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HIGHLIGHTS

o We introduce telegraph noise with Markov Switching into the SIRS epidemic model.

e Establish extinction and persistence conditions.

o SIR model a special case.

e Analytical results confirmed by simulation.
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the conditions for extinction and persistence. We then explain how the results can be
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SIRS epidemic model model with Markovian Switching (MS) are a special case. Numerical simulations are
Extinction produced to confirm our theoretical results.

Persistence © 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the
Environmental noise CC BY license (http://creativecommons.org/licenses/by/4.0/).

Lyapunov stability

1. Introduction

The dynamics of population systems are often influenced by different types of environmental noise for example white
noise or Brownian motion. The effects of white noise have already been considered by various authors (e.g. Refs. [1-4]).
Environmental noise has the potential to have a huge impact on the population dynamics of a system. For example it has
been shown that sufficiently large white noise can cause a population that would otherwise explode or tend to a unique
endemic equilibrium to die out [2,5]. In this paper, we will focus on another type of environmental noise, namely telegraph
noise (or burst noise). This consists of sudden instantaneous transitions between two or more sets of parameter values in
the underlying model corresponding to two or more different environments or regimes (e.g. Refs. [6-8]). Switching between
environments follows a finite state continuous time Markov Chain (MC) with state space S = {1, 2, ..., M}, where M is the
number of different environments. Hence the switching times are memoryless and follow an exponential distribution.
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There are already various papers which have looked at the effect of telegraph noise in a population system model. As an
example, let us consider a Lotka-Volterra predator-prey model,

x(t) = x(t)(a — by (),
y(©) = y(O)(—c + dx(1)),

where x is the number of prey and y is the number of predators at time t. a, b, ¢ and d are positive constants.
So if r(t) is a continuous time Markov Chain with state space {1, 2} this Lotka-Volterra model with Markov Switching
becomes

x(t) = x(t)(ar@) — brpy(t)),
y() = y(O) (—Cr ey + drpx(1)),

where a;, b;, ¢; and d; are positive constants.

This Lotka-Volterra predator-prey model has been looked at in various papers. For example Takeuchi et al. [9] studied
the behaviour of this system. Note that under each environment the numbers of predators and prey follow a deterministic
predator-prey equation, switching between environments according to telegraph noise. Takeuchi et al. have shown that if
the two equilibrium states of the two subsystems differ, all positive trajectories of the system always exit from any compact
setin Ri with probability one. On the other hand, if the two equilibrium states coincide, then the trajectory either exits from
any compact set in R? or converges to the common equilibrium point. These properties imply that the population system
(1.1) under telegraph noise is neither permanent nor dissipative [9]. Du et al. [6] investigated the impact that telegraph
noise has on the behaviour of Lotka-Volterra competition systems. The oscillatory behaviour of the solution to the systems
with telegraph noise was observed. Li et al. [10] looked at a more generalised Lotka-Volterra model with n interacting
species described by an n-dimensional system of ordinary differential equations. In their paper they looked at the effect that
two different types of environmental noise have on the system. First of all they introduced white noise into the model in
the form of Brownian motion. They then took a further step by considering telegraph noise using a finite-state MC. They
obtained the existence conditions for the system to have global positive solutions as well as the conditions for the solutions
to be ultimately bounded and permanent. Furthermore, they also established the extinction conditions.

In this paper, we want to look at the effect that telegraph noise has on the dynamics of an SIRS epidemic model. In the
1920s, Kermack and McKendrick [ 11] constructed the SIR and SIRS epidemic models to illustrate respectively diseases where
there is a permanent acquired immunity such as measles [12] and where there is a temporary acquired immunity such as
rubella. The SIR model is a special case of the SIRS model. We will explain later on in this paper that the results for our SIRS
model also apply to the SIR model. There has been much research done on different aspects of both SIR and SIRS epidemic
models. For example Hethcote [12] shows that the behaviour of each model is determined by a threshold parameter (the
basic reproduction number Ry). If Ry is less than or equal to one or no disease is initially present then the system tends to
the unique disease-free equilibrium (DFE), but if Ry exceeds one then the system tends to a unique endemic equilibrium.

Tornatore et al. [ 13] propose a stochastic SIR model with environmental white noise added into the disease transmission
term with or without distributed time delay and study the stability of the DFE. The numerical simulation of the stochastic SIR
model shows that the introduction of noise modifies the threshold of the system for an epidemic to occur and the threshold
value is found. Lu [ 14] later extended their results into an SIRS model.

Yang et al. [ 15] introduce stochastic environmental noise into the death rates for SIR and SEIR (susceptible-exposed-
infectious-removed) epidemic models with different death rates for different population classes. They investigated the
dynamics of the models depending on the basic reproduction number Ry. The long-term behaviour of the two stochastic
systems is studied. The authors mainly use stochastic Lyapunov functions to show that under certain conditions, the
solutions are ergodic if Ry > 1, and that they are exponentially stable when Ry < 1. Finally they show numerically that
the analytical results are true.

Zhao and Jiang [16] studied the dynamics of a stochastic SIRS epidemic model with saturated incidence. The disease
transmission term is 8SI/(1 + «l), where « is a constant, and there are deaths due to the disease. They introduce
environmental white noise into the disease transmission parameter 8 in a similar way to Gray et al. [17]. They obtain a
threshold value of the stochastic system which determines the extinction and persistence of the epidemic. They also show
that large noise will suppress the epidemic.

O’ Regan et al. [18] constructed a new Lyapunov function for a variety of deterministic SIR and SIRS models in
epidemiology. They considered the SIR and SIRS models with proportional disease incidence and deaths due to the disease.
They used this to establish the global stability of the endemic equilibrium states in these models. On the other hand
Korobeinikov [19] constructed different Lyapunov functions for two-dimensional SIR and SIRS compartmental epidemic
models with nonlinear transmission rate of a very general form f (S, I) subject to a few biologically relevant conditions. The
models included some with vertical and horizontal transmission. Korobeinikov shows that provided that the population size
is constant and f (S, I) is concave in I, the number of infectious individuals, then the positive endemic equilibrium state is
globally stable.

Vargas de Leon [20] establishes the global stability conditions for classic deterministic SIS, SIR and SIRS epidemic
models with constant recruitment, disease-induced death and standard incidence rate. He uses novel methods to construct

(1.1)

(1.2)
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Lyapunov functions and shows that for the SIRS model the unique endemic equilibrium is globally stable under certain
parameter conditions.

Liu and Stechlinski [21] consider pulse and constant control schemes for deterministic SIR epidemic models with
seasonality in the contact rate. A constant treatment scheme is applied to the model. Easily verifiable conditions on the
basic reproduction number of the infectious disease are established which ensure disease eradication under these constant
control strategies. Later both pulse vaccination and pulse treatment models are applied to an SIR model with time-varying
contact rate. Further, a vaccine failure model as well as a model with a reduced infective class are considered with pulse
control schemes. Again conditions on the basic reproduction number are developed which ensure disease eradication.

Nasell [22] considers stochastic models of some endemic infections with demography. Approximations of quasi-
stationary distributions and times to extinction are derived for stochastic versions of the SI (susceptible-infectious), SIS,
SIR and SIRS epidemic models. The approximations are valid for sufficiently large population sizes. Conditions for validity of
the approximations are given for each of the models. There are also conditions for validity of the corresponding deterministic
model. It is noted that some deterministic models are unacceptable approximations of the stochastic models for a large range
of realistic parameter values.

Chen and Li [23] introduced the effect of white noise into the SIR epidemic model and the time delayed SIR epidemic
model. This was done by adding a separate independent Brownian motion term to each of the per capita susceptible and
infectious death rates. They showed that the system has a positive global solution. They then linearised the stochastic delayed
SIR model and studied the exponential mean square stability of the linearised system with and without delay.

A more recent paper written by Shrestha et al. [24] looked at a different aspect of the SIRS model. They developed a
new dynamic message-passing (DMP) algorithm, namely rDMP for recurrent epidemic models such as the SIRS model on
networks. They have shown that the rDMP algorithm provides a good approximation to the results obtained from Monte
Carlo simulation, its accuracy is often better than the pair approximation and that rDMP is more user friendly.

The well-known SIS (Susceptible-Infectious-Susceptible) epidemic model [12,25] is used to model diseases which
do not develop immunity once infected individuals recover, for example gonorrhea, Ref. [25], meningitis [12] and
pneumococcus [26,27]. Inspired by the work done by Takeuchi et al. [9], Gray et al. [2] introduced the effect of telegraph
noise into this model using a finite state MC. They established the conditions required for almost sure (a.s.) extinction and
persistence for their solution to the stochastic SIS model with finite state Markovian Switching (MS).

Consequently motivated by Refs. [2,9], in this paper, we will extend the results given in Ref. [2] to a more complicated
three-dimensional SIRS epidemic model as well as the SIR epidemic model. Note that Wei et al. [28] also looked at the
stochastic SIR model under regime switching, but the two models and the results obtained differ. In Ref. [28] they considered
an SIR epidemic model with a nonlinear incidence term different to ours and different per capita death rates for susceptible,
infectious and removed individuals. Similarly to Ref. [ 10], Wei et al. simultaneously introduced the effect of white noise into
the deterministic model in the form of Brownian motion as well as telegraph noise using a continuous time finite state space
MC. The results that Wei et al. obtain are different to ours and although their model is more general some of their results are
obtained under quite restrictive conditions, whereas our results are not. So their model and results are different. Our model
follows the same basic idea as in Refs. [2,9]. We have a group of deterministic SIS models with different parameter values
corresponding to different environmental regimes. The switching between regimes occurs according to a continuous time
finite state space MC. As far as we know, although there have been various types of work done on the SIRS and SIR models,
ours is the first paper that gives a detailed analysis on the effect that telegraph noise has on the SIRS model, and thus we
have filled a gap in the existing literature.

The paper is organised as follows. In Section 2, we will introduce the MS SIRS epidemic model. A recap of some of the
fundamental concepts of finite state MCs will also be given. In Section 3, the existence of a unique nonnegative solution
will be proven. In Section 4, we will look at the conditions needed for extinction for the MS SIRS model. In Section 5, we
will obtain the conditions needed for persistence. In Section 6, by using the Lyapunov Theorem, we examine the persistence
conditions on the stochastic SIRS model. In Section 7, we will summarise our results and explain how the results for the
SIR model are a special case of the SIRS model. Numerical simulations are produced throughout the paper to support our
theoretical results.

2. MS SIRS epidemic model
Unless stated otherwise, we let (§2, ¥, {#;}¢>0, P) be a complete probability space with filtration {¥;}>¢ satisfying the

usual conditions (i.e. it is increasing and right continuous while %, contains all P-null sets). Let us consider the following
deterministic SIRS epidemic model:

ds(t)

4 = —BI()S(t) + uN — uS(t) + vR(t),

dI

T(:) — BIOS®E) — (1 + D), D
dR(t)

- yI(t) — uR(t) — vR(t),
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where S, I and R denote respectively the number of susceptible, infectious and recovered individuals. N is the total size of
the population, 8 is the disease transmission coefficient and 8 = A/N where A is the disease contact rate, that is the rate at
which susceptibles come into potentially infectious contact with infecteds. p is the per capita birth and death rate and y is
the rate at which an infected becomes cured and thus moves to the recovery group. v is the rate of loss of immunity. Those
individuals who lose immunity immediately re-enter into the susceptible class.

Note that in this paper S, I and R denote respectively the absolute numbers of individuals in the population as opposed
to the proportions. The total population size remains constant so if s, i and r denote the fractions of individuals in each of
these categories they satisfy the differential equations:

ds(t) ,

Tt —BNi(t)s(t) + n — us(t) + vr(t),
? = BNi()s(t) — (n + p)i(t), (2.2)
O _ i) — ) — vr)

it = yi(t) — ur(t) — vr(t).

So the equations have the same functional form, the only differences are that the per capita disease transmission
coefficient in the model using absolute numbers is replaced by the per capita disease contact rate in the model using
proportions and the population input term changes from N in the absolute numbers model to x in the proportional model.

Whilst there are many mathematical epidemic models which use the proportions of individuals in each class there are
also many papers that use numbers, for example Refs. [29-31,23,32,33,2,17,34-37] and many more. It is more natural to
use absolute numbers rather than proportions as the differential equations are usually derived by considering the changes
in absolute numbers and then converted to proportions.

As our results are concerned with persistence of solutions and lower and upper bounds for the lim supremum and
lim infimum of the variables there is no qualitative difference between the results obtained for our model using absolute
numbers and the results which would have been obtained from a model using proportions. It is straightforward to convert
the results for our model with absolute numbers into those for the proportional model and vice-versa.

Also note that our models include births and deaths. Again there is a dichotomy of models in the literature. Whilst there
are some models that do not include births and deaths these are generally appropriate only for modelling relatively short
epidemic outbreaks. If epidemics are modelled over a long period of time births and deaths must be included. Whilst there
are some standard models that do not include births and deaths many standard epidemic models do [29,33,38,12,39]. As
many of our results are about the long-term behaviour of the system we feel that it is appropriate to include population
demographics, that is births and deaths, into the model.

We shall now recall some of the fundamental theories of MCs. Let r(t), t > 0, be a right-continuous MC on the probability

space taking values in finite state space S = {1, 2, ..., M} with generator I" = (vjj))uxm defined as
. o Jvid 4+ 0(8), ifi #j,
P{r(t +6) =jlr(t) =i} = {1 b + 0(8), ifi=]. (2.3)
where § > 0, v; > 0 is the transition rate from state i to j fori # jand vij = — },_;_y ;.; vij- Almost every sample path of

r(-) is a right-continuous step function with a finite number of sample jumps in any finite subinterval of R, = [0, co) [40].
There is a sequence {ti}x>o of finite-valued #;-stopping times such that0 = 7y < 7; < -+ < 7y — oo a.s.and

o0
r(6) =Y r(@) g (0 (24)
k=0
where 14 denotes the indicator function of set A. The switching is memoryless and if r (ty) = i, the random variable 7,1 — 7%
will have an exponential distribution with parameter —vj;. In addition, let us define I = (71, 7>, ..., my) to be the unique
stationary distribution of this MC. If M = 2

v v
T=—2 and = ——. (2.5)
V12 + V21 V12 + V21
Now we will introduce two-state MS into (2.1) which becomes
ds(t)
ar —BryI(O)S() + pryN — prnS(£) + v R(D),
di(t)
a Briol(O)S(t) — (@) + vr)I(D), (2.6)
dR(t)
- Yrol () — prR(E) — vrR(t),

where r(t) is a right-continuous MC with state space S = {1, 2}. We will focus on analysing this model.
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3. Existence of unique nonnegative solution

Theorem 3.1. For any given initial value S(0) = So € (0, N), I1(0) = Iy € (0, N) and R(0) = Rq € (0, N), there exists a unique
and nonnegative solution for the MS SIRS model (2.6) for all t.

Proof. The proof is straightforward and so we will not discuss this in detail here.
4. Extinction

In this section we will focus on discussing the conditions for extinction for our MS SIRS model (2.6). For the deterministic
SIRS model, the criterion used to determine whether a disease will go extinct or persist is called the basic reproduction
number Rg = fTNV This represents the expected number of secondary infections caused by an infected individual entering

the DFE (e.g. Refs. [29,33,38,12]). If ROD > 1 then we expect that the disease will persist while Rg < 1 indicates that it will
die out. We will use another type of threshold to determine whether the disease will die out or persist a.s., namely
s T1BiN + 1 BN
T w4 v) + M2+ 1)
where

(4.1)

e (11, 2) is the unique stationary distribution,

e [ is the disease transmission coefficient in state 1,
B is the disease transmission coefficient in state 2,
(1 is the per capita birth and death rates in state 1,
L7 is the per capita birth and death rates in state 2,
y1 is the recovery rate in state 1,

y» is the recovery rate in state 2.

This notation is used by Gray et al. [2] to analyse extinction and persistence for their MS SIS model. By working with the
same threshold we will extend their results to our more complex three-dimensional SIRS model (2.6). Let us recall that r(t)
is a MC with state space S = {1, 2}.If r(t) = 1, then we are in state 1 and if r(t) = 2 then we are in state 2.

Proposition 4.1. Let us define o) = BriyN — tr(ty — Vr(), then we have the following alternative ways of interpreting Tg :

o Tg<1<:>71'10t1+7'[2(12<0.
) Tg=1<:>7tlol1+7l’20{2=0.
o T5 > 1% may +may > 0.

Proof. The proof is straightforward.

Theorem 4.2. If Tg < 1, then for any given initial value (So, Iy, Ro) € (0, N)3, the solution of the stochastic SIRS epidemic
model (2.6) obeys

(i) limsup, , , +log(I(t)) < a1y + 072 < Oaas,,
(ii) lim; o R(t) = O as,,
(iii) lim— o0 S(t) = N as.

By Proposition 4.1, we hence conclude that I(t) tends to zero exponentially and R(t) tends to zero as t — 00, thus making
S(t) tend to N ast — oo a.s. In other words, the disease will die out with probability one and the solution will tend to its DFE
(N, 0,0).

Proof. (i) Itis a straightforward modification of the proof of Theorem 4.2 in Ref. [2].
(ii) Suppose that lim sup;_, ., R(t) > 0 on a set §£2; where P(£2;) = é for some é > 0.Then I(t) — Oast — oo on a set
§£2, where P(£2;) > 1 — % For w € 2, then given € > 0 let us choose ¢; small enough so that

. &1 max(y1, y2) - f’ (42)
min(uy + vy, h2 +v2) 2

where v and v, represent the rate of loss of immunity in state 1 and state 2 respectively. The other parameter values are
defined as before.
dtp such that for t > ty, 0 < I(t) < €;. By integrating the R(t) equation in (2.6), we have that for t > ¢y,

t
R(t) = R(tp)e 2" + 720 f v ()1(5)e?¥ds,

to

IA

t
t
Ne ¢® 4 / VeEre Js trwturw)dig, (43)
to
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where Q (t) = f[; (14r(s) 4 vr(s))ds. By choosing t; > to such that for t > t;, Ne™2® < J¢ we have that for t > t;,

t
& .
R(®) < 5 + e1max(y1, 2) / e MRk E) (9 g, (4.4)
to

Using (4.2) we have that for t > ty, R(t) < ¢. Hence for v € £2,, limsup,_, ., R(t) = 0. This is a contradiction. Hence as
t — o0o,R(t) — Oa.s.
Theorem 4.2(iii) is obvious by using the fact thatS+1+R=N. O

Note that if both 1 < 0 and &, < 0, then clearly the corresponding Rg,,. values for both subsystems (state 1 and state 2)
are less than one, thus both subsystems will die out. However, the readers may wonder what would happen if one subsystem,
say state 1, has @; < 0 while in state 2 o, > 0? In other words, one subsystem will go extinct whilst the other will persist.
It turns out that if the time it takes for the MC to switch from state 2 to state 1 is relatively faster than from state 1 to 2, so
that myq + may < 0, then the effect from state 1 will predominate, thus making the overall system die out.

Throughout the paper we shall use numerical simulations to illustrate our results. We shall assume that the unit of time
is one day, and the population sizes are measured in units of one million. We now illustrate Theorem 4.2 using a numerical
example.

Example 4.3. Let us define the parameters to be

M1 = 065, MUy = 010, Y1 = 045, V2 = 025, v = 015, U = 0.75
,31 = 0.002, ﬂz = 0.005, Vi = 0.5, Vo1 = 0.8 and N = 100.

By using the definition of o, in Proposition (2.5) and (4.1), we deduce that oy = —0.90, & = 0.15, m; = 8/13 and
w, = 5/13. Thus mya1 + mya; = —0.4962 < 0 to four d.p. Similarly, by using Theorem 4.2, we expect that for any initial
value (5(0), I(0), R(0)) € (0, N)3, the solution to our stochastic SIRS model (2.6) satisfies

1. limsup,_, , 1 log(I(t)) < —0.4962 < O ass.,
2. lim;, o R(t) = 0 as,,
3. limy, 5 S(t) = N ass.

In other words, the disease will die out a.s.

Again, the numerical simulations produced by using the Euler method support our results in Theorem 4.2, namely the
disease dies out a.s. Note that in this case, «; < 0 while @; > 0. The biological meaning of this is that one subsystem will
die out while the other subsystem will persist. Similarly, the numerical simulations were repeated numerous times with
different parameter values and initial values and all support our results (see Fig. 1).

5. Persistence

Apart from extinction, the aspect of persistence of a disease is very important when analysing an epidemic model for
a particular disease. As a result, in this section we will be looking at different types of conditions on persistence for the
MS SIRS model (2.6) when Tg > 1. Note that there are two possible cases that could arise from the condition Tg > 1,
i.e. mia1 + mop > 0, namely:

(a) Both @1 and «, are positive. Without loss of generality, we will assume that 0 < Z—: < Z—Z

2
(b) One of a7 and «;, is positive. Without loss of generality, we will assume that 2L < 0 < £

B B’

First, we will examine in detail the persistence condition Tg > 1 by looking at the above two cases separately in order to
give us a better understanding of the persistence results. Before we begin with the main theorems, we will look at another
aspect of persistence which is given by using the uniform persistence theorem (e.g. Refs. [41,42]). We will prove that our
solution I(t) for our stochastic SIRS model (2.6) under either case for Tg > 1 is uniformly strong persistent. Recall that
arey = BroN — r@y — Vr(o)-

Theorem 5.1 (Uniform Strong Persistence). Suppose that 1(0) > 0.
Case (a):If 0 < % < ‘;—; J¢’ > 0 independent of the initial conditions such that
liminfI(t) > ¢ >0 a.s. (5.1)
t—00
In other words the MS SIRS model is a.s. uniformly persistent.
Case (b): If Z—: <0< ‘};—; given 8; > 0,3¢’ > 0 such that Vt; > 0, I(t) > & for somet > t; on a set 2, where
P(£21) > 1 — §;. To put this another way,

liminfI(t) > 0 as.
t—00
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Fig. 1. Numerical simulation for our solution to (2.6) with Tg < 1 and the corresponding MC r(t) using the parameter values given in Example 4.3 with

initial values S(0) = 20, I(0) = 60, R(0) =20 and r(0) = 1.

Proof. Case (a): Let us choose ¢ > 0 small enough such that

e min(uy + vi, 42 + v2)
B1 min(uq + vy, up + vz) + 2 max(y1, ¥2)

Suppose that I(t) < & forallt > ty and I(0) > 0. Then from the third equation in (2.6) for t > tp

dR(t) .
“ar < max(y1, y2)¢ — min(u1 + v1, w2 + v2)R(L).

By integrating (5.2), it is easy to obtain the following expression:
max(yl, ')/2)8
min(iy + vy, to + v2)

Let us choose t; > tg such that for t > t;, we have

R(t) < Ne~ min(uq+vy, u2+v2)(t—to) +

Ne— min(u1+v1.u24v2)(t—to) < max(y1, ¥2)¢ .
~ min(uq + v1, po + v2)

By using (5.4), (5.3) becomes
2max(yy, y2)€

R(t) < — )
min(uq + v1, f2 + v2)
fort > 1.
We have that
L Ao Bro(1(6) + R()
sk AV .
1(t) dt ro P

v

arey — Bry(e + R(1)).

By substituting (5.5) into the above equation, we have that

1 di(t
7L2 min |o — Bre( 1+
I(t) dt r=(1,2}

2max(y1, v2) >j|
p = K] > 0.
min(uy + vi, 42 + v2)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)
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This implies that I(t) is an increasing function and it must eventually increase above . Moreover, from our argument we

: 2 max(y1,y2)€
know that by time t1, R(t) must drop to a level at most G L0 where

-1 ( max(yq, y2)€ ) . max(y;, ¥2)&€
if <N,
2+ v2)

min(uy + v, 4 N min(uq + vi, u2 + v2) min(uy + v, U2 + v2)
max(y1, y2)€
0. if 1, v2) SN
min(uq + vi, 42 + v2)
Furthermore, from the second equation of (2.6) I(t;) > I(0)e™ ™™*1+vi.k2+¥)t 5 0, For t > tq, I(t) > I(t;)ef—) >
1(0)e™ maxGutyr.raty2)tieki(t=t) ‘hence J(t) must reach level ¢ by a time at most t, where

th—ty = (5.8)

1
=t 1 s t1]. 59
1+K1 [Og(1(0)>+max(ﬂ1+yl W2+ v2) 1] (5.9)

As a result, we have shown that if I(0) < &, then I(t) will reach the level ¢ by at most time t,. In other words, I(t)
will always be greater than ¢ at some time in the future provided that we start below it. However it is possible for I(t)
subsequently to go below ¢ again later. Consequently, we will now assume that I(0) = ¢ and from the above if I(t) does go
below ¢, it will eventually rise back up again by time at most

, 1
t, =1t |:1 + ra max(uq + yi, 2 + J/z)] , (5.10)
1

where t] is defined by (5.8) with to = 0.
In general, let us define t* with I(t*) = ¢ to be the first time that I(t) drops beneath €. Then a similar argument as before
will show that for t > t*,

1(t) > ee~ Mxurtriumtn)y — o/ 5 . (5.11)

So we have shown that our solution I(t) to (2.6) is uniformly strong per51stent in case (a).

Case (b): In this case, we have that oy < 0, which indicates that R0 , < linstate 1 while in state 2 we have RY, > 1.
In other words, if we stay in state 1 long enough, I(t) will tend to 0 thus making our solution (S(t), I(t), R(t)) for (2 6) tend
towards the DFE (N, 0, 0). As a result, unlike in case (a), the uniform strong persistence result will not hold for all the domain
as there will be a region where it is possible for I(t) to approach 0 arbitrarily closely with a small but non-zero probability.
However, we can make the probability of that happening as small as we want.

Choose ¢ small enough so that

2 max(ys,
T |:Ol1 — Bie <1 + — (1. v2) )]
min(uy + vq, H2 + v2)

2 max(yq,
+ [az — Boe (1 +— (1. v2) )} > K, > 0. (5.12)
min(p + v1, g2 + v2)

Now suppose that lim inf;_, o, [(t) = 0 on a set £2; where ]P’(.Q1) = §; > 0. By the ergodic theory of the MC, 3 T independent
of the initial state such that on a set £2, where P(£2,) > 1 — ¢ for t>T,

2max(y1, y2) ) } ds
min(uy + vy, o + v2)

2 max(y,
— [051 e <1 . (71, v2) )]
min(u + v, 2 + v2)

2 ma s
+ 7 |:(,¥2 — Boe (1 +— (i, v2) )} > K. (5.13)
min(uq + vi, 42 + v2)

1t
lim — {Olr(s) — ﬂr(s)g (1 +
0

t—oo t

Consider any w € §21 N £2,. Suppose that 3 ty(w) such that I(t) < e forallt > ty(w). Similarly to case (a) we have that R(t)

2max(y1,y2)€ : _ ’ : s -
falls beneath a level at most G T T3 from time t;(w) = to(w) + t; onwards. Again similarly to case (a), I(t;) > 0.

By integrating (5.6) and substituting R(t) by its upper bound given by (5.5), we have that for t > t;(w),

1) 2max(y1, y2)
‘o8 (mo) f [““” ~Pro® <1 T G + on s + U2)>] ds. (5.14)

Hence using (5.13) for t > t;(w) + T,

i 1 o ( 1(t) )>K -0 (5.15)
t>o00 t — t1(w) & It()) = ’ ‘
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sofort > ti(w) + T, I(t) > I(t)eX2"~) In other words, from time t; + T onwards, I(t) is bounded below by an
increasing unbounded function and thus we have a contradiction and I(t) must rise above the level ¢ by a time at most
max(t;(w), t;(w) + T) where ¢ = I(t; (w))ef2@@~t@)

Starting at max(t; (w), t;(w) + T), I t3(w) > max(t;(w), t;(w) + T) with I(t3(w)) = €. Moreover arguing as previously
every time that I(t) drops beneath ¢ it must rise up again to this level by time at most t; where

1
ty=(t; + r)<1 + o max(us +y1, 2 + n)) > .
2
Then similarly to (a) we have that liminf;_, ,, I(t) > &’ for some &’ > 0, contradicting w € £2;. This completes the proof of
Theorem 5.1. O

Let us now look at more conditions on persistence for our MS SIRS model (2.6).

Theorem 5.2. If Tg > 1, then for any given initial value (S(0), I(0), R(0)) € (0, N)3, then the solution S(t) of the stochastic
SIRS model has the properties that:

(@) liminfi_ o S(t) < N — Teatme g ¢

"M TR ¢

: _ moagtmony

(b) limsup,_,,, S(t) > N Tfimap 05

In other words, the number of susceptibles will reach the neighbourhood of the level N — % infinitely many times a.s.

Proof. Case (a): Assume the statement given in Theorem 5.2(a) is not true, then 3¢ > 0 sufficiently small such that
P(£2,) > 0 where
101 + o
2, = {a)e 2 : lim infS(t) >N—1122+25}
t=o0 1B + m2 B2

In addition, by the ergodic theory of the MC, we have that P(§2;) = 1 where for any w € 25,
1 t
lim 1 {ar@) B (m _ 8) } ds

t=oo t Jo T1B1 + m2 B2
T101 + Ty 101 + Ty
=7 — ——— = —¢ |t +m oy — — —¢y,
1 { 1 (771/31 + m2ps )} ? { 2P (771/51 +mpo >}
= (m1B1 + mpBr)e. (5.16)

Now consider any w € §21 N §2,. Then there is a positive number T = T(w) such that

S(t)=N — e ¥ e +e, Vi=T(w), (5.17)
1B+ M

which we can easily rearrange to get

T + T
I(t Rt) < ——=—¢, Vt>T . 5.18
®) + ()_711,31+7Tz,32 € > T(w) ( )

By integrating (5.6) and using (5.18), we have that for all t > T(w),
T t 0 + T
log(I(t)) > log(I(0)) + / [otrs) — Brsy (1(5) + R(5))]ds + / [ar@ — B (M e)} ds.
0 T

b+ by
Dividing both sides by t and letting t — oo, we could simplify the above expression to

1
Jim inf —log(I(®) > (w11 + mapr)e > 0 (5.19)
—00

by using (5.16). So I(t) — oo ast — oo, which clearly contradicts (5.18). As a result, it is obvious that our assumption at
the beginning is false and Theorem 5.2(a) follows.
Case (b): As above we will assume that there exists ¢ > 0 sufficiently small such that P(£23) > 0 where

T + T
93::w69:limsup5(t)<N—M— }
t—o00 161+ m2 B2
Consider any w € §2, N £25. Then there is a positive number T = T (w) such that
101 + T
Sty <N—="LT722 o0 vt > T(w). (5.20)
1B1 + m2B2
The remainder of the proof follows the same lines as (a). O
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As a result we have proved that the number of susceptibles will persist and it will reach the neighbourhood of the level

N — H21+1% jhfipitely many times a.s.
T tely many times a.s

Before we look at the persistence theorem for I(t) we need the following lemma:

Lemma 5.3. Given g; > 0,
(a) If I(t) = & for t > to, Aty > to such that for t > ty,
. )4 V2
R(O) = & min (lM +ur pa+ Uz) (1= &1).
(b) If I(t) < & for t > to, Aty > to such that for t > tq,
Y1 Y2
p1+ v g+

R(t) §$max( )(1+81).

Proof. Case (a): Let us define a sequence of stopping timesty =179 < 71 < - --

d
x (R®EMD) > yy e,

m
where  F(t) = Y (tr(g + Vrn) (Tur1 — T).
k=0

< T, < t where 7,41 is interpreted as t.
Then for the case I(t) > &, the equation % for our stochastic SIRS model defined in (2.6) gives:

By integrating Eq. (5.21), replacing the term F(t) with (5.22) and some rearranging, we deduce that:

t

R(t)e"® —R(ty) > f Yr& exp [(Ur(rg) + Uriep)(T1 — T0) + -+ + (Kry + Vragy) (s — )] ds,

to
wheretp =t <7y <+ <7, <S...< Ty <t,

m /Tl<+1
k=0 Y Tk

_ Vi) g (") —eF) 4.y Vit g (eF®© _ e (m)

Mr(zg) T Ur(zg) Mr(em) T Vr(om)

where ef ™ = 1,

Zsmin< noo_r_ )(e“”—n.
H1+v1 p2+ U2

As aresult,

R(t) > R(to)e " + & min ( h % ) (1— e FOy,
Mm1+ v (o + 2

Given g1 > 0 by choosing t large enough, we have that for t > tq,

. 14! V2
R(t)zgmm(i, >(1—5).
H1t+vr Uzt v !

Ve €XP [ (r(rg) + Vr(r)) (71 — T0) + + -+ + (rry + Vra) (s — T) ] ds,

We have thus completed the proof for Lemma 5.3(a). The proof for case (b) follows similarly. O

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

Theorem 5.4. If Tg > 1, then for any given initial value (S(0), 1(0), R(0)) € (0, N)?, the solution I(t) of the stochastic SIRS

model has the properties that:

. . < T+ 1
(@) liminfioo 1(6) < (2151722 e e K

H1tuy uptuy
(b) lim sup, . 1(6) = (T2 !

a.s.
Tiprtf ) ]+maX(M1V+U1, sz+2“2 )

So given € > 0 the number of infectives will enter between the levels

101 + o0

1

{7T10l1 + myan } 1 {
—€ and

161 + m2B2 l—i—max( i ) )

H1t+U17 Ut

B+ B

infinitely often a.s.

4

1+min(

Y1
H1+v1

)

Y2
H2+U2

)
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Proof. Case (a): Suppose that the assertion is false. Then there exists ¢ > 0 such that P(£25) > 0 where

T + mo 1
25 = {we2:liminfl(t) > ( 1/; - Zﬂz) +2¢
— 00 T T H 4! Y2
e 272/ 1+ min (M1+U1 ’ ltz+vz)
Now by considering any w € §2s, there is a positive number T = T (w) such that
T + Tho 1
I(r)z( Lt R 2) +e, (5.26)
11+ 12 B2 1—|—min< r1 ¥2 )

m1tv1’ pptvy

forallt > T(w). From Lemma 5.3(i), given &1 > O and I(t) > & + ¢, 3T{(w) > T(w) such that fort > T;(w) > T(w),

R(t) > (& + &) min ( n__» ) (1—e), (5.27)
H1t+vr w2+ v
where & = (;l;lj;2§2> 1 ByusingS(t) + I(t) + R(t) = N, (5.27) becomes
1 ) emin (s oty )
S@)<N-(¢E+e) [H—min( " L) (1—81)] (5.28)
U1+ v do+ U
whence
. . V1 V2
limsupS(t) <N — (£ +¢) [1 + min < , ) 1- 81)] . (5.29)
t—00 M1 + U1 U2 + Uy

Now let £; — 0. By using Theorem 5.2 we arrive at the following contradiction
0<—¢ |:]+min< noo_ )} (5.30)
M1t+vr fa+ U2
and we must therefore have

101 + a0 1

771131+7T2,32)1+min< 7 » )

H1tv1’ uatv2

liminfI(t) < ( a.s. (5.31)
t—00

Case (b): Similarly, we will assume that there exists ¢ > 0 sufficiently small such that P(£2¢) > 0 where

101 + o0 1

771,31+7T2,32)1_|_max( v1 ¥2 )

H1tv1’ Uptvy

—2¢

26 = w e 2 :limsupl(t) < <

t—00

By using a similar method as in Case (a), but this time using Lemma 5.3(b), the result follows easily. O

Theorem 5.5. If Tg > 1, then for any given initial value (S(0), 1(0), R(0)) € (0, N)3, then the solution R(t) of the stochastic
SIRS model (2.6) has the properties that:
(a) liminf;_, o R(t) > Oa.s.,

(b) limsup,_, , R(t) < N max(y1.y2)

max(yq,y2)+min(pq+vq,ua+vy)
In other words, the limiting value of the number of recovered individuals will be strictly positive and will not ultimately exceed

N max(yq,y2) as
max(y1,y2)+min(uy+vy,up+va)

Proof. Case (a): If liminf; .., R(t) = 0 on a set §£2; where P(£2;) > § > 0 then by Theorem 5.1, 3¢ > 0 and t, such
thatI(t) > ¢ > Ofort > ty on a set §£2, where P(£2;) > 1 — % > 0.By Lemma 5.3 3¢’ > 0 and t; > tp such that for

t > ty, R(t) > &’ > 0on £2,. This is a contradiction proving the result.
Case (b): Let us choose

_ N max(y1, y2) -
max(yi, y2) + min(uq + v, p + v2)

< N as.

From (2.6),
dR(t) )
ar < max(yi, y2)(N — R) — min(u1 + v1, s + v2)R(0), (5.32)
= N max(y;, y2) — [max(yi, y2) + min(ug + vy, g2 + v2)IR(D). (5.33)

The result of Theorem 5.5(b) follows. O
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We will continue to investigate persistence by looking at the two cases that could possibly arise from Tg > 1.

Theorem 5.6. Assume that TS > 1and let I(0) € (0, N) be arbitrary. If “1 <0< "‘—2 , then the following statements hold a.s.:

N e s o) Y2

(i) liminf; o S(t) > N — % ( + max (m+v1’ M2+U2)).
(ii) limsup,_, o, I(t) < ‘;—;

oy 1 o y y
(iii) limsup;_, o R(t) < ﬁ—i max (Wlw , szvz).

@2

Proof. Note that I(t) > O for all t. Suppose that lim sup,_, ., I(t) > 5 Then using Theorem 5.4(a), 3t; and t, with t; < t3,
such that Z—; < I(t;) < I(t) and I(t) is strictly monotonic increasing in [ty, t;]. Let us now choose t3 € (ty, t;), not a jump
point of the MC such that % > 0.Forr(t) = 1andr(t) = 2, from (2.6):

1 dI(t)

o e | T Bi(l(ts) + R(t3)) <0, fori=1,2. (5.34)

t3

dIt)

Clearly, for both states we have that =3

Lemma 5.3(b), we have that

< 0 which is a contradiction. Theorem 5.6(ii) follows. Subsequently, by using

o
limsupR(t) < =2 max( " , Y2 ) , (5.35)
t—00 B2 M1+v1 p2+ U2

whence by using the fact that S(t) + I(t) + R(t) = N, we obtain the desired result that

11m1nf5(t)>1\1_(1+max( n_o_»r )) .
P2 H1tuvr U2t

Example 5.7. Let us now define the parameters to be

n1 = 0.65, o = 0.40, y1 = 0.45, y2 = 0.20, vy = 0.15, v, =0.75
B1 = 0.009, B, =0.012, vi2 = 0.5, ;1 =0.8 and N = 100.

We see that vy = —0.2, o, = 0.60, 71 = 8/13 and 77, = 5/13, where clearly 7101 + 205 = 0.1077 > 0 to four d.p. From
Theorem 5.6, we expect that for any initial value (S(0), I(0), R(0)) € (0, N)3, the solution to (2.6) satisfies:

(i) liminf, ., S(t) > —%<1+max< n_ _n )):21.875,

m1tvr’ pptuv
(ii) limsup,_, o I(t) < Z—i =50,

: o 71 Y2 _
(iil) Tim sup, oo R(t) < % max (WU] , Mm) — 28.125,

to three d.p.
Again, the numerical simulations generated by the Euler method illustrated in Fig. 2 support our results in Theorem 5.6.

Theorem 5.8. (a) Assume that TS > 1andlet I(0) € (0, N) be arbitrary. If 0 < —: < ;—; then the following statements hold
as.:
(i) liminf;_, o S(t) > N — ( -+ max <u1+v1’ M’zvz)).

9

B2’

seen s < %2 )4 Y2
(iii) lim SUP; 0 R(t) < B2 max (l’«1+v1 > M2+U2)'

(ii) limsup,_, », I(t) <

(b) If I(0) > 0 under the same conditions the following statements hold a.s.:

Q1 %2 Y2 Y2
(i) limsup,_, o S() = N — (ﬂl /32 max (Hﬁ-vl M2+U2)) ( + min (M1+U1 M2+v2))'

e o o " »
(ii) liminf;_ o0 I(t) > 5~ g max (uﬁm’ #2+U2).

(iii)) lim inf,_, o R(t) > (%} -2 max( %2 )) x mm( %2 )

n1+v1’ patv n1tvr’ patuvy
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Fig. 2. Numerical simulation for our solution to (2.6) Tg > 1and its corresponding MC r(t) using the parameter values given in Example 5.7 with initial

values S(0) = 60, I(0) = 20, R(0) = 20and r(0) = 1.

Proof. The proof for case (a) follows as in Theorem 5.6. In order to prove Theorem 5.8(b), without loss of generality we may

assume that

( V1 V2 )
— > ~“max| ——, ——).
B B w1 +v pwa+ v

Suppose that Theorem 5.8(bii) is false and choose & > 0 such that

.. 241 (2%]
liminfI(t) < — — —max(
t—00 B B

V1 V2

,—— ) —¢
M1+ v M2+Uz)

on a set £2; where P(£2;) = §; > 0. Moreover by Theorems 5.4(b) and 5.8(aii)

1

limsupI(t) > (ﬂ]al + Matta

7161 +772,32) 1+ max(

t—00
and limsupR(t) < %2 max <L, L) ,
t—>00 B2 Mi1tur U2+

on a set £2, where P(£2,) = 1.
For w € £21 N §2,, 3t4(w) such that for t > ty,

R(t) < © max (L Y2
B2

Also limsuplI(t) > % (l — max(

t—00 1

H1+v1

i)+
H1+ v p2+ v
Y1 V2
w1+ v pr+ v
o ) < V1 V2
ax| ——, ——
m1+ v (U + v

V2
H2+U2

(5.36)
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Fig. 3. Numerical simulation for our solution (S(t), I(t), R(t)) to (2.6) Tg > 1 and its corresponding MC r(t) using the parameter values given in
Example 5.9 with initial values S(0) = 20, I(0) = 45, R(0) = 35and r(0) = 1.

Hence from (5.36) there must exist some t5 and tg where t; < t5 < tg such that

I(tg) < I(t5) < @ %max <L L) — &,

1 B w1+ v o+ v
o
<2 <1 — max (7)/1 . )) —&, (5.37)
B2 w1 tvr g2+
and I(t) is strictly monotonic decreasing in [ts, ts].
Let us now choose t; € (ts, tg), not a jump point of the MC, such that % y < 0. Similar to the proof for Theorem 5.6,

it is easy to show that % 6y > 0 which again is a contradiction proving Theorem 5.8(bii). Again, by using Lemma 5.3 and

that S(t) + I(t) 4+ R(t) = N, we obtained the required results (bi)-(biii). O
Therefore for the case 0 < g—; < ;—; we have obtained both an upper and lower bound for our solution (S, I, R) for (2.6),
o oy

which is a better result than in the case A= 0 < 5

Example 5.9. Let us define the parameter values to be

M1 = 085, MUy = 050, Y1 = 055, V2 = 020, v = 015, Uy = 0.75
,31 =0.02, ﬂz = 0.012, Vi = 0.5, Vo1 = 0.8 and N = 100.

By using the definition of o, defined in Proposition (2.5) and (4.1), we deduce that &y = 0.6, @ = 0.5, 1; = 8/13 and
m, = 5/13, where clearly w107 + moa; = 0.5615 > 0 to four d.p. By substituting the appropriate parameter values into
Theorem 5.8, we would expect that for any initial value (S(0), I(0), R(0)) € (0, N)3,

(a) 35.4167 < liminf;, » S(t) < limsup,_, , S(t) < 91.7833,
(b) 7.0833 < liminf;_, o I(t) < limsup,_,,, I(t) < 41.6667,
(c) 1.1333 < liminf;,» R(t) < limsup,_, , R(t) < 22.9167,

to four d.p. a.s. This implies that regardless of whatever the initial values, the solution (S(t), I(t), R(t)) asymptotically
approaches the appropriate region above.

Once again, we could conclude from Fig. 3 that the numerical simulations support our results proved in Theorem 5.8. The
numerical simulations were repeated many times with various initial values and the same conclusion was obtained.
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In the next section, we will continue to investigate persistence, but we will be using Lyapunov stability (e.g. Refs.
[18,35,20]) as well as Theorem 5.1, to obtain results on the convergence of the solution (S, I, R) to its corresponding endemic
and disease-free equilibria in each of state 1 and state 2 under the persistence conditions 0 < % < ‘;—; and ‘;—1 <0< ‘;—;

6. Lyapunov stability

When analysing the behaviour of a dynamical system, one of the significant aspects would be the stability of the solution.
There are various types of stability, but the most important one is the stability of a solution near its equilibrium point, in
other words will the solution converge to its equilibrium point or will it diverge? This aspect of stability could be discussed
by using a Lyapunov Theorem, which is what we shall look at here. By using the results from Theorem 5.1, we have obtained
some results which further enhance our understanding. It is easy to see that the DFE is (N, 0, 0) while the endemic equilibria
for state 1 and 2 are:

N
Ro,i
,;:&(1_L)N:u<%) 62)
Wi+ v + ¥ Ro,i wi+ v+ \Bi
' 1 :
RP=— (1 _ —) N=_ " (a‘> (6.3)
Wi+ v + ¥ Ro,i wi+ v+ \Bi
.

where RY ; = niiry; 1s the basic reproduction number when the MCis in state i fori = 1, 2.

Theorem 6.1. Assume that Tg > 1land0 < ‘;—: < Z—i and let (5(0), 1(0), R(0)) € (0, N)> be arbitrary and let the switching
times of the MChe 0 = 19 < 171 < - -+ < Ty Where Ty, — 00 as k — o0. Define the Lyapunov function to be:
* * IBI *
Vix) =1—1 — I log I 2 —(R—KR; )2, (6.4)
i
where X = (S(t), I(t), R(t)),fori =1, 2.
Note that by considering the Taylor series expansion about I = I for € small enough, say ¢ < &1 then

(I =1

I
— (- <I-I=Ilo <—1 6.5
41*( )? g<1i ) =7 (6.5)

in(If —e, If +e)fori=1,2.
For any ¢ < e sufficiently small, the Lyapunov function (6.4) for our MS SIRS model has the properties that:

2 2
P liminfv, () < — 5P (14 20U YN ane, (6.6)
t—o0 2(p1 + 1) o
and
2 2
pliminfvy) < — 502 (14 2t 1S cnne, 67)
t—>00 2(2 + v2) o

where T (¢) = 7 > 0and T, (¢) = 7 > 0 for some constant W.

Proof. By differentiating the Lyapunov function (6.4), we have that

dav; Bi
o = BS—mi—wa -1 >+< ) (R = RO = 1) — (i + v) (R — R). (6.8)
i
Now by substituting (u; + y;) = Bi(N — I —RY) and S = N — I — R, consequently, (6.8) becomes
dv: ; ) B
5= —AU—1) - Wit Wb gy <, (6.9)
Vi

Thus, V;(x) > 0and \7i(x) < O0with equality if and only if| = I and R = R} If there is no switching then V;(x) is a Lyapunov
function and the endemic equilibria (Sf", I*, R) given by (6.1)-(6.3) are globally asymptotically stable, i.e.S — S/, I — I
and R — R} ast — oo, whatever the initial condition.
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We shall now prove the results with switching time involved. The proof will split into two parts, corresponding to the
Lyapunov functions for state 1 and state 2. First we will show that the result holds in state 1. By Theorem 5.1, 3t;, W < oo
such that for t > t;,

I .
Vix) =1 — I — I log <1—> + 2%(12 —R)? < W < oo, (6.10)
i 1

and max(Vy(t), Vo(t)) < W.
Define a stopping time

o1 = lI‘lf{f >t r(t) = ]}
Clearly, P(0q7 < 00) = 1, and by the right-continuity of the MC, r (1) = 1. Define

Vi(o1)
T/ (¢) = , 6.11
1(8) c2p, = (6.11)
and note that
, Vi(o1) w
T = <T = —— a.s. 6.12
1(8) 28, = 1(8) w25, (6.12)

The probability that the MC will not jump to state 2 before o7 + T;(¢) is
P($21) = e 721,
where 2; = {w : (01 +t) = 1, forall t € [0, T{(¢)]}. Consider any w € £2; on [o1, o1 + T;(¢)] and suppose that

B (1 +v1)B

- Bl = 1})? (R—R})? < =1, (6.13)
12!
in this region which by rearranging implies that
U=yt 0 g pea s 2 g (6.14)
14!
fort € [0y, 01 + T;(¢)]. Asaresult, for t € [0y, o1 + T;(¢)], (6.9) becomes
Mo g (6.15)
— < —&°B. .
dr = !

Thus, after integrating:
0 < Vi(o1 + T{(e)) < Vi(on) — &*Ba(T1(e)), (6.16)
from which by substituting T; (¢) by its definition in (6.11),
Vi(o1 + Ty(e)) = 0. (6.17)
However, if we recall the Lyapunov function given by (6.4), it is equal to zero if and only if I(cq + T;(¢)) = I and
R(o1 + T{(¢)) = R;. This clearly contradicts (6.14) for t € [0y, o1 + T;(¢)]. Thus, we must have instead

(1 +v1)B

B — I +
12!

(R—R})?* < &2p4, (6.18)

for some s € [07, 01 + T;(¢)]. Note that at time s,

[—1%2 &2 &?
% <2 and R-R?< 1 (6.19)
4 I M1+ v
Therefore, if ¢ < g1, then by using (6.5)
1 -1  g?
0<I—-1I—I{log| — sgg—. (6.20)
I I* I¥

By using (6.19) and (6.20), the Lyapunov function (6.4) at time s is bounded above by

(1 B )
Vi(s) < ¢ (IT + 72(#1 Yoy ) (6.21)
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Recall from (6.2) that I} = 1441 (%:) hence (6.21) becomes

H1+v1+y1
Vi(s) < £2 |:(IL1 + v+ )b B1 ] (622)
(1 + vy 2(p1 +v1)
Consequently, if T > 0,
2 2 /
IP’{ inf Vi(t) < ehr ( (it vty + 1)} > P(2;) = e V1211,
T<t<oo 2(p1 + 1) o
> e—v1271(8)! (6.23)
where T;(¢) = % defined as before.
Note that
2 2
(llm lan](t) < & ﬂ] ( (/"Ll + (%1 + y]) + ]>)
t—>00 2(pu1 +v1) o
2 2
= N (.inf vy < == b i tuitr) ). (6.24)
0<T<oo \=f<0 2(pm1 +vy) o

By letting T — oo in (6.23), we have obtained (6.6). (6.7) is proven similarly. O

Theorem 6.1 shows that our solution (S(t), I(t), R(t)) can approach either endemic equilibria (S}, I, R}) arbitrarily
closely with strictly positive probability.

Corollary 6.2. If ¢ < g4, then

2 2
P {liminfmax{|s — S*[, | = I*|, R—R:|} < (. [4+ d BRI RS ( (“1+“‘+y‘)+1>
t—00 n1+ v+ 7 M1+ vq 031

> e—v12T1(€)7 (6.25)
and
2 2
P {liminfmax{|s — S|, | — I}, R—R:|} < ¢ (. [4+ oz ST B ¢ ( (k2 + vz +72) +1)
t—>o0 M2+ U2+ 12 M2+ U2 o
> e—V21T2(€) (6.26)

where T (g) = Tr(e) = and &1 is defined as in Theorem 6.1. Recall that «; = BiN — wiy;.

= 2/3 ,
Proof. (i) We shall begin by lookmg at state 1. Recall from (6.5) that forI € (I — ¢, +¢) and & < ¢&;

(I = 1?
— (A=) <L—I—I1 —1, 6.27
41*( ’ o8 <1, ) - (6.27)

1
which implies that if (6.18) holds for t € [0y, o1 + T;(¢)] then for some s € [0y, o1 + T;(8)],

g2 2
(I _ 11) Vi(s) < B1 (1 +v1+y1) 11). (6.28)
AaIy 2(p1 +v1) aq
By rearranging the above expression, and taking the square root we deduce that

% 20[1

H-I<e/4+ ——. (6.29)
H1t+vi+n
Recall again from (6.4) that

_ ﬁ1 .

Vi(s) =1—1y — I log —(R—-R ) (6.30)
2n

which by using (6.28) and some simple rearrangement we have that

2
IR(s) — R} < &,.| —2 ( Gt vty +1>. (6.31)
M1+ vy o
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By using S(s) = N —I(s) — R(s) and ST = N — I} — Rj, then

2 2
IS) =S <e.[4+ n_, ( (’“+v1+y1)+1) . (6.32)
U1+ v+ 0 M1+ vy o

Arguing as in the proof of Theorem 6.1 it is easy to see that (6.25) holds.
(ii) The proof for state 2 follows similarly. O

Corollary 6.2 shows similarly to Theorem 6.1, but using the Euclidean metric instead of the metric induced by the
Lyapunov function, that the solution (S(t), I(t), R(t)) can approach either endemic equilibrium (S, I*, R}") arbitrarily closely
with strictly positive probability.

In Theorem 6.1 and Corollary 6.2 we have been focusing on analysing the persistence condition where 0 < g—: < ;—; by
using Lyapunov stability. We will now complete the results on persistence by obtaining results on the convergence of the

o oy

solution (S, I, R) to its corresponding disease-free and endemic equilibria under the condition ﬁ <0< 5

Theorem 6.3. Assume that Tg > 1 (namely w1 + w0, > 0) and % <0< ‘;—; Let (So, In, Ro) € (0, N) be arbitrary. Then
the solution to (2.6) has the properties that
(i) If ¢ > 0, then

2
P( lim infmax(IN — S|, |I|, [R) <& {1+ al > eVl ®) (6.33)
t—00 n1 + vq

where Ty (¢) = t1(g) + t,(g) and t; (&) and t,(¢) are defined as:

— N
! log(N) ifN>e n 1°g<( ]:8 )N)’ p I
- — -, > ¢, - v v
L(e) = | pre e and He) =TV #17th ” fu N (6.34)
0, if N <e. 0, if ST EUR o g,
)2
respectively.

(ii) If ¢ > 0is small enough such that

2 max(yq, 2 max(yq,
m |:a1 — Bi2e <1 +— (1. v2) )} 7 [az — By2e <1 +— (1. v2) )} ~0, (635)
min(uy + vi, iz + v2) min(uy + vi, iz + v2)

2 2
then ]P{ lim infVy(t) < — P2 (1 p At t 72))} > e~vuT2®) (6.36)
t—>o00 2(uz + v2) (%)
w * * * * c
where T,(g) = ﬂz(fz) and W (e) = max{N — I — I} log(%), e—1IF — I log(%) b+ %Nz < 00. Vi(x) denotes the Lyapunov

function which is defined as in (6.4) fori = 1, 2.
Proof. (i) Suppose that ¢ > 0. Define a stopping time such that
op =inf{t > 0:r(t) = 1}.

Clearly, P(0; < o0) = 1and by the right-continuity of the MC, r (01) = 1. The probability that the MC will not jump to state
2 before o 4 Ty (¢) is

P($2,) = e*‘)lZTI(é‘)’
where 21 = {w : (o7 +t) = 1, forall t € [0, T;(e)]}. Consider any w € §2; on [0, T;(g)], it is easy to see that

dI
% < —Bi(D)? < —rel (D),

provided I > & > 0, which after integration becomes

I(o7 + t) < I(oy)e P1¥t < Ne~Prt, (6.37)

If N > ¢ then (6.37) shows that by time t;(¢), I(t) must drop to a level at most & where

ti(e) = 1 log (ﬁ> . (6.38)
Bie g
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On the other hand if N < ¢ thenI(0) < N < e. Arguing as in Theorem 5.1, we know that for t > t;(¢) + t,(¢),

2
Ry +1) = —1° (6.39)
M1+ v

-1 N

o (N V1€ ) ife < (11 +v1) 7
where b(e) = i+ v (k1 + 1) g (6.40)

. (1 + v)N

0, ife > ———.

V1
Hence for t > t;(¢) + £, (¢), we have that
2y,
IN—S(o1+t)|=1(c1+t)+Ro1+t) <el|1+ . (6.41)
M1+ vy
Thus we could see from (6.41) that
_ - - _ _ _ 2
max [N — S(O’] + tl(é‘) + tz(é‘)), I(O'] + t1(8) + tz(&‘)), R(O’1 + f1(8) + fz(!;‘))] <eg <1 + " -):U ) . (642)
1 1
As this is true for each w € §21, we have that
]P’{max [IN = S(o1 + t1(e) + (&) I(01 + E1(e) + T2(£)), R(o1 + L1 () + Ba(e)) |
< (] + 2)/1 )} > e—vlle(a‘)’ (643)
M1+ v
where T;(¢) = t;(¢) + t,(¢). Consequently, if T > 0, then
. 271 —v1pT1 ()
P{ inf max (I[N —S(®)|,I(t),R()) <e|1+ > e "R (6.44)
T<t<oo m1 + vq

Theorem 6.3(i) follows by arguing as in the proof of Theorem 6.1.

(ii) Recall that (6.35) holds, which is inequality (5.12) with ¢ replaced by 2¢. Note also that when r(t) = 1, Rg,1 < land

also %‘ < 0. Hence, if £2 denotes the whole sample space, given w € §2 and t3(w) > 0, for t > t3(w), I(t) must rise up and
over the level ¢ at some time t4(w) > t3(w). So Jt5(w) > t3(w) with I(ts(w)) = € and r (t5(w)) = 2. Also V, (t5(w)) < W(e)
where V5 (t) denotes the Lyapunov function in state 2 given by (6.4) in Theorem 6.1 and W (¢) is a constant.

Now arguing as in the proof of Theorem 6.1 define a new stopping time
ts(w) = inf{t > 0:r(ts(w)) = 2, I{ts(w)) = €}

we will have the required result namely,

2 2
P {litminfvz(t) .k < (2t vaty) 1)} > e 21l2®) (6.45)
— 00

2(2 + v2) a;

where T, (g) = ‘;‘g(;; and W(e) = max{N — I} — I log(%).
2
derived from (6.10). O

In this theorem, we have obtained interesting probabilistic results on the convergence of the solution (S(t), I(t), R(t))
of the stochastic SIRS model (2.6) to its corresponding disease-free and endemic equilibria.

e — Iy — I3 log(%)

|} + f—}szz < 0o, which could be easily
2

Corollary 6.4. If ¢ < &4, then:

2 2
P 4 liminfmax{|s — S|, | — L1, IR — R:NJe | 4+ hac S P ( (”“LU”L”)H)
t—o00 M2 + v+ 2 K2+ vz o

> e—Vlez(s), (6.46)
where T, () = ‘:;2 and ¢ is defined as in Theorem 6.1.

Proof. Similar to the proof for Corollary 6.2. 0
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6.1. T; = 1case

So far, we have looked into great detail on the dynamic behaviour of (2.6) under the thresholds Tg < 1land Tg > 1.
The reader may ask what about the case when T = 1? We are unable to prove analytically the behaviour of our solution
(S(t), I(t), R(t)) in this situation. However numerical simulations indicated that the disease would always ultimately die
out whatever the initial conditions.

7. Summary and discussion

There are many environmental factors that could affect the behaviour of a population system such as the availability of
food and temperature [43]. As discussed in the introduction some previous work on ecological models with telegraph noise
has been done by Takeuchi et al. [9] who obtained results on boundedness or convergence to the equilibrium of trajectories
of the Lotka-Volterra model with telegraph noise. Li et al. [ 10] have obtained results on the behaviour of an n-dimensional
Lotka-Volterra model under regime switching. Motivated by Refs. [2,9] we have examined the effect of environmental noise
on a more complicated model, the SIRS model, by using the concept of MS to include telegraph noise to give the MS SIRS
model (2.6). In our model we have linked several deterministic models in different environmental regimes using a MC. We
have obtained the conditions needed for almost surely extinction and persistence using the threshold Tg which was also
used in Ref. [2]. In Theorem 4.2, we showed that if Tg < 1then the disease will go extinct almost surely. On the other hand if
Tg > 1, then the disease will persist almost surely (Theorems 5.2,5.4 and 5.5). In Theorems 5.6 and 5.8 we obtained two sets
of persistence conditions for the two possible cases in which T3 > 1, namely % <0< ;—; and 0 < % < % Furthermore
by using the uniform strong persistence result for I(t), (Theorem 5.1) and the Lyapunov stability theorem, we managed to
obtain probabilistic results on convergence of our solution to the disease-free and endemic equilibria in Section 6. Numerical
simulations were produced to support and illustrate our theoretical results.

Note that it is easy to see that the two-state MS Susceptible-Infectious-Removed (SIR) model is a special case of the MS
SIRS model (2.6). In fact, we could easily derive the corresponding extinction and persistence results for the MS SIR model
by setting vy, in (2.6) to zero. Furthermore, the results obtained for the two-state MC can be easily extended into a finite
state MC with state space S = {1, 2, ..., M}, similarly to the corresponding extension in Ref. [2].

Remember that we have chosen to model the absolute numbers of individuals in each category as opposed to the
proportions. However the results which we have obtained have all been concerned with persistence of solutions and upper
and lower limits for the lim supremum and lim infimum of the variables. The results do not depend on our choice to model
the absolute numbers of individuals in the population rather than the proportions. There is no essential difference between
the models in the two formats. It is straightforward to convert the results for the model in one format into the results for
the model with the other format.

Note also that we chose to include births and deaths into the model because we felt that this was appropriate as we
were considering modelling the disease over a long timescale. If we exclude births and deaths from the model it will be
appropriate only for short term disease outbreaks. For the SIRS model (v; > 0 or v, > 0) all of the results go through
(just set 1 = o = 0). Our proofs break down if w; = u; = 0, so that the population is closed with no births and
deaths, and either or both of v; and v, are zero, so that at least one of the models is the closed population SIR model. If
1 = o = v = vy = 0 then it is clear that Theorem 4.2 is not true as if Tg < 1in this case I(t) — 0 but S(t) decreases
monotonically to a limiting value S* < N whilst R(t) increases monotonically to a limiting value R* > 0.

If we consider the SIRS epidemic model without MS then provided that there is some mechanism for generating new
susceptibles, whether that is through births and deaths in the population, or through immune individuals losing immunity
and returning to the susceptible class, then the qualitative behaviour of the population is the same. There is a threshold
value Ry = fTNy If Ry < 1 then the disease ultimately dies out. If Ry > 1 then there is a unique endemic equilibrium which

the system ultimately approaches [12].

On the other hand for the SIR model in a closed population, with no births and deaths where immunity is permanent
then there is a qualitative difference in the behaviour. Here Ry = % The initial infective replacement number is defined as
the expected number of cases generated by each separate infective individual at the start of the epidemic. So this is

5(0) _ ps
Ry— = ——.
N Y
If this number exceeds unity then the number of infectious individuals rises up to a limit and then drops down to zero. If
this number is less than or equal to one then the number of infectious decreases to zero. The disease transmission ceases
because the infective replacement number (the expected number of cases generated by a single infective individual) is less
than one when the number of susceptibles is small, however the limiting number of susceptibles is strictly positive [12].
So even without MS there is a fundamental qualitative difference between an SIRS epidemic model that has a mechanism
for introducing new susceptibles and one that does not. The results in this paper are true provided that all of the individual
SIRS models corresponding to different states of the MC have some mechanism for generating new susceptibles, whether
that is births and deaths, or immunity being temporary. The behaviour of SIRS models with MS where at least one of the
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individual SIRS models is a closed population (without births and deaths) SIR model remains an interesting open question
for further study.
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