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Abstract

A Nonlinear Predictive Generalized Minimum Variance control algorithm is introduced for the control of
nonlinear discrete-time state-dependent multivariable systems. The process model includes two different types of
subsystems to provide a variety of means of modelling the system and inferential control of certain outputs is
available. A state-dependent output model is driven from an unstructured nonlinear input subsystem which can
include explicit transport-delays. A multi-step predictive control cost-function is to be minimised involving
weighted error, and either absolute or incremental control signal costing terms. Different patterns of a reduced

number of future controls can be used to limit the computational demands.
Keywords: optimal, state-dependent, predictive, nonlinear, minimum-variance.
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1. Introduction

The objective is to design an industrial controller for nonlinear and state-dependent, or linear parameter varying
systems, which has some of the advantages of the popular Generalised Predictive Control (GPC) algorithms.
The control strategy builds upon previous results on Nonlinear Generalized Minimum Variance (NGMYV) control
[1]. The assumption was made that the plant model could be decomposed into a set of delay terms, a very general

nonlinear subsystem that had to be stable and a linear subsystem. The plant description used here will be assumed



to be similar, however the output subsystem is assumed to be represented in state-dependent, possibly unstable,

form.

The multi-step predictive control cost-function to be minimised involves both weighted error and control costing
terms, which can be used with different error and control horizons. Two alternative types of control signal input
to the plant model are considered. The first is the traditional control signal input and it is this signal which is also
penalized in the predictive control criterion. However, as is well know it is sometimes desirable to augment the
plant model with an integrator to provide a simple way of introducing integral action. In the augmented system
the new system input is the change of control action or increment, and in this case this is the signal which should
be penalized in the criterion. The results will apply to both cases and a parameter change between f = () and f§ =

1 will provide the necessary switch. The cost includes dynamic weightings on both error and control signals.

There is a rich history of research on nonlinear predictive control ([2] to [7]), but the development proposed is
somewhat different, since it is closer in spirit to that of a model based fixed-structure controller for a time-varying
system. Part of the plant model can be represented by a very general nonlinear operator and the plant can also
include a state-dependent (or linear parameter varying) output sub-system model, rather than a LTI model, as in

previous work.

For equivalent linear systems, stability is ensured when the combination of a control weighting function and an
error weighted plant model is strictly minimum phase. For nonlinear systems it is shown that a related operator
equation is required to have a stable inverse. The dynamic cost-function weightings are chosen to satisfy
performance and stability/robustness requirements and a simple method is proposed for obtaining initial values for

the weightings.

2. Non-linear Operator and State-Dependent System

The plant model can be nonlinear, dynamic and may have a very general structure. The output subsystem and
disturbance model is represented by a so-called state-dependent sub-system in Fig. 1.  The plant involves two

nonlinear subsystems and the first is of a very general nonlinear operator form and written as follows:

(Wu)(t)=2 " (W)(r)

The second subsystem is a state-dependent non-linear form, which is similar to a time-varying linear system. It

is assumed to be point-wise stabilizable and detectable, and is represented by the operator WV, written as follows:

(W0} (1) = (W™ ) (1)
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Fig. 1: Feedback Control with Inferred or Controlled Outputs

2.1 Signal Definitions
The output of the system to be controlled y(#) may be different to that measured, as shown in Fig. 1, and this output

includes deterministic d(f) and stochastic y, () components of the disturbances. The measured output y, (¢) also

includes deterministic d,, (t) and stochastic y, (#) components of the disturbances. The stochastic component is
modelled by a disturbance model, driven by zero mean white noise {¢, (£)}. The measurement noise {v, (¢)}is
assumed to be zero-mean white noise with covariance matrix R, = R; >0. There is no loss of generality in

assuming that {¢; (1)} has an identity covariance matrix. The controlled output must follow a reference r(t),

which is assumed to be known.
2.2 State-Dependent Sub-System Models
The second or output subsystem is in a state-dependent/LPV form, which includes the plant and the error weighting

models (see [8]). This is assumed to include a common k-steps transport delay, and has the state-equation:
xo(t+ 1) = Afx, g, P (1) By, Pyt k) Doy, p) &) Gxatty, p) doy (1) (1)
where the vector p is a vector of known variables like speed of an engine, or altitude of an aircraft that change with

operating conditions. The controlled output and measured outputs (without measurement noise):

W) =d,(t) G (xu,p)x,(t) &(xu,,pu,t k) )

ykt)=d,, (1) G, (xys# o, p) X, (1) &, (Xo5it g, pu,y(t k) 3)



o

where x,(#) € R™ . This model can be a function of the states, inputs and parameters (x(z), u ,(t — k), p(¢)) . The
deterministic component of the input disturbance is d,(r) and the disturbance on the output to be controlled
d,(t)=d(t)+y,(t) includes a known deterministic component d(¢) and a stochastic componenty, (). The
disturbance on the measured outputd,, (t)=d, (t)+y,,(t), where d, () is deterministic and y,, (f) is stochastic.
The plant includes a disturbance model on the output, driven by zero mean white noise w(#):
x,(t+1)=Ax,(t)+D,0(1), a«,(t) R“ 4
YO=Cx, (1) and y, ()=C,x, (1) )
The signals of interest include the error on the output to be controlled and the measured output:
Error signal: e(t) = r(t) - y(t) (6)
Observations signal: Zn (1) = Y (8) + v, (1) (7)
The signal to be controlled will involve the weighted tracking error in the system:
x,(t+1) :,4pxp(t)+6’p(r(t)—y(t)), xp(t) eR" (8
e, ()=Cx, )+ &, (r(t) = y(1)) )
The traditional method of introducing integral action in predictive controls is to augment the system input by

adding an integrator using the input sub-system:
x,(t+1)=px,(t)+Au (t-k), x,(t)eR" (10)
wy(t—k)=px,(t)+Auy(t—k) = (1= Bz Au,(t—k) (11)
The A = (1—3z7"), for f=1 and the transfer (11) is an integrator without additional delay, and if # =0, then
u,(t—k)=Au,(t—k). Theresults can therefore apply to systems using control input or rate of change of control.

2.3 Total Augmented System
The state-space model, for the rxm multivariable system to be controlled is now defined in augmented system

form. Combining the plant, disturbance, integral and weighting equations, the augmented state-vector becomes:



T
O =[x @) x50 5O x50 ]
To simplify notation write A, ==4 (x(t),uo(t k), p(t)) and similarly for the time-varying matrices

L, C,D and & , with state x(f) € R". The augmented system equations may be written as follows:

x(t +1) = Ax(t) + B Auy(t —k)+ DEW) +d, (1) (12)
yt)=d(t)+Cx(t)+ & Auy(t —k) (13)

v, )=d, (t)+C"x(t)+ & Auy(t — k) (14)
z, () =v, O +d, )+ C"x(t)+ & Auy(t — k) (15)

e,()=d,(O)+C, x(t)+ &, Au,(t —k) (16)

The augmented system has an input Au,(f) and the change in actual control is denotedAu(r)

(theseare related as Au ()=, (.,)Au(?)) .

2.4 Definition of the Augmented System Matrices
The equations in §2.2 can be combined with a little manipulation to obtain the augmented system matrices. That
is the total state-equation model may be written in terms of the augmented system matrices, as follows:

xX(t+1) = Ax(t)+ B Auy(t —k)+ D.EW) +d, (1) (17)

where the matrices in this equation are defined from the combined model equations:

W) [ 4 0 g8 olx0] [ 8
| [0 4 0 0|50
s |78 0% a0 |xm| | 1 | B¢ P
s+ =BG -8B -BBE A|xo| -84
D, 0 g 0
0 2,|&0| |0 0 dy, (1)
To o Lo(t)}r 0 0 {(r(t)—d(t))} o
0 0 0z

4



The output to be controlled may be written in terms of augmented system model in (13). That is:
yO)=dt)+ G x )+ C, x (1) + EPx. () + EAu  (t — k)
=d(t)+Cx(t)+ & Auy(t —k) (19)
where c=[¢ ¢ &P 0] and &£ =&,
Similarly from (3) and (5), the measured output may be written in the augmented system as follows:
y, ) =d )+ C"x(t)+ & Auy (t — k) (20)

where " =G, Cn &uB 0] and &M =¢

m

Also from (2) and (9), the weighted tracking error to be minimised may be written as:

e, (t)=d, ()+C, x(1) + &, Auy(t — k) 1)

where d (1) =&,(r(t)-d(1), G, =] &G, &€, BEE (] and &, =-&,&. The subscript £ on the

pt
state matrices here is used for the augmented system and in a slight abuse of notation it also indicates that these

matrices are evaluated at time 7, so that the system matrix at #+/ is written as .4,

t+1°

3. State-Dependent Future State and Error Models

A state-dependent model prediction equation is required and later an estimator for the state-dependent models.
The future values of the states and outputs may be obtained by repeated use of (12) assuming that the future values

of the disturbance are known. Introduce the notation:

i-m __ ; 0 _ ; —
A =A4,,A4,,...A, fori>m, 6 where 4, =I fori=m

A=4,,A4,,..4 fori>0,where 4°=1 fori=0 (22)

Future states: Generalising this result obtain, fori > /, the state, at any future time ¢ + ¢ , may be written as:

x(t+i)=,4,"x(z)+2,417(&+ﬂmoe ¥ k) Doré jD) A i) (23)

t+]

where dyt+i-1)=Y A7d,@t+j-1) (24)
Jj=1



These equations (23) and (24) are valid for i > 0 if the summation terms are defined as null for i = 0. Noting

(16) the weighted error or output signal e,(r) to be regulated at future times (fori 20 ):

e,(t+i)=d (t+)+C, x(t+i)+<&

t+i pt+i

Auy(t+i—k)

=d, ()4 C, A+ 6 DAL BN (= 1 k)
j=1

+J

Sl =D E Ayt +i—k) (25)

t+j Tt

+é’p,ﬂ.zi:,4"'.jD
=1

where d (1)=&, (r(t) —d (7)) and the deterministic signals:
d,(t+i)=d (t+D)+C,, d,(t+i-1) (26)

p+i

3.1 State Estimates Using State-Dependent Prediction Models

The i-steps prediction of the state for i >0 and the output signals may be defined, noting (23), as:

t+j t+j-1

Xt+ilt) =,4ti)?(t|t)+2.,4i_‘75 Auy(t+j—1-k)+d, (t+i-1) (27)
j=l1

1+ t+]

where A4/ =4, A, .4, and d,(t+i-1)=> A77d,(t+j-1),and fori=0the d,(t~1)=0. The
j=1

predicted output:

Ye+ilt)y=d@+i)+C, x(t+ilt)+ &, Au (t—k+i) (28)

+i t+i

The weighted prediction error for i >0 :

e, (t+ilt)y=d, (t+i)+C, J(t+ilt)+ & Auy(t+i-k) (29)

t+i pt+i

The expression for the future predicted states and error signals may be obtained by changing the prediction time

in(27) t —>t+k. Then, fori>0:

t+k+j

Re+k+ilty=ALRC+kID+Y AT AN, rugkt 4 1) ke —k i) (30)
j=1

Predicted weighted output error: Substituting in (29) and simplifying, for i —> i+ k, and i >0, obtain:



e (t+i+klny=d (t+i+k)+&, . Aug(t+D)+C, A kD)

+Cirn+i+k ZAi;cjﬁ'-j‘bywkﬁ-j—lAu O(t + J - 1) (31)

j=1

and ¢,(t+ilt)=d  (t+i)+&,  Aut+i-k)+C, ALK ) +C, D AT B, Auy(t+ j-1-k) (32)
j=1

The deterministic signals in this equation:

d,(t+itk)=d,(+i+k)+D.C, AL dt+k—j 1) (33)
j=1

and for i = O the termd , (t+k)=d (1 +k).

3.2 Vector Matrix Form of Equations

The predicted errors or outputs may be computed for controls in a future intervalz ¢ [t, t+ N] for N > 1. These
weighted error signals may be collected in the following N+ vector form:

et+k) | [ d,a+k) ][ Cuud ]| VNG
e,(t+1+k) d,(t+k+1) G A E it (t+1)
e, (t+2+k) |=| d (¢ +k+2) |+| CorneAls |RE+K1E) +| &ty +2)

e,t+N+k)| |d (t+k+N)| |CpniAl & oDty (1 +N)
I 0 0 0 O Auy(r)
C;t+k+1‘gt+k 0 - : 0 0 Auo (t + 1)
+ C;;t+k+2‘4:k+lzgt+k C’pt+k+2'gt+k+l 0 (34)
: : - 0 01| Au,(t+N-1)
_Cpt+k+N"44]rVk_+115t+k C;;t+k+N“4in12251+k+l e C;;t+k+NBt+k+N—1 0_ L AMO (t + N) i
Future error and predicted error: 'With an obvious definition of terms this equation may be written as:
Epin =Dprgn + C;t+k,N"4+k,N'§e(t +kln)+ (C;’Hk,N‘ng,N + é’PHk,N )AUSN (35)
Define the time-varying matrix: Voviiw =CpianBxn  Epmin (36)

so that, EPt+k,N =Dy + Con A+ kI + 1, (AU (37



Similarly the weighted future errors may be written, including £,  , as:

EPt+k,N = DPz+k,N +C;r+k,N‘/4+ka(t+ k) VAH(,N 'UtON C;JZ‘FIC,NE‘F](,N t+k,N (38)

Block matrices: Noting (34) the vectors and block matrices, for the general case of N >1, may be defined as:

C;’Hk,N = dlag{c;wk 4 C7pt+l+k 4 C7pt+2+k 200 67pt+N+k }

gPHk,N = diag{(f;)ﬂk’é;whk"”’é;oHNJrk} (39)
I 0 0 0 0
4, 5. 0 e i o0
2 1 . :
“4t+k,N = A“'k ’ ‘5t+k,N = ’/4t+k+1'67t+k ‘51t+k+1 : * e
: : : 0
N N-1 N-2
'/4“" _‘/4t+k+1'gt+k ‘/4t+k+2'3t+k+1 o 6;/“1\/71 O_
[ 0 0 0 | B 7
X &)
t+k ] _ g(t + 1)
Dt+k,N = "4+k+lpt+k D v K > ':t,N = : ’
: : 0 )
- - t+N -1
_Ai\lk:lpprk '4z<+zzpt+k+l e pr+k+N—1 _ —5( )—
e,(t+k) [ Auy() ] [ d,0
) e (t+1+k) Auy(t +1) d (t+1)
Pt+k,N = ép (t + 2 + k) ’ UtON = Auo(t + 2) s DP/,N = dpd (t + 2)
é(t+N+k) | Auy(1+N) | | d,,(t+N) |

The signal AU, denotes a block vector of future input signals. Note that the block vector D, , denotes a vector

of future reference minus known disturbance signal components. The above system matrices 4., v, &, v- D v
are of course all functions of future states and the assumption is made that the state dependent signal x(z) is
calculable (f {f(t)} is null x(z1t)=x(t) can be calculated from the model). From (36) the matrix

Yovorwn =XCorinBrvn Eprary) can be assumed to be full-rank (determined by the weightings).



3.3 Predicted Tracking Error

Noting (38) the k-steps-ahead tracking error:
EPt+k,N :DPr+k,N +C;’t+k,N“4+k,_1bx(t+ k) VAH(,N ytON C;’I+k,NE+k,N t+k,N (40)

The weighted inferred output is assumed to have the same dimension as the control signal and }/, ropy used in

(40) and defined below, for N > 1, is square:

£, 0 0 0
Corn, Epra : 0
Yon = sz+2"4115z Cpmz 41 41
: : &0
_C;)t+N'4ivl_l‘5t C’pt+N"4w[LVZ_2‘gt+] T C’pHNb:Jqu ‘%HN |
%;,N :CPt,Nﬁ;,N"'fPt,N

A

Based on (35) and (38) the prediction error (E,,,, , = E, iy ~Ep iy ):

EPt+k,N = DPr+k,N + C}J[‘Fk,NA‘Fk,_hx(t—’_ k) )/A+k,N -Ut(?N C;’Hk,NEHc,N t+k,N
_(DPt+k,N + C;’t+k,N‘/4+k,N‘£(t +kl t) + )/I'JH-k,NAUI(?N) (42)

Thence, the inferred output estimation error:

EP1+k,N = C;—’t+k,N4+k.,Nf(t + k |t) + C;’tJrk,Np = (43)

t+k,N':'t+k7N
where the state estimation error &(t + k|t) = x(t + k) — Z(t + k | t) is independent of the choice of control
action. Also recall (¢t +k|t) and Z(¢ + k | t) are orthogonal and the expectation of the product of the future
values of the control action (assumed known in deriving the prediction equation), and the zero-mean white noise
v 1n (35) and the prediction error E »

driving signals, is null. It follows that E » v are orthogonal.

t+k t+k
3.4 Time-Varying Kalman Estimator in Predictor Corrector Form

The state estimate X(¢+k |¢#) may be obtained, k steps ahead, from a Kalman filter [9]. These are well known,

but the result below accommodates the delays on input channels and through terms [9]. The estimates can be

computed using:



x@+1t)=Axtt)+ BAu,(t—k)+d,(t)
)?(t+1|t+l)Z)Ac(t+1|t)+/ff”1(zm(t+1)—2n1(t+1|t))
where 2,+1t)=d (t+ D)+ L x+111)+ &7 Auy(t +1-k)

+1 +1

The state estimate X(¢ +k |7) may be obtained, k steps-ahead, in a computationally efficient form from [9], where
the number of states in the filter is not increased by the number of the delay elements k. From (27) the k-steps
prediction is given as:

R+ =A" RN+ 7 (ko2 AU () +d,, (t+k—1) (44)

The finite pulse response model term:

k
Z (k2= A B, (45)
j=1
where the summation terms in (45) are assumed null for k = 0 so that 7 (0,z7') =0, d,;(t—=1)=0, and

k
dy(t+k=1)=> A7d,@¢+j-1).
j=1

4. Generalized Predictive Control for State-Dependent Systems

A brief derivation of a GPC controller is provided below for a state-dependent system with input u, (f). This is

the first step in the solution of the NPGMYV control solution derived subsequently. The GPC performance index:
N Ny
J=E{D e, t+j+k) e, (t+j+k)+ D A2 (Auy(t+ ) Auy(t+ e} (46)
j=9 i 0

where E{.lt} denotes the conditional expectation, conditioned on measurements up to time 7 and A; denotes a

scalar control signal weighting factor. In this definition note that the error minimized is k-steps ahead of the

control signal, since u, (¢) affects the error e, (¢ + k) after k-steps. By suitable definition of the augmented system

the cost can include dynamic error, input and state-costing terms. The future optimal control signal is to be

calculated for the interval z € [#, # + N, ], which depends on the number of steps (N, +1) in the control signal



costing term in (46). If the states are not available for feedback then the Kalman estimator must be introduced.

Also recall from (43) the weighted tracking error £, , = E prakn T E prer.y - Lhe multi-step cost-function:

J=E{J)=E{ELA E,AyA U 3 ULy 11 (47)
Assuming the Kalman filter is introduced, from (47),

J = E{ (EPt+k,N +EPt+k,A79T (EPt+k,N+ AE~‘Pt+k,A) A Ut(?IT\JM }zvu USNu |t} (48)
Here the cost-function weightings on inputs Au,(#) at future times are written as Af\,“ = diag{/i(f,ﬁ,...,/lf,u }.

is orthogonal to the estimation error F/

The terms in the cost-index can then be simplified, noting F PO
t+k,N

Pt+kN
J=£pN, VENN  US  U (49)

where J|, = E{E[T,Hk’NE

PLek N It} is independent of control action.

4.1 Connection Matrix and Control Profile
Instead of a single control horizon number N, a control profile can be defined of the form:

row{ P, }= [lengths of intervals in samples number of repetitions)
For example, letting P, =[1 3; 2 2; 3 1] represents 3 different initial controls for each sample, then 2 samples
with the same control used but this is repeated again, and finally 3 samples with the same control used. This
enables a control trajectory to be defined where initially the control changes every sample instant and then it only
changes every two sample instants and finally it remains fixed for 3 sample intervals. Based on a control profile,
it is easy to specify the transformation matrix 7, relating the control moves to be optimized (say vector V) to the

full control vector (U), that is, U = T,,xV. For the above example, the connection matrix can be defined:



1 000O0O0 u(t) 1 000 0O
01 00O0O u(t+1) 01 00O00O0
001000 ut+2) 00100 0fv]
0001 O0O0 u(t+3) 0001 0 Ofw,

T - 0001 O0O0 and  U=TV u(t+4):u(t:;+3) 000 1:0 01 v,
0 00O0T1O0 “ u(t+5) 000 O0T1 Ofvw,
0000 T1O0 u(t+6)=u+5) 00 0 0 1 Ofvs
000 O0O0°1 u(t+17) 00 0 0 0 I|w]
000 O0O0°1 u(t+8)=u(t+7) 00 0O0O01
00 0 0 0 1} |u@+9)=u+7)] [0 0 0 0 O 1]

In the case of the incremental control formulation, the connection matrix:

1.0 0 0 0 0] Au(r) 1000 0 0]
010000 Au(t +1) 010000
001000 Au(t +2) 001 00 OfAy]
000T1TO0O Au(t +3) 0001 0 0fAv
000 O0O0O Au(t+4)=0 0 000 0 OfAv,

T, = and AU =T, AV = =
0 00O0T1O Au(t+5) 0 00O 1 0]Ay,
00 0O0O0O O Au(t+6)=0 0 00O 0O 0 OfAy
000 O0O0°1 Au(t+17) 0 000 0 1Ay,
000 O0O0O Au(t+8)=0 000 O0O0O
100 0 0 0 0 | Au(t+9)=0] [0 0 0 O O O]

Clearly, this represents a situation with N, = 3+2+1 = 6 control moves and involves a total of N = 3x/+2x2+1x3
sample points. There are 4 control moves that have not been calculated in this example, representing a substantial
computational saving. For simplicity the same symbol will be used to represent the connection matrix for the
control and incremental control cases (7, ) but when using it should be recalled that different definitions will be
needed. The control horizon may be less than the error horizon and we may define the future control changes

AU?

t,N

asAU,y, =T, AU, .

4.2 State Dependent GPC Solution

To compute the vector of future weighted error signals note:

)/PH—k,NAUt(?N =Ll AUSN,, (50)



Then from (37) and (50):

EPt+k,N = DPt+k,N +C, Pt+k, N"4+k Nx(t +kl t) + VPt+k N U DPt+k N + )/Ft+k NT AUO (51)

where D =D, vt v Ay klt). Noting (36) and substituting from (35) for the vector of state-

Pt+k,N
estimates:

J = (D~Pt+k N +)/Pt+k NT AUON ) (DPt+k N +)/Pt+k NT AUON ) +AU(K/NA12V”AU3N” + JO
= éA%,NbPHk,N UOT T I/PtTJrk N ~Pt+k N +DPI+k N)/PHk NT AUO + AU;?;L‘ ‘/l/t‘+k N, AUO JO (52)

where 27, = Z—"MT/Y/[’,[Z,(’ vYoranT, % . From a perturbation and gradient calculation [9], noting that the J,,

term is independent of the control action, the vector of GPC future optimal control signals:

AU:? = /l/t:k Ny uT)/;’zTJfk N ~Pt+k,N = /Z/;+k NHTTVHTH( N( sk oA XE ki [)) (33)
Auy(t) | [ d, (0
Auy(t+1) d, (t+1)
where AU, =] Auy(t+2) and D, = dpd (z +2)
| Auy(t+N,) | (t +N) |

The GPC optimal control signal at time ¢ is defined from this vector based on the receding horizon principle [10]
and is taken as the first element in the vector of future control increments AU ,0 N, -

4.3 Equivalent Cost Optimization Problem

The above is equivalent to a special cost-minimisation control problem which is needed to motivate the NPGMV

problem. Let A4, , = FR o PanT, i,u , that enters (53), be factorised as:

t

-){+Tk,Nu ‘){+k,1vu = /l/;+k,1vu = nr'yf/[gk,zv)/fwk,/v]; 12vu (54)

Then by completing the squares in (52) the cost becomes:

_ -1 or 0
J = (I-IA’Hk,N)/PHk,NT;‘){-%—k,Nu Ul Ny ‘){+k N, )( H—k N, TIM’Hk N~ Pt+k,N -){+k,Nu Ut,Nu )

+DTt+k N (I Pt+k N]:l \){+k Ny ‘){+kTN T )/PtT+k N )DPt+k N JO (55)

By comparison with (55), the cost-function may be written as:



T =0 e, 0@ (56)
where the “squared” term in (55):

0 _ T T N 0
yjt+kN - J/+k N, T )/Pz+k NDPr+k N + ‘){‘Fk N, Ut,NM

= H_kTN llTV’)fT‘Fk N ( Pt+k,N + 671’1+k,N“4+k,N£(t + k | t)) + J{Jrk,NuAUt(?Nu (57)
The cost-terms that are independent of the control action J,,(t) = J, + J,(t) where,

J (t) t+k N (I Pr+k NT ‘){H( Ny ‘){JrkTN T )/PtT+k N )DPt+k N (58)

The optimal control is found by setting the first term to zero, that is Y’t HEN, =0. This gives the same optimal
control as (53). It follows that the GPC optimal controller is the same as the controller to minimise the norm of

the signal ‘P defined in (57). The vector of optimal future controls:

+kN, °

AUIO,TVM = ‘/l/t:l]c,Nu TLT)/PIZ;k,NDPH-IZN = /l/r-zllc,Nu TuT)/PtT+k,N (DPt+k,N + C;)t+k,N-4+k,N)AC(t +kl t)) (59)

4.4 Modified Cost-Function Generating GPC Controller

The above discussion motivates the definition of a new multi-step minimum variance cost problem that is similar
to the minimisation problem (56) but where the link to NGMV design can be established. The signal to be
minimised in the GMV problem involves a weighted sum of error and input signals [11]. The vector of future
values, for a multi-step criterion:

) =P E +Fy AU, (60)

t+k,N CN,t—Pt+k,N CN,t

where the cost-function weightings P, , =T}/, and F, ,=Aj . These are based on the GPC weightings

CN,t

in (47) and are justified later in Theorem 1 below. Now define a minimum-variance multi-step cost-function,

using a vector of signals:

J=E{J }=E{®’ It} (61)

t+k,N I+k,N

Predicting forward k-steps: @, =Py Epn+Fo AU, (62)

t+k,N CN,t CN,t



A ~

Now consider the signal @, , and substitute for E,,, y=Ep ;v +Ep . n:

Dyn= cNt(EPt+k N EPt+k,N) + Fc(/)v IAUO =( EPHk,N + Fc(f)v ;AUO ) o~ tEPt+k,N (63)
This may be written as: Dn= @Hk vt (DHk N (64)
where the predicted signal @ ) ky = (PCN,,EP1+1¢,N +F IAUO ) and the prediction error (DM N, = PCNJEPH,(’N . The

performance index (61) may therefore be simplified, recalling E prer.y and E, are orthogonal, as follows:

t+k,N
j(t) = E{jt} E{@L—{k N " t+k,N l t} E-{-( t+k,N i)t+k,N )T (étJrk,N erJrk,N) l t}

=@ & E{(@, D51t} & & J, () (65)

t+k,N T t+k,N t+k,N “t+k,N

where J,(t) =E{D!, . D,, |t} EE}, PP, E

cN,t T Nt T Pt+k,N

I¢}. The prediction &

) .«.y may be simplified as follows:

@H- EPt+k,N + FO AUO CN z‘(DPt+k N )/Pt+k,N’I;4 AUZ(?NM ) + FO AUO

CNt CN.t CN.t

CN.T

By substituting from (54) (noting P, 2}, ., T, + F’ = =4 n, )

¢I+k,N =PCN,rD +/l/

t+k,Ny

Uiju (66)

Pt+k,N

Recall the weightings are assumed to be chosen so that .47, , ~ is non-singular. From a similar argument to that

in the previous section the predictive control sets the first squared term in (65) to zero@,, =0 and this

t+k,N
expression is the same as the vector of future GPC controls.

Theorem 1: Equivalent Minimum Variance Cost Problem

Consider the minimisation of the GPC cost index (46) for the system and assumptions introduced in §2, where the

nonlinear subsystem V), = I and the vector of optimal GPC controls is given by (53). Assume that the cost
index is redefined to have a multi-step minimum variance form (61):

J()=E{® @, ,t}, where @, =P, E +Fy, AU, (67)

t+k,N, CN.,t~Pt+k,N CN.t
Let the cost-function weightings be defined relative to the original GPC cost-index as:
CN,t CN.t

P =T'HL.  and R, =N,

The vector of future optimal controls that minimize (67) follows as:



AUtOTVu = /l/t‘;kl,Nu er)/PrTJrk,N (DPr+k,N +C;t+k,N“4+k,N5e(t + k | t)) (68)

where &, \ = N VT, sz . This optimal control (68) is identical to the vector of GPC controls.

t
|

Solution: The proof follows by collecting the results above. |

5. Nonlinear Predictive GMV Optimal Control

The aim of the nonlinear control design approach is to ensure certain input-output maps are finite-gain m, stable
and the cost-index is minimized. Recall that the input to the system is the control signalu(¢), shown in Fig. 1,

rather than the input to the state-dependent sub-systemu, (¢) . The cost-function for the nonlinear control problem

must therefore include an additional control costing term, although the costing on the intermediate signal u,(#)
can be retained. If the smallest delay in each output of the plant is of k-steps the control signal ¢ affects the output
k-steps later. For NGMYV the signal costing (f:Au)(t) = (]‘: szkAu)(t) . Typically this weighting on the nonlinear
sub-system input will be a linear dynamic operator [12], assumed to be full rank and invertible. In analogy with
the GPC problem a multi-step cost index may be defined that is an extension of (61):

J, = E{(@) (@, 1) (69)

Thus, consider a signal whose variance is to be minimised, involving a weighted sum of error, input and control

signals ([11], [13]):
@ =P E +F° AUfNu + Foen, AU, . (70)

t+k,N Nt Pt+k N CN .t

The non-linear function %, AU, , ~will normally be defined to have a simple block diagonal form:
(Sern, AU, ) = diag{( A Mu)(1), (Fphu)(t+1),..., (A Au)(1+ N, )} (71)
Note the vector of changes at the input of the state-dependent sub-system:

AUy =W, AU,y ) (72)

This is, the output of the nonlinear input-subsystem }4/ _ , which also has a block diagonal matrix form:
)



W AU,y ) = diag U, Wy, W) U,y =[OKA)@) ... 0K Au)(t +N,)'T (73)

5.1 The NPGMY Control Solution

Note the state estimation error is independent of the choice of control action. Also recall that the optimal

X(t+klt) and X(z+k|t) are orthogonal and the expectation of the product of the future values of the control
action (assumed known in deriving the prediction equation), and the zero-mean white noise driving signals, is

null. It follows that E pier.y and the prediction error E prern are orthogonal. The solution of the NPGMV control

problem follows from similar steps to those in §3.3. Observe from (62) that @, =P, E, v+ FC(;VJAU ,0 y, and
q)?”(’,v = <i)?+qu + q~)?+k,N . It follows from (70) that the predicted signal:

djtgk,N =@ vt ("Z;k,NMAUt,Nu ) =Py Epn t Fc%,tAUSNu + (f;k,NuAUr,Nu ) (74)
and the estimation error: D =D =P Epi =TI VEnrin (75)

A

The future predicted values of the signal @,SM involve the estimated vector of weighted errors P, E,, ., ,, which

CN,t

are orthogonal to F,, ,E,,,, . The estimation error is zero-mean and the expected value of the product with any

known signal is null. The multi-step cost index may therefore be written as:

J@)=d% @° , +J, @) (76)

t+k,N 7 t+k,N

The condition for optimality @°, , = 0 now becomes:

+k,N

P E +FQ AUy +Foy AU, =0 (77)

CN ™~ Pt+k,N CN,t

5.2 NPGMY Optimal Control

The vector of future optimal control signals, to minimise (76), follows from the condition for optimality in (77)

P Epn + Azzvu Wk,Nu AUt,Nu + -//L;k,zvu AUr,Nu =0

AU, =(Fpn + Ay Won ) P Ep ) (78)

An alternative solution of (77), gives:



AUI,NM = f;;,lNM (_T;T)/PtTJrk,NE +k,N ?é%}/l{k,Nu Ut,NM) (79)

Further simplification by noting the condition for optimality CZ%S,(,N =0 may be written, from (51), (54), (72) and

A

(74)as P, E +F°

CN, ™ Pt+k,N CN,t

AUSNM +(Fn, AU, y, ) =0, and becomes:

P DPt+k,N + (/l/;+k,N,,M{k,Nu + "Z;k,Nu )AUt,NM =0 (80)

CN .t

where Dy, v =Dp o v+ Copin A n Xt kIt). The vector of future optimal control becomes:

a1
AU, y, = (/l/;u(,/vu Min, +5cin, ) (_PCN,tDPHkn,N — G x(t+ k| t)) (81)

where from P, , =T/}, ,and C}, is defined as:
C;t :;PCNJC;’Hk,NAJrk,N YLTVPT+k,NC;[+k,NA+k,N (82)

An alternative useful solution follows from (80) as:

AU;,N,, = f-c';,lzvu (_PCN,tDPH-k,N _/2/;+k,Nu M{k,NuAUt,N” )

= f-c';,lzvu (_PCN,rDPt+k,N - C:»t)%(t +klt)— ‘/l/+k,Nu Wk,NuAUt,Nu )

t

The control law is to be implemented using a receding horizon philosophy. Let C,, =[1,0,....,0] and

C, =[0 1I,]so that the current and future controls are Au(t)=[1,0....,0]AU, , and AU/, =C,AU,,.

Theorem 2: NPGMYV State-Dependent Optimal Control
Consider the linear components of the plant, disturbance and output weighting models put in augmented state

equation form (12), with input from the nonlinear finite gain stable plant dynamics V), . Assume that the multi-
step predictive controls cost-function to be minimised, involves a sum of future cost terms, and is defined in vector

form as: J, = E{@" @° It} (83)

t+k,N = t+k,N

where the signal @)

+ko N

depends upon future error, input and nonlinear control signal costing terms:

0
czjt+k,N

=P, E +Fo AU, + 7y AU, (84)

CN ™= Pt+k.N CN .t



Assume the error and input cost-function weightings are introduced as in the GPC problem (46) and these are

=Ty, and F, = Ai,u . Also assume that the control

CN. t

used to define the block matrix cost weightings P

CN,t

signal cost weighting is nonlinear and is of the form (£ Au)(t)= (%, Au)(t—k), where % is full rank and
invertible operator. Then the NPGMYV optimal control law to minimize the variance (83) is given as:

UZ,N = f;;,lzvu (_PCN,ZDPHI(,N - C;t;c(t +klt)— /Z/Hk,Nu M{k,Nu AUt,Nu ) (85)

Ty T 2 Ty T
where A7, =FM o vBanl, v, and G =T, 1, yCoy A - The current control can be computed

using the receding horizon principle from the first component in the vector of future optimal controls. |

Solution: The proof of the optimal control was given before the Theorem. The assumption to ensure closed-loop

stability is explained in the stability analysis that follows below. ]

Remarks: The expressions for the NPGMYV control (81) and (85) lead to alternative structures for implementation

but the second in Fig. 2, is more suitable for implementation. Inspection of the cost term (84) when the input

costing F, is null gives®,, =P, E + 7 nU,, and the limiting case of the NPGMV controller is related

t+k,N t—Pt+k.N

to an NGMYV controller [12].

Plant  Controlled

Controller structure output
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, y_»
DPt+k,N§ p + = 1 AUt’Nu L i u W +
_:_> o | _ ‘FC/(NM b (l_le7 )7 C[[) i
+ Y +
-
[)
: '
» C T(t+k|t) ! Disturbances ~ V
0
. d, Auy(t—k) AUy,

Measured output or observations signal

Fig. 2: Implementation Form of NPGMYV State-Dependent Controller Structure



6. Stability of the Closed-Loop

For linear GMV designs stability is ensured when the combination of a control weighting and an error weighted

plant model transfer is strictly minimum-phase. For the nonlinear predictive control a nonlinear operator:

(147, (G B Cro+ i, e, )

must have a stable inverse (shown below). It will be assumed that the stochastic external inputs are null and the
only inputs are those due to the deterministic signals. The state:
x(t)= (=2 A) " T Byt ) +d, (1) =, (Buy(t +k) +d, () (86)
x(t+k)=@,, (5, u,t)+d,(t+k)) (87)

where @, = (I —z'.A)'z"". The predicted state X(t+k |t)=x(t+k) =

t+k

(B, u,(t)+d,(t+k))and from (85):

U,,= f;;,llvu (_P DPt+k,N - C;t)%(t +klt)— /l/;+k,Nu Wk,NuAUt,NM )

N CN,t

= f;;,lNu (_P

CN .t

DPt+k,N - C:zﬁt(pmkdd (t+k)- C;ijwkb,mk”"o(t) /Z/;+k,NM %A{k,Nu Ur,Nu ) (88)
Assuming the control costing is a linear model the condition for optimality (88):

t+k CN ,t

(f;k,Nu +C;$t¢t+k‘6) CIO}/Mk,Nu + ‘/l/;+k,Nu}/I4k,Nu )AUI,I_VM = (P DPt+k,N+C:z)t(pt+kdd (t + k))

The input nonlinear sub-system can be assumed finite-gain m, stable and M, AU,, may be written as

MWin, AU,y ) = [OK M) ... K Au)(t+N,)" T . The vector of future optimal controls becomes:

-1
ByCr i Wons) Faie( BaPriin Cu@rid,t B)  (89)

CN .t

AUt,Nu = (I+F$;,1Nu (C;td5

t+k
The NL Subsystem future outputs follows as M, AU, , —and the future plant outputs /% \ U, ;. It follows a

necessary condition for stability is that the operator that follows is finite gain stable:

7Z/r+k,Nu :‘(I-'-‘};';,]Nu (C;t¢t+k‘gt+kclo /l/;+k,Nu )M{k,Nu )71 (90)



6.1 Sufficient Condition for Stability and Robustness

If the output sub-system were linear time-invariant and not subject to uncertainty, a similar stability argument to
that in [14] could be used to argue from (89) that no cancellation of unstable modes could occur if the controller
is implemented in its minimal form. The robustness of the solution may be considered and a sufficient condition
for stability in the presence of uncertainty can be obtained by first noting the solution can be related to the well-
known Smith Predictor structure. To establish this equivalence consider the more usual problem, where system
outputs controlled are the same as those measured and where absolute control is costed. The algebra is similar to

the non-state-dependent problems considered in [13]. The controller, which should not be implemented in this
form, is shown in Fig. 3. The 7 (z') term in this solution is obtained by writing the Kalman filter loop in terms

of the operator equations that follow:
Estimator: Ry =7 1 @V =d )+ 7 5 (27 gt = k)
The transfer operators here: 75 (HY=U-7"'I- L C)A )_I/Cf[_1
T @Y =A=' U= LG AN (U G4 E)B " f6,.48,)
Unbiased estimates property: QObserve that for the Kalman filter to be unbiased:
ZhENCR, B+ E)+ T,z ) =8,

The parallel paths in Fig. 3, from control input are useful if the plant has an additive uncertainty of the form
W =W +AW . The diagram in Fig. 3 may then be redrawn as shown in Fig. 4.

For the sufficient condition for optimality note that the operator 77, v, actually represents the internal feedback

loop in Fig. 5. Thus the operator S representing the path between ¢ and u includes this stable sub-system and the

Kalman filter sub-system. The operator S1and uncertainty model S, = A}4/ can both therefore be assumed stable.

The small gain theorem [15], can now be invoked to provide a sufficient condition for stability. Recall this can be

used to establish input-output stability conditions for a feedback system. It provides a sufficient condition for

finite gain [p stability of the closed-loop system. If two input-output stable systems S; and S> are connected as
shown in a feedback loop, then the closed-loop is input-output stable if the loop gain"S1 ||||Sz|| <1, where the norm
used is any induced norm. To deal with unstable signals the space £, , (see [16]) is used, where the upper limit

of the norm summation is finite. The sufficient condition for stability requires ||Sl || <1/ ||A)/l/ || so the gain of the

inner feedback loop term should be sufficiently small when the uncertainty is large.
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Fig. 3: Nonlinear Smith Predictor Implied by NPGMYV Compensator Structure

AU, , = (I+f%;,lNu (C;ij

t+k

S
’ngCIO /l/+k7Vu)M4k,Nu) T’Z;k,zv,,( F BPHk,N C;z¢f+kdd(t k))

t CN .t
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Fig. 4: Feedback Loop when Additive Uncertainty Included

6.2 Cost Weightings and Relationship to Stability

Say there exists a PID controller that will stabilize the nonlinear system, without transport delay, then a set of cost

weightings can be defined to guarantee the existence of this inverse and hence ensure the stability of the closed-

loop. A stabilising control law can be found from cost-function weightings derived below. Assume Ai,u -0,

then from (54) &, v =T, 1. x}hrinT, » and from (89):

t



-1
Bmccm + ZtT%’:-k,N)/PHk,N]; )M{k,Nu ) f;;,lNu (_P DPt+k,N - C;t@mcdd (t+ k))

CN,t

AU,, —> (1+fc;,'Nu (@

t+k

In the case of a single-step cost with a through term the matrix };,,, v =&, v can be assumed square and non-

singular. In the case N = 0 )/Pt,N = é;at and PCN.r = ]—;T)/I”Z-+k,N = )/Pik,N = é;7;+k ’ C;t = é;;THkC)pt-v-k : HCHCC,
-1 oT -l -1 T
”(t) - (1+‘FCI< é;mfk (C;mkgbmkziwclo + é;mk )M{k) f;k gpt+k (_DPH-k,N - C7pt+k¢t+kdd (t + k))
Also assume the dynamic weighting is on the plant outputs y , (f) = P.(z")y() then& ik Tk @B = B,
-1
u(t) —> (I+f-c';1£:;+kpcl/’{)’k)/l/l'k) ‘}-C';l p7;+k (_DPt+k,N - q;z+k(pl+kdd (r+ k)) (91)

The term (I + f;;lé’pakl’c MW, MY, ) may be interpreted as the return-difference operator for a nonlinear system

with delay-free plant ¥/ = 24/ )4/, . Thus, if the plant has a controller K, that stabilises this model, the ratio of

. . —1 T
weightings can be chosen as # ' &),

PC = KPID N
An extension of this idea is when a set of controllers say Ki; (" for i=],...,nk stabilise the system then a set of

weightings can be defined to satisfy (.7-;;15 !

sowke); = K, . The best robust cost-weightings can then be chosen

using a technique like Monte-Carlo simulation covering a range of uncertainty [17].

7. NPGMY Special Simple Form

In some cases the nonlinear system can be represented by the state-dependent model only and the black-box model

Wk can be set equal to the identity 4/ =1 (so that }/I{k’N =1, ). In this case u,(f) = u(r) and the control

weighting involves a combination of the constant A}, and dynamic %, «.v Weighting terms. From (80):

F (DPt+k,N + C’Pt+k,N‘/4t+k,N‘£(t +kl t)) + (‘/l/z‘Jrk,Nu + f;k,Nu )AUt,Nu =0 (92)

CN,t

The vector of future controls:
-1
AU, , = (/l/;+k,NM + f;k,Nu ) (_PCN,tDPt+k,N - C;Z)%(t +kl t)) (93)

_ Ty T 2 _ Ty, T _ Ty, T
where '/l/t‘-#k,Nu _;u/%t+k,N)/Pt+k,NT;4 N, PCN.t _Tu )/I'>r+k,N and C;t _Tu M’r+k,Né;r+k,N“4+k,N .

u



7.1 Special Weighting Case

Assume the dynamic control weighting £ (z') is linear, or alternatively, has a nonlinear decomposition into a

non-dynamic or constant term .%, and an operator term.%.(z'), including at least a unit-delay
F(ZY=F"+F"(z") . In this case further simplifications arise and there is no algebraic loop. Note the

block version of these functions, involves the decomposition of %, , into terms .~ , and.%., (z”'). Hence
Ny SNy >Ny
the algorithms may be simplified by substituting %, (=7 N, T For N, (z™"). From (92)
CN,t

(P Dy + Gt + K 10) + (A, + Pl JAU, x, + P, (2 DAU, =0

Thence for a linear control costing:

—1 N
AU:,N,, = (‘/l/wk,Nu + ‘;;Z,Nu ) (_PCN,tDPl+k,N - C;n Mt klt)— '/ZEZ,NM (ZAI) Ut,Nu ) 94)
where &, =T/, \CornAun and P, =T/} [, . Similar results can be obtained when 4/, (z) can be

decomposed as (V\/lku)(t) =Gu(t)+G (u(t)) . This algorithm is the simplest NPGMYV solution shown in Fig. 5.

Controlled
Controller Structure Yy output
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i DPr+k,N + _ ! 3 W + Zm
; a = -1
" Fa (i, + i) 4 Co [P 0= B > F—Q——>
i + - 8 + T
T
> C)t)e(l +kI t) f;z N, (z 1) < Distul;bances Vi
,,,,,,,,, A A A
dd e dd Zik 1 TETTIPR
Au(t —k) Measurements or observations signal

Fig. 5:  Simplified NPGMYV Controller Structure for Predicted State Feedback



8. Multivariable Control of a Two-Link Robotic Manipulator

One of the application areas for nonlinear predictive control is in industrial robotics, where the reference trajectory
for the robot manipulator is defined in advance (welding or paint spraying robots). Consider for example a planar
manipulator with two rigid links. The objective is to control the vector of joint angular positions g with the vector

of torques 7 applied at the manipulator joints, so that they follow a desired reference trajectory g, This problem

was analysed in [18], and it was shown that a multi-loop PD controller could be used to control the links to desired

fixed positions.

System model: The dynamics of the system are highly nonlinear and may be described by the following
continuous-time coupled differential equations:

HE HE

This equation may be written in the following more concise differential equation matrix form:

~hq,+d, —h(q' +q 2)
hq, d,

8
8>

gl

H2 1 H22 TZ

H(q)g+C(q,9)g+8(q) =7 (95)

The H(q)1s termed the inertia matrix, C(q,q)q is a vector of Centripetal and Coriolis torques, and g(g) is a
vector of torque components due to gravity. The parameters d, and d, represent the system damping due to
friction (in the “ideal” nominal case d, = d, =0). Assume the manipulator is operating in the horizontal plane, so
that g(¢) =0. The components of the matrix H are defined as:
Hy, =a, 2ajcosq, 2a,sing,, Hjs=H, af a,cosq, a,sin % H, =a,

The parameters h=a,sing, —a,cosq, and a, =1 +ml + 1, +ml, +ml’, a,=1,+ml,, a,=m,]ll,cosd,
and a, =m,1[ [ ,sind,. The following numerical values of parameters were used for the simulation trials m, =1,
[,=012,1 =1,1,=05m,=2,1,=025,1, =0.6, 6, =307 (see [18])). The above system has the state-

dependent equation form. This is clear by rewriting the previous equations, where the invertability of the matrix

H is a physical property of the system, as:
q 0 I q 0
-).Cq il I -1 + . . -1 T
q] [0 -H (9)C(@ ] q] [H (9)

y=g [0 Hj@(é])ﬂd)][ﬁ H™'(g)r (96)



8.1 Two Link Robot Arm State-Dependent Solution

It was noted above that the two-link robot arm equations are in fact in a natural state-dependent form. In this case
the input sub-system can be replaced by the identity and all the non-linear model can be absorbed in the state-
dependent output sub-system. The control costing term is linear in this case and hence the solution is given by
equation (94) and the controller can be implemented as in Fig. 5. The performance of the unconstrained NPGMV
controller is shown in Fig. 6 for a changing reference and stochastic disturbance inputs. The interaction is clearly
evident leading to large torque changes. The results for a well-tuned PID controller (actually PD terms) are also
shown in Fig. 6. Note that the PID controller did not include any rate limits on plant inputs, as in the original
publication, but the predictive control solutions both included such limits (in the constrained case taken account

of directly). The PID becomes unstable with such limits and the predictive control results are therefore impressive.

To reduce the amplitude of control signals the constrained solution can be applied, which means applying a
quadratic-programming solution to minimise (83), using the same matrices involved in (94). The area where the
largest changes arise is illustrated in the expanded time-scale shown in Fig. 7. Implementing the constrained
solution using quadratic programming is relatively simple in this NPGMYV case. It is not of course very meaningful
to compare the actual values of the dynamically weighted NPGMV cost-function. This only serves as a
mathematical means to obtain desired system properties and by definition the optimal NPGMYV controller will
always provide the lowest cost for the NPGMYV cost-function. The Table 1 of variances below has therefore been
computed for the individual plant inputs and outputs, to enable a comparison of the different controls. Clearly a
dynamically weighted predictive controller does not minimise the variances of these signals (this would require a
minimum variance controller). The cost-function is simply a mechanism for controller design, like frequency
response shaping of the sensitivities. This is also a multivariable problem, and it is not therefore simply variances
that are important. Clearly cost weighting gains can easily be modified to change the importance of limiting
particular inputs and outputs. Since the plant rate limits were only applied to the predictive controls the results are

good as mentioned.

Table 1: Variances for PD and NPGMYV Unconstrained and Constrained Controllers

RMS error (1) RMS error (g2) St Dev (11) St Dev (12)
PD 12.20 4.21 240.45 146.90
NPGMYV Unconstrained 8.10 6.90 517.48 313.59
NPGMYV Constrained 12.75 1.27 206.23 243.84
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9. Concluding Remarks

The NPGMYV control design problem for a state-dependent system involves a multi-step predictive control cost-
function and future set-point information. The tracking results are more general than for NGMV designs because
of the ability to distinguish between signals that are to be penalized and those which are measured. The use of
either incremental control or control costing terms over a control horizon and control profile determined by the
connection matrix, adds to the generality of the results. The simplified control structure has been shown to be
particularly valuable for real applications, and avoids any algebraic-loop problem. The NPGMYV control has the
property that if the system is linear then the controller reduces to the Generalised Predictive Controller for state-
dependent systems. The NPGMYV controller offers greater flexibility compared with the NGMV and NGPC

controllers, at the expense of some additional complexity in the implementation ([19], [20]).

10. References

1. Grimble, M J, 2004, GMV control of nonlinear multivariable systems, UKACC Conference Control 2004,
University of Bath, 6-9 September.

2. Kothare, M. V., V. Balakrishnan and M. Morari, 1996, Robust constrained model predictive control using
linear matrix inequalities, Automatica 32(10), pp. 1361-1379.

3. Michalska, H. and D. Q. Mayne, 1993, Robust receding horizon control of constrained non-linear
systems, IEEE Transactions on Automatic Control, 38, pp.1623-1633.

4. Kouvaritakis, B., M. Cannon and J.A. Rossiter, 1999, Nonlinear model based predictive control, Int. J.
Control, 72(10), pp. 919-928.

5. Mayne, D.Q., J.B. Rawlings, C.V. Rao and P.O.M. Scokaert, 2000, Constrained model predictive control:
stability and optimality, Automatica 36(6), pp. 789-814.

6. Allgower, F., and R. Findeisen, 1998, Non-linear predictive control of a distillation column, International
Symposium on Non-linear Model Predictive Control, Ascona, Switzerland.

7. Camacho, E.F., 1993, Constrained generalized predictive control, /EEE Transactions on Automatic
Control, 38, pp. 327-332.

8. Hammett, K. D., 1997, Control of Non-linear Systems via State-feedback State-dependent Riccati
Equation Techniques, Ph.D. Dissertation, Air Force Institute of Technology, Dayton, Ohio.

9. Grimble M.J. and Johnson, M.A, 1988, Optimal control and stochastic estimation, Vols. I and II, John
Wiley, Chichester.

10. Kwon W.H. and Pearson, A.E., 1977, A modified quadratic cost problem and feedback stabilization of a
linear system, IEEE Transactions on Automatic Control, Vol. AC-22, No. 5, pp. 838-842.



11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

Grimble, M.J., and Majecki, P., 2010, Polynomial Approach to Nonlinear Predictive Generalized
Minimum Variance Control, IET Control Theory and Applications, Vol.4, No.3, pp. 411 — 424.

Grimble, M and Majecki, P., 2013, Non-linear generalised minimum variance control using unstable state-
dependent multivariable models, IET Control Theory and Applications, Volume: 7 , Issue: 4, pp. 551 —
564, DOI: 10.1049/iet-cta.2011.0706.

Grimble, M.J., and Majecki, P., 2010, State-Space Approach to Nonlinear Predictive Generalized
Minimum Variance Control, Int.J. of Control, Feb., Volume 83, Issue 8, pp. 1529-1547, ISSN 0020-7179.
Grimble, M J, 2005, Non-linear generalised minimum variance feedback, feedforward and tracking
control, Automatica, Vol. 41, pp. 957-969.

Zames, G., 1966, On the input-output stability of time-varying nonlinear feedback systems, part i:
Conditions derived using concepts of loop gain, conicity, and passivity, IEEE Trans. on Aut. Control, Vol.
AC-11, No. 2, pp. 228-238.

Grimble M. J., Jukes K A and D P Goodall, Nonlinear filters and operators and the constant gain extended
Kalman filter, IMA Journal of Mathematical Control and Inf., Vol. 1, pp. 359-386, 1984.

Borhan H and E Hodzen, 2014, A Robust Design Optimization Framework for Systematic Model-Based
Calibration of Engine Control System, ASME Internal Combustion Engine Division Fall Technical
Conference, Keynote Paper, Columbus, Indiana.

Slotine J. J. E and Weiping Li, 1991, Applied nonlinear control, Prentice-Hal Inc., Englewood Cliff, New
Jersey, ISBN: 0-13-040890-5.

Grimble, M J, 2006, Robust industrial control, John Wiley, Chichester.
Grimble, M J, and P Majecki, 2005, Nonlinear Generalised Minimum Variance Control Under Actuator
Saturation, IFAC World Congress, Prague, Friday 8 July, 2005.


http://ieeexplore.ieee.org/xpl/tocresult.jsp?isnumber=6544362
http://dx.doi.org/10.1049/iet-cta.2011.0706
http://proceedings.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Hoseinali+Borhan&q=Hoseinali+Borhan
http://proceedings.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Edmund+Hodzen&q=Edmund+Hodzen
http://scholar.google.com/citations?view_op=view_citation&hl=en&user=TcREpMQAAAAJ&citation_for_view=TcREpMQAAAAJ:qjMakFHDy7sC

	Michael John Grimble1 and Pawel Majecki2
	1. Introduction
	2. Non-linear Operator and State-Dependent System
	2.1 Signal Definitions
	2.2  State-Dependent Sub-System Models
	2.3  Total Augmented System
	2.4  Definition of the Augmented System Matrices

	1. Controller
	3. State-Dependent Future State and Error Models
	3.1  State Estimates Using State-Dependent Prediction Models
	3.2  Vector Matrix Form of Equations
	3.3   Predicted Tracking Error
	3.4  Time-Varying Kalman Estimator in Predictor Corrector Form

	4. Generalized Predictive Control for State-Dependent Systems
	4.1  Connection Matrix and Control Profile
	4.2   State Dependent GPC Solution
	4.3  Equivalent Cost Optimization Problem
	4.4  Modified Cost-Function Generating GPC Controller

	5. Nonlinear Predictive GMV Optimal Control
	5.1  The NPGMV Control Solution
	5.2   NPGMV Optimal Control

	6. Stability of the Closed-Loop
	6.1 Sufficient Condition for Stability and Robustness
	6.2 Cost Weightings and Relationship to Stability

	7. NPGMV Special Simple Form
	7.1   Special Weighting Case

	8. Multivariable Control of a Two-Link Robotic Manipulator
	8.1 Two Link Robot Arm State-Dependent Solution

	9.   Concluding Remarks
	10.   References

