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Abstract. In this paper, we study the existence of ground state sign-changing solutions
for the following fourth-order elliptic equations of Kirchhoff type with critical exponent.
More precisely, we consider

A% — (14b [ |Vul?dx) Au = Af(x,u) + |ul> ~2u inQ,
u=Au=20 on d(),

where A? is the biharmonic operator, N = {5,6,7}, 2** = 2N/(N — 4) is the Sobolev
critical exponent and Q C RN is an open bounded domain with smooth boundary and
b, A are some positive parameters. By using constraint variational method, topologi-
cal degree theory and the quantitative deformation lemma, we prove the existence of
ground state sign-changing solutions with precisely two nodal domains.

Keywords: Kirchhoff type problem, fourth-order elliptic equation, critical growth, sign-
changing solution.
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1 Introduction and main results

In this paper, we are interested in the existence of least energy nodal solutions for the following
Kirchhoff-type fourth-order Laplacian equations with critical growth:

A?u— (1+0b [ |[VulPdx) Au = Af(x,u) + [ul* 2u inQ,
(1.1)
u=Au=20 on 0Q),

where A? is the biharmonic operator, N = {5,6,7}, 2** = 2N /(N — 4) is the Sobolev critical
exponent, O C RY is an open bounded domain with smooth boundary, and b, A are some
positive parameters.
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2 S. Liang and B. Zhang

Now we introduce the assumptions on the function f that will in full force throughout the
paper. More precisely, we suppose that f € C!(IR,R) satisfies the following conditions:

(f1) lim, oL |(f|’t) =0;

(f2) There exist 6 € (4,2**) and C > 0 such that |f(x,t)| < C(1+ [¢t|?7!) forall t € R;
(fs) L7

A simple example of function satisfying the above assumptions (f1)—-(f3) is f(t) = t|t|~2 for
any t € R, where 6 € (4,2*).

Our motivation for studying problem (1.1) is two-fold. On the one hand, there is a vast
literature concerning the existence and multiplicity of solutions for the following Dirichlet
problem of Kirchhoff type

is a strictly increasing function of t € R\ {0}.

{w+bL)Vu%ﬂAuf@”> reh, (12)

u=20 x € Q.

Problem (1.2) is a generalization of a model introduced by Kirchhoff. More precisely, Kirchhoff
proposed a model given by the equation

azu f0 E L
pw_<h+MA

where p, po, h, E, L are constants, which extends the classical d’Alembert’s wave equation, by
considering the effects of the changes in the length of the strings during the vibrations. The
problem (1.2) is related to the stationary analogue of problem (1.3). Problem (1.2) received
much attention only after Lions [17] proposed an abstract framework to the problem. For
example, some important and interesting results can be found in [5,9,10,12-14, 16,25, 26, 39].
We note that the results dealing with the problem (1.2) with critical nonlinearity are relatively
scarce. The main difficulty in the study of these problems is due to the lack of compactness
caused by the presence of the critical Sobolev exponent.

Recently, many researchers devoted themselves to the following fourth-order elliptic equa-
tions of Kirchhoff type
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(1.4)

Au— (a+b [, |Vul?dx) Au= f(x,u), x€Q,
u=~Au=0, x € Q).

In fact, this is related to the following stationary analogue of the Kirchhoff-type equation:
Uy + Nu — (a + b/ |Vu|2dx> Au= f(x,u), xeQ, (1.5)
Q

where a,b > 0. In [2,4], Eq. (1.5) was used to describe some phenomena appearing in different
physical, engineering and other sciences for dimension N € {1,2}, as a good approximation
for describing nonlinear vibrations of beams or plates. Different approaches have been taken
to deal with this problem under various hypotheses on the nonlinearity. For example, Ma
in [21] considered the existence and multiplicity of positive solutions for the fourth-order
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equation by using the fixed point theorems in cones of ordered Banach spaces. By variational
methods, Wang and An in [34] studied the following fourth-order equation of Kirchhoff type

(1.6)

Au—M ([, |VulPdx) Au = f(x,u), x€Q,
u=A~Au=020, x € 0Q),

and obtained the existence and multiplicity of solutions, see [19,20, 34] for more results. For
M(t) = A(a+ bt), Wang et al. in [35] proved the existence of solutions for problem (1.6) as A
small, by employing the mountain pass theorem and the truncation method. In [30], Song and
Shi obtained the existence and multiplicity of solutions for problem (1.6) critical exponent in
bounded domains by using the concentration-compactness principle and variational method.
In [41], by variational methods together with the concentration-compactness principle, Zhao
et al. investigated the existence and multiplicity of solutions for problem (1.6) with critical
nonlinearity. In [15], by using the same method as in [41], Liang and Zhang obtained the
existence and multiplicity of solutions for perturbed biharmonic equation of Kirchhoff type
with critical nonlinearity in the whole space.

On the other hand, many authors paid attention to finding sign-changing solutions for
problem (1.2) or similar Kirchhoff-type equations, and consequently some interesting results
have been obtained recently. For example, Zhang and Perera in [40] and Mao and Zhang
in [23] used the method of invariant sets of descent flow to obtain the existence of a sign-
changing solution of problem (1.2). In [7], Figueiredo and Nascimento studied the following
Kirchhoff equation of type:

—M ([ |Vuldx) Au= f(u), xeQ,
u=20, x € 0Q),

(1.7)

where Q) is a bounded domain in R3, M is a general C! class function, and f is a superlinear C?
class function with subcritical growth. By using the minimization argument and a quantitative
deformation lemma, the existence of a sign-changing solution for this Kirchhoff equation
was obtained. In unbounded domains, Figueiredo and Santos Janior in [8] studied a class
of nonlocal Schrodinger—Kirchhoff problems involving only continuous functions. Using a
minimization argument and a quantitative deformation lemma, they got a least energy sign-
changing solution to Schrodinger—Kirchhoff problems. Moreover, the authors obtained that
the problem has infinitely many nontrivial solutions when it presents symmetry.

It is worth mentioning that combining constraint variational methods and quantitative de-
formation lemma, Shuai in [29] proved that problem (1.2) has one least energy sign-changing
solution u;, and the energy of uy, strictly larger than the ground state energy. Moreover, the
author investigated the asymptotic behavior of u; as the parameter b ~\ 0. Later, under some
more weak assumptions on f (especially, Nehari type monotonicity condition been removed),
with the aid of some new analytical skills and Non-Nehari manifold method, Tang and Cheng
in [32] improved and generalized some results obtained in [29]. In [6], Deng et al. studied the
following Kirchhoff-type problem:

— <a + b/1R3 ]Vu\zdx) Au+V(x)u = f(x,u), x € R (1.8)

The authors obtained the existence of radial sign-changing solutions with prescribed numbers
of nodal domains for Kirchhoff problem (1.8), by using a Nehari manifold and gluing solu-
tion pieces together, when V(x) = V(|x|), f(x,u) = f(|x|,u) and satisfies some assumtions.
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Precisely, they proved the existence of a sign-changing solution, which changes signs exactly
k times for any k € IN. Moreover, they investigated the energy property and the asymptotic
behavior of the sign-changing solution. By using a combination of the invariant set method
and the Ljusternik-Schnirelman type minimax method, Sun et al. in [31] obtained infinitely
many sign-changing solutions for Kirchhoff problem (1.8) when f(x,u) = f(u) and f is odd in
u. It is worth noticing that, in [31], the nonlinear term may not be 4-superlinear at infinity; In
particular, it encloses the power-type nonlinearity |u|F~2u with p € (2,4]. In [33], the authors
obtained the existence of least energy sign-changing solutions of Kirchhoff-type equation with
critical growth by using the constraint variational method and the quantitative deformation
lemma. For more results on sign-changing solutions for Kirchhoff-type equations, we refer
the reader to [6,11,18,22,36] and the references therein.

However, concerning the existence of sign-changing solutions for fourth-order elliptic
equations of Kirchhoff type with critical exponent, to the best of our knowledge, so far there
has been no paper in the literature where existence of sign-changing solutions to problem
(1.1). Hence, a natural question is whether or not there exists sign-changing solutions of
problem (1.1)? The goal of the present paper is to give an affirmative answer.

Let O C RY be a bounded smooth open domain, E = H2(Q)) N H}(Q) be the Hilbert space
equipped with the inner product

(u,v)p = / (Aulv + VuVo)dx
o)
and the deduced norm
Iullt = [ (180 +|VuP)dx.

It is well know that ||u||r is equivalent to

1
2
u]| = (/ |Auy2dx) .
(@)

And there exists T > 0 such that
Jull < flulle < Tllu.
For the weak solution, we mean the one satisfies the following definition.

Definition 1.1. We say that u € E is a (weak) solution of problem (1.1) if

/(Au-Av+Vqu)dx+b</ |Vu]2dx)/ Vu - Vodx
Ja 0 0

- 2% _o
—/Q(\u| uv+Af(x,u)v) dx (1.9)
for any v € E.

The corresponding energy functional I} : E — R to problem (1.1) is defined by

1 b 2
I}Mu) = E/Q (|Aul? + | Vul?) dx + 1 </Q ]Vu|2dx>

1 (1.10)
—A/ F(x,u)dx—?/ " dx.
Q 2** Ja
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It is easy to see that I} belongs to C'(E,IR) and the critical points of I}* are the solutions of
(1.1). Furthermore, if we write u™(x) = max{u(x),0} and u~ (x) = min{u(x),0} for u € E,
then every solution u € E of problem (1.1) with the property that u® # 0 is a sign-changing
solution of problem (1.1).

Our goal in this paper is then to seek for the least energy sign-changing solutions of
problem (1.1). As well known, there are some very interesting studies, which studied the
existence and multiplicity of sign-changing solutions for the following problem:

—AMu+V(x)u=f(xu), xeQ, (1.11)

where () is an open subset of RN. However, these methods of seeking sign-changing solutions
heavily rely on the following decompositions:

J(u) = J(u®) 4+ J(u™), (1.12)

('), u™) = (7 ("), u), (J'(u),u) = (]'(w™),u7), (1.13)
where | is the energy functional of (1.11) given by

1
u) == Vuz—i—quzdx—/Fx,udx.
J) = 5 [(VuP+VEuddx = | Fu)
However, if b > 0, the energy functional I} does not possess the same decompositions as (1.12)
and (1.13). In fact, a straightforward computation yields that

I (u) > Iy (") + I (u™),

((Ig)"(u),u®) > (1) (u"),u™) and  ((Ip)"(u),u™) > (1) (u™),u™)
for u* # 0. Therefore, the classical methods to obtain sign-changing solutions for the local

problem (1.11) do not seem applicable to problem (1.1). In this paper, we follow the approach
in [3] by defining the following constrained set

Mjp = {u € E,u® #0and ((IM)'(u),u™) = (I}) (u),u”) = o} (1.14)

and considering a minimization problem of I} on M}. Indeed, by using the parametric
method and implicit theorem, Shuai in [29] proved M} # @ in the absence of the nonlocal
term. However, the nonlocal term in problem (1.1), consisting of the biharmonic operator and
the nonlocal term will cause some difficulties. Roughly speaking, compared to the general
Kirchhoff type problem (1.2), decompositions (1.12) and (1.13) corresponding to IbA are much
more complicated. This results in some technical difficulties during the proof of the nonempty
of M. Moreover, we find that the parametric method and implicit theorem are not applicable
for problem (1.1) due to the complexity of the nonlocal term there. Therefore, our proof is
based on a different approach which is inspired by [1], namely, we make use of a modified
Miranda’s theorem (cf. [24]). In addition, we are also able to prove that the minimizer of the
constrained problem is also a sign-changing solution via the quantitative deformation lemma
and degree theory.
Now we can present our first main result.

Theorem 1.2. Assume that (f1)—(f3) hold. Then, there exists A* > 0 such that for all A > A*,
problem (1.1) has a least enerqy sign-changing solution uy,.
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Another goal of this paper is to establish the so-called energy doubling property (cf. [37]),
i.e., the energy of any sign-changing solution of problem (1.1) is strictly larger than twice
the ground state energy. For the semilinear equation problem (1.13), the conclusion is trivial.
Indeed, if we denote the Nehari manifold associated to problem (1.13) by

N ={ucE\{0} | {J'(u),u) =0}

and define
c= Jgj{/](u) (1.15)

then it is easy to verify that u* € A for any sign-changing solution u € E for problem (1.13).
Moreover, if the nonlinearity f(x,t) satisfies some conditions (see [3]) which is analogous to
(f1)-(f3), we can deduce that

J(w) =J(w®) +J(w") = 2c. (1.16)

We point out that the minimizer of (1.14) is indeed a ground state solution of problem (1.11)
and ¢ > 0 is the least energy of all weak solutions of problem (1.11). Therefore, by (1.15), it
follows that the energy of any sign-changing solution of problem (1.11) is larger than twice the
least energy. When b > 0, a similar result was obtained by Shuai [29] in a bounded domain ().
We are also interested in that whether property (1.15) is still true for problem (1.1). To answer
this question, we have the following result:

Theorem 1.3. Assume that (f1)—(f3) hold. Then, there exists A** > 0 such that for all A > A**, the
c* = inf, cpn I} (1) > 0 is achieved and I}' (1) > 2c*, where N{* = {u € E\ {0} | ((I}')'(u), u) = 0}
and u is the least energy sign-changing solution obtained in Theorem 1.2. In particular, c* > 0 is
achieved either by a positive or a negative function.

The plan of this paper is as follows: Section 2 covers the proof of the achievement of least
energy for the constraint problem (1.1), Section 3 is devoted to the proof of our main theorems.
Throughout this paper, we use standard notations. For simplicity, we use ” — ” and
— ” to denote the strong and weak convergence in the related function space respectively.
Various positive constants are denoted by C and C;. We use “:=" to denote definitions and
B:(x) = {y € RN | |x —y| < r}. We denote a subsequence of a sequence {u,} as {u,} to
simplify the notation unless specified.

i

4

2 Some technical lemmas
Now, fixed u € E with u™ # 0, we define function Py @ [0,00) x [0,00) — R and mapping
T, : [0,00) x [0,00) — RR? by

Yula, B) = I (au™ + pu”) 1)

and

Tu(e B) = ({0 (™ + B ) aar®), (1) (™ + Bu™), pu)) 2)

Lemma 2.1. Assume that (f1)—(f3) hold, if u € E with u™ # 0, then there is the unique maximum
point pair (ay, Bu) of the function ¥ such that a,u™ + B,u~ € My,
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Proof. Our proof will be divided into three steps.

Step 1. For any u € E with u® #£0, in the following, we will prove the existence of a;, and B,,.
From (f1) and (f2), for any &€ > 0, there is C; > 0 such that

|f(x,t)] <e|t| +Celt|® ! forallt € R. (2.3)
Then, by the Sobolev embedding theorem, we have that
((Ip) (au™ 4 pu~), au™)
> o ||ut||? + bat|[u|* + ba® B2 ||| u |7
—/\0628/ \uﬂzdx—)tCeae/ ]u*\edx—uc?*/ lu|?" dx
Q Q Q
> 02||ut])? 4 bat|lut||* — Aa2eCy||lut||> — ACaPCof|ut||® — Caa®”

= (1 —AeCy) &®||u™||? + bat||uT||* — ACa®Col|u™||® — C3a® |Jut||*.

Choose ¢ > 0 such that (1 — AeC;) > 0. Since 2**,6 > 4, we have that ((I}) (au™ +
pu~),aut) > 0 for a small enough and all g > 0.
Similarly, we obtain that ((I})'(au™ + pu~), fu~) > 0 for B small enough and all « > 0.
Therefore, there exists 6; > 0 such that

(I (S1u™ 4 Bu™),01u™) >0, (I (au™ +61u™),6u") >0 (2.4)

forall o, > 0.
On the other hand, by (f2) and (f3), we have that

flx,)t>0, t#0; F(x,t)>0, teR. (2.5)

In fact, by (f2) and (f3), we obtain that f(x,t) > 0(< 0) for t > 0(< 0) and almost every
x € Q. Moreover, by (f2) and continuity of f, it follows that f(x,0) = 0 for almost every
x € Q. Therefore, F(x,t) > 0 for t > 0 and almost every x € Q).

If t <0, by (f3), we have

t t
F(x,t):/o f(jés)s%szf(;’t)/o s3ds:%f(x,t)t>0, a.e.x €,

sincet <s < 0and f(x,t) <0 forae. x € Q.
From the above arguments, we conclude that (2.5) holds.
Therefore, choose & = &5 > 61, if B € [01,05] and J} is large enough, it follows that

(1Y (S5 + Bu), 63u™)
< ()l IP + b(85) [l I1* + b(&3) Pl |12 = (63)% /Q u* | dx < 0.
Similarly, we have that
(1) (e + 63u™),63u™)
< (0l I1P + b(&5) [l I1* + b(&3) Pl |12 = (63)% /Q u” | dx < 0.
Let 6, > 65 be large enough, we obtain that

(TN (G3u™ +pu™),05u™) <0 and ((I))(au™ +&u"),5u") <0 (2.6)
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for all a, B € [61,02).
Combining (2.4) and (2.6) with Miranda’s theorem [24], there exists (ay, B,) € (0, +00) x
(0, +00) such that T, (a, B) = (0,0), i.e., au™ + pu~ € Mj.

Step 2. In this step, we prove the uniqueness of the pair («,, Bu)-

e Case u € M.
If u € M?, we have that

ut )2+ b|lut |t +bl|ut)?u])> = A x,ut ) utdx + | |ut)? dx (2.7)
E 0 0

and
o™ 1B + bl bl 2 IP = A [ fluumdr s+ [ Fax @8

We show that (ay, B4) = (1,1) is the unique pair of numbers such that a,u™ + p,u~ € M;.
Let (o, Bo) be a pair of numbers such that agu™ + Bou~ € M} with 0 < &g < Bo. Hence,
one has that

Bl b+ bR Pl 2 = A [ o oo+ a3 [t Fax @9)
and
Bllu I1E + bppllu~[I* + bagpgllu™ || |u~|?
:A/Qf(x,ﬁou’)ﬁou’dx—f—ﬁo /Q]u’

According to 0 < ap < Bo and (2.10), we have that

2 dx. (2.10)

I LE et P2 0 f S g g [ s @

If Bo > 1, by (2.8) and (2.11), one has that

(52_1> w7l =2 [ Zoiou )_fgzw;;)}( e (B ) [

Thus, for any By > 1, the left side of the above inequality is negative, the right-hand side
above is greater than zero by condition (f3), which is a contradiction. Therefore, we conclude
that 0 < ag < Bp < 1.

Similarly, by (2.9) and 0 < ag < Bo, we have that

(o= 1) It < a [ [P - SO iy (a7 - 1) [ P

0 (wou™)? (ut)?

According to condition (f3), we obtain that ap > 1.
Consequently, ag = By = 1.

e Case u ¢ M.
Suppose that there exist (a1, B1), (a2, B2) such that

wy =aqut + Pu” € M? and wp = aut + Bou” € Mg‘

(2o (B = (2o (B vt

B1

Hence
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By w; € M{,‘, one has that

w_ Py
a1 B

Hence, a1 = ay, B1 = Po.

Step 3. In this step, we will prove that (a,, B,) is the unique maximum point of ¢, on
[0, 00) x [0, 00).
In fact, by (2.3), we have that
Yu(, B) = I (au™ + pu~)
1 b
= *llW’L +Bu|IE + *HW+ + pu||*

—A/ x,out + pu) x—ﬁ/|au + Bu~ ¥ dx
o’ ba

_ b _ ba _
= i K 1+ e+ g H4+Tﬁllu+Hzllu §

2" ok $sk
—)L/ P(x,zxuﬂdx—)\/ F(x, Bu~)dx — . / lut)?"d / lu=|? dx

2 2 bat B4 b
1||u+||2+i||u-||2+i||u+||4+£||u-||4+ “f a2

2*¥
2** / lut > dx — 2** / lu= % dx,

which implies that lim(, )0 (&, B) = —oo thanks to 2** > 4.
Hence, (ay, By) is the unique critical point of ¢, in [0,00) x [0,00). So it is sufficient to
check that a maximum point cannot be achieved on the boundary of [0,00) x [0,00). By

contradiction, we suppose that (0, Bo) is a maximum point of ¢, with By > 0. Then, we have
that

IN

2 4 2%*
puls o) = S I+ Sl =4 [ Pty — 5o [

A
B W 0 oy

2**

ba® B2 _
Sl I [ L7

Therefore, it is obvious that

(u)a (e, Bo) = atl|u™ [ + ba®[Ju™[|* + bap |t ||| |2

_/\/ ,**d—Z***1/+
Qf(xocu JuTtdx —a O|u

> ||+ ba® ||| + b |2

—/\/ x,out u*dx—txz**’l/ ut
[ fx |

>0,

2" dx

*%k
2" dx

if « is small enough. That is, ¥, is an increasing function with respect to « if a is small enough.

This yields the contradiction. Similarly, ¢, can not achieve its global maximum on («,0) with
a > 0. O
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Lemma 2.2. Assume that (f1)—(f3) hold, if u € E with u* # 0 such that ((I})' (u), u*) < 0. Then,
the unique maximum point of P, on [0,00) x [0, c0) satisfies 0 < ay, By < 1.

Proof. In fact, if a;, > B, > 0. On the one hand, by a,u™t + B,u~ € ./\/12, we have
o [ IIF + Do [l [|* + bacy [ [l |2
> o ||ut || E + bacy llut||* + b B ||| |2

= A/ f(x,auu+)ucuu+dx+oc2**/ lut? dx. 2.12)
0 0

On the other hand, by ((I})(u), u™) < 0, we have
o 1+ ol [ ol P P < A [ ottt [t Frax @13)
Q Q

So, according to (2.12) and (2.13), we have that

(& 1)t = [ [Foestd SO gty 72 ) [

a2 (ayut)3

Thanks to condition (f3), we conclude that &, < 1. Thus, we have that 0 < a,, 8, < 1. O
Lemma 2.3. Let cg‘ = infueM? I,j‘(u), then we have that lim) _,« cé‘ =0.
Proof. For any u € M7, we have

¥k

o=+ 0l ot P 2 = A [ )+ [

Then, by (2.3) and Sobolev inequalities, we have that
1P <A [ flruyutax 4 [P de < 2eC P+ ACCa |+ Colfu

Thus, we get

(1 — AeCy) [[ut||? < ACCal|u™[|® + Caju* |2

Choosing ¢ small enough such that 1 — AeC; > 0, since 2** > 4, there exists p > 0 such that
|u®| >p forall uec M. (2.14)

On the other hand, for any u € M}, it is obvious that ((I})'(u),u) = 0. Thanks to (f,) and
(f3), we obtain that
O(x,t) == f(x, )t —4F(x,t) >0 (2.15)
and is increasing when t > 0 and decreasing when t < 0 for almost every x € (). Then, we
have
I/\ _ I)x _1 I/\ l > 1 2
p () = Iy (u) = () (), 1) = Z[u]”

From above discussions, we have that I}'(1) > 0 for all u € M. Therefore, I} is bounded
below on M3, that is ¢} = inf, M) I}(u) is well defined.
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Let u € E with u™ # 0 be fixed. By Lemma 2.1, for each A > 0, there exist a5, S5 > 0 such
that ayu™ + Byu~ € M. By using Lemma 2.1 again, we have that

0< cg\ = inf IMu) < LNayu™ 4+ Bu~)
ue/\/lé‘

1 _ b _
§§\|“A”++5AM |’%+1||"‘A”++,B/\” 4

i [Ju||E + BRIl 1 + 2ba [t ||* + 2683 [l ||*.

A

To the end, we just prove that ) — 0and g, — 0as A — oo.
Let

7:‘ = {(“)\"B)\) € [0’ OO) X [O’OO) : TM(“/\I,BA) = (0/0)/)\ > 0}/
where T), is defined as (2.2). By (2.3), we have that
& [t P+ B[ e
< *% + 2**d + ¥k / _ 2**d
<o [t Paxe gy [ ax
—I—/\/ f(x,oc;\uﬂoc;\u*dx—k/\/ fx, Bau~)Baudx
0 Q

= llaxu™ + Bau”[|E + bllaau™ + pru||*
< 202} [|u |12 + 27 B || |12 + by | |* + 463 [lu~ 1%,

Hence, 7, is bounded. Let {A,,} C (0, 0) be such that A, — oo as n — co. Then, there exist ag
and By such that («,,,Br,) — (xo, Bo) as n — oo.

Now, we claim ag = Bp = 0. Suppose, by contradiction, that ag > 0 or fg > 0. By
apyut + Bau € Mg‘”, for any n € IN, we have

llar,u™ + Ba,u™ ||E + bllay,u™ + Br,u|*

:/\n/ f(x,DcAnLﬁ+ﬁAnu’)(uc/\nu++,BAnu’)dx+/ lay ut + B u|? dx.  (2.16)
0 0

Thanks to ay, u™ — aou™ and By, u~ — Pou™ in E, (2.3) and (2.4), we have that

/Qf(x,ocMIﬁ + B, u ) (ap, ut + Br,u )dx — /Qf(x,ocouJr + Bou™ ) (aou™ + Bou" )dx > 0

as n — oo.

It follows from A, — oo as n — oo and {w,,u™ + B, u~ } is bounded in E, which contradicts
equality (2.16). Hence, ag = Bo = 0.

Hence, we conclude that lim _,« c? =0. O

Lemma 2.4. There exists A* > 0 such that for all A > A*, the infimum c}} is achieved.

Proof. By the definition of ¢}, there exists a sequence {u,,} C M2 such that
y b q b

Jlim IMuy) = cp.
Obviously, {u,} is bounded in E. Then, up to a subsequence, still denoted by {u,}, there
exists u € E such that u,, — u. Since the embedding E < L!(Q) is compact for all t € (2,2**)
(see [27]), we have
up, —u in LNQ), u, —»u ae xecQ.
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Hence

+ £ .
u, = u> inkE,

ur = u* in LYQ),
ur = ut ae xecQ.
By Lemma 2.1, we have
I (e + Puyy) < Iy ()
forall o, p > 0.
Then, by the Brézis-Lieb lemma and Fatou’s lemma, we have that

2
.. A _ (L 2 2
liminf I (waf + Buiy) > tim (g — [+ o )

2
+ B tim (g — w34 )

bat 1. +_ 2 N
+ =5 [lim sy =2+ s |?)]
bB* 1. _ _ _ 2
+ 2B Ltim (g — |2+ 2]

A

_ & . + o2 . 4 2rr
> Lh_r&/ﬂ\un u dx+r}1_r>rolo/0|u \ dx]

-5 n]glgo[/omn—u | dx+/0|u | dx]

—A/F(x oaﬁ)dx—A/ F(x, pu~)dx + Wﬁz liminf([| ;||| |2)
O / O / n—oo n n

A o 2 52
> 1, (ocu++ﬁu_)+?nl§r(}o||uf{ —ut|% + Him Ju, —u ~ 1

bat bp?

oa 12112 1 PP 1 — 20— 12
+2hmllu e (170 e et 1 N P T T

ba* bt* . _ _
2% i g — w2+ 2 lim [ — )2

4
¥ Dk
a s
- Dkok /Q’Mn d ok / ‘M -

At L b e bty a

2 b‘34 bﬁ4 ‘BZ**
Ay + —Ap|lu |+ 2L-A3 -
+ o5 Ar - AnfunT 4 o B2

2**

¥k

where

Ay = lim |luf —u™|? Ay = lim |ju,
n—oo n—oo

Dk B, — i _
* — m Ll - u
2r 27 e | n

*k

ke

By = lim |u; —u*
n—oo

That is, one has that

_ o? ba* ba* a”
Ié‘(ocu++,3u )—|—7A1—|—7A1||u+||2 e T ——B1

b B b 4 2**
+ 7Az + %AzHu % + %A% - [Z By <¢} (2.17)
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foralla > 0andall B > 0.

Now, we claim that u* # 0.
In fact, since the situation u~ # 0 is analogous, we just prove u™ # 0. By contradiction,
we suppose u = 0. Hence, let B = 0 in (2.17) and we have that

Hk
2 b(x4 “2

a A

for all « > 0.
Case 1: B; = 0.

If Ay =0, thatis, u} — u™ in E. In view of Lemma (2.14), we obtain ||[u™| > 0, which
contradicts our supposition. If A; > 0, by (2.18), we have that

o2 ba*
?Al + TA% < C?

for all « > 0, which is absurd by Lemma 2.3. Anyway, we have a contradiction.

Case 2: B; > 0.
One one hand, by Lemma 2.3, there exists A* > 0 such that

< %S*Z/N for all A > A%, (2.19)

where S :=inf { [, |Aul?dx : [ [u*"dx =1}.
On the other hand, since By > 0, we obtain A; > 0. Hence, in view of (2.18), we have that

2
2 N 2 |A7 o? o? o? bat ., a® A
il < — | —=— < — - < — —_ - — <
N° SN | B i IR S (b o I R I Sl (e £

which is a contradiction. That is, we deduce that u™ # 0.

Next we prove B; = B, = 0.
Since the situation B, = 0 is analogous, we only prove B; = 0. By contradiction, we
suppose that B; > 0.

Case 1: B, > 0.
According to By, B, > 0 and Sobolev embedding, we obtain that A;, A> > 0. Let

2 batt 2%
4 “ Z—a—*Bl forall a« > 0.

It is easy to see that ¢(«) > 0 for « > 0 small enough and ¢(«) < 0 for « < 0 large enough.
Hence, by continuous of ¢(«), there exists & > 0 such that

&, bt , & o2 bty o
zA1+4A1‘wBl—T33<{zAl+4“‘1‘2**31}'

Similarly, there exists 8 > 0 such that

B bp* ., B B bp* ., BH
g At oA b= max At m Ay b
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N

Since [0,&] x [0, B] is compact and ¢ is continuous, there exists (w,, B,) € [0,4] x [0, 8] such
that

P(au, Pu) = max ¥(a, B)
(a,)€[0,4]x[0,5]

Now, we prove that (a,, B,) € (0,&) x (0, B).
Note that, if B is small enough, we have that
p(w, 0) = I (au™) < I (au™) + I (Bu™) < I (au™ + pu”) = p(a, )
for all w € [0, &].
Hence, there exists By € [0, 8] such that
P(a,0) < ¢(a,Bo) forall a € [0,4].

That is, any point of («,0) with 0 < a < & is not the maximizer of . Hence, (ay, Bu) ¢
[0,&] x {0}. Similarly, we obtain («,, B,) ¢ {0} x [0, &].
On the other hand, it is easy to see that

o? ba* ba* a?”
—A A 12+ =A% - 2.2
> 1+ lu™]]* + 1 2**B1>0 (2.20)
and ) A -
ﬁ Ly +—A l|lu= || + ﬁ A% - g By >0 (2.21)
for « € (0,&], B € (0, B].
Then, we have that
2 a2 ba* az” ba*
7572/N<7A AZ Z B 714 + (12
N =Mty o1t 1wl
2 b ﬁ4 52**
E A+ T Apllu >+ A% — B
and
2o B VB B
262N <P g F B, —A 2
2o By as B W
? boc4 w2 bat o a?”
+ ?Al + TAlHM 1=+ TAl 5w b

for all « € [0,&] and all B € [0, f].
Therefore, according to (2.17), we conclude that

(e p) <0, (& p) <0
for all & € [0,4] and all B € [0, ).
Hence, (a,, B) & {1} x [0, 8] and (xy, B.) & [0,5] x {B}.
Finally, we get that (a,, 8,) € (0,&) x (0, ). Hence, it follows that («,,f,) is a critical
point of .
Hence, a,u™ + Byu~ € ./\/l{,‘ From (2.17), (2.20), and (2.21), we have that

; b

A
cz‘zle(zxour—i—ﬁuu*)—i— ”A + [X”A1HuJr 24 4”A%—

n
Dk

2 b 4 b 132**
Pua u A —112 u AZ . B

> Magu™ + Buu~) > cf,
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which is a contradiction.

Case 2: B, = 0.
In this case, we can maximize in [0,&] x [0,00). Indeed, it is possible to show that there
exist Bo € [0, o0) such that

IMa,ut +B,u~) <0 forall (a,B) € [0,&] x [Bo, ).

Hence, there is («,, Bu) € [0,&] x [0, 00) such that

&y, By) = max w,B).
P(au, Pu) W)E[O,&]X[Om)w( B)

In the following, we prove that (ay,, B,) € (0,&) x (0, 00).

It is noted that ¥(a,0) < ¥(a,B) for a € [0,&] and B small enough, so we have («,, B,) ¢
[0,&] > {0}

Meanwhile, (0, 8) < ¢(«, B) for B € [0,00) and a small enough, then we have («a,, B,) &
{0} x [0, ).

On the other hand, it is obvious that

~2 ~d 2% A 2 4 4
%S—Z/N < %Al + bf;Az "; By + b—AzHu*H2 + At bl;AzH”_ I”+ bffA%
for all B € [0, c0).

Hence, we have that (&, ) < 0 for all B € [0,00). Thus, (ay, Bu) ¢ {&} x [0,00). Hence,
(ay, Bu) € (0,&) x (0,00). That is, («y, Bu) is an inner maximizer of ¢ in [0, &) x [0, c0). Hence,
aut + Buu~ € Mj.

Hence, in view of (2.20), we have that

*%
062

ba?
e b

b 4
o 4”A%—

211A1HM+HZ+

*ok

2
Y
o > Mayut + Buu) + AL+
2 bat , bgh
TLA LA ||u~ LA
5 Az == Aofu” [P + = A
> IMou™t + Buu~) > cp,

which is a contradiction.
Therefore, from the above arguments, we have that B; = B, = 0.

Finally, we prove ¢} is achieved.
Since u™ # 0, by Lemma 2.1, there exist a;, B, > 0 such that

i=wa,ut +Bu € Mé‘
Furthermore, it is easy to see that
() (), u%) <0.

By Lemma 2.2, we obtain 0 < &y, B, < 1.
Since u, € Mé‘, according to Lemma 2.3, we get

I?("‘H” + Bulty, )<Ib(“ +uy, )—I?(”n)~
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Thanks to (f3), B = B, = 0 and that the norm in E is lower semicontinuous, we have that

1. 5 1 1 g /\/ N B
< = - e _
< 4Hu||E—|— <4 2**>/Q\u| dx+4 O[f(x,u)u AF (x,11)]dx
- 1(||0¢ utl|E 4 | Buu”|1E) + T / | qu|2MdJC+/

g e AR AR RS e 20 ) [ o o

|Buu™ |2**dx]

—I-Z/Q[f(x,auu"‘)(txuu"') —4_F(X,Déuu+)]dx+Z/Q[f(x,ﬁuu_)(ﬁuu_) — 4F(x, Byu~)]dx

1

1 2 1 2** A
< = - -z _
< glult + (4 2**>/Q\u| dx+ 5 [ [F(xwpu—4F(x,u))dx

< liminf {Iﬁ‘(un) - i((l{,\)’(un),un)] <

Therefore, a, = B, =1, and C? is achieved by uj, == ut +u~ € Mf]‘ O

3 Proof of Theorems 1.2-1.3

In this section, we prove our main results. First, we prove Theorem 1.2. In fact, by means of
Lemma 2.4, we just prove that the minimizer u,, for ¢} is indeed a sign-changing solution of

problem (1.1).

Proof of Theorem 1.2. Since u, € M3, we have ((I}')(up), uj)
Lemma 2.4, for («,B) € (R4 x R4 )\(1,1), we have

I (o) + Buy ) < Iy (u) +uy ) = cp.
If (I})(up) # 0, then there exist 6 > 0 and 6 > 0 such that
I(3)'(0)]| = 6 forall |jv— uy|| > 30.

- 5
Choose T € (0,min{1/2, e }). Let

D=(1-714+7)x(1-71,14+71)

and

= ((I))'(up),uy) = 0. By

(3.1)

g(a,B) = au + pu,  forall (a,B) € D.

In view of (3.1), it is easy to see that

- A
C)p:=maxIog < cp,.
20 b °8 ,

(3.2)

Let ¢ == min{(cg‘ —C))/2,00/8} and Ss := B(uy,0), according to Lemma 2.3 in [38], there

exists a deformation # € C([0,1] x D, D) such that
@) 7(Lo)=vifo ¢ (I})"1([c} — 2 ¢} +2€] N Syy),
() (1, (I)4 N 85) < (),
(© I}n(1,0)) < I})(v) forallv € E.
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First, we need to prove that

max, I (n(1,8(a, B))) < cj- (3.3)

In fact, it follows from Lemma 2.1 that I{,\ (g(a,B)) < c? < c{,‘ + e. That is,

gla, B) € (I})5 e,

On the other hand, we have

g (e, B) — upll* = [[( = V)uy” + (B — D |
< 2((a = 1l 12 + (B = 1)?[luy 1)

< 277||ub|]2 < &2,

which shows that g(a, ) € S; for all (¢, ) € D.
Therefore, by (b), we have I}}(17(1,4(s,t))) < cj — &. Hence, (3.3) holds.
In the following, we prove that 17(1,¢(D)) N M} # @, which contradicts the definition
of cj.

Let h(a, B) = 1(1,g(«,B)) and
Yol B) = (1) (g(e, B)), 115 ), (1) (g, ),y ))
= (((1?)'(0@1;+5M;)/M§>r<(1?)'(wb++ﬁub_)/ub_>)
= (gu(®, B), 9iu(, B))

and

Hal,) = (3 () (0, B), (510, 0) )

ﬁ<(1§)’(h(a,ﬁ)>,(h(a,ﬁ))>> |

By the direct calculation, we have

Pula, B)
1,1

= [luf I + bl I* + blluy ||| |1

— (o / uf P dx

o

- ] s e, B g P 7, D | b P
(L1)
u, _ _ _
POy |7+ 3l I+ bl Py 1
(L1)
- (2" -1 / ]ub|**dx—/\/8/5fxub (u, )2dx.
Let
4)&%%5) ’ 9% gx,ﬁ) ’
— ol ol
M= dnp)| e
# lay % oy

By (f3), for t # 0, we have
0:f (x, )t —3f(x,t)t >0
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for almost every x € (). Then, since u, € M, , , we have

det M
¢u (e, B)

o

L @B gu(wp)
(1,1) B lan B la

= {ZHu;HZ—I-(2**—4)/0]u;|2**dx+2b||u;||2||ub_H2+)\/Q(aaf(x,u;)(u;)z—?)f(x,u;“)(u;)dx}
2l 4 2 9) [ oy

—40? | ||y |I*

> 0.

¢u(a, B)
% o

(11)

2 dx 20| uf Py |2 +A /Q(aﬁf (e, ) (1, )2 =3 (x, uy,) (1 W]

Since ¥o(a, B) is a C! function and (1, 1) is the unique isolated zero point of ¥, by using
the degree theory, we deduce that deg(¥o, D,0) = 1.
Hence, combining (3.3) with (a), we obtain

g(a,B) = h(a, B) onaD.

Consequently, we obtain deg('¥1, D,0) = 1. Therefore, ¥ («o, fo) = 0 for some (g, Bo) € D
so that

1(1,8 (w0, Bo)) = h(ao, fo) € My,

which is contradicted to (3.3).
From the above discussions, we deduce that u; is a sign-changing solution for prob-
lem (1.1).
Finally, we prove that u has exactly two nodal domains. To this end, we assume by con-
tradiction that
Up = U1 + Uy + U3

with
ui#ol ulZO/ MZSO
and
suppt(u;) Nsuppt(uj) =@ fori#j, i,j=1,2,3
and
(1) (u),u;) =0 fori=1,2,3.
Setting v := uq + up , we see that v = uy and v~ = uy, ie, v* # 0. Then, there exist a

unique pair (ay, By) of positive numbers such that
Koy + Bolla € M?

Hence
Ig‘(ocvul + Boliz) > cg.
Moreover, using the fact that ((I})' (1), u;) = 0, we obtain ((I}')/(v),v*) < 0.

From Lemma 2.1 (ii), we have that

(ao, Bv) € (0,1] x (0,1].
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On the other hand, we have that

1 b b b
0= (5 (u),us) = L llusll® + Fllua | lus]|* + [zl sl +  [fus*

21*/ |us 2**dx—4/f X, Uz )uzdx

< Iy (us) + zl\ull\ s 1 + EHuzll a3 12.

»NH

Hence, by (2.15), we can obtain that
¢y < Ib (ott1 + Botiz) = I} (aotiy + Boin) — f<(1b ) (@otty + Botz), (aotiy + Botiz))
(H%ulHE + || Boua1) t37 / f(x, aouir) (o) — 4F (X, aotiy ) |dx
5 [ 1 o) (Buti2) — 4F (x, B

1 1 gre g 7_7/ .
+<4 2**)/“0 dx+( 2**) &

<l + ald) + 5 [ LFConm — 4R G, )

+Z/Q[f(x,uz)uz—4P(x,u2)]dx—|— (i 2**>/ |u1|2**dx+( 2**)/ lup|* " dx

= IMuy +up) — 1<(I§)’(u1 + ), (U1 + u2))

2**

241

uz

= 1+ ) g () (), 05) + & P+ P
< I (1) + I (u2) + I (u3) + Z(Huzllzﬂlusll )
b(||u1||2 + [fus ) 2> + Z(Ilulll2 + [|ua2|) |3 |2
= Iz?( ) =<},
which is a contradiction, that is, uz = 0 and u; has exactly two nodal domains. ]

By Theorem 1.2, we obtain a least energy sign-changing solution u;, of problem (1.1). Next
we prove that the energy of uy, is strictly more than twice the ground state energy.

Proof of Theorem 1.3. Similar to the proof of Lemma 2.3, there exists A} > 0 such that for all
A > A}, and for each b > 0, there exists v, € N} such that I}(v,) = ¢* > 0. By standard
arguments (see Corollary 2.13 in [9]), the critical points of the functional I}' on N} are critical
points of I}' in E, and we obtain (I}})'(v,) = 0. That is, v, is a ground state solution of (1.1).

According to Theorem 1.2, we know that the problem (1.1) has a least energy sign-changing
solution u;,, which changes sign only once when A > A*.

Let

A = max{A*, A }.

Suppose that u, = u; +u, . As in the proof of Lemma 2.1, there exist e >0 and Bu, >0
such that

+ A -
au;ub E‘/\/'Ia/ ﬁub_ub ENh,/\'
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Furthermore, Lemma 2.1 implies that «,+, - € (0,1).
Therefore, in view of Lemma 2.1, we have that

2¢" < I (e ) + I (By-uy ) < I (o + By ) < I (u) +uy) = ¢

Hence, it follows that ¢* > 0 cannot be achieved by a sign-changing function. O
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