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Abstract

This paper is concerned with the stability and numerical analysis of solution to highly
nonlinear stochastic differential equations with jumps. By the Ito formula, stochastic
inequality and semi-martingale convergence theorem, we study the asymptotic stability
in the pth moment and almost sure exponential stability of solutions under the local
Lipschitz condition and nonlinear growth condition. On the other hand, we also show
the convergence in probability of numerical schemes under nonlinear growth condition.

Finally, an example is provided to illustrate the theory.

Key words: Poisson random measure, Nonlinear stochastic differential equations, Asymp-

totic stability, Numerical analysis.



1 Introduction

During the past few decades, stochastic models that incorporate jumps have been proved
successful at describing unexpected, abrupt changes of state and have been used with great
success in a variety of application areas, including biology, epidemiology, mechanics, etc. In
particular, they are used in mathematical finance in order to simulate asset prices, interest

rates and volatilities [5,12].

Recently, qualitative theory about the existence and stability of SDEs with jumps have
been studied intensively for many scholars. For example, Applebaum [1-3], Li [16], Rong [31],
Yin [38], Yang [39] and Zhu [40]. Meantime, explicit solutions can hardly be obtained for SDEs
with jumps. Thus appropriate numerical schemes such as the Euler (or Euler-Maruyama) are
needed to apply them in practice or to study their properties. Here, we refer to Bruti-Liberati
6], Chalmers [7], Gardon [8], Higham [9,10], Liu [19], Platen [30] and references therein. For
above mentioned papers, most of the existing convergence and stability theory require the
coefficients of SDEs with jumps to satisfy linear growth condition. In fact, this condition is
often not met by many systems in practice and the existing results of convergence and stability
are somewhat restrictive for the purpose of practical applications. For example, consider the

following SDEs with jumps:

dx(t) = f(x(t))dt+g(x(t))dw(t)+/0 h(xz(t—),v)N(dt,dv), (1.1)

where Poisson random measure N (dt,dv) is generated by a Poisson point process p(t) (see

Section 2 for more details). Here

flz) = —2x — gm?’, g(z) = 2% and h(z,v) = 0.1v(z + 2?).

Obviously, the coefficients f, g, h satisfy the local Lipschitz condition but they do not satisfy
the linear growth condition. Hence, we cannot apply the convergence and stability results
([2],[6],18],[9],[10],[38],[39],[40]) to equation (1.1). Therefore, it is very important to establish

the convergence and stability theory of SDEs with jumps under some weak conditions.

In the past few decades, many authors devoted themselves to find the other conditions to

replace the linear growth condition. By using the Lyapunov-type functions, a lot of important



results have been obtained by many scholars under the Khasminskhii-type conditions. For
example, in terms of Lyapunov functions, Khasminskii [14] first investigated the existence
and stability of solution for SDEs under the local Lipschitz condition. Next, Mao [23,24,26]
extended the Khasminskii theorem ([14]) to the case of stochastic differential delay equations
(SDDEs) and obtain the almost sure asymptotic stability of solution to SDDEs. Based on
[24,26], Mao [28] also studied the almost surely asymptotic stability of the neutral SDDEs
with Markovian switching. Meanwhile, under the Khasminskhii-type conditions, some au-
thors studied the convergence of numerical solutions for stochastic differential systems. By
using the Lyapunov functions, Marion [21] studied the convergence in probability of the Euler
approximation to the exact solution for SDEs. Subsequently, Li [20] and Yuan [37] extended
the results of Marion [21] to the case of SDDEs with markovian switching, respectively. Milo-
sevic [22] studied the numerical solution of highly nonlinear neutral SDEs with time-dependent

delay under the Khasminskhii-type conditions.

Although above mentioned works are very important and general, many SDEs obey these
Khasminskhii-type conditions derived by the Lyapunov approach, but the greatest disadvan-
tage of this approach is that no universal method has been constructed which enables us
to find a Lyapunov function or determine that no such function exists. For example, Kol-
manovskii [15] and Li [20]. In order to avoid constructing Lyapunov functions, the other
general conditions are needed to satisfy highly nonlinear stochastic differential systems. For
example, Boulanger [4] provided the polynomial growth condition and prove that there exists
a control Lyapunov function such that single input nonlinear stochastic systems is asymptoti-
cally stable; Wu [34] assumed the coefficients of SDDEs to be polynomial and established the
existence-and-uniqueness theorems of the global solution; In the meantime, Wu [35] and Liu
[17] considered the suppression and stabilization of noise for stochastic differential systems.
Under the polynomial growth condition, they showed that the noise perturbation may ensure
the corresponding stochastic perturbed system is almost surely exponentially stable. Further,
Wu [36] extended the results on stochastic suppression and stabilization of [35] to the case of
SDDEs. Besides, many researchers also focused on the numerical solution of a class of highly
nonlinear SDEs. In particular, they proved that numerical solutions converge to the true solu-

tions in the strong sense under the polynomial growth condition. For detailed understanding



on this, please refer to Hutzenthaler [11], Kumar [13], Mao [27], Szpruch [32], Sabanis [33].

Motivated by equation (1.1) and [11,27,33,35], we consider a class of nonlinear SDEs with
jumps:

dx(t) = f(z(t))dt + g(x(t))dw(t) + /Zh(x(t—),v)]\/'(dt,dv), (1.2)
on t > 0. To the best of our knowledge, there are no literatures concerned with the related
results on stability and numerical solution of SDEs with jumps under nonlinear growth con-
ditions. By using the Ito formula, stochastic inequality and nonnegative semi-martingales
convergence theorem, we prove that SDEs with jumps (1.2) is the asymptotically stable in
the pth moment and almost surely exponentially stable under nonlinear growth conditions;
Meantime, we show that the approximate solution converges in probability to the true so-
lution of equation (1.2) under above mentioned conditions. Comparing with [11,27,33,35],
the proof about stability and convergence of numerical solution for SDEs with jumps is not
a straightforward generalization of that for SDEs without jumps. Unlike the Brown process
w(t) whose almost all sample paths are continuous, the Poisson random measure N(dt, dv)
is a jump process and has the sample paths which are right-continuous and have left limits.
Therefore, there is a great difference between the stochastic integral with respect to the Brown
process and the one with respect to the Poisson random measure. As a result, those results

of [11,27,33,35] cannot be naturally extended to the jumps case.

In this paper, we prove that SDEs with jumps is asymptotically stable in the pth moment.
However, most of the existing results on SDEs with jumps are about the exponential stability
[1,2,38,39], while little is known on the asymptotic stability. Until recently, based on Mao’s
work [25], Zhu [40] studied the asymptotic stability in the p-th moment and almost sure
stability for SDEs with Levy jump under the Lipschitz conditions and linear growth conditions.
Unfortunately, the existing Theorem 3.2 for asymptotic stability in the p-th moment stability
of SDEs with jumps require the operator LV (2.3) of [40] have the same order as some certain
function at some instants. In fact, we will encounter a problem when we attempt to apply

Theorem 3.2 of [40] to deduce the asymptotic stability in the p-th moment stability of the



solution. Let us consider equation (1.1). If we choose V (¢, z) = 22, then LV operator becomes

Lob 5
LV(t,x) = —4lz* —4|z|* + / {[5(1 +0.1v)% — 1]|z)* + gO.Olv2|xl4}7r(dv)
0
< —(2—+Ve—0.05%) x> — (4 — O'Sﬂeg)|x|4.

Here, the terms —(4 — %62>|$|4 which has a higher degree than the degree of V', appear on
the right-hand side and these prevent Theorem 3.2 of [40] from being used. It is due to this
problem that we see the necessity to develop new stability crireria for SDEs with jumps under
nonlinear growth conditions. In addition, although there exist a number of works concerned
with exponential stability and numerical solutions for SDEs with jumps, those results in
2,3,6,9,10,30] cannot cover a wide range of highly nonlinear SDEs with jumps. In this case,
we prove that SDEs with jumps (1.2) is almost surely exponentially stable and show that the
approximate solutions converge in probability to the true solutions of equation (1.2) under

nonlinear growth conditions.

The rest of the paper is organized as follows. In Section 2, we introduce some notations
and hypotheses concerning equation (1.2); In Section 3, by applying the Ito formula, stochastic
inequality and semi-martingale convergence theorem, we study the asymptotic stability in the
pth moment and almost sure exponential stability of solutions to equation (1.2); While in
Section 4 we investigate the convergence in probability of the numerical schemes (4.2) to
equation (1.2) under above mentioned conditions; Finally, we give an example to illustrate

the theory in Section 5.

2 Preliminaries and the global solution

Throughout this paper, unless otherwise specified, we use the following notation. Let |z|
be the Euclidean norm of a vector x € R". If A is a matrix, its trace norm is denoted by
|A| = y/trace(AT A). Let (Q, F,{F:}t>0, P) be a complete probability space with a filtration
{Fi}i>0 satisfying the usual conditions (i.e. it is increasing and right continuous while Fy
contains all P-null sets). Let w(t) = (wi(t), -, wn,(t))T be an m-dimensional Brownian

motion defined on the probability space (€2, F, P).



Let {p = p(t),t > 0} be a stationary Fi-adapted and R™-valued Poisson point process.
Then, for A € B(R"—{0}), here 0 ¢ the closure of A, we define the Poisson counting measure

N associated with p by

N((0,8] x A) == #{0 < s <t,p(s) € A} = > L4(p(s)),

to<s<t

where # denotes the cardinality of set {.}. For simplicity, we denote N (¢, A) := N((0,t] x A).

It is known that there exists a o- finite measure 7 such that
exp(—tm(A))(r(A)t)"

E[N(t, A)] = n(A)t, P(N(t,A) =n) = o

This measure 7 is called the Lévy measure. Moreover, by Doob-Meyer’s decomposition the-
orem, there exists a unique {F;}-adapted martingale N (¢, A) and a unique {F;}-adapted

natural increasing process N (¢, A) such that

N(t,A) = N(t,A) + N(t,A), t>0.
Here N(t, A) is called the compensated Poisson random measure and N (¢, A) = w(A)t is called
the compensator. For more details on the Poisson point process and Lévy jumps, see [1,31].

In this paper, we assume that Poisson random measures N is independent of Brownian

motion w. For Z € B(R" — {0}), consider a nonlinear SDEs with Poisson random measures

do(t) = Fla(t)dt+ gla(t))dw(t) + /Z h(a(t—), O)N(dt, dv), t>0, (21
with initial value z(0) = zo € R™, where
f:R"—=R"', ¢g:R"— R"™ and h:R"xZ — R".
The well known conditions imposed for the existence and uniqueness of the global solution

are the local Lipschitz condition and the linear growth condition (see e.g. Applebaum [1], Mao

[25]). To be precise, let us state these conditions.

Assumption 2.1 (The local Lipschitz condition) For each integer d > 1, there exist a positive

constant k; such that

fly )|2\/|g( ) — g < ka(lz — y]?),
/|hx 0) — h(y, v)Pr(dv) < ka(lz — y).

for any x,y € R™ with |z| V |y| < d.



Assumption 2.2 (The linear growth condition) There is a positive constant k such that

[f(@)* v 1g(@)]* v /Z [h(z, v)|*m(dv) < k(L + |z]),

for all x € R".

In this paper we shall retain the local Lipschitz condition but replace the linear growth
condition by a more general condition in order to guarantee the existence of a unique global

solution. Let us now propose our more general conditions.

Assumption 2.3 For any x € R" and v € Z, there exist positive constants k;, q;, (i = 1,2, 3)
and a bounded function h(v) such that

[f@)]? < k(L4 [2]"F2), Jg(a)* < ka1 + [a|=7?)
and
[h(z,v)[* < ks(1+ |2]#7%)A(v),
where Cy, = [, h(v)w(dv) < oco.

Assumption 2.4 For any x € R™ and v € Z, there exist positive constants o, B, i, (i =

1,2), such that

-1
2" f () + E—lg(@)? < —aufaf? - agla

and

|z + h(@, )] < h(v)(Bi]a]* + ol "2).

We will denote by C([0, oco] x R™; Ry ) the family of continuous functions from [0, co) x R"
to R,. Also denote by C*!'(R, x R" R,) the family of all continuous non-negative functions
V(t,x) defined on R, x R", they are continuously twice differentiable in x and once in t.

Given V € C?Y(R, x R™; R, ), we define an operator LV : R, x R" — R by

LV(t,x) =Vi(t,x) + Vp(t,z)f(x) + %tmce[gT(a:)Vm(t, x)g(z)]

+ /Z[V(t,x + h(z,v)) = V(t, z)]m(dv), (2.2)



where

av(t, v (t, oV (t,
Vi(t,z) = %, Va(t,2) = ( ailx),... 7 8(33 33)))
92V (t, )
%Z(t7m> N ( 3@8% )nxn‘

Theorem 2.1 Let Assumptions 2.1 and 2.4 hold. If
200 — 1C; +7(Z) >0, 71 > and 2as > (5205, (2.3)

then for any given initial data x¢, there is a unique global solution x(t) to SDEs with jumps

(2.1) on t € [0,00). Moreover, the solution has the property that

/Oo Elz(t)|?dt < oo, (2.4)

for any ¢ > 0.
The proof of this theorem is rather standard and we omit it here.

Remark 2.1 If y; = 7, it is necessary for us to prove Theorem 2.1 by using 2as > 5,C5;
If 71 > 79, we can relax this condition 2ay > [5C7 and only require as > 0. Meanwhile, we

also obtain an important result (2.4) which is known as the H..-stability.

3 Asymptotic Stability of Solutions

In this section, we will discuss the asymptotic behavior of solution, including the asymptotic

stability in the pth moment, almost sure exponential stability.

Theorem 3.1 Let Assumptions 2.1, 2.3 and 2.4 hold. If

oap—PCr,+m(Z) >0, 1> % and agp > 3 C5 (3.1)

where C;,, = [, 2271 (h(v))27(dv), then for any given initial data zy, the unique global
solution z(t) has the property that

1 y—
tli)rglo Elz(t)P =0 (3.2)

for any p > 2.



Proof. The proof is rather technical and we divide it into two steps.

Step 1. Let we show that Elz(t)[? € L'(R,;Ry). By the Ito formula (see [1]) to
V(t,z(t)) = |z(t)[P, we have

2O = |2 + / LV (s, 2(s))ds + / pla(s)P2(s) T g(a(s))du(s)
" / / (s—) + h(x(s—), v)IP — a(s—) 1N (ds, dv), (3.3)

where

_ p _
LV(s,2) = plaP e f(2)+ Bl 2lg(o)

=Dyt Tg(@)P + | o+ Al o) [oPln(ao)
Taking expectation on both side of (3.3), we get
B(e(0F) = Bl +E | pla(s)P () f(a(9) + L la(als) s
—l—E/O /Z[]ac(s—) + h(z(s—),v))[P — |z(s—)[P]r(dv)ds. (3.4)

By the basic inequality |a + b|2 < 227!(]a|2 4 |b|2) and assumption 2.4, it follows that
t p
E(lz@)[") = Elxol” + E/ [(—aap + B¢ Gy, — w(2)) |2 (s) [P
0
—agpla($)" 7 + 85 G la(s) 5 #7lds,

where C,, = [, 25— Nzw(dv). Let Co = aip— 51%05,]0 + 7(Z), recalling that

D2

" 2= o apP - BiCrp+m(Z) >0 and asp > B5Ch

we see that there is a positive constant C' € [0, Cp] such that

—aoplz(s)[" + B Crpla(s)|'F < G, Va e R (3.5)
Hence
E(a(®)P) = Elsol — (axp — BECry + (2 / [5(s)lPds. (3.6)

Note that agp — B?C’;L’p +n(Z) —C > 0, it follows from (3.6) that

t
1
E/ 2(s)Pds < _ _Elzol?.
0 arp = B Chp+7(Z) = C

9



Using the Fubini theorem and letting ¢t — co, we obtain that
/ Elz(s)[Pds < 0.
0

Step 2. Now we prove that E|x(¢)[? is uniformly continuous on [0, 00). By the Ité formula,

for any t > s, we have
Elz(t)]” = Elx(s)’ +pE/ [2(0) P22 (0) " f(a(0))do

o)[2|g(x (o)) *do

+E / t /Z [2(0—) + h(z(o—), )" — |2(o=)P]r(dv)do.
Then, by assumption 2.3, we have
Bla(t)l” — Elx(s) / 2(0)Pdo + L1 / (12(0) "2 + (o)) dor
+MM / (j2(e)P2 + [a(o)P+)do
+E/ / lz(o (2(a=), V)P — |2(o—)P]x(dv)do. (3.7)

Using the basic inequality a"b'™" < ra + (1 — r)b for any r € [0, 1], we derive that

ki|z(0) P2 < k(1 (|2(0)[P)' 7]
2 2
< 5/%1 +(1- 5)/%1\1;(0)\? < 2ky + kylz(o)|P. (3.8)
Similarly, we get
k’g‘ﬂ?(O’)‘piQ S 2k2+k‘2‘$(0’)‘p (39)

On the other hand, by the basic inequality (see [25]), there exists a € > 0 such that

1
2(0-) + hlalo) )P < (1R ClaCe(o—),0) +lalo-)P).
Then, assumption (2.3) implies that

[2(0=) + h(a(o=),0)[ < (14 e7T)" 1{ [(2k3h(0)) 2 (1 + (o) 23] + Ja(o—) P}

10



Letting ¢ = (1/2ksh(v))P~!, we obtain

lz(o—) + h(z(o=),0)]P < (1+1/2ksh(v))P(1+ |z(c=)]P + |z(c—)|2B+D). (3.10)
Inserting (3.8),(3.9) and (3.10) into (3.7), it follows that

|Elz@)]P — Elx(s)]"|
' ' p ' p p+B1 p(p - 1) ptB2
< Cy | do+Cy | Elx(o)Pdo + [2k1E|x(a)| + 5 kyE|x(o)|
+Cy Bl (0) 2% D] do

—1 _
S [Cl + CQE|ZEO|p + gk1E|I’0|p+’31 + %k‘gEWl‘ovﬂ—ﬁQ + CB7pE|£L‘O|g(63+2)](t — S),

where

qm:/u+ sh(v)Pr(dv), Cr = phi+ p(p — ks + Ci,.
7

_pEpk pp—1)

C.
2 9 9

kJQ + Cﬁ7p — W(Z)

This implies that E|x(¢)|P is uniformly continuous on [0, 00). Finally, similar to the proof of

[29], we can derive that

lim Elz(t)|P =0,

t—o00
for any p > 2. Then the proof of Theorem 3.1 is completed.

Remark 3.1 From (3.2), we have that SDEs with jumps (2.1) is asymptotically stable
in pth moment. In particular, when p = 2, the condition (3.1) of Theorem 3.1 becomes the
condition (2.3) of Theorem 2.1, then equation (2.1) has a unique solution z(¢) and the solution
x(t) is asymptotically stable in 2th moment.

Remark 3.2 It should also be mentioned that Mao [25] and Zhu [40] have studied the
asymptotic stability of solutions for SDEs and SDEs with jumps, respectively. But the main
results of [25] and [40] rely on the linear growth condition. Obviously, their results can not
be used in this paper, the corresponding results of [25] and [40] on asymptotic stability are
improved and generalized.

Next, we will study the almost sure exponential stablity of equation (2.1).

Lemma 3.1 (see [18],[25]) Let A(t), U(t) be two Fi-adapted increasing processes on ¢ > 0
with A(0) = U(0) = 0 a.s. Let M (t) be a real-valued local martingale with M (0) = 0 a.s. Let

11



¢ be a nonnegative Fy-measurable random variable. Assume that x(¢) is nonnegative and
x(t) =C+A({t) - Ut)+ M(t) for t>0.
If limy; 0 A(f) < 00 a.s. then for almost all w € €,

lim z(t) < co and lim U(t) < oo,

t—00 t—00
that is, both z(t) and U(t) converge to finite random variables.

Theorem 3.2 Let Assumptions 2.1, 2.4 and condition (3.1) hold. Then for any given
initial data xq, the unique global solution x(¢) has the property that

1
lim sup ;lOg(|36(t)|) < _%

t—o00 o

(3.11)

for any ¢ > 0.

Proof. For any ¢t > 0 and ¢ > 0, applying the Ito formula to eV (¢, z(t)), we have
t
eVt x(t) = V(0,20) = / e [LV (s,z(s)) + eV (s,z(s))]ds + M(t), (3.12)
0
where
t
M) = [ Vil ats)gls. as)duls)
0
t
+/ / e[V (s,z(s—) + h(z(s=),v)) = V(s,z(s—))|N(ds, dv)
0o Jz
is a local martingale with the initial value M (0) = 0. By assumption 2.4, we compute
t
/ e“[LV (s,x(s)) + eV (s, z(s))|ds
0
t 2 B Y
< / *[(e — awp + B{ Crp — m(2)) | (s) [P — aopla(s)[P™ + 85 Chplz(s)] 2 7).
0
Recalling (3.5), we have
t t p N
/ (LY (s, 3(s)) + £V (s, 2(s))|ds < / & (e—anp + BECh, —(Z) + C)la(s)Pds(3.13)
0 0
Inserting (3.13) into (3.12), we get
t b ~
)P = |zo / ¢ (aap — BECH, + (Z) — C — &)|a(s)[Pds + M(1).
0

12



Since alp—ﬁlg Chp+m(Z)— C > 0, we choose sufficiently small ¢ > 0 such that alp—ﬁlg Chpt
7(Z) — C — & > 0. By lemma 3.2, we obtain that

limsup(e|z(t)[") < 0o a.s.
t—o0

Hence, there exists a finite positive random variable i such that

sup (e lz(t)]P) <n a.s.
0<t<oo

This implies

1
lim sup —log(|z(t)|) < £ s
t—o00 L P

Remark 3.3 Under the nonlinear growth conditions, we prove that SDEs with jumps
(2.1) is almost sure exponentially stable which is studied by Applebaum [1,2], but they did
not relax the linear growth conditions. In this way, the corresponding results of [1,2] are

improved and generalized by Theorem 3.2.

4 Convergence in probability of numerical Solution

In this section, we study the convergence of numerical solutions for SDEs with jumps (2.1)

under local Lipschitz condition and nonlinear growth condition.

First, we need to define the approximate solution of SDEs with jumps (2.1). For a given

constant stepsize h > 0, we propose the Euler method for SDEs with jumps (2.1) as follows

Ynsr = Y+ )+ 9lym) Ay + / By, )N (B, dv), (4.1)

with initial value yo = xy. For arbitrary stepsize h > 0, y,, denotes the approximation of x(t) at
time t, =nh,n=0,1,2---. Aw, = w(ty+1) —w(t,) and N(h,dv) = N(t,41,dv) — N(t,, dv).
In the following convergence analysis, we find it convenient to use continuous-time ap-

proximation solution. To define the continuous extension, let us introduce one step processes

2(t) = yn

for t € [t,,t,+1). Hence we define the continuous version y(t) as follows

0 /f ds+/ // N(ds,dv).  (4.2)

13



It is not hard to verify that y(t,) = y,, that is, y(¢) coincides with the discrete solutions at
the grid-points.

Let we define three stopping times
ag=1inf{t €[0,T]: |x(t)| > d} and By =inf{t € [0,T]: |y(t)| > d},

Y4 = aq A B4, where as usual inf () is set as oco.

Lemma 4.1 If assumptions 2.1 and 2.3 hold, then there exists a positive constant Cy

such that

where C; depend on d, but independent of h.
Proof. Similar to that of the SDEs, we can have the result.

Lemma 4.2 If assumptions 2.1 and 2.3 hold, then the Euler approximate solution y(t)
converges to the true solution z(t) of SDEs with jumps (2.1); i.e

Bl sup [y(t Avya —x(t Ava))P] < Cah, (4.4)

0<t<T
where Cy > 0 depend on d, but independent of h.

Proof. For simplicity, denote e(t) = y(t) — x(t). From (2.1) and (4.2), we have

t

() = [ ) = aslas+ [ o) - ala(s)ldus)

0

/ [ e 0) = hats), )V s, o)

Applying the Ité formula to |e(t)|?, we obtain
07 = 2 [ (el6). £~ Fr)ds + [ olel6)) — olats)ds
=7 t<e<s>,g<z<s>> ~ g(a(s)))du(s)
+/Ot/z[|e(s) + h(z(s),v) — h(z(s—),v)|* — |e(s)[!] N (ds, dv). (4.5)

14



The right side of (4.5) can be written as

L0 = 2 [ (els). 56 J)ds + / (= ) Pds
12 /t<<>g<z<s>>—g< (5)))duw
+2 / / h(z(s—), v))m(dv)ds

+2/O/Zes, 2(s),0) — h(z(s—), v)) N(ds, dv)

+/0 /Z|h(z(s),v)—h(:c(s—),v)|2N(ds,dv).

Using the basic inequality 2ab < a® + b%, we get

e < (1+7(Z /| \ds+/\f s)|*ds

/ 9(z 9)[2ds + 2 / (e(s), 9(=()) — g(a(s)))duw(s)

—|—/O /Z]h z(s),v) — h(x(s—),v)|*n(dv)ds
+2 /Ot/z(e(s),h(z(s),v) — h(z(s=),v))N(ds, dv)
—i—/ot/zlh(z(s),v) — h(z(s—),v)|*N(ds, dv).

Taking expectation on both sides of (4.6), it follows that

YT 4
E sw [ef < (+n(2)E [ le(Pde+ >
i=1

0<t<ygAT 0

where

L - B / 60) = steoyPar+ B [ lo0) - gtetopPar

+E / b / IB(2(t),v) — h(z(t—), v)Pr(du)dt,

L = 28 sw / (e(s), 9(=(5)) — gla(s)))du(s),

0<t<’yd/\T

I; = sup // h(z(s—),v))N(ds, dv),

O<t<'yd/\T

Iy, = 2E sup //]hzs,v ) — h(z(s—),v)|*N(ds, dv).

0<t<yanT Jo Jz

15
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By assumption 2.1 and lemma 4.1, we have
YaNT
L < Bkd/ El2(t) — x(t)|2dt
0
YaNT
< 3k [ (2EIe) ~ y(OF + 2Ely(t) — ()i
0
YaNT
< 6ky / Ely(t) — z(t)|?dt + 6k,C4hT.
0
Let us estimate I5. Using the Burkholder-Davis-Gundy inequality, we get

L < 28 sw /“| o (=(s)) — gla(s)lduws)

0<t<’yd/\T

< GE[ sup |6(t)|(/07d l9(2()) = gl (t))dr))?.

0<t<yaAT

By the young inequality, there exists € > 0, such that

[V

L < 6fE sup le(t)]’] EE(/OTd l9(2()) = gl (1)) de)]?

0<t<yqAT
6 YaNT'
< 6F sup m@P+—E/ 9(=(0)) — gla(t)) Pt
0<t<v4AT € 0

1

4 o<yt

YaNT
< —E sup |e(t)|]* + 288k, / Ely(t) — z(t)|?dt + 288k,C4hT.
0

(4.8)

(4.9)

Next, we give the estimation of I3. By the Burkholder-Davis-Gundy inequality, there exist a

C > 0 such that

N[

Iy, < CE( Y [e®)Ph(=(t), p) — h(z(t=), p))

tEDy t<yg AT

IA

0st<yaAT t€Dp t<yg AT

From the Young inequality, we obtain that

I < CEl—= sw |e@PFEUCC Y [h(=(t).p) — h(z(t=)) p)l

4C o<t<yynT te Dot T

CE sup [eMIE( Y |A(=(t),p) = h(a(t=), p)*)2.

D=

NG

< 1B sw [P +4C°E( Y [h(e().p) — ha(-),p))

0<t<ygAT tEDp <G AT
1 YaANT
< -E sup |e(t)]*+ 4CQE/ / |h(2(t),v) — h(x(t—),v)|*n(dv)dt
4 o<t<ygaT 0 z
<

4 o<t<ynr
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1 YaNT'
YE sup Je()P +8C2k / Ely(t) — o(t—)2dt + SC2kyCihT.
0

(4.10)



Finally, let us estimate I,. Since N (dt,dv) = N(dt, dv)+n(dv)dt and N(dt, dv) is a martingale,

we get
I < 2 /0 " /Z IB(2(1), ) — h(z(t—), v)EN(dt, do)
_ QE/OW /Z]h(z(t),v)—h(:v(t—),v)\zw(dv)dt.

By assumption 2.1 and lemma 4.1, we have

YaNT'
L < 2kd/ El=(t) — a(t—)[2dt
0

YaNT'

< 4k / Ely(t) — 2(t—)[2dt + 4kaCahT. (4.11)
0

Substituting (4.8), (4.9), (4.10) and (4.11) into (4.7), we obtain that

T
E sup |y(t) —z@)]* < Cld/ sup  Ely(s) — x(s)|*ds + Cogh,
0

0<t<T Avq 0<s<tAvq
where C1g = 2(1+7(Z) +298ky+8C%ky), Coq = 2(298+8C?)ksCyT. The Gronwall inequality

implies that

E sup |y(t Avq) —x(t A ’yd)\z < CogeTh.
0<t<T

The proof is therefore completed.

Now, we will show the convergence in probability of the approximate solution y(¢) to the

true solution z(t) for SDEs with jumps (2.1).

Theorem 4.1. Let conditions of lemma 4.2 and assumption 2.4 hold. Then the ap-
proximate solution y(t) converges to the true solution x(¢) of equation (2.1) in the sense of

probability. That is

lim sup |z(t) —y(t)]* =0, in probability. (4.12)
h—0 0<t<T

Proof. Step 1. By Theorem 2.1, we have
Elz(ag AT)]* < C. (4.13)
Noting that |x(aq)| > d, as ag < T, we derive from (4.13) that
d*Plag <T) < Elz(ag ANT)]* < C.

17



That is

P(Oéd < T) S dg
Letting d — oo, it follows that & — 0. Let £ = & € (0,1). Thus, there exists a sufficiently

large d* such that

Plag<T) < Vd>d. (4.14)

OOI(T)

Step 2. We will give the estimate of P(5; < T). By the [td's formula to V(¢,y(t)) =
ly(t)|?, it follows that

AV (ty(t) = Valty(®)f((0)dt + Valt,y(t))g(=(t))duw(t)
+tracely (=(0))Vau 1, y(0)g (=(0) )t
n / [V (£, y(t) + h(=(t),0)) = V(t,y(2))](dv) e
+ / V(£ y(t) + h(=(t). ) — V(£ y(0)] N (dt, dv).
From the operator LV in (2.2),we have

V(40 = LV V0 D)) = Vo) )
+Ltracelg” (2()Veu (1. y()g (20t
~ Ltracelg” (W(O)Veu 1. y(D)gw(®)]
+ V(0 910) 4 (0.00) = Vi 0(0) + o), o)l
SVt g ) (A) dwn+ [ [V(E3(0) + ha(0), ) = Ve y(0)] ¥ (),

z
Integrating from 0 to S4 At and taking expectations gives,

Bant
ElyBaADP < Ely(O)f +E / LV (s, y(s)))ds
Bant
128 / () F(=()) — Fly(s))lds
BaAt
‘B / lg(=()? — lg(y(s))ds

Bant
‘B / / ly(s) + h(z — ly(s) + hly(s), v)Pl(dv)ds
Bant
< E|y<0)|2+E/0 LV(s,y(s))ds—kZJi. (4.15)

18



Let us estimate J;. By assumption 2.1, the Jensen inequality and lemma 4.1, we have

Bant L
5< 2k / (Blz(s) — y(s)P)Hds

Bant

< 2k / (B sup |:(0) — y(o)])ds

0<0o<s

< 2dy/kg\/Cah>T.

Rearranging J; by plus-and minus technique, we obtain that

Bant
Jy < E/O Hg(z() PP = |g(z())g(y(s)] + lg(z(s)g(y(s))| = lg(y(s))|*]ds
Bant
< E/O [l9(2(s))[lg(2(s)) — g(y(s))| + gy (s))llg(z(s)) — g(y(s))|]ds.

Using the Holder inequality, we get

BaNt L L
Jp < /O [(Elg(2(s)1*)2 (Elg(2(s)) — g(y(s))*)2
+H(Elg(y(s)I*)? (Elg(=(s)) — g(y(s))[*)?)ds.
By assumption 2.3, we get
Bant L L
fos /0 (k2 (1 + El2(5)[%=72))2 (Elg(2(s)) — g(y(s))*)2
+[(ka(1+ Ely(s)|% )2 (Elg(=(s)) — g(y(s))[*)2]ds.
Recalling the elementary inequality
(a+bP <d’+bV, Va,b>0, 0<p<1,

it follows that

ﬁdAt

B < Vs / [(1+ E|2(s)]2 =) (E|g(2(s)) — g(y(s))[*)?]ds
+Vks / L0+ Bly() ) (Blg(=(5)) — glu(s))?) 2.
By assumption 2.1 and lemma 4.1, we get
Jo < 2/ ko(1 4 d3et?) / " (Blg=() — suls))) 1 ds

Bat

< 2/ + a2 i / (EJ=(s) — y(s))bds
0

< 2Vka(1 + d2 @)\ kg /Cuh T,
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Finally, we estimate J3. Rearranging J3 by plus-and minus technique again, we obtain that

Bant
5 < E/ /|y J1(=(5), v) — h(y(s), v)||m(dv)ds
Bant
> / / Ih(2(3), 0)|A(2(s), v) — hy(s),v) I (dv)ds
BaNt
+E/ /]h v)||h(2(s),v) = h(y(s),v)|]7(dv)ds.

Using the Holder inequality again, we get

ﬂd/\t L
J3 < dy/m / /|h s),v) — h(y(s),v)|*n(dv)]2ds

/ﬂw /|h o) Er(do) (B / Ih(x( ) 0)Pr(dv))2]ds
/ﬁd“ /|h o) Er(do)) (B /|h ), v)*7(dv))

By assumption 2.1 and 2.3, it follows that

N|=

|ds.

Bant

Bo< aVEDV [ Be) -yl Plhds

ﬁd/\t

VG [0+ BBl — u(o))

H(1+ Ely(s)| )2 (Blz(s) — y(s)|)

N[

SIS

|ds.

By lemma 4.1, we have
Bant L
J < dy/nl \/kd/ B]2(s) — y(s)[2]2ds
d/\t
+/CrksVk / (14 Bl2(s)[2@2)(E|2(s) — y(s)|?)?

(1 + Bly(s)|2 =) (El2(s) — y(s)[?)2)ds
< [d/T(2)Vka + 27/ Crks\/ka(1 + d2 @)\ /Cyh2 T, (4.18)

Inserting (4.16), (4.17) and (4.18) into (4.15), we obtain

Bant
ElyBa AP < Ely(0)f + C()ThS + E / LV (s, y(s))ds.
0

Repeating the procedure from Theorem 2.1, we can prove that

Ely(Bs AT))> < C + C(d)Th?. (4.19)
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Since |y(8q)| > d, as B4 < T, we derive from (4.19) that

C+C(dTh> > Ely(BaAt)| Iig,ery(w)]
> d*P(By < T).

So we have

C + C(d)Th?

PBys<T) < 7

(4.20)
Now, for any ¢ € (0,1), choose d = d* sufficiently large for d% < ¢, and then choose h*

C(d)Th* %
d*2

sufficiently small for < §. It then follows from (4.20) that

PBa<T)< =, ¥V h<h, (4.21)

€
g )
as required.

Step 3. Let €,6 € (0,1) be arbitrarily small, set

Q={w: sup |z(t) —y(t)]* > 3},

0<t<T

we have

P()

IA

PQN{y>T}) +Pra<T)

< PON{ya>T})+Plag<T)+ P(Bs<T).

By (4.14) and (4.21), we get

_ _ 2
PQ) < PQN{w>T}H+ 35 (4.22)
Using lemma 4.2, we have
Cah > E[sup |z(t) = y(t)] L5 (w)]
0<t<T
> Elsup |z(t) = y(t)]* Ly (w) Ig(w)]
0<t<T
> 6P(QN{y>T}). (4.23)

Inserting (4.23) into (4.22), we obtain that

—~ Cd 2¢e
P < — —.
Q) < 5h+3
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Consequently, we can choose h sufficiently small for %h < £ to obtain
P( sup |a(t) —y(t)|* = 9) <e.
0<t<T
The proof of Theorem 4.1 is now complete.
Remark 4.1 We note that the convergence results on numerical solution of [6],]9],[10],[30]
are obtained under the Lipschitz and linear growth condition, while in this paper, we deal with
the convergence of the approximate solution to the true solution of equation (2.1) under the

local Lipschitz and nonlinear growth condition, so we generalize and improve the corresponding

results of [6],[9],[10],[30].

5 An example

In this section, we construct one example to demonstrate the effectiveness of our theory.

Let w(t) be a one-dimensional Brownian motion. N (dt, dv) be a Poisson random measures

and is given by 7(du)dt = \f(v)dvdt, where A = 2 and

1 _(ln'u)2
fv) = ez, 0<v<oo
2T

is the density function of a lognormal random variable. Of course w(t) and N(dt,dv) are

assumed to be independent.

Let us return to the nonlinear SDEs with jumps (1.1) with the coefficients f,g and h
defined on page 2. Obviously, the coefficients f, g, h satisfy the local Lipschitz condition but

they do not satisfy the linear growth condition. Through a straight computation, we have

o F@) + 3lo(a)? < ~2af? ~ 2laf?, (5.1

5
|z + h(z,v)]* < =(1+0.1v)%z]* + 50.01U2|I|4, (5.2)

DN | Ot

where

) 5 _
&1:2, 041:2, ﬁ1:§, 62257 ’71:2, ’72:2811(1 h(U):(1+01U>2
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So the inequalities (5.1) and (5.2) show that assumption 2.4 holds. Moreover, by the property
of log-normal distribute f(v), we can obtain that 7(Z) = 1, and

]_ 7(ln'u)2

1
C——/hvwdv = 2/ 1+0.1v)? ez dv
i= [ bt = 2 [ oy
< 1+0.4+ye+0.02¢%

Clearly, the above conditions imply that
Y1 Z Y2, 2@2 — 5QCE > (0 and 2041 — Blcﬁ + 7T(Z) > 0.

Hence, by Theorem 3.1, 3.2, we have that the solution of equation (1.1) is asymptotically

stable in the mean square sense and almost sure exponentially stable.

On the other hand, let us define the approximate solution of equation (1.1). Similar to

(4.1), we get
5 1
Ynt1 = Yo+ (—2yn — §y2)h + Y2 Aw, + 0.1/ v(yn + y2)N (h, dv), (5.3)
0

with initial value yo = xo. Then, by the step function z(s) =Y " ynlt, 1., 1)(s), we have the

continuous Euler approximate solution y(t) of equation (1.1)
t

o) = w0+ [ (-2:5) = 52 6Nds + [ 2)dus)

0 0
t pl
+0.1 / / v(z(s) + 2%(s))N(ds, dv). (5.4)
0o Jo
Note that conditions of Theorem 4.1 are satisfied, then Theorem 4.1 implies that the conver-

gence in probability of numerical solution y(¢) and the true solution z(t) to equation (1.1).

Conclusion

In this paper, we generalize and extend the existing theory of stability and convergence of
numerical solution to the case of highly nonlinear SDEs with jumps. Under nonlinear growth
conditions, we investigate the asymptotic stability in the pth moment and almost sure expo-
nential stability of solutions to SDEs with jumps; Meantime, we obtain that the approximate
solution converges in probability to the true solution of SDEs with jumps under the above
mentioned conditions. Finally, an example is provided to demonstrate the effectiveness of the

main results in this paper.
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