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Highlights:

- An analytical solution for circular tunnels in deep rheological rock was developed
- Any number of liners and sequential excavation were accounted for
- A parametric analysis for a 3 liner support system was carried out

- Influence of excavation, liner stiffness and installation time was investigated

Abstract:

The main factors for the observed time dependency in tunnel construction are due to the sequence
of excavation, the number of liners and their times of installation and the rheological properties of
the host rock. In this paper, a general analytical solution accounting for all the three factors is

derived for the first time.

Generalized derivation procedure for any viscoelastic models was presented accounting for the
sequential excavation of a circular tunnel supported by any number of liners of different thickness
and stiffness installed at different times in a viscoelastic surrounding rock under a hydrostatic stress
field in plane strain axisymmetric conditions. Sequential excavation was accounted for assuming
the radius of the tunnel growing from an initial value to a final one according to a time dependent
function to be prescribed by the designer. The effect of tunnel advancement was also considered.
For generalized Kelvin viscoelastic model, the explicit analytical closed form solutions were

presented, which can be reduced to the solutions for Maxwell and Kelvin models.

An extensive parametric analysis was then performed to investigate the effect of the excavation
process adopted, the rheological properties of the rock, stiffness, thickness and installation times of
the liners on tunnel convergence, pressure on the liners and on the stress field in the rock for a
support system made of 3 liners. Several dimensionless charts for ease of use of practitioners are

provided.

Key words: sequential excavation; tunnel construction; rheological; liner; analytical solution
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1. Introduction

Numerical methods such as finite element, finite difference and to a lesser extent boundary element
are routinely used in tunnel design. However, full 3D analyses for an extended longitudinal section
of a tunnel still require long runtime, so that the preliminary design and most of the design choices
are made on the basis of simpler analytical models [1]. In fact, analytical solutions are employed as
a first estimation of the design parameters also providing guidance in the conceptual stage of the
design process. Parametric sensitivity analyses for a wide range of values of the input parameters of
the problem are run based on them. In addition, they provide a benchmark against which the overall
correctness of subsequent numerical analyses is assessed.

The main factors for the observed time dependency in tunnel construction are due to the
rheological properties of the host rock [2], the sequence and speed of excavation [3, 4] and the time
of installation of the liners [5]. The analytical solution derived in this paper accounts for all the
three aforementioned aspects.

Concerning the first factor, most types of rocks exhibit time-dependent behavior [1], which
typically continues well after the end of the excavation process. In case of sequential excavations,
the observed time-dependent tunnel convergence also depends on the interaction between the
prescribed steps of excavations and the natural rock rheology. After excavation, support is provided
to the underground opening to reduce tunnel convergence with concrete or shotcrete liners widely
employed for tunnels in rock masses. The time of installation of the liners heavily affects the
observed displacements of the surrounding rock and the pressure arising between liner and rock
mass which are both critical parameters for tunnel design [5]. A full analysis of the construction
sequence of tunnels including the entire process of excavation and installation of the supports is
paramount to obtain an engineering model to be used as a reliable design tool to determine the
optimal design solutions.

In this paper, the rock rheology is accounted for by linear viscoelasticity. The so-called
(according to the traditional terminology of rock mechanics [6, 7]) Kelvin, Maxwell and
generalized Kelvin models will be considered. Unlike the case of linear elastic materials with
constitutive equations in the form of algebraic equations, linear viscoelastic materials have their
constitutive relations expressed by a set of operator equations. In general, it is very difficult to

obtain analytical solutions for most of the viscoelastic problems, especially in case of
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time-dependent boundaries, although some closed-form or theoretical solutions have been
developed for excavations in rheological rock [8, 9, 10]. However, in all these works the excavation
is assumed to take place instantaneously, i.e. the process of excavation in the tunnel cross-section is
ignored and only the longitudinal advancement of the tunnel face is considered, typically by
introducing a fictitious lining pressure so that the problem can be mathematically cast as a fixed
boundary problem. Sequential excavation is a technique becoming increasingly popular for the
excavation of tunnels with large cross-section in several countries [3, 11]. For instance, 200 km of
tunnels along the new Tomei and Meishin expressways in Japan, have been built via the so-called
center drift advanced method. In this method, first a central pilot tunnel much smaller than the final
cross-section is excavated, typically by a tunnel boring machine (TBM), then the tunnel is
subsequently enlarged either by drilling and blasting or TBM to its final cross-section before the
first liner is installed [11, 12]. This sequential excavation technique has been adopted by the
Japanese authorities “as the standard excavation method of mountain tunnel” [13]. In several other
cases of sequential excavation, the enlargement of the cross-section to its final size occurs before
the installation of the first liner [3]. The analytical solution presented in this paper accounts for any
time dependent excavation process employed to excavate the tunnel cross-section. Many problems
of linear viscoelasticity can be solved using the principle of correspondence [14, 15, 16]. However,
the cross-section of a tunnel is excavated in stages, which implies a time-dependent geometrical
domain, so that the principle of correspondence cannot be employed.

Concerning the geomaterial-liner interaction, many analytical solutions have been developed
for circular tunnels in elastic or visco-elastic surrounding rock [17, 18, 19, 20]. Assuming an
isotropic stress state and a viscoelastic Burgers’ model for the rock, Nomikos et al. [21] derived
analytical solutions in closed form and performed a parametric study on the influence of the liner
parameters on tunnel convergence and the mechanical response of the host rock. Different supports
such as sprayed liners, two liners system and anchor-grouting support, were analyzed by Mason [22,
23, 24]. Liners were assumed to be instantaneously applied at the end of the excavation. In the
tunnel practice, however, liners may be installed at any time after excavation, which is the case
considered in this paper.

Supports made of two liners are very popular. However, in several recent tunnels, concrete was
sprayed onto the excavation walls in steps at various times ([22, 25]) so that it becomes convenient

to analyze the support system as a system made of n liners. Moreover, composite liners containing
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several rings of different materials can be analyzed conveniently as a system of several liners [23].

In this paper, an analytical formulation for the stress and displacement fields in the host rock
and in the liners has been derived accounting for sequential excavation for lined circular tunnels
excavated in viscoelastic rock (generalized Kelvin model with the Maxwell and Kelvin models as
particular cases) and supported by any number of elastic liners installed at various times. The work
presented here is applicable to a general support system made of » liners, therefore it is a substantial
generalization of the analysis of a 2 liner support system presented in [26]. Moreover, the effect of
various excavation rates, along both the radial and the longitudinal directions of the tunnel, on the
response of the support system has been investigated for the first time. The tunnel face effect was
considered by applying a fictitious internal pressure as in [20].

Although the obtained analytical solutions are rigorously applicable only to the axisymmetric
case, i.e., a single deeply buried tunnel, Schuerch and Anagnostou [27] demonstrated that solutions
achieved for axisymmetric conditions are still valid for a wide range of different ground conditions
and for several cases of noncircular tunnels despite a small error being introduced.

Then a parametric study has been performed for the case of a 3 liner support in order to
investigate the influence of the viscoelastic rock parameters, the excavation process, shear modulus,
thickness and installation time of each liner on radial convergence and support pressure. These
analyses investigate the support mechanical response for three rheological models of rock with
different stiffness ratios in order to cover the wide range of responses for rock types of different
viscous characteristics. Several charts of results have been plotted for the ease of use of

practitioners.

2. Assumptions and definition of the problem

The excavation of a circular tunnel in rheological rock lined with a number # of liners set in place at
various times is considered in this paper. To derive the analytical solution, the following
assumptions were made:

(1)The tunnel is of circular section. The surrounding rock is homogeneous, isotropic and with its
rheology suitably described by linear viscoelasticity. The tunnel is deeply buried and subject to
an hydrostatic state of stress.

(2) The tunnel excavation is sequential, i.e. the tunnel radius grows from an initial value to a final
one. Then liners are installed in sequence.

(3) The velocity of excavation is small enough so that no dynamic stresses are ever induced.
Regarding the simulated sequential excavation, it was assumed that the tunnel radius varies

5
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over time from an initial value R;,;, at time =0, to a final radius Ry, at time ¢=fo. Then support is
provided to the opening by installing the first liner instantaneously. The construction process can be
divided into the following (n+1) stages: 1) excavation stage spanning from time ¢=0 until the
time of installation of the first liner, at =¢;, with #;> #,. From =0 to t=¢,, the cross-section of the
tunnel is excavated sequentially. During the time interval between #, and #,, pressure is released
from the rock before any support is put in place. 2) first liner stage, spanning from time ¢ to the
time of installation of the second liner, =¢,. When the first liner is put in place, at ¢=¢, p,(¢) is
the contact pressure between rock and the first liner which will change in the successive stages due
to the installation of the successive liners. 1) i-th liner stage, spanning from time ¢ to the time of
installation of the i-th liner, ¢=¢,_,. When the i-th liner is put in place, at ¢=z, p,(¢) is the contact
pressure between the (i-1)-th liner and the i-th liner. n) n-th liner stage, spanning from time 7=¢,
onwards (until 7=c). When the n-th liner is installed, p (¢)is the pressure between the (n-1)-th
and the n-th liner.

At any stage, the values of the supporting pressures are different; hence we introduce a second

subscript in p,(¢) indicating the stage of the tunneling process so that the supporting pressures

between rock and liners can be written as:

0 0<t<t
< | 0 0<t<t,

t <ttt

Pu(0) 1 2 pi (1) 1 St<t,,, 0 0<t<t
pO)=1p,() t,<st<t; L, p()= »p, (D)= . (1)
M M pnn(l) tn St
i (£ t <t

pln(t) tn St pm( ) n

For this problem of axisymmetric deformation under plane strain conditions with a variable inner

radius, a cylindrical coordinate system (r, 6, z) is employed. The tunnel radius R=R(r) varies

over time as follows:

)
R;, t>t,

R +y(t) 0<t<t
R(f):{ ini '//() 0
where y(¢) is a function reflecting the actual cross-section excavation process. Note that the

dependency of the tunnel radius on time makes the geometric boundary of the domain of analysis
time dependent making impossible the use of analytical solutions developed in the literature for
fixed boundary circular tunnels.

The effect of tunnel face advancement is very important to analyze the distribution of stresses
and displacements of the concerned tunnel section **!. But the calculation of mechanical response
near the tunnel face is a three-dimensional (3D) boundary-value problem. In order to avoid the
difficulty in 3D derivation, the equivalent time-dependent additional pressure is applied on internal

6
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boundary of the tunnel®, which makes the problem reduced to a plane-strain case. In the following,

this method is adopted to consider the effect of advancement. As shown in Figure 1, pé’ is the

hydrostatic in-situ stress far away from the tunnel, and p, =p,(¢) is fictitious internal support

pressure acting on the tunnel internal radius accounting for the supporting effect of the tunnel face

[20]. p, = p,(t) progressively decreases over time from pé’ to zero when the tunnel face is at

such a distance that it has no longer effect on the considered section. A dimensionless parameter y

accounting for the tunnel face effect is introduced [20] to express the fictitious internal pressure:
PO =p[1-x(x)] (3)

where 0< y<I, and x is the distance of the section considered to the tunnel face. Since the tunnel is

advancing, the distance x increases over time with x=x(7) being a function of the excavation rate in
the longitudinal direction. In the following analysis, sign convention is defined as positive for
tension and negative for compression.

3. Mechanical analysis of rock and liners

3.1 Analysis of the rock mass

The boundary condition for the stresses in the rock mass is:

o, (R1).0)=—p, ()= p,()> 0,(=t)==p,"- 4)
In rock mechanics, Hooke’s elastic solid and Newton’s viscous liquid are used to simulate different
rheological characteristics of rock masses. In general, the constitutive equations of linear
viscoelastic model can be expressed in the form of convolution integrals as

s, (r,1) =2G (1) * de, (r,1),
o, (r,t)=3K(t)*de, (r,1).

©)

where s, and ¢; are the deviatoric components of the stress and strain tensors o, and &,
respectively, i.e.,

1
5; =0, ==0,04 ,

ij ij 3
6
| (6)
€ =& _gdy‘gkka

and G(¢) and K(¢) are relaxation moduli which can be expressed by material parameters of the
adopted viscoelastic model. The asterisk (*) in Eq. (5) indicates a convolution integral the

definition of which is:
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dfz(T)

KO#d,0) = 10 LO)+ [ fie-1=22 (7)

For the case of axisymmetric deformation under plane strain conditions, the general solutions
of rock mass can be derived according to the formulation reported in [29]. The radial displacement

of rock mass can be written as:

u, (r,t) = —%j;[ )" = (@)= py(DIR* (D)H (t —7)d7 — 321 [ pde-1)dz ®)

where

1 1 1
H(t)=2" =@ - > 9
© |:SG(S):| ) L &(s)+ 3K(s)} ®)

with &(s) and K(s) being the Laplace transform of G(¢) and K(¢). Let us introduce the Laplace

transform of a generic function f(¢) as:

F&)=@ [/ (1)]=], exp™ S0, (10)
and its inverse transform expressed by:
)= f()=— —lim j "1 (s)exp” dt. (11)
The explicit expressions for the radial and hoop stresses are as follows:
R*(t R*(t
0, =-p/ 1= 11 )+ py ) B
' (12)
R(¢
5= 1+ X 0114 py 0 B0

r

In case of an incompressible rock mass, that is, K(r)—, no displacements occur before the

excavation begins, so that the second term in Eq. (8) is zero. Hence, the radial displacement is

entirely due to the effect of the excavation. In order to calculate the displacements in the rock mass

at any generic time ¢ >, all the supporting pressures acting on the liners must be determined.
3.2 Analysis of liners
In Figure 1, the radii of the cross-section involved in the calculations are shown, with R, being the

outer radius of the first liner, R, the outer radius of the second liner (and also the inner radius of

the first liner), ... R being the outer radius of the i-th liner. Obviously liners are installed after the

excavation process is complete, therefore R=Rp,. According to the theory of elasticity, the radial

displacements of the liners complying with the stress boundary conditions (see Figure 1) are:

8
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LR - RRO-R ).

ut (r,t)=— with ¢>¢  (13)(13-1)

2G/r R’-R; K} R’-R}

)\
1 R*R 1+V R p(t) R p ) . .
ut (r,t)=— N t t : il T2y with >4, 13-i
r:( ) 2GiL}" R’.Z _Ri+12 [pl( ) pl+l( )] K[ Riz RH_ 2 i ( )

\

1 R’R ‘Z 1+vt R 2p )

ut (rit)=-— L nil 1) — L.—Z-n -r with >t . 13-n
' ”( ) 2GnLr an _Rn+12 p"( ) KnL an - n+l2 ! ( )

L

E. L
where Gf=2(1 J L)and Kf—l 2’
. ! .
J

(j=1,2,L. ,n) are the elastic shear and bulk moduli of the

Jj-th liner.

4 Determination of the supporting pressures

4.1 Compatibility conditions

Since the boundary conditions on the stresses have already been imposed, the only boundary
conditions on the displacement left to be satisfied concern compatibility.

(1) Imposing compatibility between the first liner and the surrounding rock leads to:

u, (R,0)—u, (R,t)=u"\(R,t) with > (14)
According to Egs. (8) and (3), the radial incremental displacement of rock from time 7 at a
generic time ¢>¢, is:

u, (r,t) —u,(r,t,) =

1 4 h 2 t p ) -~ (15)
=;{Jo Py X(OR (DH (¢, —r)dr—jo Py X(OR (DH (¢t -7)dT + R, -[r] pl(”[)H(t_T)dz-}
Substituting Egs. (13-1) and (15) into Eq. (14) yields:
! " h 2 ) 2 2 (!
E{.[O Py X(DOR* (DH (1, —r)dr—fo Py X(OR*(D)H(t —7)dT+ R, .[ pl(f)H(t_T)dT}
| (16)
:_2GL .RZ Rz[pl(t) pz(t)] ZV lpl(tR)Z Rng(t)
Simplifying:
L“ ' P A @OROH(t, —7)dr— [ p 7(OR (DH(t-7)dT+ R} [ p,(D)H (1 _T)df}
2R, Y0 0 1 o Po )P (17)

=ayp, (1) + ay p, (1)
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1 RR* 1+vf R’ and @ =1 . RR’ +1+v1‘_ RR;
2G" R*-R’ K' R>-R} o

with g, =-

2G" R*-R? K' R?-R?

(2) Imposing compatibility between the (i-1)-th liner and the i-th liner with 2<i<n leads to:

L L L :
U, iy (Ri 5t) —U (i (Ri’ti) =u, i(Ri > t) with  ¢> L

Substituting Egs. (13-i-1) and (13-i) into the above, the following is obtained:

1 R R, 1+v", R _’Rp. . ()—R’p.(t)
_ t t [ i1 i i
2Gil;1 R Z—RZ[pl () pz()] Kll R 2—RA2
1 R 2R 1+V,1 RllRp(l -1(i-1 )(t)
+2GiLl R >—R’ Pin @) + Kr, ’ R >-R’
1 RR, 1+v Rp,()=RR.’pi(1)
— . i Hl— i (] i
2GL R2 R 2 [pz( ) pz+1( )] l Riz Ri+12
Assuming:
_ 1 RHzRi 1+ ViL—l RHZRI‘
e =7 2Gz£l . Ri—12 _Ri2 B KiL—l . Ri—12 _Ri2 ,
1 RHle. 4 1+Vl.f . Rf 1 RIR,H2 1+ViL Rf

a. . = . —+ .
(i-1)(i-1) L 2 2 L 2 2 L 2 2 L 2 2
2G., R_"—R K., R, —-R° 2G R’ —-R, K= R —-R,

i+ i i+

I RR,” 1+v/ RR.)
ZG;'L Riz_Rmz KiL Riz _Ri+12

Ay =~

Eq. (19) can be expressed as:

AioyimayPict (O + @y ;) + A, P (O = Ay Py () with  £>1,

(3) Imposing compatibility between (n-1)-th liner and n-th liner
uf(nfl) (Rn ’ t) - urL(nfl) (Rn >%n ) ui n (Rn > Z‘) Wlth t 2 tn

Substituting Eqgs. (13-n-1) and (13-n) into the above, the following is obtained:

1 R_R 1+v,., R.Rp, (O-R’p, ()

=, -p,O]-

B 2Grffl ' Rn712 - an K:ffl Rn712 - an
1 Rn 2Rn 1+V;f_ Rn— 2Rnp n—=1)(n— (tn)
+2GL . 2 I_R - p(n o 1)( )+ KL 1. IR 2( _1)1(72 21)
n-1 n—1 n—1 n—1 n
1 RR,’ 1+vi R’p, (@)
= L p2 - 7 Py (- I p2 £ 2
2G R —Rn+1 K, R -R_,

Simplifying the above
A1y (n-2) Pt O+ Aty (n-1)Pn = Ap1y(n-2) P(n-1)(n—1) () with 7> L,

where a,_,,,and a,_,,_,1s corresponding parameters in Eq. (20) when i=n.

10
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4.2 Determination of supporting pressure in the first liner stage

In the first liner stage, only one compatibility condition ( Eq. (14) ) needs to be imposed, that is:

%Rl {J; P ¥R (DH(t, —7)dT — J(: p, ¥(@OR (D)H(t —7)dT + R/ L’ pll(z')H(t—T)dT}=a00p”(t) (25)

Eq.(25) results in a second type Volterra integral equation for p, (f) below:

pu0=5 [ @0 [ p @R @G - 0dz - [ p7OR @G- dr] - (6)

The supporting pressure p,,(¢) can be calculated by solving the above equation having introduced

the viscoelastic model of interest for the rock.
4.3 Determination of supporting pressures in the second liner stage
In the second liner stage, compatibility at the boundary between the first liner and rock and the first

and the second liner, needs to be imposed (see Egs. (14) and (18)). The equations are:

ﬁ{_{; P X(@OR (D)H (t, ~7)d7 ~ L: ) (DR (T)H (¢ —7)dT +
| (27)

R'ZJ.: pu(DH(-7)dT + RlzJ‘tz Po(DH( - T)dT} =ay Py, (1) + ag p,, (¢)
a, P, +a,p,t)=a,p, (t,) with 1>¢, (28)

where p,,(1) and p,,(¢#) are yet unknown functions. Substituting Eq. (28) into (27) leads to

achieve the integral equation for p,(¢):

Ra t a
p, ()= 111 P, (DH(t —7)dT + 11
” 2aga,, —ayay,) L . 2R (aga,, — ayay,)

J, 2 HOR @H (= 1)dT+ R [ p (DH (1= 1)d 7} -—12—p, (1)

Aoty — A1y

(! Pl A OR @H (G, ~1)d7 -
(29)

Hence, the supporting pressure p,(t) and p,,(t) during the second liner stage can be calculated

by solving Egs. (29) and (28) in succession.

4.4 Determination of supporting pressures in the i-th (i >3) liner stage

In the i-th liner stage, displacement compatibility conditions between first liner and rock, and
between the liners, should all be satisfied. The equations are detailed as follows.

Compatibility between the first liner and the rock requires that:

11



232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

ﬁ{ﬂ P X(OR (DH (4, - 7)d7 - .[(: P X(OR (DH(t —7)dT +
u (30)(30-1)
R’ z:} J:H p,(DH({-7)dT+R’ .[: P (DH (t - T)df} =y, p, (1) + ay, p,, (1)

whilst compatibility between a generic (k-1)-th liner and the k-th one (for 2 <k <i) requires that:
gty Pty O+ @iy P (O + @iy Py (O = Gy Py &) (30-2)
In case of k=2, compatibility between the first liner and the second one requires that:
a,,p,;(t)+a,p,, () +a,p,;(t)=a,p, (1) (30-2bis)
Finally, compatibility between the (i-1)-th liner and the i-th one requires that:
Uityi-2) Py (O F Uiy P (O = iy P-ayion () (30-0)

The supporting pressures up to the (i-1)-th stage, p,;(¢), p,;(t), p;,(t), L and p, (1) with

j=12L ,i—1 are known from the calculations relative to the previous (i-1)-th liner stages. Hence,

in the system of i equations written above ( Eq. (30)), there are i unknown functions expressing the

supporting pressures to be determined: p, (¢), p,,(¢), p,,(¢), L , p,(¢). It is also straightforward

to see that the equations are coupled.

Apart from Eq. (30-1), all the other equations, from Eq. (30-2) to Eq. (30-i), are linear in the

unknowns p,,, p,, L , p;; so itis convenient to write them in matricial form to work out the

solution of the system of i-1 equations (from Eq. (30-2) to (30-i). Defining:

a4y "4 .
10
ay Gy Ay 0 4 0
21
A: 7B= a32 B
0
0 0
0 Qi3 Diayi-2)  imayi- a
a a L (=DG=2) J(i-1)x(i-1)
L (i-1)(i-2) =061 Lr-ipeqio)

with 4 and B square matrices of i-1 size; and

m=[p,®, py® L pOl., > a=[p@. 0 L 0] "

w=[pu(t) pat) L @],
with m, ¢, w vectors of i-1 length, Equations (30-2) to (30-i) can be written in matrix form as
follows:

Am =—a,,q+ Bw (31)
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277
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and solved for ¢:
m=-a,A'q+ A" Bw (32)
Hence, the integral equation for p, () can be established by substituting the analytical expression

for p,,(t) obtained from Eq. (32) into Eq. (30-1). Then, solving the integral equation and

substituting p (¢#) into Eq. (32), all the other unknown supporting pressures are determined. In the

particular case of 3 liners, i=3, Eq. (31) becomes the following linear system:

a,  a, || py(0) -y Pis() +a10 0 || pn(%)
Ay Ay || P30 ‘Lo 0 ay | pn(t) ’

which is straightforward to verify that corresponds to Eq. (30-2bis) and Eq. (30-i) together with i=3.
In section 6 of the paper, the case of 3 liners will be employed to run a parametric study to
investigate the influence of the material (rock and liners) parameters, excavation rate, liners
installation time, shear modulus and thickness on the tunnel radial convergence and the stress and
strain fields in the host rock and the liners.

5 Solutions for the generalized Kelvin viscoelastic model

Rock masses of good mechanical properties or subject to low stresses exhibit limited viscosity. For
this type of behavior, the generalized Kelvin viscoelastic model (see Figure 2a) is commonly
employed [24]. Instead, weak, soft or highly jointed rock masses and/or rock masses subject to high
stresses are prone to excavation induced continuous viscous flows. In this case, the Maxwell model
(see Figure 2b) is suitable to simulate their rheology since it is able to account for an instantaneous
elastic response followed by a long term viscous response. Here, the analytical solution will be
developed for the generalized Kelvin model. The constitutive parameters of this model are: the
elastic shear moduli Gy, due to the Hookean element in the model, and Gk, due to the spring
element of the Kelvin component, and the viscosity coefficient 1k due to the dashpot element of the
Kelvin component (see Figure 2). The solution for the Maxwell model can be obtained as a
particular case of the generalized Kelvin model, for Gx=0. Note that also the solution for the Kelvin

model (see Figure 2c) can be obtained as another particular case of the generalized Kelvin model,

for G, —oco.

Assuming that the rock is incompressible, the two relaxation moduli appearing in the

constitutive equations (see Eq. (5)) are as follows:
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2 _GH+G1<t .
6()=—1 —exp  + 0G0 K(f)=oo. (33)
G, +Gy G, +G,
Substituting Eq. (33) into Eq. (9) yields:
1 1
H(t):G—§(t)+—eXp Koy I(t)=0 (34)

H K

Then substituting Eq. (34) into Eq. (8), the radial displacement of rock becomes:

Gy
1|1 1 = 1)
u, (r,z)=——{—[pohz(t)—pl(t)]Rz(t)+—J [P0 2(7) = pI(D)IR* (T)exp ™ dr} (35)
2r |Gy ne 70
5.1 Solution for the first liner stage
oy RG
Substituting Eq. (34) into Eq. (26), and defining ¢°(t)=p, (t)exp”™ and ¢ =——"*— the
2Gyay — R,
integral equation for ¢”(¢) can be obtained after simplification:
e o ho Gk,
of (=1 gf @)dr+ L exp™ [1(4) - 2]+
Mg =" Gy
(36)
epoh ) 2 e elpoh ! 2 e
I—Rzexp'“' jo XOR (Dexp™ dr——22 jo Z(@R(T)exp™ drt
771( 1 771( 1
Defining A% =9, and
K
B p'e o ep, ) 2 B ep, [ 2 B
_Fro“ Mk _ 140 Mg ! Mg _ o Mg
S0 =7t exp™ L) =20+ Zprex [ 2@ @exp™ dz i [ xR @exp™ dr

Eq. (36) is a standard integral equation, that is:
ol (=4[ K (t.7)- gl (T)dz+ £ (1) (37)
The kernel of this integral equation is k”(z,7)=1, and the free term is £,”(¢). According to the

theory of integral equations [30], the iterated kernel can be determined by iteration:
k,(t,7)=k'(t,7)=1,
ke, (t,7) = L’kf(z,u)-k“(u,f)du =t-1,
iy (67) = [ K (L) ko (0, 2)du = (6= 7)° 12, (38)
L,
k(6,0 =(@=7)"/(j=D!

Accordingly, the kernel function is written as:
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WA =X (4 k) = z( )% exp 9)

Further, the solution for the integral equation can be expressed in analytical form as:
ol =10+ 20 [ W@z AN @z (40)
Hence, the supporting pressure p (¢#) in the first liner stage can be determined, so that

displacements and stresses in the rock mass and the first liner can be calculated.
5.2 Solutions for the second liner stage

Substituting Eq. (34) into Eq. (29), and defining
Gy,

¢f(t)=p]2(t)exp'7k (41)
the integral equation for ¢f(¢) can be obtained after some manipulations:

t Gk l G'(t_l) 4 Sk,
¢f(r)=;—2L o} (Ddr+-% {”OGR exp™ [(1) - z(r>]+n—exp [ @R (@)exp™ dr
K 1 H K

(42)

2e,a,a,

a,.R

11

bl G, R o G, G,
__OJ Z(T)Rz(r)expnk dT+_IJ. pll(T)eXan dr - expﬂk pll(tz)
U 0 g *h

1

a,Gy R, JIf A7 =—2, and the free term £ (¢):

where e, =
2G, (aga, —aya,) — Ra,, 771<

2 GK h Gk Gk

AR {”"szl exp™ [(6)~ 2(0)]+ nK o™ [ O @exp™ dr

J it R ¢ s 2e,a,,a iy
__OJOZ(T)RZ(T)eXp”K dT"'_lJ plI(T)exp”K drp——211L exp ()
Nk Mg =n ay R,

1
Eq. (42) is in the same format as the standard integral equation (Eq. (40)), so it can be rewritten as:
ol (=2 [ K (t.0)- gl @dr+ 1 () (43)
with k7 (z,7)=1. Following the same procedure, the solution can be achieved:
o= 1O+ [ exp® 7 £ (D) (44)
then p,,(¢) is determined from Eq. (57) and p,,(r) by substituting p,,(¢#) into Eq. (28).

5.3 Solution for the i-th liner stage
Substituting Eq. (34) into Eq. (30-1), leads to
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: 1 ¢ e 1 —%U )
54 U—L p,(@exp " dr |+ G pl,(t)+—f pi(Dexp ™ dr

{” L) 2]+ P @R @exp " ar- j;z(r>R2(r)exp_"K”_”dr} (45)

=ay Py )+ Ay Dy; ()

According to Eq. (32), the supporting pressure p, (¢) in i-th stage can be expressed by p, (¢) as

A,
D) =—a,,—= |A| plz( )+|A|{Za(/+1)/ le,,(t,+1)i| (46)
where |A| is the determinant of A4, and A;, 1s the algebraic complement of the element .

Substituting into Eq. (45) and simplifying, the equation for p, (¢) is as follows:

G .
e ot —f( ) Ui _70_,)
=] pi@exp " dr+ei2[ [ py@exp ™ dr}
K Jj=1

+i{p0 R, [x(t)- ;((t)]+f7—°‘|.(:' ;((T)Rz(f)expiﬁ([rr) dr - JZ(T)R (T)expiﬁ(ti T} (47)

R’| G,
2age | 1 | Q&
- I({)’II {7{2 (/+1)/’Aj,1p./j(tj+l):|}
A el :
where e = Gult and ¢, =—=. Let @’(r)= ph.(t)exp"Kr , integral equation for
2G,(ay —ayay,¢) — R, |A|

@’ (t) can be obtained after simplification,

o 21 e Gy , 2 71(, 1
QB(t):;—lJ;’ QB(T)dT"l'elzl‘[n_J.t plj(T)eXp”K dT] CIRL {|A||:2 (J+Dj /lp// j+1):|}
K =t kY

1 J (48)

h

+—
2
Rl K

Gk Gk h K
R — =) oy T t -
{p‘a ™ [rtt)- z(t)]+n ™ [ HOR ()exp™ dr——’;“ [ @R @)exp™ dr}
H K

If 4% =", and the free term Fo:

K

i— 261 7’\'[ i—1
fiB(t):eiZ[ J p1,(T)eXpﬂK dT]—% {|A||: a(1'+1)A/'Aj,1pjj([j+l)i|}
pan

1 Jj=1

Gk Gk h Gk
R —(t-t;) 4 T ¢ —T
PR o L) 201+ 2o [ R e e L[ R @ dr
Rl GH 77 77K

K

the Eq. (49) is a same format standard integral equation as the above, that is,
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ol (=2 [ K (t.0)- @’ @dr+ £ (1) (49)

and k”(t,7)=1. Solving process is established to obtain the solution which is

o' ()= 1O+ [ exp™ T f7()dz (50)
all the equations and solutions of the supporting pressures are obtained by replacing 'i' with 2, then
3, then 4, in turn until 7.

6 Parametric investigation

In order to illustrate the effect of the rock viscoelastic constants, of the excavation process, of the
mechanical and geometrical properties of the liners and of their installation times on the ground
displacements and supporting pressures, a parametric study for a support made of three liners
installed in succession has been carried out. The use of three liners installed at different times is
becoming increasingly more popular in tunnel construction: [311] describes the installation of steel
sets (first), backfilled chemical grouting (second), and a final concrete liner in a mine tunnel; [32]
describes the installation of steel sets (first), concrete slabs laid in between (second) and the final
concrete liner; [22] investigates the use of 2 thin sprayed-on liners part of a support system of at
least 3 liners (the final concrete liner typically being cast after some time). To investigate the
influence of the several parameters involved, they were varied in turn: first we analyzed the
influence of the rock rheological parameters (§ 6.1), then the speed of radial excavation (§ 6.2), the
speed of longitudinal advancement (§ 6.3), the time of installation of the liners (§ 6.4), and the liner
thicknesses (§ 6.5) and shear moduli (§ 6.6).

Concerning the excavation process, a linear increase of the tunnel radius over time was

assumed: g(¢t)=v, -t (see Eq.(2)) with v, the (constant) speed of excavation in the radial direction.

It is now convenient to express Eq. (3) in dimensionless form:

R
R(7) R”” +r 0<t<t,
R_ = fin fin
fim 1 1>1, (51)

Let us define the dimensional parameter T, =7,/G, , expressing the retardation time of the Kelvin

component of the generalized Kelvin model. It is convenient to express the speed of excavation in

the radial direction in dimensionless form. To this end, we introduce #,, defined as:

n=v, T /R, (52)
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so that the radius can now be expressed as:

&4_ rL ogigt_o
@: Rﬁn TK TK TK
R/in 1 L>t_0 (53)
TK TK

Note that other choices would have been equally acceptable (for instance n, =v, -4,/R,, ). Also we

assume a constant speed of advancement of the tunnel, i.e. v=const. It is convenient to express the

speed of advancement in dimensionless form too:

n,=v,; 'TK/Rﬁn (54)

It is straightforward to observe that the ratio between the two speeds is constant: AUy

We now need to determine a suitable expression for the function y(r) accounting for the

tunnel face effect on nearby sections. In [33], the following expression, derived from FEM

simulations, was proposed:

1 (6=1-07exp ™", (55)

with m, =% and x being the longitudinal distance of the section considered to the tunnel face

which in turn is a function of the tunnel advancement rate, with
x=x(t)=v, ¢t (56)

Panet and Guenot [34] suggested a different empirical relationship:

FAGE 0.28+0.72[1—(L] ] (57)

m, + x(t)
with m, =0.84R. The consideration of sequential excavation implies that the tunnel radius R varies
along the longitudinal direction, from R=R;,; at the tunnel face (x=0), to R=Rj, at a distance x* from
the tunnel face. This distance is a function of the v,/v, ratio (see Figure 3c) and can be obtained
from Egs. (53), (54) and (56):

=Yi(R —
x*==t(R,, = R,) (58)

r

In Figure 3a, a visual comparison between the two proposed expressions for some values of the

ratio v,/v, is provided. From the figure it emerges that the two proposed expressions are very
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similar. Since the expression in Eq. (57) cannot be integrated analytically, we decided to adopt the
expression of Eq. (55) which instead can be analytically integrated easily. Note that unlike the case

of instantaneous radial excavation considered by Panet and Guenot [34], a small approximation in

the calculation of y is here introduced because the expression proposed by Panet and Guenot [34]

is based on the assumption of constant tunnel radius, whereas in our case, for x<x* (i.e. from the
considered section to the tunnel face), R reduces progressively from Ry, to R, (see Figure 3b).

So in case of a linear increase of the tunnel radius over time, as assumed in Eq. (51), and

assuming y = y,(#) (see Eq. (55)) to account for the tunnel face advancement effect, closed-form

analytical expressions for radial displacements and supporting pressure on the rock can be derived.
These (lengthy) expressions are reported in Appendix A for all the stages of the excavation process.

Instead, in case of non-linear increase of the tunnel radius over time (i.e. a non-linear function

w=w(t) inEq.(2)), and/or y# y,(¢), the solutions will likely cease to be closed-form. However, if

Gk

j (DR (1) expﬁr dt and the integrals in Eqgs. (40), (44) and (50) can be integrated analytically,

closed form analytical solutions can still be obtained.

6.1 Influence of the material parameters on tunnel convergence and stresses

In Figure 4, the normalized tunnel convergence u, /u” is plotted against time normalized by the

final time of excavation, ¢/t,, for different values of the rheological parameters of the rock. The

final radial displacement without considering sequential excavation, i.e. assuming instantaneous
excavation in the radial direction, and without any support is:
hp?2
U = PR T (59)
2r |G, Gy
The values assumed for all the other geometrical and mechanical parameters of the liners are shown

in Table 1. Concerning the excavation process, the following values were assumed: R, =1/6R

fin?

R
v,==——= and v, _ 2 S . Considering fixed ratios of G, /G, (curves 1,4,5 or 2,6,8 or 3,7,9 in

6 1, 4 1,

Figure 4a), it can be observed that the larger the values of 7, /¢, the smaller is the radial

convergence and the larger is the time needed to reach the final convergence which in turn is

smaller, i.e. the horizontal asymptotes of the curves become lower for increasing 7. It can also be
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observed that for small values of Tk, most of the displacement occurs during the excavation stage
because of the fast rheological flow in the rock. In Figure 4(b) and (c), radial and hoop stresses
respectively at the interface between rock and first liner are plotted against time. With regard to the

radial stress, we can observe that it decreases during the excavation stage but increases after the

support system is installed. For large values of T, /7, (with the same ratios of G,/G, ), the final

radial stress is larger whereas the final hoop stress is smaller. As it can be expected the variation of
the hoop stress over time is opposite to the variation of the radial stress, i.e. when the radial stress

decreases, the hoop stress increases and vice versa. Looking at both displacements and stresses, it

emerges that at the limit, for 7, — 0, the installation of the liners does not make any significant
difference since the viscosity induced displacements occurring after the excavation are negligible.
Considering now, curves obtained for the same values of T, /¢, (for example 1,2,3 or 4,6,7 or
5,8,9), it can be observed that for high values of G, /G, , the radial displacements are larger and
reach their final asymptotic value earlier, the normalized radial stresses are smaller, and the hoop
stresses are larger. Considering the two parameters, 7, /t, and G,/G, , it can be observed that
T, /t, influences the rate of convergence and stress change occurring over time: for low values of
T, /t,, large displacements take place in the first phase with the final state being reached earlier.

Instead, G, /G, affects the proportion of displacements or stresses independent of time, with the

elastic displacements and stresses being larger for increasing G, /G, .
When G=0, the Maxwell model is obtained. In this case, according to Eq. (59), in the absence of
support, u” —e, and T, —e. Hence, in order to normalize the displacements, a different

normalization has to be employed. To this end, we chose to use the initial (at completion of

excavation) elastic displacement in case of instantaneous radial and longitudinal excavation (no

_ PR’

ut

tunnel face effect): u’ . In Figure 5 the normalized displacement, radial and hoop stresses

are plotted against the time normalized by the excavation time for various values of the relaxation

time Ty of the Maxwell model with 7,, =7, /G,, . It emerges that larger ratios of T, /¢, correspond

to smaller convergence and slow rheological flow in the rock. Also looking at the variation of the
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stresses over time (see Figure 5b and c) it can be observed that for large 7,, /¢, , radial stress and

hoop stress undergo smaller variations over time.
6.2 Influence of the radial excavation rate
In the following figures, time has been normalized by the retardation time of the Kelvin

component of the model: % . To investigate the influence of the radial excavation rate, five
K

values of n,, the dimensionless radial excavation speed (see Eq.(52)), were adopted: (1) n, =§
. . ty 3 5 . . ! 5 .. . ty 1 20

1 202y (2 =2 1 b1y, @3 _2 1 Do _ 2. (4 _=Y
(mplying =2 (2) n =2 (implying 2-=1); (3) n =7 (implying 7-=2): (4) n ==

K K K

(implying ;—‘):é) and (5) n, — oo corresponding to the case of instantaneous radial excavation
K

(;—‘):O).The first liner is installed immediately after radial excavation, that is, ¢ =¢,, with the

K
second and third liner installed at ¢, =¢, +iTK and 1, =1,+ %TK, respectively. The values assumed

for all the other geometrical and mechanical parameters of the liners are shown in Table 1. In Figure

6 the curves of normalized displacements are plotted against the normalized time for three types of

rock (various values of G, /G, ). The symbol ‘e’ represents the end time of excavation, #j, i.e. when

the full cross section is excavated. For the case of high radial excavation speed, the displacement
occurring during the supporting stages is significant and in case of low values of Gk, is more than
the displacement occurring during the excavation process. In this case, it can be observed that the

longitudinal advancement has a strong effect on the observed displacements also after the

installation of the support. It can also be noted that progressively larger values of G, /G, imply a

smaller influence of the excavation process on the state of displacement of the rock.

In Figure 7, the normalized stresses calculated at the interface between rock and the first liner
=R, are plotted. It can be observed that at the end of the excavation, lower excavation speeds
imply a smaller radial stress and a larger circumferential one, hence larger stresses in the rock.

Looking at Eq. (12), it emerges that the stresses during the excavation stage depend only on the size
of the opening and on the parameter y . So the stress differences exhibited at time ¢y in Figure 7 are

entirely ascribable to the different distances of the considered section to the tunnel face which in

turn is a function of the radial excavation speed. In case of lower excavation speed (curves 1 and 2
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in Figure 7), the radial and circumferential stresses reach their minimum and maximum values
respectively at the end of the excavation process, with the radial stress increasing and the

circumference one decreasing after the installation of the first liner. Finally, as it has already been

observed for radial convergence, it emerges that large values of G, /G, imply a smaller influence

of the excavation process on the state of stress of the rock.

In Figure 8, the normalized radial convergence and stresses against time normalized by the
relaxation time 7), of the Maxwell model, are plotted for the Maxwell model. In comparison with
the generalized Kelvin model, the trends exhibited are similar, with the quantitative variation over
time being remarkably significant.

6.3 Influence of the advancement rate (longitudinal excavation rate)

In this section, the parameters employed for the supporting system, construction process and the
excavation size are the same as in section 6.2 (see table 1). The normalized distance between the
examined section and the tunnel face can be written as:

fin

n

t
- 60
T (60)
In Figure 9 the normalized displacement, circumferential and radial stresses are plotted against

% for various advancement rates: (1) n, = representing the ideal case of instantaneous tunnel
K

10 2 . . .
advancement; (2) n, = ?; 3) n=2; 4 n= 3 Also two different normalized cross-section

excavation rates were considered: n, = 20 and n, = > Concerning the rock properties, G, /G, =1
3 3

was assumed. When the radial excavation speed is high, (see Figure 9a), radial convergence and
stresses are more sensitive to the speed of longitudinal advancement. The differences between the
curves obtained for various speeds of longitudinal advancement in Figure 9a for a high
cross-section excavation rate are significantly higher than the differences exhibited in Figure 9b by
the curves achieved for a low cross-section excavation rate, especially for the three cases with
higher speed of longitudinal advancement. This is also true for the displacement and stresses at the
end of the excavation process and for ¢ — oo. For this reason, in tunnel construction, advancement
rates should be designed according to the foreseen cross-section excavation rate. In case of high
sectional excavation speed, a variable advancement speed can be adopted in order to control either
radial convergence or stresses; whilst in case of low sectional excavation speed, the influence of the

longitudinal advancement rate on the tunnel response is significantly less.
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6.4 Influence of the time of liner installation
The function of the support is to provide the supporting pressure to the tunnel opening to prevent
any rock wedge failure and limit the amount of rock convergence. The larger the supporting

pressure is, the smaller the radial convergence is. According to Egs. (40), (44) and (50), the amount

of supporting pressure p, depends on the radial excavation process. In Figure 10 the variation of
p, for different excavation rates but the same time intervals between the installation times of the
liners is plotted against the normalized relative time(z—¢)/7,. Two times of end radial excavation

t

were considered: T_O =% (curves 1 and 3) and ;—0 :% (curves 2 and 4). In case of curves 1 and 2,
K

K

the first liner is installed immediately at the end of the excavation, i.e. (¢, —¢,)/T, =0. Instead, in

case of curves 3 and 4, the installation time of the first liner is (¢, —¢,)/7, =1. It can be observed

that the pressure p; increases with time reaching an asymptotic value in all the cases. Now, if we
compare curves obtained for the same installation times of the second and third liners, but with the
installation time of the first liner being different (curve 1 with 3 and curve 2 with 4), it emerges that
early installation of the first liner leads to a larger support pressure, with the difference between
curves 1 and 3 being significantly higher than the difference between curves 2 and 4. This means
that for higher excavation speeds, the influence of the installation time of the liner is larger. Finally,

comparing curve 1 with 2 (and analogously curve 3 with 4), the normalized relative time of

installation of the first liner, (7, —¢,)/T,, is the same, but the end time of excavation, #, is different,

so it can be concluded that the supporting pressure is larger when the tunnel is excavated faster.

Now, in order to study the influence of the installation times of all the three liners, we assumed

t

the following parameters: y(7)=1, T—°=% and ﬂ=1, with the material parameters of liners
K

H

shown in Table 1. In Figure 11 the variation of the support pressure p; for various first, second and
third liner installation times is plotted against time. From Figure 11a it emerges that being fixed the
installation times of the second and third liner, the earlier the first liner is applied, the larger the

final supporting pressure is. In Figure 11b the pressure is plotted against the time interval since

installation of the first liner. It emerges that the supporting pressure p, changes little until the time
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(t _t% =1.0. Then, in case of an early installation of the first liner, it increases rapidly; whereas in
K

case of a late installation the pressure is smaller and reaches an asymptotic value earlier.

In Figure 11c and d, the influence of the times of installation of the second and third liners is
investigated by plotting curves for various installation times. The time intervals between the
installation of the first and second liner (curves in Figure 11c¢) and between the second and third
liner (curves in Figure 11d) is the same as the time difference between the end of excavation and the
installation of the first liner in Figure 11a and b. Once again it emerges that when liners are installed
early, the pressure is larger whereas liners installed at later times lead to smaller pressure and less
differences among the curves. So it can be concluded that later installation times make the support
pressure becoming progressively less sensitive to the installation times themselves.

6.5 Influence of the thickness of the liners

The influence of liner thickness has been investigated by [21] for the case of a single liner where it
has been shown that higher thicknesses are beneficial to reduce the convergence of the tunnel.
However, beyond certain values, increasing the thickness ceases to be a viable economic option to
reduce tunnel convergence. Here, we consider a constant total thickness for the support system
made of 3 liners, dy,~=d+d>+ds, and investigate the effect of adopting different relative thicknesses
between the 3 liners on tunnel convergence, i.e. how much convergence reduction can be achieved
by optimizing the distribution of the support thickness among the liners. In Figure 12b, the curves
of displacement and supporting pressure obtained for four different cases are plotted. It can be
observed that trends in terms of radial convergence (Fig. 12a) are mirrored by the trends in terms of
support pressure (Fig. 12b): the combinations of thicknesses giving rise to the lower radial
convergences are associated to the higher support pressures and vice versa the combinations giving
rise to the higher convergences are associated to the lower radial convergences with the order
between curves being reversed. Curves 1, 2 and 4 refer to two liners having the same thickness with
one liner being twice as thick whereas curve 3 refers to the case of liners of refers to the case of
equal thickness. It emerges that the best choice to reduce convergence is to assign the highest
thickness to the first liner. It also emerges that given a target in terms of radial convergence and
support pressure, there is more than one combination of thicknesses among liners that can be
adopted so that the designer has a certain flexibility in the choice and the choice can be made in the

light of other considerations (e.g. technological efficiency and cost reduction).
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6.6 Influence of the elastic shear moduli of the liners

In the case here considered of 3 liners of equal thickness, the average shear modulus can be

L L L
calculated simply as G, :w. The rock response is a function of the modular ratio
GHGK

G, +G,

n, =% between liners and rock, where G_ = is the long term shear modulus of the rock.

0o H

In Figure 13, radial convergence and supporting pressure are plotted against time for various values

of the modular ratio n,, with the thickness and shear modulus of each liner being the same

(izi,i=1,2,3)and t—°=t—1—l, t—zzl, 5 _1. From the figure it emerges that high values of
R~ 60 . T, 8 T. 2T,

n, lead to smaller radial convergence and higher support pressure. However, the rates of decrease
of radial convergence and increase of support pressure progressively reduce with », increasing. In

Figure 14b, the influence of the relative shear modulus between liners is investigated with »n =20.

In the figure, radial convergence and supporting pressure are plotted for various values of relative

modulus between liners but all with the same average shear modulus G;. It emerges that

convergence is biggest when G/ (shear modulus of the third liner) is largest. The curves obtained

for G'=G! (curve 1,4,5), exhibit similar trends. So the most efficient way to reduce convergence

is to increase the shear modulus of first liner.

7 Application example

In this section, the presented solutions are employed for the prediction of the convergence and
support pressure in a circular tunnel recently excavated in China (Shilong tunnel in Sichuan

province [35]), where three liners have been used. The tunnel was excavated at a depth of 300

meters, in mudstone and/or sandstone, with the rock bulk unit weight being y=26.3kN/m’. The
tunnel was subject to a hydrostatic initial stress of p; =7.9MPa. According to experimental tests
and back analysis [35], the following rock parameters can be assumed: G, =458MPa ,
G, =550MPa, n, =4000MPa-day. A pilot tunnel of radius R  =1.8m was first excavated, then

after 1 day enlarged to a final radius of R, =6.2m. Therefore, the variation of the excavation

radius over time can be expressed analytically as follows:
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(unit: m) (61)

A first liner of shotcrete was installed (sprayed) 1 day after excavation. Then, steel sets were put in
place with shotcrete sprayed immediately afterwards. Steel sets and shotcrete are here treated as a
single composite liner. After some days, the final (third) concrete liner was installed. In table 2 the
properties of the materials employed for the support are provided together with the sectional
properties of the composite liner made of steel sets and shotcrete which were calculated according
to [32].

In order to showcase the enhancement obtained in the accuracy of the calculation of the tunnel
response due to the solution proposed in this paper, we carried out two calculations: in the first one
the support is considered made of all its liners (3) whilst in the second one the support was
considered made of 2 liners that is the maximum number of liners for which the analytical solution
in [26] can be utilized. Comparison of the tunnel response in terms of radial convergence and stress
field between the responses predicted by the two calculations provides a quantitative estimation of
the importance that considering the actual number of liners may have. In case of the latter
calculation, the first and second liners were considered as one single liner. The equivalent modulus

for this liner was calculated as follows:

¢ _Ed+Ed

62
t d +d, 62)

with the thickness of the liner taken as &L =d +d,.

In Figure 15, the mechanical response at the interface between the first liner and the
surrounding rock (7=6.2m) is plotted against time, for the two cases considered: 3 liners, calculated
according to the solution presented in this paper with the second liner installed at various times (¢,=
1 day; 2 days; 3 days; 8 days), and 2 liners, calculated according to [26] which is identified by the
red curves in the plotted charts (corresponding to the case £,=t;). From Figure 15a, it emerges that
the radial convergence calculated considering three liners is larger than the convergence obtained
for the two liner system, the radial stress is smaller whereas the hoop stress is larger. The largest
difference in terms of either final convergence or stresses is observed when the second liner is
installed at the latest time considered (#,=8 days). With regard to the radial convergence, the
difference is 12mm corresponding to 23% of the final convergence calculated for a 2 liner system.

With regard to radial stresses, the difference is around 1 MPa corresponding to 29% of the final
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value of radial stress calculated for a 2 liner system. These differences are non negligible from an
engineering point of view. Therefore, from this example, it emerges that predictions of the
mechanical response of a three liner tunnel excavated in viscoelastic rock made using the currently
available analytical solution for a 2 liner system, [26], can be subject to a significant error that can
be avoided by using the solution illustrated in this paper for support systems made of any number of
liners.

8 Conclusions

The main factors for the observed time dependency in tunnel construction are due to the sequence
of excavation, the number of liners and their times of installation and the rheological properties of
the host rock. A general analytical solution accounting for all the three factors has been derived for
the first time. The solution was derived for the generalized Kelvin viscoelastic model and for the
Maxwell one as a particular case. The integral equations for the supporting pressures were
established according to time-dependent boundary conditions. Explicit closed form analytical
expressions for the time-dependent supporting pressures, stresses and displacements in the rock and
the liners were obtained by solving the established integral equations. The obtained solution has
been derived for a circular tunnel supported by a generic number of liners installed at various times
each one of different thickness and shear modulus. Sequential excavation was accounted for
assuming the radius of the tunnel growing from an initial value to a final one according to a time
dependent function to be prescribed by the designer. The effect of tunnel advancement was also

considered.

An extensive parametric study for a support system made of 3 liners was performed
investigating the influence of the excavation process adopted, the rheological properties of the rock,
shear modulus, thickness and installation times of the liners on radial convergence, support
pressures and the stress field in the rock. Several dimensionless charts for ease of use of

practitioners are provided in the paper. From the study, it emerges that:

e Large values of the ratio between the characteristic time of the Kelvin component of the
generalized Kelvin model and the total excavation time in the considered cross-section, T/,
imply smaller radial convergence with more time needed to reach the final displacement,

whereas for small values of T, /7, (fast rheological flow in the rock), most of the displacement

occurs during the excavation stage. Large values of the ratio between the Kelvin and the
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Hookean shear moduli, G, /G, , imply larger radial convergences;

e T, /t, hasstronger influence on the displacements than G, /G, ;

e in case of low radial excavation speed, significant displacements are observed during the
excavation stages, with the radial and circumferential stresses reaching their minimum and

maximum values respectively at the end of the excavation process;

e progressively larger values of G, /G, imply a smaller influence of the excavation process on

the observed displacements;

e radial convergence and stresses are sensitive to the speed of longitudinal advancement
especially for high radial excavation speeds. For this reason, in tunnel construction,
advancement rates should be designed according to the foreseen cross-section excavation rate;

e the influence of the installation time of the liners is larger for higher excavation speeds;

e there is more than one combination of thicknesses among liners that leads to the same target
radial convergence and support pressure;

e the shear modulus and thickness of the first liner bear the largest influence on the response of
the tunnel in terms of radial convergence and support pressure in comparison with the other
two liners.

e an example of a tunnel lined by 3 liners is illustrated. Calculations for an equivalent support
system of 2 liners according to current literature provide values which may be significantly far
from the values found accounting for the presence of all the liners so that it can be stated that
consideration of the right number of liners is important to obtain realistic prediction of the
tunnel response.

The obtained solutions are rigorously valid only in axisymmetric plane-strain conditions.

However, according to the recent work of [27], the solutions are meaningful for a much wider range

of ground conditions and for several cases of non-circular tunnels.
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Appendix A. Closed form analytical expressions for radial displacement and supporting

pressure for the generalized Kelvin viscoelastic model

In the following derivation, the rock is assumed to obey the generalized Kelvin viscoelastic model

(see Fig. 2a), the tunnel radius is assumed to increase linearly over time (see Eq. (51)), and the

function accounting for the effect of tunnel face advancement, y(z), is assumed to be y=y,(¢)

(see Eq. (59)).
When <1, 1.e. during the excavation stage, the radial displacement is provided by Eq. (35).

Substituting p, (£)=0, Eqs. (51) and (55) into Eq. (35), the following expression is obtained:

G Gy
1 1 —Kt o £z
s (r)==2 {—G HOR @ +——ew " [[7OF @exp™ df}:
H

‘ (A1)
h Gy
Do 1 2 1 T
= _Zl(t)(Rini"'Vrt) +—exp ™ Dl(t)
2r |G, «
where:
G, 2 3 3
Sk . 273 1.4v R
D= [ AR @ exp™ dr=-2 T T
Gy G 'R, —4.73G R, v, + 144G R, v =391y,
(R,m+v,.t)(—GKRﬁ,,+1,5877Kv,) 1A5877Kv,v,.t+R,‘,”(—GKR/,-,,+1.5877KVI)
0.717. R,
+R,»m-2(—77—’<+ A" g )+exp e Ny (—exp e
Gy  GgR,, —1.58nv, Gy
(Gt =2Gnt +2n)+ Gy, (2Gt —21)R,. + G R, ) (A2)
7R”,,(GKR,;,,—1A58r7Kv,) 7R””(GKR,[,,—1A5817KV,)
_0.7exp Ve (R, + vt R, _Ldexp Vv R,
GyR,, —1.581n,v, (GyR,, —1.581,v,)’
7R,,,, (GKRﬁ,, =1.58n,v,)
1.4ex PRy (R +vE)R, 1.4R, 2
+ p rnK( ini 7 ) fin )+V’,77K2Rim.( 2 _ fin )

(G R, —1.581,v,)’ G’ G’R,=3.15G 1R, v, +2.4807v/

fin
The definition of all the coefficients can be found in Sections 3, 4 and 5.

When ¢, <t<t, 1.e. the time after excavation before installation of the support, the radial

displacement is provided by Eq. (35). Substituting p, (¢)=0, Egs. (51) and (55) into Eq. (35), the

radial displacement is obtained:
P 1 1 _Git [ %T 1 —Gfkt / G—K'r

—_ro J_~ 2 . Nk 0 2 Nk Nk 2 l%

u,, (r,t)= 5 { G, 1R, +ome jo Z(T)R*()exp dr+—77K exp ™ R, L) y(Dexp’ dt

K

} (A3)

H K K

D "1 1 S, 1 Gk,
== G—Zl(f)Rﬁ,,ern—eXp " Dl(t0)+n—exp " R, D, (t)
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G,

G Yk,
D,(t)= I ;((z')exp”K dr— g (exp”K —exp”” )—

G Ry, =1.58vp1ng Gy Ry, —1.58vmx

(exp Nk R fin —exp Tk R 0 ) (A4)

0'777KRﬁn
GcR,, —1.581v,

When ¢ <t<t,, 1e. during the first liner stage, the support pressure acting on the rock is

_Gk,

obtained by substituting Eq. (39). into Eq. (40) and p,,(t)=¢] (t)exp " obtaining:

G Ry —1.58vm1¢ G Ry =1.58v11y Gy (t-1)
,Gi; N R ) Nk Ry (=) A’ Nk (=) A"
) ex —ex X ex
Pu(=ep, exp " (0.7R, = . GG T P
GyR Sfin —1.581,v, R, (G UKZ’I )
G G G, GgR;, —1.58vig 158v,
—K4 K4 v K4 —— A —+ At
—exp™ +exp™ exp A LB exp™ dexp R o ex “
p p p + 0‘777 ﬂ,lBR 2 exp Ry, p p p
GK _nKZ'I ) i (GK fin 1 5877/(‘)1)(1 5877Kv1 +an(77Kﬂ'l G )) (As)
G, RELY _1A58v,tl _Lssv,tl ox %t o (ﬁ—ﬂq ) x A8t
—(0 7 exp ' (exp " —exp "™ )+7y A2 (0.7 exp R P P P,
K B
GH _GK + 77/(21
G Ry —1.58vim1¢ Gy Ry, —1.58vi
! 4 R
0 7R exp Nk R _ exp Nk R exp(r—tl)ﬂ.] )))
* T fin B
—-1.58n,v, - R, (A —Gy)

where C, =D, (t,)+R;,D,(t). The displacement is obtained by substituting Egs. (A5), (51) and (55)

into Eq. (35):

1 h Gk GK
—p 2O IR, + Pexp [y (@R (D) exp dt
GH 771(

2]" h ,Gi GK GK

’ 1
+=-exp " J;{(T)exp”K dt——R, Zexp e jpll(r)exp"K drt

e (A6)

1 h _Gk,
—[p' 20~ Py IR, +Pexp ™ Dy(1,)
1 GH K
2r p h —%t 1 _GiKt
+exp ™ RﬁnzDz(t)——Rﬁn2 exp " D,(¢)
Nk ‘ N

where:

D. p, (T e = exp™ t exp™ tl e exp gk - exp ”; '
— -

(t) J ll( )eXp b d € Py ( ﬂK — - 0.7]71( exp FL i S S

K K : H

Gk (1)) G Ry, =158V Gy Ry, —1.58v1x
K (14, , L

1
7],
exp '« -1 —ex +ex
P 0mR, P P
GKRﬁ” (GKRﬁn -1.58n,v,)
Gy Ry =138l Gy R, =1.58v17
f ¢ Gy = AL B B 3B
texp +exp7”7‘]' i expt —exp™ e exp™H —1
B 1 B 2
G, (GKRﬁn -1.58n,v,) G A, neA Rﬁn

G Ry, —1.58v77 ity L At GA —=(t=1;) 1
0.7 Rﬁn exp N Ry, CXp eXp —— C1 exp Cl 771( ﬂ'[B exp
‘ (GR;, —1.58m,v) 4 fm 771</11 ) G Rfm (G 77;</11 )

Nk R Nk R
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+ 0‘777KRﬁn .

R,
—eXp M K i

(-4 _
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Gy, Gk

o1 AP B B - *tl Gg R, —1.58vimx 4 B B
G expt—exptt ,, exp™ —exp™ A expH = expt
1, eXp ———— T > —+0.717,, exp —_—
GK(GK _771</11 ) GK (GK _nK}H ) GH (GK _771</11 )
158y, g:t %’:t, Gy Ry, —1.58v17x iy 51
0.7, A" exp Ry XD P = +0.7n R, exp iR exp’ exp
G, G (Gy =1 A) ! G, (1.58n,v, +R/m (771(21 -G ))
Gy Ry, =1.58vimx B B
Sl 2Ty, P
690 0.77:R,, exp """ CXp_—CXp _ -
(GkR,, —1.581,v)(1.58n,v, + R, (M A" —Gy))
Gy Ry, =1.58vy1ng Gy Ry, —1.58vping
0 777 213 _eXp Nk R + eXp Nk R _
Ko (GKR/in _1-58771<V1)2(1-5877KV1 + Rﬁn (UK’%B —-Gy))
G Ry —1.58vmg G R —1.58vm
, . —exp Nk R fin I+exp Nk Ry
0.77 R ;.2 A, 7 )
"G (GeR,, —1.581v,)(1.5810v, + R, (1 AP = Gy)
691 (A7)
692 When ¢, <t<t,, i.e. during the second liner stage, the support pressure acting on the rock is
693  obtained by substituting Eq. (44) into Eq.(41):
G, B e (A aty) G,
Pa®)==C,+Crexp ™ exp ¥ = Cp A =P ————+e;p/exp " (0TR,,
GK _nKﬂz ‘
Gy Ry, —1.58vmx Gy Ry, —1.58vmk GK
Mk R i ' MRe (t-1) Yk '71< Vi (ﬁ_% o
exp —exp exp _Cexp ™ o G exp™ +n A exp™' exp
GKRﬁn —1.58n,v, R fin (G _ﬂkﬂz )
G, G, G, GgRg,—1.58ving 1.58v,  .p
i, s y G, e T S LI G
—exp”“ +exp expl ™% 1;8. © o —exp™ +exp exp
694 +0.77 A7 R, Cexp ™
_771(22 (Gx Rfm —1.581m,v,)(1.581,v, +Rfm (U;Jz -G ))
Gy
G 1.58, 1.58v, 158y, 7, (7_32 )t B
1 e S Tk, ®, texp™ —exp ™ exp”’
—(0.7exp™ (exp " —exp " )+n AP0 7exp +
GH( p™ (exp p " )+ (0.7exp G2
G Ry =158V Gy Ry, ~1.58v11
0 7R exp Mg R ) _ eXp Nk R 2 eXp(t—12 )223 )))
" —1.58n,v, - Rﬁn (nKﬂzB -Gy)
695 (A8)
pe 5 2e,a,,a .
696  where C,=D(t,)+R,,D,(t,), C;=——"2C,+A,D,(t,), C,=——p,(t,). The displacement

kX fin a; iy

697  is obtained by substituting Eqs.(A8), (51) and (55) into Eq. (35) so we get:

GK h Gy
1 ot
L0 R, + 2 @R Erexp dr+ Pl exp R,
608 _ 1]Gy, nK 77K
ur4 (r’t)_ Gy G G
2r 1 1 "
J.;((T)exp'“ dr-—R, Zexp e I P, (T)exp ' dt-—R, Zexp e Iplz(r)exp ' dt
My M
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When ¢2>¢,, 1.e. during the third liner stage, the displacement is obtained by substituting Eqs. (51)

and (55) into Eq. (35):
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707 The analytical expressions for p,,(r) and D,(¢) are obtained by replacing the coefficients in the
708  expressions of p,(r) and D,(r) respectively (see Eqs. (A8), (A10)) as follows:
709 C,—>C; C,—>Cs t, >t e, >ey; A

710  with:
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e
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Legends

RVI
41
p,(1)
rock mass first liner (¢ >¢,) i-th liner (¢ >1¢,) n-th liner (¢>¢)

Figure 1 Illustration of the radii of the liners and of the support pressures.
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Figure 2 a) Generalised Kelvin model. b) for Gx=0, the Maxwell model is obtained; c)for G, -, the

Kelvin model is obtained.
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Figure 3 Parameter accounting for the tunnel face effect: a) curves obtained from expressions proposed by

Liu[33], x,, and Panet and Guenot [34], ¥, , against the distance of the considered section from the
tunnel face normalized by the final radius of the section; b) curves obtained from the adopted
expression [33] calculated for different ratios of excavation speed against the normalized distance; c)
sketch showing the approximation introduced in the calculation of y: the dotted line indicates the
excavated volume assumed in the calculation of Panet and Guenot [34] whilst the solid line indicates

the real excavated volume.
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Table 1

Geometrical and mechanical parameters for the liners in dimensionless form.

Parameters G G Gy L VL Vi R, —R R, -R, R, —R, L 2 L
G, G, G, ! 2 3 R R R t A t

7 11

Value 16 16 20 0.2 0.2 L ! L 1 - —
120 60 30 5 5
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Figure 4. Generalized Kelvin model; curves obtained for various values of T, /t, and G./G,: a) normalized

radial convergence versus time normalized by the excavation time f; b) normalized radial stress

versus normalized time; ¢) normalized hoop stress versus normalized time. Note that at the end of the

excavation process, ¢/, =1, all the curves exhibit a kink point.
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Figure 5. Maxwell model, curves obtained for various values of T, /t0 and G, =0: a) Normalized radial

convergence versus time normalized by the excavation time, #y; b) normalized radial stress versus
normalized time; c¢) normalized hoop stress versus normalized time. Note that at the end of the

excavation process, ¢/, =1, all the curves exhibit a kink point.
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Figure 6. Generalized Kelvin model: normalized radial convergence versus normalized time for various

excavation rates. The ‘e’ symbol denotes the end of the excavation.
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Figure 11. Normalized supporting pressure p; against normalized time for different installation times. The

3

symbols

respectively. a) supporting pressure p; versus time interval since the end time of excavation for
different first liner installation times. b) supporting pressure p; versus time interval since the
installation of the first liner for different first liner installation times. ¢) and d) supporting pressure p;

versus time interval since the end time of excavation for different second and third liner installation

b}

times, respectively.
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50



04
L G/G.=1 —e— G/G =15
035 ----- GJG.=5 —a— G/G,=20
- - = GJG=10 —*— GJ/G =25
03~
0.25 e
L //A//
02
015 e
I I
01 /- : U -
005 #7 --7
L ‘//,’
ol
4 0 05 1 15 2 25 3 35 4
t/Ty
a) b)
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Table 2 Material parameters of the liners.

Parameters

The first liner

The third liner

Young’s Modulus

E} =2.0x10" MPa

E; =2.5x10* MPa

Poisson’s Ratio

v =0.2

vy =0.2

Thickness

d, =100 mm

d, =300 mm

The second liner

>

_!__ I Ilmmm

4&86mm

| 160mm equivalent to - |

= 1.0m 1 1.0m ~

Steel Set Shotcrete Equivalent section

Thickness 160mm 180mm d, =186 mm
Area of the section 2.6x107° m’ — —
aen of the section___ 1130x10° — -
Young’s Modulus 2.0x10° MPa 2.0x10* MPa 2.29x10* MPa

Poisson’s ratio 0.25 0.2 0.2

53



u,|[mm] G, [MPa] o, [MPa]
_ 0 — -8 -
7 | |#=1 day, ;=10 day | #,=1 day, £,=10 day 8 1 |t=1day, £,=10 day
60 7 -9
| 2 1 —a— 1,=8 day
50 il 107 —»— t,=3 day
| 3 1
40 B 1 A1 t,=2 day
] —a— =8 day 4 t,=8 day 1 —*— t=t=1day
30 —*— 1,=3 day 1] —%— =3 day 12 andE" = E' =E,
: —— 4,2 day S e =2 day :
20 i —®— t=t=lday -6 —| —®— t=t,=1day 3 i
10 —| a‘nd‘ElL: EZL:EL _7; andEle EZLZEL 14 —|
; L ’
0\‘\‘\‘\‘\‘\‘\‘\‘\‘\"8\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘-15\‘r‘\‘\‘\‘\‘\‘\‘\‘\‘
0 2 4 6 8 10 12 14 16 18 20 0O 2 4 6 8 10 12 14 16 18 20 0O 2 4 6 8 10 12 14 16 18 20
¢t [day] ¢t [day] t [day]
(a) (b) (©)

Figure 15. Displacements and stresses calculated at the interface between rock and the first liner (=6.2m) versus
time for various installation times of the second liner. Red circles (®) indicate the installation times of
the second liner. a) radial convergence versus time; b) radial stress versus time; c) hoop stress versus

time.
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