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Abstract

This thesis is motived by the wish to understand the structure of the moduli space of
monopoles on R°. Our approach to define monopoles is twistorial and we start by
developing the twistor theory of R, which is an analogue of the twistor theory for R3
developed by Hitchin. Using this, we describe a Hitchin-Ward transform for R®, giving
monopoles for the group SU(2). In order for us to construct monopoles we make use
of spectral curves. Then, using those spectral curves we find a new system of equations,
analogue to the Nahm’s equations. Lastly, we prove that the geometry of the moduli space

of solutions to this Nahm’s equations carries a 2-symplectic structure.
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Chapter 1

Introduction

1.1 A brief introduction to monopoles on R*

In physics, a magnetic monopole is an elementary particle that behaves as an isolated
magnet. In other words, it can can be regarded as the isolated pole of a magnet, either
the north or the south. Even though those particles have not been found yet, Paul Dirac
proved that the existence of a single monopole in the universe can explain the quantisation
of the charge of electrically charged particles [Dir31]. Explicitly, the magnetic field of a

point magnetic monopole of charge £ at the origin is given by
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It is important to highlight that the Dirac monopoles have a singularity at the origin, thus

they are not topological solitons .

It was in 1974 that °t Hooft [Hoo74] and Polyakov [Pol74] found out that the non-abelian
Yang-Mills-Higgs theory on R?® admits non singular magnetic monopole. The Yang-
Mills-Higgs theory can be obtained as the Yang-Mills energy functional coupled with
a scalar field, the Higgs field. Intuitively, the 't Hooft Polyakov monopole behaves like
the Dirac monopole at large distances, but with the singularity in the centre smoothed out.
In what follows, we shall give a succinct explanation on the development of methods to

find monopoles on R? when the gauge group is SU(2).

A monopole on the Euclidean R? consists of a pair (V, ¢) minimising, with finite energy,

the Yang-Mills-Higgs energy functional

y =/ Fol” + V6P,
R3

where V is a SU(2)-connection on a complex vector bundle F over R? and ¢ is a skew-
symmetric section of End(E). One can show [AH88] that the pair (V, ¢) is a monopole

if and only if it satisfies the Bogomolny equation
Fy = *v¢7
In this case there exists an integer £ > 0 such that

V = 4rk.

!'A topological soliton is a non-singular, static, finite energy solution of field equations. Those properties

allows one to define a topological invariant of the solution, called charge.
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Moreover, V and ¢ are subject to the following boundary conditions:

6] = 1—5-+0(?)
o6l _ -
a0 o)

V| = O(r™?), as r — oo,

99|

where 50 is the angular derivative of |¢|.

We shall now give an interpretation of the integer m that appears in the boundary
conditions. The first boundary condition says that, at large distances, ¢ does not vanish.
Therefore, if we restrict the bundle E to a large sphere S, at the infinity, it splits as a
direct sum F = L & L* of eigenspaces for ¢ and the degree of L is m. Furthermore,
integration over S, shows that the m = k. Equivalently, we can restrict ¢ to S, and
obtain a map % : Soo — 8% C su(2); this map is well-defined since ¢ does not vanish at
large distances. Again, by integration on the sphere at the infinity, one can show that the
degree of this map is £. From now on, we call the integer & the topological charge of the

monopole.

The problem now was to find solutions to the monopole equation. For k£ = 1, the exact
solution was found by Prasard and Sommerfield [PS75]. The explicit Higgs field is given

by:
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Charge 2 monopoles solutions were constructed by Ward via twistor methods. He relied
on the idea that monopoles can be regarded as self-dual Yang-Mills connections on R*
that are invariant under translations in one direction. Since, by that time, it was known
that every self-dual Yang-Mills connection corresponded to holomorphic bundles over
CP3, Ward knew that monopoles should also correspond to holomorphic bundles or,
equivalently, to holomorphic transition matrices. In [War81b], Ward constructed the
axially symmetric monopole of charge 2. For this, he used the Atiyah-Ward ansatz for
self-dual connections on R*, described in [AW77]. Briefly, he considered a specific
transition function for a holomorphic bundle on CP3 for which he knew how to construct
back the corresponding self-dual connection on R* explicitly. Then he proved it was
a monopole on R? satisfying the boundary conditions and, moreover, it was axially
symmetric. As an extension of this result, Ward also constructed a seven parameter
family (six parameters come from translations and rotations on R?) of charge 2 monopoles

[War81a].

In [PS81] Prasad and Sommerfield constructed an axially symmetric solution for each
charge £. It is important to mention that their method differ from Ward’s construction of

charge 2 monopoles and the regularity of those solutions was not proved in that paper.

Using the geometry if oriented lines in R?, Hitchin introduced in [Hit82] the dimensional
reduction at the twistor level. Namely, he proved that a solution to the Bogomolny
equations corresponds to a holomorphic bundle on T, the total space of TP!; this type

of result is known in the literature as the Hitchin-Ward correspondence. Hitchin’s idea
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was to extend the Ward’s twistor method to general charge £ monopoles. He proved that
if a bundle E on T is the bundle corresponding to a monopole, then E is given by an
extension of line bundles on T. Moreover, he uses the properties of those holomorphic
bundles to define a compact Riemann surface in TP, the so called spectral curve. He
also shows that the spectral curve determines the monopole. However, there was no proof

that the solutions obtained in this way were non-singular.

Concomitantly, Nahm, using a type of generalised Fourier transform, proved that the
Bogomolny equations can be reduced to a non-linear system of differential equations,

called nowadays as Nahm’s equations [Nah82]:

Tl — [TQa T?J:
Ty = T3, T),
Ty = [T, Ty),

where 7T} is a k x k analytic matrix-valued function on the interval (0,2) with simple
poles at 0 and 2. Furthermore, solutions to Nahm’s equations satisfying these boundary
conditions corresponds to non-singular monopoles. In a later work [Hit83], Hitchin
proved an equivalence between solutions to Nahm’s equations and spectral curves
satisfying a cohomological condition. Using this result, Hitchin proved that the Prasad-

Sommerfield monopoles were actually non-singular.

Another important problem in the study of monopoles is the description of the moduli

space. It was proved by Taubes in [JT80] that the space of solutions of charge £ monopoles
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is a smooth manifold M  of dimension 4k — 1, however, we can add a phase factor to a
monopole and obtain a circle bundle M, over the moduli space whose dimension is 4k,

called the gauged moduli space.

The importance of Nahm’s equations to the study of moduli space comes from the fact
that M, can be described as an infinite dimensional Hyperkihler quotient [HKLR87] and
Nahm’s equations can be interpreted as the moment map for this quotient. Moreover,

using this technique, Atiyah and Hitchin described the metric on M explicitly.

More recently, Bielawski [Bie06] described a class of manifolds whose tangent space at
every point decomposes as copies of irreducible representations of SU(2) of dimension k
for some fixed k, the so called generalised hypercomplex manifolds, or GHC manifolds for
short. Furthermore, these manifolds have a twistor interpretation similar to hyperkéhler
manifolds. He also endows some of the GHC manifolds with symplectic structures and
performs GHC-symplectic quotients. It is important to highlight here that GHC manifolds
are defined in such way that hyperkéhler manifolds, and their hyperkéhler quotients, are

a special case.

Bielawski also proves a Hitchin-Ward correspondence for GHC manifolds. Namely, a
holomorphic bundle on the twistor space of a GHC manifold M corresponds to a pair
(V, ®), where V is a connection on a complex vector bundle E over M and @ is a section

of End(FE) ® C*~2) satisfying a flatness condition, this is the Bogomolny condition.

Our objective in this thesis is to present a construction of monopoles on R?. Our approach
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is to construct a Bogomolny pair (V, ®) from a spectral curve, satisfying some additional
conditions, in the twistor space of R®. We then move towards the construction of spectral
curves, which is similar to the construction in [Hit83], and we prove the equivalence
between a new system of equations, analogue to Nahm’s equations, and the spectral
curves. The motivation to take this approach comes from the fact that the twistor space
of R® is similar to the twistor space of R3. Therefore, we expected some similarities with

the spectral curves for monopoles on R3.

The main challenge faced was the fact that our monopoles are not defined in terms of a
Yang-Mills-Higgs functional. This implies, for instance, that we do not have a topological
definition of charge. We define the charge of a monopole on R® to be the degree of the
spectral curve associated. Moreover, this implies there is no natural way to define a >
metric on the moduli space and we should rely on our Nahm’s equations to define the

metric.

It is important to notice that, to our knowledge, this thesis is the second source in the
literature where monopoles in R® are mentioned, the first being [Bie06]. However, there
are other recent work in higher dimensional monopoles. For instance, in [Oli14] Oliveira
investigates monopoles on 6 dimensional Calabi-Yau manifolds and 7 dimensional G,

manifolds.
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1.2 Overview and statement of results

In Chapter 2 we describe the twistor theory of R®. Using the results of [Bie06] on GHC
manifolds we define R® as the space of real sections of the bundle O(4) over CP! or,
equivalently, as the space of polynomials of degree 4 in the variable &, the holomorphic
coordinate for C P!, invariant under a real structure. Moreover, if we call T the total space

of O(4), we describe the twistor correspondence between T and R®:

Every point (xg, T1, T2, 3, 14) € R® corresponds to the section p(§) = (xg+ixy)+ (z1+
ir3)€ + 19€% — (w1 — 1x3)E% + (1o — 124)E* of O(4). Conversely, every point z € T
corresponds to an oriented 3-dimensional affine subspace of R°. Those 3-dimensional

submanifolds are called o-surfaces and are described explicitly in proposition 2.5.2.

In Chapter 3 we introduce the twistor description of R’ and prove the Hitchin-Ward

correspondence for R®:

Theorem 3.4.6. Let E be a SU(2) bundle on R5. There is a 1-1 onto correspondence

between SU(2) Bogomolny pairs (V, ®) and holomorphic bundles EonT satisfying:

(i) E is trivial on real sections,
(ii) E has a symplectic structure,

(iii) F is equipped with a quaternionic structure o covering 7, this is to say, ¢ is an
anti-holomorphic linear map

g . Ez — ET(Z)7
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such that 0° = —id .

It is important to highlight that in the proof of the above theorem we described explicitly
the holomorphic structure for the bundle F from the pair (V, ®). Moreover, the Hitchin-

Ward correspondence stated in [Bie06] does not apply to the group to SU(2).

We also use this to find the explicit line bundle Lz <) on T corresponding to a trivial

U(1) pair (d, (i%,1b,45)). Namely, if we set holomorphic local coordinates 1 and A on

the total space of O(4), we prove the following proposition:

Poposition 3.5.1. The bundle L s p, <) has transition function
a,b,c 1 1 1% . 1 1
g((]1 ):exp(—au<x—ﬁ —|—bﬁ—zcu X+F .

We later discuss the global equations that are the equivalent, in R, to the Bogomolny
equations. Then, we bring the chapter to an end by discussing the fact that monopoles on

R5 are dimensional reductions of self-dual connections on RS,

Chapter 4 contains the construction of monopoles. We begin the chapter with a
discussion on how a spectral curve gives rise to a pair (V,®) on R°. Then, we use
the methods developed by Hitchin in [Hit82] and construct a new system of differential
equations, which is an analogue of Nahm’s equations, from spectral curves. Furthermore,
we prove an equivalence between solutions to this new Nahm’s equations satisfying reality

and boundary conditions and spectral curves.
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We bring the thesis to an end with Chapter 5. In this chapter we discuss the geometry
of the moduli space of solutions to our Nahm’s equations. We first show that our Nahm’s
equations can be interpreted as the moment map for an infinite dimensional generalised
symplectic manifold. Moreover, we prove that the moduli space of solutions to those
equations is a 2-symplectic manifold, it is a GHC manifold equipped with a generalised
symplectic structure. To give an example of this construction we find the moduli space
of solutions to our Nahm’s equations with trivial boundary conditions and compute their
twistor space explicitly. As special case of this we have the moduli space of charge 1

monopoles in R®.
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Chapter 2

R° as a Generalised Hypercomplex

Manifold

2.1 Overview

In sections (2.2) and (2.3) we review some of the material presented in [Bie06]. Then, we
use these results to endow R® with a generalised hypercomplex structure. More precisely,
we define R® as the space of real sections of the degree 4 holomorphic line bundle over
CP!. It is know, from the Borel-Weil theorem (see for e.g. [BE89]) that the space
of sections of this bundle is the fourth-symmetric power of the defining representation
of SL(2,C), which is irreducible. Thus, we have given R® an integrable generalised

hypercomplex structure.
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We shall also describe explicitly the a-surfaces in R®. They turn out to be the analogue of
the oriented lines in R? as investigated by Hitchin in [Hit82]. By definition, the c-surface
P, for the point z € T, where T is the total space of the bundle O(4), consists of points
of R, regarded as sections of ((4), passing through z. The explicit description of the

a-surfaces is given in (2.5.2).

2.2 Generalised hypercomplex manifolds

Definition 2.2.1. Let M be a smooth manifold. A generalised almost complex manifold is
a smooth fibrewise action of SU (2) in the tangent bundle such that each 7, M decomposes
as V' ® R™, where V is an irreducible representation of SU(2). The complexified
representation VC is one or two copies of the k"-symmetric power of the defining

representation of SL(2,C). We shall then call M an almost k-hypercomplex manifold.

The dimension of a k-almost hypercomplex manifold is m(k + 1) where m is even if k
is odd. Moreover, the structure group of such manifolds is the centraliser of SU(2) in
GL(m(k +1),R), and this centraliser is GL(m, R) is k is even or GL (%, H) if k is odd.
Now, let £, be the bundle on M associated to the canonical representation of G L(m, R)
or GL(%,H) and H is the trivial bundle with fibre S*C?. This gives an isomorphism

TM®=E, ® H.

One way to produce examples of those structures is to look into the space of sections
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of holomorphic bundles over CP'. This happens because irreducible representations of
SL(2,C) can be realised as sections of line bundles over CP'. A o-bundle (or real
bundle) over CP! is a holomorphic bundle F equipped with a anti-holomorphic involution
o covering the antipodal map on C!, a real section of a o-bundle is a section invariant
under the involution 0. The map o will be called a real structure. Following these
definitions, we can describe the irreducible representation of SU (2) as real sections of a o-
bundle over CP'. Consequently, the tangent space of a generalised almost hypercomplex

manifold is the space of real sections of a o-bundle. In fact:

Proposition 2.2.2 ( [Bie06] proposition 2.2). Let Z be a complex manifold fibering over
CP! equipped with an anti-holomorphic involution 7 which covers the antipodal map on
CP!. Suppose there exists a holomorphic real section of Z — CP! whose normal bundle
is isomorphic to O(k) ® C™ (k > 0), then the space of such real sections is an almost

k-hypercomplex manifold of dimension n(k + 1).

This proposition motivates the following definition:

Definition 2.2.3. An almost k-hypercomplex structure on a manifold M is integrable if
M, together with the SU(2) action on its tangent bundle, can be described (locally) as the
space of real sections of a complex manifold Z fibering over CP'. We shall say that M is
a generalised hypercomplex manifold or GHC manifold for short. The space Z is called

the twistor space of M.

Example 2.2.4. Consider S® = SU(2), where the diffeomorphism is given by defining
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SU(2) as the quaternions of unit length. Since T'SU(2) = SU(2) x su(2), we have an

action on the tangent bundle given by the adjoint action of SU(2) on su(2).

For the integrability, notice that S® can be understood as the space of real sections of
P(O(1) & O(1)). Namely, sections of O(1) are polynomials of degree 2 in £, where & is
a holomorphic coordinate for CP!. Moreover, O(1) can be endowed with a quaternionic
structure, therefore £ = O(1) & O(1) = O(1) ® C? possesses a real structure. Now,
H°(CP', E) = C* and the space of real sections of E is R*. Taking the projectivization
P(E) of E, gives us the real sections of P(E) = S3. Therefore, S is the space of real

sections of a holomorphic bundle over CP! and this proves the integrability.

Example 2.2.5. Let H be the k-dimensional, for & even, irreducible representation of
SL(2,C), then it acts irreducibly on the dual H*. Let B be a Borel subgroup of SL(2,C),
then SL(2,C)/B = CP". For each ¢ € CP, let B, be its corresponding Borel subgroup
and [, be the highest weight vectors for B,. This gives an injective map CP' — P(H*)
and let L, be the bundle on CP! given by the pullback of the tautological bundle on

P(H*). For Lj, = (L;)* we have:
Theorem 2.2.6. (Borel-Weil theorem) In the notation of the example above,

H°(G/B, L) = H.

Since k is even, we can endow H with a real structure and then H® is a GHC-manifold

with twistor space L;. We shall later describe explicitly the a-surfaces when k = 4.
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Let M be a GHC manifold and consider the action of SL(2,C) on the complexified
cotangent bundle 7*MC. For each point ¢ € CP" let B, be the corresponding Borel

subgroup of SL(2, C). Define the following:

i) U, is the subbundle of (7*M) corresponding to the highest weight with respect to

By,
ii) K, is the subbundle of 7'M annihilated by U, and

i) Fo=K,N IC_q N T M is a distribution on M.

We then have:

Theorem 2.2.7. ([Bie06] theorem 2.5) An almost k-hypercomplex structure on a
manifold M is integrable if and only if for every ¢ € CP! the subbundle K, is involutive

for all ¢ € CP*, this is to say, [IC,, K ] C K,.

We shall not prove the theorem above, however we shall see how it can be used to

construct the twistor space of a GHC-manifold.

Define the twistor distribution Z of M to be the distribution on M x CP! given by
Zim,q) = ((Fg)m,0). The theorem above says that this distribution is involutive and thus
it defines a foliation of M x CP'. Moreover, the leaf space Z = (M x CP')/Z is the
twistor space of the GHC-manifold M. If the foliation is simple, then Z is a complex
manifold and the projection i : M x CP! — Z is a surjective submersion, in this case M

is called a regular GHC-manifold. The leaves of the foliation Z will be called a-surfaces.
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Let M be a GHC-manifold, then it is given as the space of real sections of a fibration
Z — CP?, then M has a natural complexification M given by the space of all sections of
the fibration. Notice that the holomorphic tangent bundle 7M (%) of M€ is then endowed
with a holomorphic action of SL(2,C) such that TM 1% = S*C? @ C". Furthermore,

we can define the complexified bundles U, KC, and F,, we also have theorem (2.2.7).

2.3 The twistor theory of GHC-manifolds

In this section we shall describe some distinguished bundles on a GHC-manifold M. But
first we need some results regarding bundles on CP! and representations of SL(2,C).
In what follows in this section G = SL(2,C) and B is the Borel subgroup of the upper

diagonal matrices.

Let L = O(k) be the degree k line bundle on CP?, for k& > 0. Then the space of sections
H is an irreducible representation of GG from (2.2.6). Notice that the homogeneous bundle

H = G xp H is trivial and that we have an equivariant map:
H— L,

which is given by evaluation. Namely, if h € H and ¢ € G/B = CP' the map above

sends (h, q) to h(q).
Now, define a bundle K on CP! given by the exact sequence of homogeneous bundles:

0—-K—H—L—0. 2.1
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The cohomology exact sequence of the dual to the sequence (2.1) gives an exact sequence

of GG representations:

0 H S5 HL H >0, (2.2)
where H' = H'(L*) = S¥=2C%, H = H°(K*) and notice that H* = H°(H*), since H is
a trivial bundle. Moreover, the sequence (2.2) is split.

As a consequence of the long exact sequence in cohomology of (2.1) we have:
Lemma 2.3.1. The bundle K * decomposes as a direct sum of the bundles O(1).
Remark 2.3.2. The lemma above says that H canbe given the structure of a quaternionic
vector space.
For each ¢ € CP! we notice that the line of highest weight vectors in H, denoted by S,,
is contained in K. Therefore, we can define a subbundle S of K whose fibre at ¢ is .S,,.
We can consider the short exact sequence:
0— (K/S)" > K*— S*"—0. (2.3)

The long exact sequence in cohomology starts as:

0— H(K/S)") — H — H°(S*). (2.4)

Now Borel-Weil theorem says that H* and H°(S*) are isomorphic representations of G.
Thus, we obtain a map p : H — H*. ltis proved in [Bie06] lemma 3.3 that p is the left

inverse for the map ¢ in (2.2).
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We can now state and prove:
Proposition 2.3.3. We have an isomorphism of homogeneous bundles
(K/S)*~ G xp H'.

In particular, H°((K/S)*) = H(CP', L*) and K/S is trivial.

Proof. H is isomorphic to S*C? as a representation of G’ and we shall write the vectors of
H as (vg, vy, - -+, vg) where the coordinates are relative to the weight decomposition with
respect to B, where vy correspond to the minimal weight and v, the maximal weight.
The fibre Kj) of K at the point [1] € G/B = CP! is given by vectors of the form
(0,v1, -+, vg) and the fibre Sy, by (0, - - - , 0, v;). The map Kpj/Sp; — S*2C? induced
by
(0,1)1, c. ,Uk) — (Ula ce 7Uk—1)

is an isomorphism of B-modules. Since the bundles are homogeneous we have an

isomorphism of bundles. [

We can now return our attentions to differential geometry. Let M be a regular GHC-
manifold and Z its twistor space. Therefore, on the complexified case, we have the double

fibration:
Z<&LY =M xCPt S MC. (2.5)
Definition 2.3.4. The sheaf of n-vertical holomorphic [-forms an is defined by

QL = N(Q(Y) /(@ (2))).
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Proposition 2.3.5. We have an isomorphism of sheaves p.(Q,) = E* ® H, where H is

defined in the sequence (2.2).

Proof. Let x € M® and let CP! be the fibre of p over x. The n-normal bundle of CP} in
Y, this is to say, the normal bundle of CP! along the fibres of 7, is the bundle whose fibre

at (z,q) € CP} is K. From the definition of push-forward we have:
p«(Q) = H(CP;, K*).

Now we have the decompositions 7'M C=Ey®Hand K = C"® K, where K is defined
in (2.1). Since H°(CP!, K*) = H, we have proved the proposition. [

Proposition 2.3.6. We have a splitting: p,(Q}) = Q'(M®) & (E* ® H').

Proposition 2.3.7. p,(Q2}) = (S’ E*@H_)D(A*E*®H. ), where H_ = H(CP', A*K*)

and H, = H(CP', S>K*).

2.4 R’ as a GHC-manifold and its twistor theory

Example (2.2.5) defines R® as a 2-GHC manifold. In this section we shall describe

explicitly the twistor distribution for R®.

First we shall fix some notations that will be used throughout this thesis. Let CP! =
C U {oc} and put coordinates ¢ on U = C C CP'and ¢ on U’ = (C\ {0}) U {o0} such

1
that £’ = E onUNU.
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We can now fix holomorphic coordinates on O(k). Let  : O(k) — CP"! be the projection
and define the open sets Uy = 7~ '(U) and U; = 7' (U’). Put coordinates (n,&) in Uy
and (1',¢') on Uy such that ' = 7/&*. Furthermore, from now on, whenever we refer to

the total space of the bundle O(k), we shall name it T.

Under these coordinates we can express a holomorphic section p of O(k) as a polynomial
of degree k in &, namely p(€) = ag+a1€ +- - - +ax&*. We can define an anti-holomorphic
involution in the total space of O(k), in local coordinates, by 7(n,§) = (ﬁ/gk, —1/¢€).
Observe that 7 covers the antipodal map in CP! and therefore swaps the open sets Uy and
U;. This map induces an involution in H°(CP*, O(k)), which will still be called by 7, in
the following way: If p(§) = ag + a1€ + - - - + ax&* is a holomorphic section of O(k),
then 7(p) = by + - - - + bp&", where b; = (—1)’@;_;. For a point (n, \) € O(k) we can

define the c-surface 11, ) = {p(&) € C°| p(\) = n}.

We can now concentrate on R®. A point (x¢, z1, T2, ¥3,74) € R5 corresponds to the
section p(§) = (wo + izs) + (21 + iw3)€ + 226 — (21 — iw3)€® + (2o — iz4)§* €
H°(CP',0(4)). Conversely, given a point 2 € Z, we define the real a-surface
corresponding to z, denoted by P,, to be the subspace in R® consisting of real sections
through z. Namely, we can consider z € Uj so that we can write z = (1), &) in local

coordinates, then we have P, = {p € H°(CP', O(4))| p(&) = no}-

We define C° as the fourth symmetric power of the defining representation of SL(2,C),

therefore it can be described as the space of polynomials of degree 4 in £ and the explicit
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action of SL(2,C) on C® is given by:

g-0©) = (s + ) o (7)), @6)

where ¢ = (29) € SL(2,C) and p({) € C°. We can understand this action as being

induced by the action of SL(2, C) in the total space of O(4) defined by

B n al +b
g-(n,§) = ((c§+d)4’c§—|—d)' 2.7)

For the following proposition, we write an element g € SU(2) C SL(2,C) as g =
(%)
g a )

Proposition 2.4.1. This action is compatible with the real structure 7 in O(4), this is to

say, Tg = g7 forall g € SU(2).

Proof. The proof follows by direct computation using the action (2.7) and the definition

of 7. We have:

1 A
= and notice that

-1

For a point A € U C CP* define g € SU(2)

g is the unique, up to a U(1) multiplication, element in SU(2) such that gy ' - (0,0) =

(0, \).
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Now we shall explicitly describe the bundle K, which is defined in (2.1). First, we identify
the tangent space 7,C5 at x € C® with S*C? and denote a vector in T,,C® as a polynomial

of degree 4 in £. We then have:

Proposition 2.4.2. Let A\ € U C CP?, then the fibre Ky = Spanc{V}, Vi*, Vi, V),

where
c VP =gilf= m(XfﬂL 1)3(&—=N);
V=€ = e D
VP gl mag +1)(€— W%
1
. ‘/4)\ — g;1 .54 — m(é— )\)4

Proof. First remember that the fibre K, is given by the holomorphic sections p of O(4)
such that p(\) = 0. Then, notice that K, = Spanc{¢, £2,£3, &4}, Since the group action
is an endomorphism, the subspace of H°(CP!, O(4)) generated by the Vs is a basis for

K. This proves the proposition. [

Remark 2.4.3. It is important to highlight the use of the group action in the proof above.
It will be important when we discuss aspects of the twistor theory of R® that are invariant

under the group action.

We have that in our case K, = K,, for all ¢ € CP'. Therefore, applying the reality

condition we have:
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Proposition 2.4.4. The twistor distribution .# on R®> x CP' is given by Z(, ) =

Spang{(v7,0), (v3,0), (v3,0)}, where

L+ (€ =) — (L +A)(E = N)?

XN =1l (e 3y

V1 = gy (5 § ) (1 n )\X)Q ) (2.8)
- (1+2)%E = N)?

vy =gy &2 = o) and (2.9)
1 L (LHEXPE=N)+ (L+X(E = N)?

0 = gt i(€ + €Y :z( TSV ) (2.10)

Moreover, fixing an ordered frame {(v7,0), (v3,0), (v3,0)} for the twistor distribution

gives an orientation for the vector space .7, »).

Remark 2.4.5. We are describing R® as the real form of the fourth symmetric power of the
defining representation of SU(2). Let B, be the Borel subgroup of SU(2) corresponding
to ¢ € CP'. If we consider the weight decomposition of R® with respect to B,, we must
have that v, v5 and v3 are the weight-vectors corresponding to the weights —2, 0 and +2
respectively. Therefore, the orientation mentioned in the proposition above is natural with

respect to the SU(2) action.

2.5 Invariant metric on R, a-surfaces and further

properties

We begin this section by stating the following proposition:

Proposition 2.5.1. ([Muk03] page 27 proposition 1.25) Let p(§) = ag + a1& + a2€? +
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as&3 + a4&* as a point in T,,C°. Define the quadratic form on 7,C° by N(p) = a3 —
3ajas + 12agay. Then, N is SL(2, C)-invariant, this is to say, N(g - p) = N(p), for all

p € T,Coand g € SL(2,C).

We can apply the reality condition and restrict this form to the tangent space T,R® for
x € R®. For a tangent vector p(¢) = (zg + ix4) + (1 + 123)€ + 1262 — (11 —ix3)E3 +

(w0 — iz4)E* € T,R®, we have

N(p) = 5 + 3(2? + 23) + 12(z3 + 27).

Thus, N(p) is positive definite and defines an SU(2)-invariant metric g on R® by the
polarisation formula. Moreover, we must have that {v7, v3, v}, defined in proposition

(2.4.4), is an orthogonal frame for the twistor distribution .% .

We now turn to the description of the leaves of the twistor foliation, the so called a-
surfaces. Let z € T, we define II, to be the space of section of O(4) that contains z,
in local coordinates, I1(, ) = {p € O(4)|p(§) = n}. Applying the reality structure, we

define P, = I, N 7(I1,) N R>.

Proposition 2.5.2. Let (n, ) € Uy, then

0 = {ﬁ [n(1+X)* + a1 (1 + X6 (€ — ) + ax(1 + XE)*(€ — A)*+

+ag(1+AE)(E = A)? + as(€ = N |, as, a3, ag € C}.



Chapter 2. R® as a Generalised Hypercomplex Manifold 25

Applying the reality condition:

Py = {ﬁ (n(1+X)* +7( = M)+
{14+ A€ = X) — (L+X)(E = N)’]+

(1 + A (€ = N)? = a5[(1 + A (E = A) + (1 + AE)(€ = A)’]) |2, @2, 23 € R}

Now we shall concentrate on the tangent space to the a-surfaces. We shall use the
isomorphism TR® = T*R® given by the above inner product and define what we shall

call “natural forms” on Q%*(O(4)).

The tangent space of the a-surface P, ), A € CP?!, is generated by vectors v}, v3, 3,

where

A 1 VAT B 3 _y\3

0= e (L ADNE =) = (296 = A, @.11)
1 N )2 2

vy = T LA (2.12)

A 1 Ye\3e Y ~ 1)\3

%= e (LA E = A+ (296 = A, (2.13)

where ) is the holomorphic coordinate for a point in Uy = CP! \ {oo}.

Using the metric, we can find the dual to the basis above. Namely, we define w? =
g(v},-) € Q'P,. Using holomorphic coordinates (ag, a1, as, as, as) for C* we can

write a frame for (1, 0)-forms as {day, day, das, das, da, }. Expanding the formulas for vj’-\

above and calculating the w? gives us:
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w) = 3(1+M 516 fodag + 2 fiday + fadas + 2 fidas + 6 faday),

wy = (mw —L__16Xda2 — 3X(1 — AN)da,+

(1 — 4\ + (AN)2)das + 3A\(1 — AN)das + 6)2day),

W

w = m[f;godao + 2glda1 + ggdaz + 2g3da3 + 694610,4]

where:

fo= (=N =Ff,

fi= (=3 +1-3\+2N°) = — f,
fo= (=3NA+3X— 302 +3)) = i,
go=—N+X) =71,

g1 = (=3 M+ 143X = 2N°) =75,

g2 = (=3N° A+ 30+ 30\ — 3)) = — 5.

Observe that (0, wy) defines a 1-form on C P! xR5. It will be denoted by the same symbol,

A
wk-

Now we consider a section s of n : CP' x R® — O(4), n(¢,m) = m(q), and shall
find the pull back 0, = s*wy, notice that 6, is independent of the section s. In the next
chapter, we shall use 92’1 to describe distinguished bundles on the total space of O(4) that
correspond with a trivial U (1) monopole data. Thus, this method allows us to define line

bundles over O(4) with vanishing first Chern class.

We can choose an explicit section s of 7:
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5s:0(4) — CP! x RS,
(2.14)

(1) = (A gk + )

where 1 = x + 1y and

1 Nc\4 4
vy = m—/\x)?[(lJrAf) + (& =N

and
vy = m[(l + )= (€= N1

The vector fields v; and v} on R® correspond respectively to the maximal and minimal

weights of R, as a SU(2) representation, with respect to the Borel subgroup B,.

We can now state the following:

Proposition 2.5.3. The (0, 1) parts of the natural forms are given by:

0o — 3#_
NGVt
0" =0,
0,1 _ 3ip Y
SNCEPVYE

Remark 2.5.4. Before we proceed with the proof of this result, we shall point out that the
differential forms above shall be used in the description of distinguished line bundles on

the total space of T.

Proof. First write w} = Z?:o hl(\)day, where the hls are given by the equations
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defining w;s. The pullback by s is given by:
4 .
swy = D Ik(s(u V) dlan(s(, M),

J=0

where ag(s(1, \)) is the coordinate function and notice that h7(s(u, \)) = hi(\).

Expanding v} and v} above we get
S S (L4 X0 + 400 = M)+ 6002 +X)¢2 = 40 = X)& + (1 +X')¢"] and
(1+ )2

Uiza?%KEUl—vw+«X+vk+ﬁa”—VKl+MA+?%“+@“—Uﬁ]

From the definition of s we have:

o zo(s(p, \) = m[m + A1) +iy(l = A1) = ﬁ[u + oA,

* ai(s(pA) = ﬁmx _ )] g3+ M) = ﬁm + 1N,

+ aa(s(. ) = g 0 X () = ] = S k)
o y(s(i, \) = ﬁ[—x@ W) iy A = ﬁ[—m +A"] and
o 2u(s(N) = ﬁ““ A +iy(X — 1)) = ﬁ[m P .

Since we are interested only in the (0, 1) part of the s*w;s, we shall compute:

ot = 22U ) o 05l V) o

A (s, o p

Computing the derivatives:
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Oxo(s(p, A)) _ —4(pA + AN°)

)

X (1+AN)°
Ozo(s(p, ) _ A
op (140"

Ox1(s(p, ) _ 4lu(1 +AN) — 4A(uA — X))

o (110 ’
Oxy(s(p, A)  —4N°
o (14N

O(s(p N)) _ 12[A(1+ AX) — 4NN + )]

o)) (1+AN)? ’
Oxa(s(p, N))  6A?
o (14Nt

0x3(s(1, ) ABN i(1 + AX) — AN(—FA + 03]

?

7)) (1+AN)°
Oz3(s(p, A)) 4
o 1+ AN

Oa(s(1, N)) _ HaX'[(1+ AX) — AN + X )]

Y

O\ (1+AN)?
Ox4(s(u, \)) _ 1
op (1+ )%

Substituting these into the equation for the pullback, we obtain the expressions stated in

the proposition.
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We now finish this chapter with a result concerning the behaviour of the a-surfaces with
respect to the real structure on T. More specifically, for z € T, we want to compare
P, with P,,), where 7 is the real structure in T. With this intention we shall state the
following results whose proofs follow by straightforward calculations and shall not be
done here.

Lemma 2.5.5. Let A € UNU’ = CP*\ {00, 0} and write § = x+iy. The change of basis
matrix from the basis {v}, v}, v3,v3, v} to {v(()_l/x), TN ) vé_l/x), oYM s

given by

2—y2 0 0 0 —2zy
0 r 0 —y 0
0 0 1 0 0 . 2.15)
0 -y 0 —x 0
—2rxy 0 0 0 —(22—19?

Corollary 2.5.6. Under the notation of the lemma above, the change of basis from

{od, v, 12} to {7 oY W IY s given by:

r 0 —y
0 1 0 . (2.16)
-y 0 —x

In particular, the a-surfaces corresponding to z € T and 7(z) are the same 3-dimensional

affine subspaces of R® with reverse orientation.
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We shall conclude this chapter by stating the twistor correspondence between R® and T:

Every point (xg, x1, T2, T3, 74) € R® corresponds to the section p(&) = (xo+ixy) + (z1 +
i3)€ + 19&% — (11 — 1w3)E3 + (19 — iw4)E € HO(CPY, O(4)). Conversely, every point
2 € T corresponds to an oriented 3-dimensional affine subspace of R® given explicitly in
local coordinates by proposition (2.5.2) and whose orientation is given by the choice of

; S P SN WY
oriented basis {v;, vy, v3 }.
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Chapter 3

Twistor Approach to Monopoles on R?

3.1 Overview

In this chapter we present a higher dimensional version of Hitchin’s twistorial approach
[Hit82] to monopoles. There, Hitchin describes the twistor space of R? as the space of
oriented lines and this turns out to be the holomorphic tangent bundle to O(2), which is
the total space of the line bundle CP!. As we have seen in the last chapter, we can use
the SU(2) action on R® to define oriented 3-dimensional affine subspaces, the analogue
of oriented lines in R3. First, we shall recover further material from [Bie06] and then
we shall prove a Hitchin-Ward correspondence for Bogomolny pairs in R® for the group

SU(2).

The motivation to study monopoles in higher dimensions comes from the desire to
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understand what type of geometry the moduli space has. As we have seen in the
introduction, we do not rely on an energy functional, therefore the concept of charge
differs from what we know about the R? case. Instead, as we shall see in the next chapter,
we use the spectral curve to define this invariant of the monopole. Another consequence
of this is the non-existence of a natural L? metric on the moduli space and we shall use

Nahm’s equations to define a metric.

3.2 Bogomolny pairs on GHC-manifolds

Let M be a regular GHC-manifold whose twistor space is Z and consider the double

fibration for the complexified GHC-manifold:
Z&LY =CP' x M® & ME.

Also, let 27 be the sheaf on Y of n-vertical holomorphic forms and define the relative

differential operator d,, to be the composition map:

QY) 4 Ql(y) 22 ol

T]7
observe that d,, annihilates 7*Q°(Z).
We shall now state and prove the following lemma:

Lemma 3.2.1. Let I be a holomorphic bundle on Z. Then d,, extends to a flat relative

connection on n* F, this is to say, an operator

Vy:n'F = Q'@ F,
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satisfying the Leibniz rule
Vo(f5) = [V,(5) +dyf @ 5.

Conversely, if 77 has simply connected fibres, then the holomorphic bundles on Y arising

from pull-back of a bundle on Z are those which admit a flat relative connection.

Proof. Suppose I has rank k, let U and U’ be open sets on Y and {eg,--- ,ex} and
{ep, - , e} be local frames for n*F on U and U’ respectively. Let g;; be the transition

function of n* F' from U’ to U, this is to say, e; = Z?:o g€}, such that d, (g;;) = 0.

Let s = Zf:o /i ® e; be alocal section for * F' on U define V,, on this open set by:

vn(s) = Zdn(fz) X e;.

J=0

If we define it similarly for other trivialisations, we shall prove it is well defined.

In fact, on U N U’ we can write s = Zf:o fi9i; ® e;, therefore we have:

since d,)(¢;;) = 0. Then, V,, is well-defined and clearly satisfies the Leibniz rule.

Conversely, Let £ be a bundle on Y endowed with a flat relative connection V,,. Since
7 has simply connected fibres, we can trivialise £ with relative parallel section, this is to
say, we can find local frames {ey, - - - , ¢, } for E such that V,(e;) = 0. Now it is easy to

see that the transition functions ¢ for this trivialisation must satisfy d,(g) = 0, this means
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that g is constant along the fibres of 7. Thus, each transition function factors as g = no h,

where h is the transition function for a holomorphic bundle £ on Z.

Suppose now that a holomorphic bundle F' on Z is trivial on each section of Z, then the
pull-back n*F' is trivial on each fibre of p. Therefore, F = p«n*F is a vector bundle
on MC with the same rank as F. Moreover, from the lemma above, the relative flat

connection V,, can be pushed down via p to an operator
D:F— p*Q}7 ®F ,
satisfying the Leibinitz rule

D(fs) = fD(s) + pudy(f) @ s.

We now use a fact from the last chapter that there exists a canonical isomorphism
(p+Q2y)e = H(CP;, KY),

where K, is the subspace of T, M x CP' given by the kernel of the highest weight 1-forms

for each ¢ € CP!. This isomorphism allows us to define a canonical map
eq : DS — K, (3.1)
given by evaluation at ¢ € CP!.

Restrict £ and the operator D to the submanifold p(n~'(z)) of MC, where z € Z, is a

point in the fibre of Z at ¢ € C'P'. Since V,, is relatively flat, D is a flat connection
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restricted to this submanifold. Conversely, notice that if we have a bundle F with an
operator D that is flat on p(r~'(z)) for all z € Z, then we obtain a bundle p*(F') endowed

with a relative flat connection V,, = p*(D).
Now consider the splitting
P = QN (M%) @ (E* @ H').

Moreover, it is proved in [Bie06] that we have p.d, = d @ 0 under the splitting above.
This means that D can be written as D = V @ ®, where V is an actual connection and
 is a section of End(F) ® (E* ® H') and is called the Higgs field. Moreover, on each

a-surface I1, = p(n~'(z)) by the composition:

A

PYS FeEeH)e(FeE o@H)=FoE ol % FgQl(l)

This motivates the following definition:

Definition 3.2.2. Let M be a regular GHC-manifold and F' a vector bundle on MT, a
Bogomolny pair on Fisa pair (V, ®), where V is connection on F and & is a section of
End(F) ® (E* ® H'), such that the connection V & ®, as defined by the composition

above, is flat on each a-surface. Applying the reality condition gives Bogomolny pairs on

M.

We have proved the Hitchin-Ward correspondence for GHC-manifolds:

Theorem 3.2.3. Let M be a regular GHC manifold. There is a one to one and onto

correspondence between Bogomolny pairs (V, @) for a bundle Fon M€ and holomorphic
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bundles F' on Z that are trivial on sections. The correspondence remains true in the

presence of a real structure.

Remark 3.2.4. The theorem above gives a Bogomolny pair for the group SL(n,C),
where n is the rank of F'. By considering bundles F' on Z whose structure group reduces
we have the above correspondence between those bundles and Bogomolny pairs (V, )
for a gauge group G C SL(n,C). The objective of this chapter is to describe Bogomolny

pairs for the group SU(2) when M = R®.

Remark 3.2.5. In [Hit82], Hitchin proves a Hitchin-Ward correspondence between
solutions to the Bogomolny equation in R? and holomorphic bundles on the total space of
the holomorphic tangent bundle T, to C' P! that are trivial on real sections. Therefore,
(V,®) is a Bogomolny pair in R? if and only if it satisfies the Bogomolny equation

FV = *DV(I)

3.3 The map ¢, and the Higgs field

We shall now turn our attentions to the case where M = R, In the last section we saw
that the map e,, given by equation (3.1), plays a very important role in the description of

Bogomolny pairs. In this section we shall describe it in the case M = R®.

We know that p*(Q}?) = H* @ H’, therefore, ¢, is an equivariant map

e (C) & C® — K.
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In this section we shall describe the real version of this map:

e (R @ Hy — (K3, (3.2)

According to [Bie06], under the splitting above, the map e, acts on R” as a projection and
on Hy, it is described in the sequence (2.2). Then, we shall move towards the description

of

. / *
eq: Hp = K,

and its real version.

First we shall decompose C? in weights with respect to A € CP*. Similarly to the the C°

case, defining C? as polynomials of degree 2 in the variable ¢ allows us to write the action

of SL(2,C) in C? by:

+0
. — d)? - ag
g9-p(&) = (€ +d) p(cngd),
a b
where g = € SL(2,C) and p(§) € C3. Moreover, for a point A € U C CP!
c d
1 1 A . o . 3
define g\ € SU(2) by g\ = i - . Thus, the weight decomposition of C

with respect to A is:
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(

aﬁxﬁlzagﬁEﬂﬂ
_ ﬁumgm@),
ay =gy ¢ :ﬁ@um(&—» a3
_ ﬁ(—AJr(l — AN)E + AE2),
ay =g, & = m@_/\y
| _ ﬁ(v — 20+ €2),

Write (H')* = C3, G = SL(2,C) and B the Borel subgroup of upper diagonal matrices.
Then, the aj- trivialise the homogeneous bundle (G x g H')* over CP?, where ) is a local
holomorphic coordinate for ¢ € CP'. Then, from proposition (2.3.3) we know that there

is an isomorphism (K/S)5 — (H')*. This isomorphism allows us to describe a global

frame for (K/S)3:
e ﬁ(wf + N + N,
F) = ﬁ(—AWﬁ + (1 = AW + AW, (3.4)
\@:E%EWW—WW+M»

where W} = w} + iw3, W3 = wy and W3 = w} — iw3, where the wg\ were defined in the

last chapter.

Remark 3.3.1. Before proceeding, it is important to notice that e} : End(E) ® (H')* —
(K/S)* is given by

eq(p1, G2, 03) = Z%W
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We can now apply the reality condition on (C°)* to explicitly describe a global frame for

(K/S)g:
1 — —2
1 _ _
hy =F) = ————[- AW} 4+ (1 4+ AW + W3,
2 2 (1_1_)\)\)[ P ( YW 5]
By = i(FM FN = — (14 M)W+ 200 — VW2 + (1+ V)W,
\ 3 i(Fy 3) (1+)\>\)[( YW{ ( YW ( ) 3]

(3.5)

The proposition below describes the map e, and follows from the discussion above and

proposition (2.3.3):

Proposition 3.3.2. Let £ be a vector bundle over R®, V a connection on £/ and ® =

(¢1, 2, ¢3) a section of End(E) @ C?. On the a-surface P, ,) we have:

3
¢o(V @ P)lpy, = Vir,,, + Z 6;h3.
j=1
We conclude this section by mentioning how the results of this section give a natural
orientation for the a-surfaces. A straightforward calculation proves the following lemma:
Lemma 3.3.3. Let A\ € CP" and —1/\ be its antipodal, then hj_l/X = —h?, forj =1,2,3.
The following corollary says that a choice of frame for the homogeneous bundle (K£/5)*
naturally defines an orientation on the a-surfaces:

Corollary 3.3.4. Let I, ,) be an a-surface. Define its orientation by the 3-form

o = by ARy AR,
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Then, P, ) and P, ,) are the same submanifold of R® with reverse orientation.

Remark 3.3.5. It is important to notice here that the way the hj were defined makes
them dual to the v}, in other words, h}(v}') = 1. Therefore, Zx (v}, v3, v3) = 1 and the
orientation in P, ,,y given by the choice of order of the triple v}, v3, v3 is the same as the

one given by the 3-form in the corollary above.

3.4 SU(2)-Bogomolny pairs on R’

We begin this section by defining the fundamental forms:

Definition 3.4.1. Consider 7}, for j = 1,2,3, as a 1-form on CP"' x R®. Let s be the
section of  : CP! x R% — T defined in (2.14) . Define the fundamental forms on T by
\Ijj = S*h;\

In our local coordinates we have the following lemma:

Lemma 3.4.2. In local coordinates for the open set Uy C T, the fundamental forms are

given by:
( ~2
1-X) —
T (1-A) |
(1 —AN)4
b _
Wy = — M < )
(1=
T+ ~
W= —eip A oy
\ (1 — AN
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Proof. The result follows from proposition (2.5.3) and from substituting h? in proposition

(3.5). Moreover, notice that W7 = w; + w3 and W3 = —w; + iw3, therefore s* W = 0

and s W2 = —6——dx, 0
(1—2AN)4

Remark 3.4.3. 1. The fundamental forms will play an important role in the explicit

description of the holomorphic structure of the bundle corresponding to a

Bogomolny pair on R®.

2. It is important to notice that each ¥; defines a cohomology class in H'(T, O) and
hence, by exponentiation, an element of the Picard group Picy(T). The line bundles

corresponding to this class shall be explicitly described in the next section.

Definition 3.4.4. Let E be a SU(2) vector bundle on R5, this is to say, £ has complex
rank 2 and is equipped with a symplectic form and a quaternionic structure. We say that

the pair (V, ®) on F is a SU(2) Bogomolny pair if

1. Vand ® = (¢1, ¢2, ¢3) preserve the symplectic form;

2. For every a-surface P., the connection V & @, given in (3.3.2), is flat.

We know that P, is a leaf of the integral distribution {v{, v, v4}. From the previous
section we can choose coordinates { x5, x5, x5} such that dx; = h}. If A is the connection

1-form for V on P,, then we can write:

e (Ve

3
Z (Ax — idp)dxg."
k=1

'The —i here will become clear in the proof of theorem (3.4.6).
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The zero curvature condition for this connection gives:

Fyj 4+ iVip; —iV,or — [¢;, 0] = 0, (3.6)
where F' is the curvature 2-form for V.

Before proceeding to the main result of this section we shall state the following lemma

which compares the connections ¢/(V @ ®)|p, and e, (V @© ®)|p,

Lemma 3.4.5. ¢,)(V @ ®)|p, =V — ¢1h] — ¢2hg — ¢3hs.

Proof. The proof is a straightforward calculation using lemma (3.3.3). 0
Theorem 3.4.6. Let E be a SU(2) bundle on R®. There is a 1-1 onto correspondence
between SU(2) Bogomolny pairs (V, ®) and holomorphic bundles F on T satisfying:
(i) E is trivial on real sections,
(ii) Ehasa symplectic structure,

(iii) E is equipped with a quaternionic structure o covering 7, this is to say, o is an
anti-holomorphic linear map

o . EZ — ET(Z)7

such that 0° = —id; .

Proof. We shall prove the conditions to reduce the gauge group to SU(2) and describe

the holomorphic structure for the bundle E explicitly.
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Let (V,®) be a SU(2) Bogomolny pair on E consider the double fibration:
T« Y =CP'xR> 5 R’

Let s be the section of 7 as defined in (2.14). We already know from theorem (3.2.3) that

E = s*(p*FE) is holomorphic and trivial on real sections of T, however we shall describe

this holomorphic structure explicitly:

Define the operator 0 : Q°(T, E) — Q%'(T, E) by:

>O,1
)

where ¢ is a section of £. We claim that 9 is a holomorphic structure on £.

- (Wt_i [gswm

k=1

=2 N . .
We have to prove that 0 = 0. To simplify our notation, write

~

V =s*V —1iQ,
where Q = 377 _ "¢, @ Uy, Observe that  is a section of Q' ® End(E) and this makes
V a connection on E. Then, 52 =F %2, where F¢ is the curvature of V. We have:
Fo =s"Fy —i(s*V(Q2) —QAQ

3
Z U A s*(ngk)

k=1

= " Fy +i =) 5%y, "] U5 A Uy

i<k

k=1

0,2 . ..
Now, F@’ vanishes from the zero curvature condition (3.6) on every a-surface and

al\lf%2 = 0V}, = 0. This proves that 0 is a holomorphic structure on E.

Let w be a symplectic structure on E. Since V and —i® preserve w, from the definition
of 0 we must have that ss*w is also preserved by J. Therefore, E is endowed with a

symplectic structure compatible with 0.
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To describe the quaternionic structure, we shall use an alternative description for the fibres

of E. Let z € T and define:

E.;{t e T(P,,E)| e,(V & ®)t = 0}.

Now E has a quaternionic structure ¢ and let ¢t € EZ, then ¢ satisfies

3
(vﬂ‘szkhz) t=0
k=1
Applying o:

<V +iy qbkhZ) o(t) = 0.
k=1

Using lemma (3.4.5):

3
(v —iy zpkhg(q)) o(t) =0,
k=1

Thus, t € E, implies o(t) € E.(,). Therefore, o : E. — E..) is anti-holomorphic and

satisfies 02 = —idp._.

For the converse, we just need to observe that both the symplectic structure n*w and
the quaternionic structure n*o on the bundle n*(E) are compatible with the flat relative
connection V, on n*(E ). Furthermore, both structures remain compatible with D on

E = p*(n*E) when they are pushed down to R® via p and, therefore V and ® are both

compatible with the quaternionic and symplectic structures on E.
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The theorem above is phrased for the group SU(2), however minor modifications in the
real structure leads to Bogomolny pairs for other groups. In this thesis, we are interested

in the construction of Bogomolny pairs for the group SU(2) only.

3.5 Thebundles L,

To illustrate the construction of the previous section we shall find the explicit transition
functions for the bundles on T that correspond to a trivial U(1) Bogomolny pair
corresponding to the following data: £ = R® x C, V = d and ® = (—ia, —ib, —ic),

where a, b, ¢ are real numbers, not all vanishing.

Let L be the trivial complex line bundle on T. From theorem (3.4.6) we can endow L

with a holomorphic structure 0 given by:

where () = 23:1 —ip; V.

Let [ be a smooth trivialisation for L, i.e. [ is a non-vanishing complex function on T, a

local section s = fI is holomorphic if and only if J( fI) = 0. But this means that:

8f_

ap Y
and

0

9 _ 45

ox
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where 2 = Bd.

Suppose that f = g - exp(u), with g holomorphic, then

of _ou
o o

Thus, if we want to trivialise L in a given open set, we have to find a function u, regular on

this open set, such that 8—; = (. Inthis case, f = g-exp(u) will be the given trivialisation.

We shall investigate three separate cases:

7
. ¢1:§,¢2:0and¢3:0.

The bundle corresponding to this data will be denoted by L1 10,0) In this case, we
2

must have 2 = ¥, = 3pwdx. Then
(1 —AN)4
<2
(1=X\)
- 3 P ——
b M(l W)

Define

. L 1 =3
L (1= )3 (A )

and observe that u; is singular at co and at 0. Now, define g; = % and

- ~ 2 ~ <2 o3
Uy = U1+ g1 (1 ~ )\)\)3 < )

Then, since u; is regular at 0 and singular at 0o, fy = exp(u;) defines a trivialisation

of L1 1.0,0) in the open set Uj.
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Now define §; = % Write g = —§, + g1 We have:

RIS VVER DU CREPY

Since u; + ¢; is regular at oo and singular at 0, f; = exp(u; + ¢1) is a trivialisation
of L(%,o,o) over U;. On the intersection Uy N U; we have fie9' = f,. Then the

transition function for L 1.0,0) is given by

1 1
Jo1 = exp (—M (X - ﬁ)) - (3.7
° ¢1 :O,gbg:z'andgbg:().

We shall denote the bundle corresponding to this data by L g 1,9y and in this case we

have

Define
1 301 )
i (1—AM3<A A
We have that uj is singular at 0 but regular at oo, therefore f; = u; trivialises L 1 o)

on U;. Now, for g5 = —% we have:

Uy + go = ———— (3% 4+ AN)

(1— A3

which is regular at 0, but singular at co. Thus, f, = uy + g trivialises L 1 0) on Up.
On the intersection we then have f, = et/ A2 f1. Therefore, the transition function

of L(07170) 1s:

gor = exp (%) . (3.8)
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1
o ¢1:0,¢2:0and¢3:§

This case is similar to the first one and we shall write the transition function for this

/11
o = exp (—w (X + F)) . (3.9)

bundle without proof:

Now we state:

Proposition 3.5.1. The bundle L g p <) has transition function

1 1 1 1
(a,b,c) _ I’L .
o, = exp (—au (X — ﬁ) + bﬁ — il (X + ﬁ)) . (3.10)

Since the real structure in our local coordinates is given by
r(\p) = (/X ~1/%),
noting that 7 interchanges U, and U; gives us
(a5 = (")
Therefore we have an anti-holomorphic isomorphism

g L(%J,’%) = <L(%’b,%)> .

3.6 The monopole equations

In [MS92], the authors prove a Hitchin-Ward correspondence for C"*!, obtaining a

system of differential equations called the Bogomolny hierarchy. In this section we shall
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use the language and the results of GHC-manifolds to give a new construction for the

same Bogomolny hierarchy equations.

In this section, let M = C"™! and F a rank % bundle over M. Identifies M = S™(C?),
where C? is the defining representation of SL(2, C), this identify M as the space of global
holomorphic sections of the bundle O(n) on CP'. Moreover, we shall also identify the
cotangent space at # € M with S™(C?), this means we shall also write a differential form
at = as a polynomial of degree n in &; or in £’ if we are dealing in the local coordinates at
U'.

Denote the total space of O(n) by T,, and remember that for each z € T,, we can define
the a-surface IT, = {z € M| z(q) = 2}, where z is in the fibre at ¢ € CP?, and denote
its tangent bundle by X,. Now note that K} at x € II, can be identified with polynomials
of degree n vanishing at \ for all -, where ) is the coordinate corresponding to ¢ € CP!.

We shall start with the following proposition:

Proposition 3.6.1. Let A € U C CP!, define the 1-forms in M:
A ej-l -
V=g (- N), for 1 <j <.

Likewise, for N € U’ ¢ CP*:

7

N =g = N) for1 <j<n.

Then, (K{, ). = Spanc{V}}; 1 < j < n}. Furthermore, the subbundle of K™* whose

fibre at A € CP? is the subspace of K3 spanned by V}A (respect. ij) is isomorphic to
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O(1). This means that K* = @7_,O(1). This splitting of K™ is the one given in lemma

(2.3.1).

Proof. We just have to observe that on the intersection U N U’ we have forall j, 1 < j <

n:
VA A
j >\ j .

This means that the transition function, from U’ to U, of the mentioned bundles is \.

Therefore those bundles are isomorphic to O(1). O

Remark 3.6.2. By taking the dual, we have defined an integrable distribution F on the
tangent bundle of CP! x M. Now, we can endow the a-surfaces I1(,,») with coordinates
X} such that V;* = dx;. Notice also that any differential 1-form with values in F* can
be written as a section of &7_, O(1), or more explicitly as 71 V;* + 72 V5 + 13V5* + 1V,

where v, = Ap + A\By_1.

Let F’ be a holomorphic bundle on T,, trivial on holomorphic sections and 7 : CP* x M —
T,, be the projection. From lemma (3.2.1), there exists a flat relative connection V,, on
n* F'. From the proposition above, V,, can be given in terms of a matrix of 1-forms v with

values on F*, this is to say, V,, can be written as:

Viy(s) = dy(s) +7°(s).

Using the remark above, we see that

Vi(s) = (Z LV (s),
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where Li(s) = O — AOg_1 + Ap + ABr_1 = Ap + ADj_4, with Ay, = Oy + Ay and
0

D1 = On_1 — Bi_1, where 0, = s with respect to the euclidean coordinates on
Qg

C". The condition that the curvature of V, vanishes implies the following system of

commutator equations:

[Aj, Ag] =0

[Dj_1,Dy1] =0 (3.11)

[Ak, Dj—l] — [AjaDk—l] = 0, for 1 S k S n.

\
This is the same system of equations discussed in [MS92]. Solving these equations means
that we are finding the flat relative connection V,. Pushing V, forward gives us the data

for a Bogomolny pair with Higgs fields given by ¢, = A, — By.

3.7 Bogomolny pairs as dimensional reduction of self-

dual connections in R?

We conclude this chapter by relating the concepts of Bogomolny pairs and Self-duality.
We start with a 1-hypercomplex manifold M and a complex vector bundle £ on M. Since,
there is no Higgs field for a Bogomolny pair, we can say that a connection V is self-dual,

or hyperholomorphic [Ver96], if V restricted to the a-surfaces is flat.

Remember that we have TMC® = E,; ® H, then we have a decomposition A2T*MC =

(S?E;, @ N°H) @ (A*E}, @ S?H). We can state results from [Bie06] and [Ver96]:
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Proposition 3.7.1. With the notation as above, the following are equivalent:

(i) V is self-dual,
(i) Fy lies in the component (S*E3}; ® A?H) in the decomposition above,

(iii) Fy is SU(2) invariant.

A connection V is called Yang-Mills if V is a minimal of the Yang-Mills functional:

V(V) = / | Fg[*vol, (3.12)
M
where |Fy|> = Tr(Fy A xFy) and vol, is the volume form on M with respect to g.

Remark 3.7.2. It is proved in [Ver96] that if a connection V satisfies conditions (i), (ii)

or (iii) of the proposition above, then it is Yang-Mills.

In order for us to explain the relations between self-dual connections and Bogomolny

pairs, we shall first recover the following result from [Bie06]:

Theorem 3.7.3. Let M be a k-hypercomplex manifold, then there exists a hypercomplex
manifold M with a projection p : M — M such that the pair (V, ®) on a bundle F on M

is a monopole if and only if p*(V @ ®) on the bundle p* F on M is self-dual.

We shall not prove this result here, however we shall roughly see how M is constructed.
First, remember the representation H’ defined in equation (2.2). Now, consider the bundle

Z = (Ey @ H)® over M. Tt is then possible to define an integrable hypercomplex
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structure in the zero section of the fibration p : Z — M and this neighbourhood will be
M. When M is flat, lemma (2.3.1) gives an integrable hypercomplex structure for the

total space of Z.

In our case, M = RS, E is the trivial line bundle over M and H' = S?(C?). Then
M = R’ x R3. The results above give that Bogomolny pairs in R® are obtained from
self-duality in R®. However, it is important to remark that a self-dual connection V in
R® does not have finite energy [JT80], this is to say, )(V) is not finite. This makes us to
believe that the Yang-Mills-Higgs functional on R®, obtained from (3.12) by dimensional

reduction, also does not have finite energy solutions.
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Chapter 4

Spectral Curves and Nahm’s equations

4.1 Overview

Our main objective now is to construct Bogomolny pairs on R and we take the spectral
curve approach to reach this goal. We mainly follow the methods in [HM89] and [Hit83].
We begin by defining the spectral curve in T and explain how we obtain holomorphic

bundles on T that correspond to Bogomolny pairs on R® from the spectral curves.

Then, we impose extra conditions on the spectral curves. Namely, they are the analogue
of the conditions satisfied by a spectral curve for a monopole on R3. Furthermore, those
conditions also allow us to derive a system of Nahm’s equations and find their boundary
conditions. It turns out that there is an equivalence between solutions to our new Nahm’s

equations and the spectral curves in T.
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4.2 Spectral curves and Beauville’s theorem

Let S C O(4) be a real compact algebraic curve in the linear system |O(4k)|, this is to
say, on the open set U, S can be defined by the equation
P(&m) ="+ a(©n" ™"+ + a1 (§n + ax(§) =0, (4.1)

where a;(§) is a polynomial of degree 4; in .

Next we shall discuss how those curves relate to holomorphic bundles on T. In this
section, we shall use L = L4y, for any non-zero (a,b,c) € R3, where Liap,c) 1s defined

in (3.5.1). Then, there exists a short exact sequence of sheaves:
0 — O(L*(—4k)) — O(L?*) — Os(L*) — 0. (4.2)
This gives a long exact sequence on cohomology:
0 — H°(T, L*(—4k)) — H°(T, L*) — H°(S, L?) (4.3)

— HY(T,L*(—4k)) — H' (T, L?) — H'(S,L?)--- (4.4)

Assume further that S is such that L?| is trivial. This implies that H'(S, L?) = 0 and

(4.3) becomes:
0 — HO(S,L?) & HM(T, L3 (—4k)) 2% HY(T, L?) — 0, (4.5)

where 1) € H(T, O(4k)) is the section defining S.
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Choose a trivialisation s of L? over S, this is to say, s is a non-zero element in H°(S, L?).
Define the bundle £ over T by the cohomology class (s). This means E is given as an

extension:

0— L(—2k) % E 2 L*(2k) — 0.

We then have the following:

Proposition 4.2.1. E satisfies the following conditions:

(i) Fhasa symplectic structure,

(ii) E is equipped with a quaternionic structure o covering 7, this is to say, o is an
anti-holomorphic linear map

o EZ — EN'T(Z),

such that 0° = —id .

Proof. The properties (i) is straightforward from the definition of E. For (i), letoc : L —

L* be the anti-holomorphic isomorphism. We can define a bundle o(F) on T via the

extension:
0 L*(—2k) % o(B) 2 L(2k) — 0.

Now, we can extend the antiholomorphic isomorphism L = L* to an antiholomorphic

isomorphism E = o(E). O
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We shall need the following facts about these spectral curves [AHH90]

Proposition 4.2.2. The cohomology group H'(T, Or) is generated by 7' /7,0 < i <

k—1,0<j < ki.

Noticing that exp : H*(T, Op) — Pico(S) is an isomorphism, the bundles with vanishing

degree over S are generated by exp(n'/&7).

Proposition 4.2.3. The natural map H'(T, Or) — H'(S, Og) is surjective, which means

that H'(S, Og) is generated by ' /&7,0 <1 < k — 1,0 < j < ki.

Similar to the remark above, if S is smooth the proposition above gives degree zero line
bundles on S. In this chapter I will assume the curves are smooth, the non-smooth case is

essentially done in [AHH90].

A bit of notation: Let 7 : T — CP?, then Or(l) denotes the pull-back of O(l) by 7. Also,

if F' is a sheaf on T we denote by F'() the sheaf F' @ Or({)

Definition 4.2.4. The theta divisor O in S is the set of line bundles of degree g — 1 that
have a non-zero global section. The affine Jacobian J9~! is the set of line bundles of

degree g — 1 on S.

Theorem 4.2.5 (Beauville [Bea90]). There is a 1-1 correspondence between .J9~! \ © and
Gl(k, C)-conjugacy classes of gl(k, C)-valued polynomials A(¢) = Z?:o A;&7 such that

A(&) is regular for every £ and the characteristic polynomial of A(¢) is (4.1).
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We shall now give the idea of this construction with enough details that will be necessary

when we see the boundary conditions. In order to do this, we need the following lemma:
Lemma 4.2.6. Let £ be an invertible sheaf on T whose degree is ¢ — 1 and such that

HO(S, E) = 0, then H(S, E(1)) = C*.

Proof. Let § € CP! and denote by Dy, the divisor corresponding to the meromorphic
function (£ — &) on S, this means that as a set D¢, consists of the points of S in the fibre

E¢,, which is a set of & points, counted with multiplicities.

Now consider the exact sequence of sheaves; [GH94] page 139.

0 — Os(E) = Os(E(1)) = Op, (E(1)) — 0.

From Riemann-Roch, the hypothesis H°(S, E) = 0 implies that H'(S, E) = 0. Taking
the exact sequence on cohomology and noticing that H°(Dy,, E) = CF, since Dy, s are a

set of k£ points counted with multiplicity, gives the required isomorphism.

For { € U, define amap Z : H°(D¢, E(1)) — H°(Dg, E(1)) given by multiplication by

7. We define the linear map
A(§) - HY(S, E(1)) — H(S, E(1))

by the commutative diagram:
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HO(S,E(1)) —— H°(Dg, E(1))

A(a)l lz

HO(Sv E(l)) B HO(D§7 E(l)),
where the horizontal maps are the isomorphism given in the lemma (4.2.6).

Conversely, let A(§) = ijo A;&7 be a regular matricial polynomial and define a sheaf

E(1) over T via the exact sequence:

0 = O(—4)2k 1O, ok, 1y 0. (4.6)

E(1) is supported on S and since A(&) has 1-dimensional kernel, F(1) is a line bundle of

degree g — 1, where ¢ is the genus of S.

4.3 Monopoles

In this section, we shall use the following definition:

Definition 4.3.1. A spectral curve is a compact algebraic curve S in T satisfying:

(i) S is a compact algebraic real curve in the linear system O(4k), therefore it is given

by an equation of the type

PEn) =0+ a(n "+ + a1 (On + ar(§) = 0, 4.7)

where a;(§) is a polynomial of degree 4; in €.
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(ii) S has no multiple components and L(2k — 2) is real.
(iii) The line bundle L has order 2 on S.
(iv) H°(S,L*(2k — 3)) = 0 for z € (0,2).

Remark 4.3.2. A notice about the notation. By L in the definition above we mean any of
the distinguished line bundles L, 5 .y described in the last chapter. Furthermore, whenever

we omit the subscript (a, b, ¢) we mean one of those bundles, unless explicitly stated.

Using the results from the last section, we are able to make the following definition:

Definition 4.3.3. A SU(2) Bogomolny pair (V,®) on R® is a SU(2)-monopole if the
corresponding holomorphic bundle £ on T is defined via a spectral curve S satisfying the
conditions of definition (4.3.1). We say the algebraic charge of the monopole is k if the

curve S corresponding to the monopole has degree k.

We shall call the algebraic charge shortly by charge, however we must bear in mind that

we do not have yet a topological definition of charge for monopoles in R5.

Remark 4.3.4. Remember that when we constructed the bundle over T from the curve .S,

we chose a trivialisation s of L? over S, which is a complex valued holomorphic function

on S, since L? is a trivial line bundle. Now we can normalise s into § = @ and s and s

determine the same bundle £ on T. Thus, the trivialisation s of L? on S can be chosen to

satisfy |s| = 1, this means that the spectral curve determines the monopole up to a U(1)

factor.
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Example 4.3.5. A spectral curve S for k& = 1 is given by the equation  + a;(§) = 0,
where a; is a polynomial of degree 4. Imposing the condition that S is real gives a;(£) =
Z4a1(—%), but this condition says that S is a real section P of T over CP!. Moreover,
conditions (77) and (7i7) are clearly satisfied, remember that L is trivial on real sections of
T since it corresponds to a bogomolny pair on R?. For condition (iv), notice that on P,
we have L*(2k — 3) = L*(—1) = O(—1). Then, we conclude that the spectral curves for

charge 1 monopoles correspond to real sections of T.

Now we can state:

Proposition 4.3.6. The moduli space of charge 1 monopoles in R? is M; = R5 x S!.
The circle S! factor comes from the freedom of choice of the trivialisation of L? over S.

Notice also that this result holds for spectral curves S with respect to any bundle L g ).

We can also conjecture the dimension of the moduli space of higher charges. Namely, the
spectral curve is determined by (k + 1)(2k + 1) — 1 parameters, however it must satisfy
some constraints also. The number of constraints are counted by the genus of the curve.

Let M, be the moduli space of charge k. If M, is non empty, we must have:
dimM; = (k+1)(2k+1)—1—(k—1)(2k—1) + 1 = 6k.
Observe that we added 1 because of the U(1) freedom.

Remark 4.3.7. Our main motivation to make this definition is that the conditions in

(4.3.1) are similar to the conditions for the spectral curves for monopoles in R? [Hit83].
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Furthermore, condition (iv) above allows us to define a flow of endomorphisms for a

bundle over the interval (0, 2) whose fibre at z € (0,2) is H°(S, L*(2k — 2)).

4.4 From linear flows to Nahm’s equations

Also, in the last section, we saw that in order for us to construct the monopole data we
need a antiholomorphic isomorphism L = L* on S and this implies that L? is trivial
on S. This condition and the condition (iii) of (4.3.1) above implies that the element
Glapey € H'(S,O) is a lattice point in H'(S,Z). Thus, the straight line between 0 and

9(a,b,c) defines a morphism, which we will refer as a flow:

h:S'— HYS,0)/H'(S,Z) = Pic°(S)

exp(inz) — exp(i2g(ape)), 2 € [0,2].

Let Pic’(S) be the group of degree 0 line bundles on S and J971(S), the Jacobian of
line bundles of degree g — 1, where g is the genus of S. We can identify Pic’(S) with
J971(S) by doing F — F(2k — 3), since deg(F(2k — 3)) = k(2k — 3) = 2k? — 3k =
(k—1)(2k — 1) — 1. Now, h can be considered a flow in the Jacobian and the condition
(iv) in (4.3.1) says that, for z € (0, 2), h(z) is not in the theta divisor, the line bundles in

J971(S) with a non-vanishing holomorphic section.

These properties will allow us to derive the Nahm’s equations satisfying the appropriate

boundary conditions. However, the boundary conditions will be treated in the next
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section.

Lemma 4.4.1. For z € (0,2) we have dimH"(S, L*(2k — 2)) = k.

Proof. To prove the lemma above, we shall compactify T to an algebraic surface T

defined as the total space of the CP!-bundle associated to O(4)!, this is to say

T = P(O(4) ® 0) = P(O(2) B O(~2)).

We shall now define some distinctive divisor classes and their intersection number on
T. Let E, be the image of the section (0,1) of O(4) & O. Let ¢ be a section of O(4)
and notice that away from the zeros of o, (,0) gives a curve in T, now, let E,, be the
projective closure of this curve (£, does not depend on the choice ). Finally, let C' be
any fibre of the bundle map 7 : T — CP! and notice that the bundle associated to the

divisor C'is 7*(O(1)). We then have the intersection numbers ((GH94] pages 517-518):

Eo'E0:4,
C-C=0,
Ey,-C=1.

Furthermore, the divisor class of the canonical bundle of T is given by ([GH94] page 519)
K = —-2Fy+ 2C.

Last but not least, we shall note that the curve S in T is defined by a divisor of a section

U € HO(T, kEy).

Ithis surface is also know as the n-Hirzebruch surface.
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Now the following sequence is exact?

0 — O:([IC — kEy]) — Oz([IC]) — Os([IC]) — 0.
Therefore, the Euler characteristics of the bundles above must satisfy

X([IC]s) = x([IC]) = x([IC = kEq]).

We can now use the Riemann-Roch theorem for T (as in [GH94] page 472) and the
relations above to compute the Euler characteristics:
1 1
X([[Clls) =5 (IC] - 1C] = IC] - K) = S (1€ = kEy] - [IC = kEo] — [IC — Eq] - K)
1
:5(250 - Eo+2lkC - Ey — k*Ey - Ey — 21C - Ey + 2kEy - By — 2kEy - C)
=k — 2k* + 3k

—k(l — 2k) + 3k.

Reminding that [IC] = O(l) and using the invariance under deformation, for the line

bundle Lf, , ., with z € (0,2), we have
dimH° (S, L, (1)) — dimH' (S, L, , (1)) = k(I — 2k) + 3k. (4.8)

In particular, for | = 2k — 3, dimH"(S, L{, ,, ,(2k — 3)) = dimH'(S, L, , ., (2k — 3)).

Thus, from condition (iv) in (4.3.1), we have

H'((S, L, 0 (2k — 3)) = 0, for z € (0,2).

2Let D be a divisor, then [D] denotes the line bundle defined by D.
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Since S does not have multiple components we can find a fibre F' of T that intersects S

in k distinct points. Therefore, we have the exact sequence
0= Os(Liype) (D) = Os(Li, eyl +1)) = Osnp(Li,pe( +1)) = 0. 4.9)
The exact sequence on cohomology for this sequence tells us that
HY(S, Lig e (1) = H'(S, Lig (L + 1),

is surjective, since H'(S N F, L7, , ,(I + 1)) = 0. Putl = 2k — 3, then (4.9) says that
HY(SNF, L{,, ,(2k—2)) = 0. Using (4.8) we conclude that H°(SNF, Lf, , ., (2k—2)) =

k and we have proved the lemma. [

We can now define a bundle V' on C in the following way: Let I be the bundle over
C x S whose fibre at (z,p) is L*(2k — 2), and P, : C x S — C be the projection in the
first coordinate, define V' = (Pl)*W.3 From the proposition above, we know that V' has

rank k and, moreover, the fibre at z € (0,2) is V, = H°(S, L*(2k — 2)).

Now we shall state the following lemma whose proof is similar to the proof of proposition

(4.5) in [Hit83].

Lemma 4.4.2. If | < 4k, then any section s € H°(S, O(l)) can be written uniquely as:

[1/4]

s=Y _n'm(c),
j=0

where ¢; € HY(CP!, 1 — 4j).

3V is a locally free sheaf since the direct image sheaf (P; ). over C is torsion free.
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Observe that this lemma implies that at z = 0 the bundle L*(2k — 2) has more sections
than for z € (0,2). This means that the fibre Vj is not just H°(S, L*(2k — 2)) and we
shall treat this case later. In this section we shall consider the behaviour of the bundle V'

on the interval (0, 2) and the endpoints will be studied in the next section.

From Beauville’s theorem we have that, for z € (0,2), each line bundle L*(2k —
3) corresponds to a conjugacy class of a regular matricial polynomial A(§,z) =
Zﬁzg A;(z)&. Moreover, A(£,z) can be seen, from its construction, as a linear map
A&, z) « HO(S, L7(2k — 2)) — H°(S, L*(2k — 2)), this is to say, A(,,2) : V. — V..
However, we want to define actual matrices, and so far we only have an equivalence class
of matrices, in other words, we have endomorphisms of V. The objective now is to use
the endomorphisms A;(z) to define a connection for V' on the interval (0,2). Then we

shall trivialise V' by parallel constant section with respect to this connection.

From now on, we shall consider the bundle L to be given by the transition function
exp(n/€?). The corresponding Nahm’s equations for the other bundles will be stated

without proof, since it is done by performing the same calculations.

Let s(z) be a local holomorphic section of V', we can write it as a pair of holomorphic
functions fo : SN Uy x C* — CFand fi : SNU x C — CF satisfying
fo = exp(zn/E2)E2*=2f on Uy N U;. We now follow the construction on [Hit83] page

169:
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Differentiating with respect to z:

dfo 1 2n /€2 £2k—2 2n/€2 k20N
9. ~ g° " h+e"s ¢ 9

From the definition of A, we have:
(n—Ag— A1§ — A2§2 - A3§3 - A4§4)3 =0,
or

1 1
%s = (A€ + A&+ SAo)s + (G2 + A+ Ai)s.

This implies that on U N U’ we have

0 1

8_20 - (5/42 + A3 + Aug)s

0 1
G0 — o (Ao 4 A+ 3 A0)s
_6zn/5252k—2% +€zn/§252k—2(A 5—2 + A 5_1 + lA )s
= 92 0 1 512

2 0 1

:6277/5 521@—2 8_«];1_{_ (AO€—2_I_A1€—1 + 5142)8 )

The lines above tell us that we can define a connection on V', over (0, 2), whose covariant

derivative on U is given by:

ofo 1 2
Vos=———(z42+ A A .
5= 5 ( 542+ 3§ + As&7)s
We shall use this to define a frame (s, - - - , ;) of covariant sections for V.

Let A, = 2 A, + A3€ + A4€2, then we can write

0s
& —A+S — 0
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Taking the derivative of
with respect to z, we have

Thus,

0A 0A
—(n—A)A;s— 55 —nAis+ AALs — 5.5 0,

hence

(1100 22) o

Observe that this equation is independent of 7).

Now let F' be a fibre of T such that F NS = {xy,---,z;} with the z; all distinct.

Therefore, we have an exact sequence
0 — OgL*(2k — 3) — OsL*(2k — 2) = Opns — 0.

Using the fact that H°(S, L*(2k — 2)) = H*(S, L*(2k — 2)) = 0, the exact cohomology
sequence says that the restriction map H°(S,L*(2k — 2)) — H°(F N S,0) is an
isomorphism. Thus, we can find a frame sy,--- ,s; for H°(S, L*(2k — 2)) such that
si(zj) = i

We then have that B = [A, A,] — 22 satisfies >_; Bijsj(zi) = 0 for all 4,[. But this says

that B;; = 0. Since the condition on [ is generic, we must have B;; = 0 for all the fibres.
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Thus, we must have

% =[A ALl
We therefore have the Nahm’s equations
Ao = 3[40, 4]
Ay = [Ag, As] + %[Al, Ao

A2 = [A1, A3] + [Ag, A4

. 1
Az = [Ar, Aq) + 5[142, As]

. 1
Ay = §[A2,A4]7

for 2 € (0,2) and A; = 86‘?.

Let A(] = T1 + iTQ, Al = T3 + iT4, AQ = 2iT5, Ag = T3 - ZT4 and A4 = —T1 -+ 7:T2, then
the equations above become

T = (15, T3]

T, = [T1, T5]

Ty = [T1, T3] + [To, Tu] + [T5, T]
Ty = —[T1, Ty] + [To, T3] — [15, T3]

Ts = [T, T3] + [Ty, T3].

Now we can state
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Proposition 4.4.3. Let S be a spectral curve in T satisfying the conditions in (4.3.1)
for the line bundle L ), the line bundle whose transition function is e’ on T. If
A, 2) = (Th +iTy) + (T3 + iTy)E + 20T5E% + (Ty — iTy)E3 + (=T + iT»)&, then the
Tjs satisfy the equations above. Moreover, relative to the bundle L4, the bundle on T

whose transition function is e(@(7/&=1/€)+bn/&+ci(n/E41/€%) the T;s. must satisfy:

Ty = —a[Ty, Ty] + b[T5, T) — c[T», T3]

Ty = a[Ty, Ty] + b[Ty, Ts] + ¢T3, T5]

Ty = —2a[Ty, Ts) + b([Th, T3] + [T, Tu] + [T5, Tu]) — c(2[Th, T3] + 2[T1, To] + [Ty, T3))
Ty = a(2[Th, Ts) — 2[T1, To) — [Ty, Ts)) + b(— [Ty, T4 + [T, Ts) — [T5, Ts)) — 2¢[T, T)

Ts = a([Ts, Ts) + [T1, Tu] + [To, T3)) + b((Th, To) + (T4, T5))+

+ o= [Ty, Ts] + [Th, T3] + [T3, T4]),

for z € (0,2).

Before proceeding to the next section, we shall give an alternative way of describing the
endomorphisms A;(z) that will be useful later. Let S be a spectral curve and consider the

map:
m: H°(S,0(4)) @ H°(S, L*(2k — 2)) — H°(S, L*(2k + 2)), (4.10)

and denote by K, its kernel at z, then we have the following proposition:
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Proposition 4.4.4. The map i : K, — V. given by
hn@to+1@s+E{@s1+ @82+ @53+ @s4) = to

is an isomorphism for every z € (0, 2).

Proof. We start with an embedding of T as a quartic CP°:
{(20, 21, 22, 28, 24, 25)| 20 =M, 21 = 1,20 = €L, 2 = €2, 24 = €3, 25 = £4).
Now consider the Euler sequence on CP°:
0— Qips(H) = C° — H — 0,

where H is the hyperplane bundle on CP°, Qs is the cotangent bundle of CP° and
C® = HY(S,0(4)) is the trivial bundle. Restrict this to S and twist with L*(2k — 2) to

obtain:
0 — Qips L7(2k +2) — HY(S,0(4)) ® L*(2k — 2) — L*(2k +2) — 0.
The long exact sequence on cohomology of this sequence gives:
0 — HY(S, Qfps L*(2k +2)) —
H°(S,0(2)) @ H°(S, L*(2k — 2)) = H°(S, L*(2k +2)) — H*(S, Qps L*(2k +2)) - - -
We shall next identify the kernel of m and prove that it is onto.

First we shall trivialise the bundle Q. ,; over T. Consider the open set complement to the

line z; # 0in T, we can trivialise it by:

wlzd(@);WQ:d(é);w:g:d(ﬁ); w4:d<ﬁ>; w5:d<ﬁ).
21 21 21 21 21
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On the open set z5 # 0:

ee(Z) (D) e e(2) 2 oe(2)
5 5 5 5 5

Then we have on the intersection:

- Z z _ ~
o =d (—0 : —1) =wi € + s,
Z1 5
. z z _ ~
Wy =d (—2 . —1) =wol ! + EWs,
Z1 R5
- zZ z _ ~
wy=d (—3 —1) =wsf ! 4 £205,
VAR
~ z z _ ~
Wy =d (—4 —1) =wy ™ + 305,
Z1 X5
(:)5 = — 5_8(,05.

£ 0 0 0 0 Wy &1
0 &40 0 0 W Qo
0 0 &% 0 0 w3 w3
0 0 0 &% 0 Wy Wy
/S S S S ws ws

Now we can consider a map of sheaves on T given by the composition:

I Qps — QF — O,

where F is a fibre of T and notice that 1. 2 O(—4) and f is onto, since it is a projection.
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Then, we must have that ker(f) is the bundle on T whose transition function is given by:

&40 0 0

0 &40 0

But this is isomorphic to the pull back on T of the bundle O(—5)®* on CP'. Then
ker(f) = O(—5)%4,
This gives an exact sequence:
/

0— O(=5)% = Qtp1 = O(—4) — 0.

Tensoring it by L*(2k + 2) and restricting to S we have an exact sequence of sheaves on

S:
0 — L7(2k — 3)® — QL L*(2k +2) L L7(2k — 2) — 0.
Taking the long exact sequence in cohomology for this sequence gives us:

0 > HO(S, L*(2k — 3)%) = H°(S, QL L*(2k +2)) L HO(S, L*(2k — 2)) —

—H'(S, L*(2k — 3)™) — H' (S, Qtp L*(2k +2)) — H' (S, L*(2k — 2)) - - -
Remember that we proved that:

HY(S, L*(2k — 3)) = H°(S, L*(2k — 3)) = H'(S, L*(2k — 2)) = 0.
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Then, we can see that f is the map h from the proposition. Moreover,
[ H(S, Qbpi L7 (2k + 2)) — H(S, L*(2k — 2))

is an isomorphism and H'(S, Q. p. L*(2k + 2)) = 0. This implies that m is onto and its

kernel is isomorphic to H(S, L*(2k — 2)) via f. O

An immediate consequence of this proposition is that there exist endomorphisms A,(z) €

EndV, such that :
(77 — Ay — A& — A252 - A3§3 - A454>3 = 0.

The uniqueness of Beauville’s theorem tells us that these endomorphism are the same

ones obtained via Beauville’s theorem.

4.5 Boundary conditions for the Nahm’s equations

The results in this section correspond to the Nahm’s equations relative to the line bundle

.. . . 2
whose transition function is e/¢" .

Definition 4.5.1. Let p(&, n) be the polynomial defining the spectral curve S, this is to

say, S = {(&,m)| p(&,m) = 0}, we shall use the following notation in this section:

a) Define M = C x S and P : M — C is the projection in the first coordinate.
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b) M = {(z,6,n) € Cx T|p(z,&mn) = 0}, where p(z,£,n) = 2Fp <£,g) and P :

M — C is the projection in the first coordinate.

c¢) For fixed z € C we define the curve 25, it is S shrunk by a factor z, to be the curve

defined by p(z,&,n).
d) V = P.(X|y), where X is the bundle on T whose fibre at (z, 7, &) is L*(2k — 2),.¢)-
e) Define £ over C x T to be the bundle such that L.t = L*.

f) Similarly, we have X = P,(£(2k + 2)) and X = P,(L(2k + 2))

g) Bundles on T, their lifts to C x T and their restrictions to M and M will be denoted

by the same letter.

Remark 4.5.2. i) If we denote the zero section of O(4) by F, we then notice that
P~1(0) = F® =1, the (k — 1)™ formal neighbourhood of F' in the total space of

O4).

ii) V = P,(X]|) is the bundle defined in the previous section.

4.5.1 The fibreof VV at0

Lemma 4.5.3. Define a map p : L(k)|;; — L(k)n in the following way: Let s be a

section of L(k) on M such that on the trivialisation Uj it is represented by f;(z,7,£).
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Define p(s) to be the section of £(k) on M represented by fi(z,1,&) = fi(z,2n,&).

Then, p is a well defined map of bundles and it is an isomorphism for z # 0.
Proof. We just need to verify that f, = exp(zn/&2)f;, but this is true since fo =
% exp(n/€2) f1. It is immediate that p is an isomorphism. O

Corollary 4.5.4. Taking the direct images in the lemma above, there is a map of sheaves

over C

which is an isomorphism for z # 0.

Consider now the evaluation map:

ev, : V. = H'(P7Y(2), L(2k — 2)).

It is an isomorphism for z # 0.

For the next result, we shall use the following notation: I';,, C O(2m) consist of sections
s of the form s = 3~ | a;¢% and denote by L ® T' C L(2m) the set of sections of the

form ij a; ® sy, with a; a section of L and s, € I',,.
The first result in this section is:

Proposition 4.5.5. Let Vy, C H°(S, O(2k — 2)) be the fibre of V at 2 = 0 and T',_; C
H°(CP, O(2k — 2)) be the sections of the form p(£) = cop_2E2* 2 + o444+ +

0252 + Cp. Then, ‘/b = kal-
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An extension of a section of O(2k — 2) to a section of X to the m™ formal neighbourhood

consists of the following data:

s=80+ 25+ -+ 2"y, s € H' (U, O),

s =s)+zs)+---+ 2" ;e H (U, 0),

m?

such that s = £2-2(¢7/*7)s'modz"*" on Uy N U;. From lemma (4.5.3) we have that we

can change 2 to zn near z = (. This means the extension above can be written as:

p=po+zpi+-+2"pm, pi € H (U, O(2k — 2 — 4i)),

P o= ph 2P+ 2, ph€ HO(Uy, O2k — 2 — 4i)),

such that p = (e"/ @} )p'modn™*1. We can now state and prove the following:

Lemma 4.5.6. Every section in L ® I',,, on Z C T can be extended uniquely to the m™

formal neighbourhood, but no section can be extended to the (m + 1) neighbourhood.

Proof. A section of L(2m) on the m™ neighbourhood consists of local section p; €

H°(Uy, O(2m — 41)) and p, € H°(Uy, O(2m — 44)), such that

Do+ 11+ -+ 0" = VE (P + nply + - -+ 7 pl, )mody™ L,

We are therefore looking for functions p; on Uy and p on U; such that on the intersection

Uy, N U; we have:
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gm 0 0 .. 0 2 Do
gr gm0 0 P, »
1¢2m— m— m— : = :
552 4 gme6 gomes 0 : : . 4.11)
% (mil)!gi2 T U é'me plm Pm
Now for [ even and such that 0 < [ < 2m,
Do o€t
P, ¢ £ 22
. ' (4.12)
C( 277;71)
j 0
solves (4.11) if
(2'rr£7l) -
L =0, (4.13)

l
where <§ —|—1) <n<m.

From [Hit83] page 173, there exists a unique solution of (4.13), and for this solution we
have ¢y and C(zm-1y are both non-vanishing. This implies that (4.12) trivialises a rank-

m + 1 bundle E,, — CP! whose transition function is given by the matrix in (4.11).
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From the exact sequence
0= Ep1(—-2) = B, 2 0O2m) — 0, (4.14)
we have the following long exact sequence in cohomology:
0 — H°(CP',E,,_,(-2)) — H°(CP', E,,) & H°(CP', O(2m)) — (4.15)
— HY(CPY E,, 1(-2)) — ... (4.16)

We can deduce from general sheaf cohomology theory that H'(CP!, E,,_1(—2)) = 0.
Therefore H*(CP', E,,) 2% H°(CP', O(2m)) is injective. It remains to find the image

of the map py, in cohomology, above.

Since [ is even, we can write [ = 27, for 0 < 5 < m. Define v; by the equation (4.12) and
notice that {vg, - - - ,v,, } is a global frame for E,,. Thus, for « € H°(CP', E,,,), we can
write = > 7 ) ovjv; and we have:
po(a) =Y ;6% € H(CP',0(2m)). (4.17)
j=0
Using our notation, this means that the image of py is I';,,. This implies that sections of the

form (4.17) can be extended uniquely to E,, and hence to the m™ formal neighbourhood.

An extension of sections given by (4.17) on the (m + 1)™ neighbourhood is given by the

pull-back to E,,,1(—2) in the exact sequence:
0= Epn(—4) = Epii(—2) 2 02m) — 0. (4.18)

However, in this case H°(CP!, E,,,,1(—2)) = 0 and no extension exists.
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As a concern of notation, if s is a section in T',,,, its formal extension in L™ (2m) will be

denoted by s. [
Before we proceed we shall state the following lemma, whose proof is similar to the proof
of lemma (5.2) in [Hit83]:

Lemma 4.5.7. Every element c € H'(S, O(2k — 2)) can be written uniquely in the form:

2k—2

c= E n't*c;,

i=[k+1/2]

where ¢; € H'(CPY, O(2k — 2 — 41)).

Proof of proposition (4.5.5). Let us start with the exact sequence:

0— O(=2m —4) — L™ (2m) — L™ (2m) — 0.
Form its exact sequence in cohomology we have a map

§: H(CPY, L™ (2m)) — HY(CP', O(—2m — 4)).

Since H°(CP!, L1 (2m)) = 0 and H°(CP', L™ (2m)) = T, from lemma (4.5.6),

we can define an injective map
h:T,, — H(CP', O(—2m — 4)),
defined by hs = ds.

Let s € 'y and take the extension of 7*s € H°(S, O(2k — 2)) to the order k — 1, as in

lemma (4.5.6), and consider it to be a section of L*(2k — 2) over C x S. The obstruction
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to extending to the order £ is the element
c=n"r*hs € H'(S,O(2k — 2)).

Now, since S satisfies % 4+ a;n*~1 4 - - 4+ ag = 0, we must have

c=— Z a;n" i hs.

Then we can write the above as:

c=— an_jw*hj,

where h; € H'(CP',O(4j — 2k — 2)) and also each h; must be in the image of A.
Therefore, for each 5 we can find a unique section s; € I'y,_1_o; such that nk_j m*h; is the
obstruction to extend 7*s; € HY(S, O(2k — 2 — 47)) to the order (k — 2j) as a section of
L#(2k — 2 — 47). This is the obstruction to extending 2%/7/7*s; from the order (k — 1) to

the order k. Therefore, if 5 denotes a formal extension, we have that

st =5 — 225 — 24%5, — - — 22n'5,

extends to the order % in z. Now, we can consider an extension of s! whose obstruction
isd € H'(S,O(2k — 2)). We can proceed as above we shall add modifications of order
23. Then, every coefficient of 2" requires a finite number of modifications and we have a
power series in z. Now we can use a result in [Har97] (proposition II 9.6) to prove that a
convergent extension exists. We have then proved that 7*(I';_;) C V4. Since both vector

spaces have dimension %, we have proved the proposition. [
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Remark 4.5.8. An important remark here is that since I',, is not a natural irreducible
representation of SL(2,C), the maps in cohomology in the proof above are interpreted
only as maps of abelian groups and not as maps between irreducible representations.
Therefore, the fibre of V' at = = 0 does not have a natural SL(2,C) representation

structure. This is an important difference between the R? case.

4.5.2 The behaviour of the matrix A at 0

After having established the fibre of V' at 0, we can move toward the description of the

behaviour of the matrix A(z, ) at 0. Namely, we shall prove that A(z, £) has a pole at 0.

As before, we shall work with M instead of M. Remember that in corollary (4.5.4) we
defined a map p : V — V, which is an isomorphism away from z = 0. Also, remember
that X = P,(L£(2k + 2)) and X = P,(L(2k + 2)). Then, we can state the following

lemma:

Lemma 4.5.9. The diagram:

P

RS
Pl

is commutative if either F = znand F = nor F = F = A(€,n).

The proof of this lemma is direct from lemma (4.5.3) and corollary (4.5.4). We now have

the following:
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Corollary 4.5.10. Define B({,n) = zA(&n), then (n — A(E,n))V = 0 if and only if

(n— B(&,n))V =0.

We shall now study the behaviour of B at z = 0 and use this corollary to deduce the
corresponding behaviour of A. To start with this, we shall use Beauville’s construction of

B.

We start with the commutative diagram:

V, 5 gO(2S N T, L(2k — 2)) = CF1

lB(é,W) an

V, M gO(2S N T, L(2k — 2)) = CF1,
where ¢ € CP!, T, is the fibre of T over ¢ and
restr,, : H*(2S, L(2k — 2)) — H°(2S N T,, L(2k — 2))

is the natural restriction map. Moreover, as in the construction of A, the cohomologies in

the diagram above can be interpreted as polynomials in 7 of degree k — 1.

Observe that restr, , is an isomorphism for all z # 0 and its limit restrq, is also an
isomorphism. Now, let &y, - - - , éx_1 be a local frame for V, in a neighbourhood of 0, such

that restrg ,(¢;) = 1.

Then B is well-defined and continuous at z = 0 and, if £, correspond to the point ¢ €

CcP',

B(0> 60)(61') = €hy1-
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Since B = z A, we must have that A has simple poles at z = 0 and the next objective will

be the description of the residues of A at 0.

Now we shall use the alternative description of A given in (4.4.4) to find the residues of

A. This means we shall investigate the behaviour of the kernel K, of the product map

m: H°(S,0(4)) @ H*(S, L*(2k — 2)) — H°(S, L*(2k + 2))

as z — 0. We start by noticing that, under the embedding T < CP?,
finding K is equivalent to finding which sections of H%(S,Qf ps(2k + 2)) extend to
HO(S, L*Qf ps (2k + 2)). Since dimK, = k for z € (0,2), we should have a k-

dimensional subspace K that extends. Next, we shall describe K.

Let {1,£2,--- &%) be a basis for I',_; and define the linear operators By, B; and B, in

I'x_1 by the the matrices:

0 0 0 0
—(k-1) 0 0 0
Xy = 0 —(k-2) 0 o | (4.19)
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Xy

0 0 0
(k-2 0 ... 0
0 (k—4) ... 0
0 —k
0 1 0 0
0 0 2 0
0 oo o 0 (k—1)
0 0 0

we can now state the following result:

88

and (4.20)

(4.21)

Proposition 4.5.11. Every element s € K, can be written uniquely in the form

s=m(1® Xoé+ £ ® Xo5 + &' ® X43),

where § € I';,_;.

Proof. The idea of the proof of this proposition is to work on the (k — 1)M order

neighbourhood first. We shall find a basis for the fibre of the bundle V" at 0 in the formal

neighbourhood in the language of the lemma (4.5.6), this is to say, we have to solve (4.11).
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In what follows, we shall find

P7 = pi +p(zn) + - + pl_yy (zm) Y
and

Pl =pi+pi(zm) + -+ pl_y (2
satisfying (4.11), for 0 < j < (k —1).
In what follows we shall use m = k£ — 1 for simplicity.

Fix j and and define on the open set Uy:

(m—0! (m—j)1

(—1)! —£72m== for 0 < 1 < (m — j),

= (m—10—45)! m! [

0 otherwise.

And on Uy:

(m—=0! 411
P = G—D!'mlll

€200 for 0 < 1 < 4,

0 otherwise.

We now need to check this data satisfies (4.11). Let

1

_ (L em-om _
B“‘(mgz 2’@-1)

be the b line of the matrix (4.11). We need to prove that

By PP =pj.

5(2m72b72) 5(2m*4b) 0.--- 0)
' 5 3 » Yy )

89

(4.22)

(4.23)
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min{b,;m—j;}

j (m = Dl(m — j)! 2j—2
Bo- P7 = ; (_1)l(b—l)!(m—j—l§!m!l!§( ’

_ (mn:' b)! min%_j}(_1>z(?:ll> (ml_j) ¢2i=20)

=0

O (s

m! b
(m —b)!j!

(25—2b) j
G b)bml® i

Where we used the identity:
min{b,m—j} m— ] m—1 ]
~1)" =(7).
x o (")65)-0)
1=0
Then, we have that P/ gives a basis for V; in the (k — 1) neighbourhood.

Now we shall describe the kernel of the multiplication map

m: HY(F*Y 04)) @ H(F* Y L2k - 2)) — HY(F* Y L(2k + 2)).

First, notice that we have H°(F*~Y (O(4)) = H(T,O(4)) = Spanc{l, &, £2,€3 ¢4 n}.
Now, a direct computation shows that the kernel of m is generated by the elements of the

form:

w? = [zn® P — (m — j)[1 @ PUY] 4 (m — 2§)[2 ® P7] + j[¢* @ PU~Y),

J

for0 < j < (k—1). In other words, this says that we can find sections ¢y, So, S, S4 € I'x_1
such that

277%0 + 50 + 5262 -+ 5454 =0 modzk,
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where ¢, and S; represent the canonical extensions of ¢, and s; respectively. Moreover,
we have proved above that we can actually take tp = s and s; = X;(s), for j = 0,2,4,

for s € I'y_1.

Now, the canonical extension is of order (k — 1) and we proceed as in the proof of
proposition (4.5.5) to extend to higher orders and produce a formal extension. We can
use again a result in [Har97] (proposition II 9.6) to prove that the obstruction to extend to

higher orders are removable and, therefore we can produce an actual extension. 0

Remark 4.5.12. It is important to highlight how we found the solutions (4.22) and (4.23)
to (4.11). We solved (4.11) explicitly, from £ = 2 up to £ = 6, using the constraints
(4.13) and then we obtained a pattern for the solution for general k. In the proof written

here, we just used this general form of the solution and proved it actually solves (4.11).

We can now use this to prove our main result:

Theorem 4.5.13. Let S be a curve in T satisfying the conditions in definition (4.3.1).

Then the matrices 7; obtained in proposition (4.4.3) satisfy the following conditions:

1. T3 and Ty are analytic on the whole interval [0, 2];

2. Ty, T and T; have simple poles at 0 and 2, but are otherwise analytic;

3. Theresidues of 77, 75 and 75 at z = 0 and z = 2 define an irreducible representation

of su(1,1).
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Proof. Remember that from corollary (4.5.10) the endomorphisms B, defined by B; =
zA;, are analytic on the whole interval [0,2]. Moreover, the proposition above tells us

that B; and Bjs vanish at z = 0 and:

lim zB;(s) = Xj(s),

z—0

for j =0,2,4.

This means the endomorphisms A; and A; are analytic on the whole interval [0, 2] and
the endomorphisms Ay, A, and A, have simple poles at 0 whose residues are given by
Xo, X5 and X respectively. We now shall extend this to the matrices that appear on the

Nahm’s equations. We have that the covariant derivative in V' is defined by:

_ %% _

V.,s = P

1
(51425 + 51435 + 621448) .

From the above and the definition of X ;( equations (4.19), (4.20) and (4.21)) we have:

1 kE—1
Ly reayreea, PV i p
2 2z

where D is analytic in the whole interval [0, 2] and I is the & x k identity matrix. Since the
residue of the connection is a scalar, we can use the same argument in [Hit83] page 179 to

conclude that the matrices A; have the same residue as the corresponding endomorphisms.

If we write AO = T1 —l—iTg, Al = T3 +iT4, AQ = 2iT5, Ag = T3 —ZT4 and A4 = —T1 —l—iTg,
then we have that 7 and T are analytic on the whole interval [0, 2] and the residues of
Ty, Ty and T5 at 0 define an irreducible representation of su(1, 1). The condition that L?

is trivial on S says that the behaviour of the residues at z = 2 is the same asto z = 0. [
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4.5.3 Reality conditions

In this subsection we shall prove the following:

Proposition 4.5.14. The matrices 7} satisfy, for ¢ € (0, 2):

() Ty(t) = ~T; (1),
(i) Tj(t) = —T;(2 —t).
Proof. To prove (i), we start by defining a hermitian structure on the bundle V" over (0, 2),
whose fibre at z € (0,2) is H°(S, L*(2k — 2)).
The reality of S defines an antilinear isomorphism:

o H(S, L*(2k — 2)) — H°(S, L™*(2k — 2))

*

s> s
Now let s,t € H(S, L*(2k — 2)) and st* € H°(S, O(4k — 4)). From lemma (4.4.2) we
can write this section uniquely as:
st* = con* '+ en 4 4 o,
with ¢; € H°(CP*,O(4j7)). We can now define a hermitian inner product by:
(s,t) = co.

Using the same argument in [Hit83] pages 180-181 we have that this inner product is

non-zero and preserves the connection we used to trivialise V.
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From the definition of A; we have:

ns + Ags + EAs + 2 Ays + E3 Ags + €' Ays = 0 € HO(S, L*(2k + 2)).

Applying the reality structure o on S we have:

no(s) + E'a(Ags) — E3a(A1s) + E20(Ays) — Eo(Aszs) + a(Ays) = 0.

On the other hand we have:

no(s) + Ao (s) + EAo(s) + 2 Ayo(s) + €3 Azo(s) + €1 Auo(s) = 0.

From the equations (4.25) and (4.26) we deduce that:

O'A() = A40’,
cA; = —Azo and

UA2 = AQO’.

We now consider the inner product (A;s, t). From (4.24) we have:

(ns)t* + (Aps)t*™ + (A1)t + E2(Ags)t™ + E3(Ags)t" + £ Ays)t* = 0,

and

(nt)s* + (Aot)s™ + E(A1t)s* + E2(Agt)s™ + 3 (Ast)s™ + £ (Ayt)s™ = 0.

Applying the reality condition in the last equation gives:

(nt*)s + EX(Agt*)s — E3(A1t*)s + E2(Aat*)s — E(Agt™)s + (Aut™)s = 0.

94

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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Subtracting (4.30) from (4.28) gives us:

{(Aos)t* — (Ast*)s} + E{(A1s)t* + (Ast*)s} + E2{(Aas)t* — (Aat™)}+

4.31)
E{(Azs)t* + (Ait*)s} + EH{(Aas)t" — (Aot*)s} = 0.
Now we can deduce that:
(Ags, t) = (s, Aut),
(As, 1) = —(s, Agt), (4.32)

<A28, t> = <S, A2t>,
If we write AO = Tl +iT2, Al = T3+iT4, AQ = 2iT5, Ag = T3 —ZT4 and A4 = _Tl +ZT2

then each 7 is skew-hermitian.

To prove (ii), we shall use the trivialisation of L? over S, a € H°(S, L?). We can use a

and the real structure o to define the antilinear map:

o H'(S, L*(2k — 2)) — H°(S, L* *(2k — 2)),

given by o/ = ao. Notice that 0%(s) = cs for a positive constant ¢, and it is compatible
with the connection used to trivialise 1/, then, after normalisation by |c|, o’ defines a real
structure. Therefore, we can trivialise V' with sections which are real with respect to o’,

we then obtain matrices 7 satisfying (ii). [

4.5.4 From Nahm’s equations to spectral curves

The goal of this subsection is to prove the following theorem:
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Proposition 4.5.15. Let T; : (0,2) — gl(k), j = 1,2,3,4,5 satisfy the Nahm’s
equations, where 7 satisfy:

(1) T;(t) = —T]f“(t), this is to say, each 7} is skew-adjoint;

() Tj(t) = ~T;(2—t);

(3) The Tj have simple poles at = = 0 and z = 2 whose residues satisfy the conditions of

theorem (4.5.13).

Then, the curve S defined by det(n— A) = 0, where A = Ag+EA; +E2 Ay +E3 A3+ &1 Ay,
with AO = T1 + iTQ, A1 = T3 + ’L.T4, AQ = 2Z'T5, A3 = T3 — ZT4 and A4 = —T1 + iTQ,

satisfy:
i) S isreal,
ii) the bundle L(2k — 2) is real,
iii) L? is trivial on S,
iv) H(S,L*(2k — 3)) = 0 for z € (0, 2).

Proof. For part i) notice that, since 7; are skew-adjoint, we have §4A(—E%) = A(¢)t.
Therefore det(n — A(§)) = det <77 - A(—%)) and S is real.
We now start to invert the procedure we used to construct the A(£,¢). Namely, using

Beauville’s theorem, we obtain a flow of line bundles K; on S. More explicitly, given the
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matrix A(&,t) we have that
Ky = coker(n — A(, 1)),

where

(n— A(£,1)) : O(—4)%F — Ok

However, it is easier to consider the dual approach. This means we are going to find the
dual flow:

Ki = ker(n— A(&,1))",

where

(n—A(& 1) : O%F — O(4)%".

First we shall prove that K = K ® L'~*. We start with a section s of K} and it can be
represented by w in the open set {{ # oo} and by v on {{ # 0}. Moreover, let g(to) be
the transition function of K7 such that u = g(ty)v. Observe that on {{ # oo} we must

have:

(n — A&, t0))'u =0
and on {¢ # 0}:

(1/&1(n = A(&, to))'v = 0.

Let Ay = 14 + A3 + As&% and we shall vary ¢. To begin with, we impose that u

satisfies:
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We can use Nahm’s equation to prove that
a t t
a(n —A)'u=A,(n— A u.

Now, the initial condition for this differential equation is given by (n — A)'u = 0. Thus,

we have (n — A)'u = 0 for all ¢.

On the other open set we can impose

0 t
5=~ (e A"

and prove that
(1/&Y(n—A)v=0
for all ¢. Now we have:

g _du_dgv_ g
ot ot ot

t

v—g (A/§2 — A+) v.

This implies that

n _8g -1
—U=—=q U.

% ot
The solution of this equation can be written in terms of g(to) as g(n, &, t) = /€ - g(t).

Therefore, we proved that K} = K ® L',

We now move towards the description of K, and we shall use the boundary behaviour of

the matrices A; to prove that Ky = O(2k — 2).

t
Near ¢ = 0 we can write for ¢t > 0 A({,t) = @, with (&, t) analytic near ¢ = 0.

Also, denote a(&,t) = a(&, 1)t Write a(0,&) = a(§) = ag + a1€ + as&? + a3&® + as&*.
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From our hypothesis, a; satisfy the conditions in theorem (4.5.13). This means that a; =

asz = 0 and ao, az and a4 define an irreducible representation of sl(2, C).

Let I';_; be the subspace of C*~! consisting of polynomials of the form p(¢) =
S 22 €% and we shall also denote by T';_; its image in S*(C*) under ¢. The matrices
a; act on I';_; by multiplication. Moreover, we can choose a basis e; for I';_; such that

ker[a(€)] = (€%72,... €% ... 1). Notice that in this basis, ag(e;) = €.

We shall next compute a section of ker(n — A)?, first observe that

(n— A)(n— A)py = det(n — A) x 1,

adj

where adj is the formal adjoint and I is the identity matrix. This means that on .S, I'm(n—

t

a¢; has rank one and the inclusion

A).4 C K} However, since (n — A) is regular (7 — A)

becomes an equality.
Now, we shall compute a section of (1 — A)tadj. Observe that at £ = 0, we have that the

t

image of (1 — A)adj has a finite limit, because of the choice of basis above. In the general

t
adj

case, Im(n— A)t . C K] will consist of a polynomial of degree 2k — 2 in £ and therefore,

Ky = O(2k — 2). This means that K; = L'(2k — 2).

Notice that, since the behaviour of the matrices 7; at t = 2 are the same as at t = 0, we
also have Ky = O(2k — 2). This implies that L? = 0. Lastly, from Beauville’s theorem

we must have K,(—1) € J§ ', this is to say, H(S, L(2k — 3)). O
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Chapter 5

Moduli space of solution to Nahm’s

equations

5.1 k-symplectic manifolds and k-symplectic reduction

In this chapter, we shall discuss some properties of the moduli space of solutions to our
Nahm’s equations and we shall see they are what is called 2-symplectic manifolds. We

begin with this definition:

Definition 5.1.1. Let M be a regular generalised k-hypercomplex manifold and V' be a
k dimensional irreducible representation of SU(2) such that T,M® = V& @ C" for all
x € M. Remember that VC =2 S*(C?) and let V2 be the irreducible real representation

of SU(2) such that (V21)C = S2¢(C?). A k-symplectic structure on M is a closed SU(2)-
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invariant 2-form w with values in V2,

Recall the decomposition Ty; = E ® H from the first chapter, where H = S*(C?) is the

trivial bundle. Then, the bundle of 2-forms decomposes as
AT, = (NE ® S?H) @ (S?E @ A’H).

Notice that A2E ® S?H is the only term in the decomposition above containing S%*(C?),
then a symplectic structure corresponds to a nondegenerate 2-form wg on £ such that the
map

A2 TMC — A2E @ S2(C?) £ $%(C?)
defines a closed V[?-valued 2-form. In practical terms, a k-symplectic form w can be
written as wg ® a, where v € S?*(C?) C S?H. This means that if o, for 0 < j < 2k, is
a basis for S%(C?), then we have (2k + 1) closed 2-forms, namely wp ® «j, on M giving

the k-symplectic structure.

Remember that M has a twistor space Z which is a complex manifold fibrering over
CP! and is endowed with a real structure 7 covering the antipodal map on CP'. Then
M, together with the SU(2) action on the tangent bundle, is given by the space of real

holomorphic sections of Z whose normal bundle is O (k) ® C".

Now, from the definition above, a k-symplectic structure on M is a SU(2)-invariant and

closed 2-form w on M with values on S**(C?), so we can write w as:

w = wy + wi€ + - + wy k. (5.1)
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This means, in terms of the twistor space, that w defines a complex symplectic form for
each fibre of the fibration p : Z — CP'. Globally, w is a section of the bundle A>T} (2k)

over Z, where Tr = Ker(dp), the tangent space along the fibres.

Suppose now that M admits a proper and free action of a Lie group G and that the action
is compatible with the GHC structure and the symplectic form. Moreover, suppose the

action is Hamiltonian, i.e. there exists a moment map
e M—VE g
where g is the Lie algebra of G. By moment map, we mean that x satisfies:

d({p, p)) = ipw, (5.2)

where (u, p) is the function from M to R defined by (i, p)(x) = (u(z))(p), for every

p € g, p* is the vector field on M given by:

d
Py = a(exp(t/)) - )| 4=0

and i,-w is the contraction of w by the vector field p*. This permits us to define GHC

quotients. Namely, if » € V2 ® g* is a regular value of 1, we can define the reduced

GHC manifold as M = = 1(r)/G [Bie06).

From the twistor point of view, the action of G on M can be regarded as an action of the
complexified group GC. Now, we can construct a space Z from Z by taking a holomorphic

symplectic quotient along the fibres of Z and 7 is the twistor space of M.
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Example 5.1.2 (Hyperkdhler manifolds [HKLR87]). A Hyperkidhler manifold is a 4n
dimensional Riemannian manifold M endowed with a metric g and three covariantly
constant complex structures LJ,K satisfying the algebraic quaternion relation. The twistor
space of M is Z = CP' x M endowed with the following complex structure: Identify
CP! with S? and let (a, b, c) be a point in S? C R?, define the complex structure I at the
point ((a,b,c),z) € ZbyI = al+bJ+ cK. Itis proved in [HKLR87] that a Hyperkihler
structure on M is equivalent to the existence of a section w of A*T%(2) over Z. Thus, the

k-symplectic quotient discussed above generalises the well-known Hyperkihler quotient.

Example 5.1.3 (R as a 2-symplectic manifold). We start by defining RS as two copies of
the real form of the irreducible SL(2, C)-representation S?(C?). More explicitly, a point

pin CS is a pair of polynomials of degree 2,
p = ((20 + 216 + 226?), (23 + 2€ + 25%)). (5.3)
This turns R into a 2-hypercomplex manifold whose twistor space is O(2) & O(2).

Now, the complexified tangent bundle of R® decomposes as (TR®)¢ = C* ® S*(C?). In
the notation above, we have £ = C? and H = S?(C?). Furthermore, a 2-symplectic

structure w is given by w = wp ® a, where wg a 2-form in A’E and o € S*(C?) C S?H.

We can fix a frame ¢y = (1,0),e; = (0,1) for £ = C? and define the alternating 2-form

wp on ' to be given by the matrix, with respect to this basis:

(5.4)
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Since A%F has dimension 1 this is the unique, up to a scalar, 2-form on E.

Next we shall identify S*(C?) in S?(H) = S?*(S*C?). Let Zy = 1,7, = £, Zy = &2
be a frame for H, from representation theory [FH99], we have that S*(C?) C S?*(H) is
generated by hg = Z2, hy = ZoZy, hy = Z3 + %ZOZQ, hs = Z1Zy and hy = Z3. Then,

the hy are symmetric bilinear forms on /7 and have the matrix representation:

ho=110 0 0 |- (5.5)

hlz

; (5.6)

(5.7)

) (5.8)

>=

[N}

I
D= [a] @]
(@) = o
o o o=



Chapter 5. Moduli space of solution to Nahm'’s equations 106

hy = 000 |- (5.9

Now consider the basis e; @ Zy, for j = 0,1 and k = 0,1, 2, for (TR®)®. With respect
to this basis we have the following 2-forms on A%(TR®)® given by wy, = wg ® hy. We
can put coordinates z;, [ = 0,1,2,3, 4,5 on C° relative to the frame above, this is to say,
we can consider e; ® Z, as vector fields in CS and z; is the coordinate system such that
Oy = €0 ® Zp, 0y = €0 R L1, 0,y = €9 Q Ly, 0,y = €1 @ Zy, 0,, = €1 @ Z; and
0., = e1 ® Zy. Moreover, it is important to notice that these coordinates are the same

ones introduced in (5.3).

We can now use the matrices for wg and hy given above to write the wy, explicitly in these

coordinates:

wo = dzg N dzz,

wp =dzg ANdzy + dz N dzs,

wy = dzo Adzs + Adz A dzy + dzo A dz, (5.10)
w3y =dz Ndzs+ dzo N dzy,

Wqg = dZQ VAN dZ5.

We now have a real structure on C° which can be defined via the involution in the twistor

space by ((11,72),€) — ((7,/€, —1/€), (To/E", —1/E)), where ((11,7),€) is a local
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holomorphic coordinate system for O(2) @ O(2). Our objective now is to investigate how

this involution extends to a real structure in A*E ® S*(C?).

One way of doing this is by noticing that the coordinates we used in C® come from

1
the following short exact sequence of bundles on CP' given by the class {—} €

52
HY(CP', O(—4)):

0—-0—-012)e0(2) - 04) —0. (5.11)
This yields an exact sequence in cohomology:
0 — H(CP', 0) = H'(CP', 0(2) @ O(2)) & H'(CP', 0(4)) — 0,
where the map 7 is explicitly given by:

(po, 1) = po + Ep1,

where pg = 2 + 2:€ + 262 and p; = 23 + € + 25€2. Moreover, the kernel of 7 consists

of sections (py, p1) such that py = a&? and p; = —a, for a € C.

Now, every w € H°(CP', O(4)) = S*(C?) can be written as w = py + &p1 = 20+ 21€ +

(22 + 23)E2 + 243 + 25¢ and then the involution can be induced to S*(C?) as:

(

20— Z5

21 —24

Zo > Z3.
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Therefore, w € S*(C?) is real if and only if

(

20 = 2_5

21 = —Z4

29 = 2_3
\

Applying this reality condition to equation (5.10), yields 5 complex 2-forms on R®:

wy = dzg N\ dzo,
wr = —dzg NdzZy +dz; N\ dZs,
wy = dzg A dZg — 4dzy A dZy + dzo A dZo, (5.12)
wy = —dzZg ANdz +dz N\ dZs,
wy = —dzo N dzs.
Writing zg = —t; — ity, 21 = t3 + its and 2o = to — it5' and oy = $(wo — wa), 1 =

(w1 4 ws), 0 = twy, a3 = 2w — ws) and ay = £(wy + wy) gives us real 2-forms on

RS giving a 2-symplectic structure on R°:

g = —dty Adty + dts A dts,

a1 = dty Adts — dts A dty + dts A dty + dtg A dts,

o = —dty Adts — dts A dty + dt; A dis, (5.13)
a3 = dtg Adty + dtg A dts + dts A dty — dty A dty,

oy = —dto A dtg - dt5 VAN dtl

The reason for this specific choice of coordinates will become clear when we interpret the Nahm’s

equations as an infinite dimensional moment map.
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It is important to notice that the 2-hypercomplex structure on R® was defined by means

of the exact sequence (5.11). Remember this exact sequence was obtained from the

1
class [g—Q} € H'(CP',O(—4)), then we can obtain other 2-hypercomplex structures by

considering extensions corresponding to other real elements in H'(CP', O(—4))?, thus

this group parametrizes 2-hypercomplex structures on RS,

1 1
A bit more explicitly, we shall now consider another extension class {g — 5—3}
HY(CPY, O(—4)).

0-0—-0(1)®0(3)—04)—=0. (5.14)
This yields an exact sequence in cohomology:

0— H°(CP',0) — H°(CP',0(1) ® O(3)) > H°(CP',0(4)) — 0,

where the map 7 is given explicitly by:

Y(po,p1) = po(1 = &) +p1 (€ = 1),
with pg = 20 + 21€ + €% and p; = 23 + 24€ + 2562, Then, we can write explicitly
Y(po, 1) = (20 — 22) + (21 + 22 — 23)€ + (23 — 24)E% + (24 — 20 — 25)E% + (25 — 23)E™.

Using the real structure induced to S*(C?), as we did above, gives us the following reality

condition:

>The real structure on H*(CP', O(—4)) is the one induced from H°(CP',O(2)) by the non-

degenerated pairing H'(CP',O(—4)) x H°(CP',0(2)) — C
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2= %5
2= 22
Z3 = —2Z4.

\
Proceeding like we did in the other case, we have the following 2-symplectic structure on

RS:

oy = —dty Ndty + dis A dts,

o = dtg A dts — dts A dty + dis A dty + dty A dis,

ay = —dty Adts — dts A dty + dt; A dts, (5.15)

ag =dtg Ndty + dtg N dts + dts A\ dty — dtg A dty,

ay = —dtog Ndty — dts N dty.
Remark 5.1.4. The inclusion S*(C?) C S?(S2C?)is SL(2, C) covariant with isotropy B,
the Borel subgroup of upper-triangular matrices, therefore we have that such inclusions
of representations are parametrized by CP! = SL(2,C)/B, therefore there is a CP* of

2-symplectic structures for each 2-hypercomplex structure on RS.

5.2 Nahm’s equations as a moment map

Let G be a compact semisimple Lie group whose Lie algebra is g and .4 be the space of

g-valued functions 7y, k = 0,1,2,3,4,5 on the interval [0, 2]. We can interpret A as the
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space of real sections of the bundle C*([0, 2], g°)®(O(2)®O(2)). Furthermore, from the
discussion in the last section, .A has a symplectic 2-hypercomplex structure. Explicitly,
the 2-symplectic 2-forms on A are given by:
2
= / dTO AN dT1 - dT5 N dTQ, (516)
0

dTo NdTs — dT5 ANdTy + dT5 N dTy + dTy N dT5, (5.17)
dTo NdTs + dIs ANdTy — dTy A dT5, (5.18)
dTo NdTy + dTo N dTs + dT5 ANdTy — dTy N d17, (5.19)

dToy NdTy +dTs N dTh, (5.20)

a5 =
where the form w;; = [7 dT; A dT} is given by:

ol o 5,10, .t 60) = [ (08) = (1,2,
0
with ¢; and ', are tangent vector to A and (-, -) is the Killing form on g.
The group of gauge transformations, G = {g : [0,2] — G| g is smooth}, acts on A as:
Ty gTog™" — 997",

T; — gTyg", fori=1,2,34,5.

For the next proposition, we shall consider the Lie group Gy = {g € G| g(0) = ¢(2) =
id € G}, then its lie algebra is denoted by &, given by maps p : [0,2] — g, such that

p(0) = p(2) = 0. We can now state the following result:



Chapter 5. Moduli space of solution to Nahm'’s equations 112

Proposition 5.2.1. Consider the map:

p= (b, pia, pi3, pas pis) = A = C° @ &,
given by

p1 = T + [To, Th] — [T5, T3]
po =Ty + [Ty, To) — [T, T3
ps =Ty + [To, Ts] — [T1, T3] — [To, Tu) — [T5, T4]
pra = Ty + [T, To] + [T1, Ta] — [To, Ts] + [T5, T3

U5 = T5 + 1o, T5) — [T1, T — [Ty, T5).

Then p is the moment map for the action of G

Proof. Letm = (Ty, 11, T»,T5,Ty,T5) € A and in this notation, the action of G on A is

given by:

1

m i (9Tog™" — g9, 9119~ ", gTog ™", gTsg ™", gTag™ ", gTsg ™).

d
Let p € &, and consider the vector field p*|,, = %(exp(tp) -m). From the description

of the action above we have:

p*|m = ([P, TO] - pv [p> Tl]’ [pv TQ]? [pa T3]7 [p, T4]7 [p, TB])
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Now, let t = (to, t1, to, 3, t4, t5) be a tangent vector at m € A, then

D) = [ T =) ~ (0 Tt~ (Tl ) + (Tt
= [t + 00T 1)~ (Tt~ (. Til ) + (Tt
=2 G0l + [ 80+ (o Tt = (0Tl o) — (. il ) + (10 Tl )
= (ot o)+ o Ti) - (8] - T3

2
= [ i),
0
where 1, = T+ [Ty, T1] — [T, T3]. The proof for the other s is similar to this one. [

Remark 5.2.2. It is important to notice here that, from the discussion in the first section,
the quotient 1~1(0)/Gy is a 2-symplectic manifold. Moreover, ;1~! = (0) is the space of

solutions to the following system if equations:

Ty +[To, 1] — [T5,To) = 0
Ty +[To, To) — [T1,Ts) = 0
Ty +[To, Ts] — [T1, Ts] — [To, Ta] — [T, Ty] = 0 (5.21)
Ty [Ty, Ta) + [Ty, Ta] — [T, Ts] + [T5, T3] = 0
Ts +[To, Ts] — [T1, To) — [T4, T3] = 0.
Now notice that we can always choose a gauge gy such that 7, = 0 and we obtain
our Nahm’s equations corresponding to the line bundle with transition function e/ &,

Therefore, solutions to Nahm’s equations modulo the action of G, is a 2-symplectic

3We used integration by parts.
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manifold. We can also change the behaviour of the 7 at the endpoints of [0, 2], we
can add poles for instance, and the corresponding quotient will give other 2-symplectic

manifolds.

5.3 The moduli space of solutions to Nahm’s equations

with trivial boundary conditions

Given (7o, Ty, T, T3, Ty, T5) € A, define the following matrix valued functions:

(0% :T0+iT5,
B =T +1iT5,
’}/ :T3‘|—ZT4

Observe that the equations (5.21) are equivalent to the following system of equations:

B =180,

Y= [v,a] = 8,77, (5.22)

(a+a%) =[a*,a] + [8, 8] + [y, 7).
Let A = {(a, B,7)| 0, 8,7 : [0,2] — g is smooth}. Observe that the action of G, extends

to an action of the complexified group G5, namely:

a —gagt—ggt,

B 9By,

v g
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The system of equations above was already considered in [Bie06] and here we shall state
a result concerning the moduli space of solutions to the equations above and we shall

compute its twistor space.

We shall denote the moduli space of solutions to (5.22) with trivial boundary conditions
by M. To describe M, fix a gauge g such that @« = 0 and identify (a,(,7) —

(g0, 5(0),~(0)). We can state this as:

Proposition 5.3.1 ([Bie06]). M is diffeomorphic to G€ x g€ x g€.

Next we shall find the twistor space of this 2-symplectic manifold by using method
analogue to [Kro04].

Theorem 5.3.2. The twistor space of M is the fibre bundle Z over CP* with fibre G€ x g©

and transition function
GEx gt xU =G xg"xU

(9,0,8) = (g - eap(20/€7), /", 1/€).

Proof. Let £ = (0(2) ® O(2)) ® C be the twistor space of A ® C, where C is the space

of smooth g-valued functions on [0, 2]. Also, fix a trivialisation for &:

Ely = C x C x U, with coordinates (u,7,&),

Ely =C x C x U', with coordinates (1,7, &').
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such that on the intersection U N U’ we have ¢/ = p/&%, 7' = n/&* and & = 1/€. Now
the action of G can be extended to a fibrewise action of G on £. This action is explicitly
given by:

prgpg~t + %497,

N+ gng "t + gg " on U and

W gu'g™ 4 g9t

W g™ +E%gg™ on U

We can also define a complex symplectic form on the fibres of £ by:

2
we((a,b), (d', 1)) = / (a, V') — (b,d').
0
We now state that the action of G5 on the fibres of £ is Hamiltonian with moment map

given by:

m:_u+£277+[777:u] OHU,

12 -1

m' =" — &% + [, 1] onU".

The proof that this is indeed a moment map is similar to (5.2.1) and we shall not prove it

here. For £ € U the solution to m = 0 is:
n=99
p=gag +&497",

for g : [0,2] — G with g(0) = 1 and o € g®. Then, the G¢-orbit of this solution is given

by the pair (¢(2), ) € G® x g°. This gives a trivialisation Z|y — G® x g© x U.
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We can do the same for a point £’ € U’, a solution to m’ = 0 is given by:

then (¢'(2), o) is a trivialisation Z|; — G© x g& x U’.

Now, we must have ' = 1/£? and ¢/ = p/€2. Imposing this conditions for the solution

above we can see that we must have:

g'(t) = g(t) - exp(2ta/E?),

o =a/et.

For t = 2 we have the transition function given in the statement of the theorem. 0

It is important to highlight here that the case where G = U(1) correspond to the case of

charge 1 monopoles on R®. Therefore, we have:

Theorem 5.3.3. The moduli space of charge 1 monopoles on R’ is a 2-symplectic
manifold diffeomorphic to S x R® and its twistor space is the total space of the U(1)-

principal bundle associated to the line bundle L? over T.
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5.4 Open issue: The moduli space of solutions to Nahm’s
equations with modified boundary conditions

In this section we present explicit solutions to our Nahm’s equations. The solutions

presented here do not correspond to monopoles since they do not satisfy the appropriate

reality conditions. However, it should still be interesting to study these spaces. We could

obtain 2-hypercomplex structures and new hypercomplex structures, since there exists a

hypercomplex manifold that fibres over every GHC manifold.

We shall define an ansatz to solve Nahm’s equations. First, define the matrices:

ty

to
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00 0O
1 00 ¢« 0
t3=§ ;
0 2 00
00 0O
0O 0 0O
1 0O 0 1 0
t4:§ )
0 -1 0 0
0O 0 00
— 0 0 0
1 0O — 0 0
t5:§
0O 0 2z 0
0O 0 0 =

Now, define 7; = f;t;, for j = 1,2,3,4,5, where f; : (0,2) — R is analytic and has
simple poles at 0 and 2. We can substitute this ansatz in our Nahm’s equation and obtain

the following system of non-linear ordinary differential equations:
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fr = fsfa,
fa=fsh,
fs = fsfu,
fi=F5fs,

fs = fifa + fafs,

This system can be solve in terms of the Jacobi elliptic functions dny, cny and sn:

/= 1 Keng(K(s+1))
! V2 snp(K(s+1))
1 Kdnp(K(s+1))
B G )
fim 1 Keng(K(s+1))
’ V2 snp(K(s+1))
fi- 1 Kdny(K(s+1))
V2 sn(K(s+ 1))
fom

(K (s+ 1))
where

7T/2 dt
K(k) = _.
(F) /0 1 — k?sint

Observe that the solution 7,75, 13,7y, Ts have poles at 0 and 2 whose residues are

respectively \%tl, %t% \/iitg, \%M, t5. We can generalise this ansatz and obtain solutions
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to the Nahm’s equations of rank £ > 4. It would be interesting to identify the moduli

space of solutions to our Nahm’s equations satisfying:

(i) 7% and T5 are Hermitian matrices,

(i1) 13, Ty and T5 are skew-Hermitian and

(i) 13,715,715, T,,T5 have poles at 0 and 2 whose residues are respectively

1 1 1 1
st 75l gtss J5tas s

A similar question is investigated for the canonical Nahm’s equations in [Dan93].

Furthermore, we can also generalise Nahm’s equations to higher degrees, this is to say,
we can construct monopoles in R?**1, for n > 3, and we should obtain equations that we

can use to construct n-symplectic manifolds.
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