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Abstract

In this study, a three-dimensional (3D) non-ordinary state-based peridynamics (NOSB-PD) formulation for thermo-
mechanical brittle and ductile fracture is presented. The Johnson-Cook (JC) constitutive and damage model is used
to taken into account plastic hardening, thermal softening and fracture. The formulation is validated by considering
two benchmark examples: 1) The Taylor-bar impact and 2) the Kalthoff-Winkler tests. The results show good
agreements between the numerical simulations and the experimental results.
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1. Introduction

For numerous years, materials and structures with thermomechanical characteristic have attracted sig-

nificant interest. The presence of defects, such as notches and voids, reduce its functionality because of

initiation and propagation of cracks. Despite the existence of many approaches for numerical simulation of

crack initiation and propagation in local theory of continuum mechanics (e.g. extended finite element [1, 2],

meshfree [3, 4, 5, 6, 7, 8, 9], phantom-node [10, 11, 12], XIGA [13, 14] and remeshing techniques [15, 16]),

it is still a major challenge within these frameworks. From the mathematical point of view, they are based

on partial differential equations in which spatial derivatives fail whenever a discontinuity appears in a body
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[17]. The domain of the applicability of classical field theories is intimately connected to the length and

time scales. If L denotes the external characteristic length (e.g. crack length, wavelength) and l the internal

characteristic length (e.g. granular distance, lattice parameter), then in the region L/l >> 1, classical

field theories predict sufficiently accurate results. On the other hand, when L/l ∼ 1, local theories fail. In

dynamics, there will be a similar scale T/t where T is the external characteristic time (e.g. the time scale

of the applied load) and t is the internal characteristic time (e.g. the time scale of signal transmission from

one molecule to the next). Again, classical theories fail when T/t ∼ 1. Hence, the physical phenomenon

in space and time scales requires nonlocality scaled by L/l and T/t [18]. Nonlocal continuum theory can

be used to overcome the above mathematical challenge of the local theories. The concept of nonlocality is

inherent in solid state physics where the nonlocal attractions of atoms are prevalent. Here, the material is

considered to consist of discrete atoms connected by distant forces from other neighboring atoms [18].

A nonlocal formulation based on integro-differential equations called peridynamics (PD) was introduced

by Silling [19]. The PD theory reformulates the equation of motion such that no spatial derivatives are

required. In the PD theory, a continuous body consists of material points interacting in a nonlocal manner.

Hence, PD can be considered as a nonlocal meshless method with advantages in problems involving large

deformation where mesh-based methods fail. The PD theory permits modeling bodies with discontinuities

and its propagation. Fracture is the natural outcome of the PD simulation and damage is a part of the

material response. The original version of PD [19] later was named as the bond-based peridynamics (BB-PD)

theory. The state-based PD (SB-PD) theory [20] is a generalization of the BB-PD theory (for limitations

of the BB-PD see [20]). The SB-PD has two types: ordinary state-based (OSB) and non-ordinary state-

based (NOSB) (for details about the differences ref to the definition 8.4 in [20]). To establish a SB-PD, the

material-dependent part has been rewritten, introducing a mathematical object called a ”force-vector state”

that is in some ways similar to the traditional stress tensor of classical continuum mechanics. Therefore,

the traditional constitutive models can be incorporated into the SB-PD model. For instance, Mitchell [21]

implemented an elastic-perfect plasticity constitutive model into the OSB-PD theory. Similar contribution

the OSB-PD includes in the work by Warren et al. [22] for incorporating the elasto-plastic linear hardening

constitutive model. In the NOSB-PD theory, Foster et al. [23] extended viscoplastic material model and

Tupek et al. [24] incorporated the modified Johnson-Cook constitutive model that does not contain the

temperature effect.

The PD theory was extended successfully to heat diffusion problems. Kilic and Madenci [25] used

the BB-PD theory for prediction of thermally driven crack propagation patterns in quenched glass plates

containing single or multiple pre-existing cracks due to thermal loading. Bobaru and Duangpanya [26]

formulated a one-dimensional BB-PD theory for the heat conduction equation and also extended it to solve

two-dimensional problems with discontinuities [27]. Kilic and Madenci [28] proposed a BB-PD formulation

for uncoupled thermomechanical problems. They included the thermal term in the response function of
1
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the PD interactions. They introduced a multi-dimensional PD heat conduction equation and considered

domains with discontinuities such as insulated cracks. Gerstle et al. [29] developed a BB-PD model for

electro-migration that accounts for one-dimensional heat conduction problems. Oterkus et al. [30] derived

a SB-PD model of the heat conduction equation based on the Lagrangian formalism. Also, Oterkus et

al. [31] extended it for analysis of 2D problems. Agwai [32] formulated an OSB-PD formulation for fully

coupled thermoelasticity using the conservation of thermal and mechanical energy along with the free-

energy function. She also derived a dimensionless BB-PD form of the coupled equations using the OSB-PD

formulation and applied it to solve one dimensional examples. Oterkus et al. [33] extended it to solve 2D

and 3D problems.

To our best knowledge, no attempt has been made to develop the NOSB-PD theory for ductile fracture

analysis of thermoplasticity problems. Hence, the main purpose and motivation of this paper is to extend

a 3D thermomechanical model to a NOSB-PD framework to use its ability to deal with ductile fracture

analysis. One of the main feature of ductile fracture in thermomechanical process is its dissipative character.

The large amount of heat generated by plastic work around the crack tip area causes thermal softening,

shear banding and thermal damage [34]. Among the most popular constitutive models for ductile fracture

accounting for plastic hardening, thermal softening, strain rate effects and ductile damage is the Johnson-

Cook model. For adiabatic heating, the thermomechanical coupling can be modeled only through the

inelastic heat fraction which indicates the plastic work fraction converted into heat. We will restrict our

attention to thermoplasticity problems subjected to adiabatic heating and it is not our purpose to solve

the fully coupled thermomechanical equations. We adopt the JC model for constitutive modeling and for

damage assessment. We present the detailed implementation of the NOSB-PD for thermoplasticity. The

Taylor-bar impact test is exploited to validate the proposed method. Another validation experiment is the

Kalthoff-Winkler experiment.

The remaining of this paper is organized as follows: Section 2 provides the JC constitutive and damage

model. In section 3, the concept of the PD theory and also the NOSB-PD formulation of the thermome-

chanical problems are presented. The numerical verification and results are presented and compared against

experimental data in section 4. Finally, some concluding remarks are summarized.

2. Johnson-Cook model

2.1. Johnson-Cook constitutive model

In dynamic applications such as high velocity impact problems, the effects of strain hardening, thermal

softening and strain rate are important. The Johnson-Cook constitutive model [35, 36] accounts for those

2
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effects. The von-Mises flow stress from the JC constitutive model is given by

S = [A+Bǫnp ][1 + Clnǫ̇∗p][1− T ∗m], ǫ̇∗p =
ǫ̇p
ǫ̇p0

, (1)

where ǫp is the equivalent plastic strain, A is the yield stress, B and n are strain hardening constants, C is

the strain rate constant, m is the temperature softening exponent parameter, ǫ̇∗p is the dimensionless plastic

strain rate, ǫ̇p and ǫ̇p0
= 1.0s−1 are the plastic strain rate and its reference value, respectively and T ∗ is the

homologous temperature defined as

T ∗ =
T − T0

Tm − T0

, (2)

in which T , T0 and Tm are the current, reference (room) and melting temperatures, respectively.

Camacho and Ortiz [37] modified the von-Mises flow stress of the JC constitutive model to avoid unwanted

effects for ǫ̇∗p < 1. Therefore,

S = [A+Bǫnp ][1 + ǫ̇∗p]
C [1− T ∗m]. (3)

2.2. Johnson-Cook damage model

The Johnson-Cook damage model relates the accumulative damage D to an equivalent plastic strain

increment ∆ǫp as [36]

D =

nt
∑

k=1

∆ǫp
ǫf

, (4)

where nt is the number of time steps in the time discretization procedure and ǫf is the fracture strain defined

as a function of the homologous temperature, strain rate and pressure as [36, 38]:

ǫf = [D1 +D2exp (D3σ
∗)]

[

1 +D4lnǫ̇
∗

p

]

[1 +D5T
∗] , σ∗ =

σm

S
≤ 1.5, (5)

where D1, ..., D5 are material constants, σm = trace(σ)/3 is the hydrostatic pressure obtained from the

Cauchy stress tensor σ and σ∗ is the stress triaxiality ratio. When σ∗ > 1.5, a linear relationship for the

fracture strain ǫf was proposed in [36]. The σ∗

spall = σspall/S is the dimensionless spall fracture computed

from the spall fracture and the current value of the von-Mises stress. The first bracket of Eq. (5) reveals that

the fracture strain decreases as the hydrostatic pressure increases. The second and third brackets account

for strain rate and temperature effects, respectively. D = 0 indicates the undamaged material point while

D = 1 indicates the material point is fully damaged.

3
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In order to avoid unwanted effects for ǫ̇∗p < 1 the fracture strain is modified as [39]

ǫf = [D1 +D2exp (D3σ
∗)]

[

1 + ǫ̇∗p
]D4

[1 +D5T
∗] , σ∗ =

σm

S
≤ 1.5. (6)

Hence, the JC constitutive model by considering damage can be written as [39]

S = (1−D)[A+Bǫnrp][1 + ǫ̇∗rp]
C [1− T ∗m], ǫ̇∗rp =

ǫ̇rp
ǫ̇p0

, (7)

where ǫrp is the damage accumulated plastic strain, defined in the rate form by ǫ̇rp = (1−D)ǫ̇p and ǫ̇∗rp is

the dimensionless plastic strain rate for the damaged material point.

3. Peridynamics theory of thermomechanics

3.1. Governing thermomechanical equations

The strong form of the linear momentum balance is

ρ0
∂2u

∂t2
= ∇ ·P+ b, (8)

and the strong form of the energy balance is

ρ0Cp

∂T

∂t
= βτ : dp +∇

(

JF−1 ·KT · F−T · ∇T
)

(9)

where ρ0 is the initial mass density, u is the displacement vector and t is the time; Cp is the specific heat

capacity, T is the temperature and β is the Taylor-Quinney empirical constant [40] represent fraction of the

total plastic work that is converted into heat. It is indicated that this parameter vary with plastic strain [41].

It is commonly assumed that 90− 100% of the plastic work is converted into heat; τ is the Kirchhoff stress

tensor and dp is the plastic part of the deformation rate tensor d; F is the deformation gradient tensor;

KT = κ1 is the heat conductivity tensor for isotropic materials where κ is the heat conductivity coefficient

and 1 is the second order unit tensor, P is the first Piola-Kirchhoff stress tensor and J = det(F) > 0 is the

determinant of the deformation gradient tensor.

These two equations are coupled intrinsically through the constitutive equations. In general, the numer-

ical simulation of such coupled systems is complex due to different time-scales associated with thermal and

mechanical fields [42]. For solving these equations two numerical integration schemes namely monolithic

[43, 44, 45] and operator splitting [46, 47] techniques can be employed. In the operator splitting technique

Eq. (9) can be split into two sub-system [34]: (a) heat generation due to an adiabatic mechanical system

4
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(a) (b)

Figure 1. (a) Reference and deformed vector states, (b) Horizon Hxi
with radius δ centered at xi.

(plastic deformation) and (b) heat conduction based system and can be shown as:











Adiabatic heating : ρ0Cp
∂T
∂t

= βτ : dp, (a),

Heat conduction : ρ0Cp
∂T
∂t

= ∇
(

JF−1 ·KT · F−T · ∇T
)

, (b).

(10)

For solving Eq. (10) the energy balance equation is integrated in two steps [48]:

1. updating the temperature due to adiabatic heating in the JC constitutive model,

2. updating the temperature change due to heat conduction in the main time integration loop.

Eq. (10)-(b) needs to be reformulated into integro-differential form for updating the temperature change

due to heat conduction in a PD framework. Since high velocity impact problems occur over a short time (a

few hundred µs), we only considered the heat change due to the effect of adiabatic heating and the effect of

heat conduction may be negligible [3]. It is commonly assumed that plastic energy is transferred into heat

and the heat change is calculated as:

∆T =
β

ρ0Cp

∫ ǫp

0

S dǫp. (11)

Here, the coupled thermo-viscoplastic problem is reduced to a mechanical problem [3]. So, the momentum

equation, Eq. (8), suffices for constructing the NOSB formulation, and the energy equation, Eq. (10)-(a),

is only used in the constitutive update.

3.2. Peridynamic states

Let the spatial position vectors of material point i and j in the reference (initial) configuration Ω0 be xi

and xj , respectively (see Fig. 3.2-(a)), u(xi, t) and u(xj , t) denote the displacement vectors of the material

points i and j at time t in the deformed configuration Ω, respectively, y(xi, t) and y(xj , t) are position

vectors of the material points i and j at time t in the deformed configuration Ω, respectively. The state

of the material point xi is determined by its interaction with the material points that are located within a

finite distance Hxi
called the horizon with radius δ centered at xi. The material point i interacts nonlocally

with all material points j that lie within Hxi
(see Fig. 3.2-(b)).

5
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Some specific states that are useful in the PD concept are :

reference position vector state : X〈ξ〉 = ξ = xj − xi, (12)

displacement vector state : U [x, t] 〈ξ〉 = η = u(xj , t)− u(xi, t), (13)

deformation vector state : Y [x, t] 〈ξ〉 = ξ + η = y(xj , t)− y(xi, t), (14)

where X 〈ξ〉 shows the state X acting on ξ. A vector state is the generalization of a second-rank tensor, i.e.

the state X maps the reference position vector state ξ to a vector in R
3 [20], Y [x, t] indicates the state Y

depends on the spatial position vector x and time t.

3.3. A non-ordinary state-based peridynamics formulation of thermoplasticity

The equation of motion in the state-based PD can be formulated as [20]

ρ0 (xi) ü (xi, t) =

∫

Hxi

{T [x, t] 〈xj − xi〉 −T [x, t] 〈xi − xj〉} dVxj
+b (xi, t) , j = 1, 2, ...,m, ∀i = 1, 2, ..., N,

(15)

where N represents the total number of nodes used for discretization of the body, m is the number of material

points in the horizon of the material point xi and b is an external body force density vector, T [x, t] 〈xj − xi〉

and T [x, t] 〈xi − xj〉 are the force-vector states. Conditions on T for which Eq. (15) satisfies the balance

of linear and angular momentum were given in [20].

In order to discretize Eq. (15), the integral is approximated with a finite sum as

ρ0 (xi) ü (xi, t) ≈

m
∑

j=1

{T [x, t] 〈xj − xi〉 −T [x, t] 〈xi − xj〉}Vxcj
+ b (xi, t) , j = 1, 2, ...,m, ∀i = 1, 2, ..., N,

(16)

where Vxcj
= vcjVxj

is the corrected volume of the neighboring points j. As illustrated in Fig. 3.3 the

approximation of the integration over the volume of the horizon size constructed for a material point xi,

can be improved as [17],

vcj =











δ+r−ξij
2r

if δ − r < ξij < δ,

1 else,

(17)

where ξij = |xj − xi| and r = ∆/2 is the distance from the surface of the horizon in which ∆ represents the

spacing between material points.

To calculate the force-vector state T, Silling et al. [20] proposed an approach to incorporate a classical

constitutive models into the PD framework which is summarized in the flowcharts for the NOSB-PD and

the force-vector state in Figs. 3 and 4, respectively. The flowchart for the JC model is shown in Fig. 5 .

6
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Figure 2. Volume correction for a material point inside the horizon.

start

read inputs

spatial discretization and construct horizons

volume correction, Eq. (17)

initialize (initial conditions, force-vector state, outputs)

pre-existing crack? initialize fail array

loop over time steps, k = 1, ..., nt

apply boundary condition

compute force-vector state (see Fig. 4)

explicit time integration

write outputs

end loop k

end

.False.

.True.

Figure 3. Flowchart of the NOSB-PD theory.

A nonlocal shape tensor is defined by a tensor product of the reference position vector state as [20],

K = X〈ξ〉 ∗X〈ξ〉 =

∫

Hxi

ω〈ξ〉(ξ ⊗ ξ)dVxj
≈

m
∑

j=1

ω〈ξ〉(ξ ⊗ ξ)Vxcj
(18)

=











∑m
j=1 ω〈ξ〉ξxξxVxcj

∑m
j=1 ω〈ξ〉ξxξyVxcj

∑m
j=1 ω〈ξ〉ξxξzVxcj

∑m
j=1 ω〈ξ〉ξyξyVxcj

∑m
j=1 ω〈ξ〉ξyξzVxcj

symm.
∑m

j=1 ω〈ξ〉ξzξzVxcj











,

7
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loop over material points, i = 1, ..., N

compute the shape tensor and its inverse, Eq. (18)

compute the approximated deformation gradient and its time derivative, Eqs. (20) and (22)

compute the spatial velocity gradient, the total rotated deformation rate and the spin tensors, Eqs. (21), (23)

update left stretch tensor and its rate and update the rotation tensors, Eq. (25)

compute unrotated deformation rate tensor, Eq. (24)

update unrotated Cauchy stress, von-Mises stress and equivalent plastic strain (see Fig. 5)

update rotated Cauchy stress (true stress), Eq. (32)

compute first Piola-Kirchhoff stress tensor, Eq. (33)

loop over material points inside the horizon of material point i, j = 1, ...,m

compute force-vector state of bonds ij and ji, Eq. (34)

end loop j

end loop i

Figure 4. Flowchart for computation of the force-vector state.

where K is a second order, symmetric and positive definite tensor and ω〈ξ〉 is the influence function.

The motion from the initial configuration Ω0 to the deformed configuration Ω is defined by the material

deformation gradient F which can be expressed for the material point i as

F =
∂y(xi, t)

∂xi

. (19)

It was shown in [20] that F can be approximated by

F = [Y〈ξ〉 ∗X〈ξ〉]K−1 =

[

∫

Hxi

ω〈ξ〉(Y 〈ξ〉 ⊗ ξ)dVxj

]

K−1 ≈





m
∑

j=1

ω〈ξ〉(Y 〈ξ〉 ⊗ ξ)Vxcj



K−1. (20)

8
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compute trial elastic unrotated Cauchy stress τ trial
t+∆t

compute von-Mises stress yield stress magnitude from Eq. (29)

SVM > A τt = τ trial
t , ǫpt = ǫpt−∆t

compute scalar deviatoric strain increment δǫdev

compute deviatoric stress at time t, τ dev
t

Initialize parameters for bi-section method: ∆λ = 1,∆λold = 0, a = 0, b = 1, c = (a+ b)/2)

do while (error < 10−7) for finding ∆λ in Eq. (31)

update plastic strain using b and c, ǫpbt+∆t = ǫpt + b , ǫpct+∆t = ǫpt + c

evaluate temperature increment and update temperature and melting temperature

compute von-Mises yield functional fb and fc from the JC model

fb > 0,fb > 0b = c a = c

∆λold = c, c = (a+ b)/2,∆λ = c, error = |∆λ−∆λold|/∆λ

end of do while

update equivalent plastic strain, ǫpt+∆t = ǫpt +∆λ

evaluate temperature increment and update temperature and melting temperature

compute von-Mises yield functional S from the JC model

SVM > S

update von-Mises stress SVM
t+∆t from the JC model

update equivalent plastic strain using the updated von-Mises stress

.False. (elastic)

.True. (elastic or plastic)

.True. .False.

.False. (elastic)

.True. (plastic)

Figure 5. Flowchart of the JC model.

9
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The spatial velocity gradient is obtained from the well known relation

L = ḞF−1, (21)

where Ḟ is the material time derivative of F defined as

Ḟ =

[

∫

Hxi

ω〈ξ〉(Ẏ 〈ξ〉 ⊗ ξ)dVxj

]

K−1 ≈





m
∑

j=1

ω〈ξ〉(Ẏ 〈ξ〉 ⊗ ξ)Vxcj



K−1. (22)

The deformation rate of tensor D and spin tensor W follows from L:

D = sym(L) =
1

2

[

L+ LT
]

, W = skew(L) =
1

2

[

L− LT
]

. (23)

The unrotated deformation rate of tensor d can be computed as [23, 49]

d = de + dp + dT = RT
t DRt, (24)

where de, dp and dT indicate its elastic, plastic and thermal parts, respectively; Rt is an orthogonal tensor

describing the rigid-body rotation at current time t. It is calculated in the incremental formulation as follow

[50]:

Rt =

[

I+
sin(∆tΩ)

Ω
Ω−

1− cos(∆tΩ)

Ω2
Ω2

]

Rt−∆t, (25)

where Ω2 = ωkωk and Ωij = eikjωk in which eikj is the permutation tensor and ω = w+[trace(Vt)I−Vt]
−1

z.

The vorticity w = − 1
2
eijkWjk, zi = eikjDjmVmk and Vt = Vt−∆t+∆tV̇∆t is the updated left stretch tensor

where V̇∆t = LVt−VtΩ is the left stretch rate tensor. At each time step, it is required to store the tensors

V and R.

The unrotated deformation rate of tensor d is used in the JC constitutive model to calculate the unrotated

Cauchy stress, τ (for more details see [23] and Fig. 5). First, we assume only an elastic deformation increment

across a time step (de = d , dp = 0 , dT = 0). Hence, the total elastic strain increment and deviatoric

strain increment tensors from the von-Mises plasticity theory are calculated as

∆e = d∆t, ∆edev = ∆e−
1

3
∆eI. (26)

The trial unrotated Cauchy stress at time t is defined as

τ trial
t = τt−∆t + κ trace(∆e)I+ 2µ∆edev, (27)

10
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where κ and µ are the Lamé’s constants.

The trial deviatoric stress tensor from the von-Mises plasticity theory is

Sdev = τ trial
t −

1

3
trace(τ trial

t )I, (28)

The magnitude of the von-Mises yield stress is defined as

SVM =

√

3

2

∣

∣Sdev
∣

∣ (29)

where
∣

∣Sdev
∣

∣ =
√

Sdev
ij Sdev

ij is the magnitude of the deviatoric stress tensor.

If SVM < A the material response is elastic and the unrotated Cauchy stress tensor is equal to the trial

unrotated Cauchy stress tensor. Otherwise we have to compute the value of the von-Mises yield stress from

the JC constitutive model. For the JC model it is required to find in the equivalent plastic strain increment

by solving the following equation [23]

∆e−∆λ−
1

2µ

[

√

2

3
fy − St−∆t

]

= 0, (30)

where ∆λ is used to extent the yield surface and find the updated equivalent plastic strain and fy is the

yield function from the constitutive model.

By substituting the yield function of the JC constitutive model

∆e−∆λ−
1

2µ

[

√

2

3

[

(1−D)[A+Bǫnrp][1 + ǫ̇∗rp]
C [1− T ∗m]

]

− St−∆t

]

= 0, (31)

To find ∆λ, this equation should be solved with a numerical root solver (e.g. Newton-Raphson method,

bi-section method). In this study the bi-section iterative solver is employed and its procedure is shown in

Fig. 5.

Then, the rotated Cauchy stress tensor σ is obtained as follow

σ = RtτR
T
t (32)

From classical continuum theory the first Piola-Kirchhoff stress tensor, P is a function of the deformation

gradient and the rotated Cauchy stress tensor as

P = (Jσ)F−T. (33)
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Finally, the force-vector state of a bond with the bond vector ξ can be calculated as

T〈ξ〉 = ω〈ξ〉PK−1ξ. (34)

4. Numerical results

We validate our NOSB-PD formulation of thermoplasticity by two benchmark examples: 1) The Taylor-

bar impact test [51] made of Oxygen-Free High-thermal Conductivity (OFHC) Copper specimen and 2)

the Kalthoff-Winkler test [52, 53, 54] made of steel. 3D numerical simulations are performed based on the

initial dimensions, initial velocity and physical properties presented in Table 1. The numerical simulations

are compared with available experimental results. For all simulations, the horizon size is δ = 3.015∆ where

∆ is mean distance of the material points along x, y and z directions.

Table 1. Physical properties of OFHC-Copper and 4340 Steel specimens[35, 36].

Unit OFHC-Copper 4340 Steel
Initial Dimensions and velocity:
Initial length L0 mm 25.4 100
Initial cylinder diameter (Taylor-bar impact test) D0 mm 7.62 -
Initial width (KW test) W0 mm - 200
Initial thickness (KW test) t0 mm - 6.35
Impact velocity V0 m/s 190 32
Material constants:
Elastic modulus E GPa 124 200
Poisson’s ratio ν - 0.34 0.29
Mass density ρ kg/m3 8960 7830
Thermal conductivity κ W/mK 386 38
Specific heat capacity Cp J/kgK 383 477
Thermal expansion coefficient α 1/K 0.00005 0.000032
Reference (room) temperature T0 K 298 298
Melting temperature Tm K 1356 1793
Taylor-Quinney coefficient β - 0.9 0.9
Reference equivalent plastic strain rate ǫ̇p0

1/s 1.0 1.0
Strength constants:
Yield stress A MPa 90 792
Strain hardening constant B MPa 292 510
Strain hardening coefficient n - 0.31 0.26
Strain rate constant C - 0.025 0.014
Thermal softening exponent parameter m - 1.09 1.03
Fracture constants:

D1 - 0.54 0.05
D2 - 4.89 3.44
D3 - -3.03 -2.12
D4 - 0.014 0.002
D5 - 1.12 0.61
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Figure 6. (a) The Taylor-bar impact test, (b) a material points distribution with 5,400 nodes.

4.1. The Taylor-bar impact test on an OFHC-Copper specimen

In the Taylor-bar impact test, a cylindrical projectile is shot on a hard target (see Fig. 6-(a)). As

described by Whiffin [55], this test is designed for relatively small deformations obtained from low velocity

impacts. Though the Taylor-bar impact test continues to be used to determine yield strengths of materials

at high strain rates, it is limited to peak strains around 0.6 at the center of the specimen [56]. For higher

strains and strain rates, the Taylor-bar impact test is mostly used for validating plasticity models.

Fig. 6-(b) shows initial material points distribution with 5,400 nodes. The PD simulations are done for

32.5 µsec. The time step size is chosen as 0.1 µsec which leads to 325 time steps. In Fig. 7 the contours of

the displacement in y direction, temperature, von-Mises stress and equivalent plastic strain of the bar are

plotted at different time steps. There is a good agreement between the PD and the experimental dynamic

structured light (DSL) image results [57] and the mushroom shape is captured successfully in comparison

with the experimental test. The variation of the homologous temperature due to the plastic work versus

time at different material points is plotted in Fig. 4.1-(a). These material points are selected from different

layers in length direction with the same coordinates along y and z directions to show the variation of the

temperature with distance from the impacted surface. The change in the homologous temperature of a

material point only depends on the change in the current temperature which confirms Eq. (2).

Based on the fracture constants of the OFHC-Copper specimen presented in Table 1 the accumulated

damage is calculated and used in the PD formulation of the JC model. The accumulated damage changes

with variation of the equivalent plastic strain and homologous temperature. Fig. 4.1-(b) shows the variation

of thermal softening fraction of the JC damage model versus homologous temperature. The slope of this

variation depends on the thermal softening exponent parameter m in which for the OFHC-Copper specimen

is 1.09.
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(Exp.)

I:(a) (b) (c)

-0.0036 -0.0027 -0.0019 -0.0010 -0.0001 0.0008 0.0016 0.0025 0.0036

II:(a) (b) (c)

298 421 543 666 788 911 1034 1156 1279 1401 152416461769 1890

III:(a) (b) (c)

7.7E+05 3.9E+07 7.8E+07 1.2E+08 1.5E+08 1.9E+08 2.3E+08 2.7E+08 3.1E+08

IV:(a) (b) (c)

0.0 0.245 0.507 0.768 1.030 1.292 1.553 1.815 2.077 2.338 2.6

Figure 7. (Exp.) Post test deformation from dynamic structural light (DSL) image [57], Contours of (I) displacement in y

direction, (II) temperature, (III) von-Mises stress and (IV) equivalent plastic strain, at time steps (a) 80, (b) 160 and (c) 325.
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Figure 8. Variation of (a) homologous temperature versus time, (b) thermal softening fraction of the JC damage model versus
homologous temperature.

4.2. The Kalthoff-Winkler test on a 4340 Steel specimen

Kalthoff and Winkler performed a series of experiments [52, 53, 54] where a double notched steel plate is

subjected to impact loading as shown in Fig. 9-(a). They discovered that the failure mode depends on the

impact velocity. At low impact velocity the specimen failed due to a mode I dominated crack propagation in

an angle of approximately 700 counterclockwise with respect to the notch-axis. However, at higher impact

speeds, a shear-band initiated from a point on the lower surface of the notch-tip and propagated at an angle

of 100 clockwise from the axis of the notch, i.e., towards the impacted part of the plate. As shown in Fig.

9-(b), the material points distribution with 60,291 nodes is used for discretization of the problem domain.

(a) (b)

Figure 9. (a) The Kalthoff-Winkler (KW) test, (b) a material points distribution with 60,291 nodes.
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I: (a) (b)

II:(a) (b)

III: (a) (b)

Figure 10. Contours of (I) displacement in x direction, (II) displacement in y direction and (III) damage on the deformed
shape at time steps (a) 400, (b) 800.

Fig. 10 shows the contours of displacement in x and y directions and the damage on the deformed shape

of the surface xy at different time steps. The brittle crack propagates at an angle of 700 from the axis of

notches matching well with the experimental observations.

5. Conclusions

A non-ordinary state-based peridynamics formulation was developed for fracture analysis of thermome-

chanical problems. The Johnson-Cook constitutive and damage models was used. The numerical results

agreed well with the available experimental data. We will extend this model to consider effect of friction and

16



J. Amani et al. / 00 (2015) 00–19 17

erosion in high temperature impact tests. Also, different ductile damage models such as Gurson-Tvergaard-

Needleman (GTN) and Rousselier model will be implemented. In addition, the fully coupled formulation of

thermomechanical problems with the JC model will be investigated in future works to find coupling effect

of strain rate and temperature on the results.
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