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Abstract

To ensure the safe operation of many safety critical structures such
as nuclear plants, aircraft and oil pipelines, non-destructive imaging is
employed using piezoelectric ultrasonic transducers. These sensors typ-
ically operate at a single frequency due to the restrictions imposed on
its resonant behaviour by the use of a single length scale in its design.
To allow these transducers to transmit and receive more complex signals
it would seem logical to use a range of length scales in the design so
that a wide range of resonating frequencies will result. In this article we
derive a mathematical model to predict the dynamics of an ultrasound
transducer that achieves this range of length scales by adopting a frac-
tal architecture. In fact, the device is modelled as a graph where the
nodes represent segments of the piezoelectric and polymer materials. The
electrical and mechanical fields that are contained within this graph are
then expressed in terms of a finite element basis. The structure of the
resulting discretised equations yields to a renormalisation methodology
which is used to derive expressions for the non-dimensionalised electrical
impedance and the transmission and reception sensitivities. A compari-
son with a homogenised (standard) design shows some benefits of these

fractal designs.

1 Introduction

Ultrasonic transducers are devices that are used to convert energy from one
form to another [6]. In this context, they convert energy from its electrical form
to mechanical vibrations and vice versa [37, 36]. These devices can act as both

transmitters and receivers, they typically work by emitting a wave (which is con-



verted from electrical energy to mechanical energy) through a medium, then lis-
tening and interpreting the echoes of the transmitted wave (which at this point is
transformed back into electrical energy from mechanical vibrations). To further
improve the transmission and reception sensitivities [13, 29], composite struc-
tures are utilized in piezoelectric ultrasonic transducers. Many biological species
such as dolphins, bats, etc, naturally produce and receive ultrasound by utilising
a wide variety of intricate geometries in their transduction ’equipment’; often
with resonators spread over a range of length scales [26], 25 20, [7, @], 27, 31, §].
However, the man-made transducers tend to employ a regular geometry on a
single length scale. Due to this characteristic, the man-made transducers are
unable to operate over a wider range of frequencies resulting in transmission
and reception sensitivities with narrow bandwidths. To produce transducers
with wider bandwidths, structures with a range of geometrical components need
to be mathematically modelled. One such structures is a fractal [23, 24, 28]. One
approach to designing a new transducer is to experimentally assess its operating
ability, however this is very time consuming. Each device requires materials to
be sought, cut to the desired shape, bonded to other components such as inatch-
ing and backing layers, and is expensive and time consuming. In addition, to
determine its transmission sensitivity the device has to be immersed in a wa-
ter tank, input voltages of different frequencies are applied, and a hydrophone
placed at some distance from the transducer monitors the output. An assess-
ment can also be made by connecting the transducer to an electrical circuit and
measuring its electrical impedance over a range of frequencies. Given the large
number of variables present in any design then the use of mathematical models
to assess radically new concepts such as that proposed in this paper is fully justi-

fied. Various papers have described wave propagation in fractal media for other



applications [17), 1], 18, 1], 2, 5, 12, 19]. This paper will build a model of a frac-
tal ultrasound transducer and compares this model’s operational qualities with
that of a standard (homogenised) design. In the past, a finite differences ap-
proach [23] was used in the examination of this topic; an approach in which each
edge of the fractal lattice was modelled as a one dimensional piezoelectric bar
with the only degree of freedom present in the plane of the lattice. Consequently,
there was no allowance for other types of motion of the lattice or directions of
the electric field. This was a local description of the dynamics of the individ-
ual edges which, when joined to other edges from the lattice, led to the global
dynamics of the device. To account for the three dimensional world that the de-
vice is embedded within, this paper will derive the governing equations from the
general tensor equations. This framework enables the deployment of different
parameterisations and a scenario where the displacement acts out of the plane of
the lattice with the electric field operating within the plane of the lattice will be
examined in this paper. We will use a finite element methodology and introduce
new basis functions to express the wave fields within the lattice. This Galerkin
approach leads to discrete formulation that lends itself to a renormalisation ap-
proach. The Sierpinski gasket will be used for the simulation of a self-similar
transducer in this paper [10, B2]. Such an ultrasonic transducer would start
with an equilateral triangle of piezoelectric crystal. This equilateral triangle is
composed of four identical equilateral sub-triangles whose side length is half of
the original. The first generation (n = 1) would be obtained by replacing the
central sub-triangle by a polymer material. This process is then repeated for
several generations with the removed sub-triangles from the smallest triangles
being filled with a polymer (see Figure[I). The associated graph is constructed

by a process which starts from the order n = 1 design (which consists of three
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piezoelectric triangles and one polymer triangle), assigns a vertex to the centre
of each of these triangles and, by connecting these vertices together with edges,
the SG(3,4) lattice at generation level n = 1 is constructed (see Figure 2)). The
polymer triangle has a vertex denoted by a non-filled circle which was degree
3 whereas each piezoelectric triangle has a vertex denoted by a filled circle and
has degree 4. The lattice has side length L units which remains constant as the
generation level n increases. Therefore, as n increases, the length of the edge
between adjacent vertices tends to zero and in this limit the lattice will perfectly
match the space filling properties of the original Sierpinski gasket [21]. The total
number of vertices is N* = 3" + 3"~ = N 4+ 1 where NV = 3 and N® =11
(see Figures B and E) and h™ = L/(2" — 1) is the edge length between any
two adjacent piezoelectric vertices. The piezoelectric vertex degree is 4 (apart
from the boundary vertices (input/output vertices) which have degree 3) and
M = (5 x 3™ —3)/2 denotes the total number of edges. These boundary vertices
will be used to interact with external loads (both electrical and mechanical) and
so we introduce fictitious vertices A, B and C' to accommodate these interfacial
boundary conditions (see Figures [3l and @]). Denote by 2 the set of points lying
on the edges or vertices of SG(3,4) and denote the region’s boundary by 0f.
Note that the edges joining the piezoelectric nodes to the polymer nodes are
composed of a piezoelectric section (shown by the full line in Figure B along the
edge joining node 1 to 4) and a polymer section (shown by the dashed line along
this same edge). In what follows we will retain the freedom to vary the fraction
of piezoelectric material in this edge from v = 1 (piezoelectric material only) to

v = 0 (polymer material only).



A LA L

Figure 1: The first few generations of the Sierpinski gasket. The black trian-
gles are a piezoelectric material and the smallest white triangles are a polymer

material.

Figure 2: The first few generations of the Sierpinski gasket lattice SG(3,4).

2 Model Derivation

The lattice represents the vibrations of piezoelectric and polymer materials (here
the focus will be on PZT-5H and HY1300/CY 1301 hardset [30] respectively) that
have been manufactured to form a Sierpinski gasket. The interplay between the
electrical and mechanical behaviour of the lattice vertices is described by the

piezoelectric constitutive equations [37), 36]
Tij = CijttSk — €rij B, (1)
D; = eSu + cirEk, (2)
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where Tj; is the stress tensor, c;j; is the stiffness tensor, Sj; is the strain tensor,
eki; is the piezoelectric tensor, Ej, is the electric field vector, D; is the electrical
displacement vector and e is the permittivity tensor (where the Einstein sum-
mation convention is adopted). The strain tensor is related to the displacement

gradients u; ; by
Wij + Uji

Si': )
J 2

(3)
and the electric field vector is related to the electric potential ¢ via

Ei=—¢,. (4)
The dynamics of the piezoelectric material is then governed by

PP = Tji j, (5)

subject to Gauss’ law

D;;=0 (6)

)

where p” is the density and u; is the component of displacement in the direction

of the " basis vector. So, combining equations (B)) and (I)) gives

pPii; = cjinShj — exjiEr;- (7)
Combining equations (@) and (2]) gives

D;; = €Sk + ciEri = 0. (8)

We will restrict attention to the out of plane displacement only (a horizontal

shear wave) by stipulating that
U= (0,0,ug(:cl,:cg,t)), 9)

this choice of parameterisation will simplify the algebra significantly and will lead

to a scalar dynamical equation. It also will allow us to consider the transverse
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vibrations of the device which is of engineering interest in the application of
this device. There are of course other parameterisations that could be chosen
and a suitable choice would also afford the study of the vector elastodynamical

equations. So only us; and us o are nonzero then equation (7)) gives
E -
p~ i3 = C13515k1,1 + Co3615k12 — €kjz L (10)

From equation (3]) we get

(

tugy i=1,j=3o0ri=3,j=1

Sij = Suss i=2,j=30ri=3,j=2 (11)

0 otherwise,
\

so equation (I0) gives
pEﬁs = C1331U3,11 + C1332U3.21 + C2331U3,12 + C2332U3,22 — €j3 bk ;. (12)
From the properties of PZT-5H (see Appendix [[1.2]), then
pEil:s = caa(ug 11 + us22) — €rjsl ;. (13)

since c55 = ¢4 and the Voigt notation has been used to express these tensors as

matrices. For example, cyy = o303 and ey = €903. Now if £ = (E1 (1, x2), Bo(x1, x2), 0)

then
PEﬂs = 044(103,11 + U3,22) —ensbiy — ezl g — eanzFa1 — €93 bn . (14)
That is
PEiis = 044(U3,11 + U3,22) —esbhy —ewbi o —exsFay — e k. (15)
Then, for PZT-5H,

/JEU'?) = cya(ugi1 + ugo) — eau(Er 1 + Eas), (16)
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since e15 = eyy. From equation (§)) we get
1135131 + €131.531,1 + €2235232 + €2325322 + €11 1,1 + €22F29 = 0. (17)
That is, for PZT-5H,
e15U3, 11 + €24Uz 20 + 1111 + €22F0 5 = 0. (18)

Therefore

eas(us 11+ ug2) +e11 (B + Ean) =0 (19)

since €17 = €99 for PZT-5H. So we get

e
B+ Eyy = —Eﬁ(uzs,n + u3.92). (20)
11

Substituting this equation into equation (I€]) gives
2

. e
PEus = cya(ugg1 + ug22) + gﬂ(us,n + u3.92). (21)
11

A similar analysis can be conducted for the polymer phase. The dynamical

equation in each phase can be written as
’113 = C2V2U3 (22)
where ¢ is the shear wave velocity defined as

. cr = /ciu/p¥, iy = ciy +e3y /ey, PZT-5H (23)

cp =/cb,/p", polymer

and V? = 0%/0x3 + 0?/023. cl, is the piezoelectrically stiffened shear modu-
lus in the ceramic phase, ck, is the shear modulus of the polymer, p?/F is the
density in the E-piezoelectric / P- polymer phase, eqy is an element of the piezo-

electric tensor, and €17 is an element of the permittivity tensor. The polymer’s



material tensors are given in the Appendix and the derivation cp follows
similar lines to these for the piezoelectric material. We impose the initial con-
ditions wugz(z,0) = us(z,0) = 0 and the boundary conditions of continuity of
displacement and force at 002 (the boundary to 2). By introducing the non-
dimensionalised variable § = cyt/h then (temporarily dropping the subscript on

u and the superscript on h)

0? h?
8—0,1: = 0—202 VQU. (24)
T
Applying the Laplace transform £ : § — ¢ then gives
h2
¢ u= 6—202 V2. (25)
T

We will seek a weak solution w € H'(2) where on the boundary @ = g €
H'(09). Now multiplying by a test function w € H5(2), where H5(Q) := {w €
HY(Q) : w = 00n 0N}, integrating over the region 2, and using Green’s first
identity [, V?¢dv = §,, p(Ve.n)dr — [, V.V dv, where n is the outward
pointing unit normal of surface element dr, gives

2 2
/ ¢ uwdr = h—202j§ w(Vu.n)dr — h—202/ Vu.Vwdz. (26)
Q Ele! ‘r Ja

‘r
Now h* §,, w(Vu.n) dr is zero since w = 0 on 9Q and so, we seek & € H'(Q)

such that
h2
¢ / twdz=——c / Vu.Vwdz (27)
Q Cr Q

where w € HL(Q).

3 Galerkin discretisation

Using a standard Galerkin method we replace H'(€2) and H}(€2) by the finite

dimensional subspaces S and Sp = SN HE(Q). Let Ug € S be a function that
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approximates igo on J€, then the discretised problem involves finding U € S
such that

/Ude———c /VUVde (28)
Q

where W is the test function expressed in this finite dimensional space. Let

{p1, 02, , On, dn+1} form a basis of Sp and set W = ¢;, then

_ h2 _
q2/U¢j dgz—c—202/VU.V¢jd§, j=1,...,N+1. (29)
) Q

T
Furthermore, let ¢y, I = {N + 2, N + 3, N + 4} form a basis for the boundary

nodes and let
NA+1

U= ZU¢Z+ZUB¢Z (30)

el

Hence, equation (29) becomes

NH( /gbgb]dx+ /ng,VgZ)jdg)U—

_ Z ( / ’l/}z(bj dzx "‘ /QVQ/%-V%' d&) Us, (31>

el

where j € {1,2,..., N, N + 1}. That is

A;;U; = b, (32)
where
h2
Ay = / bty dz+ L2 / V6.V, di, (33)
Q Cr Q
and
h
ZGI Q

It is important to now explicitly record the fractal generation level n and so

equation (33) can be written

ji o

()
A = @ H (CT) ) (35)
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where
1 = [ @0)dz, (36)

and

K =¢ / (V. V;)de. (37)
Q

B
 J

(—h,0) @ (h,0) (2h,0)

Figure 3: The modified Sierpinski Gasket lattice SG(3,4) at generation level
n = 1. Nodes 1,2 and 3 are the input/output piezoelectric nodes, node 4 is a
polymer node, and nodes A (or 5), B (or 6) and C' (or 7) are fictitious nodes used
to accommodate the boundary conditions. The lattice has 9 elements (circled

numbers), with two vertices adjacent to each element.
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(2h,2+/3h)

Figure 4: The modified Sierpinski Gasket lattice SG(3,4) at generation level
n = 2. Nodes A (or 13), B (or 14) and C (or 15) are fictitious nodes used
to accommodate the boundary conditions. The lattice has 24 elements (circled

numbers), with two vertices adjacent to each element.
3.1 Transformations of the fundamental basis functions

In this section we will consider transformations of some fundamental basis func-
tions ¢y, o and 1&1 (see Figures [l [0 and [7]) to get basis functions ¢, ¢x and
11 at each vertex in the lattice. These basis functions will be based on a fun-
damental basis function for the interior piezoelectric vertices (J), one for the

interior polymer vertices (K') and one for the exterior piezoelectric vertices ().
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We choose the design of the fundamental basis functions gZA> s as shown in Figure
with nodes (?h, b, (?h, =1, (%,O) and (_T*/gh, 1). The ¢ basis function is

defined such that (we ease the notation by setting x; = x, and xs = y)

R 1 if xZ, = \Tj5,Yj
by = (@,y) = (z;,95) (39)

0 if(x,y) = coordinates of vertices adjacent to vertex j.

The basis functions have a compact support and are identically zero outside the

edges that are incident upon the particular vertex.

Ny
~—

Figure 5: Plan view of ¢, the fundamental basis function for the piezoelectric

vertices; it is symmetric with respect to the x axis.
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Figure 6: Plan view of gng, the fundamental basis function for the polymer

vertices.

Figure 7: Plan view of 7, the fundamental basis function.
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For the fundamental basis functions ¢, (see Figure () we have five nodes and so

the functional form has five unknowns. Setting
by(x,y) = a+ bz + cy + da® + ey?, (39)

then, by applying equation ([B8), we get

$;(0,0) = a=1, (40)
éJ(%,O) — 1+%b+%2d:0, (41)
¢J(\/_h ;L) = 1+?hb+gc+gh2d+hgezo, (42)
q&;(%,%h) = 1+§hb—gc+zh2d+h£e:0 (43)

and
ch(_fh ﬁ)—l—ﬁhbJrE +3h2d+h—26—0 (44)

2 2 2 4 4
Equations (1)) to ([@4) provide four equations in the four unknowns b, ¢, d and
e, which give b =0, ¢ = 0, d = —3/h? and e = 5/h? and substituting these into
equation (39) gives

~ 3 )

¢s(x,y)=1-— ﬁﬂf + hzy (45)

Similarly, for the fundamental basis function qBK (see Figure [d), we have four

nodes, so we need to form an equation with four unknowns, so consider
Or(,y) = a+ bx + cy + d(z* + 3?). (46)

By applying equation (B8], then we get

¢K<070) = CLIO, (47>
b (h,0) = hb+h*d=0, (48)
@K(g,@) = §b+\/_hc+h2d:0 (49)

16



and

~ h h h h h?

Equations (48) to (B0) provide three equations in the three unknowns b, ¢ and
d, which gives b = 3/h, ¢ = v/3/h and d = —3/h?, and substituting these into

equations (46]) gives
Ox(x.y) = 27+ ——y — 5 (=" + 1) (51)

Similarly, for the fundamental basis functions @ZA)I (see Figure [M), we have two
nodes, so consider

bi(z,y) = a+d(@* + 7). (52)

By applying equation (3), we get

~

¥7(0,0) =a=1 (53)

and

Ur(h,0) =1+ h2d = 0. (54)

This equation gives d = —1/h?, and substituting this into equation (52)) gives

Br(y) = 1— = (2% +42). (55)

Having established the fundamental (canonical) basis functions for each type of
vertex in the lattice we now need to calculate the specific basis functions for each
vertex. In order to do this each fundamental basis functions is mapped onto the
specific vertex by a series of transformations such as a translation, a rotation,
or a reflection in the x or y axis. This has to be performed for each vertex in
the lattice and below we illustrate the process by detailing the transformations

for a small subset of these vertices.
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Figure 8: The plan view of the basis function ¢,. The coordinate axis =’ lies

along the edge JD in Figure

In Figure [§ the plan view of the basis function centred on vertex 2 at fractal
generation level n = 1 is shown. The form of this basis function is obtained by
relating it to the canonical basis function shown in Figure [ as given by equation
(@3) (with respect to the (2/,y") coordinate frame shown in red in Figure ). To
transform this plan view of ¢, to the plan view of <;3 s then we simply need to
transform the (z,y) axis in Figure § to the (2/,y’) axis in Figure Bl So the first
step is via a translation of zo = (h,0) to =5 = (0,0) (see Figure [@). So, from

equation (45)), we have so far

bo(x —hyy)=1— %(:p — h)? + %yQ. (56)

18



In general, the translation of the basis vectors to the point (x;,y;) is given by

the transformation

l‘—ZL‘j

Rr(z;) = ) (57)
Y—Yj

Figure 9: The plan view of ¢9, after the first transformation.

The second step in transforming ¢5 to gzg s is via a reflection in the (y axis) (see
Figure [I0). Reflection in the y axis can be obtained by multiplying the basis

vectors by the matrix

Rp = : (58)



Figure 10: The plan view of ¢9, after the second transformation.

Then from this plan view of ¢, the third (final) step in transforming ¢, to (ﬁ Jis
via a rotation of —m/6 (clockwise) (see Figure [[T]). The anticlockwise rotation

by an amount 6 is obtained by multiplying the basis vectors by the matrix

cosf@ —sinf
Ry = ) (59)
sinf cosf

20



Figure 11: The plan view of ¢o, after the third (final) transformation.

So, for example, at fractal generation level n = 1,

2 = Rz o Rro Rp(zy)s(,y) (60)
= R_s o Rpoy(z — 72,y)
= Resdy(—x —22,y)
= (— cos( g)(:c + 25) — sin(—%)y, - sin(—%)(m + o) + Cos(—%)y)
= (- +h)§+;y,;( +h)+§y)
_ 1—%(—(x+h)§+%y)2+§2(l($+h) \fy)g

21



Figure 12: The plan view the basis function ¢s.

To transform ¢; (see Figure I2) to ¢, (see Figure Bl) we need a translation of

x3 = (h/2,v/3h/2) (see Figure [3).

Figure 13: The plan view of ¢3, after the first step of transformation.
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The second (final) step in transforming ¢ to ¢ is via a rotation of 7/2 (anti-

clockwise) (see Figure [I4)).

Figure 14: The plan view of ¢3, after the second step of transformation.

So,

¢3 = Rz o Rr(z;)ds(x) (62)

5 3
= 1l——z+—y+ —=z°— =y’ (63)
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Figure 15: The plan view of the basis function g, before transformation.

To transform the basis function 14 (see Figure[IH) to the canonical basis function

Yy (see Figure 7)), the first step is a translation of zg = (2h,0) (see Figure [If).
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Figure 16: The plan view of 14, after the first step of transformation.

24



The second (final) step in transforming g to Qﬂl is via a rotation of w (see Figure

7).

7
[ ]
/
/
/
/
/
/
/
/
/
/
y /
/
| 3/
|
| R
| / \\
| )/ \
| , \
! \ 7 ! \\
! I
\ ! y/ 4\ \\
X LS o) \
‘. ‘ /. /// \\\ \\
e ! \
5 1 3 & :
®- - r—-—=_Q - @
D

Figure 17: The plan view of g, after the second (final) step of transformation.

So,

Yo = RyoRp(ze)is(z) (64)
= Rpot(x —2h,y)

= Yi(—z + 2h,—y)

= 34 -a— —a®— g (65)
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Figure 18: The plan view of the basis function 1, before transformation.

To transform 7 (see Figure[I8) to Uy (see Figure[7), the first step is a translation
of z7 = (h,v/3h) (see Figure [[9).

Figure 19: The plan view of 17, after the first step of transformation.
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The second (final) step in transforming 7 to v is via a rotation of 27 /3 (anti-

clockwise) (see Figure 20).

7
[ ]
/
/
/
/
/
/
/
/
/
/
y /
/
| 3/
|
| R
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5 1 3 & :
®- - r—-—=_Q - @
D

Figure 20: The plan view of 17, after the second (final) step of transformation.

So,

V1 = Rz o Rrlz;)ii() (66)

= R%ﬂ O’&I("L‘_hay_\/gh)

2 2v/3 1 1
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Related steps from ¢; and v, to their respective canonical basis function

j || (1) Translation (Rr) | (2) Reflection (Rg) (3) Rotation (Ry)

1 - — —7/6

2 (h,0) y axis —7/6

3 (5.3) - /2

4 _ _ _

5 (—h,0) — -

6 (2h,0) — T

7 (h,\/3h) - 21 /3

Table 1: The related steps of the transformation from ¢;, 7 = 1,...,4 and vy,
J =5,6,7 to their respective canonical basis function in fractal generation level

n=1.

A summary of the transformations required for each basis function at fractal
generation level n = 1 is given in Table [Il. A table summarising the coefficients

that subsequently arise for each basis function is given in Table[7] (see Appendix).

28




Figure 21: The plan view of the basis function ¢75, before transformation.

The above process can then be repeated for fractal generation level n = 2. Recall
that at each generation level the overall length of the lattice remains fixed (L)
and the edge length h decreases. As such the canonical basis function given by
equation (43]) can still be applied here since it will be automatically scaled as
its coefficients depend on h. For example, to transform ¢, (see Figure 21)) to qg J
(see Figure [), the first step is a translation of 27 = (5h/2,v/3h/2) (see Figure

22).
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Figure 22: The plan view of ¢, after the first transformation.

~

The second step in transforming ¢ to ¢, is via a reflection in the y axis (see

Figure 23).
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Figure 23: The plan view of ¢, after the second transformation.

Then from this plan view of ¢7, the third (final) step in transforming ¢ to gzg J

is via a rotation of 7/2 (anticlockwise) (see Figure 24]).
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So,

Figure 24: The plan view of ¢7, after the third (final) transformation.

b7

Rz oRpo Ry(z7)¢,(z)

h, v
5 Y 9

) 5h V3h

. 3h 5h
¢A—y+3%a—x+§ﬁ

3f 3,

R% o RR(ZBJ(Jf
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Figure 25: The plan view of the basis function ¢g, before transformation.

To transform ¢g (see Figure 25) to b (see Figure[d)) the first step is a translation
of 29 = (h,/3h) (see Figure 20).
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Figure 26: The plan view of ¢g, after the first transformation.

The second related step is a reflection in the (y axis) (see Figure 27]).
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Figure 27: The plan view of ¢g, after the second transformation.

Then from this plan view of ¢, the third (final) step is a rotation of —5m/6
(clockwise) (see Figure 28]).
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Figure 28: The plan view of ¢g, after the third (final) transformation.

Hence,

o

Rs= o Ry o Rr(zg)d.(x) (70)
Resz 0 Rpdy(x — h,y — v/3h)

R*TMGZEJ(—IE +h,y — V3h)
~ /3 V3h 1 V3h 1 ﬁ\/§ 3h
2

A L R A R X D
V3 o1 2 5,1 3 2

14 23 1 , 3, 4/3

36



Figure 29: The plan view of the basis function ¢,(, before transformation.

To transform ¢ (see Figure[29) to b (see Figure[d) the first step is a translation
of 219 = (2h, v/3h) (see Figure 30).
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Figure 30: The plan view of ¢, after the first transformation.

The second (final) step is a rotation of —57/6 (clockwise) (see Figure [31]).
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So,

Figure 31:

b0 =

The plan view of ¢q, after the second (final) transformation.

R-s o Ry(219)¢s(2) (72)
Resz 0 ¢y(x — 2h,y — V/3h)
. V3 y V3h 1 V3 3h
_X- Z_ Y7 _Z h— ~= =
o.( 2x+\/§h+2 SR 5 Y+ )
3 V3 1 3ho 5 1 V3  5h

2
Pl gud ) (o gr - S+ )

8 144/3 1 3 4/3
; . Yy h2x2 ﬁyQ—i-—hz xy. (73)
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Related steps from ¢; and v; to their respective canonical basis function
j || (1) Translation (Rr) | (2) Reflection (Rg) (3) Rotation (Ry)
1 — — —7/6
2 A(h,0) y axis —7/6
3 A5, 3% - /2
4 _ _ _
5 A(2h,0) - —/6
6 A(3h,0) y axis —/6
7 )\(%,@) y axis /2
8 AL, Q—\h/g) — —
9 A(h, v/3h) y axis —5m/6
10 A(2h, \/3h) - —57/6
11 A(3h 33k - /2
12 A 505) — -
13 A(—=h,0) — —
14 A(4h,0) — T
15 A(2h, 2+/3R) — 21 /3

Table 2: The related steps of the transformation from ¢;, j = 1,...,12 and v,
j = 13,14, 15 to their respective canonical basis function in fractal generation

level n = 2, where A = 1/3.

A table showing all the transformations required to create the basis functions,
for fractal generation level n = 2, is shown in Table2l Another table showing the

coefficients that arise from this process for each basis function is given in Table [§

40



(see Appendix). To aid in the visualisation of these basis functions an example is
provided in the graph below, which shows the lattice basis functions ¢; where j =
1,2 and 3, which are the interior PZT-5H nodes at fractal generation level n = 1
(see Figure ). The lattice basis functions ¢; at vertex (0,0) (as shown in green
in Figure[32) is connected to node 2 through element 1, node A through element
7, node 3 through element 3 and node 4 through element 4. The lattice basis
functions ¢, at vertex (h,0) (as shown in blue in FigureB2)) is connected to node
1 through element 1, node B through element 8, node 3 through element 2 and
node 4 through element 5. The lattice basis functions ¢3 at vertex (h/2,v/3h/2)
(as shown in blue in Figure B2]) is connected to node 1 through element 3, node

2 through element 2, node C' through element 9, and node 4 through element 6.

05

00 1.0
\// m \X;Z °
I 1 I | I I 1 \ I \ I \ 00
- 0 1 2

Figure 32: The basis functions ¢; where j = 1,2 and 3 at fractal generation

level n = 1.
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The graph below shows the lattice basis functions ¢, which is the interior poly-
mer node at fractal generation level n = 1 (see Figure B)). The lattice basis
functions ¢4 at vertex (h/2,h/2v/3) (as shown at Figure B3) is connected to
node 1 through element 4, node 2 through element 5 and node 3 through ele-

ment 6.

Figure 33: The basis function ¢, at fractal generation level n = 1.

The graph below shows the lattice basis functions ¢; where j = 5,6 and 7 which
are the exterior nodes at fractal generation level n = 1 (see Figure[3). The lattice
basis functions 5 at vertex (—h,0) (as shown in red in Figure B4 is connected
to node 1 through element 7. The lattice basis functions s at vertex (2h,0)
(as shown in blue in Figure 34]) is connected to node 2 through element 8. The
lattice basis functions 17 at vertex (h,v/3h) (as shown in green in Figure B4) is

connected to node 3 through element 9.
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Figure 34: The basis functions v¢); where j = 5,6 and 7 at fractal generation

level n = 1.

The graph below shows the lattice basis functions ¢; where j = 1,2 and 3 which
are some of the interior PZT-5H nodes at fractal generation level n = 2 (see
Figure ). The lattice basis functions ¢; at vertex (0,0) (as shown in green in
Figure B3]) is connected to node 2 through element 1, node A (that is, node 13)
through element 22, node 3 through element 3, and node 4 through element 4.
The lattice basis functions ¢, at vertex (h,0) (as shown in blue in Figure [35))
is connected to node 1 through element 1, node 5 through element 7, node 3
through element 2, and node 4 through element 5. The lattice basis functions
b3 at vertex (h/2,v/3h/2) (as shown in blue in Figure B3] is connected to node
1 through element 3, node 2 through element 2, node 9 through element 14, and

node 4 through element 6.
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00

Figure 35: The basis functions ¢; where j = 1,2 and 3 at fractal generation

level n = 2.

The graph below shows the lattice basis functions ¢; where j = 5,6 and 7 which
are some of the interior PZT-5H nodes at fractal generation level n = 2 (see
Figure M]). The lattice basis functions ¢5 at vertex (2h,0) (as shown in green in
Figure [36]) is connected to node 2 through element 7, node 6 through element 8,
node 7 through element 10, and node 8 through element 11. The lattice basis
functions ¢g at vertex (3h,0) (as shown in blue in Figure B@]) is connected to
node 5 through element 8, node B (that is, node 14) through element 23, node 7
through element 9, and node 8 through element 12. The lattice basis functions
¢7 at vertex (5h/2,v/3h/2) (as shown in blue in Figure 36) is connected to node
5 through element 10, node 6 through element 9, node 10 through element 15,

and node 8 through element 13.
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1.0

Figure 36: The basis functions ¢; where j = 5,6 and 7 at fractal generation

level n = 2.

The graph below shows the lattice basis functions ¢; where 7 = 9,10 and 11
which are some of the interior PZT-5H nodes at fractal generation level n = 2
(see Figure H). The lattice basis functions ¢g at vertex (h,v/3h) (as shown in
green in Figure B7) is connected to node 3 through element 14, node 10 through
element 16, node 11 through element 18, and node 12 through element 19. The
lattice basis functions ¢ at vertex (2h,/3h) (as shown in blue in Figure B7)
is connected to node 7 through element 15, node 9 through element 16, node 11
through element 17, and node 12 through element 20. The lattice basis functions
$11 at vertex (3h/2,3v/3h/2) (as shown in blue in Figure B6]) is connected to
node 9 through element 18, node 10 through element 17, node C' (that is, node

15) through element 24, and node 12 through element 21.
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Figure 37: The basis functions ¢; where j = 9,10 and 11 at fractal generation

level n = 2.

The graph below shows the lattice basis functions ¢; where 7 = 4,8 and 12
which are the interior polymer nodes at fractal generation level n = 2 (see
Figure d). The lattice basis functions ¢, at vertex (h/2,h/2+/3) (as shown in
green in Figure B8)) is connected to node 1 through element 4, node 2 through
element 5 and node 3 through element 6. The lattice basis functions ¢g at
vertex (5h/2,h/2v/3) (as shown in blue in Figure B8) is connected to node 5
through element 11, node 6 through element 12 and node 7 through element
13. The lattice basis functions ¢y, at vertex (3h/2,7h/2+/3) (as shown in red in
Figure B]) is connected to node 9 through element 19, node 10 through element

20 and node 11 through element 21.
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Figure 38: The basis functions ¢; where j = 4,8 and 12 at fractal generation

level n = 2.

The graph below shows the lattice basis functions v¢; where j = 13,14 and 15
which are the exterior nodes at fractal generation level n = 2 (see Figure H).
The lattice basis functions ;3 at vertex (—h,0) (as shown in green in Figure [39)
is connected to node 1 through element 22. The lattice basis functions 14 at
vertex (4h,0) (as shown in blue in Figure 39) is connected to node 6 through
element 23. The lattice basis functions ;5 at vertex (2h,2v/3h) (as shown in

red in Figure [39)) is connected to node 11 through element 24.
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Figure 39: The basis functions 1; where j = 13,14 and 15 at fractal generation

level n = 2.

As described above each of the lattice basis functions is given by

a; + bz + ¢y + djx? + fiyP + gjzy jEJ
¢, y) = (74)
aj + bz + cjy + d;(2* + y?) jeEK
and
Vi(z,y) = aj + bjz + cjy +d;(2* +y*) jel (75)
where (z,y) € Q and a,b, ¢, d, f and g € R are coefficients to be determined (see
Tables[Mand R Appendix[IT.I) and J = {1,2,3}atn =1, J = {1,2,3,5,6,7,9,10, 11}
at n = 2 which are the interior PZT-5H nodes, K = {4} at n = 1 and
K = {4,8,12} at n = 2 which are the polymer nodes and I = {5,6,7} at
n =1, 1={13,14,15} at n = 2 which are the exterior PZT-5H nodes. Hence
Vo, (2.4) = (bj +2djx + gy, ¢; + 2f;y + g5) 5 € J (76)
(b; + 2d,x, c; + 2d;y) jeK
and

Vbi(z,y) = (bj + 2dz, cj + 2e5y) j €L (77)
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For each element (edge) e where e € M; (which is the set of elements in the
interior that are piezoelectric), for eH](.?) where j,i € {1,2,..., N, N+1} we can

write equation (36]) using equation (4] as
MIHE = / ((aj + bz + ey + dia® + fiy? + gjay)

(a; + bix + ciy + dix® + fiy® + giff?/))di

= / (ajai + (aghi + aibj)x + (ajc + aicy)y + (a;d; + aid; + byb;)?
+ajfi + aifj + c;e)y? + (a;9; + aig; + bje; + bicj)zy + (bid; +
bid)a® + (¢ fi + cif)y* + (0 fi + bifs + ¢ + cigy)zy® + (bigi +
big; + ¢idi + cidy)a*y + (fi9: + figi)ay® + (dsgs + dig;) =’y + (d; f;
+dif; + 9,9:)7°y* + ddiz® + fjij4) dz. (78)
Similarly, for each element (edge) e where e € My (which is the set of elements
in the interior that are a polymer - piezoelectric mix), then

MKHJ('?) - / <(aj + bjx + ¢y + dja® + fy7 + gjff?/)-(ai +bix + ¢y +

dj(:'f2 + y2))>d£

- / (ajai + (ajb; + a;ibj)z + (ajc; + aicy)y + (bbj + ajd; + a;d;)z®
+(eies + agdi + aif;)y? + (bicy + bici + aigy)wy + (byd; + bidy)a® +
(cjdi + cif )y + (bjd; + bifj + cigy)zy® + (¢jdi + cid; + bigy)x’y +
digzry’ + dig;x’y + (did; + di f;)2y? + didja* + di.ij4> dz. (79)

For the boundary elements e € M; (which is the set of elements that connect

to the exterior) note that Hi(in ) = My Hgl) where i € J (corner vertices). For

a piezoelectric element lying between vertex p and vertex ¢ the isoparametric

representation, given by

(2():9()) = (@5 =25 + 1, (05 = 9)s + w1 (80)
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Figure 40: An isoparametric element (edge) between piezoelectric vertices

P (7, yp) and q (24, yq).

P (@, Yp)

Figure 41: An isoparametric element (edge) between piezoelectric vertex
p(xp,y,) and polymer vertex ¢ (x,,y,). The fraction of piezoelectric material

in this edge is given by v.

is employed, where s = 0 and s = 1 and dz = hds (see Figure d0). For the
elements that join a piezoelectric node to a polymer node a similar representation
is used but here dxz = h/ V/3ds and the region between s = 0 and s = v is
piezoelectric and that between s = v and s = 1 is polymer (see Figure AIl).

Substituting this into equations (78) and (T9) gives
h [y di¢ids ife € My
Hi =3 [ g0ids ife e My (81)
h [y di¢ids ife € M.
Let us start with an interior piezoelectric element (e € M), say e = 1 € M,

which is connected between node 1 at (z;,y;) = (0,0) and node 2 at (z;,y;) =

(h,0). From equation (80) we get (x(s),y(s)) = (hs,0) and then from equation
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&) we get

Y = [ b, 0001 5,0)ds (52)
0
1
= h/ (1- 32)2d3. (83)
0
Similarly,
1
SHY = b [ ou(hs,0)0u(hs,0)ds (34)
0
1
= h/ (1 —52)(25—52)ds
0
1
= h| (1-5")(2—s)sds, (85)
0
where we note that eleﬁ) = elel(é). Also
1
<0y = h / (hs,0)pa(hs, 0) ds (86)
0
1
= h/ (25—32)2d5
0
! 2
= h/ (2 —s)"s”ds. (87)
0
So for each interior piezoelectric element (e € M),
(
[(s* = 1)2ds ifj=i=p
M, 77(n) f01(52 —1)(s—2)sds if(j =pandi=¢q)or(j =qandi=p)
Hi=h 1 e
Jo (s = 2)*s*ds ifj=i=gq
\ 0 otherwise,

(88)

where element e connects node p to node ¢q. Evaluating these integrals gives

;

16 ifj=i=p
M"H}?):% 11 if(j =pandi = q)or(j = gandi = p) (89)
16 ifj=i=gq

0 otherwise.

\
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For a piezoelectric - polymer element (e € Mk), let us take the example e =

5 € Mg which is connected between node 2 at (x;,y;) = (h,0) and node 4 at

(zj,y;) = (h/2,h/(2¢/3)). From equation (B0) we get (2(s),y(s)) = (—h/2s +

h,h/(2v/3)s) and then from equation (BI) we get

s = o e o
22 V3 /) 2 ’ 24/3 2 ’ 2V/3

- %/01(1_32)%.

Similarly,

e=5 (1) _ _/ —s+h,——=s —s+h,——=s)ds
2 \/§ 0 ¢2( 2 2\/§ >¢4< 2 2\/3 )

— %/01 (1—5%)(2—s)sds.

where we note that e=5HAE§) = 625H2(i). Also

h (Y —h h —h h
e:5H(1) — / h. —— — h,——s)d
44 \/g o ¢4( 9 s+ h, 2\/§S)¢4( 92 s+ n, 2\/58) S

_ %/01 (2 - 5)°s* ds.

So, for each piezoelectric - polymer element (e € Mk),

(90)

(91)

(
f01(52—1)2d5 ifj=i=p
MKHQL):i f01(52_1)(s—2)sds if (j = pandi = ¢)or (j = gand i = p)
Jt
V3 fol(s —2)%s%ds ifj=i=gq
[ 0 otherwise.
That is
(
16 ifj=i=p
My ppn) _ N 11 if (j = pandi = g)or (j = gandi = p)

B0V 16 it —i—g

0 otherwise.

52
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Note that from equation (BH) since MKHJ(?) =h/V3( [} ¢;bidz+ fyl ¢;d; dx) =
h/ V3 fol ¢;j¢;dx, then v does not explicitly appear. We will see later that
for 2K j(?) for e € My, we need to apply equation (23) where Mxc?2K ](f) =
hV3(c [) V$; Vi ds + c3 fyl V$;.V;ds) and so v does appear explicitly in
that case. For exterior piezoelectric elements (e € M; = {M+1, M +2, M +3}),
let us take the example for one element that is e = 7 € M; which is connected

between node 1 at (z;,y;) = (0,0) and node 5 at (x;,y;) = (—h,0) and apply

equation (80) to get (z(s),y(s)) = (hs,0). Then from equation (8I]) we get
1
THY = [ (b, 0001 (hs,0)ds (98)
0
1

= h/o (1—32)2d3. (99)

Similarly, for each exterior piezoelectric element (e € M),

[l(s* = 1)%ds ifj=i=gq

Mg = p (100)

0 otherwise.
Note that there is only one combination of basis functions in these exterior
piezoelectric elements since the left hand side of equation (BII) does not involve

the basis functions at boundary vertices I denoted by ;. That is

i _ b ) 16 i =i=q

= 101
=5 (101)

0 otherwise

where ¢ is the corner vertex of the SG(3,4) lattice connected to element e (for

n=1,q¢€ {1,2,3}, and for n = 2, ¢ € {1,6,11}). Assembling the full matrix
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in equation (Bl gives, for generation level n = 1

[ 16 11
48+ 5% 1 11 4
no| 11 48 + 18 11 1L ho
Y- V3 Vil = Z W, (102)
T30 11 48426 30
V3 V3
1 11 11 48
L V3 V3 V3 V3
and for generation level n = 2
00 0 00 0 00
AY 110 0 00 0 00
00 0 011 0 00
00 0 00 0 00
011 0 0 0 0 00
nlo o o0 o0 bZa% 0 0 00
H}f):% ! : (103)
00 0 0 0 11 0 0
00 0 0 0 0 00
00 11 0 0 0 0 0
o0 0o 000 11 0 AY
00 0 000 0 0
00 0 000 0 0

o e 1-(n) : :
Similarly for °Kj;” we can write equation (37)

WK = / ((b; +2d;x + gy, ¢j + 2f;y + gjx).(bi + 2dsx + gy, ¢ + 2fiy + gix) ) da
= ¢ / (bjbi + 2(bjd; + bid;)x + (bjg; + big;)y + 4d;dsz® + g;9:9°
+2(djg; + digj)zy + cjci + (c;gi + cigy)x + 2(c; fi + cif;)y + g9;9:%°

+4 15 fiy? + 2(f;9: + figi)zy)da. (104)
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For each element (edge) e where e € My or e € M;
MKKJ(»?) = M’Kj(»?) = /(bj +2d;x, ¢; + 2d;y).(bi + 2d;z, ¢; + 2d,y)dz,
= 02 / <bzbj -+ Q(d]bz -+ dzb])l‘ -+ 4didjl‘2 -+ CZ'C]‘ + 2(diCj + djci)y

+4didjy2) dz. (105)

By using the definition of ¢ that in equation (23] and using equation (80) then

we can write equation (37) as

hez [o V¢;. Vo, ds ife € M,
K =0 5(& [y V6,V oids + G [ V6, Voids) ifeeMc  (106)
hC%« fol ng)jVsz ds 1f6 c M],

where v is a parameter indicating the volume fraction of piezoelectric material

in edge e. For e € M},

( 1
2 [ s*ds ifj=i=p
4L [Vs(s—1)ds if(j = pandi = g)or (j = gandi = p)

My (n)_hcz
K;;" = hey
—23 fol(s—l)st ifj=i=gq

J

\ 0 otherwise.
(107)
That is
(
26 ifj=i=p
2 11 if(j =pandi=q)or(j = gandi =
My ) 2a G=p g)or(j =g p) (108)
26 ifj=i=q
0 otherwise.
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For e € M,

B(G [ s ds 4+ & [ s ds) itj=i=p
(3 [y s(s = 1) ds + ¢ [, s(s —1)ds) if(j =pandi = q)
MKKJ(?):% or (j = gandi = p)
B = D2 s+ ch [ (s—1)°ds) ifj=i=q
otherwise.
0 (109)
That is
(2\/§(v3+%<1—v3>) ifj=i=p
\/g(y2(21/—3)—%(1/—1)2(1—1-2’/)) if (j = pandi = q)
M) 3%0% or (j = gandi = p)
2\/§(V(y2_3y+3)—%(y—1)3) ifj=i=gq
0 otherwise.
\ (110)
For e € Mj,
gty g | B o == (1)
0 otherwise.
That is
i :3%0% 2 ifj=i=gq 112)

0  otherwise.

Assembling the full matrix in equation (31) gives, for generation level n =1

D 11 11 R

9 11 D 11 R 9
1 11 D R
R R R FE

o6



D=78 + 2v/3(v* + %(1 — %), R=v3(v*(2v — 3) — %(V — 1)*(1 + 2v)) and
E=6v3(v(v? —3v+3) — %(V —1)*). For generation level n = 2

e}

o o o o o o o

o o o o o o o

KW

Jt

o o o O

o o o o o o o

0 0

11 0

0 0
0 0

o o o O
o o o O

11
0
0

o o o O

)
)
)
o o o o o o o o

Combining equations (I02) and (I13) gives equation (B5]) as

AL g,

Jt

o

UV O ™
o

=

o

=

«

P

© Y Y

~

hA(l)

3

(114)

(115)

where o = (¢2/30) (48 4 (16/v/3)) + (2/3) (T8 +- 23 (V® + (B /c2) (1 —12))), B =
(11/30)¢*+22/3, P = (¢*/30)(11/v/3)+(2/3) (V3(v*(2v=3) —(cp /c7) (v—1)*(1+
2v))). and 6 = (°/30)(48/v/3) + (2/3) (6V3 (v = 31 +3) = (3/4) (v = 1)*)).
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Similarly, for generation level n = 2,

_ 00 0 00 0 00]
Ao 0 00 0 00
00 0 08 0 00
00 0 00 0 00
08 0 0 0 0 00
AD ) 0 0 0 AP0 0 00 116)
00 0 0 0 B 00
00 0 0 0 0 00
00 8 000 0 0
00 0 000 B8 0 AP
00 0 000 0 0
00 0 000 0 0

A similar treatment, by using the definition of ¢ that in equation (23]), can be
given to equation (B4) to give (m = (N +1)/2)

(

_<feM+1<q2wN+2¢j + h2V¢N+2-v¢j)dﬁ)UA, j=1
~(Jo s (PN 1305 + W2V 3.V 0;)dz)Up, j=m = (N +1)/2

—([.,,.o(@PUOn1a0; + BV Uy 14V s)da)Ue, j =N

0 otherwise.
\

(117)
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Using the isoparametric representation given by equation (80)

;

Us, j=1
Up, j=m
b = hny (118)
UC? j =N
0 otherwise
where
2 11,
=— ——q°. 119
=3~ 354 (119)
For generation level n = 1,
4
Us, Jj=1
2 11 Up, Jj=2
0 = h(: - =g 120
W= b~ ) B (120)
UC y J= 3
0 otherwise
\
and for generation level n = 2,
UA ) J= ]'
2 11 Ug, j=6
Sy G —_ . 121
@ = h(: - 5¢) | (121)
UC , ] = 11
0 otherwise

4 A Homogenised Model of the Transducer

In this section we introduce a homogenised model of this composite transducer
[29, 33] that will be compared with the renormalisation approach being devel-

oped here; this comparison being made at a low number of fractal generation
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levels (these are the most interesting cases as these are potentially manufac-

turable). The homogenised model described below can be thought of as the

Figure 42: Tllustration of a standard 1-3 composite transducer where the ceramic

is black and the polymer is white. It clearly shows the regularity in the structure

and the reliance on a single length scale.

operating characteristics that one would obtain from a conventional (i.e. non-

fractal) 1-3 composite transducer as illustrated in Figure The constitutive

relations for the individual phases have a compact form, within the ceramic (F)

phase, and within the polymer (P) phase [35, 34 [I5]. From equation (), and

due to the properties of PZT-5H (see Appendix), we get
Ty =Ty =T =Ty =13 =0,

and

Tis = T3 = c1313513 + 1331531 — ens .

That is

Ty = c55(513 + S31) — eis By,
and, using equation (), since from equation (9) u; 5 = 0, then
T5 = CqqU3,1 — eaa by,
since cs5 = cy4 and ey5 = egy. Similarly we get
T3 = T3o = 3223523 + 3232532 — €232,
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(124)
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that is

Ty = CqqU3 2 — o b, (127)
So we rewrite equations (I28) and (I27), for the piezoelectric phase as
TF = cﬂuil — ey EBF (128)
and
TF = cﬂu?% — ey EE. (129)
Similarly, for polymer phase we get
Ty = chyus,, (130)
and
TF = cﬁuiz, (131)

since there is no piezoelectric effect in the polymer phase. From equation (2) we

get for the piezoelectric phase

DY = eyquf, + e EY, (132)
and
Df = eiu& + P EE, (133)

and for the polymer phase we get

DF =P EP, (134)
and
DY =P EP, (135)

where DY, D are zero. We assume that any movement (strain) in the polymer

phase is compensated by a strain in the piezoelectric phase, and so we can write
Uiz1 = vugy + Vu (136)
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and

Uz = VUg, + VUL, (137)

where v is the volume fraction of the piezoelectric phase where this is calculated

via

%(3 _1)(2n 1)+3n((2n 1)\/3)’/
(3n_1)(2n 1)+3n(m)

where 3(3"—1)/2 is the number of elements that are piezoelectric (M), 3" is the

o —

(138)

number of elements that are a polymer-piezoelectric composite (Mg), L/(2"—1)
is the length of elements M, and L/((2" —1)v/3) is the length of elements M.

That is
3(3n — 1) + 372
U(n) — 2( ) + 211/ (139)
2(3n —1) 43"z

and 9™ = 1 — 0™ is the volume fraction of polymer, where v is the volume
fraction of ceramic in the edges adjacent to the degree three vertices as detailed
in section 3 and in equation (I06)) (see Figure 3 M). For example at generation
level (n = 1) if v = 1 then v = 1 and if v = 0 then v = 3/(3 + /3). Assuming

the electric fields are similarly averaged then
E, =vE¥ +0EY, (140)

and

E, =vEy +vEL. (141)
Assuming that the stresses in each phase are equal then
Ty,=TF =1F (142)
and

Ts=TF =TF. (143)
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If the electrical displacements are also equal in each phase then
D, = DF = DF (144)

and

Dy, = D¥ = D?. (145)
From the symmetry of the SG(3,4) lattice (see Figure [44]) then we have
Usg = Us,) = U, (146)

since ufy, = uf, = u¥ and ul, = ul; = u. We take the electric fields to be

the same in both phases, namely,

E1 — E2 - E, (147)

T, =T5=T, (148)

and
D, =Dy, =D. (149)
From equations (142), (I48), (I46]) and (I47) we can write equation (129]) as

T = ciuf — ey B, (150)

and from equations (I44), (149)), (I46) and (I47) we can write equation (I32)) as

D = eyu” + e[ EP. (151)

For the polymer phase, we have from equations (I42), (I48) and (I46) that we
can write equation (I31]) as

T = chu®, (152)



and from equations (I44)), (I49) and (I47) we can write equation (I34]) as
D =l EY. (153)

From equation (I46) we can write equations (I37) and (I30]) as

N

=S =vu? + vu”, (154)

and from equation (I47]) we can write equations (I40) and (I41)) as

E =vE¥ + oE”. (155)
From equation (I52]) we get
T
ut = —, (156)
Cyq

and from equation (I53]) we get

D
Ef = —. (157)
€1
Hence, from equations (I54]) and (I56]) we get
1, T
E —
=—(S -1 158
W = (5 -0 ), (158)
and from equations (I55) and (I57) we get
1, D
EF = —(E —v—). 159
LB -0 (159
Substituting equations (I58) and (I59) into equation (I50) gives
_ 1. T 1, _D
T =cy—(S—v—5) — eu—(E — 1—). 160
cEiy (5~ o) — eury (B~ 02p) (160)
That is
T(1+@)_iﬁg %E’+@D (161)
veh/ v vell
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Also, substituting equations (I58)) and (I59) into equation (I5]]) gives

_ ey, T eH o D
D="(S~vp) + HE~vp). (162)
v Caq v S
That is
— 176?1 €924 = Veoy — 5?1 —
D(1+—U€P) =S —T+—-FE (163)
11 44
Hence,
D _ 85624 S, . 176248{31 — 8{3155 (164)
vell + vel) ch(vell + vely) vell + el
That is
P S P P _E
_ gj1€24 5  VEuEll s  ELEL E
D="1UZg_—ZAup,uip (165)
€ Ca€ €
where &* = vel} + vel{. Putting this into equation (I6I) gives
vl E =02 =2 2 — E
N 116 Ciy = €24 = V€5 = V€5 -  Ueufy) =
T(1+—#)=H5_ Zp4 2527 2 UR (166)
VCyy v v VE* VCyyE* VE*
that is
SLE 522 E -2 - E
_ vc v%e c VesyN 5 . Uexns €24\ =
T+ — + ) = (2 + 25+ (—=L - 2)E, (167)
UCyy  VCyt v VE VE v
and so

S Pk | - Bk, 2.2 E Px |, ~P 2\&, («.P .  _E P \F
T(vepe* + veye* + v°es,) = (cyene” + veyes,) S + (vepeact; — cyens”) E.

(168)
That is

T =4S — enk, (169)

since cyy = (cfjcher+ockied,) [ (vehe*+ockier+v2ed,) and €x = (chyeasvel)) / (vehe +

UcpE* + v%e3,). Substituting this into equation (IGH) gives

P P _E > P
— £71€24 = £11€7171 = VEoy e _ = _ =
D="1=g WUy e, S —enuk) (170)
* * P =x )
3 € Ciy€
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that is

P — _P= P_E ~, _P=
o\ e ch & £ ch & '
44 44

Now

P — P P 0 P (.E Pz | - .P_2

€11624  Ven€11Caa _ E11€2 venety (chichie + vciiedy)
_ P - - — - _ _ _ _ _
£* che £* cher(vehyer + velkie + v2ed,y)
P P
veh e* 4+ vekier + v2el,

So

D =éy,S+ &1 E,

where &), = (el el))/e* + (Veasel E24) /(). We then have

D @y~
E=—- 23,
€11 &1
and so we can rewrite equation (IG9) as
_ _ D ey -
T = cyuS — 624(,— - ,—S)-
€11 &1
That is
T = 5;11145' - EDa

(171)

(172)

(173)

(174)

(175)

(176)

where ¢l, = ¢4y + €2,/11 and ( = €y4/&11. The specific acoustic impedance of

the composite is then [33],

ZT Y, Eg:4ﬁT

(177)

where pr = vpP+vp" is the average density, and the longitudinal velocity is [33],

T
_ C
Cr = _i4-

%0

(178)

In order to calculate the transmission sensitivity, consider the circuit shown in

Figure @3l The current across the transducer I is given by [29]

aV

I =
Zp+b
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where a = Zp/(Zy + Zp), b = ZoZp/(Zo + Zp), Zy is series electrical load and
Zp is the parallel electrical load. The non-dimensionalised form for the electrical

impedance of the transducer is then [29]

_ 1 CCy - - o
/- 1— — (KT, KgT, 180
o quZO< QC]ZT( wir T s B)>’ ( )

where Tp = 2Z7/(Zy + Z1) and Ty = 2Zr/(Zr + Zp) are non-dimensional

transmission coefficients, Kr and Kpg are also non-dimensional and are given by

(1—e 7)1 — Rge )
(1 — RFRBefmf)

Kp = (181)

and
(1—e 7)1 — Rpe™7)
(1 — RFRBG_Q'TF)

where Rp = (Zr — Z1)/(Zr + Z1) and Rp = (Zy — Zg)/(Zr + Zp) are non-

Kp= (182)
dimensionalised reflection coefficients and 7 = L/ér is the wave transit time

across the device. Note that the capacitance of the device is given by Cy =

A,&11/L. The non-dimensionalised transmission sensitivity ¢ is [14]

Ap\K CANKpTr + KgTg)\ !
a F%\ F<1_C)\( Flp+ Kp B)) ’ (183)

_ FN\ -~

pu— —_— C = — —
i) <v)/§ ° 2C, 292
where A = C/(1+qCob) and Ap = 27, /(Zy, + Z7) are dimensionless constants.

The non-dimensionalised reception sensitivity ¢ is [13]

o= ()t = () (- SR

F

)_1, (184)

where H = qCyb/(1 + qCyb). Having derived expressions for the main operating
characteristics of a homogenised device these will be used to compare with the
characteristics of the fractal device using the renormalisation approach. This

will allow us to assess any practical benefits arising from this novel design.
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5 Renormalisation Model of the Transducer Op-

erating Characteristics

Mechanical and electrical loads will be introduced to the transducer at its bound-
aries as displayed in Figure [43l In the mechanical load at the front face of the

transducer the governing equation is

82uL 82uL

PL s — YL —F==5> (185)
ot? oz

where uy is the displacement of the load material, p; is the density and Y7 is

the shear modulus. That is

82uL . YL 82uL

== 186
otz pp 012 (186)
and so, nondimensionalising in a similar fashion to equation (24)), gives
0? hep\ 202
UL _ ( CL) oL (187)
062 cr / Oxy

where cy, is the wave speed in the load (¢2 = Y7 /pr). Taking Laplace transforms

as was done in equation (23] gives

821_LL qcr 2
— —|—) ur =0. 188
ox? (th) ur (188)

Hence, the displacement in the load is
uy, = ApelTaere/her) o gy elaerar/her) (189)

where Ay and By, are constants. Similarly the displacement in the backing layer

(subscript B) is given by
ip = Agelteres/hen) | ppelacren/hes) (190)
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~——1 Mechanical Load

Sierpinski Gasket

Backing
Material

—| Mechanical Load

i

<&,
Vs

Figure 43: Physical layout of the fractal transducer.

where Ap and Bpg are constants and cpg is the wave speed in the backing material.
As the backing layer is highly attenuative it is assumed that there is only a wave
travelling away from the piezoelectric layer (SG(3,4)) interface (zp = 0) in the
direction of increasing xg, and so we set Bg = 0. Continuity of displacement

at the transducer-mechanical load interface and the symmetry of the SG(3,4)

lattice give

Ur = up(0) = Ag, (191)
Up = ur(0)= AL+ By, (192)
Uc = ur(0) = A+ By, (193)
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where Uy, Upg and Ug are the mechanical displacements at the fictitious vertices
A, B and C, respectively. The force F on each vertex is given by F = A,T,
where A, = £L/(2" — 1) is the cross-sectional area of each edge of the fractal

lattice. Hence, from equation (I70),

Xy

X2

Figure 44: The line of symmetry given by z; = x5

F = A, S —(DA,. (194)

By applying an electrical charge @ at one of the transducer-electrical load in-

terfaces then Gauss’ law gives D = Q/A,. Since S = 0u/dx, then

r Ol

F — Aré44%

- Q. (195)

So from the continuity of force we get Fr(tu,,) = Fr(tuaq) = Fr(zr, = 0). That

is, from equation (I89),

7 (U —Un) =~ qc
Al T = Q=AY (3T ) (<AL + By, (196)
and so
Q/h 7
U, — 2 () =Ly (—A, + B 1
Uy — U, 524(Ar) ZTq< L+ By, (197)
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where the mechanical impedance of the load is Z;, = A, Y /cp, of the backing

material is Zp = pgcpA,, and of the transducer is Ir = AeL, Jer, where pr, (pg)

is the density and ¢y (cg) is the wave velocity in the load (backing material).

At each generation level of the Sierpinski gasket transducer the ratio of the

cross-sectional area of each edge to its length is denoted by ¢ = A,/h. The

overall extent of the lattice (L) is fixed and so the length of the edges will

steadily decrease and, by fixing &, the cross-sectional area will also decrease as

the fractal generation level increases. Hence, equation (I97), and its equivalent

at the front face of the transducer, can be written

(Q Zp

U1 —UA—_— = :—Q(—AB),
Ciy Zr
CO) 7

Up—Up— 2 = Zbya, 4By,
Ciy Zr

(198)

(199)

From equations (I91]) and (I98) we have that Uy = v,U; +6; and from equations

(192)),([I93) and (199) we have

UB :meUm—i_ém:UC:nyUN_'_(sNu

where
L (1-qz2)™" =1
(1—qg—;) L j=morN
and
-1
5, —é{?&( q?f) ) J=1
¢

_ gz (<Q _ 2 -
(1 qZT> (g{45 QALqZT)’ j=mor N.

Hence, equation (II8)) becomes

bg-n) =hy;U; +hé; j=1,mor N
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where 7; = ny; and §; = nd;. Putting equation ([203)) into equation (B2) gives
AU = 3,05 + 65 (204)

where A = A/h as in equation (II5). Hence,

(AW — BIU, =8, i=1,mor N (205)
where ~ _
7 0 0
0 O
0 0
BY = o . (206)
0 0
0 0
0 0 A~
That is
FU; =4, (207)
and so
U; = G5, (208)
where
(n) _ (n)\=1 _ (i) S (n)y —1
Gy = (") = (A7 - B;) (209)

represents the Green’s transfer matrix.
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6 Renormalisation

From equation (208) the desired weightings at each vertex in (2 is given by

U = G5, 4 GG+ G, (210)

J

In particular we will be interested in Ul("), U™ and U ](\? ) and so we only need

to be able to calculate the pivotal Green’s functions GE;L), i,j € {1,m,N}. If

N

1 b e 77'1

Figure 45: Three Sierpinski Gasket lattices of generation level n—1 are connected
by the edges in bold ((b,e),(d,r) and (g,2)) to create the Sierpinski Gasket

lattice at generation level n.

we temporarily ignore matrix Bin equation (209) (this matrix originates from
consideration of the boundary conditions) then, due to the symmetries of the

SG(3,4) lattice (and hence in matrix A™), we have
Aln) . Aln) 4 -
G’ =Gy =&, say, where i,j€{l,m,N} (211)
(i.e corner-to-same-corner), and
CA}’E’Z) = éﬁl”) =1, say, where j khe{l,m N}, j#k#h (212)
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(i.e corner-to-other-corner), where

~

G = (AW~ (213)

For clarity, at level n + 1, we denote, X = G and ¥ = G’E;LH) where i, j, €
{1,m, N}, i # j. The matrix is symmetrical and consequently, C;’E]") = C;’g:z)
From equation (24]), since

(n) _ T
o) = h(n)t, (214)

then .Z : 0 — ¢ where ¢ = 0™ = 27 f(™ = 27 (cp /M) =1 f(0), JLQRE

n

the nondimensionalised natural frequency, & is the nondimensionalised angu-

lar frequency and f(™ (and w®™) are the dimensionalised equivalents. In order
to use the renormalisation approach detailed below then we set ¢ = ¢(™ = ¢"+1).
This simply means that the output from the renormalisation methodology (and
hence the electrical impedance and transmission/reception sensitivities) at a
given ¢ (fixed) is then that quantity at frequency f™ at generation level n. So
when comparing outputs at different generation levels one must ensure that the

frequency is scaled appropriately (by (cz/h™)~!) when re-dimensionalising. An

iterative procedure can be developed from equation (B5) which can be written

as
A =821, — 7™ (215)
where
7™ = BR™ — 41, (216)
R™ — RO=1) 4 1) (217)
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R(™=1 is a block-diagonal matrix whose three blocks are equal to B! with

and (see Figure [3])

v —

0 otherwise

So, using equations (215) and (210), we can write equation (2I3]) as
n 2 n)\ L
GM = (321, —T™)
((3¢° +4)1, — BR™) .

Hence,
(G = (8¢ + 4) [,y — BROTY.

Since G is a block-diagonal matrix then

(G(n))—l — A0

= (§¢*L, —T™)
— §q2[n+1 _ T(n)
= (363 + 4t — BR.
Now
Iy = @(n)(G(n))fl
= G (B¢® +4) L1 — BR™)
— @(n)((g(f + Dy — 5(];)(71) + V(")) + ﬁV(")).
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(218)

(219)

(220)
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From equations (217) and (221]) then

Lnyw = GW((G")~! 4 gy
— @(")(<@(n+1 ) + ﬁV(” G+ D) (G n+1)) )

Hence

~

GOt = G 4 gGMYymGntD) (224)

To calculate GE?) the boundary conditions must be reintroduced. From equations

[209),[213) and (216)

~

(GEY1 = A _ B
= (3}, — T™) — B
= 341, — (BR™ —4I,,)) — B™
= 1, — (B n)

= (3¢ +4)I, — BR™ — B™. (225)
Now, from equation (220])

I, = @(n)(@(n))—l
= G (8¢ +4)I, — BR™ — B™ 4 BM),
From equation (225]) then,
I, = @(n)((g(n))—urg(n))
— @(n)((g(n))fl + B(n)G(n)(G(n))fl)
= (G 4+ GWBMGEMY(GmM)1, (226)
Hence

G — A0 | G0 B ). (227)
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6.1 Derivation of the pivotal recursion relationships

The (i, )" element of the matrix equation (224)) can be written as,

ot =g 4 ZBGm AR E (228)

The system of linear equation in GE?H) will create the renormalisation recursion
relationships for the pivotal Green’s functions. However, these recursions do not
include the boundary conditions. Since the subgraphs of Figure [l only connect
to each other at the corners, it will transpire that the recursions in equation (228])
only involve two pivotal Green’s functions, namely, corner-to-corner and corner-
to-same-corner; the so called input/output nodes. To proceed, we now need to

determine # and y as defined in equations (211 and (2IZ). Using equations
(21I9) and (228) we get
= G +5G1d plC RN e
= G - BGINGT - BGTGETY.
That is
X =i -289G0"Y, (229)
since we know from equation (2I9) that V™ = V" = —1 and by symmetry
ng) = GYJL\;, GYJL\? = Ggm and GT(,’IH) = Ggfﬂ). Similarly,
~(n+1 ~(n ~(n n) A(n+1
Gél+ b= Ggl) + ZﬁGgh)Vh(k)Gél—’— :

h,k
= BGWVIEHTY + GOV OGN

_ BGH n+1 BGING(n+1 )
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Therefore

GUtY — _ Gt — gty (230)
Also
G{(}r;ﬂ) _ bl + ZBGIEZ A% G(n+1
= Gml + 5be V;;en)Gng + 5G1(,Z Vd(: GTTH)
— 5@ (n) G(”“ ﬂGSZNG(”“ .
Hence
Gt =g - BGGT (@ + ), (231)
since Gi’fﬂ) = C?gfﬂ). Finally,
GS{H) - zl '+ ZBGzh e /(ﬁﬂ)

- (n+1 n n (n+1)
= GV 4 pGVIGH

_ —5G n)G n+1) ﬁG n)Gn+1)

Therefore
GS;H _ —5 Gn+1 ~ Bi G(n+1 (232)
since G("+1 = G(nﬂ) and émﬂ) = G Equations [229) to ([32) provide

four equations in the four unknows X, G+ Gé’fﬂ) and G, Rearranging

equation ([229) gives (for g # 0,5 # 0)

A

n+1) T—-X

G! 233
el 25@ ) ( )
and substituting this into equation (231]) gives
o X —i
Gt =g+ @+ ) % ). (234)
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Now rearranging equation (230) gives (for y # 0, 5 # 0)

—1
GOt = — (G 0+ paGtY ) (235)
Py
and substituting equations (233]) and (234]) into equation (230) gives
—1rz—X X—i
" = 5l 95|
Bi L 285 RN
X - , .
— S (- 0) - (26)

and substituting equations (234)) and (236) into equation ([232)) gives (where

A A

(X — 1) 2n(h g X R T (X =2)

[W(l—ﬁ:E(x+y))—x}(lJrﬁx):—By[er(ery) % ] (237)

(X_x)[(l—ﬁ <Z;y))<1+ﬁ@)+6@(:§;@)}:£(1+5£)_ﬁg2 (238)
and so

(X =) (1- 282 = B29)(1+ B2) + B3 (5+9)| = 26°9°(0 +52° — By) (239)

Expanding and factorising we get,

SN 20%4% (& + B2* — By
X=z+ (1+ B+ By)(1 — 222 — By + f29?) (240)

By substituting this into equations (233)),([234]) and (236]) gives

Hntl) _ —B4(& + Ba? — BY?)

G = U3 Ba+ By) (1= B2 — By + B (241)
and

D) (1 + B#)
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and so

A(n+1) —ﬁgz
Gzl - (1 +5i+5@)(1 _ B2j2 _ BQ + 62?)2)- (243)

Now, for ¥ = G equation [Z28) gives

~N(n+1 n n+1
GT(TL;L ) = ml + ZBGthh(k leJr )

G(n+1 + BG(n V(n G (n+1)

mq ¥ qz z1

= BG®™

me eb

_ —ﬁG n)G n+1) ﬁG n+1)

Therefore

YV = —B(GUtY 4 Gty (244)

Putting equations (242) and (243)) into equation (244) gives

o —B3*(1 + Bi — ) |
L+ 52+ 391 = B2 = Bj + 57°)

The boundary conditions can now be considered by rewriting the (i, j)* element

(245)

of the matrix equation (221) as,

Gl =G+ > GWBR G (246)

h.k
and so we have,
¢ = G+ Y GBRGY
hk
= G+ GYBYGY + GIBR G+ GINBINGY.

Im~mm~"m

Therefore
T =T+ INMT + 20%my (247)

An)

since Bﬁl) =3, BS), = B](\Z)V = %, from equation (200). Similarly,
Gh = Gin+ Z G BYaG
- Gm1+G(” BYGY + GO B G + Gl BUAGR.

mm mm
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Hence
Yy =0+ INnT+ TYmy + YImy- (248)

Letting Gy = z and G n])\, = w then,

G = GO+ Y GBIGL,

km
h.k

= GO+ GUBYGT + G B G+ GBI G

mm mm mm

Therefore
2 =2+ YNY + TYmz + YYmw. (249)
Finally,
Gox = GO+ Z G BM G
- GV +G ">B<" G+ G B™ ¢ G B GHY.
Hence

w =7+ GNY + TV + Jmz. (250)

The four equations (247),([248]),([249) and (250) can be solved to express z,y, w, z

in terms of Z, 9, 31, Y. Solving equations (247),([248) for x and y gives

5 1 205
r = LW (251)
L —am

Substituting equation (251]) into equation (248)) gives

T+ 299y
y=0+ 91 (——"5) + 29y + §Ymy. (252)
1 —am
Therefore
(1
Yy = — — —. (253)
(1—2%) (1 = Ym(2 +9)) — 20°V19m
Rearranging equation (249]) we get
2(1 = 29) = 2 + 90y + §nw. (254)
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That is
L T+ 9Ny + §ymw

255
1— &7 (255)
Substituting equation (253]) into (250) gives
~— ~ A~ A~ j+g71y+g7mw
w(l = &%) = §+ 57y + P (— ) (256)
— TYm
which can be written as
g(1+ 7 JYm (T + Y(V1y + Ymw
w = P04 TY) 9@ Iy + Tuw)) (257)

1- i"?m (1 - iﬁ/m)Q
Therefore

J(1+ y1y(1+ Jm(g — 2
o LA+ InG =) (258)
(@Ym — 1+ 9%m) (@Ym — 1 — JVm)

7 Electrical Impedance and Transmission Sen-
sitivity

In transmission mode there is no force incident on the front face of the transducer

and so in equation (202) A = 0. The voltage V is defined as follows
— L —
V= / Edx (259)
0

and using equation (I74) and then equation (I54))

_ L __ D
Vo= /O (—¢S+—)da

€1
L du D
- /0 ( - % —+ g_n)dx

Now integrating and using Gauss’ law gives

V = —((Uy—-U))+ AQeL11
= —((Un—Uy)+ a- (260)
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Since the charge Q = [ Idt = +/p”/ck, h [ 1d0 where 6 = crt/h then, by taking

_ P T
Q=+/—h-—. 261
C4T4 q (261)

QQCZK
Zr (262)

where Zp = \/ch,pP A,. The electrical impedance of the device, denoted by Zg,

Laplace transforms, we get

That is
J =

is given by
zo-Y = Y (agy”
I qQ h ?T
_ <—CCo(UN -U)+ Q) <C4T4 )1
QCoq Zr
Z (Co(Uy — U
Cogciy Q
Now using equation (210)
U = GiV6+ Glow + GiRdn
= G0+ 0, (Ghy, + Giy)
since G{") = Gg’}\; and 6y = d,,. From equation (202)), then
n (Q Z -1 n Z -1 n
U™ = —@((1 - :—B> G (1 - q:—L) 20&,3). (264)
1§ Zr Zr
Similarly,
U0~ G5 4 oW 5 o5y
= G101+ (G + GRN).
Therefore

v = ~S((1-Z2) e - (1-a2) G e G (a69)
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Substituting equations (264]) and (263]) into equation (263)) gives

Ze = (2 )1+ S0 ((1-2) (64 - 6

COCJC4T4§ Cyq Iy
+(1- qg—i)_l(—Ggym Gk +2G00)))
( 6052{4 5) (1 + g24T(j oy + 0—2)>. (266)

Hence, the non-dimensionalised electrical impedance is given by

~ 7 72@
Zp(fin) = Zp/Zy = (W%Z() (1 + C64T4°"(al + Uz)) (267)

where o = (1 —q(ZB/ZT)) (Gg\?l G11 ) and g9 = (l—q(ZL/ZT))_l(—G%?n—
GE\T;])V + 2G§’2). Continuity of force at the front face given by equation (I96]) and

continuity of displacement given by equation (I93]) (with A, = 0) gives

qcr

F=Fye,=0)=A YL(hC

)UC (268)
Substituting equation (200) into equation (268)) gives
F—A YL(hC ) CinlUm + ). (269)

From equations (201) and (202) with Ay = 0, then
A Zr\ 1
Feavi (B0 (1-02) "0+ S (1-0Z2) ). e
her, Zr Cha Zr

Therefore

F= %(1 - qé) (U + Q) (271)

cr Zr C44

since £ = A, /h. To obtain U, we make use of equation (2I0) to obtain

0 =S (-2 e+ (1-a2) e e). em)

Ciy Zr Zr
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Therefore equation (271]) becomes

Po () () el

€L NCy Zr Zr
2\t (n) n)
(1-425) (GG, +G50) +1). (273)
Zr
From equations (262) and (I79)
N V4 vV Z
Q= =" = (274)
gey€  (Zp+0b) q¥re
then substituting in equation (273)) gives
F ZrZ1C Zi\~1 Zp\ !
£l (1) (a1 )
V ZT<ZE + b)CZ4§ ZT ZT
Z
(1-025) " @+ Gih) +1), (275)
Zr
and so
F ZrZiC
F__ ZrZica  pw (276)
V ZT<ZE + b)CZ:lf
where
Z Zp\ ! Zi\ 1
K™ = (1-¢22) (—77<(1—q:—3> G- (1-425) (G +G)) +1).
Zr Zr Zr
(277)
The non-dimensionalised transmission sensitivity v is then given by
FN -~ aZpZ
bifin) = (5)/CC = =LK, (278)
V ZT(ZE + b)C44£C(]

7.1 Reception Sensitivity

In reception mode Aj, is now non zero because the front face will be subject to
a force (given by the incoming signal). From equations (202)) and (210)
4 Z VA
Ui = _s@n (1 — —B> Gl + ( (Q 2ALq—>77<1 —q—L> 26" (279)
Zr NS Zr Zr
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and

Uy = - CQT’<1—Q?) G%H(CCQ 2ALqé>n(1 (J?) (GRn+GRN)-

Ciy T 44 Zr

T
(280)
Putting these into equation (260) gives
- ¢*Qn Zp (n) (n) &, Zr, Zr\ !
V = = (1— —> Gy — G +<——2CA q—) (l—q—)
Cia Zr (G B 1) i€ - Zr ! Zr
(2G4 - Gl - G + &
Then
5 CQn  Qn Z Q
V= o1+ —2C(ALq=n03 + = 281
Cia ciaé o~ X LqZTn *T Gy (281)
and so
- Can Zy Q
V= — 2C(Aq= — 282
= (01 +02) — 2C LqZTU@ + o (282)
From equation (I95]) the force in the load (¢ = 0) is given by
duy,
F=AY — 2
rd L a[L‘ ( 83)
From equation (I89)
duy, qcr _ _
22 (LY (B, elmaerzn/her) 4 o QCTxL/hCL)) 284
ox (th>( L€ L€ ’ (284)
and so, at x; = 0,
Our, qer
R _ (9T (4 ) 285
ox <th> ( L (285)

since in receiving mode By, = 0. Substituting this equation into equation (283))

we get

F= qu,,ZL ( - AL> (286)

since £ = A,./h and Z; = Y A, /cp. Then

—FA,
EqerZy,

L= (287)
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Substituting this and equation (274)) into equation (282) gives

. aVZ & 1 2F(no
V= G e T ) g e
since &, = Zyper/A,, and so
_ aZ 2 1 2F(no
V-Gt (G v v )] = T e
and hence
v_ 2C770'2( _ aZr(nlor+oa) alr )1 (290)
F £ciy (Zp +b)geisciué®  (Zp +b)qeiséCo

The non-dimensionalised reception sensitivity ¢ is then

¢(fin) = (%) (€24L)

25524[/?70'2( _ CLZTEQT]<O'1 + 0'2) _ CLZT _ )1(291)
£ty (Zp +b)qciycin&?  (Zg + b)qei&Co

8 Steady State Solutions

The true fractal case arises when we allow the fractal generation level n to tend to
infinity and we assume that the renormalisation recursion relationships converge
to a steady state (we denote these steady state solutions by a * superscript).
Note we will examine the convergence of these recursion relationships later (see
section [0.3) when we consider the pre-fractal SG(3,4) transducer (at increasing

but finite fractal generation levels).

Case A: g* =0

~

If g* = 0 then equation (229) is automatically satisfied (since X = 2 = &*) and
from equations (230) and ([231)) we get
é:l = _55%*@;;1 (292)
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and
T = =BG, (293)

Substituting equation (292)) into equation (293)) gives
G (1 — B2 = 0. (294)

Therefore G5, = 0 or &* = +1/4. In the former case then G*, = 0 and in the

latter case G, = TG7,. From equation (232) we get

N

G, (1+83%) =0. (295)
Therefore G; = 0 or 2 = —1/f8. Now bringing in the boundary conditions
equation (255) gives
7%
= 296
T i, (296)

where 2* # 1/4,,. From equation (251]) we get

= e (297)

Y= T Yny. (298)
That is
y=0 (299)
and from equation ([250) we get
w = T yw, (300)
giving
w = 0. (301)



In the case where Gf, = G*, = G, = 0 we denote the solution as z* = ¥,

X € C and in the case where 2* = £1/8 we denote the solutions as GZ1 = F\,

G, = TA and G*, = 0 (or 0 when &* = 1/83) where \,0 € C. The full set of

steady state solutions for this branch of solutions are summarised in the table

below.
Case || * | §* | G5y | G, | G4 x Y| w z note
—1 —1 -1 — _
AL I 0 A [ =x| 0 || 52 |0]0] 5= B# 7B # m
A2 L5 10| =x] A |0 || 52 0[]0 5% B #3,B # m
A3 oo oo 2 0]0] 2 AL AL A

Case B: y* #£ 0
If g* # 0 then from equation (229) we get

—2B* G, = 0,

€

and so

Substituting this into equations (230) and [231) we get

and
Nk o~k
b1 =Y -

Substituting equation (B03]) into equation (304) gives
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(304)

(305)

(306)




Substituting equations (3053]) and (306]) into equation ([232) gives
P+ Bt — By = 0. (307)

Note that 2* # 0 since this would imply that §* was zero. Also substituting

equations ([B05) and (B06) into equation ([244]) gives

gt = =Py — "), (308)
That is
1
yr=3" — =, 309
3 (309)
Putting this into equation ([B07]) gives
1
= —. 310
= (310
Putting this into equation ([B09]) gives
—2
== 311
V=35 (311)

Now putting equations (BI0) and (3I1]) into the boundary conditions equation

[253)) gives
_25
33% = 3%19m + B(=T1 + Tm)

Putting equations (BI0),(BII) and [BI2) into equations [251) and (258)) gives

y= (312)

T = ﬁ + 3'7m (313)

36% — By + BYm — 371 Tm

and
—9B3(8 — A
w = _ . b= (314)
(8 = Am) (362 = 3319m + B(—=71 — Vm))
Substituting equations (310),([311),([312) and (B14) into equation ([255) gives

L B% = 3% %m + BN + m) (315)

(8 = Fm) (3582 = 3%17m + B(=F1 + Fm))
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Note that from equation ([2I4), h™ — 0 and ¢™ — 0 as n — oo, and so from
equation (267)) the non-dimensionalised electrical impedance tends to infinity
((Zg(f:n)) = o0), from equation (278) the non-dimensionalised transmission
sensitivity tends to zero (¢(f;n) — 0), and from equation (201) v, — 1 and

from equation (203)) ; — n*. From equation (I19) we get
7= (316)

From equation (291]) the non-dimensionalised reception sensitivity is

b (fom) = Keuln'os (1- aZr(§ciy + CoC** (0f + 03)) )1
7 £Cly &cty Zr + 2c,elbqCo + CoCPr Zr (o + 03)/)
(317)
and, since ¢™ — 0, then
45624[/0';
o*(fin) = s 47— 318
om) = sei-a) 1
where )
ﬁ, in case Al
ﬁ, in case A2
0y = (319)
2, in case A3
=
% in case B.

9 Results

From a practical perspective, these fractal transducers will only be able to be
manufactured at low fractal generation levels. The formulation presented above
will allow us to compare the fractal design (using the renormalisation derivation)

with a conventional (Euclidean) design (using homogenisation) in terms of the
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key operating characteristics of the reception and transmission sensitivity spec-
tra [16]. Within each, the presence of higher amplitudes, multiple resonances,
and improved bandwidth (the range of frequencies over which the performance
exceeds a certain decibel level) are the key performance indicators of interest
in this section. A careful examination of the transmission and reception sensi-
tivities of the fractal device as the fractal generation level is increased has been
performed. However, to keep the presentation here succinct and to produce
results that are pertinent to devices that can be physically produced, we will
focus on fractal generation levels n = 4,5,6. A typical profile of the electrical
impedance spectrum (magnitude) given by equation (267) is shown in Figures [46]
(n=4),d9 (n =5) and[B2l (n = 6) (dashed line); it is compared to the equivalent
profile given by a model of the traditional design (I80) (full line). The overall
trend of the curve is that of a capacitor (1/f profile) with a prominent resonance.
The important features of this plot that the design engineer is interested in are
the location and magnitude of the first minimum (f,) and the first maximum
(f.) turning points. The first minimum is where the mechanical resonance (or
series resonance) occurs and, as this provides the least resistance to the electri-
cal energy being supplied, is the frequency at which the device should be used
in transmission mode. This device will produce its maximum force on the me-
chanical load at this frequency. The absolute value of the electrical impedance
at this frequency is also important therefore and the lower it is the higher will
be the peak transmission sensitivity of the device. The first maximum (known
as the anti-resonance or parallel resonance frequency) is where the electrical
impedance of the device peaks and is therefore the optimal frequency to operate
the device in reception mode. As can be seen in Figures 46, 49 and 52 for the

traditional design (full line) Y = 1.7 MHz, | Ze(f;4)| = 31.5 dB, 9 =95
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Figure 46: Non-dimensionalised electrical impedance (equation (267)) versus

frequency for the SG(3) lattice transducer at fractal generation level n = 4
(dashed line). The non-dimensionalised electrical impedance of the standard
(Euclidean) transducer (equation (I80)) is plotted for comparison (full line).

Parameter values are given in Table @]

MHz, £ = 1.7 MHz, |Zg(f,;5)| = 35 dB, f{” = 2.5 MHz, f¥ = 1.7 MHz,
|ZE(f;6)] = 38 dB and f9 = 2.5 MHz. As discussed above, these frequencies
correspond precisely to the first maximum in the transmission sensitivity plots
(Figures 7], 50 and (3], full line) and the reception sensitivity plots (Figures (8]
b1 and B4 full line). From the parameter values for PZT5-H (see [4]) then in
equation (23) the piezoelectrically stiffened velocity (cr) is approximately 2370
m/s and the polymer stiffened velocity (cp) is approximately 992 m/s and, with
an overall device length of L = 0.5 mm, then the first mechanical resonant fre-

quency is approximately f, = ¢p/(2L) = 2.4 MHz. This agrees reasonably well
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Figure 47: Non-dimensionalised transmission sensitivity (equation (278])) versus
frequency for the SG(3) lattice transducer at fractal generation level n = 4
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (equation (I83])) is plotted for comparison (full line).

Parameter values are given in Table [l

with the reception sensitivity maximum for the homogenised estimate for f,. For
the Sierpinski gasket design the electrical impedance resonance frequencies are
much lower (fr(4) = 0.25 MHz, f7§5) = 0.54 MHz, f,@ = 1.2 MHz and féd‘) =0.45
MHz, ff’) = .93 MHz, © = 9 MHz) and this suggests that it is a complex
interaction between the edge lengths in the graph associated with the various
generation levels that are causing these resonances; so the internal geometry is
dictating the device behaviour as anticipated. Importantly, the magnitude of
the electrical impedance at the electrical resonance frequency is higher than the

traditional design; there is about a 5 dB increase for n = 6. This results in the
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Figure 48: Non-dimensionalised reception sensitivity (equation (291])) versus
frequency for the SG(3) lattice transducer at fractal generation level n = 4
(dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (equation (I84])) is plotted for comparison (full line).

Parameter values are given in Table @]

reception sensitivity spectrum having a much larger gain for n = 6; there is a 7
dB improvement in the transmission sensitivity gain from the traditional design
to the fractal design (see Figure B4]). Importantly, this peak in the reception
sensitivity also results in an enhanced bandwidth; if we take the noise floor to
be 3 dB below the peak gain of the traditional design (that is 5 dB) then the
operational bandwidth of the traditional design is 1.5 MHz (or 70%) whereas
the fractal design has an operational bandwidth of around 3 MHz (or 140%). It
should be borne in mind of course that no matching layers (or indeed an opti-
mised backing layer) have been used in this design, and that the transducer is

solely composed of the piezoelectric-polymer composite material.
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9.1 Electrical Impedance and Transmission/Reception Sen-
sitivities

Let us start by examining the performance of the first generation lattice (n = 4).
Figure [46] shows that the electrical impedance of the fractal lattice has its first
resonance (the electrical resonance) at around f,@ = 0.25 MHz (at a lower fre-
quency than the FEuclidean case f7§4) = 1.7 MHz) and that the higher frequency
resonances are absent. Figure 7 shows that the transmission sensitivity of the
fractal design has a maximum amplitude (gain) that is lower than the Euclidean
case (standard design) at its lower operating frequency (26 dB at 0.23 MHz
compared to 31 dB at 1.8 MHz for the Euclidean case). Although if we take the
noise floor to be 3 dB below the peak gain of the traditional design then the
operational bandwidth of the traditional design is 0.5 MHz whereas the frac-
tal design has no operational bandwidth. Figure 48 shows that the reception
sensitivity the fractal design does show some encouraging results with a much
higher peak amplitude than that of the Euclidean case and at a lower operating
frequency (at 0.32 MHz its sensitivity is 14 dB whereas the peak sensitivity of
the standard device is 8 dB at 2.3 MHz). Following this is an examination of
the next generation level (n = 5). Also in generation level n = 5 the electri-
cal impedance of the fractal lattice has its first resonance at around 0.5 MHz
(at a lower frequency than the Euclidean case) and that the higher frequency

resonances are absent.
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Figure 49: Non-dimensionalised electrical impedance (equation (267)) versus

frequency for the SG(3) lattice transducer at fractal generation level n = 5
(dashed line). The non-dimensionalised electrical impedance of the standard

(Euclidean) transducer (equation (I80)) is plotted for comparison (full line).

Parameter values are given in Table [l

97



i | | | | | MH
2 4 6 8 1o JMH)

Figure 50: Non-dimensionalised transmission sensitivity (equation (278])) versus
frequency for the SG(3) lattice transducer at fractal generation level n = 5
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (equation (I83)) is plotted for comparison (full line).

Parameter values are given in Table @]

The transmission sensitivity of the fractal design in generation level n = 5 has a
maximum amplitude (gain) that is lower than the homogenised case (standard
Euclidean design) at its lower operating frequency (at 0.55 MHz its sensitivity
is 26 dB and the peak sensitivity of the standard (Euclidean) device is 29 dB at
1.8 MHz). The bandwidth of around 25 dB is smaller than that of the Euclidean

case (see Table [3)).
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Figure 51: Non-dimensionalised reception sensitivity (equation (291])) versus
frequency for the SG(3) lattice transducer at fractal generation level n = 5
(dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (equation (I84])) is plotted for comparison (full line).

Parameter values are given in Table @]

The reception sensitivity of the fractal design in generation level n = 5 has again
a much higher peak amplitude than that of the Euclidean case at its lower oper-
ating frequency (at 0.6 MHz its sensitivity is 14 dB whereas the peak sensitivity
of the standard (Euclidean) device is 8 dB at 2.3 MHz). This examination can

continue and below we consider the sixth generation level (n = 6) performance.
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Figure 52: Non-dimensionalised electrical impedance (equation (267)) versus

frequency for the SG(3) lattice transducer at fractal generation level n = 6
(dashed line). The non-dimensionalised electrical impedance of the standard
(Euclidean) transducer (equation (I80)) is plotted for comparison (full line).

Parameter values are given in Table @]

At fractal generation level n = 6 the electrical impedance of the fractal lattice
has its first resonance at around 1.2 MHz. This is at a higher impedance gain
than the Euclidean case (which resonates at a higher frequency) and again the

higher frequency resonances are absent.
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Figure 53: Non-dimensionalised transmission sensitivity (equation (278])) versus
frequency for the SG(3) lattice transducer at fractal generation level n = 6
(dashed line). The non-dimensionalised transmission sensitivity of the standard
(Euclidean) transducer (equation (I83)) is plotted for comparison (full line).

Parameter values are given in Table @]

The transmission sensitivity of the fractal design in generation level n = 6 has
a maximum amplitude (gain) that is lower than the Euclidean case (at 1.1 MHz
its sensitivity is 26 dB and the peak sensitivity of the standard device is 28 dB
at 1.8 MHz). Once again the bandwidth around 25 dB is smaller than that of

the homogenised case.
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Figure 54: Non-dimensionalised reception sensitivity (equation (291I)) versus

frequency for the SG(3) lattice transducer at fractal generation level n = 6
(dashed line). The non-dimensionalised reception sensitivity of the standard
(Euclidean) transducer (equation (I84])) is plotted for comparison (full line).

Parameter values are given in Table @]

As before the reception sensitivity maximum amplitude of the fractal design (in
generation level n = 6) is higher than the Euclidean case (14 dB at 1.3 MHz
compared to 8 dB at 2.3 MHz for the Euclidean case), with the bandwidth

around this peak sensitivity being bigger than that of the Euclidean case.
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9.2 Homogeneous Euclidean transducers

L0
Gl

)

Figure 55: Non-dimensionalised electrical impedance of the standard (Eu-
clidean) transducer Zg(f;n) (dB) (equation (I80)) versus frequency f(MHz)
and volume fraction of ceramic v for a 1-3 composite transducer. Parameter

values are given in Table [4l

The electrical impedance of the standard (Euclidean) design was calculated us-
ing the homogenisation approach that led to equation (I80). As can be seen in
Figure 55 the resonances (peaks in the electrical impedance amplitude) only ap-
pear once the volume fraction of the polymer (v) exceeds a threshold of roughly

0.95.
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Figure 56: Non-dimensionalised transmission sensitivity of the standard (Eu-
clidean) transducer ¥ (f;n) (dB) (equation ([I83]) versus frequency f(MHz) and
volume fraction of ceramic v for a 1-3 composite transducer. Parameter values

are given in Table (]

At the low volume fraction of the polymer (v) there is a number of resonances.
As the volume fraction increases these resonances shift to higher frequencies. It
can be seen that the peak sensitivity is 28 dB and the bandwidth around this

peak sensitivity is bigger at the low volume fractions of the polymer (v).
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Figure 57: Non-dimensionalised reception sensitivity of the standard (Euclidean)
transducer ¢(f;n) (dB) (equation (I84)) versus frequency f(MHz) and volume
fraction of ceramic v for a 1-3 composite transducer. Parameter values are given

in Table [

At low volume fractions of the polymer (v) there are a number of resonances in
the low frequency regime. As the volume fraction of ceramic increases the peak

sensitivity increases as well.
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Design Parameter Symbol Magnitude Dimensions

Parallel electrical impedance load Zp 1000 Ohms
Series electrical impedance load Zy 50 Ohms
Length of fractal L 0.5 mm

Mechanical impedance of the front load Zr, 1.5 MRayls
Mechanical impedance of the backing layer Zp 0.02 MRayls

Table 4: Parameter Values for the Sierpinski Gasket Transducer [22, 23].

9.3 Convergence

The norm of the difference between the energy in the power spectrum at suc-
cessive generation levels, integrated with respect to frequency, is calculated for

the transmission/reception sensitivities, as follows

Z [W(fisn) — O(fisn + 1) = ¢*(n), (320)
and
> o fisn) — d(fin + 1) = ¢*(n). (321)

i=1

where ¥*(n) and ¢*(n) record the convergence of the transmission and reception
sensitivities respectively as the fractal generation level increases. Figure
shows the dependence of these norms on the generation level. Scrutiny of the
underlying spectra shows that the transmission sensitivity accrues more and
more resonances as the fractal generation n increases. As the length scale of
the smallest edge is decreasing with n then resonances at higher frequencies
appear; again the lack of damping in the model permits these resonances to

have amplitudes which would not be present in an experimental setting. As n
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is increased further, then the various peaks become quite dense and a very flat
response emerges which doesnt change over the frequency range of interest (up
to 10MHz). Hence, the successive spectra start to reach a steady state and this
accounts for the steady state that is reached after n = 10. A similar story holds

for the reception sensitivity.

(O8]
L B B B B B B I B |

10 15 20

n

Figure 58: The convergence of the transmission and reception sensitivities is
examined by plotting the differences in the energies in successive spectra as the
fractal generation level increases. Non-dimensionalised transmission sensitivity
(¥*(n)) (equation (B20)) (full line) and non-dimensionalised reception sensitivity
(¢*(n)) (equation (B21])) (dashed line) versus the fractal generation level. The
transmission sensitivity converges by generation level n = 10 and the reception
sensitivity by generation level n = 5, over this frequency range where f; €

0.1, 10]MHz.
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10 Conclusions

The performance of a composite piezoelectric ultrasound transducer, where its
internal architecture is a fractal, is compared with that of a traditional design.
The former case is modelled using a renormalisation approach whereas the latter
case is modelled using homogenisation. In the previously published paper [3],
only ceramic elements were used, however in this paper, this was improved on
by using a combination of ceramic and polymer elements. New basis functions,
whose support is the underlying fractal graph, were developed for the finite el-
ement analysis. To assess the performance of this new device a model for a
homogenised device was derived. This represents the standard designs that are
used whereby the piezoelectric and polymer constituents are on the same length
scale and are often arranged in a periodic structure. A low fractal generation
levels (n = 4,5 and 6) of this new transducer was investigated as these are in
the regime most likely to be amenable to manufacture. A significantly higher
amplitude reception sensitivity was produced by the fractal transducer when
compared to the standard design; note however that a lower transmission sensi-
tivity amplitude resulted. The convergence of the fractal device’s performance
as the fractal generation level increases was also considered. It was seen that,
in both transmission and reception modes, the outputs converge by generation
level n = 5 and n = 10 respectively. The reception sensitivity also resulted
in a wider bandwidth than the standard design; if we take the noise floor to
be 3 dB below the peak gain of the traditional design. The positive results in
this theoretical work have subsequently led to a program to manufacture these
fractal devices. Our future work will then focus on a comparison between the

results presented here and our experimental findings.
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11 Appendix

11.1 Geometrical and basis function details for fractal

generation levels n =1 and n = 2

Adjacent vertices to (z;,y;)
] (%, 9;) (@ja1,Yj41) | (@ja2,Yjr2) | (Tgas, Yjas) | (T4, Yj1a)
1 (0,0 A 2 3 4
2 (h,0) 1 3 B 4
3 (b, 3h 1 2 C 4
4 (5 5%) 1 2 3
A (—h,0) 1
B (2h,0) 2
C (h,\/3h) 3

Table 5: Coordinates of the vertices and a list of the adjacent vertices to vertex

(x;,y;) for generation level n = 1. The vertex labelling is given in Figure B
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Adjacent vertices to (x;,y;)
] (@5, ;) (@1, Yj+1) | @r2,Yin2) | (@43, Yjas) | (Tjras Yjga)
1 (0,0) A 2 3 4
2 (h,0) 1 3 5 4
3 (b, 1 2 9 4
4 (5 5%) 1 2 3
5 (2h,0) 2 6 7 8
6 (3h,0) 5 7 B 8
T (8h 3h 5 6 10 8
8 (% 505) 5 6 7
9 (h,\/3h) 3 10 11 12
10 (2h,v/3h) 7 9 11 12
11 (3h 33h) 9 10 C 12
12 (% 505) 9 10 11
A (=h,0) 1
B (4h,0) 6
C (2h,2+/3h) 11

Table 6: Coordinates of the vertices and a list of the adjacent vertices to vertex

(x;,y;) for generation level n = 2. The vertex labelling is given in Figure [l
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jllal b | ¢ | d | f | g
1o 0 |=%| & |-
2 0] 2 [958 |-%| & | 42
3o -3 % | & |- 0
o] & | F |2
510 -2 0 |—%
613 2| 0 |—7
IR

Table 7: Coefficients of the basis functions ¢; j = 1,...,4 (see equations (GI)),

(©3) and (74)) and v; j = 5,6, 7 (see equations (63]) and (€7)) for fractal gener-

ation level n = 1.
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j Na | b | ¢ | d | f | g
Llnpo] o k| & |4
20| F | k| |
s o] k| T ] o
o I B
s s k| k| |
o s | | A |
e |-w] B A ] o
BRI
0 30 | —f |48 k] | 4
e A
12(-18] 2 | BB |3
1B o|-2] 0 |-%
14 || -15 | 2 0 | —%
15| -15| & | &8 | L

Table 8: Coeflicients of the basis functions ¢; j =1,...,12 (see equations (6J),

(1), ([[3) and (74)) and v; j = 13,14, 15 for fractal generation level n = 2.
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11.2 The material properties of PZT-5H [4], 36, 37]

196 795 841 0 0 0 |
795 12.6 841 0 0 0O
841 841 117 0 0 0
o=
0O 0 0 23 0 0
O 0 0 0 23 0
0O 0 0 0 0 232
o 0 0 0 17
b= 0 0 0 17 0
—65 —65 233 0 0
1700e, 0 0
er = 0 1700e, O
0 0  1470g,

x 101 N/m?,

0
0| C/m?,

0

C/(Vm).

(322)

(323)

(324)

where g9 = 8.854 x 107'2C/(Vm). The density is p¥ = 7500 kgm 3.

11.3 The material properties of polymer HY1300/CY 1301

hardset [22], 30]

[ 071976 0404985 0404981 0 0 0
0.40498 0.71976 0.40498 0 0 0
L | 040498 040298 071976 0 0 0
e 0 0 0 015739 0 0
0 0 0 0 015739 0
0 0 0 0 0 0.15739
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x 10" N/m?,

(325)



and

deg 0 0
eh=10 45 0 |C/(Vm). (326)
0 0 450

where The density is p”’ = 1150 kgm 3.
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