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Abstract

Transient behavior of the heat transfer through binary gas mixture, confined
between two infinite parallel plates, caused by the sudden change of the plates’
temperatures, is studied for two monoatomic gas mixtures: Ne-Ar and He-Ar.
The walls’ temperature changes are considered small compared to the equilib-
rium temperature of the system, so the McCormack kinetic model is used for the
numerical simulations. The time evolution of the main macroscopic parameter
is investigated for various species concentrations and for different gas rarefac-
tions ranging from near the free molecular to slip flow regime. It is found that
the mixture heat flux takes several characteristic times, which is defined by the
distance between the plates over the most probable molecular speed, to achieve
its new equilibrium state. This time of the steady state flow establishment
depends strongly on the gas rarefaction, mixture nature and composition.

Keywords: rarefied gas, Boltzmann equation, binary mixture

1. Introduction

The investigation of the time response of a rarefied gas confined between two
parallel plates to a sudden change in the plates’ temperature is important from
the both fundamental and practical points of view. A gas between two surfaces
is considered rarefied when the molecular mean free path is comparable to (or
larger than) the gap between the surfaces. For accurate modeling of the rarefied
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gas behaviors the approaches, which take into account the molecular structure
of the gas must be applied.

In the case of the constant surface temperatures the heat transfer through a
single gas, confined between two parallel plates, was exhaustively investigated by
many authors using both continuum and kinetic approaches, see Ref. [1, 2, 3, 4,
5, 6, 7]. Several works were devoted to the analysis of the steady state heat flux
through the binary gas mixture in the two plates geometry, see Refs. [8, 9, 10],
where the analytical expressions for the heat transfer in the free molecular and
slip flow regimes were suggested [10]. However in the most practical problems
the surface temperatures can vary and so the problem becomes time dependent.
The transient properties of the heat flux were studied in Refs. [11, 12, 13,
14, 15, 16, 17, 18] in the case of a single gas. The collisionless regime was
simulated in Refs. [12, 14], and the semi-analytical expressions were provided
for the macroscopic gas parameters in the case of the sudden surfaces’ heating
(or cooling) and the good agreement between proposed expressions and the
DSMC simulations [14] was found. In Refs. [15, 16, 19] the oscillatory changes
in the surface temperatures were considered. However only one publication, as
far as the authors are aware, is devoted to the simulation of the transient flow
behavior of the gas mixture confined between two coaxial cylinders [20].

In this work we consider the effects of a step change in walls’ temperatures
on the gas mixture confined between the two parallel plates. We determine how
long and in what manner a new steady state condition is achieved. We provide
also the time needed for a mixture to go to its new equilibrium state. The in-
fluences of gas rarefaction and molar concentration on this process are analyzed
for two mixtures, with the similar (Ne-Ar) and disparate (He-Ar) molecular
masses.

2. Problem statement

Let us consider a binary mixture of monatomic gases, where the mass of a
molecule of the first (second) species is m1 (m2), and the corresponding number
density is n1 (n2). Without loss of generality, we assume m1 < m2. The
gaseous mixture is confined between two infinitely long parallel plates situated
at y′ = ±H/2, see Fig. 1. Both plates are stationary and are kept initially
at the same temperature of T0. Then, instantaneously the temperature of the
both plates changes: the temperature of the down plate decreases to T0−∆T/2
and the temperature of the upper plate increases up to T0 +∆T/2. We assume
that the temperature difference ∆T is much smaller than the equilibrium gas
temperature T0 (∆T ≪ T0), so the gaseous mixture deviates only slightly from
its thermodynamic equilibrium and the McCormack model [21] can be applied
to simulate the relaxation of the mixture to a new equilibrium state.

The most probable molecular velocity of the mixture is:

v0 =

√

2kT0

m
, (1)
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where k is the Boltzmann constant and m = C0m1 + (1− C0)m2 is the mean
molecular mass of the mixture. Here, C0 is initial equilibrium molar concentra-
tion of the lighter species,

C0 =
n01

n01 + n02
, (2)

and n0α is the equilibrium number density of species α (α = 1, 2). The equi-
librium number density of the mixture is n0 = n01 + n02. The most probable
molecular velocity of species α is defined as

v0α =

√

2kT0

mα
. (3)

We can define the mixture macroscopic velocity u′
y as

u′

y =
m1n01u

′
1y +m2n02u

′
2y

m1n01 +m2n02
. (4)

Here we are interested in the dimensionless heat flux and mixture velocity

qy =
q′y

p0υ0

T0

∆T
, uy =

u′
y

υ0

T0

∆T
, (5)

as well as in the profiles of the deviated temperature, density, and concentration

T =
T ′ − T0

∆T
, n =

n′ − n0

n0

T0

∆T
, C =

C ′ − C0

C0

T0

∆T
. (6)

It is to note that the macroscopic parameters, defined by Eqs. (5), (6) are time
(t) and space (y) dependent.

Here the molar concentration of the mixture is defined as

C ′ =
n′
1

n′
1 + n′

2

. (7)

and n′
α (α = 1, 2) is the deviated number density of species α, p0 is the equilib-

rium pressure of the mixture, p0 = n0kT0. The gas rarefaction is characterized
by the rarefaction parameter which is defined as

δ =
H

ℓ
, ℓ =

µv0
p0

, (8)

where ℓ is the equivalent mean free path, µ = µ1+µ2 is the viscosity of the mix-
ture at the equilibrium temperature T0 and its expression is given in Appendix
A.
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Figure 1: Flow geometry

3. Kinetic equation

The Boltzmann kinetic equation is used to simulate the transient heat trans-
fer through the gas mixture at arbitrary gas rarefaction. Since only small tem-
perature difference between the plates’ surfaces is considered, the Boltzmann
equation can be linearized by classical manner as

fα = fM
α (v) [1 + hα∆T/T0] , α = 1, 2, (9)

where fM
α is Maxwellian equilibrium distribution function:

fM
α (v) = n0α

(

mα

2πkT0

)3/2

exp

(

−mαv
2

kT0

)

, (10)

where v is the molecular velocity α and hα is the perturbation function of species
α, which obeys the following two coupled linearized Boltzmann equations [22]

∂hα

∂t′
+ vy

∂hα

∂y′
=

2
∑

β=1

Q̂αβh, α = 1, 2, (11)

where Q̂αβh is the linearized collision term. Here the McCormack model [21] is
used for the simulation of the collision term.

It is convenient to introduce, in addition to the already defined by Eqs. (5)
and (6) dimensionless variables, the following dimensionless quantities

t =
t′

t0
, y =

y′

H
, cα =

v

v0α
, Pαyy = − T0

2∆Tp0α
P

′

αyy, (12)

where cα is molecular velocity of the species α, Pαyy is its partial perturbed
pressure, p0α = n0αkT0 is its partial initial pressure. The time in Eqs. (12) is
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scaled by the characteristic time, which is defined as a mean time needed for a
molecule to cross the gap between two plates

t0 = H/v0. (13)

It is worth to note that this characteristic time is close to the acoustic time,
which can be defined here as ta = H/

√

γkT0/m (γ is the heat capacity ratio).
The ratio between these two times in the case of the monoatomic gases is t0/ta =
√

2/γ = 1.095.
For the results analysis, see discussion in Section 5.3, the mean time between

the collision is introduced as

tc =
ℓ

v0
. (14)

This time can be related to the time-of-flight of molecules in the gap between
the plates (or characteristic time) t0 as

tc =
t0
δ
. (15)

With the introduced above dimensionless variables the linearized Boltzmann
equation (11) for species α becomes

∂hα

∂t

√

mα

m
+ cαy

∂hα

∂y
=

√

mα

m
δA

2
∑

β=1

L̂αβh, A =

(

C0

γ1
+

1− C0

γ2

)

. (16)

The expression for the McCormack collisional terms as well as the expressions
for the parameters γ1 and γ2, the collision frequencies, are provided in Appendix
A.

When the perturbation functions hα (α = 1, 2) are known from the solution
of Eq. (16), the macroscopic flow characteristics are calculated as follows

nα =
1

π3/2

√

m

mα

ˆ

hα exp
(

−c
2
α

)

dcα,

uαy =
1

π3/2

√

m

mα

ˆ

hαcαy exp
(

−c
2
α

)

dcα,

Pαyy =
1

π3/2

ˆ

hα

(

c2yα − 1

3
c2α

)

exp
(

−c
2
α

)

dcα,

Tα =
1

π3/2

ˆ

hα

(

2

3
c2α − 1

)

exp
(

−c
2
α

)

dcα,

qαy =
1

π3/2

√

m

mα

ˆ

hαcαy

(

c
2
α − 5

2

)

exp
(

−c
2
α

)

dcα.

(17)

The dimensionless macroscopic quantities of the binary gaseous mixture are
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defined as follows

uy =(C0m1u1y + (1− C0)m2u2y)/m,

T =C0T1 + (1− C0)T2,

qy =C0q1y + (1− C0)q2y,

n =C0n1 + (1− C0)n2,

C =(1− C0)(n1 − n2).

(18)

As it was underlined previously all quantities in Eq. (18) depend on time and
space variables.

The Maxwell diffuse-specular boundary condition is used to describe the
gas-wall interaction:

h+
α(y=1/2) =

(

1− ay=1/2
α

)

h−

α(y=1/2) + ay=1/2
α

(

ny=1/2
α − 3

4
+

1

2
c2α

)

,

h+
α(y=−1/2) =

(

1− ay=−1/2
α

)

h−

α(y=−1/2) + ay=−1/2
α

(

ny=−1/2
α +

3

4
− 1

2
c2α

)

,

(19)

where α = 1, 2, a
y=±1/2
α are the accommodation coefficients of specie α on the

upper and down plates, respectively, the superscripts + and − of the pertur-
bation function hα in Eq. (19) refer to the outgoing and incoming molecules

with respect to the plates’ surfaces, respectively, α = 1, 2, n
y=±1/2
α is the num-

ber density on the plates’ surfaces, which is calculated from non-penetration
conditions:

ny=1/2
α = −1

4
+

2

π

ˆ

cαy>0

h−

α(y=1/2) exp
(

−c2α
)

cαydcα,

ny=−1/2
α = +

1

4
− 2

π

ˆ

cαy<0

h−

α(y=−1/2) exp
(

−c2α
)

cαydcα.

(20)

At the initial time t = 0, the specie perturbation function hα is zero every-
where, so all the deviated macroscopic quantities Eqs. (5), (6) are set equal to
0.

4. Method of solution

The discrete velocity method (DVM) [23] is used to solve the McCormack
kinetic equation (16) for each species α = 1, 2. To reduce computational effort,
the cαz variable is eliminated by introducing the reduced functions of hα [24]
[25, 26, 27]:

Φα =
1√
π

√

m

mα

ˆ

hα exp
(

−c2αz
)

dcαz,

Ψα =
1√
π

√

m

mα

ˆ

hαc
2
αz exp

(

−c2αz
)

dcαz.

(21)
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For the considered one-dimensional heat transfer problem the number of veloci-
ties in the molecular velocity space may be still reduced up to one, by eliminating
also cx velocity and so by reducing the computational efforts. However in this
study we keep two velocities (cx, cy) formulation, previously used for the steady
state Couette and Fourier flows. It is shown below that we obtained the grid
convergency in both physical and molecular velocity spaces with the reasonable
number of the grid points and, therefore, computational time.

First, the discrete velocity method (DVM) is applied to split the continuum
(−∞,∞) molecular velocity space cx, cy in the governing equation (16) into dis-
crete velocity sets cxm

, cyk
where m, k = −Nc, ..,−1, 1, 2, .., Nc. These velocities

cxm
, cyk

are taken to be the roots of the Hermite polynomial of order Nc. Then
the set of 2Nc kinetic equations, corresponding to 2Nc values of discrete veloc-
ities, is discretized in time and space by finite difference method (FDM). Here
Nc is taken to be equal to 20. Grid-independence in molecular velocity space
is checked with a finer grid of 50× 50 points showing less than 1% difference in
all macroscopic profiles.

The spacial derivatives are approximated by the second-order accurate TVD
type scheme as in [28]. The number of uniformly distributed points in physical
space Ny is equal to 500. The time derivative is approximated by the time-
explicit Euler method. The time step, ∆t, is chosen according to the following
condition:

∆t = CFL/max
{

γ1A, γ2A, cNc
y /∆y

}

, (22)

where CFL is the Courant-Friedrichs-Lewy number which is equal here to 0.5.
With the chosen computational grid the last term (cNc

y /∆y) in condition (22) is
preponderant, therefore the simulations for both mixtures are carried out with
the same time step ∆t = 0.77 · 10−4.

For the present simulations the termination condition is defined for the heat
flux in following form

min
i

∣

∣

∣
q
(l+1)
i − q

(l)
i

∣

∣

∣
/
∣

∣

∣
q
(l)
i

∣

∣

∣
≤ ε, (23)

where l is the number of time step, i = 1, Ny, and here ε = 10−7 is used. The
termination condition, Eq. (23), is checked for every macroscopic parameter
and it is found that the higher order moments like the heat flux, converge more
rapidly as the lower one. However we focus our study on the heat flux evolution
in time, so the termination condition is applied for the heat flux. The time
needed to reach criterion (23) is designated as tε.

5. Results and discussion

Two gas mixture of the noble gases with similar mAr/mNe = 1.979 and
disparate mAr/mHe = 9.970 molecular masses are considered. The calculations
were carried out for three values of concentration: C0 = 0.1, 0.5 and 0.9 and for
the rarefaction parameter equal to δ = 0.1, 1 and 10. The molecular diameter
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ratio is needed to calculate the collision term in Eq. (11). Here, in the frame of
the Hard Sphere molecular model [29] the following data for the diameter ratio
dAr/dNe = 1.406 and dAr/dHe = 1.668 were used.

5.1. Transient behaviors of the macroscopic parameters

Initially, at t = 0 the gas mixture is in its equilibrium state at temperature
T0, then impulsively the temperature of the upper (down) plate increases (de-
creases) to value T0 + ∆T/2 (T0 − ∆T/2), respectively. The sudden heating
of upper plate and cooling of down plate causes a decrease (increase) in the
number density near the upper (down) plate, respectively. This local difference
in the mixture number density creates a mass flow of a gas from the upper plate
to the down plate and then backwards. Consequently, we observe the number
density and macroscopic velocity disturbances propagate in a wave-like manner
along the domain; after several time the waves are damped and the macroscopic
velocity vanishes.

The transient behaviors of the mixture macroscopic quantities (number den-
sity, macroscopic velocity, temperature, and concentration) are represented on
Figs. 2 - 5 for two mixtures Ne-Ar and He-Ar, three concentrations of the
light species C0 = 0.1, 0.5 and 0.9 and for various values of the rarefaction
parameter ranging from the near free molecular to the slip flow regime. The
macroscopic parameters are shown as a function of the dimensionless time, de-
fined in Eq. (12). The behaviors of the mixture macroscopic parameters are
symmetric (macroscopic velocity and heat flux) and anti-symmetric (number
density, temperature and concentration) relatively to the half distance between
the plates. Therefore only the data near the hot (upper) plate are plotted, ex-
cept for the macroscopic velocity, which is taken at the middle point between
the plates.

The variations in time of the mixture number density and mixture macro-
scopic velocity are shown on Figs. 2 (for Ne-Ar mixture) and 3 (for He-Ar mix-
ture), for three values of rarefaction parameter and three concentrations. The
number density and velocity behaviors depend strongly on the gas rarefaction.
For the higher rarefaction level, δ = 0.1 and 1, the new equilibrium state of the
gas mixture is reached through the decaying waves propagating across the gap.
The gas mixture moves from the hotter plate toward the colder one and then
vise versa to achieve finally the new equilibrium state, where the macroscopic
velocity vanishes. Different behaviors of the number density and macroscopic
velocity are observed in slip flow regime, δ = 10, the wave structure movement
does not appear anymore and only monotone decreasing in the number density
is observed with the macroscopic gas movement from the hotter to the colder
plate, see Figs. 2 and 3.

The composition of Ne-Ar mixture does not affect practically the number
density and macroscopic velocity transient behaviors. In contrast, for the He-Ar
mixture, the composition impacts essentially the intensity of the macroscopic
velocity, which reaches a maximum for the lower value of concentration in the
near free molecular and transitional flow regimes.
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Figure 4 gives information about the time evolution of He-Ar mixture tem-
perature. As it was seen for the time evolution of the mixture number density
and macroscopic velocity, see Figs. 2 and 3, the temperature time evolution de-
pends strongly on the gas rarefaction. After a sudden heating of the upper plate
the gas temperature near the wall increases up to its maximum value and then
decreases with time up to its equilibrium value. This behavior is observed for
δ = 0.1 and 1. The temperature jump between the gas and surface temperatures
is clearly seen and it increases with rarefaction parameter decreases. Contrarily,
in the slip flow regime, δ = 10, the temperature increases monotonically with
time up to its equilibrium value and the temperature jump is much smaller than
that in more rarefied conditions. The mixture nature and mixture composition
have only slight impact on the transient behavior of the temperature.

The transient behaviors of the light species concentration are shown on Fig.
5 for Ne-Ar and He-Ar mixtures, three initial concentration and various flow
regimes. As for the mixture number density, the wave-like structure of the
concentration time evolution can be observed with larger number of the waves
compared to the number density. The concentration behavior depends strongly
on the gas rarefaction. For the higher gas rarefaction, δ = 0.1, the new equi-
librium value of the concentration near the hot plate is close to its initial state
while with rarefaction decreasing essential rise in the lighter species concentra-
tion is observed near the hotter plate. As expected, the time behavior of the
concentration depends strongly on the mixture composition and the nature of
the mixture.

5.2. Time dependent macroscopic profiles in the gap between the plates

Typical time dependent profiles of the mixture number density, macroscopic
velocity and concentration in the gap between the plates are shown in Figs. 6 -
8 for C0 = 0.5 and δ = 1 and 10, for He-Ar mixtures, respectively. As it is clear
from Figs. 6, the time evolution of the mixture number density profiles show
the same trend as in Fig. 3: in the early time the number density decreases
(increases) only near the hot (cold) plate, while the rest of the profile remains
unchanged. Then, the number density profile converges, but non-monotonically,
to the typical mixture number density profile, see Ref. [30]. The species number
density evolutions in the gap are shown on Fig. 6 (down line) for δ = 0.1: it is
clear that the lighter species He (n1) takes less time, compared to heavier one,
Ar (n2), to converge to its steady state profile.

The wave-like structure can be observed in Figs. 7 and 8 for the time-
dependent mixture’ macroscopic velocity profiles and the profiles of the con-
centration. The mixture velocity profile tends non-monotonically to zero, see
Fig. 7 top line for δ = 1 and 10. Figure 7, down line, demonstrates the time
evolution of the macroscopic velocity for each species for C0 = 0.5 and δ = 1.
The perturbation wave velocity of He at t = 0.03 is more than 3 times larger
than that of Ar, which can be explained by the difference in the most probable
speed of each species, while the macroscopic velocity of the lighter species (He,
u1) relaxes faster than the heavier one (Ar, u2).
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The concentration profiles, shown on Fig. 8 for δ = 1 and 10, converge also
non-monotonically to the typical steady state concentration distribution, where
the concentration of the lighter species increases (decreases) near the hot (cold)
plate.

5.3. Heat flux response time

The response time of a media is very important characteristic and it can be
useful in the metrology, for example for the development of the fast response
sensors. The steady state values of the heat flux between the plates, obtained
after the sudden surfaces temperature changes, are provided in Table 1 for two
mixtures, three concentrations and three values of the rarefaction parameter.
The comparison between the heat flux, provided in Table 1, and similar results
from Ref. [10], where the steady-state numerical approach was applied, shows
the maximal difference approximately 1%, which is of the order of the reported
in Ref. [10] accuracy. From Table 1 it can be seen that for the fixed gas
rarefaction, whatever is the flow regime, the heat flux depends slightly on the
initial mixture composition for the mixture of the gases with similar molecular
masses (Ne-Ar), however for the gas mixture with disparate molecular masses
(He-Ar) the mixture composition affects the heat flux.

δ
−qy

Ne-Ar He-Ar
C0 = 0.1 0.5 0.9 0.1 0.5 0.9

0.1 0.5430 0.5589 0.5446 0.6203 0.8261 0.6890
1 0.4058 0.4172 0.4068 0.4588 0.6089 0.5180
10 0.1364 0.1396 0.1365 0.1498 0.1941 0.1733

Table 1: The steady state mixture heat flux qy for various values of the concentration C0 and
the rarefaction parameter δ, for two mixtures: Ne-Ar and He-Ar.

The transient heat flux near the hot surface is plotted on Fig. 9 for two
mixtures and for three rarefaction parameters δ = 0.1, 1 and 10 using now the
logarithmic scale for time, so the initial transitional time can be better seen.
As it is clear from Fig. 9, after the sudden surface temperature changes, the
heat flux near the hot surface changes instantaneously from 0 to some value
and than keeps this value during certain time. This initial value of the heat flux
can be easily found from the simple physical reasoning. During a short time
after sudden change of the wall temperature the heat flux is determined only by
the distribution function of the molecules reflected from the wall. This time is
sufficiently short, so the molecules coming from the opposite wall with different
temperature cannot reach yet this wall. We can call here this short time ”early
steady state time”, te. This time te depends on the rarefaction level through
mean collision time (or time-of-flight of molecules), tc, Eq. (14).

From the reasoning provided above the heat flux value, which is kept during
the early steady state time, is equal to the half of the heat flux in the free
molecular limit. This free molecular value can be easily found analytically, see
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[29]. In the case of diffuse gas-surface interaction it becomes

q′yα =
nαmα

2
√
π

(

2kT0

mα

)3/2
∆T

T0
. (24)

Using the dimensionless quantities, Eqs. (2) and (5), the early steady state heat
flux of the mixture becomes:

qy =
1

2
√
π

(

C0

√

m

m1
+ (1− C0)

√

m

m2

)

. (25)

The ”early steady state time”, te, of the mixture heat flux is provided in
Table 2 for two mixtures. This time is defined as a time needed for the heat flux
to deviate from the analytical value, Eq. (25), in 1%. As can be seen from Fig.
9 and Table 2 this time of quasi constant heat flux decreases with δ increases,
decreasing as approximately 1

δ , so with the same tendency as the mean collision
time changes with rarefaction level, Eq.(15). This time changes only slightly
with the concentration changes for the case of Ne-Ar mixture, with a minimum
for the concentration C0 = 0.5. The same tendency with a minimum of time te
for the concentration equal to 0.5 is kept for the He-Ar mixture, but only for
higher values of the rarefaction parameter.

The ”early steady state time”, te, of species heat flux in the case of He-Ar
mixture is provided in Table 3. For all considered values of concentration and
the rarefaction level the time te for the lighter species (He) is alway lower than
that of the larger one (Ar) with the ratio tAr

e /tHe
e of the order of 2-4.

During the early steady time the particles from the cold wall have not reached
yet the hot wall and the solution is determined only by the molecules in the
vicinity of the hot wall. These results are in agreement with the analytical
solution obtained in [12] for a single gas and with the numerical results provided
in [20] in the case of the gas mixture between two coaxial cylinders. This
particularity of the heat flux evolution in time needs to be take into account
when one estimates the response time of the various sensors.

δ
te

Ne-Ar He-Ar
C0 = 0.1 0.5 0.9 0.1 0.5 0.9

0.1 0.325 0.309 0.340 0.135 0.159 0.263
1 0.0812 0.0765 0.0812 0.0464 0.0386 0.0618
10 0.00580 0.00541 0.00580 0.00386 0.00271 0.00464

Table 2: The ”early steady state time”, te, of the mixture heat flux for Ne-Ar and He-Ar
mixtures, for different initial concentration C0 and rarefaction parameter δ.

Analyzing the evolution of the heat flux after this early steady time, see Fig.
9, we can conclude that the heat flux relaxation speed dqy/dt near the hot plate
to the final equilibrium state depends slightly on the species concentration for
Ne-Ar mixture. However, for the mixture of two species with largely different
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δ
te

C0 = 0.1 0.5 0.9
He Ar He Ar He Ar

0.1 0.121 0.375 0.155 0.478 0.262 0.796
1 0.0208 0.0866 0.0301 0.0974 0.0603 0.1183
10 0.00155 0.00580 0.00193 0.00696 0.00425 0.00850

Table 3: The ”early steady state time”, te, for He-Ar mixture, for different initial concentration
C0 and rarefaction parameter δ.

masses (He−Ar), see Fig. 9 (right column), the relaxation speed of heat flux is
affected by the species concentration. The heat flux behavior depends strongly
on the rarefaction level: the heat flux decreases with time for higher level of
gas rarefaction (δ = 0.1 and 1) and increases to its new equilibrium value for
δ = 10.

Figure 10 shows the heat flux profiles for Ne-Ar mixture with C0 = 0.5 as
a function of the position in the gap between the plates and for various time
moments for two values of the rarefaction parameter δ = 1 and 10. It can be
seen from Fig. 10 that the transient behavior of the total heat flux depends
on the distance to the plates and on the rarefaction level. For δ = 1 the heat
flux decreases with time in the whole gap. However, for δ = 10, this behavior
changes in the vicinity of the plates: the heat flux decreases up to a value and
then increases to its new equilibrium state.

The time needed to reach the convergence criterion (23), tε, was obtained
for different values of initial concentration C0 and rarefaction parameter. The
values of tε are presented in Table 4. It is interesting to note that for a fixed
initial concentration C0 this time tε has a minimum value in the transitional flow
regime whatever the concentration or the mixture composition. For the fixed
level of the gas rarefaction the minimum tε is reached for C0 = 0.5 whatever
the mixture composition.

δ
tε

Ne-Ar He-Ar
C0 = 0.1 0.5 0.9 0.1 0.5 0.9

0.1 13.37 10.66 12.90 9.66 9.27 10.12
1 4.40 4.25 4.32 4.40 4.32 4.40
10 9.98 9.60 9.60 9.71 8.82 7.46

Table 4: Time tε needed to satisfy criterion (23) for different initial concentration C0 and
rarefaction parameter δ.

More interesting from the practical point of view is to define a steady state
time ts as a time needed for the heat flux to reach a value, which is different from
the steady state value in 1%. Table 5 gives the steady state time as a time needed
for the heat flux in the gap to achieve a value, which is different in 1% from its
steady state value, presented in Table 1. For near continuum regime (δ = 10)
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this steady state time decreases with increase of light component fraction. For
higher level of gas rarefaction (δ = 0.1 and 1) the time to reach the steady state
has a maximum for C0 = 0.5. For the Ne-Ar mixture this steady state time for
C0 = 0.5 is 3.8 − 4.4% higher compared to the concentration C0 = 0.1. This
difference in the steady state time increases for He-Ar mixture up to 20% for
δ = 0.1. At the fixed value of concentration parameter C0 steady state time ts

δ
ts

Ne-Ar He-Ar
C0 = 0.1 0.5 0.9 0.1 0.5 0.9

0.1 1.78 1.85 1.70 1.78 2.24 1.31
1 1.70 1.78 1.70 1.78 2.08 1.23
10 7.47 7.06 6.57 7.00 5.14 3.81

Table 5: The steady state time, ts, a time needed to obtain the value of the heat flux in
the gap, which is different in 1% from its steady state value for different values of initial
concentration C0 and rarefaction parameter δ.

takes the minimum value in transitional flow regime (δ = 1). This behavior is
similar to the results of Ref. [20], where the minimum of the steady state time
was found in the transitional flow regime when the heat transfer through the gas
mixture between two coaxial cylinders is analyzed. In the slip flow regime the
steady state time decreases with increasing of the concentration of the lighter
species and it is lower for the He-Ar mixture.

For the practical application it is interesting to have an idea on the order
of magnitude of the steady state time at a given pressure. From the data pro-
vided in Table 5 we can estimate this time. Let us consider a small distance
between the plates of 1mm and the reference temperature T0 equal to 300K. The
mixture viscosity can be evaluated, for example, using the Wilke formula [31].
Then, from the given rarefaction parameter a pressure can be calculated and
the corresponding steady state time. These values for He-Ar mixture and three
concentrations are provided in Table 6. For a fixed equilibrium concentration of

C0 = 0.1 0.5 0.9
p′ (Pa) t′s, (µs) p′ (Pa) t′s, (µs) p′ (Pa) t′s, (µs)
0.854 4.80 1.13 4.70 1.81 1.62
8.54 4.80 11.3 4.36 18.1 1.52
85.4 18.89 113. 10.79 181. 4.70

Table 6: The dimensional steady state time, t′
s
, for He-Ar mixture.

the lighter species C0 significantly more time is needed for the heat flux estab-
lishment when pressure jumps over a threshold of around 100 Pa. However for
the similar values of pressure it is clear from Table 6 that increasing equilibrium
concentration C0 requires shorter time to establish the steady state.
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6. Conclusion

The transient heat transfer due to the sudden change of the walls’ temper-
atures through a binary gas mixture was simulated on the basis of numerical
solution of kinetic model equation with McCormack collision integral in a wide
range of rarefaction parameter and species concentrations. The cases of small
and large species mass ratio were considered. The time needed for the heat flux
to reach its new equilibrium steady state condition, steady state time, was es-
tablished for both mixtures, three concentrations and different rarefaction level.
It was found that in the near free molecular and transitional flow regimes this
steady state time has a maximum for the concentration equal to 0.5, whatever is
the mixture composition, while in the slip flow regime the steady state time de-
creases with increasing of the lighter species concentration. For the fixed value of
the concentration the time has a minimum in the transitional flow regime. The
particular behavior is observed just after the sudden temperature change: the
heat flux keeps a constant value during 0.03 - 0.3 characteristic times depending
on the gas rarefaction and then starts to evolve to new equilibrium state. The
time evolution of macroscopic quantities, number density, macroscopic velocity,
temperature and concentration, were obtained for both mixtures and in large
rarefaction parameter range.
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Figure 2: Time evolution of number density near the hot plate (left column) and the macro-
scopic velocity in the middle of the gap (right column) for mixture Ne−Ar, three concentra-
tions and three values of the rarefaction parameter.
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Figure 3: Time evolution of number density near the hot plate (left column) and the macro-
scopic velocity in the middle of the gap (right column) for mixture He−Ar, three concentra-
tions and three values of the rarefaction parameter.
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Figure 5: Time evolution of the concentration near the hot plate for the Ne−Ar mixture (left
column) and He−Ar mixture (right column), for three values of the initial concentration and
three rarefaction parameters.
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Figure 9: Time evolution of normal heat flux near the hot plate for two gas mixtures Ne−Ar

(left) and He−Ar (right) using logarithmic scale in time.
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Figure 10: Profiles of normal heat flux between the plates for Ne−Ar mixture and C0 = 0.5

Appendix A. The McCormack collision term

The dimensionless collision term of the McCormack model [21] in eq. (16)
has the following form:

L̂αβh =− γαβhα+γαβnα

+ 2
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where α, β = 1, 2, and υ
(i)
αβ are defined as following
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αβ

]

,

υ
(4)
αβ =

16

5

m2
αβ

mαmβ
nβ

[

10

3
Ω11

αβ − Ω22
αβ

]

,

υ
(5)
αβ =

64

15

(

mαβ

mα

)3
mα

mβ
nβ

[

Ω22
αβ +

(

15

4

mα

mβ
+

25

8

mβ

mα

)

Ω11
αβ − 1

2

mβ

mα

(

5Ω12
αβ − Ω13

αβ

)

]

,

υ
(6)
αβ =

64

15

(

mαβ

mα

)3 (
mα

mβ

)3/2

nβ

[

−Ω22
αβ +

55

8
Ω11

αβ − 5

2
Ω12

αβ +
1

2
Ω13

αβ

]

,

(A.2)

where

mαβ =
mαmβ

mα +mβ
(A.3)

is the reduced mass of the binary mixture. Note that Ω
(i,j)
αβ in Eq. (A.2) rep-

resents the omega integral [22], which for the case of the HS model is defined
as [22]

Ω
(i,j)
αβ =

(j + 1)!

8

[

1− 1 + (−1)
i

2(i+ 1)

]

(

πkT

2mαβ

)1/2

(dα + dβ)
2
. (A.4)

Finally, the parameters γαβ are proportional to the collision frequency be-
tween species α and β and appear in the collision term (A.1) only in the combi-
nations γ1 = γ11 + γ12 and γ2 = γ21 + γ22, so one has only to define γ1 and γ2.
The collision frequencies and the viscosity can be related in the same manner
as in the Shakhov kinetic equation [32, 33, 23]:

γα =
p0α
µα

, (A.5)

where p0α = n0αkT0 is the equilibrium partial pressure and µα is the partial
viscosity given as

µα = p0α
Sβ + υ

(4)
αβ

SαSβ − υ
(4)
αβυ

(4)
βα

, Sα = υ(3)
αα − υ(4)

αα + υ
(3)
αβ , and β 6= α. (A.6)

Other details on the dimensionless presentation of omega integrals (A.4) and

υ
(i)
αβ functions (A.2), as well as γαβ and Sα can be found in [30].
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