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Abstract

Auxiliary basis sets specifically matched to the correlation consistent cc-pVnZ-F12

and cc-pCVnZ-F12 orbital basis sets for the elements H–Ar have been optimized at the

density fitted second-order Møller-Plesset perturbation theory level of theory for use

in explicitly correlated (F12) methods, which utilize density fitting for the evaluation

of two-electron integrals. Calculations of the correlation energy for a test set of small

to medium sized molecules indicate that the density fitting error when using these

auxiliary sets is two to three orders of magnitude smaller than the F12 orbital basis set

incompleteness error. The error introduced by the use of these fitting sets within the

resolution-of-the-identity approximation of the many-electron integrals arising in F12

theory has also been assessed and is demonstrated to be negligible and well-controlled.

General guidelines are proposed for the optimization of density fitting auxiliary basis

sets for use with F12 methods for other elements.

∗To whom correspondence should be addressed
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1 Introduction

One of the biggest drawbacks of standard correlated electronic structure methods is the slow

convergence with respect to one-particle basis set.1–3 Since the introduction of the corre-

lation consistent (cc) family of basis sets4 this error has been addressed by a number of

strategies that extrapolate an estimated complete basis set (CBS) limit for a given correla-

tion method.5–7 Nevertheless, large basis sets of quadruple-zeta or higher quality must be

used in order to achieve high accuracy. An efficient route around the basis set problem is

the use of explicitly correlated techniques, which include terms that depend explicitly on the

interelectronic distance in the wavefunction. The roots of this method stretch back to the

work of Hylleraas on the helium atom,8,9 but the resulting many-electron integrals prevented

practical applications on larger systems. The introduction of the resolution-of-the-identity

(RI) technique,10 which uses an auxiliary basis set (ABS) to robustly approximate the many-

electron integrals,11 led to the development of the R12 method and a resurgence of interest

in explicitly correlated wavefunctions. The rapid progress in this area has been the subject

of several reviews and interested readers are referred to those publications for further de-

tails.12–16 However, it is important to note that the introduction of a non-linear correlation

factor (the F12 methods) has resulted in explicit correlation becoming almost routine for

high accuracy investigations of small molecular systems.17–19 F12 has been implemented for

a number of correlated wavefunction methods, including second-order Møller-Plesset pertur-

bation theory (MP2), coupled cluster with single and double excitations (CCSD), complete

active space second-order perturbation theory (CASPT2)20 and internally contracted multi-

reference configuration interaction (icMRCI).21,22 While conventional correlation consistent

basis sets can be used in F12 methods, it has been shown that the use of Gaussian basis

sets optimized specifically for use with explicitly correlated methods produces an additional

increase in accuracy. These sets, denoted cc-pVnZ-F12,23,24 typically produce results of a

quality equivalent to aug-cc-pV(n+1)Z (both in F12 calculations). F12 specific basis sets

have also been optimized for the treatment of core-valence correlation effects (cc-pCVnZ-
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F12),25 and paired with pseudopotentials (cc-pVnZ-PP-F12)26 for the post-d main group

elements (Ga–Rn).

As alluded to above, a major bottleneck in explicitly correlated methods is the evaluation

of numerous three- and four-electron integrals, as well as multiple many-index two-electron

integrals. The former is usually ameliorated by the RI approximation and in many im-

plementations an auxiliary basis that is complementary to the orbital basis, leading to the

complementary auxiliary basis set (CABS) approach,27 is used. ABSs optimized for this pur-

pose are suffixed OptRI and are designed to be compact in order to increase computational

efficiency.28,29 The two-electron integrals are often computed using the density fitting (DF)

approximation,30–32 which has experienced widespread adoption in the quantum chemistry

community in the form of the DF-MP2 method.33,34 It is noted that this approximation of

two-electron integrals is also referred to as RI by some groups. In order to reduce confu-

sion, DF will herein refer to the approximation of two-electron integrals and RI is reserved

for the approximation of many-electron integrals. DF requires an additional ABS, suffixed

MP2Fit, optimized for this purpose. In an F12 context, additional two-electron integrals

are required in the computation of the V and B matrices (see Ref.15 for full details) and

several implementations use Manby’s generalized robust DF formula for this purpose.35,36

It has been demonstrated that ABSs optimized for conventional DF-MP2 produce errors of

a similar magnitude when used for this robust fitting in DF-MP2-R12,35 suggesting that

optimization at the DF-MP2 level combined with careful analysis of the effect on the V and

B matrices should result in MP2Fit sets particularly suitable for use in F12 calculations.

The optimization of ABSs for use in DF-MP2 commonly follows one of two routes, either

automatic generation on-the-fly using the Cholesky decomposition (CD) and related methods

of Aquilante and co-workers,37–39 or individual optimization matched to a specific orbital

basis set (OBS). The latter usually follows the procedure of Weigend et al, later refined by

Hättig,34,40,41 which is the approach adopted in the present work. A number of guidelines

for the design and optimization of MP2Fit ABSs emerged from these investigations, namely
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that the number of functions in the auxiliary basis should be no greater than four times the

number of functions in the orbital basis, and that the absolute error in the molecular MP2

correlation energy due to density fitting should be less than 100 µEh per atom.34,40 It has

become apparent that accurate density fitting requires functions in the ABS with an angular

momentum of at least ℓocc + ℓOBS, where ℓocc and ℓOBS are the highest angular momentum

symmetry occupied in the neutral ground-state atom and the largest angular momentum

symmetry in the orbital basis, respectively. This rises to ℓocc + ℓOBS + 1 for the hydrogen

atom.34,40,41 An additional rule-of-thumb has also been established; the error due to density

fitting in molecules should be at least two orders of magnitude smaller than the error due to

basis set incompleteness (BSIE).40,41

The design guidelines for MP2Fit sets mentioned above have proven successful and led to

the development of auxiliary sets matched to the correlation consistent24,40–45 and Karlsruhe

segmented contracted (def2) families of basis sets46–49 for most elements of the periodic table.

However, these guidelines have emerged from investigations at the conventional MP2 level

and there is no reason to assume that they will be appropriate in the specific context of

explicitly correlated methods. As well as the additional two-electron integrals required in

the aforementioned computation of the V and B matrices, BSIE is drastically reduced in

explicitly correlated methods; meaning that the fitting accuracy must be increased in order

that any density fitting errors remain negligible. Recently published MP2Fit sets matched to

the cc-pVnZ-PP-F12 basis sets for the post-d main group elements Ga–Rn required functions

with an angular momentum of ℓocc + ℓOBS + 1 in order to reach sufficient accuracy. This

in turn meant that the number of functions in the auxiliary basis reached a maximum of

5.6 times the number of functions in the orbital basis.26 An analysis of density fitting in

F12 methods by Hättig et al. concluded that auxiliary sets for this purpose should include

functions up to max(ℓOBS, ℓCABS) + ℓocc, where ℓCABS is the maximum angular momentum

of the CABS auxiliary basis set.15 The same study also noted that MP2Fit-type sets for use

with F12 methods should contain tighter functions than in the analogous conventional case
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in order to accurately fit the products of two occupied orbitals in the integrals for the V and

B matrices.

In the current investigation, new MP2Fit auxiliary sets specifically matched to the cc-

pVnZ-F12 and cc-pCVnZ-F12 orbital sets for the elements H–Ar have been developed and

new guidelines for the design of MP2Fit sets to be used in F12 calculations are proposed.

The resulting sets are validated using a number of criteria both for atoms and a test set of

104 small to medium sized molecules.

2 Basis set construction and optimization

MP2Fit auxiliary sets specifically matched to the correlation consistent cc-pVnZ-F12 and cc-

pCVnZ-F12 (where n = D,T,Q) basis sets for the elements He–Ar23–25 have been optimized

using the turbomole program.50 Although the resulting sets are intended for use in F12

calculations they have been optimized at the conventional DF-MP2 level. This is partly

due to a lack of access to an efficient “density fitting free” MP2-F12 code, but it has been

demonstrated elsewhere that this approach can lead to accurate and efficient fitting sets.26

The optimization followed the approach of Hättig,41 where the following functional, δDF, is

minimized for neutral ground-state atoms using the analytical ABS gradients available in

RICC2 module of turbomole:41,51,52

δDF =
1

4

∑

aibj

(〈ab||ij〉DF − 〈ab||ij〉)2
ǫa − ǫi + ǫb − ǫj

, (1)

where 〈ab||ij〉 = (ai|bj) − (aj|bi) with i, j denoting occupied orbitals, a, b virtual orbitals,

and ǫx the HF orbital energies.34

Technical difficulties were encountered in attempting to optimize an MP2Fit auxiliary ba-

sis for the H2 molecule in turbomole, hence the exponents were optimized using the mol-

pro
53,54 package. This proceeded by minimizing the density fitting error in the MP2 correla-

tion energy, ∆DF = |Ecorr
MP2 − Ecorr

DF-MP2|, using either the Broyden-Fletcher-Goldfarb-Shanno
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(BFGS) conjugate gradient method or Nelder-Mead simplex algorithm for a hydrogen-

hydrogen bond length of 1.40 a0.55,56 In all cases the new sets were designed so that the

number of basis functions within a particular ABS will remain the same for all elements

belonging to a single row of the periodic table. For the cc-pVnZ-F12 sets the standard defi-

nition of the frozen core approximation (the 1s electrons for Li–Ne and 1s2s2p electrons for

Na–Ar) was used, with those electrons excluded from the correlation treatment and the eval-

uation of δDF. The exceptions were Li, where all electrons were correlated during the ABS

optimizations, and Na, where only the 1s electrons were frozen. The standard frozen core

definitions were used for Li and Na during the subsequent testing of the resulting ABSs. The

cc-pCVnZ-F12 series of basis sets for the atoms Li–Ar are designed for core-valence correla-

tion, with only the 1s electrons of Na–Ar excluded from the correlation treatment. MP2Fit

auxiliary sets matched to other conventional core-valence correlation consistent basis sets

have typically fixed the exponents of the analogous cc-pVnZ/MP2Fit set while augmenting

it with a number of additional tight functions.41 In the present investigation, initial testing

demonstrated that reaching the desired level of accuracy with such an approach led to aux-

iliary sets with a very large number of functions, thus the decision was taken to completely

reoptimize all exponents for cc-pCVnZ-F12/MP2Fit.

In the density fitting approximation of four-index electron repulsion integrals (ERIs),

three index ERIs of the type (ai|P ) are evaluated, where P denotes auxiliary basis func-

tions.57 It follows from symmetry considerations that only P with angular momentum equal

to or less than ℓcorr + ℓOBS will possess a gradient when evaluating δDF for atoms. However,

initial molecular tests revealed that P with angular momentum equal to ℓocc+ ℓOBS+1 were

important for accurate fitting. Such functions without a gradient were interpolated from the

previous angular momentum symmetry as:

αℓ = c · √α(ℓ−1),xα(ℓ−1),y , (2)
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where c is a scalar coefficient (taking the value 1, 2 or 0.5). The exact choice of c and which

two exponents (x, y) of the previous angular momentum symmetry used in each interpolation

was somewhat guided by molecular tests, but in the majority of cases c = 1 and the two

most diffuse exponents were selected.

Table 1: Composition of the valence-only cc-pVnZ-F12 auxiliary MP2Fit and orbital basis
sets for the elements H–Ar. The ratio of functions (ABS:OBS) assumes spherical angular
momenta.

Element Basis set designation OBS MP2Fit Ratio

H/He cc-pVDZ-F12 [3s2p]/[4s2p] (6s4p2d1f) 3.9/3.5
cc-pVTZ-F12 [4s3p1d]/[5s3p1d] (7s5p3d2f1g) 3.3/3.2
cc-pVQZ-F12 [5s4p2d1f ]/[6s4p2d1f ] (8s6p4d3f2g1h) 2.8/2.7

Li–Ne cc-pVDZ-F12 [5s5p2d] (9s8p7d3f2g) 3.6
cc-pVTZ-F12 [6s6p3d2f ] (11s10p9d5f4g1h) 3.2
cc-pVQZ-F12 [7s7p4d3f2g] (13s12p11d7f6g3h1i) 2.9

Na–Ar cc-pVDZ-F12 [6s6p3d] (12s10p9d5f2g) 3.6
cc-pVTZ-F12 [7s7p4d2f ] (14s12p11d7f4g1h) 3.2
cc-pVQZ-F12 [8s8p5d3f2g] (16s14p13d9f6g3h1i) 3.0

The compositions of the final MP2Fit sets developed in this work are shown in Table 1 for

cc-pVnZ-F12 and Table 2 for cc-pCVnZ-F12. The compositions of the corresponding orbital

sets are also shown for reference and to provide context to the size of the auxiliary sets. As

with previous MP2Fit ABSs matched to correlation consistent basis sets, all of the ABSs

developed in this work are uncontracted. Initial testing indicated that a general contraction

scheme leads to relatively large contraction errors. Indeed, reaching the target accuracy (see

below) including general contraction required a large number of ABS primitives and thus

offered no computational advantage. The maximum angular momentum for every MP2Fit

set is equal to ℓocc + ℓOBS + 1, which is consistent with the equivalent fitting sets matched

to the cc-pVnZ-PP-F12 sets for the post-d main group elements.26 The requirement for the

additional shell of higher angular momentum functions relative to the ℓocc + ℓOBS rule-of-

thumb was clearly evident from initial molecular testing, a finding which was also noted

by Tanaka et al. when optimizing MP2Fit sets matched to 6-31G(d,p) and 6-311G(d,p)

orbital sets.58 The maximum angular momentum symmetry for each MP2Fit set developed
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in this work can also be compared with the suggestion of Hättig et al.15 that functions of

at least ℓMP2Fit = max(ℓOBS, ℓCABS) + ℓocc should be included for density fitting in explicitly

correlated methods. By assuming that the CABS basis is the appropriate OptRI set of Yousaf

and Peterson,28 the MP2Fit sets developed in this work meet or exceed this suggestion in all

cases except the double-zeta sets for Li–Ar, where g functions in the OptRI basis indicate

that it may be necessary to include h functions in the MP2Fit (which in the present case

only includes up to g functions). Initial testing of cc-pVDZ-F12/MP2Fit sets that included

interpolated h functions demonstrated a negligible change both in molecular correlation

energies and the functional evaluating the accuracy of the RI (see below). Pragmatically,

the inclusion of h functions for cc-pVDZ-F12/MP2Fit appears to increase computation time

for very little benefit, hence the decision was made to exclude them.

Table 2: Composition of the core-valence cc-pCVnZ-F12 auxiliary MP2Fit and orbital basis
sets for the elements Li–Ar. The ratio of functions (ABS:OBS) assumes spherical angular
momenta.

Element Basis set designation OBS MP2Fit Ratio

Li–Ne cc-pCVDZ-F12 [6s6p2d] (11s10p8d3f2g) 3.6
cc-pCVTZ-F12 [7s7p4d2f ] (13s12p10d6f4g1h) 3.0
cc-pCVQZ-F12 [8s8p5d3f2g] (16s15p13d9f7g3h1i) 3.1

Na–Ar cc-pCVDZ-F12 [7s7p4d] (14s12p10d6f2g) 3.6
cc-pCVTZ-F12 [8s8p5d3f ] (16s14p12d8f5g1h) 2.8
cc-pCVQZ-F12 [9s9p6d4f2g] (18s16p14d10f7g3h1i) 2.8

The exponents of the MP2Fit sets developed in this work are presented in the Supporting

Information (SI). A comparison of the exponents with those of auxiliary basis sets matched

to other correlation consistent basis sets reveals that they are generally somewhat tighter,

for example, the tightest s exponent in the cc-pVQZ-F12/MP2Fit set for Ne is roughly 1235,

compared to 812 for aug-cc-pV5Z/MP2Fit. The ratio between the number of functions in

the MP2Fit auxiliary sets developed in this work and the given orbital set are displayed in

Tables 1 and 2. It can be seen that this ratio ranges between 2.8 and 3.9, which is less

than the guideline of 4.0 established for density fitting in conventional MP2. This ratio is

somewhat lower than the equivalent required for accurate fitting of the cc-pVnZ-PP-F12 sets
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for the post-d main group elements,26 perhaps as a result of the requirement for the latter

sets to correlate an outer-core of d electrons in addition to the valence s and p.

3 Results and Discussion

The performance of the new MP2Fit auxiliary sets has been initially validated at the atomic

level by inspection of both the error in the conventional MP2 correlation energy (∆DF)

and the quantity δDF/ |Ecorr
MP2|, which represents the error in the two-electron integrals at

the conventional MP2 level. This data is presented in Table 3 as the mean unsigned error

(MUE), the standard deviation of the error (σ) and the maximum absolute error (MAX),

with hydrogen excluded since it can only be treated at a molecular level with MP2. It

can be seen that the error in the correlation energy decreases as the basis set cardinal

number is increased. The mean unsigned ∆DF error is always equal to or less than 0.2 µEh

(per correlated electron) for the valence only sets, and less than 0.3 µEh for core-valence.

The maximum error is always less than 1 µEh per correlated electron, which is smaller

than standard criteria for atomic density fitting of 50 µEh.34 The error in the integrals

represented by δDF/ |Ecorr
MP2| also decreases with basis set cardinal number and is several

orders of magnitude smaller than the 1 × 10−6 guideline upper limit for density fitting in

conventional methods.34 The combination of ∆DF and δDF/ |Ecorr
MP2| indicates that density

fitting with the sets developed in this work introduces negligible errors for conventional MP2

at the atomic level.

As outlined above, density fitting is also used in F12 methods for additional two-electron

integrals that appear within the intermediate V and B matrices of the RI, hence it is im-

portant to ensure that the choice of density fitting ABS does not introduce any significant

errors at this stage. A functional that has been previously used to evaluate the accuracy of

9



Table 3: Errors in the MP2 density fitting for cc-pVnZ-F12 (He–Ar) and cc-pCVnZ-F12
(Li–Ar), as errors in correlation energy (∆DF, per correlated electron) and two-electron
integrals (δDF/ |Ecorr

MP2|, per atom) for the auxiliary basis sets developed in this work.

∆DF (µEh) δDF/ |Ecorr
MP2|

Basis MUE σ MAX MUE σ MAX

cc-pVDZ-F12 0.20 0.21 0.73 2.09×10−9 2.41×10−9 8.37×10−9

cc-pVTZ-F12 0.09 0.12 0.47 9.73×10−10 1.05×10−9 3.17×10−9

cc-pVQZ-F12 0.05 0.07 0.31 7.54×10−10 5.73×10−10 1.80×10−9

cc-pCVDZ-F12 0.25 0.20 0.70 3.11×10−9 2.44×10−9 8.42×10−9

cc-pCVTZ-F12 0.19 0.14 0.49 1.76×10−9 1.10×10−9 3.92×10−9

cc-pCVQZ-F12 0.03 0.03 0.11 9.72×10−10 8.12×10−10 2.52×10−9

the RI is known as δRI:

δRI =
∑

ij

(Vij,ij − V ref
ij,ij)

2

∣

∣

∣V ref
ij,ij

∣

∣

∣

+
(Bij,ij − Bref

ij,ij)
2

∣

∣

∣Bref
ij,ij

∣

∣

∣

, (3)

where the superscript ref indicates that the diagonal elements of the V and B matrices have

been computed using a large reference set.28 δRI has units of energy and is always positive.

Although the form of the δRI functional above appears to differ slightly from that published

for the optimization of OptRI auxiliary sets (it was previously shown without taking the

absolute values of the diagonal elements of the V and B matrices in the denominator),28,29

previous investigations did calculate δRI as in Eqn. 3 above.59 If the CABS auxiliary basis is

held fixed while the MP2Fit basis is varied relative to a large reference set, then the effect

of density fitting on the RI can be elucidated. A locally modified version of the molpro

program was used to calculate δRI with the large even-tempered sets of Hill et al.24,60 used

as the reference density fitting ABS. These uncontracted sets have a 21s18p14d12f10g8h6i

composition for H and He, 28s26p22d22f20g18h15i for Li–Ne, and 29s27p23d20f18g17h15i

for Na–Ar. Full technical details of the MP2-F12 calculations, including fitting sets,28,61

used in the calculation of δRI are included in the SI. The effect of density fitting on the RI

is presented in terms of δRI in Tables 4 and 5 for the cc-pVnZ-F12 and cc-pCVnZ-F12 basis

sets, respectively. In addition to the MP2Fit auxiliary sets developed in this work, results are

also presented for a number of other MP2Fit sets that have previously been recommended
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for this purpose.15,25,26,60 The atoms H, Li, and Na are not included in the error statistics of

Table 4 as they possess only one valence electron, and while it would be possible to correlate

core electrons for Li and Na in order to produce values for the RI errors, the cc-pVnZ-F12

basis sets are not designed for this purpose and reporting such values would not be indicative

of the performance that may be expected in general applications.

Table 4: RI errors due to density fitting (per correlated electron, relative to a large even-
tempered reference set) at the MP2-F12 level for valence-only calculations on the atoms He,
Be–Ne, and Mg–Ar using the MP2Fit auxiliary basis sets developed in this work. Several
other MP2Fit sets are included for comparison purposes, see text for further details.

δRI (Eh)
Orbital basis MP2Fit ℓMAX

MP2Fit MUE σ MAX

cc-pVDZ-F12 cc-pVDZ-F12 4 4.49×10−10 3.37×10−10 1.19×10−9

aug-cc-pVTZ 4 2.38×10−9 2.71×10−9 9.78×10−9

aug-cc-pwCVDZ 3 7.40×10−8 6.47×10−8 2.16×10−7

aug-cc-pwCVTZ 4 7.12×10−10 3.95×10−10 1.24×10−9

cc-pVTZ-F12 cc-pVTZ-F12 5 1.23×10−10 1.55×10−10 5.77×10−10

aug-cc-pVQZ 5 5.49×10−9 1.49×10−8 5.92×10−8

aug-cc-pwCVTZ 4 2.78×10−7 6.58×10−7 2.56×10−6

aug-cc-pwCVQZ 5 4.08×10−9 1.53×10−8 5.92×10−8

cc-pVQZ-F12 cc-pVQZ-F12 6 5.55×10−11 4.76×10−11 1.26×10−10

aug-cc-pV5Z 6 1.16×10−9 8.75×10−10 3.10×10−9

aug-cc-pwCVQZ 5 8.78×10−8 2.03×10−7 6.81×10−7

aug-cc-pwCV5Z 6 3.27×10−10 7.72×10−10 3.10×10−9

Examining Tables 4 and 5 and focusing momentarily on the MP2Fit sets developed in

this work, it can be seen that as the basis set cardinal number increases the δRI MUE, σ

and MAX decrease. If a cc-pVnZ-F12 set is compared with the cc-pCVnZ-F12 set with

the same cardinal number it is evident that the errors per correlated electron are roughly

equivalent, indicating a similar level of accuracy in the RI approximation. When considering

Table 4 it should be noted that the aug-cc-pVnZ auxiliary set was necessarily used for He

when aug-cc-pwCVnZ was used for all other elements, leading to MAX errors which appear

not to change between the aug-cc-pVnZ and aug-cc-pwCVnZ fitting sets. Overall the errors

in δRI due to the use of the MP2Fit sets developed in this work appear to be well controlled,

with a mean average error of less than 0.5 nEh for the valence sets and less than 5.0 nEh for
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core-valence. The maximum errors are also small, always less than 23 nEh.

Table 5: RI errors due to density fitting (per correlated electron, relative to a large even-
tempered reference set) at the MP2-F12 level for core-valence calculations on the atoms
Li–Ar using the MP2Fit auxiliary basis sets developed in this work. Several other MP2Fit
sets are included for comparison purposes, see text for further details.

δRI (Eh)
Orbital basis MP2Fit MUE σ MAX

cc-pCVDZ-F12 cc-pCVDZ-F12 4.59×10−9 7.04×10−9 2.30×10−8

aug-cc-pwCVDZ 1.28×10−6 2.04×10−6 7.18×10−6

aug-cc-pwCVTZ 1.26×10−8 1.94×10−8 5.19×10−8

cc-pCVTZ-F12 cc-pCVTZ-F12 1.88×10−10 2.06×10−10 7.15×10−10

aug-cc-pwCVTZ 1.69×10−5 2.24×10−5 6.02×10−5

aug-cc-pwCVQZ 2.68×10−9 6.04×10−9 1.80×10−8

cc-pCVQZ-F12 cc-pCVQZ-F12 8.06×10−11 1.27×10−10 5.24×10−10

aug-cc-pwCVQZ 7.41×10−8 1.45×10−7 5.59×10−7

aug-cc-pwCV5Z 1.63×10−10 2.55×10−10 1.06×10−9

Table 4 shows the maximum angular momentum functions included in each MP2Fit basis

as ℓMAX
MP2Fit, and also compares the results from MP2Fit sets developed in this work with those

that have commonly been used for density fitting in F12 methods in the past. It can be seen

that including functions with an angular momentum of ℓocc + ℓOBS + 1 reduces the errors in

the RI by between one and two orders of magnitude, while the addition of tight functions

(compare aug-cc-pVnZ/MP2Fit with aug-cc-pwCVnZ/MP2Fit) also significantly reduces

the average error. Taking into account Tables 4 and 5 it is evident that the sets developed

in this work introduce significantly smaller errors than those used previously, with the cc-

p(C)VnZ-F12 fitting sets performing better than aug-cc-pwCV(n + 1)Z (which possesses a

significantly greater number of auxiliary basis functions, see Table SI in the SI). Although

it is not particularly surprising that fitting sets specifically matched to a given orbital set

outperform those designed for a different purpose, the data indicates the sets developed in

this work should ensure an increase in both accuracy and efficiency.

In addition to the atomic validation of the new MP2Fit sets presented above, it is vital

to also ensure that the errors due to density fitting are also negligible for molecules. A

standard approach from the literature is to compare the density fitting error at the MP2
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level with the BSIE at the same level of theory and basis set, with a rule-of-thumb that ∆DF

should be at least two orders of magnitude smaller than the BSIE.40,41 In order to modify

this approach for the reduced BSIE expected from explicitly correlated calculations, Tables

6 and 7 compare ∆DF at the conventional MP2 level with BSIE from MP2-F12 calculations

with the same basis sets. The BSIE was obtained by estimating the CBS limit using a

Schwenke-type extrapolation:6

Ecorr
CBS = (Ecorr

QZ − Ecorr
TZ )F + Ecorr

TZ , (4)

where QZ and TZ refer to the zeta level of the basis sets and F takes the value 1.4148.60

Separate estimates of the CBS limit were produced for valence-only (cc-pVnZ-F12) and

core-valence (cc-pCVnZ-F12) correlation. The value of F used has not been well-tested for

core-valence correlation, but it should prove sufficient for the purposes of estimating BSIE

rather than establishing benchmark data on the CBS limits. The correlation energies used to

determine the BSIE were evaluated at the (R)MP2-F12 level62,63 with the 3C(FIX) Ansatz 17

in the molpro program. Full technical details of the calculations are provided in the SI. The

test set of molecules used to evaluate the performance of the new MP2Fit sets is a subgroup

of those from the work of Weigend64 (with the additions of Ne, Ar and O2), and consists of

104 small- to medium-sized molecules (56 molecules containing only first row elements and

48 molecules containing both first and second row elements).65

Table 6: cc-pVnZ-F12 valence-only correlation energy errors (µEh, per correlated electron)
due to MP2-F12 explicitly correlated basis set incompleteness error (BSIE) and conventional
MP2 density fitting (∆DF) using the auxiliary sets developed in this work, for a test set of
molecules containing elements H–Ar.

Orbital basis Error Type MUE σ MAX

cc-pVDZ-F12 BSIE 590.37 292.79 1189.00
∆DF 0.60 0.48 2.01

cc-pVTZ-F12 BSIE 173.32 87.92 367.64
∆DF 0.32 0.31 1.95

cc-pVQZ-F12 BSIE 49.53 25.12 105.05
∆DF 0.25 0.22 1.18
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Table 7: cc-pCVnZ-F12 core-valence correlation energy errors (µEh, per correlated electron)
due to MP2-F12 explicitly correlated basis set incompleteness error (BSIE) and conventional
MP2 density fitting (∆DF) using the auxiliary sets developed in this work, for a test set of
molecules containing elements H–Ar.

Orbital basis Error Type MUE σ MAX

cc-pCVDZ-F12 BSIE 1271.51 792.45 3971.28
∆DF 0.50 0.39 1.78

cc-pCVTZ-F12 BSIE 276.36 178.32 1200.66
∆DF 0.32 0.25 1.00

cc-pCVQZ-F12 BSIE 78.97 50.95 343.07
∆DF 0.17 0.13 0.65

Tables 6 and 7 immediately show that even though MP2-F12 greatly accelerates conver-

gence with respect to basis set, the basis set incompleteness error is still significantly larger

than that due to density fitting. In terms of ∆DF, all of the error statistics presented are two

to three orders of magnitude smaller than the error in the orbital basis, hence the density

fitting errors due to the auxiliary sets developed in this work can be considered negligible.

As was observed at the atomic level, as the basis set cardinal number is increased all of

the error statistics related to ∆DF are reduced. Comparing Table 6 with Table 7 indicates

that while, as expected, the BSIE increases when core-electron correlation is included, ∆DF

actually decreases, perhaps indicating particularly accurate density fitting for core-valence

in this case. A comparison of ∆DF from Tables 6 and 7 with those reported for the cc-

pVnZ-PP-F12 sets for the post-d main group elements shows that the fitting errors are of

the same magnitude.26

The accuracy of the density fitting for the molecular test set is also presented visually

as normalized Gaussian distributions in Figure 1, where the tight grouping of the Gaussians

reflects the high accuracy at all zeta-levels. For both the valence-only and core-valence

correlation cases an increase in accuracy as the basis set cardinal number is also increased

can clearly be seen. The ∆DF error per correlated electron for each molecule in the test set

is presented in bar chart form in Figures SI-IV in the SI. Inspection of the heights of the

bars indicates that the ∆DF error is reasonably consistent across all of the molecules and it
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cc-pVDZ-F12

cc-pVTZ-F12

cc-pVQZ-F12

1 0 1 2

cc-pCVDZ-F12

cc-pCVTZ-F12
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Figure 1: Gaussian distributions of the ∆DF error (µEh, per correlated electron) in MP2
correlation energy for a test set of molecules that include elements H–Ar, using (a) valence
cc-pVnZ-F12 basis sets and (b) core-valence cc-pCVnZ-F12 basis sets.

does not appear that the fitting accuracy is noticeably worse for any given element.

To provide a rough indication of the performance of the newly developed auxiliary basis

sets in terms of computational time, MP2-F12 calculations were carried out on the glycine

molecule using the cc-pVnZ-F12 and cc-pCVnZ-F12 basis sets. In valence-only calculations,

relative to the aug-cc-pwCV(n + 1)Z MP2Fit auxiliary basis set, the auxiliary basis sets

developed in this work produced a decrease in the wall-time taken to evaluate the F12

integrals of up to 17.3% (cc-pVDZ-F12), with cc-pVTZ-F12 and cc-pVQZ-F12 savings of

13.2% and 13.6%, respectively. In calculations with core-valence electron correlation using

the larger cc-pCVnZ-F12 basis sets, the savings were 6.3%, 6.5% and 7.0% (with increasing

basis set cardinal number), again relative to the aug-cc-pwCV(n + 1)Z MP2Fit auxiliary

basis set. All calculations were performed direct and without symmetry on a single core of

a 2.6 GHz Intel Xeon E5-2650 CPU.

Combining the results of the present investigation with those from the optimization of

auxiliary basis sets for cc-pVnZ-PP-F12 allows for the proposal of a set of guidelines for

the optimization of MP2Fit auxiliary sets for use in explicitly correlated calculations. These

guidelines are very much in the spirit of those that emerged for conventional MP2 density
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fitting,34 but revised and expanded in order to reflect the requirements of density fitting in

explicitly correlated methods:

1. The number of auxiliary basis functions should not be greater than 6×NOBS (number

of orbital basis set functions).

2. The ∆DF error in atoms should be less than 1.0 µEh per correlated electron, with an

optimization criteria of δDF/ |Ecorr
MP2| ≤ 10−8.

3. To ensure negligible errors due to density fitting within the RI approximation of many-

electron integrals, δRI ≤ 5× 10−8 Eh (per correlated electron).

4. In molecular tests, the ∆DF error per correlated electron at the conventional MP2

level should be at least two orders of magnitude smaller than the BSIE at the explicitly

correlated MP2-F12 level.

We note that the above guidelines may need to be revisited for suitability should basis sets

be optimized specifically for use in explicitly correlated methods for transition metals or the

lanthanides and actinides.

4 Conclusions

New MP2Fit auxiliary basis sets specifically matched to the cc-pVnZ-F12 and cc-pCVnZ-

F12 families of correlation consistent basis sets for the atoms H–Ar have been optimized

for use in the density fitting approximation of two-electron integrals in explicitly correlated

methods. The number of functions in the auxiliary sets is always less than four times the

number of functions in the orbital sets and both the error in the atomic MP2 correlation

energy and in the atomic electron repulsion integrals decreases as the basis set cardinal

number is increased. The error introduced by using the auxiliary basis sets to evaluate the

two-electron terms within the F12 resolution-of-the-identity of many-electron integrals has

also been demonstrated to be negligible. At the molecular level the density fitting error using
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the new auxiliary sets has been determined with the (DF-)MP2 method and compared to

the orbital basis set incompleteness error (at the MP2-F12 level) for a test set of 104 small

to medium sized molecules. The mean unsigned error, standard deviation and maximum

error of the density fitting is always two to three orders of magnitude smaller than the BSIE,

indicating the accuracy and suitability of the auxiliary sets for F12 methods such as MP2-

F12 and approximate CCSD(T)-F12. Again, an increase in accuracy of the density fitting

is observed as the basis set cardinal number is increased. Comparison with auxiliary basis

sets previously developed for use with the cc-pVnZ-PP-F12 sets for the post-d main group

elements has allowed for the formulation of a set of guidelines for the optimization of MP2Fit

auxiliary basis sets, which are likely to be useful as new F12 specific basis sets are developed

for other elements of the periodic table.

All of the ABSs optimized in this work can be found in the Supporting Information, and

will be made available for electronic download from the Basis Set Exchange website

(https://bse.pnl.gov/bse/portal accessed October 9, 2015).66,67
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