convergence section. This is used to show
that f., is positive definite.

We now state the main result for this section. The proof is an application of Theo-
rem 2.2.1 once we have shown the I'-limit (Theorem 4.2.2) and the uniform bound on the set of

minimizers (Theorem 4.2.4).

Theorem 4.2.1. Define f, foo : © — R by (4.2) and (4.3), where © C (H*)* for s > 1
is given by (4.4), respectively. Under Assumptions 3.1-3.3 any sequence of minimizers p™ of
fn are, with probability one, weakly compact and any weak limit ,u(oo) is a minimizer of fo.

Furthermore if (™) — 1,() in H® then p("m) — () jn L2,

4.2.1 The I'-Limit
We claim the I'-limit of (f,,) is given by (4.3).

Theorem 4.2.2. Define f,,, foo : © — R by (4.2) and (4.3) respectively where © C (H*)¥ for
s > 1is given by (4.4). Under Assumptions 3.1-3.2

foo =T-lim f;,

for almost every sequence of observations (t1,y1), (t2,y2), .. ..

Proof. We are required to show that the two inequalities in Definition 2.2.1 hold with probability
1. In order to do this we follow Chapter 3 and consider a subset of Q of full measure, ', and
show that both statements hold for every data sequence obtained from that set.

For clarity let P(d(t,y)) = ¢y (dy|t)¢r(dt). Define g,(t,y) = /\?Zl(y — (b))
Let Péw) be the associated empirical measure arising from the particular elementary event w,
which we define via it’s action on any continuous bounded function 4 : [0,1] x R? — RR:
ng)h = % Yo h (tgw), yfw)> where (tl(w) , ygw)) emphasizes that these are the observations
associated with elementary event w. To highlight the dependence of f,, on w we write f,(f”). We

can write

k k
F9) = PP g+ XD IIVepsl3. and  foo = Pgu+ A Vo047
j=1 j=1

We define

O = {w €Q: P = P} N {w € Q: PW(B(0,q))° — P(B(0,q)) Vg € N}

m{weﬂ: / g2 PO (dt, ) — / |y12P<d<t,y>>quN}
(B(0,9))¢ (B(0,9))¢
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then P(2') = 1 by the almost sure weak convergence of the empirical measure [56] and the
strong law of large numbers.

Fix w € ' and we start with the lim inf inequality. Let (™) — p. By Theorem 1.1
in [64] we have

lim inf (', y) P(d(t,
L eI 0 (5 P )

n—o0

< liminf / g0 () PE(A(E,1)).
[0,1] x R4
By the same argument as in Proposition 3.3.8(ii) we have

lim inf (y’ — (t'))2 > (y — (1)
n—o0,(t',y")—(t,y) J - /

Taking the minimum over j we have

lim inf w () = gu(t,y).
n—o0,(t',y") = (t,y) 9uerr (28] 2 9p{1:9)

And as a consequence of the Hahn-Banach theorem lim inf,, Hvsugn)H%Q > || V20512,

Therefore
lim inf /) (1")) > foo (1)

as required.

We now establish the existence of a recovery sequence for every w € € and every
p € 0. Let u™ = € O. Let ¢, be a C°(R%1) sequence of functions such that 0 <
Co(t,y) < 1forall (t,y) € RUHL (¢, (t,y) = 1 for (t,y) € B(0,q — 1) and {,(t,y) = O for
(t,y) & B(0,q). Then the function (,(t,v)g,(t,y) is continuous for all g. We also have, for
any (t,y) € [0,1] x R,

Gt ) gu(t,y) < Gt y)ly — pa(t))?
<26t y) (|yl* + [ (®)%)
< 26,(t,) (Iof? + 1 3= o1 )

< 2/ + 2/l 17 oo 0.1y < 0

)

S0 (49 is a continuous and bounded function, hence by the weak convergence of Péw to P we

have
P}L“)ngu — PCqgu

asn — oo for all ¢ € N. For all ¢ € N we have

lim sup |PT(L“’)g# — Pg,| < limsup \P,gw)gu — P,(lw)gqgu| + lim sup |P7(l“’)ngu — P(yg,|
n—00

n—oo n—oo

+ limsup | P{y9, — Pgyl
n—oo

= lim sup \P}L”)gu — P,(Lw)ngu’ + |PCugu — Pgypl-

n—oo
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Therefore,

lim sup ]Pﬁw)gu — Pg,| < limsup limsup |P7(Lw)9u — P,gw)g“qgu\

n—00 q—00 n—00

by the dominated convergence theorem. We now show that the right hand side of the above

expression is equal to zero. We have

1P g, — P8 Cagul < P g0 g-1))e90

< / Ip0qnye (b )y — i ()2 P& y))
[0,1] xR

<2 Lpa et PG
[0,1] xR

2 o) / Lis0g-1ye(t.) PEd(0, )
[0,1] xR

n—o0

%509 / L5041 (£ 0)lyl? P(A(t, 1))
[0,1] xR

2 o) / L0g-1yy (t:) PA(t, )
[0,1] xR

q— 00

— 0

where the last limit follows by the monotone convergence theorem and Assumption 3.2. We

have shown
nlglgo |P7§w)gu — Pgu| = 0.
Hence
£ (1) = fool(p)
as required. O

4.2.2 Boundedness

The aim of this subsection is to show that the minimizers of f, are uniformly bounded in n
for almost every sequence of observations. We divide this into two parts; bounding each of the
Ho and Hq norms. The H; bound follows easily from the regularization. For the Hg bound
we exploit the equivalence of norms on finite-dimensional vector spaces to choose a convenient
norm on Hy.

From our assumptions we may infer the existence of a set Q) C O such that for all w €

we have

k k
P g1 + 2D IV°ul[Ee = Pou + A3 IV°nlllz2 =0
j=1 Jj=1

S

"€

—

=
i

SN—
I

and P(Q) = 1. Now we let (™ be a sequence minimizers and note that for n sufficiently large

we have
A3 < fu(u™) < fu(uh) < a+1.
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Therefore ||;(™)]|; is bounded almost surely. We are left to show the corresponding result for
11 .

The following lemma will be used to establish the main result of this subsection, The-
orem 4.2.4. Tt shows that, if for some sequence 1™ € H*® with |V ;. < /a and
|[#(™lo — oo, then we have that |v(™) (t)| — oo with the exception of at most finitely many

€ [0,1]. When applied to ,ug-n) this will be used to show that in the limit, if any center is
unbounded, then the minimization can be achieved over k£ — 1 clusters — and hence to provide

a contradiction.

Lemma 4.2.3. Let v\ € H* satisfy | V0|2 < \/a and |[v™ g — oco. Then, with the
exception of at most finitely many t € [0,1] we have |V (t)| — oc. Furthermore for each
t € (0,1) with [V (t)] — oo there exists ¢ > 0 such that [V (r)| — oo uniformly for
ret—ct+d

Proof. Let the norm on H be given by
A
V]lo == T (4.5)
i=0

By Taylor’s theorem and the bound on || V(™| ;> we have

™0 () (
Now let Q,,(t) = 357, V04 If ||| — oo then at least one of\u\ — oo. Ifall

7!

but one of the terms stay bounded then it is easy to see that for ¢ > 0 we have |@Q,,(t)| — oo and
Vi2p()(0)

i (77)
the convergence is uniform over all intervals [¢, 1]. Now if V“;f() — oo and —

—oo and all other terms are bounded by M, i.e. ’Mtl < M for all i # i1, i2, then
i1,,(n) () i2;,(n) ()
’Yn (t) V ( ) tll V ( ) tlg
21! 12!

can remain bounded for at most two values of ¢. Assume two values exist for which =, is
bounded which we denote by t] = 0 and t5 > 0. Without loss of generality we assume that

Yn(t) = oo for ¢t > t5 and 7, (t) — —oo for 0 < ¢ < t3 (equivalently we assume that i; > i2).

One can show (by differentiating ,,) that the stationary points 7'( n)

of ~y, satisfy
Tl(n) =0 and 7'2(”) — Z—2t§ < t5.
11
Pick t € (t5,1), we immediately have that [("™)(t)] — oo from

(1) = 3 (0)] < (s — 2)M + Va.

Furthermore we choose ¢ such that ¢ — ¢ > ¢3 then since , is eventually increasing on [t5, 1]
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for n sufficiently large we have
) >yt —c) — (s —2)M — Va

forall € [t — ¢, 1]. Hence v{™) (1) — oo uniformly on [t — ¢, 1].
Now we pick ¢ € (0,t5) and find ¢ such that [t — ¢, + ¢] C (0, t3). The same argument
implies
v (1) < min{y, (t — ¢), m(t + )} + (s — 2)M + Va.

And therefore v/("™)(r) — —oo uniformly on [t — ¢, t + .

Similar arguments hold if ,, has one or zero bounded values.

An analogous argument can be employed if there are three unbounded terms in (4.5), in
which case we consider +,, of the form:
Vi),

4+
21!

VE(0) 5, , TR0 (0)
22! ig!

t's,

Yn(t) =

This sequence of functions, can be bounded at at most three values of the argument, t7, ¢35, 3
and we repeat the previous argument. Such a process can be continued iteratively until we have

considered the case where 7, has s unbounded terms. O

We proceed to the main result of this subsection.

Theorem 4.2.4. Define f,, fo : © — R, where © C (H®)* for s > 1 is given by (4.4), by (4.2)
and (4.3), respectively. Let (™) be the minimizer of f, then, under Assumptions 3.1-3.3, for
almost every sequence of observations there exists a constant M < oo such that ||\ || s < M

forall n.

Proof. As in the proof of Theorem 4.2.2 we let w € Q" where

1 n
Q= Q=N eV
{w € nZel — ar(el)}

i=1

N <mceQ {w e :pw <B(c, j)) — P (B(x, i)) })

where ()’ is defined in the proof of Theorem 4.2.2. We have P(Q2”) = 1. For the remainder of
the proof we assume w € Q. Then there exists N (“) < oo such that f,S“> (™) < a4 1 for all
n > N, Hence

A < 7)< a+ 1.

It remains to show the Hg bound. The structure of the proof is similar to [96, Lemma
2.1]. We will argue by contradiction. In particular we argue that if a cluster center is unbounded

then in the limit the minimum is achieved over the remaining k£ — 1 cluster centers.

Step 1:  The minimization is achieved over k — 1 cluster centers. Assume there exists j* such
that H,ug-?)Ho — 00, then by Lemma 4.2.3 \,uj?) (t)] — oo for all but finitely many ¢ € [0, 1]
and for each t with | ,ug-’f) (t)] — oo there exists ¢ such that | ,ugf)(r)\ — 0o uniformly for
reft—ct+d.
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Pick ¢ such that |M§-Z’) (t)] = oo and find c. Let t,,, — t, then there exists an M/ > 0 such
that for all m > M we have |t,, — t| < c. It follows that

lim [ (tn)] = oo.

m—00,n—+00

This easily implies

lim ’ug-ff) ) —y

n—00,(t'y’) = (t,y)

for any y € R?. Therefore

lim inf /\ ‘ n jn

n—o0,(t',y")—(t,y)

1 A g
#i

Note that the above expression holds for P-almost every (t,y) € [0,1] x R%. By Theorem 1.1

in [64] and the above we have

k
lim inf / AP @ =y = N 70— yf? Pt dy) | > 0.
[0,1]xR4 -

n—oo
J#J*

Hence
timinf (£ () = £ (1)) = AV ) 2 0

n—oo

where we interpret f,S“)(( u§")) j#j+) accordingly. So,

tim inf (£ (u®) = 7 (") 50)) > 0.

n—oo

Step 2: The contradiction. If we can show that there exists ¢ > 0 such that the following
holds (i.e. we can do strictly better by fitting k centers than fitting £ — 1 centers) then we can

conclude:
lim inf (f( J(ut™)) — fé“)((ﬂg'n))#j*)) > —€.
Now,
1 n k
F ) < S ) = 237 N @) = il + 2 D 1V e,
i=1j=1 J#I*
where

A () — u{(t) for j # j*
Cn for j = j*
(n)

for a constant ¢,,. Now each ,&j

assume that we can choose ¢, such that this criterion is fulfilled. So if |y; — ¢, | < g then

must have a minimum separation distance of §. For now we

0 n
lyi = eal + 5 < 11" (0) — il
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for all j # j*. And therefore |y; — ¢, | + 16 < \,u(n)( t;) — yi|* which implies

f#%m;”))#ﬁ):fz A 1) =g+ S Vel |2,

i=1 j#j* J#J*
1N (n)
- n Z /\ |'ujn (t:) — yi|2]1(ti7yi)°°j*
i=1 j#j*
+ - Z /\ "LL]n) y'L| ]I(tuyz ~nJ* +)\ Z Hvs n)HiZ
i=1 j#j* J#5*
> fZ A ) = vl oy + Z\cn Uil Lt gy
1=1 j#j5* =1
02 0 (n))12
+ 16PT(L w) (B (cn,4>) T\ ; Ve us™)2,
J#3

f(w)(A(n)) 62 P(w) B 0
" 16" Cns 4 '
(n)

Where (t;,;) ~n j means coordinate (Z;,y;) is associated to center fi; ~ in the sense that
(t,y) ~n j < j = argmin;_; 4|y — ﬂin) ()| (and if the minimum is not uniquely achieved
then we take the smallest j such that j € argmin,_; |y — /lgn) (t)]). If we can show that
P (B (cn, $)) is bounded away from zero, then the result follows.

Since we assumed €; has unbounded support on R if we can show that |¢,| < M for a

constant M and n sufficiently large (a.s.) then

P (B <cn, 5)) >  inf PW (B(c, 5)
4 ce€[-M,M]NQ 4
— inf P <B(c, 5)
c€[—M,M] 4

1
- e /R Ty s by (yl0on() dyt

ce[-M,M] Jo

By Assumption 3.3, there exists ¢ > 0 such that ¢y (y|t) > € for all y € [—M, M] and

t € [0, 1]. Hence we may bound the final expression above by

1

‘ )

& //H|?JCI<“¢Y(?/|75)¢T(t) dydt > —¢.
R4 =1 1

cel-M,M] Jo

We are left to show such an M exists. If there exists Mj_1 such that for all j # j*
we have ||,u§-n) | < Mj_q then we know each center has size of range at most 2Mj_1. So
k — 1 centers have size of range at most 2Mj_1(k — 1) + 6(k — 2) =: C. Hence there exists

€ [0,C + )% such that ﬂg?) (t) = ¢, and 4™ € O.

Now if no such Mj,_; exists then there exists a second cluster such that || ,ugn)

Hs-)OO

where j** = j*. By the same argument

lim inf (f,(f) (™) fé“’<<u§-")>#j*,jw>) >0

n—o0
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and
FO ) — (1 oy <2 pe (B )Y~ Cper (B (e
n M n /’L] J#I*I) = 16 n CTL74 16 n cn74

for a constant ¢,. By induction it is clear that we can find Mj,_; such that k — [ cluster centers
are bounded. The result then follows ]

Remark 4.2.5. Note that in the above theorem we did not need to assume a correct choice of
k. If the true number of cluster centers is k' and we incorrectly use k # k', then the resulting
cluster centers are still bounded. In fact for all the results of this chapter the correct choice
of k is not necessary: although the minimizers of foo may no longer make physical sense, the

problem is still robust in that the conclusions of Theorems 4.2.1 and 4.3.1 hold.

4.3 Rate of Convergence

In [126] a Central Limit Theorem was shown to hold for the k-means method in Euclidean
spaces. We extend that argument to show that for converging sequences of minimizers, which
exist by Theorem 4.2.1, the L? rate of convergence is of order % We state the main result of

this section now but leave the proof to the end.

Theorem 4.3.1. Define f,, foo : © — R, where O is given by (4.4), by (4.2) and (4.3), re-
spectively. Let {M(n)}neN C © where u(”) minimizes f,. Let u("m) be any subsequence that

converges to some (1\°° then under Assumptions 3.1-3.4 we have:

)~ i = 0, ().
For clarity we will assume that the entire sequence 1™ converges in the remainder of
this chapter and hence we may avoid writing subsequences.
We let Yy, (1) = /n(fa(it) — fool(p)) and then, by Taylor expanding around 1(°), we
have
Yn(ﬂ(n)) = Yn(ﬂ(oo)) + ayn(,u(oo)§ M(n) - M(Oo)) +h.o.t.

In Lemma 4.3.5 using Chebyshev’s inequality we bound the Gateaux derivative of Y;, in proba-
bility. Similarly one can Taylor expand f~ around (). After some manipulation of the Taylor

expansion one has

1 1

502 0 ) = ) = £ ) = Fulpl®) + Oy (o1 — 12

2 Vn
where we leave the details until the proof of Theorem 4.3.1 at the end of the section. We note
that f,, (™) — f,,(u(>)) < 0. Therefore

1
NG

where k£ > 0 exists as a consequence of f., being positive definite (Lemma 4.3.4).

K n 00 n 00
§HM( = 1NTe < Op(—= 0™ = 5|l 12)
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Lemmata 4.3.2 and 4.3.4 provide the first and second Géateaux derivatives of f.o. It is

also shown that the second derivative is positive definite.

Lemma 4.3.2. Define f,, by (4.3) and © C (Hs)k for s > 1 by (4.4). Then for u € O,
€ (H*)* we have that f, is Gateaux differentiable at y in the direction v with

Ofo (i) = — 2 / / Y — 150y () - Ve (O)6y (Wl dr(t) dydt

+2>\Z *v;, Vu;)

where j(t,y) is chosen arbitrarily from the set
j(t,y) € argmin [y — p;(t)]. (4.6)
j

Remark 4.3.3. Since p; are continuous the boundary between each element of the resulting
partition is itself continuous and has Lebesgue measure zero. The set on which j(t,y) is not
uniquely defined therefore has measure zero. Hence we will treat j(t,y) as though it was

uniquely defined.

Proof of Lemma 4.3.2: Fix € ©, v € (H*)¥ and r > 0. Define
Jr(t y) = arg;(nin ly = i () — v ()], 3t y) = jo(t,y).
Then for (¢, y) in the interior of the partition associated with 1; we have
Jr(t,y) =4t y) for r sufficiently small.

More precisely at each t we have j,(t,y) = j(¢,y) for all y with dist(y, B(t)) > r max; ||v;|| e
where B(t) is the set of boundary points:

B(t) = {y e R? : j(t,y) is not uniquely deﬁned}

Let Y(r,t) = {y : dist(y, B(t)) < rmax; |||~} then

/ v = 117,60y D" = [ = i) 0] by (Wlt) dy
- /Y( ) (29 = 1y () = 15,0 ) (50) (&) = 500 (1) v (y]t) d

<2r max Vi || 1,0 /Y( : ‘,uj(t,y)(t) - ,ujT(t,y)(t)| oy (ylt) d

r,

= 0(r?)

where the penultimate line follows from: if j(t,y) # j,(t,y) then 22w (t)guj”t’y)(t) € B(t)
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(for r sufficiently small). Therefore

0 ool v) =ty T = Fcllt)

2 2 2 2
—ii%r{/ /R (Iy b3 6 OF = 15 = 30 O + 71051 (O]

—2r (y — 15, (1.9 () * V), (1) (ﬂ) oy (ylt)or(t) dydt

k
Z (2r(Vou, Vo) + 7| Voy)135) }
_ / /R (= i (0) - it (D9 (4lD6r (1) dydt

+2)\Z v, Vopj)

which proves the result. O

Lemma 4.3.4. Under the conditions of Lemma 4.3.2 and additionally Assumption 3.4, we have
that f+ has a second Gateaux derivative at y € © with respect to v,n € (H*([0,1]))* given by

1 k
& foo(psv,m) = 2/ /”j(t,y)( Vit (0)éy (W) or(t) dydt + 2X > (Vov;, Vin;)
0o JR j=1

where j(t,v) is defined by (4.6). Furthermore, 0? f+, is positive definite at ,u(oo), the minimizer
of fo in ©. Le. there exists k > 0 such that for all v € (H*(]0,1]))* we have

02 foo (W5 0) > K|V

Proof. The proof of the first statement follows the same reasoning as that of Lemma 4.3.2. To

establish the second, observe that:

02 oo (1™ v —22 / / Oy ¢ y>¢y<y|t><z>T<>dydt+2x§jnv5u]uy

7j=1

where

£ =92 inf i I ~a(t, t)d
R telf(l)l}j:Ilrg,r.l..,k/R (e~} (8 ) oy (y[t) dy

= f
f=k nf o)
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(c0)

where we recall (¢, y) ~ j means coordinate (¢, y) is associated with center ;. It remains to

show # > 0. Recall that there exists a uniform bound on z(°®) so that |u(>)(t)] < M for all
t € [0, 1]. Define €’ by

"= inf t).
€ téfémﬁiﬁlﬁ y (ylt)

By Assumptions 3.1,3.3 and 3.4, we have ¢ > 0. So

#>2 inf min Vol(A))éM
t€[0,1] j=1,2,...k

(o0)

where A{ is the partition of R corresponding to center 1 ; attime ¢. The minimum separation

distance assumptions on © imply that Vol(A{) > Vol(B(0, g)) Which implies that £ > 0. The
result then follows. O

We now consider Y,,. In particular we want to bound aYn(M("O); p — M(OO)).

Lemma 4.3.5. Define fp, foo : © = R by (4.2) and (4.3) respectively where © is given by (4.4).
Take Assumption 3.1 and define

Y,:0 =R, Vo) = Vi (fu(p) = foo(p)) -

Then for 1 € ©, v € (H®*)* we have that Yy, is Gateaux differentiable at yu in the direction v
with

Yol v) = 2v/n (/ / U=ty (1))~ Vite) (D0v (y[1)dr (2) dydt
_72 = Hjtiyi) t)) j(ti,yi)(tz’)>

where j(t,y) is defined by (4.6). Furthermore, for a sequence V(™) with
2 =0p(1)  and || = Oy(1)

we have Y, (u; ™) = O, (||[v™)] 12).

Proof. Calculating the Gateaux derivative is similar to Lemma 4.3.2 and is omitted. By linearity

and continuity of 0Y,, we can write

v(n) (,/(n) m)
o (“’ 0 ) = 2 o Onlbiem)

2

where e,,, is the Fourier basis for (L?)* (we assume €,,, = (&, - - - , ém,, ) Where é,, is a Fourier
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basis for L?). Let V;, = E (3Y;, (145 €,))* and Z; = (y; — Hj(t; ) (ti)) - €ms, then

n

2
x%ziE<§X@—E@0

=1
= 4K (Z, — EZ,)*
< 4E|e]? =: C.

Where C'is finite by Assumption 3.2. Therefore, by Chebyshev’s inequality for any M > 0

C
P(|0Yn(u;em)| > M) < W
Hence
) ), e
P |OYn | s - > M| < 7’771]?(‘6}/”(”’ 6m)| > M)
< ( Rl 2
(v, en)| C
< Rz =mJl =
B Zm: [/ 2 M2
C
e
Which implies 0Y, <M§ W) = O,y(1). O
L

We now have the necessary pieces in place to prove Theorem 4.3.1

Proof of Theorem 4.3.1. By Theorem 4.2.1 we have (up to subsequences) ||z — ()| 2 =
op(1) and ||| 7= = Op(1).
By Taylor’s Theorem and the fact that f, is quadratic we have

Foo(i™) = Joo (1)) + 0 fog (O u® = V) 4 %azfoo (105 ) — ).
Since ,u(oo) minimizes f., the linear term above must be zero. Hence
Foo (™) = foo (') + %821%0 (15 ) — ).
Similarly, and using Lemma 4.3.5

) =) 0, 0 (50 -

= Ya(1™) + O (10" = 1™ 12)

From the definition of Y,, we also have

Fult™) = foo(u™) + ;ﬁnw)).
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Substituting into the above we obtain

1
Fu(1™) = Foo () 4 5% oo (s p = p))  —2 ¥, (u>)

1 n oo
+0p <\/ﬁ||ﬂ( ) )”L2>

1 1
= ™) 4 L0 o — ) 4 0, <\/ﬁHu‘") _ u“"”Hm) |

Rearranging for 82 . and using f,, (1) < fn (%)) we have

o0 n o n o0 1 n o
O foo (™ ") — ) =2 (faln®) = Fulw) + O ™ = 1 12)

< Oy( 1 2).

1
Ay
\/ﬁHu

Recall that by Lemma 4.3.4 we have that 92 f. is positive definite at 1(°). Therefore:
1
Rl = u7, < Op(ﬁllu(”) =1 p2).

Which implies

11 = 5| 2 = Op(—=)

i

which completes the proof.
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Chapter 5

Weak Convergence For Generalized
Spline Smoothing

Abstract

Establishing the convergence of splines can be cast as a variational problem which
is amenable to a I'-convergence approach. We consider the case in which the reg-
ularization coefficient scales with the number of observations, n, as A, = n~P.
Using standard theorems from the I'-convergence literature, we prove that general
splines are consistent in the sense that estimators converge weakly in probability if
p < % Without further assumptions this rate is sharp. This differs from rates for

strong convergence using Hilbert scales where one can often choose p > %

5.1 Introduction

Given a Hilbert space, H, with dual H*, the general spline problem [90, 171] is to recover
u' € H from observations, {(L;,y;)}7; € H* x R, and the model

yi = Lip' + &, (5.1

where ¢; € R and L; € ‘H* are independent random variables. We assume that H can be
decomposed into H = Ho @& Hi where (Hy, || - ||;) (for I = 0,1) are themselves both Hilbert
spaces. For example, one may apply the theory to the special spline problem where H =
H™([0,1]) (m > 1) is the Sobolev space of degree m and the observation operators are of the
form L;pu = p(t;) in which ¢; is sampled from some distribution over [0, 1]. Throughout this
chapter we refer to (5.1) as the general spline model when L; € H* and H is any Hilbert space,
and the special spline model when L; is the pointwise evaluation operator and H = H™.

We assume that dim(#o) = m < oo and dim(#;) = oo. This can be seen as a multi-

scale decomposition of H. The projection of a function . € H into the subspace H is a coarse
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approximation of that function. Continuing with the special spline example, one can write

i . t(f— gyl
p(t) = Z v Z(O) t' +/0 (t(m—)l)!vmu(u) du

for any p € H™. The space Hj is then the space of polynomials of degree at most m — 1.
Hence dim(Ho) = m.
Imposing a penalty on the H; space, we construct a sequence of estimators (™) of pf

as the minimizers of

1 n
Fulw) = =D li = Linl® + Aallxanllf
=1

where x; : H — H; (i = 0,1) is the projection of H onto ;. This chapter addresses the
asymptotics (as n — c0) of the general spline problem and in particular how one should choose
A, to ensure ;™) converges (weakly in probability) to zf.

There are two bodies of literature on the specification of A,,. On the one hand there are
methods which define ),, as the minimizer of some loss function, for example average square
error. This class of techniques includes cross-validation [172], generalized cross-validation [47]
and penalized likelihood techniques [82, 85,91, 109, 136, 170]. These methods provide a nu-
merical value of \,, for a given n and a given set of data. In the case of special splines there
are many results on the asymptotic behavior of \,, and (™ for these methods, see for exam-
ple [3,45,47,98, 144, 156, 157, 173]. The alternative approach, and the one we take in this
chapter, is to choose a sequence such that the estimates ;(™) converge to x' in an appropriate
sense at the fastest possible rate. This strategy gives a scaling regime for A, but it does not in
general give specific numerical values of A, i.e. it provides the optimal rate of convergence but
not the associated multiplicative constant.

In considering the convergence of the sequence, 11(™), one can look for convergence with
respect to some norm or in the dual space. Many results in the literature demonstrate the strong
convergence of ,u(”) — ,uT via the use of Hilbert scales — see, for example, [46,117,131, 143,
146, 158]. It is not typically possible to obtain strong convergence with respect to the original
norm and it is common to resort to the use of weaker norms; for example, in the special spline
problem, one starts with the space H* but looks for convergence in L?. The alternative, which
is pursued in this chapter, is to consider weak convergence in the original space, H.

Note that for special splines strong convergence in a larger space is a weaker result than
weak convergence in the original space: by the Sobolev embedding theorem, weak convergence
in H* implies strong convergence in L?; however, the converse does not hold.

In this chapter we show that the estimators of the general spline problem weakly con-
verge in probability in the large data limit, (™ — pf, for regularization \,, that scales to zero
no faster than n~2. In this scaling regime we say that the general spline problem is consistent.
For insufficient regularization the spline estimators may in some sense ‘blow up’. In particular
for scaling outside this regime we construct (uniformly bounded) observation operators L; such
that E [||u(™ 2] — oco. Hence without further assumptions our results are sharp.

If we are interested in estimating 4! at a point ¢ then we let F'(y) = pu(t) where F' € H*.

In this setting weak convergence is the natural form to consider. However, if one is interested
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in a global approximation of ;i then convergence of ™ — 4t in an appropriate norm is the
appropriate concept. The two formulations imply different scaling results for A,,.

There are many results in the ill-posed inverse problems literature that may be applied
to the strong convergence of the general spline problem, for brevity we only mention those
most relevant to this work. In [170] two different methods of estimating \,, were compared
as n — oo using the general spline formulation. The reproducing kernel Hilbert space setting
was used in [89] which also discussed the probabilistic interpretation behind the estimator (™.
In [46, 117] the authors prove the strong convergence and optimal rates for the spline model
using an approximation % Yo L¥L; = U where U is compact, positive definite, self-adjoint
and with dense inverse. See also [35, 108] that consider ill-posed inverse problems without
noise using similar methods. In these papers the scaling regime for A, is given in terms of the
rate of decay of the eigenvalues of the inverse covariance (regularization) operator C~! (where
-1l =1le™" - 2.

There are many more recent results addressing the asymptotic properties of splines,
including [43,79, 88,94, 100, 138,174, 180, 182, 183]. Many of these recent results concern the
asymptotics of penalized splines where one fixes the number of knot points as apposed to the
smoothing spline case where the number of knots is equal to the number of data points. As
far as we are aware there are no asymptotic results concerning the weak convergence of splines
(either general or special).

It is known that the special spline problem is equivalent to a white noise problem [32].
Strong convergence and rates for the white noise problem have been well studied see, for exam-
ple, [4,23,74] and references therein.

One advantage of our approach is that we gain intuition in what happens when \,, — 0
too quickly. Our results show a critical rate, with respect to the scaling of \,, at which the
methodology is ill-posed below this rate and well-posed at or above this rate. The second ad-
vantage of our approach is that, by using the I'-convergence framework, as long as we can show
that minimizers are uniformly bounded the convergence follows easily (we also need to show the
I'-limit is unique, but for our problem this is not difficult). This is easier than showing, directly,
that (™) — ;T converges to zero. We are consequently able to employ simpler assumptions than
those required by more direct arguments.

The outline of this chapter is as follows. In the next section we remind the reader of the
spline methodology and prove a known existence and uniqueness result. Section 5.3 contains
the results for the convergence of the general spline model under appropriate conditions on the
scaling in the regularization using the I'-convergence framework. We discuss the special spline

model in Section 5.4.

5.2 The Spline Framework

In this section we recap the spline methodology and find an explicit representation for our es-
timators. In particular we construct our estimate as a minimizer of a quadratic functional. We
will show the existence and uniqueness of the minimizer.

We consider the separable Hilbert space H with inner product and norm given by (-, -)
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and || - || respectively. We assume we can write H = Ho @& H1 where (Ho, (+,)o, | - |lo)s
(H1, (-,-)1, ] - ||1) are Hilbert spaces with dim(#() = m and dim(#;) = oo. We may write

el = Taello =+ Hlgedla-

We wish to estimate ;! € H given observations of the form (L;, ;) and in particular
L; is random. For convenience we summarize the general spline model in the definition below.

One can also see [171] for more details on the general spline model.

The General Spline Model. The general spline model is given by (5.1) where L; € H* are
random variables and €; are iid random variables from a centered distribution ¢g with variance
o2. The L; are assumed to be observed without noise and to be members of a family indexed
by I, we write L; to mean the operator L which depends upon a parameter t € 1. The ‘ran-
domness’ of L is characterized by the distribution, ¢T, of a random index t € L. For a sample
t; ~ ¢ we write L; as shorthand for L;,. The operator L; is therefore interpreted as a realiza-
tion of Ly,. We assume that t;, €; are independent and for convenience we define ¢r,,,+ to be the
distribution ¢ shifted by —L,ut. By the Riesz Representation Theorem there exists n; € H such
that L = (n;, p) for all p € H. The sequence of observed data points (t1,y1), (t2,y2), ... is
a realization of a sequence of random elements on (2, F,P). To mitigate the notational burden,

we suppress the w-dependence of t;, y; and L.

For example in the case of special splines L;u" = puf(¢;) for some ¢; a random variable
distributed in [0, 1]. Observing L; without noise is equivalent here to observing ¢; without noise.
It will be convenient to introduce the natural filtration associated with the marginal sequence
(L;) and we define forn € N, G, = o(Ly,..., Ly,), a sequence of sub-c-algebras of 7. We
use E[|G,,] to denote a version of the associated conditional expectation.

We take our sequence of estimators p(™ of p! as minimizers, which are subsequently

shown to be unique, of £ where

SRS

F ) = =3 (g — Lan)* + M|l (5.2)
=1

By completing the square we can easily show (™ is given implicitly by
1 n
G, ™ = - Z Yini
i=1

where
1 n
G = 2> miLi+ 2 (5.3)
i=1

and for clarity we also suppress the w-dependence of G}, ) from the notation. It will be necessary
in our proofs to bound |Gy, », ||+ in terms of A, (for almost every sequence of observations).
We do this by imposing a bound on || L;||+ or equivalently on ||7|| for almost every ¢ € Z.
See Section 5.4 for a discussion of the special spline problem and in particular how one can find

n;. In order to bound the Ho norm of (™ we need conditions on our observation operators L.
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In particular we will use the observation operators to define a norm on Hy. Hence our proofs
require a uniqueness assumption of L; in Hg (Assumption 4.3 below). It is not enough that L;
are unique over H as this would not necessarily contain any information on the Hg projection
of (™, e.g. if Lyp = Lyx1p for all i € H. For clarity and future reference we now summarize

the assumptions described in the previous paragraphs.
Assumptions 4. We make the following assumptions on f,(lw) : H — R defined by (5.2) and H.

4.1 Let (H,(-,-),||-||) be a separable Hilbert spaces with H = Ho®H1 where (Ho, (-, *)o, || -
llo) and (H1, (-, )1, || - |[1) are Hilbert spaces. Assume dim(H) = dim(H,) = oo and
dim(Hp) = m < oc.

4.2 The distribution of L; := Ly, is specified implicitly by that of t; € I and we assume

iid
tj ~ or.

4.3 We assume |supp(¢r)| > m and that the L, are unique in H in the sense that if Ly =
Lypforall p € Ho thent =r.

4.4 There exists a > 0 such that ||n:|| = || L¢||n+ < o for ¢pr-almost every t € I.
We have the following lemma which gives the existence of a unique minimizer to (5.2).

Lemma 5.2.1. Define fy(Lw) : H — R by (5.2) and assume N\, > 0. Under Assumptions 4.1-
4.4 the operator Gy, : H — H defined by (5.3) has a well defined inverse G;Ll)\n on
span{ny, ..., n,} for almost every w € Q. In particular, there almost surely exists N < oo

such that for all n > N there exists a unique minimizer ,u(”) € Hto féw) which is given by
1 n
u == G i (5.4)
i=1

Proof. We claim that any minimizer of fT(Lw) lies in the set Ho & span{x171,- -, X17n} =: H.,.
If so, and we can show that G;})\n is well defined on H/,, then we can conclude the minimizer
must be of the form (5.4).

Because H/, is finite dimensional, we arrive at the same topology whichever norm we
choose. We define ' C Q by

Q' := {w € Q : the number of unique ¢; in {t;}32, is greater than m and ||L; |5+ < a'Vi}.

By Assumptions 4.3 and 4.4, P(€)') = 1. Letw € €' then there exists N such that for all n > N
we have that {L;}Y | contains m distinct elements. Therefore [[u]|3, = 2> (L;n)? +
An||12]|3 defines a norm on H/, for any n > N.

We first show that any minimizer of f,sw) lies in H,. Let

m n
p=aidi+ Y bixan+p

Jj=1 J=1
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where ¢; are a basis for Ho and p L #H},. Then since L;p = (1, p) = 0 we have:

2
n

1 n
£ = =3 (v — Livag ) + M || D bixami |+ Aallol?
i=1 j=1

1
where X7 denotes the projection onto #;,. Trivially any minimizer of f,S‘”) must have ||p||; =0
and since p € H; this implies p = 0. Hence minimizers of f,(lw) lie in H!,.

We now show that G, », has a well defined inverse on 7;,. For any € H,, the weak

formulation of G, ,\nu(”) = r is given by
Bu™.v) = (rv)  WveH,

where
n

Bt v) = -3 (La) (L) + Anlxass xa0).
=1

Now we apply the Lax-Milgram lemma to imply the existence of a unique weak solution to
G, A, 1™ = 7. Clearly B : H!, x H!, — R is a bilinear form. We will show it is also bounded
and coercive. As w € ', || L;||l3+ < o and for p, v € H!, we have

1 n
|B(u,v)| < - E | LipnLiv| + Anlpll1 vy
i=1

< &2 lullllv]l + Aallull 1
< (& + ) lulllv].

Hence B is bounded. Similarly, for some constant ¢ independent of 1,

n

1
S (Lat)? + Aallull? = By, > ellul?

B(p,p) = —~
=1

where the inequality follows by the equivalence of norms on finite dimensional spaces. Hence
B is coercive and by the Lax-Milgram Lemma there exists a unique weak solution. A strong
solution follows from the equivalence of the strong and weak topology on finite dimensional

spaces or alternatively from the following short calculation. We have

1 n
() (n > (L >m,v> +(Aonn®™0) e,

i=1

Hence
1 n
(7’ = =) (L™ = Axap™, u) —0  WwewH,.

n -
=1

So choosing v = 7 — £ ™ (L;u™)m; — A1 (™ implies
1 n

== > (L™ )mi = dxap™* =0
=1
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and therefore
n

1
==Y (Lapt ) = Anxapt™ = G, 1™,
i=1
As this is true for all € H], we can infer the existence of an inverse operator G, f\n D HL, — M,
such that G;E\nr = 1("). One can verify that G;l)\n is linear. As w € €)' was arbitrary, the result

holds almost surely. ]

5.3 Consistency

We demonstrate consistency by applying the I'-convergence framework. This requires us to find
the I'-limit, and to show that the I'-limit has a unique minimizer and that the minimizers of féw)
are uniformly bounded. The next three subsections demonstrate that each of these requirements
is satisfied under the stated assumptions and allow the application of Corollary 2.2.2 to conclude
the consistency of the spline model, as summarized in Theorem 5.3.1. We start by stating the

remainder of the conditions employed.

Assumptions 4. 4.5 We have A, =n P with0 < p < %

4.6 For v € H the following relation holds:
/(Lty)2¢T(dt) =0&v=0.
z

4.7 For each i € H each Ly is continuous in't, i.e ||Ls — Li||y= — 0 as s — t.

Assumption 4.5 gives the admissible scaling regime in \,,. Clearly if p < 0 then A,, /4 0
hence we expect the limit, if it even exists, to be biased. We are required to show that the
minimizers are bounded in probability. To do so we show they are bounded in expectation. We
will show in Theorem 5.3.3 that for p > % we cannot bound minimizers in expectation; hence it
is not possible to extend our proofs for p & (0, %] The reason Theorem 5.3.1 holds in probability
and not in expectation is that the I'-convergence framework requires (") to be a minimizer and
as such we cannot make conclusions about the average minimizer since E[;(")|G,] is not a
minimizer.

We will show that the second derivative of f is given by [(Lv)? ¢r(dt) for the direc-
tion v. Assumption 4.6 is used to establish that f., is strictly convex, and hence the minimizer
is unique.

It will be necessary to show that

1 n
LS Lol - / Lop| ér(at) 5.5)
i z

for all ;1 € ‘H with probability one. We impose Assumption 4.7 (together with Assumption 4.4)
to imply that L.y is continuous and bounded in ¢ for all € H and therefore by the weak con-
vergence of the empirical measure we infer that (5.5) holds for all 4 € ‘H and for almost every
sequence {L;}2°,. In particular we can define a set ' C € independent of 4, on which (5.5)
holds, such that P(Q2') = 1.
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Theorem 5.3.1. Define fﬁ‘”) : H — R by (5.2). Under Assumptions 4.1-4.7 the minimizer u(")
of fT(lw) converges in the following topological sense: for all €,6 > 0 and F' € H* there exists
N = N(¢,0, F) € N such that

P(’F(u(”)) —F(MT)‘ > 6) <é forn> N.

Remark 5.3.2. We view the convergence in the above theorem as the natural generalization of
convergence in probability to the context. To fit with standard notation we have been careful not
to say converges weakly in probability which could reasonably mislead the reader into inter-
preting the theorem as the convergence of 1™ — 1 is uniform over F € H* and not pointwise

as we claim in the theorem.

The following theorem shows that if p > % then without imposing further assumptions

it is always possible to construct observation functionals { L; };c7 such that E [||u(”) 2] = oc.

Theorem 5.3.3. Define féw) :H — R by (5.2), let /(™ be the minimizer of féw) and take any
a>0andp > % Take Assumptions 4.1-4.2 and assume that A = n™P. Then there exists a

distribution ¢ on T such that || L¢||3« = ||me]| < o for almost every w € € (i.e. Assumption 4.4
holds) and E[|| ™ ||?] = oco.

Essentially when considering weak convergence, one is restricting to finite dimensional

S . L 1.

projections. It is therefore not surprising that n~ 2 is the best we can do. For p > % and a
sequence of real valued iid random variables X; of finite variance (which are not identically
zero) we have nQPIE(% > . X;)? — oo. In light of this elementary observation Theorem 5.3.3

is not surprising. The proof is given in Section 5.3.4.

5.3.1 The I'-Limit

We claim the I'-limit of f,Sf"), for almost every w € {2, is given by
OO 2
i) = [ [ 1y L 6y 0(a) o (et (5.6
—0o

Theorem 5.3.4. Define fT(Lw), foo + H — R by (5.2) and (5.6) respectively. Under Assump-
tions 4.1-4.2, 4.5 and 4.7,
foo = T-lim f)
n

for almost every w € ().

Proof. We are required to show the two inequalities in Definition 2.2.1 hold with probability 1.
In order to do this we consider a subset of 2 of full measure, ', and show that both statements
hold for every data sequence obtained from that set.

Define g, (t,y) = (y — Lip)?. For clarity let P(d(t,y)) = ¢r(dt)¢y, .t (dy) and P, be
the empirical measure associated with the observations, i.e. for any measurable h : Z x R — R

we define P,h = 137" | h(t;,y;). Further, let P*) denote the measure arising from the
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particular realization w. Defining:

1
Q’:{w:Pﬁ”):P}m{weQ: Z #(w) — o and — Zez }7
i=1
then P(Q') = 1 by the almost sure weak convergence of the empirical measure [56] and the
strong law of large numbers. Let w € €.
We start with the lim inf inequality. Pick v € # and let (") — v. By Theorem 1.1
n [64] we have

/ / timint g,0(t.5/) P(d(t,y) < limint / / g0 (t,y) PL(d(E,y))

o0 =00, (t,y")—=(t,y) n—00

_ (w) n
hnn_l)lcgffn ) ().

Now we show

lim lnf gy(n) (tly Z//) 2 gl/(t7 y) (57)
n—00,(t',y")—=(t,y)

which proves the lim inf inequality. Let (t,,, ym) — (¢, y) then

[NIES
I

(gu(n> (tms> Ym)) m Ltm’/(n)’

|
> | Lt ™ = y| = ym — |
> | — L™ ’_’Ltm L’/n)‘—’ym yl
> |y — L™ = || Lt,, = Lillse= [V = lym — yl.

A consequence of the uniform boundedness principle is that any weakly convergent sequence is
bounded, hence there exists some C' > 0 such that ||v(™|| < C. It follows from the above, and

Assumption 4.7, that

o=
ol

liminf (g, (tm,Ym))? > ly — Lev| = (9u(t,9))2 .

n—00,M—00

As our choice of sequence (t,,, y,,) was arbitrary we can conclude that (5.7) holds.

For the recovery sequence we choose v € H and let V(") = 1. We are required to show

Pg, > timsup (P g, + Allul?) = Tim sup P,

n—oo n—00

Since we can write
gv(tisyi) = (Liph)? + € + (Liv)? + 26, Lip! — 2Lip' Liv — 2¢;Liv

and each term is either a continuous and bounded functional, or its convergence is addressed
directly by the construction of €', we have ng) gy — Pg, as required. As w € ' was
arbitrary, the result holds almost surely. O

Remark 5.3.5. Note that in the above theorem we did not need a lower bound on the decay of
An (only that A\, > 0). We only used that A, = o(1).
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5.3.2 Uniqueness of the ['-limit

To show the I'-limit has a unique minimizer we show it is strictly convex. The following lemma
gives the second Gateaux derivative of f.,. After which we conclude in Corollary 5.3.7 that the

I"-limit is unique.

Lemma 5.3.6. Under Assumptions 4.1-4.2 define foo : H — R by (5.6). Then the first and

second Gdteaux derivatives of f~ are given by

0ftpir) =2 [ [ (L= p)Lalw)o g d)ontat)
P ol €)= 2 [ (L)(LiOor(at).
z
Proof. We first compute the first Gateaux derivative.

// (y— L ,u—i—ru)) — (y — Lp)?

O (p;v) = lim

r—0

bp, () (d1)
= /I [ L= 9 Lo, (@)or (et

+hmr// (Liv)* ¢y, .1 (dy) ¢ (dt)
= /I | (= ) L), (49 ()

The second Géateaux derivative follows similarly:

O (i) = iz [ [~ AT ZWI R Z I )1t

r

_ /I / L) (L), (dy)r ()
= Q/I(Ltu)(LtC)QbT(dt)

which complete the proof. O

Corollary 5.3.7. Under Assumptions 4.1,4.2 and 4.6, define for, : H — R by (5.6). Then f

has a unique minimizer which is achieved for . = pl.

Proof. It is easy to check that 9f.(u;v) = 0 for all v € H. By Lemma 5.3.6 and Assump-
tion 4.6 the second Gateaux derivative satisfies 92 fo, (11; ) > 0 for all v # 0. Then by Taylor’s
Theorem (and noting that f.. is quadratic), for p # puf,

Foo(i) = foo(ul) + %52foo(/ﬂ;u —ul) > foolul)

as required. O
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5.3.3 Bound on Minimizers

In this subsection we show that || || = O,(1). The bound in #, can be obtained using fewer
assumptions (than the bound in ), which is natural considering H is finite dimensional. We
may choose the norm on H, without changing the topology (all norms are equivalent on finite

dimensional spaces). We will use
lio = [ \zaslor(an.

Loosely speaking we can then write || [|g < f,sw) (™). The bound in Hg then follows if
min féw) is bounded. We make this argument rigorous in Lemma 5.3.8. After this result we

concentrate on bounding (™) in H.

Lemma 5. 3 8. Deﬁne féw) : H — R by (5.2). Under Assumptions 4.1-4.5 and 4.7 the mini-
mizers M ) of fn are, with probability one, eventually bounded in Hy, i.e. for almost every
w € Q there exist constants C, N > 0 such that ||™||o < C foralln > N.

Proof. We define P and P,gw) as in the proof of Theorem 5.3.4, let

Q’:{wGQ:PT(L‘”):P}ﬂ{weﬁzlz 2(w) — 0% and — Z’el |—>P[q]}

=1

and 1(™ be a minimizer of ffLw). Assume w € Q. As

1 n
FEO™) < £ < = e+ AllatIE = 0 + Al
i=1

there exists V' such that £’ (™) < o + \||pf]|? + 1 forn > N.

Now

£ ) = *Z 2 nllpe?

| \/

gZ(’LiM —|yi| = 1)
1 1’211 1 &
= EZ|L1‘M|—;Z\%\—1
> —ZILMI —*Z|L1MT| —*Zlei\ -1

=1

—>/th,¢\@ dt) —

where the convergence follows since |L; | is a continuous and bounded functional in ¢ and ¢ is

given by

1< 1<
nhngo (n ;1 |Lip'| + - ;1 |ei| + 1> < /I\Lt,u lpr(dt) +o+1=:c
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We now show that [ |L;ju|¢7(dt) is a norm on Ho and hence that the above constant, c, is
finite. This will also show that |||l < f#”) (1) + ¢ which completes the proof.

The triangle inequality, absolute homogeneity and [, |L¢u|¢7(dt) > 0 are trivial to
establish. If [ |L;u|¢7(dt) = O then, by Assumption 4.3, we have at least m disjoint subsets
of positive measure (with respect to ¢r) on Z. It follows that on each of these subsets L.y = 0.
As Hg is m-dimensional this determines p, and hence p = 0.

As w € Q' was arbitrary and P()') = 1, the result holds almost surely. O

Remark 5.3.9. In the above lemma we did not need the lower bound on \,, (only that A, > 0).
The result holds for all A, = O(1).

Continuing with the bound in ‘H we write
1 ¢ 1 ¢ 1 ¢
—1 -1 -1 -1
=2 Z; Lipl G5 i+ Z; &Gy = Gy U+~ Z; «G 5 m (58
1= 1= 1=

where

1 n
==Y niL;. 5.
U, n;n (5.9)

We bound HG;I)\nUnuTH in Lemma 5.3.11 and || 37 | eiGT_LlAan in Lemma 5.3.12.
In the proof of Lemma 5.3.11 we show that G {\n maps from Ran(U,,) to Ran(U,,).
Lemma 5.3.10 gives the conditions necessary to infer the existence of a orthonormal basis of

eigenfunctions {1/1](-”) 72, of Ran(Uy,). Hence we can write

o0

IGA Unptl? = S (G Ut 7).
j=1

From here we exploit the fact that 1/)](n) are eigenfunctions. We leave the details until the proof
of Lemma 5.3.11.
Lemma 5.3.12 is a consequence of being able to bound HG;l)m | £(3¢,7¢) in terms of A,,.

One is then left to show (l Sy ei)z = O(%) We start by showing that U,, is compact,

n
bounded, self-adjoint and positive semi-definite.

Lemma 5.3.10. Define U, by (5.9). Under Assumptions 4.1 and 4.4, U, is almost surely a

bounded, self-adjoint, positive semi-definite and compact operator on H.

Proof. In this proof we consider w € Q' where ' = {w : ||n;(w)|| < « for all i}, noting that
P(Q') = 1 by Assumption 4.4.
Boundedness of U,, follows easily as

1 n
[Unsll < = > |l = 02|l
i=1

Let (-, -)rn be the inner product on R™ given by
1 n
(z,y)rn = - Z;%yz Vr,y € R"™.
1=
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Now for z € R and v € H we have
(z,Liv)g1 = xLiv = x(n;,v) = (xn;, v)

which shows LY : R — # is given by LYz = xn;. Now if we define T,, = (L1,...,L,) : H —
R™thenforz € R", v € H

1 — 1 —
(Thv,z)pn = - z; Livx; = (H z; TN, V).
1= 1=

Hence T}z = % Z;‘Zl x;n;. We have shown U,, = T,;T},, and is therefore self-adjoint.

To show U, is positive semi-definite then we need
(UnV yV ) >0

for all v € H. This follows easily as

n

1
n = - L; 2> 0.
(Unv,v) n;( v)* >0

For compactness of U, (for n fixed) let ("™ be a sequence with ||»(™)|| < 1. Since

|Li1/(m)| < a for every w € (¥, there exists a convergent subsequence m,, such that
Lv\™) 5k, Vi=1,2,...,n say.

So Uny(mp) — % Z?:l niki € H as my — oo. Therefore each U, is compact. O

Using the basis whose existence is implied by the previous lemma, we can bound the
first term on the RHS of (5.8).

Lemma 5.3.11. Under Assumptions 4.1-4.4 define G, »,, and Uy, by (5.3) and (5.9) respectively.

Then with probability one we have

HG;{\n Unllzoumy <1

for all n.

Proof. First note that dim(Ran(U,,)) = dim(span{7y,...,n,}) < n. Without loss of generality
we will assume dim(Ran(U,,)) = n (else we can assume the dimension is m,, where m,, < n is
an increasing sequence). Clearly x is a self-adjoint, bounded and compact operator on Ran(U,,)
as is U, by Lemma 5.3.10. Therefore there exists a simultaneous diagonalisation of U, and x1
on Ran(U,). Le. there exists ﬁj(n), 'yj(") and gbg-") such that

Untp" = B and - xauf™ = 4

forall j = 1,2,...,n. Furthermore w](-n) form an orthonormal basis of Ran(U,,). Since 1 and
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U,, are both semi-positive definite then ﬁ](-n) , y](-n) > 0. We have

Gt = Ut + Aoatl? = (8 4+ Ar™) ™.

So, .
e N T S O
n,An 7 J /Bj(n) + )\n’}/j(n) J
In particular this shows that

G;lkn Upn : H — Ran(U,).

Assume p € H, v € Ran(U,,), then

where /i € Ran(U,,)*. Therefore,

n

(Uap 0" = (b)) = B (0"

i=1
(Gl = S )G w ) =

1 (n)
().
i=1 BJ(' ) + )‘”7(‘ ) ’
Which implies
(n) 1 (n) 5" (n)
(G Uit ) = = Uty ) = =0, ).
An J Bj(n) +)\n7§n) J 53@ +)\n’YJ(»n) J
Hence
1GroA, Untll® = 3Gk, Unp ™)’
j=1
2
3 B (m)y2
- ( (n) | i)
2
< (M7¢j )
j=1
< lul?
This proves the lemma.
We now focus on bounding HG;{\nzj(”) | where (") = % Do €N

Lemma 5.3.12. Under Assumptions 4.1-4.5 define G, »,, by (5.3). Then

|

n 2

1 -1
E Z eiGn)\nni

i=1

Gn| = O(1) almost surely.
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Proof. Recalling B from the proof of Lemma 5.2.1, we have

(Grntts 1) = B, p) > Apl|pell7-

This implies ||Gy, x, pt]| > An||pe|l1. By Lemma 5.2.1 there exists a well defined inverse of Gy, »,,

at 77;, hence we let 4 = G;l)\n 71; and we have

1 a
-1
G2l < 5l < 5

Now, define v(™ = 1 = > iy €n; and

e,

o] 2 2 ekl

2 2

nA2

| /\

Combined with Lemma 5.3.8 (the H( bound) this proves the lemma. (]

Recalling (5.8) and via Lemmas 5.3.11 and 5.3.12 we obtain the following asymptotic

bound on minimizers in H.

Theorem 5.3.13. Under Assumptions 4.1-4.5 we have
E [||u(”)||2|gn} = O(1) almost surely. (5.10)

This is a stronger result than we needed; we were only required to show that ||;2(™)|] is
bounded in probability. Taking expectation of (5.10) one has

E[p™|* = O0(1).

Hence applying Chebyshev’s inequality we may conclude that || || = O,(1).
Corollary 5.3.14. Under Assumptions 4.1-4.5 we have ||p™|| = O,(1).

We conclude this section with a brief analysis of the rate of convergence. For any F' €
‘H*, by the Riesz Representation Theorem, there exists £ € H such that F'(u) = (u, &) for all
w € ‘H. Hence

F(pt™) = F(uh) = (G5, Un = 1)’ + G\ v, 6)
where v(™) = LS ¢, Decomposing # into H = Ran(U,,) @ Ran(U,,)* one can write
F(u™) = F(u') = ((Gn A,LU Yy ) 11 €) = (Xranwy it €) + (G4, v.¢)
e () (479
- (XRan(Un)lMT7§> + (Gahre)
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where XRan(U) is the projection onto Ran(U,,). The first term is of order 1 and the third term,
by the proof of Lemma 5.3.12, is of order

\/ﬁlkn' The second term is independent of \,,.

Theorem 5.3.15. Under Assumptions 4.1-4.6, for F' € H* take & € H such that F () = (u,§)

and assume there exists q > % such that

‘(5,¢§j)>’§j‘q and ‘(MT7w§j)>’§j_q

where {w(n)}” 1 are the set of orthonormal functions that span the range of U,,. Then, for all
0<d<1-— 5, wehave

B [1Fi) - ) 16,] = o) +0 (w2) 0

) almost surely.

1
A/t

Proof. Let A be such that

(e )] < a7
(XRan(Un)iuT7€) =0 <n_2q6> ~

+1)

We are left to show that

Now since dim(U;) = j we can assume that w is orthogonal to wj(.j ). Hence the set

7+1
{1/;](7 ) };";1 forms an orthonormal basis for .

Forany 1 > § > 0 one has

00 ) . e 2
1209 (XRan(Un)lMT7§) _ 200 jzn;rl (MT7¢§J)> (@J)jg) < AQ; <j 7::5”) ‘1.

A simple maximization argument shows

E) 1-6
—1
.n < <5 . > for all j.
j+n ¥

Hence 20(1-8)
-1\ "V 1
n240 T 2~ -
(XRan( )L/’L 6) S A ( 5 > ]Qq(l 5)
7j=1
where the above sum is finite for § < 1 — 2%1. Which proves
‘ (XRan(Un)J-:uTa 6) ‘ =0 (n—2q5>
fora11(5<1—2—1q. O

Remark 5.3.16. Since i, ¢ € H and {z/)j(] ) 5241 form an orthonormal set in '},

)2 > Z )2



and similarly for &. It immediately follows that there exists q > % and A such that
(uf e < a7 ana | (& 0l)] < 457
The application of the above theorem requires the slightly stronger assumption that q > %

5.3.4 Sharpness of the Scaling Regime - Proof of Theorem 5.3.3

Proof of Theorem 5.3.3. Fix any o > 0 and without loss of generality we can choose {7 }1e7
such that ||n;|| = a forall t € Z. Define L; € H by Ly = (n;, ).

In the proof of Lemma 5.2.1 we showed

(G, V) < (02 + ) el ]

Letting v = Gy, », it, for o € span{ny,...,n,}, one has

1Gnp, il < (0 + Xa) [l |G, il

And hence
Gl < (@ + A0
Which implies
G-Loull > :
IGh il = =l
Now, for v(™) = % > €ini, we consider
1
-1 2 2
E 165,77 P|6n] 2 (o ® 17 IPIH]
as. o2a?
T A2n(a? 4+ \,)?

— 00

as A2n — oo. Hence by taking expectations:

E [HG—l y<n>u2} — o0,

n,An

By noting
E[1612) = E (IG5}, Unil 2] + B [IlG75, v12]

we conclude the proof. O

5.4 Application to the Special Spline Model

Consider the application to the special spline case, L;u = u(t;). We let

H=H":= {g: [0,1]—HRs.tVigabs.cts.fori:1,2,...,m—1andvmg€L2}.

84



For m > 1, H is a reproducing kernel Hilbert space and therefore L; as defined are linear and
bounded operators on H. See [25, 171] for more details on reproducing kernel Hilbert spaces.

This section discusses the following points.
1. The decomposition H = Hg @ H;1 where H) is finite dimensional.
2. The function 7, corresponding to (1, 1) = Ly = pu(t).

The other assumptions needed to apply Theorem 5.3.1 are Assumption 4.3 and Assumption 4.6.

Assumption 4.3 is
w(t) = p(r) for all polynomial p of degree at most m — 1 thent = r

which clearly holds. Assumption 4.6 becomes
1
/|woﬁwmw:0@uzo
0
which, for example, is true if ¢ (dt) = ¢p(t) dt and ¢p(t) > 0 forall t € [0, 1].

1. The decomposition { = Hy & Hi. For p € H by Taylor expanding p from 0 we can

write:

p(t) = —t' 4+ R(t)

where VPR(0) = 0 foralli = 0,1,...,m — 1. Hence R € H1 where

Hl:{gEHm:Vig(()):Ofora]]i:()’l’”_’m_l}.

A Poincaré inequality holds on this space so [|u|[} = [ [V™u(t)[? dt is a norm on H;.

We define H to be the span of the functions ¢; defined by

4
Tl

Gi(t)

fori=0,1,...,m — 1.

The space is coupled with the inner product

The space H has dim(Hy) = m.

2. The functions 7;. In the above R is given by

m—1

Lt —u 1
R(t) 2/0 %vmu(u) du :/0 G(t,u)V"u(u) du
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where (u); = max{0,u} and
(t = uy!
G(t,u) = ———
() = S
is the Green’s function for V"' = v and boundary conditions V7 (0) = 0 forall 0 < j <
m — 1.

We claim that n, € H™ satisfying (1, u) = p(t) are given by
m—1 1
) = 3 GG + /0 G(t, u)G(r, w) du = () + b (r).

1=0

Furthermore Y € Ho and 7} € H; forallt € [0, 1]. The proof follows directly from calculating

m—1 ) 1
() = 30 VOV + [ T (@) ") du
=0
and noticing
Vin(r) = ¢(t) [VZCJ(T)]T:O = ((t) fori<m

1

J
1
V(r) = VT / Gt w)G(r,u) du = Gt 7).
0
One can easily show that ||7;|| < 1 forall ¢ € [0, 1].
Continuity of 7, follows easily. As each polynomial is Lipschitz continuous on the

interval [0, 1], there exists a constant C; (depending on the order of the polynomial ¢) such that
IGi(t) — Gi(s)] < Ci|t — s|. Now for the integral term let m > 2 and s > ¢ then:

/ ' (Gls,u) — Gt ) Gl u) du
0
= /01 <Hs>u(s_u_):l)_!1 - Ht>uw> G(T7 U) du

(m 1)!
s S_um—l t
< [ aus ot [ =gt au
_mls ¥
~ [m =1

The case m = 1 is similar. It follows that ||Ls — L]

- = [[ns — m|| < Cls — t| for some
C < oo and hence L; is continuous.
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Chapter 6

Asymptotic Analysis of the
Ginzburg-Landau Functional on Point
Clouds

Abstract

The Ginzburg-Landau functional is a phase transition model which is suitable for
clustering or classification type problems. We study the asymptotics of a sequence
of Ginzburg-Landau functionals with anisotropic interaction potentials on point
clouds V,, where n denotes the number data points. In particular we show the
limiting problem, in the sense of I'-convergence, is related to the total variation
norm restricted to functions taking binary values;, which can be understood as a
surface energy. We generalize the result known for isotropic interaction potentials

to the anisotropic case and add a result concerning the rate of convergence.

6.1 Introduction

6.1.1 Finite Dimensional Modeling

Graphical models are used across a very broad spectrum of problems from social science type
problems, such as identifying communities [51, 65, 130, 166, 175], to image segmentation [20,
84], to cell biology [33], to modeling the world wide web [24, 31, 33, 62] and many more.
We use an anisotropic model which, for example, is suitable for cosmological models [83,101],
modeling outbreaks of disease [99] and image recognition [178]. With this type of problem there
is often no data generating model available. For example in [84] the authors use a graphical
model to identify features in a picture. In problems of this type there is no physical model.
For this reason graphical models are a very popular choice of modeling technique. The types
of problems that motivate the graphical modeling methodology can be seen more generally as
clustering or classification problems.

The problem is given data ¥,, = {&}", C X where X C R? find p1 : ¥,, — R that

labels each data point. The labeling is constructed so that (&;) = 0 means that ; is associated
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Figure 6.1: An example graph. For the classifier estimates see Figure 6.2.

with the cluster labeled 0 and £(§;) = 1 means that ; is associated with the cluster labeled 1.
For a finite number of observations we allow a soft classification however the scaling is chosen
such that in the data rich limit classifiers are binary valued. The motivation for our approach is
to validate approximating the hard classification problem by a soft classification problem. The
soft classification problem is in general numerically easier [68] and therefore more appealing
to the practitioner. However one also wants to be precise in regards to which class a data point
belongs. Minimizers of the Ginzburg-Landau functional are used as a classification tool [163]
in order to allow for phase transitions which allow a soft classification approach whilst also
penalizing states that are not close to a hard classification. A consequence of our proofs is an
insight into the ratio of data points that receive a hard classification, i.e. the asymptotic behavior
of {& - u(&i) € {0,1}}.

Another important application for this work is in designing classifiers. By not assuming
that the model is isotropic we allow greater flexibility which allows one to choose some features
as more important than others. The next subsection contains a simple example which shows
how the design choice can affect the classification. In particular one can use the methodology
to map infinite dimensional data onto a finite dimensional space in order to classify the infinite
dimensional data set.

Assessing the validity of such an approach is of high importance. This is especially true
as one cannot intuitively link the model to the data generating process. When one can make
such a connection then the model can be heuristically motivated. Without such connection one
needs to do more in order to justify the approach.

The primary results of this chapter concern showing that (™) converges to a minimizer
of a limiting model. We also give some preliminary results into characterizing the rate of con-
vergence in a simplified example. We believe these results will hold under more generality than
stated here and it is the objective of ongoing work to extend them.

Our approach is motivated by [5, 69, 163]. Classifiers are constructed as the solution of
a variational problem which is common in statistical problems, e.g. maximum likelihood and
maximum-a-posterior problems. In particular minimizers of the Ginzburg-Landau funtional, a

phase transition model popular in material science and image segmentation, are used as classi-
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fiers. Classifiers u(™ : ¥,, — R are constructed as follows. Let V : R — [0, 00) be a potential
such that states taking the value 0 or 1 is favored. For example V () = t?(t — 1)2. A graph is

constructed by taking the vertices as the set ¥,, and weighting edges

Wij =ne(& — &)

for i : R? — [0, 00) and we say that there is an edge between &; and ¢; if W;; > 0, for example
see Figure 6.1. Assume that 7. : R? — [0, 00) is of the form

@) = < (2 /e) 6.1

with scaling parameter ¢ € (0,00) and 1 : R? — [0, 00). For example one (isotropic) choice
of nisn(z) = 1if |z| < 1 and n(x) = 0if |x| > 1. For a function x on ¥,, the graph energy
En(p™) € 10, 00] is defined by

Enli) =~ S VRE)) + ~ g S Wilil&) — (&)l (62)
. 2

Our classifier to the clustering problem is then given as the minimizer of (6.2).
This is similar to the approach taken in [69] where they consider pairwise interactions

only. In particular one can define the graph total variation by

GTVo(p) := ZWUIM p(&5)l- (6.3)

In the special case that ;(&;) € {0, 1} this reduces to the graph cut of U,,, i.e. if u=1(0) = Ay

and p~1(1) = A; then
GTVy( Z > Wi
gler &€A

We wish to allow for soft clustering however the total variation term is not enough to be able
to do this informatively. The clustering approach is made more robust by including a first
order term which penalizes associating a data point to more than one cluster. See, for example,
Figure 6.2 for a comparison. It is not trivial that the convergence results in [69] will survive
adding a penalty term.

Finding minimizers of &, is also an important problem but is not addressed in this thesis.

We instead refer to [29, 30] for numerical methods.

6.1.2 Example: Classification Dependence on the Choice of n

Through a toy problem we demonstrate how the interaction potential can be used to pick out
features of the practitioners choice. Data points are functions f; : [0,1] — R generated from

four classes. For a fixed « the interaction potential 7 : L2([0,1]) — [0, c0) is defined by

Laf | (1 fllz2, 1V £llz2) | <1

0 otherwise

n(f) =
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Figure 6.2: The top row shows the minimizers of &£, and the bottom row shows the minimizers
of GT'V, for the graph given in Figure 6.1 conditioned on the node closest to each corner taking
either 0 or 1. The left column is conditioned to have 0 in the bottom corners and 1 in the top
corners. The right column has 0 in the bottom left and top right corners and 1 in the top left and
bottom right corners. There is very little difference between the outputs on the left but on the
right the GT'V,, term fails to pick out the singularity at the center.

where | - |, is a transformed Euclidean norm on R?:

lz|? = 22(1 — o) + 230

For o = 1 the potential favors vertical interactions whilst for a. ~ 0 the potential favors horizon-
tal interactions. As « varies from % to % the energy &, changes behavior by assigning a lower
energy to a vertical partitioning of the data (compared with a horizontal partitioning). More

precisely, let

0 otherwise

W25 :{ LAl < e

0 otherwise.

1 if|Vf; <c
Mm(ﬂ.):{ IV illze < er

Then define
A&y = ‘S‘n(ﬂ(l)) - gn(N(Q))-

The results are given in Figure 6.3. The results show that functions with similar L2 norms are
clustered together for smaller o and as « increases the classification favors functions whose

derivatives have similar L2 norm.
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Figure 6.3: Random functions are projected onto R? by fi = (|| fill 12, ||V fill 12). The distribu-
tion of the functions is chosen so that each random function falls in one of four classes which
can be seen in the figure on the left. The interactions are parameterized by a potential & which
favors horizontal partitions for o & 0 and vertical partitions for & /~ 1 as shown by the figure
on the right.

6.1.3 The Limiting Model

Rather surprisingly the problem of soft classifications for finite data sets and hard classification
in the limit has received relatively little attention in the literature. However it is well known that
for finite data one can recover the k-means algorithm (hard classification) from the expectation-
maximization algorithm (soft classification) in the zero-variance limit for the Gaussian mixture
model and the Dirichlet process mixture model [92, 106].

The results of this chapter concern the asymptotics of the minimum and minimizers of
&En, where € = ¢, and ¢, — 0 as n — oo. The advantages of scaling €, to zero are two-
fold. The first is that the matrix W = (W};);; is sparse and therefore the minimization is
numerically easier. The second is to improve resolution of the boundary. One can think of soft
classification as estimating the probability that a data point belongs to a certain class and the
hard classification problem as estimating the boundaries where one class is more likely than
all others. By scaling ¢, — 0 it will be shown that the limiting minimization problem is a
hard classification. For example, Figure 6.4 shows (for a fixed number of data points) improved
resolution in the boundary between clusters as € — 0. See also [68].

Define &£, : L'(X) — [0, oc] by

£l) = { Joguery 70 (@) (@) AR @) i pe LI 01

00 otherwise

where n(z) is the outward unit normal for the set 3{u = 1}, H%~! is the d — 1 dimensional

Hausdorff measure and

o(v) = /Rd n(z)|x - v| de. (6.5)

One can also define £, by

Eolp) = TV (5 p,m) if p € LH(X;{0,1})
ool = 00 otherwise

where TV is defined by (2.1-2.3). It will be shown, in the sense of I'-convergence, that £,
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Figure 6.4: Both figures were classified using the Ginzburg-Landau functional. The one on the
left used a larger € than the one on the right. The figure shows that the smaller value of € gives
a much better resolution in the boundary.

is the limiting problem and any sequence such that sup,, Sn(,u(")) < o0 is precompact. In
particular this allows one to apply the results of this chapter to infer the consistency of the
constrained minimization problem (see Section 6.2.1 and Chapter 7).

Note that since each p(™) is defined on a different space (the domain of each p(™) is
W,,) that it is not straightforward what is meant by convergence of (™ — (). We use the
results of Section 2.5 to define a map T, : X — ¥, so that one can compare (™ to (),
Approximately we can say (™ — () in TL if (™ o T}, — p(°) in L.

We also include preliminary results towards characterizing the rate of convergence by
considering a simple example when p = g for a polyhedral set £ C X and looking at the

convergence in mean square:
E |En(1) = Eoc(p)* = E|GTVa(n) — TV (i p.0)|*.

It is shown that the above convergence is dominated by a bias due to approximating edges of
the set E and is of order O(¢2). The second largest term corresponds to the convergence along
faces of £ and obeys a  decay for a given constant x. A further overview of these results is
given in Section 6.2.2 and the proofs in Section 6.5.

The outline of the chapter is as follows. In Section 6.2 we state the main result, The-
orem 6.2.2 (the convergence of the unconstrained minimization problem). We also include an
overview of the preliminary rate of convergence results to be found in Section 6.5. In Sec-
tion 6.3 the proof of the first part of Theorem 6.2.2 (the compactness result) is given. And in
Section 6.4 the proof is completed with the I'-convergence result. Finally in Section 6.5 we

make the preliminary calculation regarding the rate of convergence of “&£,, — £x”.

6.2 Main Results and Assumptions

Throughout this chapter X C R? where d > 2 is open, connected and bounded with Lipschitz
boundary.

The data points &; are assumed to be independent and identically distributed (iid) from
a probability measure P supported on X which has density (with respect to the Lebesgue mea-
sure) p. It is assumed that p is continuous on X and bounded above and below by strictly
positive constants, i.e. there exists constants 0 < ¢ < C' < oo such that ¢ < p(x) < C for every
r € X, and p(z) = 0 forevery z € R%\ X.
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To reduce computational expense and increase boundary resolution one should scale the

graph edge weights to zero as quickly as possible. Our proofs require the following lower bound

on e,
ned
lim —" =00 ifd>3 (6.6)
n—oo logn
2
lim —"  — oo ifd=2. 6.7)
n—o0 (10g ’I’L)E

The lower bound is required to ensure the graph with vertices ¥,, and edges weighted by W;;
is (with probability one) connected [121, Theorem 13.2]. Furthermore by application of Theo-
rem 2.5.1 there exists an optimal transport map 7,, : X — W, that one can use to define the
convergence of ;") — (%) where (") € L'(0,,) and (> € L'(X) and

1T — 1d]| oo (x)

€n

— 0.

The assumptions on V' and 7 are given in the following definition.

Definition 6.2.1. We say that the pair (V,n) where V : R — [0,00) and  : R — [0, 00) are
admissible if

L [ean(y)lyl dy < oo,

2. n satisfies the following strengthened Lipschitz condition: there exists L such that for all
z,y € R
[n(z) —n(y)| < Lmax {n(x),n(y)} |z -y,

3. n(0) >0,

4. there exists two decreasing functions = ,n" : [0,00) — [0, 00) and constants 1,72 > 0
such that for all x € R?

n(lz)) <m(@) <n™(l2))  and  pT(|2]) <M (2l/72),

5. V(y) =0ifand only ify € {0,1},
6. V is continuous,
7. there exists v > 0 and T > 0 such that if |t| > r then V (t) > 7|t|.

Remark 6.2.1. A sufficient condition for condition 2 in Definition 6.2.1 is that n € C*(R?)
satisfies the following:

1. there exists Ly such that for all ,y € R and t € [0,1]

(Vn(tz + (1 = t)y)| < Lit[Vn(z)| + Li(1 = 1) [Vn(y)],

2. there exists Lo such that |Vn(z)| < Lon(x) for all + € R

93



When the above holds then so does condition 2 with L = L1 Lo.

Note that the integrability condition on 7 implies that o(v) < oo for all v € R%. We

now state the main result.

Theorem 6.2.2. Let X C R? for d > 2 be a bounded, open, connected domain with Lipschitz
boundary and P a probability distribution with support on X and density p. Assume that p
is continuous and bounded above and below by strictly positive constants on X. The data is
distributed &; i P and let U, = {&}7 . Let €, — 0 be a sequence satisfying the bound (6.6)
ifd > 3 or (6.7)ifd = 2. For any function i on U, define &,((™) € [0, 0] by (6.2)
where the weights W;; are given by Wi; = n., (& — &) and 1., is given by (6.1). Define
Ex : LYX) — [0,00] by (6.4-6.5). Assume (V,n) are admissible functions. Then, with
probability one, the following hold

1. Compactness: Let i\"") be a sequence of functions on V,, such that SUDpeN En(p™) <
oo then p™ is relatively compact in TL' and each cluster point is in BV(X;p,m) N
LY(X;{0,1}).

2. TI'-limit: we have

I'-limé&, = £x.
n—oo

The compactness result is proved in Proposition 6.3.1 and the I"-convergence result in

Theorem 6.4.1. We apply the above theorem for when 1 = I in the following corollary.

Corollary 6.2.3. Let X C R? for d > 2 be a bounded, open, connected domain with Lipschitz
boundary and P a probability distribution with support on X and density p. Assume that p
is continuous and bounded above and below by strictly positive constants on X. The data is
distributed &; 5 P and let U, = {&}7,. Let €, — 0 be a sequence satisfying the bound (6.6)
ifd > 3 or (6.7) if d = 2. For any function i\ on U,, define &,(u™) € [0, ] by (6.2) where
the weights Wi; are given by W;; = ne, (& — &) and e, is given by (6.1) where n = I for
an open, bounded set E with Lipschitz boundary and 0 € E. Define £ : L'(X) — [0, 00
by (6.4-6.5). Assume V satisfies condition 5 to 7 in Definition 6.2.1. Then, with probability one,
the following hold

1. Compactness: Let u\™) be a sequence of functions on W, such that SUDpeN Sn(u(")) <
oo then u(") is relatively compact in TL' and each cluster point is in BV (X;p,n) N
LY(X;{0,1}).

2. I'-limit: we have
I'-limé&, = €.
n—oo
Proof. The compactness property holds analogously to Proposition 6.3.1 in Section 6.3. For the
I"-convergence define

%) «@ ifreFk
n(x) = dist(z,0E) .
aexp (——5 ) otherwise.
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Note that 77(5) > n and 7](5) satisfies condition 2 in Definition 6.2.1 which in light of Re-
mark 6.2.1 is not difficult to check. Verifying conditions 1 and 3 for (%) is trivial and one

can show that for all §

s a ifz € B(0,r)
() = o exp (—7&“(%853(0’7"))) otherwise

" « ifx € B(0,R)
K ]« exp (—M) otherwise

satisfies

7l <00 < ed  aa ota <o ().

where r and R are chosen so that B(0,7) C E C B(0, R). Hence 1®) is an admissible function.
Also observe that (®) > 7. The liminf inequality then follows from

lim inf GTV,, (u(™;7n) < lirginf GTV, (1™ @) for any &

n—oo

<TV(u;p,n1?) by Lemma 6.4.3

— TV (u; p,m) asd — 0 by the monotone convergence theorem.

The recovery sequence is similar by redefining the approximation

%) 0 ifz e RI\E
() = . .
aexp (—ddist(x,0F)) otherwise,

applying Lemma 6.4.4 and the monotone convergence theorem as § — 0. O

6.2.1 Comments on the Main Result

The classical Ginzburg-Landau functional:

R = ¢ [ Vin) do+ 7 [ nde =) lne) = ) dz dy

has been well studied and its convergence to a total variation functional
Fop) = [ ay(n(e)) dH(a)
{p=1}

known for some time [5,114]. More recent results have studied this functional on a (determinis-
tic) regular graph. In [163] the authors show the I'-convergence and compactness of two variants
of the Ginzburg-Landau functional where {&;}!" ; C R? form a 4-regular graph. Let us exploit

the structure of the graph by writing data as {&J}ijl where &; ;, & j+1 are neighbors, as are
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&i,j and ;11 ,;. The two variants of the Ginzburg-Landau functional considered in [163] are

n

LS V) + 2 30 (i) = ) + €)= (&) )

,j=1 ,j=1
S V) + € 3 (i) — ) + o) - ).
ij=1 ij=1

The first functional h,, . I'-converges as ¢ — 0 (for a fixed n to a total variation function h,, o in

a discrete setting defined by

hao(p) =
{izd L (I(€is19) = €)1 + |p(Eis ) — p(E)) i e L1 (W3 {0,1})

00 otherwise.

As ¢ — 0 and n — oo sequentially or for ¢ = n~ for a within some range then A, I'
converges to an anisotropic total variation in a continuous setting

. 0 0
F—hmhnE:/ or + ou
n—r00 ’ T T 0

e—0

and k,, . I'-converges to an isotropic total variation

S
e—0 T
upto renormalization. Also discussed in [163] is the application to the constrained minimization

problem

Convergence of the Graph Total Variation. As a consequence of our proofs a very similar
result holds for GT'V/,. In particular it is shown:

1. Compactness: Let 1™ be any sequence of functions on W,, such that 1™ is bounded
in TL' and sup,,cy GTV;, (™) < oo then u(™ is relatively compact in TL' and each
cluster point is in BV (X; p,n) N L*(X;{0,1}).

2. T'-limit: we have
L-im GTV,, =TV (-;p,n).

n—0o0

The same result can be found in [69] for the isotropic case. A key contribution of [69], and the
related paper [70], is to identify the scale at which interactions between nodes is important and

define a notion of convergence suitable for comparing functions on different domains.
Convergence of minimizers. The results of the Theorem 6.2.2 can be understood as implying

the convergence of minimizers in the following sense. For a sequence of closed sets ©,, C
LY(¥,) and © C L'(X) which we assume respect the I'-convergence, that is if ( € © then
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¢ = d\p € O, there exists ¢ € © such that £, (¢) < oo and (™) — ¢ implies ¢ € O if
¢ € ©,,. Then (with probability one):

1. lim,_, infg , &, = ming £, and

2. if ,u(”) € L'(V,) are a sequence of (almost-)minimizers of &, then this sequence is

precompact in TL! and furthermore any cluster point minimizes £

The proof is a simple consequence of Theorem 6.2.2 and Theorem 2.2.1.

Alternatively one could let g, : L'(¥,) — [0,00) be a sequence that continuously
converges to g : L'(X) — [0,00), i.e. g,(¢™) — ¢(¢) whenever ¢ — ¢ in L', and
then since the I'-convergence is stable under continuous perturbations the results of this chapter

imply (with probability one) that
1. hmn%oo inle(\Ijn) (gn + gn) = miIlLl(X) (goo + g), and

2. if ,u(”) € L'(W,) are a sequence of (almost-)minimizers of £, + g, then this sequence is

precompact in TL' and furthermore any cluster point minimizes £, + g.

For example one could use this in order to fit data, e.g.

W (1:0) = A /X (To(@) — ()] da

where ( is a known function (data) and 7}, is a sequence of stagnating transport maps. In this

case g(1) = A [ [u(x) — ((2)] da.

Choice of scaling. The natural choice of scaling in &, between the two terms is not a-priori

obvious. One could write
Zv &)+ —— Zwu &) — u(&)l-

The proof of Theorem 6.3.1 requires Z—: = O(1). One can show that Theorem 6.2.2 holds for

Yn = O(€y,). For simplicity it is assumed that 7y, = €.
Extension to L” spaces. One does not have to use L' type distances for finite data. Define
1 ¢ 11 »
= =DVl + s 2 Wi (&) — n&)l -
€n £ €En N .
=1 2,
Then the results of Theorem 6.2.2 hold for the same limiting energy £, assuming

/Rd n(y)|y|*? dy < oo.

In particular the convergence of almost minimizers is still in 7'L".
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Size of the phase transition. Fix u = I € BV (X;p,n) and define a sequence of functions

) = u}@ . Then one has that the rate of convergence of 1(™) to p in LP is of order T, —
1 1
Id|| zoo( x)- In particular there is a phase transition around OF of width ||T;, — Id]| zw( X

6.2.2 Preliminary Results on the Rate of Convergence

We include some preliminary results concerning the rate of convergence for inf £, — min €.
The problem is simplified by looking at the convergence GT'V,, (i) — TV (u; p,n) for p = Ig
where F is a polyhedral set. To characterize the rate of convergence we look for convergence in

mean square. It is first shown that
EGT V(1) = TV (15 p,m)

as n — oo. Even though (by Lemma 6.4.4) one has GT'V,, (1) — TV (u; p, ) almost surely the
above convergence does not immediately follow. For example one needs to apply the dominated
convergence theorem in order to show almost sure convergence implies convergence in mean.
We state and prove the result in Theorem 6.5.1 in Section 6.5

After this result the statement and proof of convergence in mean square is given. In

particular, in Theorem 6.5.2 it is shown that

K 1
E|GTVa(p) = TV (i p0)|* = O(e3) + — + 0 <7126d+1> (6.8)

for some constant « given by
m:2|8E\/ / min{|zq|, lya|} dz dy — 4TV (u; p,1)*.
B(0,1) JB(0,1)

The first term on the RHS of (6.8) corresponds to approximating u along edges of E. It is
the error in the edges causes a bias in the estimate. For example if one considers the func-
tion u = Iynx where H is any half plane then p is a polyhedral function with no edges
in X and then one can show EGTV,, (1) = TV (u; p,n) and it follows from our proofs that
B|GTVa(u) = TV (3 p )2 = 5 + 0 (ke ).

These results are preliminary and are leading towards characterizing the rate of conver-
gence of the minima and minimum. Let ©,, C L'(¥,) and © C L'(X) be subsets so that
the minimization inf,,ce, &, and min,ce € is non-trivial. In future works we aim to find the
convergence of infg, £, — ming £ and p(™ = 1(>°) where {,u(")}ff’:l is a sequence of

almost minimizers of &,, over ©,, and ,u(oo) is a minimizer of £, in O.

6.3 The Compactness Property

In this section we prove the first part of Theorem 6.2.2 and establish that sequences bounded in

&, are precompact in T'L' with cluster points in L'(X;{0,1}). Our proofs compare &, to its
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continuous analogue C : L'(X) — [0, oo] defined by

Cli) = ¢ [ Vo) do+ 1 [ iy =) ) = (o)l pla)oto) dy da. - 69)

€
The transport map 7}, between the measures P, and P is used to compare a function pm
¥,, — R to its continuous version (™ : X — R, i.e. 4™ = (™ o T},. One then uses standard
results to conclude the compactness of ﬂ(”) in L' and show that this implies compactness of
p(™ in TL!.

Proposition 6.3.1. Under the same conditions as Theorem 6.2.2. If i € LY(¥,) is a se-
quence with

sup £ (u") < o0
neN

then, with probability one, there exists a subsequence ") and p € LY(X;{0,1}) such that
pmm) — in TLY.

Proof. Recall the following preliminary compactness result. If {u ”)} >, is a sequence in
L'(X) such that

supCe,, (,u(”)) < 00, (6.10)
neN

where C,,, : L*(X) — [0,00] is defined by (6.9), then there exists a subsequence x("™) and
p € LY(X;{0,1}) such that (") — 1 in L. A proof can be found, for example, in [5].

For clarity we will denote the dependence of 1 on &, by &,(-;n). Since 7 is continuous
at 0 and 77(0) > 0 there exists b > 0 and a > 0 such that n(x) > a for all |z| < b. Define 7] by
fi(x) = a for |x| < band 7j(x) = 0 otherwise. As 77 < 1 then &, (u™;n) > &, (u™; 7).

Let T;, be such that T, » P = P, and the conclusions of Theorem 2.5.1 hold. We want
to show {u(™ o T,,}°2, satisfies

sup Ce, (1™ o T3 7)) < 00 (6.11)
neN

for a sequence €, > 0 with €, — 0 and g—z — 1 that will be chosen shortly. If so then by (6.10)
there exists a subsequence ;") o T}, and p € L'(X;{0,1}) such that u("m) o T}, — pin
L' and therefore p(") — 1 in TL'. To show (6.11) we write

Ce, (™ 0 Toi) = /v (T, (2))pla) da

o | ey =) [ T@) = O T)| pla)ply) dy do

The first term is uniformly bounded, since by (2.9)

L v @ @ete) ar = 2 L3 v

€
nJX i=1
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T

Assume that ‘y < b then

€n

To(2) = Tu(y)| < |Tn(2) — 2| + [z =yl + [y = Tu(y)]
<2[Id = T poo (x) + |2 — 9]
< 2||Id_Tn||Loo(X) + béy,.

Choose €, satisfying
2HTn - IdHLOO(X) + bgn = bén,

21T

ie. €, =€, — %. By the decay assumption on €, (6.6-6.7) for n sufficiently large

(with probability one) €, > 0, €, — 0 and i—: — 1. Also

1(222) —am g (BB _,

€n €n
Therefore
~ 1 - X — ]. - Tn xr) — Tn GTdL ~
a0 = i (T2 < g (PO G ) - 1)
€n €n n €n €n
So,
1 n
2 [ ealy =) |u " (Ta(e)) = u(Ta(y)| plaply) dy do
67dl ~ n n
< [ e (Ta(a) = Tal) [ (Zal0) — T )| oty dy o
N7 () ()
= 3 e (6= &) [ (&) — 1™ (&) by 29)
€'
/L?]
ed+1 )
= ggHSn(u "in)
e
< ggﬁgn(ﬂ( )377)-
It follows that the second term is also uniformly bounded in n. O

6.4 I'-Convergence

The main result of this section is Theorem 6.4.1, which states that &, I'-converges to £, for
almost every sequence &1, &2, ... which we state now. The proof is a consequence of Lem-
mas 6.4.3 and 6.4.4. The proofs follow closely from [69] who in turn based their methodology
on [5] and [129]. In particular in [69] the authors show the I'-convergence of the second term.

Theorem 6.4.1. Under the same conditions as Theorem 6.2.2
Eoo =T-lim &,
n—oo
in the TL' sense and with probability one.
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We start with an elementary observation on 7.

Proposition 6.4.2. Let 7 : R? — [0, 00) satisfy

In(z) —n(y)| < Lmax{[n(z)|, [n(y)[}z -yl

forany x,y € RL Ifw,z € R, T), : R — R and € > 0 then

1 w—z Tn(w) — Ty (2)
2L Ty —1d|| oo ! <n(— -
(1T —1d|| o0 (x) € €
€

< 1 z—2z
=] 2Tl ")

€

1+

Proof. A short calculation gives

n(W)Zn<w6_Z) < () ()>‘}2||T Id||
T (w) — T (2 n — 1d||Leo(x)

comf ()
€ € €

— 2L\ T, — Id|| ;.00 -
Zn(w 2)_ | Iz (X)n<w z)

€ € €

402\ T, — 1d||? » _
+ LX) max{’n <w Z>

€2 €

9

)

()

By induction we have

. (Tn(w) - Tn(Z)>

€

_ 2L|| T, — 1d| oo AL2|| T, — 1d]17
277(10 2><1_ 1T — Id]| ) n 2 L=(x)
€ € €
_ 1 z—z
T e T\ e )
Similarly for the other inequality. O

We now proceed to the lim inf inequality.

Lemma 6.4.3 (The lim inf inequality). Under the same conditions as Theorem 6.2.2 if i €
LY(X) and ™ — pin TL" then

Eoo(p) < lirginf gn(,u("))

with probability one.

Proof. Let n™ € LY(W,)), u € L' (X) with u(™ — pin TL'. Let v = (" o T}, € LY(X)
where T,, : X — W, is as in Theorem 2.5.1 (with probability one) so v W in LI(X).
Without loss of generality we assume that

lim inf &, (1™) < oo

n—o0
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else there is nothing to prove. By Theorem 6.3.1 1 € L*(X; {0, 1}) hence the proof is complete
if
liminf GTV,, (™) > TV (u; p, 1) (6.12)

n—oo

where GTV,, is defined by (6.3).
We now show (6.12) in three steps by starting with stronger assumptions than needed

and progressively relaxing the conditions.
Step 1. Assume 7 is has compact support and p is Lipschitz continuous.
Step 2. Remove the compact support condition on 7 whilst p is still assumed Lipschitz.

Step 3. Assume 7 is any admissible function and p is continuous.

Step 1. Let 1 have compact support in B(0, M) and let X’ be a compact subset of X . Then

GTV( (n))
= n 7’L2 ZWz] 51 - :U’(n)(g])‘
1
= [ e Tala) = Taly) (@) = o () (2)ply) da dy - wsing 2.9

>/j%%n ) = Talw) [p (@) = )] pla)ply) d dy

+ €z T n n
‘/ / ) < 1+ eat) = >>pxky+aﬂ>—u<waﬁwwudy+an
I Jytenz€ n

where

1 T, nz) — 1Ty
0, = - / ?7< (y + €n2) (y)) ’V(n)(erenz)_y(n)(y)‘
X" Jy+epnzeX

€n

x p(y) (p(y + €nz) — py)) dz dy.

The following shows a,, = O(ey,):

. Th(y + enz) — Ty
|an| < MLlp(p)/ / 77( ¢ ) (y)>
X JytenzeX €n
x ‘ (

VO (y + enz) = v ()| ply) dz dy

- _MLip(p)

: enGTV,, (™).
< Wy pla) )

Returning to GT'V,, and applying Proposition 6.4.2

GTV, (™)

1 1

- 1 My + e02) — ™ ()] 2y) dz dy + o1
> ey o ), OO @) W) ) e dy ot

1
2L T 1] o0 x) /Rd n(2)fn(2) dz = bn + o(1)

€n

1+
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where fn(2) = = L [ [V (y + Enz) — p(n (y)| p*(y) dy and

.- Il iz
n 2LHTn*IdHL°°(X) /’/y+enng o

Since X’ and X ¢ are both closed and disjoint then 7 := dist(X’, X¢) > 0 and therefore if
y € X and y + €,Z & X then é,|2| > 7. Since n has compact support then for n sufficiently

large 77(2) = 0 for all |2| > 7/e. Therefore b,, = 0 for n sufficiently large.
— 1 one has

By applying Fatou’s lemma, Proposition 2.4.1 and

2L Tn Il oo x
i (x)

€n

lim inf GT'V, (u™) > / n(z)TV.(p; p, X') dz = TV (3 p, 1, X')
Rd

n—oo

Now take X’ — X and therefore T'V (u; p, 1, X') = TV (15 p,m, X) := TV (u; p,n) by the

monotone convergence theorem.

Step 2. Let 1) be an admissible function and define
0 !
10(e) = max { o) = 7,01

Note that 7*) is an increasing sequence of functions satisfing the same strengthened Lipschitz
condition as 7 and converging (Lebesgue) almost everywhere to 1 as [ — co. We claim that n(*)
has compact support so we may apply step 1. Since 7(x) < 77 (|z]) and n*(|z|) is decreasing
there exists M such that n(z) < n*(|z|) < § forall |z > M. Hence 7)) (x) = 0 for |z| > M.

Now let GT'V,,(-;n) be the graph total variation using the interaction potential 7. By
step 1:

TV (11; p,n") < liminf GTV, (1™ ;7W) < liminf GT'V,, (1™ 7).
n—o0 n—oo

By the monotone convergence theorem
o(v) = / D(z)|z - v| dz — / x)|z-v|de =o(v).
And therefore in light of Theorem 2.4.2 and the monotone convergence theorem:
TV (i p,nV) = TV (i p,m)  asl— oo

since g; converges monotonically.

Step 3. Denote the dependence of p on GT'V,, by GT'V,,(+; p). Assume p : X — [0,00) is
continuous and let py, : R? — [0, 00) be defined by

infyex (p(y) + klz —y|) ifreX
pr(x) = .
0 otherwise.
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Clearly py(x) < p(z) forall z € X. Then it follows that

pr(x) = inf {p(:t/) Yy €DB (m p(kx)> } :

As p is continuous on X then pi(z) — p(x) for each x € X. It is also clear that py(z) >
infzex p(x) > 0. Furthermore, for z, z € X

pr(x) — pr(z) = inf sup p(y1) = p(y2) + k(|2 — 1| — [z —12])
YIEX yoeX

< sup k(|z —yo| — |2 — y2|)
y2€X

< k|lz — z|
so py is Lipschitz in X. By step 2

lim inf GTV,, (1™; p) > liminf GTV;, (1™ i) = TV (3 pr, 1)

n—oo n—oo

By Theorem 2.4.2
TV (i pin) = [ ph@ota) Aao)

And therefore by the monotone convergence theorem one has

i TV (s pin) = [ p(@)oe) Ada) = TV (i 1)
—00 X

which completes the proof. O

For 1 ¢ L'(X;{0,1}) the recovery sequence is trivial as £ (p) = oo. For u €
LY(X;{0,1}) we divide the proof into two steps. First assume that j is a polyhedral function
(defined below) and we show the existence of a recovery sequence. Then we extend the result
for any function of bounded variation in L'(X;{0,1}). Recall that H* is the k-dimensional

Hausdorff measure.

Definition 6.4.1. A (d-dimensional) polyhedral set in R® is an open set F whose boundary
is a Lipschitz manifold contained in the union of finitely many affine hyperplanes. We say
uw € BV(X;{0,1}) is a polyhedral function if there exists a polyhedral set F' such that OF
is transversal to 0X (i.e. H¥™Y(OF U0X) = 0) and p(z) = 1 forx € X N F, p(x) = 0 for
xe X\ F.

Lemma 6.4.4 (The existence of a recovery sequence for Theorem 6.4.1). Under the same con-
ditions as Theorem 6.2.2 for any i € L'(X) there exists a sequence p™ = g in TL' such
that

Eno(pr) > limsup &, (u™) (6.13)

n—oo

with probability one.

Proof. Without loss of generality assume p € BV (X; {0, 1}). By the following argument it is

enough to prove the lemma for polyhedral functions. Suppose the lemma holds for polyhedral
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functions and let © € BV (X; p,n) N LY(X; {0, 1}). There exists a sequence of smooth sets F,
such that (™) := I, — pin L' and TV (u(™; p,n) — TV (i; p, ), for example see [111,
Section 9.1.3]. And therefore by approximating each () by a polyhedral function (in L' and
T'V) there exists a sequence of polyhedral functions ¢(™) such that

(™o pinLNX)  and  TV(C™;p,m) = TV (5 0,7m).

By assumption that the lemma holds for polyhedral functions and a diagonalization argument
we can then conclude the existence of a sequence v(™ such that limsup,, .. GTV,,(v\"")) <
TV (u; p,n) as required.

Therefore assume p € BV (X;{0,1}) is a polyhedral function corresponding to the
polyhedral set F', i.e. u = Ip. Let u(") be the restriction of u to ¥,,. Define 7}, as in Theo-
rem 2.5.1 and use it to create a partition of X, X = U, T, 1(&). If v,y € T, 1(&;) then

[z =yl < |z = To(@)| + |Tn(z) = Tu(y)| + |Tn(y) — yl < 2/ = Tl oo (x).-

Let x € T,, 1(&;) and assume dist(OF, z) > 2||Id — Ty, || <. If y € T,;1(&;) then p(y) = p(x)
(since T, 1 (&) C B(x, 2|[1d — Ty || oo (x)) and B(z, 2||1d — | oo (x)) N OF = ). Therefore

[ @) - u)| P =o.
Tn 1(&1)
In particular

J N @) = | P = [ [uT0) = )] Play) < ol Vol )

Xn

where
Xo={yeX : dist(0F,y) < 21d — Tyl e (x) } - (6.14)

Clearly Vol(X,,) = O(|Id — Ty|| 1 (x)) = o(1) and therefore ™ — pin TL'. Define
v = 1) o T, then since v, 1 € L'(X;{0,1}) we have that (6.13) is equivalent to

TV (13 p,m) > limsup GTV,, (™).

n—oo

We complete the proof in three steps.
Step 1. Assume that 7 is has compact support and p is Lipschitz continuous.
Step 2. Now let  be any admissible function with p still Lipschitz continuous.

Step 3. Finally let n be any admissible functions and p any continuous function satisfying the

criteria in the lemma.
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Step 1. By application of Proposition 6.4.2

GTV, (™)
1

= | e (Tule) = Tafw)) [ @) = ) o)oly) ey

1 1 =Y\ | (n)
S 2Tl (T /Xz??< . )‘V (2) =" (y)| p(z)p(y) dz dy

€n

1

_ (n)
1— 2L||Tn—1d|| Lo (x) CTVa(v™)

€n

with CT'V,, defined below. Let us approximate 1 by a sequence (") € C'>® (RN BV (X) such

that (") — pin L(X) and TV (¢™; p, 1) — TV (u; p,n). Without loss of generality assume
that ¢(")(x) = 0 forall z € R%\ X and || — <(n)HL1(X) = o(€y). Then

CTVAC™) i= = [ ula =) [¢ @) = ) pla)oty) do ay
1

- nen
X2

)| [ Ve el =) e ) de] oot de
<l / [ [t y)\vc<"><y+s<x—y>>-(x—y)\p(x)p(y)dxdgdy

_ / / / 2) [V (R) - 2| plh+ (1= E)enz)p(h — en2) d= e b
nhf
<TV(C™;p,m) + cn

where

ZnhEZ{zeRd:h+(1—£)enz€Xandh—en§z€X}

Cn = / / / K ]vc ( p(h+ (1= E)enz)plh — en€z) — p*(h)) dz d€ dh.
If
Tim ¢, =0 (6.15)
and  lim CTV,(v™) = CTV, (¢™)| =0 (6.16)
then

lim sup CTVn(V(”)) = lim sup C’TVn(g(”)) < lim sup TV(C(”); p,m) =TV (u;p,n).

n—oo n—oo n—o0

We now show (6.15). It is an easy exercise to show

192 (h) = p(h + (1 = €)enz)p(h + €x€2)| < ||l oo ) Lin(p) (I(1 = E)enz| + lent2])
< 2en||p|| Lo (x) Lip(p) M
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where spt(n) C B(0, M). Then

lenl < 2|pll oo (x)Lip(p)e M/ /Rd ‘vg ’dzdh

2[|p|| o< (x) Lip(p)en M M) (p) . 2
= inf,ex p?(x) /X/Rdn(z)‘VC )
(p)
)

p*(h) dz dh

(
2| pll oo (x)Lip(p)en M "
in zeX P (1‘

To complete step 1 we show (6.16). This follows by:

CTV,(W™) = CTV,(¢™)

Pl [ to=o) (@) = @)+ [0 = (M w)]) daay

€n

2([91] .00 (rety VOL(X) || pl|? oo
€n
2[1ll Lo ey VOLX) 1117 oo
< S (1) = ) + e = ¢l

€n

—0

where the last line follows as || — ((")HLl(X) = o(ey) and ||p(™) — plloyxy = O Tn —
Id|| oo (x)) = o(e€n)-

Step 2. Let 1 be an admissible function and define n¥) by

n(z) if z € B(0,4)
n(i)(x) =< max {n(y) — @,O} ifz € B(0,i+ %) \ B(0,1)
0 otherwise

for y = argmin_cpg ) |x — z| where 7 has been constructed so that it satisfies (") < 7,
n® = non B (0,1), n® satisfies the same strengthened Lipschitz condition as 1 and 1 has
compact support.

By step 1

TV (s p,m) > TV (3 p, ') > lim sup GT Vi ORI
We can write

)

where
i = 1 [ e (Tala) = Ta) [/ @) =) o)) da dy,
o= (i e [0 )
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and (" = 1 o T, = p o T),. We will show lim sup,_, . limsup,,_,._ dp; > 0. Assume n is

sufficiently large so that W < 3 < L. Then for (z,y) € Xn,;
r—y < Tn(x) - Tn(y) + 2HTn - IdHL"O(X) <9 Tn(iv) - Tn(y)
€n |~ €n €n - €n '

In particular

)

2€,

(55)
2726, '

T, () —Tn<y>D <t (\—y
n

Similarly if (z,y) € X,,; then

TZYl S Tn(z) —Tu(y) | 2|7 — 1d|| o x) > @
én B €n €n -2
Hence )
Xni € Xn,i = {(x,y) cX?: ’x—y’ > Z}.
€n 2
Therefore

< —
dn,z > €Erly,+1 /An’i n (2 26n> ‘V (33) 4 (y) p(x)p(y) dz dy

< I (5o ) nte) =l ledpt) o dy

X 2’72671

’YlHPH%oo(X) T —y
T ATA) () () — (") _ _
" €§lz+1 /)A(n,i ! <2’Y2€n> (’U (:E) Y (y) |;L({E) ,U(Z/)|> dz dy.

Let

M r—y
eni = —— T) — x dx d
o= i [ () )~ )l o) e dy

’YlHPH%oo X T—y n n
ri = g [ (520 (@) - v 0] k) — o)) e

272 €n

By changing coordinates one has

d 2
fni < 22 ol ) n(z) dz/ ‘V(“)(x) - M(x)‘ dz

671 Rd n

where X, is defined by (6.14) and since [y [v(")(z) — u(z)| dz = O(Vol(X,)) = O(| T, —

Id|| g (x)) = o(€n) then limsup,,_, o, fn: = 0.
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For e, ; we have

(272) 1ol L= (x)
eni < ( / / 2) [y + 2v26n2) — ()| p*(y) dy dz
€n lnfxEX /0 |2|>~2i

(292) %y HPHLOO(X)
infxEX /02('7;)

/ n(2)TV,(u; p) dz
|z|>~21
where the above follows from

/ \u(z + €2) — p(z)| p*(x) dz < €TV, (u; p) for Lebesque-ace. z € X
X

and 7'V, is defined by (2.4). The proof is analogous to the well known result: if y € BAV(Rd)
then [pq |u(z + h) — p(z)| dz < |h|TV (1), see for example [97, Lemma 13.33]. Hence

limsuplimsupe,; =0
1—00 n—o00

which completes step 2.

Step 3. Let GT'V(+; p) be the graph total variation defined using p. Let p be continuous but
not necessarily Lipschitz and define pj, : R? — [0, 00) by

pr(x) = 4 SPveX ply) —klz —y| ifzeX
0 otherwise.

Similarly to Lemma 6.4.3 step 3 we can check that pg, is bounded above and below by positive

constants, Lipschitz continuous on X and converges pointwise to p from above. We have
lim sup GT'V, (1™); p) < limsup GTV;, (u™; pr.) < TV (13 pi, ).

n—oo n—oo

By the monotone convergence theorem and Theorem 2.4.2 we have
Jm TV (s ps ) = TV (3 p,)
— 00

which completes the proof. O

6.5 Preliminary Results for the Rate of Convergence

In this section we fix u = I where E is a polyhedral set and look at the convergence
E[€n(1) — Eoc()* = EIGT Vi () = TV (s; p.n)* — 0.

For convenience (and to reduce bias) let us redefine the normalization on GT'V,, so that

GTVy (1) = n—l Znen — &) (&) — n(&)]- (6.17)
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For simplicity we make the following simplifications. Assume X = (0,1)% where d > 2 and
that p = 1 on X. We use an isotropic interaction potential = I 5o 1). These assumptions allow
us to greatly simplify the calculations without losing the important features of the problem. We

start with the convergence of the expectation.

Theorem 6.5.1. Let X = (0,1)% with d > 2, p = 1 and €,, be any sequence converging to
zero. The data is distributed & > p and let ¥,, = {&}™_,. Define GTV,, : L(¥,,) — [0, o0
by (6.17) where the weights are given by W;; = ne, (& — &;) and e, (x) = E%Hlm\ﬁew Define
TV (- p,m) : LY(X) — [0,00] by (2.1-2.3). Let pu = I be apolyhedralfunctié;z. Then

[EGT V(1) — TV (13 p,m)| = Oen).

Note that we do not need a lower bound on the decay of ¢,. By taking the expectation
we are immediately in the continuous setting and therefore lose all the graphical structure. Our
proof shows that along faces of E and sufficiently far from edges in some sense the expected
graph total variation is equal to the total variation. To be more precise let Y C X be a strip
centered around one of the faces of E' with non-zero width. Then one can show for the graph
total variation and total variation of 4 = Ig on Y that GTV,,(u;Y) = TV (u; p,m,Y). The
discrepancy between EGTV,, (1) and T'V (u; p,n) is a consequence of having to approximate
corners. In our proof we approximate the corners at a cost of O(e,,). In particular GT'V,, () is

a biased estimator of TV (u; p, n).

Proof of Theorem 6.5.1. Let OF = Zf\il OF;. We first calculate TV (u; p, m),

TV (15 p,1m) = /8{ o) e Z|8E|am
.

where n; is the outward unit normal for side OFE; and we use | - | to denote the ?~! measure.

o(ni) = / |z - n;| dz = / |xg| dz =: 0.
B(0,1) B(0,1)
So TV (u; p,n) = o|OE|.

Observe

Now consider EGT'V,, (1),
EGTV, ( / =0 o) )]y
€n 0,1)¢ J(0,1)¢
e Z/S(")OE /S(")QE lz—yl<e, dy dz + O(en)
where SZ-(n) is the strip of width 2¢, centered around 0F;. Consider SZ-(n) then after rotation we
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may assume

2 / /
—_ I, <e dy dx
R

2
= —— I, _i<e dyg dyi.q—1dxg dz1.9-1 + Olen
6#1/_1[6“’] en]/—en/dloL]/ lr—y|<en AYd dY1:4-1dTq dT1:0-1 (€n)

where 0F; = ®d 10, L;] x {0}. Fix 21,41 € ®] “1lén, Lj — €n) and yg € [0, €,] then elemen-
tary geometry reveals that the integral f_e J 99-10.1,,] e—y|<en dY1:4-1d2q is the volume of a
n Y&, (UL =

segment of the d-dimensional ball. More precisely

0
—én ®J;1 [07LJ] B(O,Gn)

Integrating the above over y4 and exchanging the order of integration one has

0 €n €n
/ / / L2—y<en dYa dyr:a—1dza = / / L.y, dyag dz
—en JRIZ10,L;] 0 B(0,en) JO
= / Zd]lzdzo dz
B(0,en)

-+l
== / |zq| dz
2 JB(o,

_ eﬁlﬁla
2
Therefore
9 d—1

And in particular
EGTV, (1) =TV (15 p,m) + O(€n)

which completes the proof. O

The above theorem can be developed by looking at higher order expansions. The the-
orem below gives the two leading terms in E |GTV,, (1) — TV (11; p,n)|>. As previously dis-
cussed the approximation of the corners leads to an error of O(e,). The multiplicative con-
stant of this approximation will depend on the angles between faces of E' and therefore will
be difficult and not particularly interesting to characterize. The next dominant term gives the
convergence (in mean square) of GT'V,,(u) to TV (u; p,n) along face of E and is therefore of
more interest. For this reason we keep track of the constants in order to better understand the
convergence of GT'V,,(u) to TV (u; p,n).
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Theorem 6.5.2. Under the same conditions as Theorem 6.5.1

23,
n(n—1) "

+nm{1)Qn—maHV—<n—§>TVWmmV>+O<m;H>

where o, = EGTV,,(u) — TV (u; p,m) = O(ey,) is the error in the edge terms and

1 .
= 2/ / min{|zq|, lya|} dz dy.
B(0,1) JB(0,1)

E|GT V() — TV (13 p, )|

Proof. We can write

E|GTVi(p) = TV (13 p,m)° = EGTVo(1)? + TV (3 p,1)* — 2TV (13 p, ))EGTVy, (12)
=EGT Vo (1)® — TV (1 p,m)? — 2TV (3 p, )t

Let Xij = e, (& — &) (&) — p(&;)| then

1

GTVy(p) = n(n—1)

> Xy and GTV,(n)’ = 1 5 > XijXu.
7.] ,],k l

Let 4, §, k, | be distinct, then GT'V;,(11)? has the following contributions:
1. 2n(n — 1) terms consisting of X7,

2. 4n(n — 1)(n — 2) terms consisting of X;; X;;, and

3. n(n —1)(n — 2)(n — 3) terms consisting of X;;X;.

By independence we have (3): EX;; Xg = TV (115 p,1)% + 200, TV (11 p,m) + 2. For (1):

1
BXE = gy [ B 1) — )] de dy

:€%+1EGTV( 1)

1
= (d+1 TV (w;p,m) + O < > by Theorem 6.5.1.

3&"—‘

Now consider (2). We have

EXZszk 2d+2 /01 /0 1y /01 ]I|;p y|<en H|z w|<epn

() = p()| |u(x) = p(w)| dz dy dw

; / / /
= —— I, I dz dy dw + O(ep)
—y|<entlz—w|<ep Y n
6125”2; st™nEee JsMnEe Js™MnE

N 2
2
= -5 I,._ d dxz + O(e
2072 ; /s;%E ( /S g le—y|<en y) (€n)

112



(n)

where Sl(n) is as in the proof of Theorem 6.5.1. Considering one S|

2
2
2 T e dy| dz
6%d+2 /Sl(n)ﬂE (/Sl(n)ﬂEc | y‘S n y)
2 0 ’
= —— I,>_, dz| dzgdzig_1+ Oe,
6’%‘d+2 /(XDg:}[en,L—sn] /_En /';(O:Gn) 4=t ! ! ( )
d—1 0 2
=2 (H(L — 26n)> / (/ L>—z, dz) dzg + O(ey)
B(0,1)
2 ( — 2¢p ) / / / mm{zd,yd}> g dz dy dzg + O(en)
B(0,1) JB(0,1)
2 ( — 26y ) / / mln{zd Ya >0 mln{z(h yd} dz dy + O<6n)
B(0,1) JB(0,1)
1
5 ( — 2ep ) / / min{|zal, [ya|} dz dy
B(0,1) JB(0,1)

|aEl‘V + O En

, after rotating,

where the second line follows from noticing that the inner integral is the volume of a segment
formed by the intersection of a d-dimensional ball centered at the origin with the half plane

{24 > —x4}. Collecting terms we have

E|GTVy(p) — TV (3 p, )|

onln —1 1 nn—1)(n—2
0 <%> n(n—;ggz - f)gn )TV(M p,n)?
+2an”(”—72§z: 1§§ DV (s ) + n(n_igEZ:iign_g)
— TV (w5 p,m)* — 20, TV (113 p, 1)
R S TV e+ G oY

6 —4n L0 1
n(n — 1) n25;il+1

which completes the proof. O

+ 200, TV (115 p, M)
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Chapter 7

The Constrained Ginzburg-Landau
Functional on Point Clouds

Abstract

We use minimizers of the Ginzburg-Landau functional as a classification tool for
data sets U, where n denotes the number of data points. To obtain non-trivial mini-
mizers it is necessary to impose conditions. In this chapter we study the asymptotics
of the minimization problem with a mass constraint. We show that, with probabil-
ity one, both the minimum and minimizers converge in the data rich limit to the
minimum and minimizers of a limiting functional which is closely related to a to-
tal variation norm restricted to functions taking binary values and respecting the
constraints. We produce similar results for the graph total variation minimization
problem. Another approach we consider is to add a data term to the Ginzburg-
Landau functional (respectively the graph total variation functional). We give the

corresponding convergence results.

7.1 Introduction

In the previous chapter the asymptotics of the unconstrained Ginzburg-Landau functional in
a discrete setting were studied (see also [69, 163]). To make these results useful one should
impose constraints in order to obtain non-trivial minimizers. A common choice is to impose a
mass conservation constraint. Given data ¥,, = {&}; C X where X C R? we construct our
classifier 1 : W,, — R as the minimizer to &, (defined in the previous chapter). We assume
there are two classes and interpret 1(&;) = 0 as data point &; belongs to class 0 and p(&;) = 1
as data point &; belongs to class 1. We do not (for finite data sets) impose a hard classification.
This means we allow u(&;) & {0, 1}.

For mass conservation we impose the condition that 2 Y% | /(&) = m where m €
[0, 1] is a fixed constant. The main results of this chapter are to show that as n — oo the mini-
mizers and minimum of the constrained problem converge, with probability one, to minimizers
and minimum of a limiting functional £,,. One can also define the graph total variation (GTV)

on point clouds and ask the same questions.
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Recall that we construct the Ginzburg-Landau functional on the point cloud ¥,, =
{&}7_, as follows. We use an anisotropic interaction potential between nodes &; by weight-
ing edges

Wij =ne(& — &)

where 7. : R? — [0, 00) and say there is an edge between &; and & if W;; > 0. We assume that

7e is of the form
1
ne(x) = gn(z/e) (7.1
with scaling parameter € and 1 : R? — [0,00). One motivational example is n(x) = 1 for
|z| < 1and n(z) = 0 for |z| > 1. We scale € = ¢, to zero as n — oo in order to reduce the

computational expense and increase the boundary resolution. We define the GTV by
11
GTVo(p) = ——5 > Wij |u(&) — u(&;)]- (7.2)
n .
Z7J

Now we let V' : R — [0, 00) be a potential such that states taking the value O or 1 are favored,
e.g. V(t) = t3(t — 1)2, and we define the Ginzburg-Landau functional by

11 11
En(p) = b Z V(&) + P Z Wij (&) — n(&)!- (7.3)
n =1 n i

As n — oo our estimators converge in the T’ L' sense (see Section 2.5) to functions on
X. We will show that the limiting functional (in the sense of I'-convergence) is given by
which is defined by

Enolp) = { Jogu=ry o(n(x))p*(z) AN () if p € LH(X:{0,1}) (7.4)

00 otherwise

where n(z) is the outward unit normal for the set 3{u = 1}, H ! is the d — 1 dimensional

Hausdorff measure and

o(v) = /Rd n(z)|x - v| de. (7.5)

We let ©,,, © be the set of functions on ¥,,, X respectively that satisfy the mass con-
straint. Then the results of this chapter show that for any sequence u(") of almost minimizers of
&n in ©,, with probability one

A En = g £

1)y 4y(00)

for some () that minimizes . in ©. We define TV (-; p,m) to be a weighted total variation

distance (defined in Section 2.4). If ;(™) are a sequence of almost minimizers of GT'V,, in ©,,
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then, with probability one,
nlgn;o gnf GTV, = min TV (5 p,1m)

L)y (o)

where £(°°) minimizes TV in ©. As is common we use the I'-convergence framework. Since
I"-convergence is stable under continuous perturbations one could also impose any constraint so

that the minimization problem can be written in the form
minimize: &, (1) + g(p)

where g is continuous and g > 0. More generally if g, : L'(¥,) — [0, 00] is continuously
convergent to g : L'(X) — [0,00], see [50], then one can also imply the convergence of
minimizers of &, + g,. For example this could be used to fit data, i.e. g, (1) = gn(p, ™)
where ¢(™) is known data, see Section 7.4.

Asymptotic results for the Ginzburg-Landau functional in a continuous setting are well
known, see for example [5,114], which also discuss the constrained optimization problem. More
recent results use a square lattice in R? and isotropic interaction potentials [163] (who also
discuss the constrained optimization problem). The unconstrained G'I'V,, problem for random
graphs when the interaction potential is isotropic was studied in [69]. The unconstrained &,
problem for random graphs and anisotropic potentials was studied in the previous chapter. In
particular we can use the results of the previous chapter and [69] to infer the convergence of the
constrained problem.

The chapter is organized as follows. Section 7.2 reviews the unconstrained minimization
problems. Then in Section 7.3 we give the convergence results for the &£, and GT'V,, optimiza-
tion problems with the mass constraint. The following section gives the convergence results for
&, and GT'V,, with the addition of a data term. We briefly discuss the generalization to more

than two classes in Section 7.5.

7.2 Convergence of the Unconstrained Optimization Problem

We start by recapping the assumptions for both the unconstrained and constrained optimization

problems given in the previous chapter.

Definition 7.2.1. We say that the pair (V,n) where V : R — [0,00) and n : R — [0, 00) are
admissible if V satisfies conditions 6 to 8 and 0 satisfies either conditions 1 to 4 or condition 5,

where

L fgan(y)lyl dy < oo,

2. n satisfies the following strengthened Lipschitz condition: there exists L such that for all
z,y € R we have

In(z) —n(y)| < Lmax {|n(x)], n(y)[} |z — yl,
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3. n(0) >0,

4. there exists two decreasing functions = ,n" : [0,00) — [0, 00) and constants vy1,v2 > 0
such that for all x € R?

n-(Jzl) <nl@) <n(lz)  and  p"(lz]) < vn”(|2]/72),
5. n = Ip where F is open, bounded, with Lipschitz boundary and 0 € F,
6. V(y) =0ifand only ify € {0,1},
7. 'V is continuous,

8. there exists r > 0 and T > 0 such that for all |t| > r we have V (t) > T[t|.

We will assume the following rate of decay in €,

3
im UM g (7.6)
n—oo 5
€nn2
1
lomn}
lim (ogm) _ o a3, 1.7

1
€pnd

The scaling in €, implies that the geometric random graph defined by connecting all nodes &;
that are within €, is, with probability one, eventually connected [121]. The bound is constructed
so that

T, — 1d|| 7
I e (X)—>0 asn — oo

€n
where T, is as in Theorem 2.5.1.
Recall the following convergence result for &, in the unconstrained case (given in the

previous chapter).

Theorem 7.2.1. Let X C R? for d > 2 be a bounded, open, connected domain with Lipschitz
boundary and P a probability distribution with support on X and density p. We assume that
p is continuous and bounded above and below by strictly positive constants on X. The data
is distributed &; P and we let U, = {&} . Let ¢, — 0 be a sequence satisfying the
bound (7.6) ifd = 2 or (1.7) if d > 3. For any function ™) on W, define &, : L'(¥,,) — [0, o]
by (1.3) where the weights W;; are given by Wi = 0., (& — &) and 1., is given by (7.1).
Define £y, : L1(X) — [0, 00] by (7.4-7.5). Assume (V,n) are admissible functions. Then, with
probability one, the following hold

1. Compactness: Let u\™) be a sequence of functions on W, such that SUDpeN Sn(,u(")) <
oo then p™ is relatively compact in TL and each cluster point is in BV(X;p,m) N
LY(X:{0,1}).

2. I'-limit: we have
I'-limé&, = €.

n—oo
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Similarly we have the following convergence result for the GT'V,, unconstrained opti-
mization problem. The proof is a consequence of results in the previous chapter and can also be

found in [69] for isotropic interaction potentials 7.

Theorem 7.2.2. Let X C R? for d > 2 be a bounded, open, connected domain with Lipschitz
boundary and P a probability distribution with support on X and density p. We assume that
p is continuous and bounded above and below by strictly positive constants on X. The data
is distributed &; P and we let U, = {&}7,. Let €, — 0 be a sequence satisfying the
bound (7.6) if d = 2 or (1.7) if d > 3. For any function i\ on U,, define GT'V,, : LY(v,) —
[0, 00] by (7.2) where the weights W; are given by Wi; = e, (& —&;) and ., is given by (7.1).
Define TV : L'(X) — [0, 00] by (2.1-2.3). Assume 0 is an admissible functions. Then, with
probability one, the following hold

1. Compactness: Let /,L(”) be a sequence of functions on V,, that are uniformly bounded in

TL' and sup,,cpy GTV,, (™) < 0o. Then p™ is relatively compact in TL".

2. T-limit: we have
I;—Hhorgl GTV, =TV (5 p,n).
Remark 7.2.3. Note that we require that (™ be bounded in GTV,, and L' in the compact-
ness property in Theorem 7.2.2. In the proof it is shown that boundedness in GT'V,, implies
boundedness in TV hence if any sequence is bounded in GTV,, and in L' then, by the Rellich-
Kondrachov theorem, the sequence is precompact in L'. When considering &, the growth
condition on first term implies boundedness in L'. As a consequence, when we consider the

constrained GT'V,, in Section 7.3.2 we will also have to show that minimizers are bounded in
L.

Remark 7.2.4. One can construct the recovery sequence for i € L'(X) by choosing ,u(") €
LY(V,)) to be the restriction of i onto U,,. Therefore it is a simple consequence that if one

chooses sets

On = {pu € L' (V) : p(&) =O0for& € Eyand p(&;) = 1 for & € By} (7.8)
0={pe LYNX) : p(z) = 0 forz € Egand p(x) = 1 forx € Ei} (7.9)

for any open sets Egy, Ey then as long as there exists ( € L'(X) with £5(¢) < oo then
(Eny Eooy On, O) is compatible with respect to T'-convergence. The closure of © is immedi-
ate once one notices that it is weakly closed. Hence the minimum and minimizers of &, in ©,,
converge to the minimum and minimizers of Ex in ©. Similarly for (GTV,,, TV, ©,,, ©) if the

minimizers are uniformly bounded in L', see Remark 7.3.6.
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7.3 Convergence of the Mass Constrained Optimization Problem

7.3.1 The Ginzburg-Landau Functional
Let m € [0, 1] and define

n

v(&) = m} (7.10)
1

SEE

O, = {u e LY(v,):

1=

0= {VeLl(X):/Xy(a:)p(m) dx:m}. (7.11)

We start by proving that (6,,,0, &, E«) are compatible with respect to I'-convergence before

concluding the convergence of the constrained optimization problem.

Lemma 7.3.1. Let m € [0, 1] and define ©,, and © by (7.10) and (7.11) respectively. Then
under the same conditions as Theorem 7.2.1 (€, Ex, ©Op, ©) are compatible with respect to

I'-convergence in the sense of Definition 2.2.2.

Proof. Clearly © is closed and there exists { € O such that £,,(¢) < co. Let (") — ¢ with
¢ € @,. Then since ¢(™ also converges weakly to ¢ and Jx -p(x) dz is a bounded linear
operator we have ¢ € ©.

Let 11 € © and we may assume that 1 € L'(X;{0,1}). Define 11(™ to be the restriction
of pto U, \ {&}1, and ™ (&) = (&) + 6, where 6, = m — LS u(&). Therefore
1 € ©,. Now we can write

/X W (@) — ()| P(de) < /X n(T(a)) = (e Plde)+ [ 16,] P(d)

T ' (&)

where T, is as in Theorem 2.5.1. By Lemma 6.4.4 the first term converges to zero. And since

|0, < max{m,1 — m} then we can bound the second term:

[, 1ol Plas) <
Tn (51)

Therefore ,u(") — pin TL'.

max{m,1 —m}

—0 asn — oo.

The rest of the proof then follows from 6.4.4 once we show, as n — oo,

n

llZV(M(")(&) =0 (7.12)
€n M5

11«

on? (Wi + W) (&) — 0n] — 0. (7.13)

=2

For (7.12) using the continuity assumption on V' and boundedness of d,, we have that V' (u(&1) +

dp,) is bounded. Hence
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since e%n — 0. We show (7.13) by controlling 7 in the ball B({1,€,) and on X \ B(&1,€y) as

. . Ty —1d|| oo
follows. We assume n is sufficiently large so that W < 1 and we define

Xn:{xeX:’T”(x)_&’21}.

€n
Then for x € X,, we have

|z — & < | Ty (z) — &1 + 1T — 1d|| Lo (x) < 2|T () —§1|.

€n €n €n €n

And hence for z € X,

We let Y,, = X \ X, then we note that

YngYn:—{xeX: 2 = & 52}.

By application of (2.9) we may write
1 n
- ; Wit [1(&) — dnl
- / e (T(2) — €0) [1(&5) — 6] pl) da
X
< 1l oy mac{m, 2 — m} ( /X Hew (Tn(2) — 1) da + / e (To(2) — 1) dx)
_ 0
< HpHLoo(X) max{m,2 —m} (Z;/ 7 <x §1> dr + ne(d)V(,l(B(gl,%n)))

n 272671 n
n(0)

< lpll poe (xy max{m, 2 — m} (255717201 /Rd n(x) dz + o Vol(B(fl,Qen))> :

n

Which shows (7.13). O

We may now conclude the convergence of the £, mass constrained optimization prob-

lem. The proof is a simple consequence of Corollary 2.2.3 and Theorem 7.2.1.

Corollary 7.3.2. Under the same conditions as Theorem 7.2.1 and Lemma 7.3.1 with probability

one we have the following.

1. infg, &, = ming £ asn — oo
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2. If u(”) is a sequence of almost minimizers of £, in ©,, then the sequence is precompact.

Furthermore, any cluster point of p\™) is a minimizer of E~ in ©.

7.3.2 The Graph Total Variation Functional

We now give the analogous result for the graph total variation term.

Lemma 7.3.3. Let m € R and define ©,, and © by (7.10) and (7.11) respectively. Then under
the same conditions as Theorem 7.2.2 (GT'V,,,TV, 0O, O) are compatible with respect to I'-

convergence in the sense of Definition 2.2.2.

Proof. Clearly O is closed, there exists ( € © such that TV ((; p,n) < oo and any convergent
sequence in ©,, has a limit in ©.

Let 1 € © and T;, be as in Theorem 2.5.1. One could prove the lemma in the same way
as Lemma 7.3.1, i.e. by defining ("™ to be the restriction of z onto ¥,, and adding §,, to one
coordinate in order to preserve the mass constraint. This is not the strategy we use here. Instead

we construct our recovery sequence by defining (" € LY(V,) by
"(&) =n L1,y (@)p(x)p(z) dz.
X n X3

Le. (™ is the average of ;1 over each partition given by U, T;,(&;) = X. In the authors opinion
this second proof is more aesthetically pleasing than adapting the proof of Lemma 7.3.1.

Since we can infer the existence of a sequence (™ € N C°(R?) such that v —
in L'(X) and TV (v"™); p,n) — TV (1; p,n) then by a diagonalization argument it is enough
to prove the statement for y that are Lipschitz.

We therefore assume y is Lipschitz and first show that p™ € O, and (™ — pin TL.
We have that

Z (&) = Z/n_l(& d$—/X,u(x)p(x) de = m

=1

since T}, (&;) is a partition of X . Therefore (™) € ©,,. We also have

HM—M”)oTnHLl(X;p):Z/Tl Jute) =i T plo) do

—Z/

< nz / » — 1wyl p(y)p(x) dy da

(&) )2

() dz

p(@ —n/ _ mly)ely) dy|p
Tn (&)

< nip() 3 |l ulew(e) dy da.
i=1 Y (Tn " (&))?

Now for x,y € T, *(&;) we have T),(z) = T),(y) = &; and therefore
[z =yl <o = To(@)] + [Tn(z) = Tu(y)] + [Tn(y) — y| < 2||T = 1d[| oo (x)
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Hence
i = 1™ © Tl 1 (x;py < 2Lip()|| T — 1d]| oo )
since fT_l(fi) p(x) dez = % As || T, — 1d| o (x) — 0 we have (™ — 1 in TL' as required.

To complete the lemma we need to show

TV (15 p,n) > limsup GT'V;, (™)

n—oo

which follows from 6.4.4 (see also [69, Theorem 4.1]) with the following minor modification to

step 2 (numbered as in 6.4.4). We can show lim sup,_, ., limsup,,_,., dp; < 0 from

. .<“”f’”%°°<x>/ p (278 @) v )| e dy
n,t €Z+1 Xn,i 2’)/2671

Yl o xy Lip () z—y
it

- efﬁl 22€p
1298 1plI7 o () Lip(12) VoL (X)

€n

) @I~y + o= ol) o dy

/ 0(2) (20T, — 1]l (x) + 2v260l2]) dz
dvyo|z|>1

| 1T — 1] e (x
— 7124194 |2 ) Lip (1) VoI (X) = G
"}’2 zZ|=1

€n

2 g o Lip(VoICY) [ ne)le]
42|z >i

All other details remain unchanged. O

We can now prove the convergence of the GT'V,, mass constrained optimization prob-
lem. The proof is an application of Corollary 2.2.3 and Lemma 7.3.3 once we have shown that

almost minimizers are uniformly bounded.

Corollary 7.3.4. Under the same conditions as Theorem 7.2.2 and Lemma 7.3.3 with probability

one we have the following.
1. infg, GT'V,, — ming TV (:; p,n) asn — oo

2. If ,u(") is a sequence of almost minimizers of G'I'V,, in ©,, then the sequence is precom-

pact. Furthermore, any cluster point of i\ is a minimizer of TV (- p,m) in ©.

Proof. We have to show that almost minimizers are bounded in L'. Let u(™ € L(,,) satisfy
1 n
GTVo(u™) <if GTV, 46, and z; 1M (&) = m
-

for some sequence &, — 0, i.e. (™) is a sequence of almost minimizers of GT'V}, in ©,,. Since,
by Lemma 7.3.3, (GT'V,,, TV, ©,,, ©) are compatible with respect to I'-convergence then there
exists ¢ € © and a sequence (™ € ©,, such that limsup,,_,., GTV,(¢™) < TV (¢ p,n) =:
% < 00. Therefore we may assume that GT'V;,(u(™) < k + 1 for all n.

We want to show there exists M such that % S ™ (&) < M for all n. Suppose
not. Then for all M there exists a subsequence n,,, such that i S |pmm) (&) > M. By
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relabeling the data points we may assume that |(")(£)| > M for all m. Without loss of
generality suppose (") (&) > M.

Since 7 is continuous at 0 and 7(0) > O there exists » > 0 and o > 0 such that
n(x) > alp,)(r) forall z € R?. Also note, by [121, Theorem 13.2], the graph defined by

connecting all edges with distance less than 7€, is connected with probability one. Hence there
&a-&
€

exists # with T5(q.) ( ) > 0. In particular this implies

(nm) d
S GTvn'nL (ILL ) < GH(H/ + 1)

() = ) (&) e <

By [58, Theorem 8] for any & there exists a constant C' (independent of £ and n) such that the

. . C
number of edges connecting &; to & is less than - Hence for any k we have

d—1
W ) — o) )| < L),

ar

d—1
In particular this implies that z("m) (&p) > M — %(”H) Hence by choosing M sufficiently

r

large we have that (") (¢ %) > m and therefore plnm) o Oy, . A contradiction. O

Remark 7.3.5. The bound on the number of the minimal number of edges between two nodes
in [58] was proved when X is the unit ball and data points are uniformly iid. It is immediately
clear that these results will generalize to any connected and bounded domain X and for any

probability density p bounded above and below by strictly positive constants.

Remark 7.3.6. From the proof of Corollary 7.3.4 one can also see that if ©, and © were
defined by (7.8) and (7.9) respectively then almost minimizers are uniformly bounded in L.
Hence Corollary 7.3.4 also holds for constraints of this form.

7.4 Convergence with Data

In this section we are interested in using data to obtain non-trivial minimizers to both the
Ginzburg-Landau functional and the graph total variation functional. We use a data term of

the form:

1 n
9a (1™, ¢y = =37 M (g) = (&) (7.14)
1=1

where (™ e L'(,,) is the data and we assume that ¢ (") 5 ¢ in TL'. Both these results are
(almost) immediate once we have shown that g, (-, (™)) converges continuously to g(-, ¢).

Lemma 7.4.1. Define g,, by (7.14) and g : L*(X) — [0, 00) by
91:6) = [ @) = ¢(2)] () da.
X

Assume (™) — ( in TL" then g,, converges continuously to g.
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Proof. Assume u(”) — pin TL' then

9a (1™, ¢™) = g1, )| = ] [ (@t = T @)] = @) = @) ple) ao

< [ ([ @) = @) + 6T = 6(0)]) o) da

— 0.

Which proves the lemma. 0

Corollary 7.4.2. Under the same conditions as Theorem 7.2.1 and Lemma 7.4.1 with probability

one we have the following.
L infrig,) En + gn(, ¢y — minz1(xy € + g(+, () asn — oo

2. If 1l is a sequence of almost minimizers of En + gn (-, C"™) in LY(0,,) then the sequence
is precompact. Furthermore, any cluster point of 1™ is a minimizer of Ex + g(+,¢) in
LY(X).

Remark 7.4.3. One should note that the TL' notion of convergence is random. In particular
the stagnating transport map between P, and P is random. If we consider the sequence (™ to
be the restriction of ¢ onto U,, then it is not immediate that (™ —  in TL'. However if one
assumes that C is Lipschitz then with probability one we have (™ — ¢ which follows from the

almost sure weak convergence of the empirical measure (see also the proof of Lemma 7.3.3).

The proof of the above is immediate from Proposition 2.2.4, Lemma 7.4.1 and Theo-

rems 2.2.1 and 7.2.1. We have the corresponding result for the graph total variation functional.

Corollary 7.4.4. Under the same conditions as Theorem 7.2.2 and Lemma 7.4.1 with probability

one we have the following.
1 infripy,) GTVy + gu(- ¢y - mingxy TV (;p,m) +9(+,¢) asn — oo

2. Ifu(") is a sequence of almost minimizers of GTV,, + gn(, C(”)) in LY(V,,) then the

sequence is precompact. Furthermore, any cluster point of p\™) is a minimizer of

TV (;pm) +9(-¢)
in LY(X).

Proof. From Proposition 2.2.4, Lemma 7.4.1 and Theorem 7.2.2 we have that

I-lim (GTVn + gn(-, C(”))) =TV (5p,m) + 9 Q).

We are left to show the compactness property. This is a simple case of showing that if

GTV, (™) + g (™, ¢y < M foralln
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then sup,,cy || 1™ o Ty, |21 (x) < oo. But this is trivial since

S 2] = 0S|

and the RHS converges. O

7.5 Multiple Classes

Let there be k classes at points {pi,...,pr} where p; € R™ are affinely independent and
therefore k& < m + 1. We then consider u(™ € LY(¥,;R™) and p € L'(X;R™) where
we write 1 = ({1, .., m). We assume V' : R™ — [0,00) has zeros at {p1,...,px} only

and by interpreting | - | as the Euclidean norm on R™ then &, : L'(¥,;R™) — [0, 00] and
GTV, : L}(¥,;R™) — [0, 0o] remain unchanged. The limiting potential becomes

e _ ) TV(spm) ifpe LN(X{piiy)
> 00 otherwise

where TV is defined by

TV (p; psn) := sup { /X > wi(@)div(gi(x)) do : ¢ € C2(X;RY),
=1

e (~5400) <o)

With these minor modifications all the results stated in this chapter (and the previous chapter)

hold. One should note that £, written in the form (7.4) is not well defined as the outward

surface normal in more than one dimension is not unique.
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Chapter 8

Closing Remarks

In this thesis we have looked at two approaches to problems based in statistical inference which
include a data association component. These were the k-means approach (Chapter 3 and Chap-
ter 4) and a graphical approach (Chapter 6 and Chapter 7). We devote the final part of this thesis

to suggesting problems for future work.

8.1 Further Problems in the k-Means Method

In the smoothing data association problem we used a constant regularizationterm, i.e. cluster

centers were, by definition, minimizers (™ of f,, defined by
1 n k
Falw) = =37 N lists) = l? + Mall V23
i=1 j=1

where \,, = A is constant. In the spline problem (k£ = 1) in Chapter 5 we showed that one could
take \,, < ﬁ in order for weak convergence of minimizers and the minimum of f,,. It seems
reasonable that this will also hold for £ > 1 however the proofs in the £ = 1 case relied upon
an explicit formula for the minimizer. In particular for £ = 1 we could write

p™ =gt M

n,An

for a linear operator G;l)\n and some (™ depending on the data. We were able to study the

1
=0 (1+—).
O(*mi)

For £ > 1 the minimization problem is no longer quadratic and therefore one cannot

properties of G;{\n which lead to the bound

e

expect the existence of G;i\n with such ‘nice’ properties. However in some sense the problem
is still locally quadratic so one would expect similar results to the £ = 1 case.

In the general case where p1; € Y for some Banach space Y and data is in another
Banach space X then one could also ask whether it is possible to take A,, — 0. It is not clear

what we would expect in this case. When one looks at weak convergence one is taking a finite
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dimensional projection of the random variable and therefore the —= drops out naturally as a

‘central limit theorem’ type result. However, it also seems reasonagli, that the rate will depend
on the interplay between the regularization r(x) and the data term P, /\;?:1 d(&, pj). When
d(&, 1) = |Lip; — yil* (for & = (L;,y;) € (Y*,R)) then this becomes the general spline
coupled with data association problem and we expect A, < % Whether this is true in greater

generality is not clear and an interesting problem for future works.

8.2 Further Problems in the Graphical Approach

An interesting extension of Chapter 6 and Chapter 7 would be the application to infinite dimen-
sional data. In order to further develop the problem we consider a simple example. We assume P
is a centered measure on L?([a, b]) with continuous covariance operator K : [a, b] x [a, b] — R.
We define the operator Ty : L?([a,b]) — L?([a, b]) by

b
Ty (f) = / K (s, )f(s) ds.

By the Karhunen-Loéve theorem there exists an orthonormal basis of eigenfunctions of T

which we will call ¢; with corresponding eigenvalues A\?. Any £ ~ P can be written

)= &(k)pu(t)

NE

>
Il

1

where the convergence is in L? and uniform in ¢ and the random variables é (k) are given by

. b
£(k) = (& 9n) ::/ E(t)r(t) dt.
Furthermore &(k) satisfy

E((k)) =0 and  E(£(j)E(K) = 6uAi.

We assume that %IZ) are distributed with density py on R.

For data points x,y € L?([a,b]) we define the interaction potential 7. : L?([a,b]) x
L2([a, b]) — [0,00) by

€

ne,y) =3 W <Oé(k‘)(i'(k) - Q(k‘))> ‘ 8.1)
k=1

The function ¥ : R — R is used to compare coefficients and for example

\p(t):{ 1 if|t] <1

0 otherwise.

The weights « act as a filter and we will show that by taking a/(k) — oo as k — oo sufficiently

quickly will ensure that only finitely many terms of the sum in (8.1) are positive which in
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particular implies that the sum is finite. For a data set {§;}7_; we define the graph total variation
by:

11 .
GTV, = — i, &G ) — (g
i#]
for binary functions p : {1,...,n} — {0, 1} and for some constant p > 0.

This problem arises naturally in image classification. For example the problem of classi-
fying images using a rotationally invariant distance function [119,141,186] could be approached
using the formulation we express here. The objective is to classify images Iy, ..., I, via a dis-
tance dryp of the form

drrp(1i, 1j) = Oensl’ion(d) [1i = O o I
where SO(d) is the set of rotations on R?. By using a radial basis ¢; one should be able to use
7 as an alternative to dgyp. This problem has applications in cryo-Electron Microscopy which
concerns determining 3D macromolecular structures from noisy images at random orientations.
This is a very active area of research and indeed the 2003 and 2009 Nobel prizes in Chemistry
were awarded for determining the structure of various molecules.

For GT'V,, to converge as n — oo it is necessary (but not sufficient) that the scalar F,
defined by

11 -
Fo= T ; Nen (6ir€5) (8.2)
#j

also converges as n — oo. One would expect that if F}, is bounded then so is GT'V,, (for
simplicity we will consider only F,, here). First we show that 7. is bounded for each ¢ and
therefore F, is finite for each n (Lemma 8.2.1). Next we show that F}, can be bounded uniformly

in n. For simplicity we bound in expectation and more precisely we show

supEF, < cc.

neN
Taking expectations has the advantage of putting the problem into the continuous setting which
greatly simplifies the proofs. The disadvantages are that we do not see the graphical structure

and in particular we gain no intuition in what the natural scaling of €, — 0 should be.

Lemma 8.2.1. Let P be a centered measure on L*([a,b]) with continuous covariance oper-
ator K : [a,b> — R. Let {(\},¢x)}2, be the Karhunen-Loéve basis of eigenfunctions
where the Karhunen-Loéve coefficients are distributed % ~ pg for a density py. Assume
A =< k" withr < 0 and let a(k) =< k9 with g + r > 1 and there exists C' < oo such that
supren || pkllLee < C. Then for x,y ~ P independently there almost surely exists K < oo such

that (k) |(x — y, x)| > eforall k > K.
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Proof. By our assumptions we can write

P(le o< o5 = [ [ m ooy
2Ce

a(k:e)/\k
—_— s) ds
< a(k)/\k/Rpk( )
2Ce
<
- a(k))\k
Therefore

S a(k)(r —y, o) > — 2Ce — 1
ZP ( <1)< Z <

= = ~ +r
k=1 € =1 alk) Ak =

where the above summation is finite for ¢ + r > 1. By the Borel-Cantelli lemma the event

{la(k)(z —y, )| < €}

almost surely occurs finitely many times. O

The above lemma shows that 7 (z, y) is finite for almost every z, y %S P. We now show

that F;, is bounded in expectation.

Lemma 8.2.2. Under the same conditions as Lemma 8.2.1 where data is distributed &; P e
define F,, by (8.2) with n. by (8.1) and V(t) = Litj<1. Then F, is bounded in expectation, i.e.

there exists a constant M < oo such that

supEF,, < M.
neN

Proof. One has

EF, — jiE‘I’ <a(k‘)(
" k=1

=
=
|
<>
x5
=
~_
I
—_
i M8
2=
2
=z
=
8
|
<
-
=~
-
AN
™M
3
S~—

By the calculation in the proof of Lemma 8.2.1 we have

For ¢ + r > 1 the above converges. O

To test the methodology we perform the following numerical experiment. Let &; be

independent samples from the following stochastic differential equation on [0, T,
df = —o(§ dt+pdW,  £(0)=-1 (83)

where W is a Brownian motion, p > 0 a fixed constant and o(¢) = &3 — & Realizations
of (8.3) have the behavior that £(¢) is close to £1. In particular we choose constants so that

approximately half of the realizations have a jump from —1 to 1. We define a classifier y of
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{&}?_, by minimizing GT'V;, over binary functions (conditioned on > " ; x(¢) = m for some
m € N). In Figure 8.1 we see that classifiers are able to correctly identify which paths have a

jump.

Figure 8.1: Infinite dimensional classifiers

{n =0} {n=1}

wWWMWW%WWWMMN W

0 20 40 60 80 100 20 40 60
Minimizers of GT'V,, partition the data as shown above. The figure on the left contains all the
data points that have at least one jump. The figure on the right contains all the data points with
no jumps.

An important point which we have so far not touched upon is the I'-limit. As motivation
we discuss ratio and Cheeger graph cuts for which, to a limited extent, have been considered in
infinite dimensional settings and are closely related to the graph total variation. The ratio and
Cheeger graph cuts for a data set {&;}}*.; C X (with graph weights ;) are minimizers of &,

defined by
Cut, (F)

Bal,,(F)
over sets F' C X and where Cut,, (F') is the graph cut of F' defined by

Cuty(F) = > > W

&EFEeFe

En(F) =

and Bal,,(F) is a defined by either:

Bal,, (F') = 2|F||F¢| for ratio cuts
Bal,,(F') = min{|F|,|F°|} for Cheeger cuts

which, with an abuse of notation, we let |F| = % >oi 1 Ie,ep. The results of [71] imply that
when X C R? then minimizers of &, converge to a minimizer of ., the ratio or Cheeger cut

on X, defined by
Cutp(F)

Exo(F) = Balp(F)

where
Cutp(F) = /(‘9 ) )

Balp(F) = P(F)P(F°) for ratio cuts
Balp(F') = min{P(F), P(F)} for Cheeger cuts,
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& % P and p is the density of P. When X is infinite dimensional (and more precisely a Gauss

space) one has that
Cutp(F) =TV (Ip; P)

where T'V (u; P) is the total variation defined with respect to the measure P, see [36].
There already exists some results in the literature towards understanding £.,. We call a
set a Cheeger set if it is a minimizer of

EnlF) = SO

One can see that this is very closely related to the Cheeger and ratio cuts. When X is finite
dimensional the existence and uniqueness of a minimizer of éoo (under suitable conditions) has
been proven in, for example, [6]. This result was successfully extended to infinite dimensions
when X is a subset of the Wiener space [36]. It is most likely a straightforward generalization
to show that these results on € carry through to £.

The results of the finite dimensional case suggest a candidate I'-limit for the infinite

dimensional case, that is
_ TV(g; P)

~ Balp(F,F)’
This would also suggest that a candidate I'-limit for GT'V,, is TV (+; P).

Eso(F)
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