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Ordinary state-based peridynamics for plastic deformation
according to von Mises yield criteria with isotropic hardening

Erdogan Madenci® and Selda Oterkus
Department of Aerospace and Mechanical Engineering, The University of Arizona, Tucson, AZ
85721, United States

ABSTRACT

This study presents the ordinary state-based peridynamic constitutive relations for plastic
deformation based on von Mises yield criteria with isotropic hardening. The peridynamic force
density-stretch relations concerning elastic deformation are augmented with increments of force
density and stretch for plastic deformation. The expressions for the yield function and the rule of
incremental plastic stretch are derived in terms of the horizon, force density, shear modulus, and
hardening parameter of the material. The yield surface is constructed based on the relationship
between the effective stress and equivalent plastic stretch. The validity of peridynamic predictions
is established by considering benchmark solutions concerning a plate under tension, a plate with a
hole and a crack also under tension.

Keywords: peridynamics, plasticity, isotropic, hardening, failure

1  Introduction

Structural metals exhibit plastic deformation when loaded beyond their elastic limit. In the
absence of cracks, their behavior is well understood from a computational point of view within the
classical continuum mechanics. Fracture of such components is often preceded by an extensive
plastic deformation. The traditional approaches to predict failure usually employ concepts from
linear elastic fracture mechanics (LEFM), which is conceptually limited to materials exhibiting
brittle behavior. Therefore, the applicability of fracture toughness as defined by LEFM becomes
questionable in the presence of plastic deformation. Furthermore, the assumption of a sharp crack
tip in LEFM may no longer be valid due to the presence of plastic deformation. Also, unlike elastic
fracture, ductile fracture is inherently a path-dependent process involving irreversible energy
dissipation by yielding and fracturing of materials.

Peridynamics (PD), introduced by Silling (2000), is a reformulation of the classical continuum
mechanics equations that introduces an internal length scale that is lacking in the classical form of
the equations. Peridynamics is based on integro-differential equations as opposed to the partial
differential equations of classical continuum mechanics. It is extremely suitable for failure analysis
of structures because it allows cracks to grow naturally without resorting to external crack growth
laws. An extensive literature survey on peridynamics is given by Madenci and Oterkus (2014).
Peridynamics is not limited to linear elastic material behavior. As part of "nonordinary" state-based
peridynamics, Taylor (2008) and Foster et al. (2010) considered viscoplastic material behavior.
Also, Foster et al. (2011) proposed critical energy density as an alternative critical parameter for
such material behavior. However, “nonordinary” state-based models employ constitutive relations
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that are non-native to PD theory. It is prone to oscillations in the regions of steep gradients such
as the crack tip. The source of such oscillations is due to the inadequate approximation in the force
density vector. Breitenfeld et al. (2014) presented various non-mathematical techniques to reduce
these oscillations. Free of such oscillations, Mitchell (2011) presented an ordinary state-based PD
model for ideal plastic deformation of materials in the absence of crack propagation.

This study presents an ordinary state-based PD plasticity model in accordance with von Mises
yield criteria and isotropic hardening. Also, it presents a peridynamic J-integral based damage
criteria to predict crack propagation. Furthermore, it includes an innovative approach to impose
nonlocal boundary conditions. The peridynamic predictions concern equivalent plastic stretch and
effective stress in a plate with a hole and a crack along with J-integral calculations.

2. Peridynamic equation of motion

The peridynamic equation of motion introduced by Silling (2000) and later generalized by
Silling et al. (2007) is a nonlinear integro-differential equation in time and space in the form

p(x)" :I(t(u’—u,x'—x,t)—t’(u’—u,x'—x,t))dH+b(x,t), (1a)

H

which can be discretized as

N

Py ., _,[t(k)m (“(j) U X () =Xl ) —tw (“(k) ~UG Xy —X()t )] Vo) ¥bw > (1b)
=

in which each material point is identified by its coordinates, X and is associated with an
incremental volume, ¥,
system, the material point X ;, experiences displacement, u,,, , and its location is described by the

and a mass density, p(X,). With respect to a Cartesian coordinate

position vector y,, in the deformed state. The displacement and body load vectors at material
point X, are represented by w, (X,#) and b, (X,,?), respectively. The family of material
point X, is denoted by Hx(k) , shown in Fig. 1. Similarly, material point X, interacts with
material points in its own family, A X"

As illustrated in Fig. 2, the material point x,, interacts with its family of material points,
H X ? and it 1s influenced by the collective deformation of all these material points, thus resulting

in a force density vector, t acting at material pointx_,, . It can be viewed as the force exerted

(k)())? ON
by material point X, . Similarly, material point X, is influenced by deformation of the material
points, H X)) in its own family.

The integrand in Eq. (1a) does not contain any spatial derivatives of displacements. Thus, it
is valid everywhere whether or not displacement discontinuities exist in the material. The region
H defining the range of material point x is specified by o, referred to as the “horizon.” Also,



the material points within a distance & of x are called the family of x, H_ . The locality of

interactions depends on the horizon, and the interactions become more local with a decreasing
horizon, ¢. Hence, the classical theory of elasticity can be considered a limiting case of the
peridynamic theory as the horizon approaches zero (Silling and Lehoucq, 2008).
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Fig. 2. Peridynamic material points x and x' influenced by the collective deformation of others

in their families.

3. Peridynamic strain energy density

For an elastic and isotropic material, the PD strain energy density in terms of deformation at
a material point X, can be expressed as (Madenci and Oterkus, 2014)



Wy = Wioy + Wi » (2a)
where
Wi = .Gy (2b)
and
2 2
<k>—{bZW(k><,>(\ym y(k)‘ ‘(/) <k>‘) ) "p‘gm}’ (2¢)

with W, and W, representing the dilatational and distortional parts of the strain energy density

and a,, a,, b, and d the material parameters. The dilatation 6, can be expressed in discrete
form as
N
Ouy =d Zw(k)(j) (‘yu) - y(k)‘— ‘X(/‘) - X(k)‘)A(k)U)V(j) 5 (32)
j=1
with
N = X . —X
A = Yor TYuwo X TXw (3b)
‘ym - y(k)‘ ‘Xm - X(k)‘
Madenci and Oterkus (2014) gave, the influence function, wy,, ,, in the form
o
W) = (4)
‘Xm - X(k)‘

They also determined the peridynamic parameters a,, a,, b, and d in terms of engineering

material constants by considering two simple loading conditions: isotropic expansion and simple
shear. Their specific expressions are given as

1 Su 15u 9
=—Kk,a,=——,b=——+,and d =—— for (3-D), Sa
D=k Ty 276° 476* (3-D) (52)
a =x,a =2u, b=t andd for (2-D) (5b)
oo © T xhst’ ho® ’
4 =0, a =0 b= andd for (1-D) (5¢)
oo 54’ 54 ’



with x and u representing the bulk modulus and shear modulus of the material. The parameters
h and A represent the thickness and cross-sectional area of the structure, respectively. A
parameter a, serving as coefficient of the dilatation term, can be defined as a=a, —a,. If
dilatation is not distinguished as in the case of bond-based peridynamics, the parameter a reveals
the constraint condition on the Poisson’s ratio associated with the bond-based peridynamics as
k=5u/3 orv=1/4 and k=2u orv=1/3.

The values of these parameters depend on the horizon size, and the dimension of the analysis.
It is worth noting that the PD material parameters are determined for material points whose
horizons are completely embedded in the material. In other words, they are only valid for a material
point whose horizon is not truncated due to the presence of a boundary surface. Otherwise, they
need to be corrected in order to account for the loss of family members within the horizon, as
explained in Appendix A.

4. Force density-stretch relations for elastic deformation

As derived by Madenci and Oterkus (2014), with this representation of the strain energy

density, the force density vector, ¢, at material point X ,, can be obtained from

1 oWy, Yo " Yw

t A(u.—u X, ., —X t)=— (6a)
N\ T R o) T R ’
Vo 5(‘)’(,-) - y(k)D ‘y(j) Y
which leads to the force density vector in the form
_ Yo = Yw
taoc = L ‘ — ‘ ; (6b)
Yor = Yw
where
Aw
tay ) = (@, —a,)26d —L2— 0, +25bs,,, . (6¢)

0
‘Xm - X(k)‘

The stretch, s, ;,, between material points x,, and x; is defined as

_ ‘y(_n - y(k)‘ - ‘X(n ”‘(k)‘

Sy = (7
(O
‘X(j) - X(k)‘
The force density vector can be decomposed into its dilatational and distortional parts as
_ 4K u
twoo = Lo two - (8a)



where

26a.d Yo =Y

K —
t(k)(j)—‘x . _‘A(k)me(k)‘ - (8b)
0~ Xw Yo =Y
and

20a d Y.,y

P B u R

tio = | 20654, ‘X T ‘ W ‘ — ‘ (8c)
o~ Xw Yo = Yw

By using Egs. (8b) and (8¢), the dilatation, 6,,, and stretch, s
of force density as

(> €an be expressed in terms

X, —X
0. =t M (9a)
k) = Yo
" 26a,d Ay,
and
1 dl Ay
Sy n=—|t" |+a,—| —22 g | 9b
gl o i .
The total stretch can also be decomposed into its dilatational and distortional parts as
S = St + St (10)
where
5" =L[ﬂ' ] (11b)
(k)(j) 28bL w0
and
ad| N,
K ()
St = Z { : ‘Zk)}- (11b)
‘Xu)_x(m‘

Substituting for the influence function w;;,

distortional part of the strain energy density expression can be rewritten in terms of stretch as

from Eq. (4) and rearranging terms in Eq. (2¢), the



N
u o 2 _ _ 2
W(k)—bz&wm‘x(.f) X(k)‘Vm a, O - (12)
Jj=1

Similarly, substituting for the stretch s, ,, from Eq. (9b), this equation can be expressed in terms

of force densities as

2

v (1, d Ay,
Wiy =b 0 P e

—t — x .|V
) u (k)‘ (
~| 25w blx,—Xu)|

0 H Ty ‘9<2k> (13)

5. Peridynamic theory for plastic deformations

If a body experiences plastic deformation, the stretch depends not only on the final force
density vector, but also on the loading history. Because the plastic deformation is an irreversible
process, it can only be described by introducing response functions. This ensures irreversibility
since a history cannot be reversed. The parameters describing the plastic deformations are
effectively time dependent, and they increase continuously. Furthermore, the force density-stretch
relations concerning elastic deformation must be replaced by increments of force density and
stretch for plastic deformation.

5.1. Incremental stretch and yield function

For an increment of applied load, the corresponding increment of force density is Az, , and
the increment of stretch is As, H0) - The incremental stretch, As K » can be decomposed as
— e p
AS oy = By Ao (14)
in which As;, ,, and As{, , represent the incremental elastic and plastic stretches between the

material points.

With this decomposition, the incremental dilatation can be decomposed into elastic, AQ&),

and plastic, AG”

> parts in the form

Aﬁ(k) =Az9(ek)+A9(‘;€), (15a)
in which
N
A49(176) = d5ZIAS(k)(j)A(k)(j)I/Ej) (ISb)
J=

and



AL =0 (15¢)

under the assumption of zero dilatation due to plastic deformation.
If " represents the rate of plastic stretch at each instant of time, #, then the increment of

plastic stretch in the time interval Az becomes Asj, ,=. . The total plastic stretch after

each successive yielding, s/, , is the summation of the rate of plastic stretch as

t .
St = St (= O)+I P (16)

Under the assumption of yielding commencing when the distortional component of strain energy
density, Eq. (13), reaches the strain energy due to the uniaxial tensile stress, o, , the initial yield
condition can be stated as

oy = «/6#W<2‘) ; (17)

in which o, represents the initial yield stress of the material.

Substituting for the distortional part of the strain energy from (12), the yield condition can be
rewritten as

bi X ‘X(/‘) - X(k)‘ Vip = O = 2‘_5 ’ (18)
J=1 H
Thus, the yield function with strain hardening can be expressed as
Eiy =W = G(54)) » (19)
where G(5;,) represents the final state of strain hardening, and its value may vary from point to

point throughout the body. Its form depends on the strain hardening model. For a linear isotropic
strain hardening model, it can be defined as

2
<P
o, +K s(k))

G(5) = ( o ; (20)

in which 5}, and K represent the equivalent plastic stretch and tangent modulus of the material,

respectively.



5.2. Strain hardening and flow rule

Provided that (¢, ;) =0, concerning an increment of force density, Af, ; , the rate of

change of the yield function and its value dictates loading, neutral, and unloading states. Thus,
unloading occurs for

I<[ F OF
AF,, = ZZ{GI Al 3 Aty 1<0. (21a)
AT (o)
Otherwise, loading occurs if
| { oF, oF,
AF =" — 8 Ar o+ —" At (>0 (21b)
(k) (k) (k) ’
455\ %) R
or neutral loading occurs if
| { oF, oF
AF =" —8Ar o+ —% At 0 |=0. (21¢)
(k) (k) (k)
455\ %) RO

For the state of unloading, there is no change in plastic deformation, i.e.,

dst. .
=, @2)

In the case of ideal plastic deformation without strain hardening, the yield function, F{, , is not
affected by s}, thus it is always neutral during loading from a plastic state.
The strain energy density increment in the transfer from the plastic state of ¢, ;) and s, to

another plastic state of ¢, + Ay, ;) and s, +As,, ) can be expressed as
AWy = AWy + AW (23)
where
e 1y A y A : 24
AW, _ZZ‘( Ha iy ASaon * t(j)(k)ASm(k))V(_i) (242)
J=
and



|
AW, =5 2By

J=1

According to Drucker (1951), AW, >0 represents strain hardening and AWy, =0 represents

ideal plastic deformation without strain hardening. For ideal plastic deformation, Egs. (21¢) and
(24b) can be rewritten in a slightly different form as

1 &G( OF,
AFy = ZZ{ ot Aty )
=

or
oK,
Oy
1
AF(k):Z
oF,
Ot vy
and
AW? —1 3 A
b= 2 (A
j=1
or
AS Gty
» 1
AW, :Z
AS GV vy

Note that the dot products of the vectors concerning the yield function and stretch with the vector
of incremental tractions in Eq. (25b) and (25d) vanish. It is observed that these vectors concerning
the yield function and stretch must be parallel to each other. Therefore, the following relation can

be obtained:

P
+ At(j)(k)AS(.i)(k)>

k

OF )
+—B A

(J)(k)

oF

(k)

al‘(l)(k)

OF;

(k)

al‘(N)(k)

P P
() + At(j)(l’f)AS(j)(/’C))

As

P
AS(N)(k)V(N)



oK,
AS GV 1y iy
=C,, (26a)
AS GV i oK,
Oty vy
and
oF,)
As V) 1yt
=C,, (26b)
AS GV oy oF,
Oy

For each interaction between material points x,, and X, , this relationship can be recast as

()

Asty =2y, S (27a)
K)) (k) >
' V(j) at(k)(ﬂ
or
asty =, 27b
O 7l (27b)

@)) )

Substituting for the yield function, £, and performing the necessary algebraic manipulations

result in the expression for the incremental plastic stretch as

As C

1
k) T%‘Xm — X

d a,
o = Lo T B [1 - _JA(k)(j)e(k) ) (28)

a,

where C, is a positive proportionality constant. This expression provides the rule for incremental

plastic stretch, and serves as the normality condition.

11



5.3. Equivalent stress-equivalent plastic stretch
The relationship given by Eq. (17) describes the yield surface for the loading path of uniaxial
loading only. If the loading path is different than that of uniaxial loading, the yield surface is

constructed based on the concept of equivalent stress and equivalent plastic stretch. The equivalent
stress can be defined as

Tty = OHW ), (S(k)(.i)) ) (29a)

or

1/2
2
Ok 46;{1752%)(”‘)(“) X(k)‘ i 4, 6(/0} : (29b)

An equivalent plastic stretch increment, A5, can be defined as

ASG =4 (k)( (k)(.i))’ (30)

in which W (As ;) represents the distortional part of the strain energy density due to the
incremental plastic stretch, As,) . As described in Appendix B, the parameter 4, is determined

in such a way that As}, recovers the incremental plastic stretch due to uniaxial tension. According

to the dimension of the analysis, it can be determined as

1

A Jabs®
3

A4, = ——=—= for (2-D), (31b)

\bhs*

for (1-D), (31a)

4= 55 for (3-D). (31¢)

After substituting for W) (Asf ;) from Eq.(12) and invoking A6, =0, the equivalent plastic

stretch increment can be expressed as

ASG) = \/MZ( <k>(/>)2‘xu) (k)‘ 0 (32)

12



6. Imposition of boundary conditions

The constraint conditions are, in general, not necessary for the solution of an integro-
differential equation because the PD equations of motion do not contain any spatial derivatives.
Unlike the local theory, the boundary conditions are imposed through a nonzero volume of
fictitious boundary layers. Based on numerical experiments, Macek and Silling (2007) suggested
that the extent of the fictitious boundary layer be equal to the horizon, &, in order to ensure that
the imposed prescribed constraints are accurately reflected in the real domain.

The displacement boundary conditions can be imposed by assigning constraints to the material
points in the fictitious layer in such a way that the condition is satisfied explicitly on the boundary
surface. Therefore, the value of the displacement in the fictitious layer is approximated based on
the linear extrapolation of the values in the real domain and the specified value of the boundary
condition. Similarly, the traction boundary conditions can be enforced by approximating the value
of the traction in the fictitious region, so that the variation of the traction in both the real domain
and the fictitious layer recovers the applied traction on the boundary surface. However, in the case
of zero traction, it is not necessary to employ a fictitious layer. Hence, it can be satisfied in a natural
way without enforcing any specific constraints.

6.1. Displacement constraints

In the case of a two-dimensional analysis, the displacement constraints concern the imposition
of a prescribed value of the displacement components, U" and V'~ , on the boundary. This type of
boundary condition can be achieved through a fictitious region, R ,. Therefore, a fictitious

boundary layer with depth ¢ is introduced along the boundary of the actual material region, R ,
as shown in Fig. 3.

The prescribed boundary value of the displacements U and ¥~ in the x- and y- directions
can be imposed through a layer of the fictitious region, R ,, along the boundary of the material

surface, S , as

u (xp,y, t+A)= U (X", v t+ A —u(x, p,t) , (33a)
V(X y, i+ AN =20 (X, Y 1+ A = (x, p,0) (33b)

which represent the clamped boundary conditions for the prescribed values of U™ =V~ =0 (Fig.
3b).

If only the displacement constraint U~ is applied (i.e., no displacement constraint in the other
direction), the boundary conditions can be imposed as

U (x,,y,,t+A)=2U"(x",y" 1+ A)—u(x, y,1) (34a)
Vf(xfayf J"‘At):"(x,yaf) B (34b)

which represents the roller support boundary conditions for the prescribed value, U™ =0, (Fig. 4).

13



Fig. 3. Imposing boundary condition on displacement components: (a) constant displacement
components u(x,y",t)=U" and v(x",y",t)=V"; (b) zero displacement components
u(x',y,0)=U" =0 and v(x",y",t)=V =0.

(a) (b)

Fig. 4. Imposing boundary condition on displacement components: (a) fixed in the normal
direction U =0; (b) free to move in the tangent direction .

6.2. Traction boundary conditions

Similar to the essential boundary conditions, the traction boundary conditions can be imposed
through a fictitious region, R .. On the boundary with a unit normal n=e_, the applied stresses,

14



o, and 7,, normal and tangent to the boundary can be enforced by assigning the following
displacement values in the fictitious region:

o, (1-v° * - -
u (x,,y,,t+Ar)= "( )_Vv(x,y ’i) Vgx’y 1) (xf—x)+u(x,y,t), (35a)
o y =y
2(1 ) — -
V/-(xf-,y/-,t+At):|: ( "'EV)TO _u(x,;V 913 u(_x,y ’t)}(xf—x)+v(x,y,t), (35b)
A v —y »

in which (x, y) are the coordinates of a material point in the real boundary layer, R . As shown in
Fig. 5a, the locations of material points above and below this point are denoted by (x,y") and
(x,y"), respectively.

On the boundary with a unit normal n=e,, the applied stresses, o, and 7, normal and

tangent to the boundary can be enforced in the fictitious region as

2(1+v)z, vy, —v(x T, p.0)
E X —x

u (x,,y,t+A)= }(yf—y)+u(x,y,t), (36a)

2 + _
o,(1=V)) _ ux',p0-u(x .0
E x'—x

V(X Yt A=

](y, —y)+v(x,y,t). (36b)

As shown in Fig. 5b, the locations of the material points on the left and on the right of this point
are denoted by (x,y) and (x",y), respectively. Note this procedure is only applicable if the

boundary region is elastic. If both normal and tangential stress components are zero along the
boundary, a fictitious region is not necessary as they are satisfied in a natural way. The robustness
of this approach is demonstrated in Appendix C. Alternative to this approach is the representation
of the applied traction in the form of a body force, and invoking it into the equation of motion as
described by Madenci and Oterkus (2014).

7. Failure prediction
A failure process is included in the analysis by monitoring the interaction between two

material points, x and x’. Their interaction can be terminated based on a particular criteria; thus,
leading to the removal of their peridynamic force from the equations of motion by introducing the

function u(x'—x,7) as

15



(_X, }) (x-":}'.)

Fig. 5. Fictitious region along the boundary with a unit normal n=e_ (a) and n=e, (b).

p(x)" o :I,u(x'—x,t)(t(u'—u,x’—x,t)—t’(u'—u,x’—x,t))dH+b(x,t), (37)

H
where

1 if interaction exists,

,u(x’—x,t)z{ (38)

0 if no interaction.

For the case of elastic deformation, Silling (2000) introduced a criteria based on the critical
stretch value. According to his criteria, the interaction between two material points, X ;, and X,

, 1s terminated once the stretch between them, s reaches its critical value, s, . Thus, the

(k)())?
peridynamic force density between these material points vanishes and the critical stretch can be
related to critical energy release rate, G,, of the material (Silling and Askari, 2005; Madenci and

Oterkus, 2014) as

¢ three dimensions,
su ]5
(39)

¢ two dimensions.

16



For the case of plastic deformation, the force density between two material points, x,, and
X » exhibits a nonlinear behavior, as shown in Fig. 6. The area under this curve represents the

elastic-plastic micropotential, w,,, ;, reflecting the degree of plastic deformation. It can be

determined as

Sk

Wiy = I t(k)(j)"‘j_Xk‘dsm(.f)' (40)
0

Force density, £,

Y

Stretch, s,

Fig. 6. Constitutive relation between material points .

In order to create a new crack surface, 4, all of the micropotentials between the material

points x ) and x ) whose line of action crosses this new surface must be terminated (Fig. 7).

(k*
The material points X and x (- are located above and below the new crack surface,

respectively. The number of material points within the family of x ) below the crack surface and

(k*

+

intersecting with the crack is denoted by K. Similarly, J " represents the number of material

points above the crack surface within the family of x ) and intersecting with the crack.

17



Fig. 7. Interaction across a crack surface between material points x @) and x G

The strain energy required to remove the interaction between two material points, x @) and

X - can be expressed as

1 Weer
_2 H o 41
& 9 > VeV iry S

Furthermore, the total strain energy required to remove all of the interactions across the crack
surface 4 can be obtained as

K*

K
Z Z K (k+) (J) _Z ]Z (UK (J )V(k N (42)

for which the line of interaction defined by | x | and the crack surface intersect, and K *

-X
GO
indicates the number of material points above and J~ the number below the crack surface within
the families of x @) and x iy respectively. If this line of interaction and crack surface intersect at
the crack tip, only half of the critical micropotential is considered in the summation. This
expression can be simplified as

1841
WZEZZE(W(M(J‘*) +W(f>(k*>)V<k*>V(f) : (43)

k=1 j=1

Substituting for micropotentials given by Eq. (40) in Eq. (43) results in the strain energy required
to eliminate all of the interactions across the unit crack surface, 4=hAx, with Ax representing
the spacing between the material points and / the thickness.

18



The total work, W, required to eliminate all interactions across this new surface can be related
to the value J-integral, J (nonlinear energy release rate) (Rice, 1968; Begley and Landes, 1972)
as

+

lK J
:5;; ( Ca ) (/ )(k*))’ (44a)

where

1
S Ten (Ax)h Yo iy
. (44b)

GOk ( )hWU‘)(k*)VW)V(_/')'

For a horizon size of & =3Ax, the number of material points above and below the crack surfaces

is K" =J =9. The total number of interactions crossing the crack surface is 2x22, and 2x10
of these interactions intersect the crack at the tip, as shown in Fig. 8. The number of interactions

creating a unit crack surface can be calculated as N, =(2x22)—(2x10)/2 =34. The measured
critical value, J_, of the material defines the amount of energy required to remove all interactions,
leading to

+

lK J C
/e Ekz‘; ((k*)(;) G )(m)' (45)

Peridynamics enables the simulation of damage propagation by progressively removing the
interactions between materials points. In order to reflect this feature, the critical energy release

rate, J,, of a material point is distributed equally to each interaction at that material point (Hu et
al., 2014). Note that the explicit determination of the critical stretch, s_, is not required in the
numerical implementation of the peridynamic analysis. Under the assumption that

J(Ck+ s ~J ("j, ) the failure criteria for each interaction can be expressed as
J(k)(i) >1 (46)
Jwn
with
c J.
G N (47)

c

A similar energy based failure criteria was used by Foster et al. (2011) as part of the non-ordinary
state-based peridynamic analysis of a crack growth in a material that exhibits viscoplastic
behavior.
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As derived by Silling and Lehoucq (2010) and Hu et al. (2012), the PD J integral value around the
crack tip can also be calculated as

per®) = | W(x;a)nldS—l | { | (t—t’).(i—u+%—wjhdA’}dA, (48)

R(a) | Q(a)\R(a) x x

where W is the strain energy density, #,1s the outward unit normal, and dS is the length increment
around the contour, I". The integration path around the crack tip is defined by OR. The region
inside the integration path is R(a), and the region outside the integration path is Q(a)\ R(a), as
shown in Fig. 9.

Fig. 8. Interactions of material points above the crack surface interacting with the material points
below the crack surface.
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Fig. 9. Areas for peridynamic J-integral.

In discretized form, the J-integral can be expressed as

Meontour 1 et Tright au(j) au(k) A
S peri = Z W(i)”(i)xAx_EZZ(tmm —tw ) o + o w4 >

i=1 j=1 k=1

Ou, (x,,,) u, (x, +Ax,x, ) —u, (x, — Ax, x, )

@ _ ox, _ 2Ax
ox | Ouy(x,,x,) u, (x, +Ax,x, ) —u, (x, — Ax, x, )
Ox, 2Ax

(49)

(50)

Local damage, which defines the ratio of eliminated interactions to the total number of

j,u(x'—x,t)dV'
'—x,t)=1-4
p(x'-x1) [ar
H

point.
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interactions associated with a material point within its horizon, can be calculated as (Silling and
Askari, 2005)

(51)

Local damage has a value between 0 and 1. No damage at that material point is denoted by ¢ =0
, while @ =1 denotes that all the interactions are eliminated with the related material point.
Moreover, ¢ =0.5 denotes that half of the interactions are eliminated with the related material



8. Numerical analysis

The solution to the PD equation of motion requires spatial integration, which is performed by
using a Gaussian integration (meshless) scheme. The domain is divided into a uniform grid, with
material (integration or collocation) points associated with specific volumes. The time integration
is achieved through an explicit scheme, in conjunction with the adaptive dynamic relaxation
method described by Kilic and Madenci (2010). The solution to the equation of motion while
satisfying the flow rule requires an iterative technique. Therefore, the external load is applied in
an incremental manner and the following steps are performed in order to achieve convergence.

(1) At the [n+1] loading step, the stretch value is decomposed as

St =St St » (52a)
or

Sty =Sty + (AS([Z;(I/])) . (52b)
where

Asiirh = (AS&S’C? +Asf ) (52¢)

[n+1]

(k)(J)

n+l]

] are known; however, As()}) and As/\(" are unknown.

(i yand St

in which s

(2) Since s¢iy) = si) — ( stod +As(pk;“(“)]) an initial guess is assumed as elastic with zero plastic

stretch increment, leading to

e[n+1] _ o] pln] pln+l] _
Sty yariaty = S ) (Sac)m) with Asge =0 (53)

(3) The corresponding force density for each interaction is calculated as

] _
(k)(j)trial) —

26d
(

_ e[n+1 e[n+1]
a, au)AUc)(j)H(k)( (k)(/xmal)) (2517) Sty j)erial) * (54)

‘Xm - x(k)‘

(4) The corresponding yield function from Eq. (19) and effective stress from Eq. (29) for each
material point are calculated as

2
n+l] _ e[n+l _ e[ n+1]
(k)(trml) bZ‘X ( (/»)(J)(mal)) ‘ Xn~ (k)‘ I/;j) a4, (g(k)(trial)) G(S(k) ) (558')

W (k)‘

and
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2 2 2
[n+1] _ e[n+1] e[n+1]
O ctkey(trial) — 7 bz‘x (S(k)(j)(trial)) ‘X(j)_x(k)‘ Vi — (g(k)(trzal)) . (55b)

W (k)‘

[n+1] e[n+l] __ _e[n+l]
(4a) If F; i <0, the trial elastic stretch is correct; thus, s ;) = Siey i) -

(4b) If F3) ) >0, the trial elastic stretch is not correct; thus, As/\\! #0 whose value is yet

to be determined.

Note that the magnitude of plastic stretch increment is dictated by C, as given by Eq. (28).
Therefore, the elastic stretch increment is corrected as

e[n+l] __ _[n+l] pln] pln+1]
S = S T ( St T A ) (56a)
or
e[n+l] __ _e[n+l] pln+1]
Soxs) = S arian ~ DSty ) - (56b)

In accordance with Eq. (28), the yield function can be recast as

2
n+1 e[n+1] e[ n+1] — p[n+1]
(k) bz‘ ‘( (k)(;)) ‘ Xn— (k)‘ Vin = (‘9(/0 ) —GGgy ) (57a)
XH —Xw
or
2
[n+1] _ e[n+1] _ pln+l1] _
F bZ‘ ‘(S(k)m(trml) As(k)(;)) ‘X(n X(k)‘ 4
X~ X
(57b)

2
_ e[n+1] p[n+1] — p[n] pln+l1]
a (d25( (k)(J)(trtal) AS(k)(J) )A(j)(k)V(j)J -G(s (k) + AS(k)

1] 1]
in which As”!"* and A5*™" can be expressed as

+)) *)

sty = CooBu - (57¢)
and

AS M =C 4D, - (57d)
with
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1 d a
_ = [ 4Inr1 - _ k. e[n+1]
B(k)(.l') B 25b (t(k)(l)(tmll) )‘ (1) (k)‘ + b a/l 1 a e(k) (S(k)(./')(trial) )A(k)(i) : (576)

17

and

N
D K~ \/bé‘zl:(B(k)(j) )2 ‘X(j) (k)‘ )0 (57f)
j=

Therefore, the expression for yield function, E[k”)“] can be rewritten as

[n+1] _ po[n+1] e[n+1] —p[n]
Ek) - Ek) (C(k)’s(k)(J)(l”al)’ (/») ) (58)

in which C, is the only unknown. Determination of C,, which renders F(k”)+1 =0 yields the

magnitude of incremental plastic stretch, As?\"*J. The search for this C

o0 ) 1s achieved iteratively

through Newton Raphson method as

n+1 (Cold e[n+1] —p[n] )
e — Cold (k) (&) > Sk j)arial)> Sk

) ) =y
dF n
T

dcC,

k _old
® e =i

(39)

(5) The magnitude of the plastic stretch increment, C, is determined once convergence is

achieved, and the plastic stretch increment is calculated by using Eq. (28) as

1

[n+1]

AS&)(/) —C<k) 25b(t(k>(,))‘x<j) (k)‘Jr a{ 4 ]@k)A(kxn : (60)
u

(6) The plastic and elastic stretch components can be determined as

pln+1] __ _pln] pln+1]
St = St ~ At - (61a)
and
e[n+l] _ [n+1] _ _pln+l]
St = S TS - (61b)
(7) Go to step (1).

9. Numerical results

An isotropic plate with and without defects in the form of a crack or a hole is considered in
the generation of the numerical results. The square plate has an edge length of Z=1m. It has

24



Young’s modulus and Poisson’s ratio of £E=113x10"Pa and v =0.342, respectively. For a linear
isotropic hardening behavior, its yield stress and tangent modulus are specified as
o, = 10.17x10*Pa and K, =1.38x10’ Pa, respectively. Also, its mass density is specified as

0 =4428kg/m’ .
9.1. A plate under loading and unloading

In order to demonstrate the validity of the present approach, the plate is subjected two loading
paths. The first loading path involves only continuously increasing load beyond the yield stress.
The second loading path involves loading, unloading, and loading again. The plate is on roller-

type supports along the left end, i.e., U =0, and is subjected to a displacement gradient of
& =0u /Ox along the right end. During the first loading path, the applied displacement gradient

increases linearly up to & =o0u/0x=0.141, as shown in Fig. 10a. The applied displacement

gradient for the second loading path, with &,_, =0.068, ¢, =0.0625, and & =0.141 is described
in Fig. 10b. These boundary conditions are enforced as

u (x,y,,t+At) =2U"(x" =0,y ,t +At)—u(x, y,t)

with x, € R, __,, 622
V(X ,t+A)=v(x,p,t) 7€ K=oy (62a)

u (x,,y,,t+A)=g¢ (xf —x)+u(x,y,t)

with x, € R ;). (62b)
v (x,,y, 0+ A =v(x,,1) '

The plate thickness is specified as #=0.01m. It is discretized with a uniform grid of 100 <100
material (integration) points.

€4 €,
& g
€,
&,
! . 6, & t
(@) (b)

Fig. 10. Applied displacement gradients along the right edge of plate: (a) load path 1; (b) load
path 2.

As shown in Fig. 11, the PD predictions captures linear isotropic hardening for increasing load
after the initial yielding. The PD prediction also captures the elastic unloading with a slope equal
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to the Young’s modulus. During reloading plastic deformation continues to occur once the stress
reaches the stress level where the unloading starts earlier as shown in Fig. 12
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Fig 11. Variation of effective stress, G,,,,, as the total stretch increases at the center of the plate:

loading only.
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Fig 12. Variation of effective stress, 0,,;,, as the total stretch increases at the center of the plate:
loading, unloading, and loading.

9.2. Plate with a hole or a crack under tension

The plate has either a central hole or a crack. The hole diameter and the crack length are
specified as D =0.3 m. The plate is loaded symmetrically by applying displacement along the left
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and right ends. The applied displacement is increased linearly up to u, =0.005, then decreased

linearly to u, = 0. These boundary conditions are enforced as

u (x;,y,,t+A)=2u, —u(x,y,t) with x, € R (63a)

f(x=0) >
and

u (x;,y,,t+At)=2u,—u(x,y,t) with x, € R (63b)

S(x=L) *

The plate geometry is discretized with a uniform 400x400 integration points. The thickness of
the plate is specified as 4 =0.0025 m.

As expected, plastic deformation initiates in the regions of high stress concentrations. The size
of the plastically deformed region expands as the loading increases. The variations of effective
stress and equivalent plastic stretch for the case of the plate with a hole are presented in Figs. 13-
15. During loading, the size of the plastically deformed region becomes larger as observed in Figs.
13 and 14. However, the plastically deformed region remains unchanged during unloading as
shown in Fig.15. The equivalent stretch distribution remains as a residual stretch. Upon
unloading, the deformed geometry of the plate shown in Fig. 16 clearly captures the permanent
change in the hole boundary.
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0.012
0.011
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0.009
0.008
0.007
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0005 - -
0.004
0.003
0.002
0.001

(a) ' (b)

Fig. 13. Variations of (a) equivalent stretch and (b) effective stress in a plate with a hole due to
loading of u, =0.004 .
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Fig. 14. Variations of (a) equivalent stretch and (b) effective stress in a plate with a hole due to
loading of u, =0.005.
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Fig. 15. Variations of (a) equivalent stretch and (b) effective stress in a plate with a hole due to
loading of u, =0.005 and unloading to u; = 0.004.
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Fig. 16. PD predictions for change in hole shape due to applied loading conditions: Loading to (a)
u,=0.001; (b) u,=0.002; (¢) u,=0.003; (d) u,=0.004; (e)u,=0.005; First loading to
u; =0.005 and then unloading to (f) u, =0.004; (g)u, =0.003; (h)u, =0.002; (i) u, =0.001
(displacements are magnified by 20 for the deformed configurations)

The variations of effective stress and equivalent plastic stretch for the case of the plate with a
crack are presented in Figs. 17-19. The shape of the plastically deformed region has the same
expected characteristic shape. As the loading increases, the size of the plastically deformed region
increases. Upon unloading, the deformed geometry of the crack boundary shown in Fig. 20 clearly
experiences permanent deformation. Also, the PD J-integral values are calculated according to Hu
et al. [2012], and J-values are presented for increasing load in Fig. 21.

0.014
0.013
0.012
0.011
0.01

0.009
0.008

0.007
0.008
0.005
0.004
0.003
0.002

0.001

(a) (b)

Fig. 17. Variations of (a) equivalent stretch and (b) effective stress in a plate with a crack due to
loading of u, =0.004.
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Fig. 18. Variations of (a) equivalent stretch and (b) effective stress in a plate with a crack due to
loading of u, =0.005.
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Fig. 19. Variations of (a) equivalent stretch and (b) effective stress in a plate with a crack due to
loading of u, =0.005 and unloading to u, =0.004.
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Fig. 20. PD predictions for change in crack shape due to applied loading conditions: Loading to
(a) u,=0.001; (b) u,=0.002; (c) u,=0.003; (d) u,=0.004; (e)u, =0.005; First loading to
u; =0.005 and then unloading to (f) u, =0.004; (g)u, =0.003; (h)u, =0.002; (i) u, =0.001
(displacements are magnified by 20 for the deformed configurations)

J integral (MPam)
- Ny ()
[4,] (%] (4] w (4] N

=y

o
[,]

D|||\|||\||\||||\||\||||\||\|||\

‘ .
0.001 0.002
Applied displacement (m)

. - 1
0.003

0.004 0.005

Fig. 21. Peridynamic J-integral values for increasing applied displacement
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According to the criteria given by Eq. (46), the crack is also allowed to propagate as the applied
displacement is increased linearly up to u, = 0.004 . The critical J-value for the material is specified

as J, =3.4x10"N/m, i.e., Jg,

the crack grows due to the increase in applied displacement. As expected, PD predictions yield a
self-similar crack growth pattern. Also, the petal-shape plastic region moves with the crack tip as
the crack propagates.

=1x10°N/m . Figure 22 shows the effective stress variations as

iessessass |

(@ (b) (©) (d)

Fig. 22 . Effective stress variation as the crack grows under applied displacement with respect to
the deformed configuration (magnified by 20): (a) u;, =0.0025; (b) u, =0.003; (c) u, =0.0035;

(d) u, =0.004 .

10. Concluding remarks

This study presents the ordinary state-based peridynamic constitutive relations for plastic
deformation based on von Mises yield criteria with isotropic hardening. Also, it presents a failure
criteria based on the elastic-plastic micropotential of each interaction. The critical stretch critical
energy release rate for each interaction is implicitly determined, and can vary depending on the
degree of plastic deformation. The critical value to remove the interaction is related to the J-
value of the material. The validity of peridynamic predictions is established by considering
benchmark solutions concerning a plate under tension, a plate with a hole and a crack under
tension.
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Appendix A

The correction of the material parameters is achieved by numerically integrating both
dilatation and strain energy density at each material point inside the body for simple loading
conditions and comparing them to their counterparts obtained from classical continuum
mechanics. The correction factor can be calculated by considering simple loading conditions as
suggested by Madenci and Oterkus (2014).

Deformed configuration Undeformed configuration

Fig. A.1. Peridynamic plate subjected to uniaxial stretch in the x- direction.

For a two-dimensional analysis, the simple loading conditions are achieved by applying
uniaxial stretch in the x- and y- directions of the coordinate system, i.e., €, #0, &,,=y,,=0

(shown in Fig. A.1) ande , #0, ¢, =7,, =0, respectively, with «,=x,y. This is achieved

through the constant displacement gradient, du, /0 = ¢, with = x, y . The displacement field at
material point x resulting from this loading can be expressed as

uf(x)={agfx 0 0}, (A.1)
and
u§(x)={o %y 0}, (A.2)

in which the subscripts (1, 2) denote the x- and y- directions of uniaxial stretch, respectively. Due
to this displacement field, the corresponding PD dilatation term, 6’ (X)) with (m=1,2), at

material point X, can be obtained from Eq. (3a) as

N
0," (X)) =do ZI:Sw)(j)A(k)(j)V(n > (A.3)
=
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in which N represents the number of material points inside the horizon of material point X, . The

corresponding dilatation based on classical continuum mechanics, S (X)), is uniform

throughout the domain and is determined as
enfM (X(k)) = é’ . (A4)
The dilatation correction term can be defined as

CM
_ 0, (X4)) _ 4
m(k) —  APD - N :
0, (X))
m W d 5ZS(k><j>A<k><j>Vm
=

(A.5)

Due to these applied displacement fields, the PD strain energy density at material point X,

can be obtained from Eq. (2a) as

W, () = a(QPD(X(M)) +b52‘—(\ym-ym\—\xm—Xm\)z Vo (A.6)
(j)

(k)‘

with (m=1,2) and a=a, —a,. With the corrected dilatation, this expression can be rewritten as

results in

W, (X)) —ag” —b52‘ (‘ym'y(k)‘_‘x(n <k>‘) - (A7)
(J)

(k)‘
Hence, the correction term can be defined as

1
7Eé/2 _aé/Z

W(%“"(k))_aéwz 2(1_V2)
m(k) — WPD

(m) (X(k)) _aélz bé‘z‘
(/)

(A.8)

2
‘ (‘ym “Yw ‘ - ‘X(j) X ‘) 4
R 0)

These corrections are valid only in the principle directions. The surface correction for any direction
can be obtained by assuming a variation in the form of an ellipse, as explained in Madenci and
Oterkus (2014).

With these expressions, a vector of correction factors for the integral terms in dilatation and

strain energy density at material point X, can be written as
8 (X)) = {gx(d)(k)’gy(d)(k)} {D1<k>> Dz(k)} ’ (A.9a)
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T

T
g(b)(x(k)) = {gx(b)(k)5gy(b)(k)} {Sl(k)9 S2(k)} . (A.9b)

These correction factors are only valid in the x- and y-directions. However, they can be used as the
principal values of an ellipse, as shown in Fig. A.2, in order to approximate the surface correction
factor in any direction. Arising from a general loading condition, the correction factor for

interaction between material points X1 and x;, shown in Fig. A.2, can be obtained in the

. . . . . .. _ _ T
direction of their unit relative position vector, n=(x,, =X, )/ |X;, =X, |={n,, n}".

Ay

Gome

Swwn|

Yy

Expm)

Fig. A.2. The ellipse for the surface corrections.

A vector of correction factors for the integrals in the dilatation and strain energy density

expressions at material point X, can be similarly written as

T T
8 (X)) = {g-v(d)(j)’gy(d)(.i)} = {Dl(.m Dz(./)} J (A.10a)

T T
oy (X)) = {gxw)(j)’gy(b)(j)} = {81820} - (A.10b)

These correction factors are, in general, different at material points X (1) and X - Therefore, the
correction factor for an interaction between material points X (1) and X, can be obtained by their

mean values as

5 _ = = T Bpw T8mu
i = {gxw)(k)(j)’gyw)(k)(j)} == 5 (A.11)

with S =d,b, which can be used as the principal values of an ellipse, as shown in Fig. A.2.
The intersection of the ellipsoid and a relative position vector, m=(x;, =X,/ | X, =X, |,

of material points X, and x ;) provides the correction factors as
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Gy = ([” / gX(ﬁ)(k)(J):I +[”y/ gy(ﬂ)(k)(/):' ) (A.12)

After considering the surface effects, the discrete forms of the dilatation and the strain energy
density can be corrected as

(k) dé‘z (@XRNSHRN) (k)(/)V(/)’ (A'13a)

1
2
Wiy = a6, +bo Z YO ‘

(/)

‘ (‘y(ﬂ N y(k)‘_ ‘X(j) - X(k)‘)z Vi - (A.13b)
X (k)

Although this method enables the correction to material parameters due to the presence of a surface
or an interface, it is still a numerical approximation.

Appendix B

The parameter 4, in Eq. (30) is determined in such a way that A5}, recovers the incremental
plastic stretch due to uniaxial tension. In three-dimensional analysis, the incremental plastic strains
are Agl,,=A¢ and Aeg] , =Ael, =—AJ/2 (arising from zero dilatation due to plastic
deformation) and y7 ., = yxz(k) =¥ =0 under incremental uniaxial tensile loading. The

distortional part of strain energy density due to this incremental plastic stretch, A, can be
computed by evaluating

an ( (k)(l)) bZ (k)(/)(‘y(./)_y<k>‘_‘xm_X<k>‘)2V(./)- (B.1)

In reference to the Cartesian and spherical coordinates, the relative position vector in the
undeformed and deformed states between material points can be expressed as

X~ Xy =§=8itS j+tik=2Ce +3e,+ e, (B.2a)
with

§, =¢&singeosd; & =CEsingsing; & =Ecosg (B.2b)
and

Yo Yu=Ad+AjtAk=Ae +Ae,+Ae,. (B.3)
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The relative displacement vector between these points is

(ym - y(k))—(x(j) - X(k)) =(4,-¢&)i+ (Ay —&)j+(A4.- &)k, (B.4a)
or

(yu) ~Yw ) _(Xm - X(k)) =(4,-&)e, +(4,—&)e,+ (A¢ - 5)% : (B.4b)

Due to the deformation arising from incremental strains, the coefficients of the corresponding
relative position vector can be expressed as

y (1+AQ)¢E,
A= (1—%}3 . (B.5)
A

In accordance with Fig. B.1, the components of this vector can be expressed in spherical
coordinates through the transformation given by

A sin(¢)cos(0) sin(g)sin(8) cos(g) |[4,
A, 0= —cos(¢)cos(9) cos(¢)sin(6’) —sin(¢) A, . (B.6)
A, —sin(6) cos(0) 0 A,

In particular, the radial component becomes

A =(1+AS)Esin’ peos’ 0 + (1 - %)ésinz $sin” @ + (1 —~ %jgcosz (¢). (B.7)
This expression can be further simplified as
A, :[1+%A§sin2¢c0520—%§}§. (B.8)

For this incremental deformation, the distance between the material points x; and x,,in the
deformed configuration is

3AS . A
‘ym - y(k)‘ = {1 + T"fsm2 (¢)c052 (49) —%}‘xm - x(k)‘ . (B.9)
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Therefore, the incremental plastic strain energy, AW?

1) » due to incremental uniaxial plastic stretch,

A, can be evaluated as

AW = ]izfjfgql+—§sm (¢)cos’(0)— 4}5 f} E’sin(@)dpdOdé , (B.10a)
or
AW = %b55 (AC). (B.10b)

Requiring that the equivalent incremental plastic stretch, Asj,, recover the incremental plastic

strain, AZ, due to uniaxial tension leads to

o
N7hS’ .

(B.11)

Fig. B.1. Spherical coordinates.

For two-dimensional analysis under uniaxial tension, the incremental plastic strains are
p —
Agl ) =A¢ and Ag)

wk) =

7% =0 under incremental uniaxial tensile loading. The corresponding relative position vector

=-A¢ (arising from zero dilatation due to plastic deformation) and

in the undeformed and deformed state between material points can be expressed as
X)X =g=¢itg j=de +le,, (B.12a)
with

& =&cosl; & =C&sind, (B.12b)
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and
Yo ~Yw =Ad+t A j=Ade +Ae,. (B.13)
The relative displacement vector between these points can be expressed as

(y(_,-) Y ) B (X(j) B X(k)) =(4,-&,)i+ (Ay -3¢, )j , (B.14a)

or
(ym B y(k))—(x(j) _X(k>) =(4,-&)e, +(4,~S)e,. (B.14b)

Due to the deformation arising from incremental strains, the coefficients of the corresponding
relative position vector can be expressed as

{j}:{giigé} (B.15)

Using the coordinate transformation

)| o) @i,

The radial component becomes
A =(1+A¢)Ecos’ 0+ (1-Ag) Esin’ (6). (B.17)

Therefore, the incremental plastic strain energy, AW?., due to incremental uniaxial plastic stretch,

(k)>
A¢ can be evaluated as

AW = bhjzf ( 1+A¢)cos® (0) +(1- AL )sin? (0) | - 5) £dode (B.18a)
or
AW(;;)—EbhAgza“;z. (B.18b)

Requiring that the equivalent incremental plastic stretch, ,As/ , recover the incremental plastic

(k)>
strain, A, due to uniaxial tension leads to
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4 = (B.19)

 Jrbhst

For one-dimensional analysis under uniaxial tension, the incremental plastic strain is Ag} ) =Ag
. For this deformation, the deformed configuration of the distance between the material points x

and X, is

‘y(_/) —y(k)‘ :(1+A§)‘X(n _X(k)" (B.20)

Therefore, the incremental plastic strain energy, AW; , due to incremental uniaxial plastic stretch,

A, can be evaluated as

AW = 2Aj{ bS(AL) Edg= 4bS* (AL . (B.21)

Requiring that the equivalent incremental plastic stretch, A5y, recover the incremental plastic

strain, AZ, due to uniaxial tension leads to

1
= : (B.22)
. J4b5°
Appendix C

The validity of the approach for imposing different types of boundary conditions is
demonstrated by considering the elastic deformation of a rectangular plate first subjected to
nonzero displacement boundary constraints, and then to a combination of zero displacement
constraints and traction boundary conditions.

C.1. Displacement constraint conditions

As shown in Fig. C.1, a rectangular plate is subjected to displacement constraints of
u(x=0,y,0)=U =-0.0005m and u(x=L,y,t)=U" =0.0005m. It is free of tractions. The
plate has a length of L=1m, width of H# =0.5m, and thickness of #=0.01m. Its Young’s
modulus and Poisson’s ratio are specified as £ =200x10’Pa and v =1/3, respectively, with mass

density p=7850kg/m’. The boundary conditions are enforced as

u, (x,,y,,t+A)=2U"(x"=0,y",t+At)—u(x, y,t
G+ B2 0BG cio
vf(xfﬂyf 5t+At):v(x’y’t)
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u (x,,y,,t+At)= U (X" =L, y",t+At)—u(x, y,t)

with x, e R, _,.. C.1b
Vv (Xpy e t A =v(X, p,0) S D (C.1b)

The PD model is constructed by considering 100 and 50 material points in the x- and y- directions,

respectively. It results in a uniform spacing of A =1x10">m between material points.

Also, the horizon is specified as 6 =3.015A. The PD displacement predictions are shown in Fig

C.2. As expected, the plate elongates uniformly in the axial direction and contracts in the
longitudinal direction.

(a) (b)

Fig. C.1. Rectangular plate under uniform stretch: (a) geometry and loading; (b) PD model with
fictitious regions.

P 0.00045 P ece0s
== 0.0003375 | 4€-05
0.000225 2E-05
0.0001125 0
B o | e
= -0.0001125 -4E-05
-0,000225 BE-05

-0.0003375
-0.00045

|
(a) (b)

Fig. C.2 PD solutions for a) Horizontal displacement, and b) Vertical displacement
C.2. Combined displacement constraint and traction conditions

The rectangular plate is subjected to a uniform normal stress of o, =100x10° Pa on the

right side and is fixed on the left side, u(x=0,y,£)=0 and v(x=0, y,¢) =0, as shown in Fig.
C.3.
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(a) (b)

Fig. C.3. Fixed rectangular plate under tension: (a) geometry and loading; (b) PD model with
fictitious regions.

These boundary conditions along x=0 with x, € R, _, are enforced as

uf‘(xf‘ayf‘at+At) = _u(xayat)a

C2
vf(xfayf J+At)=—v(x,y,t). ( )

Along x =L withx, e R, _,, the applied nonzero normal and zero shear stresses are enforced
as

2 . _
G‘)(l_v )_Vv(xay 91)_V(x9y at)
yi-y

uf(xf,yf,t+At){ }(xf—x)+u(x,y,t),

(C.3)

vf.(xf,yf.,tJrAt):{—u(x’y {)_”(fc’y ’t)}(xf—x)Jrv(x,y,t).
ASMARS vy .

The PD predictions successfully capture the non-uniform variation of horizontal and vertical
displacements near the fixed boundary and corners as shown in Fig.C.4. These results confirm the
validity of the implementation for enforcing displacement constraints as well as traction boundary
conditions.

P 0.00045 P se0s

= 0.0004 2E-05
0.00035 1E-05
0.0003 0

B 000025 | -1E-05

B 0.0002 -2E-05

B 0.00015 -3E-05

0.0001

SE-05

a) (b)
Fig. C.4 PD solutions for a) Horizontal displacement b) Vertical displacement

43



