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Abstract

The influence of low temperature (eV to tens-of-eV) electrical resistivity on the onset of

the filamentation instability in fast electron transport is investigated in targets comprising

of layers of ordered (diamond) and disordered (vitreous) carbon. It is shown experimentally

and numerically that the thickness of the disordered carbon layer influences the degree of

filamentation of the fast electron beam. Strong filamentation is produced if the thickness is

of the order of 60 µm or greater, for an electron distribution driven by a sub-picosecond, mid-

1020 Wcm−2 laser pulse. It is shown that the position of the vitreous carbon layer relative

to the fast electron source (where the beam current density and background temperature

are highest) does not have a strong effect because the resistive filamentation growth rate is

high in disordered carbon over a wide range of temperatures up to the Spitzer regime.
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1 Introduction

Understanding the transport of large currents of relativistic electrons in dense plasma is not

only of fundamental interest but is also important for a wide range of applications of high power

lasers. These include the generation of intense x-ray [1, 2] and ion [3, 4] sources, the production

of transient states of warm dense matter (WDM) [5, 6] and the fast ignition approach to inertial

fusion [7].

Electrical resistivity is known to play a key role in defining the properties of fast electron

beam transport in solids. It determines the extent of energy losses through Ohmic heating

[8, 9, 10] and drives the self-generation of strong resistive magnetic fields which can lead to

beam filamentation (e.g. via resistive instabilities [11]) and change the beam divergence [12].

In previous work we have shown that the electrical resistivity at low temperatures, in the few-

to-tens of eV range, has a defining role in establishing the degree of filamentation of the beam

[13, 14] and the onset of annular transport patterns [15, 16, 17]. Gradients in resistivity at

the interface of two materials [18, 19], in materials subjected to cylindrical shocks [20] and

in targets heated using laser-accelerated proton beams [21] have also been shown to play an

important role via defining the spatial-magnitude distribution of resistive magnetic fields. Of

particular relevance to the present paper is our study of the role of target lattice structure in

determining the electrical resistivity at low temperature, which involved an experimental and

numerical investigation of fast electron transport in various forms (allotropes) of carbon [13].

The fast electron pulse duration is shorter than the temperature equilibration time between

the heated background electrons and initially cold ions within the material. As a result, the

fast electrons are transported whilst the material is in a transient state of WDM in which the

background ions temporarily retain their initial positions. The degree of initial order in the ionic

structure thus defines the evolving material electrical resistivity, η, and by extension the main

fast electron beam transport properties.

In this paper, we report on a follow-on experimental and numerical investigation of the role

of lattice structure in defining the onset of the filamentation instability in carbon targets. In

particular, we investigate fast electron transport in double-layer targets comprising of diamond

(ordered) and vitreous (disordered) carbon in various thickness combinations. The thickness of

the vitreous carbon propagation layer is shown to affect the beam filamentation pattern, with

strong filamentation observed for thicknesses of ∼60 µm or greater. The results are discussed

with reference to linear resistive instability theory.
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2 Experiment

Using the PHELIX high power laser at GSI in Darmstadt, S-polarised light with a central

wavelength equal to 1.053 µm was delivered in pulses with duration (725±100) fs and energy

(180±10) J. The beam was focussed using an f/1.5 off-axis parabola into a 2.5 µm diameter

(FWHM) spot, resulting in calculated peak intensity of ∼ 7×1020 Wcm−2, at the front side of

the target sample.

The targets were either single material or double layer carbon samples (vitreous carbon and

diamond), all with total thickness L=200 µm. The double layer targets had equal thickness (100

µm) layers of vitreous carbon and diamond pressed together with an ultrathin layer of adhesive.

The double-layer targets were irradiated with the layers reversed on alternative shots.

The fast electron transport across the L=200 µm targets was diagnosed by measuring the

spatial-intensity distribution of the beam of multi-MeV protons accelerated by the fast-electron-

generated sheath field formed at the target rear surface. The proton beam distribution is sensitive

to modulations in the sheath field produced by variations in the density distribution of fast

electrons arriving at the target rear side. The approach is discussed in references [14, 22, 23, 24].

The measurements were made using stacked dosimetry (radiochromic, RCF) film positioned 5

cm from the target. The stack configuration enabled proton energies beyond 40 MeV to be

detected. The maximum measured energy was 36 MeV. Figure 1(a) shows a schematic of the

arrangement.

Figures 2(a) and (b) show representative measured spatial-intensity distributions (at an

example energy of 10 MeV) of the beam of protons accelerated from 200 µm-thick samples

of vitreous carbon and diamond, respectively. In agreement with similar results presented in

reference [13], the disordered form of carbon produces a proton beam with significant cusp-like

modulations, reflecting modulation of the fast electron distribution due to transport instabilities.

By contrast, the proton beam produced with diamond is smooth, except for a localised region

of structure near the centre (as also observed previously [14] using the Vulcan laser at the

Rutherford Appleton Laboratory).

The equivalent measurements for the double layer targets, corresponding to vitreous carbon-

diamond (100VC/100D) and diamond-vitreous carbon (100D/100VC) are shown in figures 2(c)

and (d), respectively. Each layer is 100 µm-thick, such that L=200 µm for all targets. In both

cases evidence of filamentation is observed, but to differing degrees. The cusp-like structures in

the proton beam are larger when vitreous carbon is at the target front layer compared to the

reverse case.
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(a) (b)

Figure 1: (a) Schematic illustrating the experiment arrangement. LF and LR correspond to the

thickness of the front and rear layers, respectively, in the double layer targets. The RCF film

stack measures the spatial-intensity distribution of the beam of protons accelerated from the

target rear side. (b) Electrical resistivity as a function of temperature for disordered (vitreous)

and ordered (diamond) forms of carbon. These η-T profiles were calculated using quantum

molecular dynamics simulations coupled with the Kubo-Greenwood approach, as discussed in

reference [13].

3 Modelling

To investigate the underlying electron transport physics, the 3D Zephyros hybrid-PIC code [26]

is used to simulate the transport of fast electrons within single and double-layer carbon targets.

In this approach, the fast electron population is described kinetically using the Vlasov equation,

which is solved via the PIC method and the background electrons are treated as a fluid. Collisions

are included using the Fokker-Planck collisional operators [27] and include drag generated by the

background electrons. Energy deposition due to the slowing down of the fast electrons and Ohmic

heating induced by the return current are used to determine the temperature evolution within

the target. The electrical resistivity, η, as a function of temperature, T , for both diamond and

vitreous carbon is plotted in figure 1(b). These η-T plots were obtained from a series of detailed

quantum molecular dynamics simulations using the VASP plane-wave density functional theory.

The atomic configurations sampled as a function of temperature were used in subsequent wide-

ranging Kubo-Greenwood resistivity calculations [28, 29], as described in reference [13]. The

significantly higher resistivity of vitreous carbon compared to diamond over the temperature

range from a few eV up to the Spitzer temperature of ∼80 eV [30] gives rise to filamented fast

electron transport in the disordered form of carbon, as discussed in reference [13].

The same grid is used for all the simulations and is 400 µm × 400 µm × 200 µm, with cell
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Figure 2: TOP ROW: Measured proton spatial-intensity dose profiles (Gy) for: (a) L=200

µm vitreous carbon; (b) L=200 µm diamond; (c) LF=100 µm vitreous carbon and LR=100

µm diamond; (d) LF=100 µm diamond and LR=100 µm vitreous carbon; SECOND ROW:

Corresponding log10 fast electron density maps (m−3) in the [Y-Z] plane, from 3D Zephyros

hybrid-PIC simulations, at 1.2 ps from the start of the electron injection; THIRD ROW: Cor-

responding [Y-Z] mid-plane 2D maps of the magnetic flux density (Bx component in Tesla);

BOTTOM ROW: Corresponding modelled proton spatial-intensity maps, calculated using the

rear-side fast electron density maps obtained from (e)-(h).

size equal to ∆X = ∆Y = ∆Z = 1 µm. A total of 2×108 macro-particles are injected over

a 725 fs pulse duration. The side boundaries are transmissive for all simulations to avoid any

potential artificial effects due to the transverse size of the simulation box and the rear boundary

is reflective to mimic the reflection effect on the fast electrons of the sheath field formed on

the target rear surface. The simulation outputs are sampled just after the bulk of the fast

electrons have reached the rear boundary (after 1.2 ps) and therefore the reflected electrons

have little effect on the main fast electron transport pattern. The choice of a 200 µm-thick

target also ensures that fast electron refluxing is minimised in the experiment. The background

temperature is initialised at 1 eV.

Electrons are injected at [X, Y, Z] = [0, 0, 0], uniformly over a cone with half-angle equal to
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40◦ [31]. The electrons have an exponential energy distribution, exp(-Ef/kTf ), where Ef is the

electron kinetic energy and kTf is the product of Boltzmann’s constant and the fast electron

temperature. The latter is determined assuming ponderomotive scaling [32]. The total electron

energy is determined assuming 30% conversion efficiency from the laser pulse energy to fast

electrons. This value was chosen based on previous investigations of energy absorption and

coupling to electrons for similar laser pulse parameters. For example, the conversion efficiency

was found to be in the range 15% - 30% at the slightly lower peak intensity of 4×1020 Wcm−2

in reference [33].

Results from the simulations for parameters matched to the experiment are shown in figures

2(e)-(l). 2D fast electron density maps in the [Y-Z] plane at X=0 are shown in figures 2(e)-

(h) and the corresponding self-generated, resistive magnetic field distributions are shown in

figures 2(i)-(l). Considering first the two single layer targets, strongly filamented transport is

predicted for vitreous carbon and smooth beam transport for diamond. These results are in

good qualitative agreement with the measurements of the proton beam profile shown in figures

2(a) and (b), respectively. The rear-surface fast electron density distribution results from the

Zephyros simulations are used to compute the evolution of the 2D sheath field at the target

rear surface and the spatial-intensity distribution of the resulting beam of protons, using the

approach described in references [14, 24]. Figures 2(m) and (n) show the predicted proton

beam distributions for vitreous carbon and diamond, respectively, and are in good qualitative

agreement with the corresponding proton beam measurements. The profile for diamond is

generally smooth with a small degree of structure at the centre and clear cusp-like features are

predicted for vitreous carbon, which are similar to those measured in figure 2(a).

The simulation and model results for the double-layer targets are also in good qualitative

agreement with experiment. In both double-layer configurations, strong filamentation occurs

within the vitreous carbon layer. When this layer is at the target rear (right hand column of

figure 2), a large number of small filaments are produced over the full layer thickness and reach

the target rear side. By contrast, when the vitreous carbon layer is at the target front side the

beam starts to filament only after a depth of ∼30 µm due to the low resistivity in the high

temperature Spitzer regime at the source. A smaller number of filaments are produced as a

result. As the resistive magnetic fields formed around the filaments are weaker in the diamond

layer some degree of broadening and merging of the filaments occur as they propagate. These

processes result in few, but larger radii filaments reaching the target rear side. These simulation

results are consistent with the measurements, particularly for the latter case in which the proton

beam contains large cusp like structures, as shown in figure 2(c).
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We note that measurement of the degree of structure in the proton beam enables the onset

of filamentation in the fast electron transport to be diagnosed and works well when a relatively

small number of separated filaments reach the target rear. When the filamentation instability

results in a large number of filaments in close proximity, transverse spreading of the fast electron

current on the rear surface [25] can act to decrease the modulations in the sheath field on the

time scale of the proton acceleration. This renders the diagnostic technique less sensitive to

fine-scale filamentary structure. The presence of finer cusp-like structures in the proton beam

in figure 2(a) compared to figure 2(c) indicates a larger number of filaments in the electron

transport. However, the very fine and closely spaced filaments in figure 2(h) are more difficult

to diagnose via proton acceleration. A further discussion on the role of fast electron transverse

spreading at the target rear surface and its influence on the measured proton beam can be found

in reference [14].

In order to quantify and compare the degree of filamentation of the fast electron beam in the

simulations with the structure in the measured proton dose the following method is applied. The

density distribution of the fast electron beam at the target rear surface is first transformed into

polar coordinates [r,θ], where r=0 is the beam centre. The densities along r are then extracted

for 0 ≤ θ ≤360◦ in 1◦ increments (i.e. 360 radial line-outs). The root mean square deviation

(RMSD) with respect to the average beam density is calculated and the average over all angles

determined to produce a single deviation quantity, S. The procedure is repeated for five time

steps in the simulation (centred around 1.2 ps) and the final S data point plotted in figure 3 is

the mean, and the error bars the standard deviation, of the five sample simulation results. The

same approach is then applied to quantify the variation in the proton dose as measured using

the RCF. The technique will be described in more detail in a future publication.

The degree of variation in the measured proton dose across the four target types is in good

agreement with the degree of fast electron beam filamentation (determined from the fast electron

density variation), as shown in figure 3(a). Note the different y-axes for the two data sets. The

degree of change in the cusp-like structure measured in the proton beam is clearly correlated to

the degree of change in the filamentation predicted in the fast electron transport. We note that

this approach is particularly sensitive at quantifying the degree of small scale structure and thus

a relatively high S value is obtained for the targets with vitreous carbon at the rear side (i.e.

200VC and 100D/100VC).
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Figure 3: (a) Variation in the rear surface fast electron density in the simulation results (left

axis) and the measured proton dose (right axis) for the four given target types; (b) Variation in

the fast electron density as a function of the thickness of the vitreous carbon layer, both for the

layer at the front and at the rear. Details of the methodology are given in the text.

4 Variation of the vitreous carbon layer thickness

In the last section we demonstrated that irrespective of whether the vitreous carbon layer is posi-

tioned at the front or rear of the target it will induce filamentation instability in the fast electron

beam. In this section, we investigate the sensitivity of the fast electron beam filamentation to

the thickness of the vitreous carbon layer.

Firstly, a series of simulation runs were performed with the same fast electron injection

properties discussed above and for the same total target thickness L=200 µm, but with the

thickness of the front, vitreous carbon layer varied between LF=10 µm and 190 µm. The

rear surface layer is diamond in each case. The results are shown in figure 4, in which (a)-(e)

corresponds to the fast electron density, (f)-(j) is the corresponding resistive magnetic field, and

(k)-(p) is the corresponding electrical resistivity, all in the [Y-Z] mid-plane. Generally, as the

thickness of the vitreous carbon layer is increased, going from left to right in figure 4, an increased

degree of filamentation is observed. For the cases LF <50 µm the fast electron transport pattern

is relatively smooth. For LF ∼50-60 µm there is evidence of the onset of filamentation, and for

larger LF the beam is strongly filamented. The fact that there is little or no evidence of beam

transport instabilities within the first 50 µm of the electron source is a result of the strong

heating within this region, particularly within the first few tens of microns. The resistivity is

very low in this region because the target is heated well into the Spitzer regime, for which the

resistivity decreases with increasing temperature, as shown in figure 1(b). Figures 4(p)-(t) show
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the predicted proton beam distributions as modelled using the fast electron density profile at

the target rear from the corresponding simulations. The degree of structure in the beam of

accelerated protons is expected to increase with increasing LF , and thus measurement of the

proton beam spatial-intensity distribution would provide a test of these simulation predictions.
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Figure 4: Zephyros simulation results for double layer targets with vitreous carbon as the front

layer and diamond as the rear. TOP ROW: Log10 fast electron density maps (m−3), in the [Y-Z]

mid-plane, for: (a) LF=10 µm; (b) LF=50 µm; (c) LF=100 µm; (d) LF=140 µm; (e) LF=190

µm; SECOND ROW: Corresponding 2D maps of the magnetic flux density (Bx component

in Tesla); THIRD ROW: Corresponding 2D maps of electrical resistivity (Ωm); BOTTOM

ROW: Corresponding modelled proton spatial-intensity maps, calculated using the rear-side

fast electron density maps obtained from (a)-(e).

Next we perform a series of simulations with the order of the layers reversed, i.e. with

diamond at the front and vitreous carbon at the rear. All other conditions are identical to the

previous simulations. The results are shown in figure 5. As the thickness of the vitreous carbon

layer, LR, is decreased from left to right in the figure, a larger density of finer filamentary

structure is observed. The overall fast electron beam pattern is filamented less strongly for
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LR <60 µm. Importantly, as this layer is at the target rear in this series of runs, this thickness

threshold for strong filamentation is not connected to the strong heating at the target front side.

There are nonetheless differences in the size of filamentary structure depending on whether the

vitreous carbon is at the front or rear side. More numerous and finer scale filaments are produced

in the latter case and this is reflected in the typically higher values of S shown in figure 3(b).
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Figure 5: Zephyros simulation results for double layer targets with diamond as the front layer

and vitreous carbon as the rear. TOP ROW: Log10 fast electron density maps (m−3), in the [Y-

Z] mid-plane, for: (a) LF=10 µm; (b) LF=50 µm; (c) LF=100 µm; (d) LF=140 µm; (e) LF=190

µm; MIDDLE ROW: Corresponding 2D maps of the magnetic flux density (Bx component in

Tesla); BOTTOM ROW: Corresponding 2D maps of electrical resistivity (Ωm).

Finally, we have also explored the scenario in which the vitreous carbon layer is buried within

a target with diamond layers at both the front and rear sides. Example results from this series

of simulations are shown in figure 6. In each case we find some degree of filamentation, and

that the filaments become more distinct with increasing thickness of the vitreous carbon layer.

Fine scale filamentary structure is not observed due to the diamond layer at the target rear side,

which (as discussed above) causes the filaments to expand. We note that a transverse magnetic

field is induced at the boundaries of the target layers, as observed in figure 6(e)-(h). Previous

simulation studies involving buried layers of materials with significantly different atomic number,

such as a buried copper layer in a plastic target as considered by Yang et al. [34], have concluded
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that significant transverse spreading of the fast electron beam can be produced by strong field

generation at the interface. The magnitude of this field component in the present work is lower

than that produced around the filaments and the azimuthal field produced within the first few

tens of microns from the electron source. This transverse field does not appear to affect the

beam transport pattern in the present study.

We conclude from these three sets of simulations that although some degree of filmentation

is induced if a vitreous carbon layer is present, strong filamentation only occurs if the thickness

of this layer is larger than ∼60 µm. This is the case independent of the position of the layer,

albeit that the final density and size of the filaments is sensitive to the layer position.
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Figure 6: Zephyros simulation results for triple layer targets comprising a vitreous carbon layer

at the centre of a diamond target with overall length L=200 µm. TOP ROW: Log10 fast electron

density maps (m−3), in the [Y-Z] mid-plane, for buried layer thickness of: (a) 10 µm; (b) 40 µm;

(c) 60 µm; (d) 100 µm; MIDDLE ROW: Corresponding 2D maps of the magnetic flux density

(Bx component in Tesla); BOTTOM ROW: Corresponding 2D maps of electrical resistivity

(Ωm).
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5 Resistive instability growth rate

To explain the dependency of filamentation on the thickness of the vitreous carbon layer and

the observation that it is largely independent of the position of the layer within the target,

it is instructive to estimate the resistive filamentation growth rate in both carbon allotropes.

Although the ionisation instability can also give rise to micron-scale transverse filamentation

at solid densities, this occurs in insulator targets for which ionization is needed to provide the

electrons for the return current. Since the chemical element (and therefore ionisation potential)

is the same in diamond and vitreous carbon, ionisation instability is very unlikely to explain

the very different filamentation rates in these two materials. On the other hand, the growth

rate of the resistive filamentation depends sensitivity on the target resistivity and the resistivity-

temperature profile is the main parameter which differs between diamond and vitreous carbon.

Resistive filamentation is therefore considered to be the main candidate to explain the observed

results.

A linear resistivity analysis, based on the work of Gremillet et al. [11] and Robinson et al.

[35] is performed. This model has several simplifying assumptions, including uniformity of the

background resistivity, and does not take account of the resistivity evolution. Nevertheless it

can be used to provide an estimate of the local resistive instability growth rate at a given point

in space and time, and importantly, an indication of the relative difference between the growth

rates of the two carbon allotropes.

In this approach, the fast electrons are given a fluid description, with the linearised fluid

equations presented in reference [35]. The beam filamentation has an exponentially growing

mode, exp(Γt), where t is time and the growth rate Γ is given by [35]:

Γ = (α/2 +
√
D)1/3 − (

√
D − α/2)1/3 (1)

where D = (β/3)3 + (α/2)2, α =
e2u2

x,0nf,0k
2

pη

γme
and β =

k2

peTf,⊥

γme
, kp = 2π/λ is the wavenumber

of the perturbation and Tf,⊥ is the beam transverse temperature. The fast electron density,

nf,0, and velocity, ux,0, are estimated as 1026 m−3 and c respectively. The reason that the

filamentation growth rate is a function of the transverse temperature is that as the instability

grows the local magnetic field results in a pinching force, which in the absence of transverse

temperature would cause the filaments to continue to collapse. The pressure force provided by

the transverse temperature causes the filament to expand and thus the filamentation growth is

sensitive to the balance between these opposing forces - a higher transverse temperature results

in a lower filamentation growth rate (see reference [36] for a fuller discussion on the role of

transverse temperature in stabilising transverse instability growth).
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Firstly, the scale of the difference in the instability growth rate in the two allotropes of carbon

is considered, with reference to figure 7(a) (other parts of this figure are discussed in subsequent

paragraphs), which shows Γ as a function of kp for both materials at three example beam trans-

verse temperatures. An average value over the temperature range 1-50 eV for the resistivities of

vitreous carbon and diamond are taken as 4×10−6 Ωm and 2×10−7 Ωm, respectively. The resis-

tive filamentation growth rate is significantly higher (about an order of magnitude) in vitreous

carbon than in diamond over the full range of beam transverse temperatures and perturbation

wavenumbers explored. Thus the beam will filament much faster in the case of disordered car-

bon. The e-folding time (time for the filamentation to grow by a factor equal to Euler’s number)

for vitreous carbon varies from 10 to 100 fs across the range of kp values considered for Tf,⊥ =

20 keV, for example. The propagation length of ∼60 µm in vitreous carbon needed to observe

strong filamentation in the simulations above corresponds to a propagation time of ∼200 fs for

relativistic electrons. This is consistent with several e-foldings, as may be expected for strong

fast electron beam filamentation to occur.
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Figure 7: Resistive instability growth rate as a function of (a) wave number and (b) temperature,

for vitreous carbon (VC) and diamond (D), at three example beam transverse temperatures

(given). The dashed lines correspond to vitreous carbon and the solid lines are for diamond;

(c) Example 2D temperature map (eV) in the Y-Z mid-plane at 1.2 ps. Contours are drawn for

isothermals corresponding to 1.5, 3, 10 and 100 eV.

Next, the resistive filamentation growth rate is calculated for both carbon allotropes as a

function of temperature, using the η-T profiles shown in figure 1. The results, plotted in figure

7(b), show that the resistive instability growth rate in vitreous carbon is much higher than in

diamond over the temperature range from ∼1 eV to the start of the Spitzer regime at ∼80 eV.

Figure 7(c) shows a typical 2D map of the electron temperature within a diamond target 1.2 ps

into the simulation. This plot serves to illustrate that, apart for the first few tens of microns
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in the region of the fast electron source where the target is heated to Spitzer temperatures,

over most of the rest of the propagation length the temperature is in the range 1≤ T [eV]≤80.

The resistivity of vitreous carbon is high over this full temperature range, as shown in figure

7(b). Therefore, to a first approximation, the position of the vitreous carbon layer within the

200 µm-thick target (after the first few tens of microns) has little effect on the overall degree of

filamentation.

6 Summary

In summary, the transverse filamentation instability of a beam of fast electrons has been inves-

tigated in ordered and disordered allotropes of carbon and as a function of the thickness and

position of a disordered layer in multi-layered samples. We note that the experimental results

with single layer targets reported here, obtained with the PHELIX laser at GSI, are consistent

with the results obtained using the same diagnostic approach using the Vulcan laser and reported

in reference [13]. The peak laser intensity is similar in both experiments (mid-1020 Wcm−2),

although the pulse duration, energy and focal spot sizes are all slightly smaller in the present

study.

The new features of the present results are the demonstration of the sensitivity of the beam

filamentation to the thickness of the vitreous carbon layer and its position with respect to

the electron source. Strong filamentation is observed when the thickness is of the order of

∼60 µm or higher. This is shown to be consistent with predictions of a simple linear resistive

instability model, which also accounts for the differences in the filamentation observed in the

two allotropes of carbon. With the exception of the immediate vicinity of the electron source

where the temperature is high, filamented transport is produced irrespective of the position of

the vitreous carbon layer. This reflects the high and slowly varying filamentation growth rate

with temperature for vitreous carbon in the WDM temperature regime throughout the bulk of

the target volume.
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