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The Truncated Euler—Maruyama Method
for Stochastic Differential Equations

Xuerong Mao*
Department of Mathematics and Statistics,
University of Strathclyde, Glasgow G1 1XH, U.K.

Abstract

Influenced by Higham, Mao and Stuart [10], several numerical methods have
been developed to study the strong convergence of the numerical solutions to stochas-
tic differential equations (SDEs) under the local Lipschitz condition. These numeri-
cal methods include the tamed Euler—-Maruyama (EM) method, the tamed Milstein
method, the stopped EM, the backward EM, the backward forward EM, etc. In
this paper we will develop a new explicit method, called the truncated EM method,
for the nonlinear SDE dxz(t) = f(z(t))dt + g(z(t))dB(t) and establish the strong
convergence theory under the local Lipschitz condition plus the Khasminskii-type
condition =7 f(x) + %]g(a:ﬂ2 < K(1 + |z|?). The type of convergence specifically
addressed in this paper is strong-L4 convergence for 2 < ¢ < p, and p is a parameter
in the Khasminskii-type condition.

Key words: Stochastic differential equation, local Lipschitz condition, Khasminskii-
type condition, truncated Euler-Maruyama method, strong convergence.

1 Introduction

Up to 2002, most of the existing strong convergence theory for numerical methods requires
the coefficients of the SDEs to be globally Lipschitz continuous (see, e.g., [18, 21, 26]).
However, most SDE models in real life do not obey the global Lipschitz condition. It was
in this spirit that Higham, Mao and Stuart in 2002 published a very influential paper [10]
(Google citation 286) which opened a new chapter in the study of numerical solutions
of SDEs—to study the strong convergence question for numerical approximations under
the local Lipschitz condition. Of course, the local Lipschitz condition is not enough to
guarantee the existence of the global solution. The additional known condition for the
global solution is the linear growth condition, or more generally, the Khasminskii-type
conditions (see, e.g., [15, 21, 31]). Instead of imposing these known conditions, Higham,
Mao and Stuart [10] proposed the bounded condition on the pth moments of both exact
solution and numerical solution to the underlying SDE and proved the strong convergence
theory. Their theory turns the problem of the strong convergence into the verification of
the boundedness of the pth moments of the exact and numerical solutions under the local
Lipschitz condition. They showed that under the linear growth condition, both exact and
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numerical solutions by either the Euler-Maruyama (EM) or the stochastic theta method
satisfy the moment bounded condition, and hence they proved that the numerical solutions
converge to the exact solution in the strong sense under the Local Lipschitz condition and
the linear growth condition.

However, the linear growth condition is still too restrictive. The authors in [10]
pointed out that in general, it is not clear when such moment bounds can be expected to
hold for the EM method even when both drift coefficient and the diffusion coefficient are
C' (unbounded derivatives of course). More recently, the authors in [13] answered the
question negatively by proving that the moment of the explicit EM method will diverge
in finite time for those SDEs with either the drift coefficient or the diffusion coefficient
being superlinear. Implicit methods have therefore naturally been used to study the
numerical solutions to SDEs without the linear growth condition recently, for example,
in [23, 33, 34]. For the background on the implicit methods, we refer the reader to
the papers [2, 4, 10, 11, 17, 25, 30] and the book [18]. Methods with variable stepsize
also attract a lot of attention [5, 28, 35, 37]. Other weak forms of convergence, say
weak convergence, convergence in probability and pathwise convergence, are discussed in
(1,7, 16, 18, 22, 24, 27, 36], just to mention a few.

Since the classical explicit EM method has its simple algebraic structure, cheap com-
putational cost and acceptable convergence rate under the global Lipschitz condition, it
has been attracting lots of attention [8]. Although the authors in [13] showed the strong
and weak divergence in finite time of the EM method for SDEs with non-globally Lipschitz
continuous coefficients, some modified EM methods have recently been developed for the
nonlinear SDEs without the linear growth condition. For example, the tamed EM method
was developed in [14] to approximate SDEs with one-sided Lipschitz drift coefficient and
the linear growth diffusion coefficient. This method was further developed in [32] while
the tamed Milstein method was developed in [6]. Moreover, the stopped EM method was
developed in [20] for nonlinear SDEs as well. These new explicit EM methods have shown
their abilities to approximate the solutions of nonlinear SDEs.

In this paper, we will develop another new explicit method for nonlinear SDEs. We
will call it the truncated EM method. A different method referred to as the “Drift-
truncated Euler scheme” was introduced in Hutzenthaler & Jentzen [12] and we hope
very much that our chosen scheme name “truncated EM method” will not cause a confu-
sion.

To motivate our new method, we consider a d-dimensional SDE

dx(t) = f(x(t))dt + g(a(t))dB() (1.1)

with the local Lipschitz condition but without the linear growth condition. To guarantee
the global solution, we impose a Khasminskii-type condition (see, e.g., [15])

207 f(2) + |g(@)* < K(1 + |=f). (1.2)

The classical method to prove the existence of the global solution under this condition is
the truncated method (see, e.g., [15, 21, 29]). That is, for each integer n > 1, define the
truncated functions

fole) = F((lel An) ) and ga(2) = g((lal An) ). (1.3)

|z] |z]
Then both f,, and g, are globally Lipschiz so the following SDE
dan(t) = fu(zn(t))dt + gn(zn(t))dB(t) (1.4)
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has a unique global solution z,,(t) on ¢t > 0. By the Khasminskii-type condition (1.2), we
can then show that z,(t) will converge to a stochastic process z(t) in probability and this
x(t) is the solution to the SDE (1.1). Let us now apply the EM method with stepsize A
to the SDE (1.4) to obtain the EM approximate solution xa ,(t). It is well known that
T, (t) will converge to z,(t) in the strong sense, say L? (actually in L? for any p > 0)
as A — 0. But z,(¢) will converge to z(t) in probability as n — oco. It is therefore not
difficult to show that for each n, one can choose a stepsize A,, such that za, ,(t) will
converge to x(t) in probability as n — co. We can also do so in the other way, that is,
for each A, choose n = na to show that za ,, () will converge to z(¢) in probability as
A — 0. Surprisingly, we will see in this paper that choosing n = na cleverly (namely
n = p~Y(h(A)) in our definition of the truncated EM method below), we can show that
Tan, (t) will converge to x(t) in the strong sense as A — 0. The type of convergence
specifically addressed in this paper is strong-L? convergence for 2 < ¢ < p, and p is a
parameter in the Khasminskii-type condition. Let us begin to develop this new truncated
EM method.

2 The Truncated EM Method

Throughout this paper, unless otherwise specified, let (2, F,P) be a complete probability
space with a filtration {F, },., satisfying the usual conditions (that is, it is right continuous
and increasing while F; contains all P-null sets), and let IE denote the expectation corre-
sponding to P. Let B(t) be an m-dimensional Brownian motion defined on the space. If A
is a vector or matrix, its transpose is denoted by AT. If x € R%, then |z| is the Euclidean
norm. If A is a matrix, we let |A| = (/trace(AT A) be its trace norm. If A is a symmetric
matrix, denote by Apax(A) and A\pin(A) its largest and smallest eigenvalue, respectively.
Moreover, for two real numbers a and b, we use a V b = max(a,b) and a A b = min(a, b).
If G is a set, its indicator function is denoted by I, namely Ig(x) = 1 if z € G and 0
otherwise.

Consider a d-dimensional SDE
dx(t) = f(x(t))dt + g(x(t))dB(t) (2.1)
on t > 0 with the initial value z(0) = zy € R, where
f:R*' - R?Y and g:R?— R>™,
We impose two standing hypotheses in this paper.

Assumption 2.1 Assume that the coefficients f and g satisfy the local Lipschitz condi-
tion: For any R > 0, there is a Kr > 0 such that

[f (@) = FW)I Vv 19(x) = 9(y)| < Kglz —y| (2:2)
for all x,y € R* with |z| V |y| < R.

Assumption 2.2 We also assume that the coefficients satisfy the Khasminskii-type con-
dition: There is a pair of constants p > 2 and K > 0 such that

o () + L lg(a) P < KL+ [aP) (2.3

for all x € RY.



We state a known result (see, e.g., [21, 22, 31]) as a lemma for the use of this paper.

Lemma 2.3 Under Assumptions 2.1 and 2.2, the SDE (2.1) has a unique global solution
x(t) and, moreover,
sup E|z(t)|P < oo, VT >0. (2.4)

0<t<T

Assumptions 2.1 and 2.2 cover many nonlinear SDEs, for example, the scalar SDE in
financial mathematics (see, e.g., [19])

dr(t) = (u — az® (t))dt + o2 (t)dB(t), ,0>1, p,a,0 >0, (2.5)
and the stochastic population system (see, e.g., [3])

dz(t) = diag(z1(t), 22(t), ..., va(t))[(b + Ax?(¢))dt + Cz(t)dB(t)], (2.6)

where B(t) is a scalar Brownian motion, b = (by, -+ ,by)7, 22 = (23,--- , 22T, C =

(Cij)axa € R and A = (A;j)axa € R>? is such that Ayax(A + AT) < 0. (See Section
5 below for a further detailed discussion.) It has been shown (see, e.g., [22]) that under
Assumptions 2.1 and 2.2, the EM numerical solutions will converge to the true solution
in probability but, in general, not in L?. In this paper, we will develop a new numerical
method, called the truncated EM method, and show that the numerical solutions will
converge to the true solution in L.

To define the truncated EM numerical solutions, we first choose a strictly increasing
continuous function p : Ry — R, such that u(r) — oo as r — oo and

sup (|£(@)| V |g(@)l) < p(r), ¥r >0, (2.7

|z|<r

Denote by ! the inverse function of p and we see that u~! is a strictly increasing
continuous function from [u(0),00) to R;. We also choose a number A* € (0,1] and a
strictly decreasing function A : (0, A*] — (0, 00) such that

R(A*) > u(2), lim h(A) =00 and AY*h(A) <1, VA € (0,1). (2.8)

A—0

For a given stepsize A € (0,1), let us define the truncated functions

fale) = F(al A AN ) end - ga(e) = g((el Ap (AD)) (29)

|z |
for z € R4, where we set x/|z| = 0 when x = 0. It is easy to see that
[fa(@)| V |ga(@)] < p(p (h(A))) = h(A) V€ RY. (2.10)

That is, both truncated functions fa and ga are bounded although both f and g may
not. Moreover, these truncated functions preserve the Khasminskii-type condition for all
A € (0, A*] as described in the following lemma.

Lemma 2.4 Let Assumption 2.2 hold. Then, for all A € (0, A*], we have

p—1
2

ot fa(z) + lga(@)]? < 2K (1 + |z]?), Vo€ R% (2.11)



Proof. We first observe from (2.8) that
U R(A)) > T (A(AT) > 2, YA € (0,A7].
Fix any A € (0, A*]. For # € R? with |x| < u~*(h(A)), we have, by (2.3),

:L‘TfA<$) + b )
so the required assertion (2.11) holds. For z € R? with |z| > p~1(h(A)), we have

foA(a:) + e ; !

= T () )+ B o (a5

|z 2 ]
i

(2 ) + B o (e )

Hoa@)l = o f() + LM g(a) P < K(1+|af)

l9a(z)[?

2

= T (h(A)T

|
kd

(g — e ) (o (2 )

]

T

< K(L+ [ (WA + (% - 1)u-1<h<A>>%f(u‘1<h<A>>%>’

where (2.3) has been used. But once again we see from (2.3) that =7 f(z) < K(1 + |z|?)
for any = € R?. We therefore have

o a(w) + P g ()P
< KO+ D) + (g — DR B@)P)
B

WKG + [ (h(A))]7)

K|z[(0.5+ ' (h(A))) < Klz|(0.5+ |z|)
K+ |z))? < 2K(1 + |2*)

as required. The proof is complete. O

IA A

We can now form the discrete-time truncated EM numerical solutions Xa (t) =~ z(ty)
for t, = kA by setting XA (0) = z¢ and computing

Xa(trerr) = Xa(ty) + fa(Xa(te)) A + ga(Xa(te)) ABy, (2.12)

for k = 0,1,---, where ABy = B(tg+1) — B(tx). Let us now form two versions of the
continuous-time truncated EM solutions. The first one is defined by

Q_:A(t) = ZXA<tk)I[tkutk+1)<t)7 t=>0. (2'13>
k=0

This is a simple step process so its sample paths are not continuous. We will refer this as
the continuous-time step-process truncated EM solution. The other one is defined by

xa(t) :xo—i—/o fA(a_:A(s))der/O ga(Za(s))dB(s) (2.14)

for t > 0. We will refer this as the continuous-time continuous-sample truncated EM
solution. We observe that xa(tx) = Za(tx) = Xa(tx) for all £ > 0. Moreover, za(t) is an
Ito6 process with its Ito differential

d.’lﬁA(t) = fA(.Ci’A<t))dt + gA(i’A(t))dB(t). (2.15)



3 Convergence of the Truncated EM Solutions

3.1 Moment bound of the truncated EM solutions
By (2.10), it is obvious that

sup E|lza(t)]P < o0, VT > 0.
0<t<T

However, it is not so obvious to see that

sup sup Elza(t)]P <oo, VI >0
0<A<A* 0<t<T

and this is what we are going to establish in this subsection. Let us first present a lemma
which shows that za(t) and Za(t) are close to each other in the sense of L?.

Lemma 3.1 For any A € (0, A*], we have
Elza(t) — za ()P < cpAp/2(h(A))p, vt >0, (3.1)
where ¢, 1s a positive constant dependent only on p. Consequently
lim E|lza(t) — Za(t)[P =0, Vt>0. (3.2)
A—0
Proof. In what follows, we will use ¢, to stand for generic positive real constants dependent
only on p and its values may change between occurrences. Fix any A € (0, A*] and ¢ > 0.

There is a unique integer k > 0 such that ¢, <t < t4,;. By (2.10) and the properties of
the Ito integral (see, e.g., [21]), we then derive from (2.14) that

Elza(t) —za(t)]” = Elza(t) — za(te)[

< o8] [ rsasena] <5 [ aseanine

)
< (38 [ s s + 207 [ ga(ra(s))ds)
< A nA)Y,

which is (3.1). Noting from (2.8) that AP/2(h(A))? < AP/* we obtain (3.2) from (3.1)
immediately. O

Lemma 3.2 Let Assumptions 2.1 and 2.2 hold. Then

sup  sup Elza(t)|P < C, VT >0, (3.3)
0<A<A* 0<t<T

where, and from now on, C stands for generic positive real constants dependent on
T,p, K,xy (and K as well in the next section) but independent of A and its values may
change between occurrences.



Proof. Fix any A € (0, A*] and T' > 0. By the It6 formula, we derive from (2.14) that,
for 0 <t <T,

—1
2
-1
2

Elza(t)l’ < |aol +E / plaa($)l 2 (h() fa@a(s) + P~ lga(@a(s) ) ds

= ol + [ a2 (a6 + 5 s sl s

+ E/OP\M(S)V”2(%(8)—fA(S))Tfa(fa(S))dS-

By Lemma 2.4 and the Young inequality

_9 2
<P T2 L 2w e b >0,
p p

we then have
Elza()f < |zof’ +E / Kplea(s)P2(1 + [2a(s))ds
0
L (p-2E / (a(s)Pds + 2E / a(s) — Za()P|fa(@a(s))P/2ds
0 0
< C1+CQ/ (Elza(s)” + E|za(s)|P)ds
0

+ R / a(s) — Za(s)P?| fa(@a(s))/2ds.

where C; and Cy are generic and may change throughout this proof (we do not want to
use a single C' in a single inequality but use C; and (5 to indicate these two constants
differ). By Lemma 3.1 and inequalities (2.10) and (2.8), we have

E/O [wa(s) = 2a ()| fa(@a(s))[?ds

T

< (WA | E(lzals) = 2a(s))[?)ds

< (WA | Eleals) - zals)P)ds

/OT
/
< ¢, T(h(A)PAP* < ¢, T. (3.4)

We therefore have
t
Elza(®)|P < € —i—C'g/ (E|xA(s)|p+]E|§:A(s)|p)ds
0

t
< 01—1—02/ < sup ]E]a:A(u)|p>ds.
0

0<u<s

As this holds for any ¢ € [0,T] while the right-hand side is non-decreasing in ¢, we then
see

t
sup Eloa(u) < i+ Ca [ ( sup Bloa(wl)ds.
0

0<u<t 0<u<s
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The well-known Gronwall inequality yields that

sup Elza(u)lP < C.
0<u<T

As this holds for any A € (0,A*] while C' is independent of A, we see the required
assertion (3.3). O

3.2 Strong convergence
In this subsection we will show that
ELI%)E’]]A(T) —z(T)|"=0 and ELI%EHUA(T) —z(T)|?=0
for any T' > 0 and 2 < ¢ < p. In the remaining of this subsection, we fix 7" > 0 arbitrarily.

Lemma 3.3 Let Assumptions 2.1 and 2.2 hold. For any real number R > |xq|, define
the stopping time
T = inf{t > 0: |z(t)| > R},

where throughout this paper we set inf() = oo (and as usual O denotes the empty set).
Then o

P(rr < T) < 5. (3:5)

(Recall that C' stands for generic positive real constants dependent on T, p, K, x¢ so C here
is independent of R.)

Proof. By the Ito formula and Assumption 2.2, we derive that
tATR
Bzt Ama) < |zo? +]E/ DK (1 + |w(s)[2)ds
0
t
< |wol® +2KT + 2K/ E|z(s A Tg)|Pds
0

for any 0 <t <T'. The Gronwall inequality shows
E|z(T A 7'R)|2 < (C.

This implies
R2P(T R S T) S C
and the assertion follows. O

Lemma 3.4 Let Assumptions 2.1 and 2.2 hold. For any real number R > |xy| and
A € (0,A*), define the stopping time

PAR = inf{t Z 0: |3§A(t)| Z R}
Then

C
P(par <T) < izh (3.6)

(Please recall that C' is independent of A and R.)
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Proof. We simply write pa r = p. By the Ito formula, we have that for 0 <t < T,
tAp
Bloa(tAp)f = laof +B [ (20405 alaa() + lga(ea(6)) ) ds
0
tAp
— feol +E [ (20505 alea(s)) + lga(a(s)) ) ds
0

+ E/O pQ(xA(s)—:EA(S))TfA(:EA(s))dS.

By Lemma 2.4, we then derive that,
tAp
Elza(tAp)* < ]a:0|2+]E/ 2K (1 + |za(s)|*)ds
0

L E / " 2la(s) - Za(s)l|fa(@a(s))lds

IN

t
]:z;0|2+2KT+4K/ E|za(s A p)|*ds
0
T
+ 4K/ E|za(s) — Za(s)|*ds
0

LR / 2a(s) — 2a(s)||fa(Za(s))ds.

But, by Lemma 3.1, we have

T
/ Elwa(s) — #a(s)2ds < C,
0

while by Lemma 3.1 and inequalities (2.10) and (2.8), we derive

1/p

E / 2a(s) = 2a(3)l1fa(@a(s))|ds < h(A)E / (Bloa(s) = za(s)) " ds
< Th() (e, a2(h(A))) " < Ch(A) AV <

We hence have .
Elza(t A p)f2 < C + 4K/ Elza(s A p)|2ds.
0

The Gronwall inequality shows
Elza(T A p)* < C.
This implies the required assertion (3.6) easily. O
Theorem 3.5 Let Assumptions 2.1 and 2.2 hold. Then, for any q € [2,p),

lim Ejza(T) —2(T)|"=0 and lim E|ZA(T) — 2(T)|? = 0.
A—0 A—0

Proof. Let 7r and pa g be the same as before. Set

Orr=TrApar and ea(T)=axa(T)—z(T).



Using the Young inequality, we derive that for any § > 0,

Elea(T)" = E(lea(T)"Ips omy ) + E(lealT)"Tp, nsry)

P—q

o
< B(jea(D) s omy) + T Elea(T)F +
By Lemmas 2.3 and 3.2, we have
Elea(T)P < C

while by Lemmas 3.3 and 3.4,

We hence have

Cqs  Clp—q)
P pR25Q/(P*Q) ’

Elea(T)|" < E(|ea(T)| gy wory ) + (3.9)

Now, let € > 0 be arbitrary. Choose § sufficiently small for C'qd/p < €/3 and then choose
R sufficiently large for
Clp—q) _c

pR251/(—a) = 3’
We then see from (3.9) that for this particularly chosen R,

2¢e
Elea(T)|? < ]E<|6A(T)|QI{GA7R>T}> + 5 (3.10)

If we can show that for all sufficiently small A,

E(Jea(D)| s omy) < (3.11)

€
3 )
we then have
lim Elea(T)|?=0
A—0

and then by Lemma 3.1, we also have

lim E|z(T) — zA(T)]? = 0.

A—0
In other words, to complete our proof, all we need is to show (3.11). For this purpose, we
define the truncated functions

Fr(w) = f( (2| A R)

T i

> and GR(x):g<(]:c|/\R) ), r € R

] ||

Without loss of any generality, we may assume that A* is already sufficiently small for
p~t(h(A*)) > R. Hence, for all A € (0, A*], we have that

fa(z) = Fr(z) and ga(x) = Gg(x)
for all x € R? with |z| < R. Consider the SDE

dy(t) = Fr(y(t))dt + Gr(y(t))dB(1) (3.12)

10



on t > 0 with the initial value y(0) = zo. By Assumption 2.1, we see that both Fg(x)
and Gr(x) are globally Lipschitz continuous with the Lipschitz constant K. So the SDE
(3.12) has a unique global solution y(t) on t > 0. It is straightforward to see that

x(tANTr) =yt ANTR) a.s. forallt>0. (3.13)

On the other hand, for each stepsize A € (0, A*], we can apply the EM method to the
SDE (3.12) and we denote by ya(t) the continuous-time continuous-sample EM solution.
It is again straightforward to see that

At Apar) =ya(t Apar) as. forallt>0. (3.14)

However, it is well known (see, e.g., [18, 21]) that

E( sup [y(t) — ya()]?) < HAY2, (3.15)

0<t<T

where H is a positive constant dependent on Ky, T, z¢,q. Consequently,

E( sup [y(tA0ar) —ya(t AOamp)lt) < HAV2

0<t<T

Using (3.13) and (3.14), we then have

E( sup |zt A Oap) — za(t A eA,R>|q) < HAY?, (3.16)

0<t<T

which implies

E<|m(T AOar) — za(T A 9A7R)|q) < HAY?,

Finally

E(I@A(T)IQI{GA,R>T}) = E(I@MT A 9A,R)|q1{9A,R>T}>

< E(\x(T AOar) —za(T A 9A,R)14) < HAY?,

This implies (3.11) as desired. The proof is therefore complete. O

4 Stronger Results with an Additional Condition

In the previous section, we showed that both truncated EM solutions za(T) and Za(T)
will converge to the true solution z(7") in L? for any 7" > 0. This is sufficient for some
applications e.g. when we need to approximate the European put or call option value
(see, e.g., [9]). However, we sometimes need to approximate quantities that are path-
dependent, for example, the European barrier option value. In these situations, we will
need a stronger convergence result like

lim IE< sup |za(t) — x(t)]q> ~0. (4.1)

A—0 0<t<T

For this purpose, let us impose an additional condition.

11



Assumption 4.1 Assume that there is a pair of constants r > 2 and K > 0 such that

l9(2)]* < K(1+ |z|]"), VaeR% (4.2)

Of course, when r = 2, this is the linear growth condition on g. However, our
assumption allows r > 2. That is, we allow the diffusion coefficient g to grow faster than
linearly. With this additional condition, we will be able to show that (4.1) holds for all
q < 24p—r when p > r. To show this, let us present a number of lemmas. Once again,
we fix T' > 0 arbitrarily in this section.

Lemma 4.2 Let Assumptions 2.1, 2.2 and 4.1 hold and assume that p > r. Set p =
24p—r. Then

E( sup |x(t)|ﬁ) <. (4.3)

0<t<T

Proof. By the Ito formula and Assumption 2.2, we can show that

(O < Jzol? + / PE ()P 2(1+ (s)2)ds + / plae(s) P27 ()9 (x(5))dB(s)

for all t € [0, T]. Hence, by Lemma 2.3,
— t —
B( sup jo(t)7) < C+E( sup | [ ple(o) %" ()oa(s)dB())
0<t<T o<t<T ! Jo

By the Burkholder-Davis—-Gundy inequality (see, e.g., [21]) and Assumption 4.1 as well
as Lemma 2.3, we then derive that

5 s e0F) < 0+ 1apE([ [ leoPotaoral”)

0<t<T

< O+4\/§pE<[( sup |fv(t)|’7> /T|I(t>|ﬁ_2’9(x<t>>|2dt]W)

0<t<T 0

< C+%E< sup Ja(0)7) +16p2f(IE/O (P21 + |2 ()] )dt.

0<t<T

This implies

E( sup [2()F) < C+32p2KE/O ()P (1 + |2 ()] )de.

0<t<T

Noting that p —2+r = p, we can apply the Young inequality and then Lemma 2.3 to get
T _
B [ le(P 21+ la(o) ) < C.
0

and hence the required assertion (4.3) follows. O

Lemma 4.3 Let Assumptions 2.1, 2.2 and 4.1 hold and assume that p > r. Set p =
24p—r. Then

sup ]E< sup |xA(t)]p> <C. (4.4)
0<A<A® N\ 0<t<T

12



Proof. Fix any A € (0, A*]. Using the It6 formula and Assumption 2.2, we can show in
the same way as Lemma 3.2 was proved that

B( s [ra ) < B s | [ piea)P a5 6)otea ()8 0)

0<t<T 0<t<T

In the same way as Lemma 4.2 was proved, we can then show that

E( sup ym(mﬁ) < C+32°E /0 wa(t)P2|ga(za(t))[2dt.

0<t<T
But, the truncated function ga preserves the growth condition (4.2), namely,
lga(2)> < K(1 4 |2]"), V€ R%

We then have
T i B T .
E/ [2a ()P ?ga(Za(t))Pdt < KE/ [2a(t)P2(1 + |Za(t)]")dt.
0 0

By Lemma 3.2, it is straightforward to show

T
IE/ e (D21 + [2a(0)]")dt < C.
0
We hence have

E( sup lea(t)) < C

0<t<T
as required. O

Theorem 4.4 Let Assumptions 2.1, 2.2 and 4.1 hold and assume that p > r. Set p =
2+p—r. Then, for any q € [2,p),

lim E( sup |za(t) — :v(t)|q> —0. (4.5)

A—0 0<t<T

Proof. We use the same notation as in the proof of Theorem 3.5. Using the Young
inequality, we can show that for any 6 > 0,

E( sup ]eA(t)|q)

0<t<T

q0 P—q
< E([ sup |ea(t q)+—E< sup leal(t q)—l——]P)@ <T). (4.6
= {0a,r>T} 0§t£T| A( )| D 0§t£T| A( )| p5q/(p_q) ( AR > ) ( )

By Lemmas 4.2, 4.3, 3.3 and 3.4, we can then have

Cqs  Clp—q)
P pR2(5(1/(p*Q) )

E( sup [ea(t)!) <E(Ljosnomy sup lea(d]?) + (4.7)
0<t<T

o<t<T

But, by (3.16),

E(Ijos oy 0 Jea(t)]?) SE( sup [a(t Aban) = oalt Aban)l’) < HAY
’ 0<t<T 0<t<T

13



We therefore have

Cqgs , Clp—q)
q q/2
E(Ozgm(m ) < HA =

(4.8)

Now, for any € > 0, we first choose ¢ sufficiently small for C'qd/p < €/3 and then choose
R sufficiently large for
Clp—q) _c

pR2§9/(p=a) — 3’
and further then choose A sufficiently small for HA%? < ¢/3 to get that

E( sup lea(t)") <e

0<t<T

for all sufficiently small A. That is, we have proved the required assertion (4.5). O

We observe that it is much easier to compute ZTa(t) than za(t) in practice. It is
therefore more desirable to have

lim ]E< sup |Za(t) — x(t)]q> —0.
A—0 0<t<T

For this purpose, let us present another lemma.

Lemma 4.5 Let ¢ > 2 and A € (0, A*]. Let n be a sufficiently large integer for which

2n \¢ n—1 1

T+1)"" <2 and = 4.9
<2n—1>(+) =2 e 73 (4.9)

We then have
E( sup |za(t) — fA(t)|q> < 20 L2 (B(A))I AT/ 20, (4.10)

0<t<T

Consequently

lim E( sup |za(t) — Mt)\@) ~0. (4.11)
A—0 0<t<T

Proof. Let N be the integer part of 7'/A. Then

E( sup |za(t) - 2a()]7)

0<t<T

< E(()rgr}ﬂegvt sup |fa(@a(te))(t —ti) + ga(@alty))(B(t) — B(tk))|q>
< 2B max suwp [ fa(Ealti) [t — 1)+ loa(@a (t)1B(E) — Bt
< 2 L(R(A)) [Aq +IE< max  sup |B(f) — B(zk)rf)] (4.12)

0SksSN 4 <t<tpy1

14



By the Holder inquality and the Doob martingale inequality, we then derive that

E( max  sup ]B(t)—B(tk)‘q>

0SSN 4 <t<tyy1

-~ /2n
< ]E( max  sup |B(t)—B(tk>’2n>]q
L 0<k<N 1 <t<tp41
N
_ on q/2n
< ZE( sup |B(t) — B(ty)| )]
- =0 1 <t<tp41
- o2n  \2n on]9/%"
< _Z<2n—1> E|B(tr1) — B(t)| ]
k=0
N
_ m 2n q/2n
< 1 ”]
< _Z<2n—1> (2n — IA
k=0
_ 2n 2n q/2n
< T+1)(2n -1 !!A“*l} 4.13
= _<2n—1> (T+1@En-1) ’ (419)

where (2n — D' =(2n —1) x (2n —3) x --- x 3 x 1. But

[(2n — DY < %i(% —1)=n.

Using (4.9), we then derive from (4.13) that

2n q
B( BO) - Bll) < w02 (2) (1 sy pe b
Og}c%tkgstgﬂl () = Bt)I") = n"5—) (T +1)
< 2pt2Adn=l/2n (4.14)

Substituting this into (4.12) yields the required assertion (4.10). Finally, by (4.9) and
(2.8),
(h(A))qu(nfl)/% < (h(A))qu/3 — AQ/”(AV‘*}L(A))q < A9/12,

We hence obtain the other assertion (4.11) from (4.10). The proof is complete. O

The following theorem now follows from Theorem 4.4 and Lemma 4.5 immediately.

Theorem 4.6 Let Assumptions 2.1, 2.2 and 4.1 hold and assume that p > r. Set p =
2+p—r. Then, for any q € [2,p),

lim ]E< sup |Za(t) — x(t)]q> = 0. (4.15)
A—0 0<t<T

5 Corollaries and Examples

In this section we will demonstrate that Assumptions 2.2 and 4.1 cover many SDEs in
various branches of science and industry and hence our new truncated EM method is
applicable in many areas. Let us first recall the conditions that are frequently used in the
study of numerical solutions of SDEs. They are the one-sided linear growth condition on
the drift coefficient f and the linear growth condition on the diffusion coefficient g (see,
e.g., [10, 13]). To be precise, let us state them as an assumption.
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Assumption 5.1 Assume that there are two positive constants Ky and Ky such that
o' f(w) < Ki(1+[af?) and |g(2)* < Ka(1+ [2*) (5.1)

for all x € RY.

Under this assumption, for any p > 2, we have
-1
w7 f(@) + P o) < (K0 +05(p — 1K) (1 + |of?)

for all z € RY. We therefore see that Assumptions 2.2 and 4.1 are satisfied with K =
Ky +0.5(p — 1)Ky, K = Ky and r = 2. The following corollary follows from Theorems
4.4 and 4.6 immediately.

Corollary 5.2 Let Assumptions 2.1 and 5.1 hold. Then, for any q > 2,

im E( sup |za(t) — a;(t)]q) =0 and

1
A=0 \og<i<T

im E( sup |Za(t) —:c(t)\q> —0. (52

1

A—0 0<t<T

We next introduce a condition which covers the SDEs like the scalar equations
dz(t) = (x(t) + 2%(t) — 2°(t))dt + 2*(t)dB(t), (5.3)

or

dr(t) = (z(t) + 22(t) — 22°(t))dt + 2*(t)dB(t). (5.4)
Assumption 5.3 Assume that there are three constants p > 2 and K1, K9 > 0 such that
o' f(r) < Ki(1+ |2)?) — Kalz|?, Va e R (5.5)

Under Assumptions 4.1 and 5.3, let us consider two cases:

Case (i) when p > r. In this case, for any p > 2, we have
T p—1 2 2 o, P— e r
x f(x)+ T|9($)| < Ki(1+ [zf7) = Kolz]” + 5 K(1+ [a]").
But —Ko|z|” + 5 K(1+ |z|") is bounded above by a positive constant, say K3. So

o () + D) < (K + K1+ L)

This shows that Assumption 2.2 is satisfied for any p > 2.

Case (ii) when p = r. In this case, we need to assume that 2K,/ K > r—1 additionally.
Let p=1+2K,/K. Then p > r and, moreover, we have

() + P @) < KA [af?) + Ky < (R + K)o+ Jaf?),

This shows that Assumption 2.2 is satisfied for p = 1 4+ 2K,/K. The following corollary
hence follows from Theorems 4.4 and 4.6 again.

Corollary 5.4 Let Assumptions 2.1, 4.1 and 5.3 hold.
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(i) If p > r, then the assertions in (5.2) hold for any q > 2.

(i) If p = r and 2K5/K > r — 1, then the assertions in (5.2) hold for any 2 < q <
3+ 2K,/ K — 1.

Recalling the SDEs (2.5) and (2.6), we see that they are in a similar fashion as the
SDEs (5.3) and (5.4). However, the SDEs (2.5) and (2.6) are those that model either the
financial quantities or population sizes so their states take nonnegative numbers, that is,
these SDEs are in the nonnegative cone R? = {(z1,--- ,24)T € R?: 2; >0, 1 <i <d}.
On the other hand, both SDEs (5.3) and (5.4) are in the whole real space R. In fact, our
theory so far works for SDEs in the whole R?. We now explain our theory can be applied
to the SDEs in R% as well. We use the SDEs (2.5) and (2.6) as the examples. In the
following examples, B(t) will be a scalar Brownian motion.

Example 5.5 We first consider the SDE (2.5) under the condition f+1 > 20. We claim
that for any initial value x(0) > 0, there is a unique global solution z(t) to the SDE
(2.5) and the solution will remain to be positive with probability one. In fact, define a
C?-function V : (0,00) — R, by

V(z)=x—1—log(x).
It is easy to show that, for z € (0, 00),

V'(x) (i — ax”) + 0.5V (z) oz
= p—pr "t —axf + a7t +0.50%2%72,

which is bounded above by a constant. From here it is almost standard to show what we
have just claimed (see the proof of [21, Theorem 2.1} on pages 381-384).

We may therefore write the SDE (2.5) as equation
dz(t) = f(x(t))dt + g(z(t))dB(t) (5.6)

in R by extending the definitions of the coefficients f and g from R, to R as follows

—az? ifzx>0 O ifxr>0

w—oaz® if x>0, ox? if x >0,
flz) = : and g(z) = .

0 if x <0, 0 if x <0.

Obviously, both f and g are locally Lipschitz continuous in R. Moreover, Assumption 4.1
is satisfied with K = 02 and r = 20. To verify Assmmption 2.2, we consider two cases:

Case (i) when B+ 1 > 26. In this case, for any p > 2, we have that, for = > 0,

-1 p—1)o?
o (o) + P o) = o — a4 LD

which is bounded above by a positive constant, say K. In other words,
p—1 2
xf(:c)—l—T]g(a:)\ < K forxz>0.

On the other hand, zf(z) + &+ |g(2)[> = pz < 0 for 2 < 0. So we always have



This shows that Assumption 2.2 is satisfied for any p > 2. By Theorems 4.4 and 4.6, we
can therefore conclude that the assertions in (5.2) hold for any ¢ > 2, where z(¢) in (5.2)
now means the solution of equation (2.5) and za(t) and Za(t) stand for the truncated
EM solutions of equation (5.6).

Case (ii) when 3+ 1 = 20. In this case, we need to assume that 23 > 02(20 — 1)
additionally. Let p =1+ 28/0% Then p > 20 > 2. Moreover, we can show easily that

o 1) + L o) < 1+ Ja)

In other words, Assumption 2.2 is satisfied for p = 1 + 23/02. By Theorems 4.4 and 4.6,
we can therefore conclude that the assertions in (5.2) hold for any 2 < ¢ < 3+23/02 —26.

Example 5.6 Let us now consider the SDE (2.6), namely the SDE
dx(t) = F(x(t))dt + G(z(t))dB(t) (5.7)
in RY, where F, G : RT — R are defined by
F(z) = diag(zy, 22, ..., 74)(b + Az?) and G(z) = diag(zy, 12, ..., 14)Cx

for z € R% It is known (see, e.g., [3]) that for any initial value z(0) € R%, the solution
z(t) of the SDE (5.7) will remain to be in R% with probability one. We may therefore
write the SDE (5.7) as the following equation

dx(t) = f(z(t))dt + g(x(t))dB(t) (5.8)

in R? by extending the definitions of the coefficients from R% to R? as follows

) F(z) ifzeRY, _)G(x) ifzeRY,
f(x)_{p(:@) if:cngf’t, and g(x)_{G(:%) ifxg!Rf}:,

where & = (21 V 0,22 V 0, -+ ,z4 V 0) for x ¢ RZ. Obviously, both f and g are locally
Lipschitz continuous in R?. Note that for z € R?,

9(@)|? = [G(@)[? = o7 CT diag(a?, a2, ., 23)Ca < |7 CTCT < AnaeCTC)al?,
while for z ¢ R%,
l9(2)* = [G(@)]* < Anax (CT O [* < N (CTO) ]
We hence always have that
l9(2) > < Amax (CTO)|2]*,  Vz € R (5.9)

This means that Assumption 4.1 is satisfied with K = A (CTC) and r = 4. To fulfil
Assumption 2.2, we assume that

~Amax (A + AT) > 3dApax (CTC). (5.10)

Letting A A + AT)
max +
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we have p > 4. Recalling the notation 22 = (2%, -+, 22)T and setting b = max;<;<q |bi|,

we derive that for z € ]Ri,
- 1
2V f(z) = 2" F(z) = (2®)T(b+ A)z? < blz|* + 5/\maX(A + AT)|2? %,
while for z ¢ R%,

- 1
2T f(x) = 2" F(2) = (2*)T(b+ A)2? < blz|* + 5Amax(A + AT)|22 2

Observing that |#|> < |z|* and |2?]? < |22|?, we therefore see that
- 1
o f(x) < blz|? + 5)\max(A + AT |2%?, Vz e R%
But it is easy to show that |z|* < d|z?|?. Consequently

- 1
o' f(x) < blz|* + Zikmax(/l + AN |z|*, Vo e R (5.12)

Combining (5.9) and (5.12), we get that

-1 - 1 -1 -
2 f () + Flg(@) < Bl + S Aman(A + AT + Eo A (CTC) ] = Bl
for all z € R%. That is, Assumption 2.2 is satisfied. By Theorems 4.4 and 4.6, we can

therefore conclude that the assertions in (5.2) hold for any 2 < ¢ < p — 2 if condition
(5.10) holds.

6 Conclusions

In this paper we have developed a new explicit method, called the truncated EM method,
for the nonlinear SDE dx(t) = f(xz(t))dt + g(x(t))dB(t). For a given stepsize A, we
define the discrete-time truncated EM numerical solution and then form two versions
of the continuous-time truncated EM solutions, namely the continuous-time step-process
truncated EM solution Za(t) and the continuous-time continuous-sample truncated EM
solution A (t) . Under the local Lipschitz condition plus the Khasminskii-type condition
2T f(z) 4+ B g(z)]* < K(1+ |z|?) for some p > 2, we have successfully shown the strong
convergence of both continuous-time truncated EM solutions to the true solution in the
sense that

lim Ejza(T) —2(T)|"=0 and lim E|ZA(T) —2(T)|? =0
A—0 A—0

forany 7' > 0 and 2 < ¢ < p. Moreover, with another additional condition on the diffusion
coefficient, namely |g(x)[* < K(1 + |z|") for some r € [2,p), we have shown the stronger
convergence results in the sense that

lim IE( sup |za(t) —x(t)|q) —0 and lim IE< sup |Za(t) — 9:(75)|q> —0
A—0 0<t<T A—0 0<t<T

forany T >0and 2 <¢g<2+p—r.

It is interesting to show an order of strong-L?¢ convergence for the truncated EM
method under these conditions. However, we will report the results on the convergence
rate in another paper due to the page limit here.
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