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1 Introduction

In this paper, we consider the following Schrodinger-Bopp-Podolsky system

—Au+V(x)u+ K(x)pu = Q(x)|u|P~'u inR3,
—APp + NP = K(x)u? in R®,

where p € (3,5), V(x), K(x) and Q(x) are positive functions such that

lim V(x) = Ve >0, lim Q(x) = Qe >0, lim K(x) =0.

| x| =00 |x|—o00 |x|—oc0

This system appears when a Schrodinger field ¢ = (¢, x) couple with its electromagnetic
field in the Bopp-Podolsky electromagnetic theory. The Bopp-Podolsky theory, developed
by Bopp [8], and independently by Podolsky [20], is a second order gauge theory for the
electromagnetic field. As the Mie theory [19] and its generalizations given by Born and Infeld
[7,9], it was introduced to solve the so called infinity problem that appears in the classical
Maxwell theory. From the well known Gauss law (or Poisson equation), the electrostatic
potential ¢ for a given charge distribution whose density is p satisfies the equation

—A¢ =p in R®. (1.2)
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If p = 4716y, with xo € R3, the fundamental solution of (1.2) is E(x — xp), where E(x) =

[x]”
and the electrostatic energy is ¢(E) = 3 [1s|[VE(x)|*dx = +oo. Thus, equation (1.2) was
replaced by

: V¢ o R3
—div| —————= | =p inR
( V1= |V<P|2)
in the Born-Infeld theory (see [2]) or replaced by
—A¢ +a*A*p = p in R®

in the Bopp-Podolsky one, from the reason that, in both case if p = 47dy,, their energy is
finite. In particular, when we consider the operator —A + A?, by [3], we know that K (x — xp),

where (x) := 1_|‘;“x‘ , is the fundamental solution of the equation
— A+ AP = 475y,

it has no singularity in x( since it satisfies lim,_,y, K(x — xp) = 1, and its energy satisfies
1 2 1 2
enp(K) = E/Rs IV dx + E/Rs IAK[2 dx < +oo.

In addition, the Bopp-Podolsky theory may be interpreted as an effective theory for short
distances and for large distances it is indistinguishable from the Maxwell one. For more
physical details we refer the reader to the recent paper[10,11,14] and their references therein.
Indeed the operator —A + A? appears also in other different interesting mathematical and
physical situations [5,15].
Recently, P. d’Avenia and G. Siciliano in [3] introduced the following Schrodinger-Bopp-
Podolsky system
—Au+ wu+ g*pu = |u|P~2u  in R3, 13)
— AP+ a*NP = dru? in R%, '
where a, w > 0, g # 0, they developed the variational framework for system (1.3) and proved
that when p € (2,6), there exists g* > 0, for every q € (—q*,q%) \ {0}, problem (1.3) admits
a nontrivial solution, when p € (3,6), for g # 0, problem (1.3) admits a nontrivial solution.
In [22], G. Siciliano and K. Silva proved that the multiplicity and nonexistence of solutions for
problem (1.3) by using the fibering method.
If 2 = 0 in problem (1.3), it reduces to the Schrodinger—Poisson system

{—Au +wu + ¢*pu = |u|P~?u  in R3, (1.4)

—A$ = drtu? in IR3.

In the last decades, there are lots of results about the existence and multiplicity of solutions
for system (1.4), we do not review the huge documents, just list some of them for interesting
readers to see [1,6,12,21] and the references therein.

The purpose of this paper is to describe some phenomena that can occur when the coef-
ficients V(x), K(x) and Q(x) are competing. In order to describe our main results, we first
rewrite problem (1.1) in a more appropriate way to our aim. Let

V(x) = Vo t+a(x),  Qx) = Qe —b(x),

where a(x) and b(x) satisfies the following assumptions:
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(Hy) a(x) € L3(R%), a(x) > 0, a(x) £ 0, and limyy e a(x) = 0;
(Hp) b(x) € L*(R?), 0 < b(x) < Qu, b(x) Z0, and limyy L0 b(x) = 0;
(H3) K € L*(R?) and there exists Ry > 0 such that K(x) < Ce=2VV=1*l for all |x| > Ry.

Clearly, (1.1) becomes the following form

—Au+ (Voo +a(x))u + K(x)pu = (Qeo — b(x))[u[P~u  inR3, (1.5)
— AP + A%p = K(x)u? in IR3. '
From the variational framework described in Section 2, we find that the difference be-
tween problem (1.5) and system (1.4) is the nonlocal kernel K(x) = 1’@“', comparing the
Poisson kernel P(x) = ‘17‘, K(x) is nonhomogeneous and not singular at x = 0 because
lim,|_,o K(x) = 1, which implies that K € L*(R?). The non-homogeneity of K makes difficult
the use of rescaling of type t — u(t7-) and the non-singularity maybe weak some conditions
in the estimates.

To the best of knowledge, the system (1.5) is a new one in the field of variational methods,
there are only few works about the existence and multiplicity of solutions, such as the ground
state. The purpose of this paper is to study the existence of bound state solution for system
(1.5). The approach is inspired by the ideas in [4,12], we explore some calculations of sharp
energy estimates and apply a topological argument involving the barycenter function to show
that there exists a critical value of the energy functional, in a higher level of energy which
can yield a solution of the problem (1.5). The main difficulties of this work are that the
problem is given in the whole space, leading to the loss of compactness, and some sharp
energy estimates. For dealing with these obstacles, we borrows a global compactness lemma
to recover the compactness and use some careful computations to get the energy estimates.

Now we are ready to give the main results of the paper.

Theorem 1.1. Suppose that (Hy)—(Hz) hold and
(Hy) Jgo a3 (x)|x|2e2VV=*l dx < +oc0 and o b(x)|x |22V V=¥l dx < o0,
Then (1.5) admits a positive bound state solution.

The paper is organised as follows. In Section 2, we give general preliminaries in order to
attack our problem. In Section 3, we prove Theorem 1.1.

2 Preliminaries

In what follows, we will use the following notations:

* Let H'(RR3) be the Sobolev space endowed with the inner product and norm

. 2. 2 2
(1,0) := /}RS(Vqu—i—uv)dx, ul|? = /]Rs(|w| +12)dx.

* D is the completion of C2°(R®) with respect to the norm

]
lullo = (1 + |auf?) dx)
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e £9(0),1<g<00,0C R3 a measurable set, denotes the Lebesgue space, the norm in £7(0) is
denoted by |- |zq(0) when O is a proper measurable subset of R3 and by | - |; when O = R®.

* Br(y) denotes the ball of radius R centered at y, if y = 0, we denote it by Bg.
* ¢,c;,C,C;, ... denote a number of positive constants.

In what follows, without any loss of generality we assume Voo = Qoo = 1.
From [3], we know that for u € H!(R3), there exists a unique ¢ € D, denoted by ¢X, such that
—A¢ + A*¢ = K(x)u? and it possesses the explicit formula

(1—e =2

2 3
Trx 2] K(z)u“(z)dz, x e R’ (2.1)

P = o) = [

Replacing ¢ by ¢X in the first equation in system (1.5), then this system reduces to a class of Schrodinger
equation
— A+ (Voo +a(x))u 4 K(x)pXu = (Qoo — b(x)) [u|Pu  in R>. (2.2)

The energy functional I : H'(R3) — R corresponding to equation (2.2) is defined as

 (Qu — b)) |l dx,

2, K, 2
I(u 2/ |Vul? + (Voo + a(x))u? dx—|—4/ x)pu”dx — FES

clearly, I € C'(H'(R?),R) and its critical points are weak solutions of problem (2.2). Therefore, in
order to find the solutions of system (1.5), we only need to seek the critical points of functional I. In
other words, if u € H'(IR®) is a critical point of I, then (u, ¢,,) is a weak solution for system (1.5).

Now, by Lemma 3.4 in [3] and applying a similar argument as in Proposition 2.2 of [12], we can
show some properties of ¢,.

Proposition 2.1. For each u € H'(R3), the following statements hold:

(i) ¢ € D — L*(R3);

(i) ¢ >0
(iii) For every s € (3,+o0], K € L5(R3) N Cy(R3);
(iv) Forevery s € (3,+00], VoK € L*(R%) N Cy(R3);
(©) Ph = i

) |oile < cllull®
)
)

(vii) For every y € R® <Pu (+1) =gu TV (+y);

(vi

(viii) If uy — uin H (IR®), then
4>ffn — 4)5 in D, /]R K(x )([){f uz dx — / gbffuz dx

and

/ K(x )4>u Uppdx —>/ (])uu(pdx Vo€ Hl(R3).

Proof. We only need to verify that (iii), (iv) and (viii) hold true.

Observe that Ku? € L’(]R3) forr e [1,3) owing to K € L2(1R3) and u € H'(R?). By (ii) of Lemma
3.3 in [3], we know that ¢X € L1(R®) for g € (5%, +o0]. From 5% € [3,+c0) and using Lemma 2.20
in [18], we see that ¢X € L*(R3) N Cy(IR?). Similarly, we can get (w).

(viii) For all u € H'(IR®), consider the linear functional £, : D — R3 defined by

L,(v) = /]R3 K(x)u*vdx,
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by the definition of ¢f, we have ||¢f||p = || £ul z(p,r)- Therefore we intend to show that as 7 — o
L, = Lullzpr) — O

Let e > 0 be fixed, there exists a positive number R, so large that |K|;2(gs\p(or,)) < & Therefore
for v € D(R3), we have

[, (0) = Lul®)] = [ K(u2 = 1?)odx

< K|u§—u2||v\dx+/ KJi2 — 12[|o] dx
R3\B(O.R,) ,

5
‘ 6 6 6
< Wlpgoraor i~ Phlols + | [ k802 —u2if ax] ol

B(O,R)
ec + {/
B(O,R

rANE

6 6 6 %
K5|uy + u|5|uy — u|5 dx] lollp

12
Since u, — u in H'(R3), we know that u, — u in ngc(]R?’). Furthermore, set By, = {x € B(O,R,) :
K(x) > M} and remark being K € L?(R®), |By| — 0 as M — oo. Therefore, for large M,

3
(fB K2)5 < &. So we have
M
/ Kg|un+u|g|un—u|gdx
B(0,Re)

:/ Kg|un+u|%|un—u|gdx+ K%|un+u|g|un—u|gdx
By B(0,Re)\Bu

1 1
3 5 5
|K2|5 (/]R3 |un+u|6) </]R3 |un—u6> dx
M
% %
+Mg</( )|un—|—u|152dx) </( )|un—u|152dx)
B(0,Re B(O,R,

< ce+o(1).

Therefore cpﬁn — ¢X in D. And

[ K0k 12 = K@Kt dr = [ K =)k, dx+ [ KG(f, - g dx

Similar to the proof of the above, we can show that

[ K022 = )¢, = o(1).

Because when 1 — o0, ¢K — ¢, and by (H3) we know that

[ KGR, = 9) dx < Ko o[, = 9o = o(1).

Finally,
oo K9 np = K(x)@ug) dr = [ (K(x)pua) (95, — ) dr+ [ | (K(x) k) (1 — ) v
This can be easily proved similar to the above. O

It is not difficult to verify that the functional I is bounded neither from above nor from below in
H'(IR®). Indeed, there exists t € R* such that tu € H'(RR®) satisfies

tp-i-l
p+1

I(tu) = 2/ IVul? + (Voo + a(x))u? dx + 4/ (x)pKu? dx — [ (Quo = b(x)lul*
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Since p > 3, lim;_, ;o I(tu) = —oo. On the other hand, for some &, 8 € R and for any ¢ > 0, we have

I(t*u(tPx)) = %/ 228 T u (tPx) 2 + (Voo + a(x)) 12 [u(tPx) |* dx

t(P-i-l)oc
O [ k@ an— L [ (@ - b lup ds

2/ £28+2B-36 |72 4 (Vw+a( ﬁ))tz"‘ 38|y dx
paa—3p

(p+1)a—3B
AT ey CRTES) AT

By (H1)—-(H3), choosing a, § such that 2a — 8 > (p + 1)a — 3B, that is 2 > (p — 1)a. Particularly, we
chose that « = 1, 8 = p, then lim;_, o I(fu) = +o0.

Naturally, we consider that the functional I restricted in the Nehari manifold N, that contains all
the critical points of I, is bounded from below, where

N = {u e HY(R3\{0} : I'(u)[u] = o}.

By using a standard argument, we can show the following lemma.

Lemma 2.2. Suppose that (Hy)—(Hs) hold, the following statements are true:
(i) There exists a positive constant ¢ > 0 such that for all u € N, there holds

[ulpy1>c>0.
(ii) N isa C! reqular manifold diffeomorphic to the sphere of H'(IR3).

)
(iii) 1 is bounded from below on N by a positive constant.
)

(iv) u is a free critical point of I if and only if u is a critical point of I constrained on N.

Proof. (i) Letu € N, by (Hy)-(H3) and Sobolev’s embedding theorem, we have that

cifuf} oy < ul® < Jul+ [ a(puPdx+ [ K(x)gku? dx
(2.3)
— +1
= Joa(Qeo = b(x))[ulP dx < eolulh iy,
where c1,c; > 0 independent of u, and owing to p > 3, this estimate implies that
[u[pe1 > ¢ >0, lul| > ¢ >0, Yu e N, (2.4)

where ¢ > 0 independent of u.
(ii) Tt suffices to show that G'(u)[u] < 0 for u € N, where G(u) = I'(u)[u]. Clearly, G €
C'(H'(R?),R). By (2.4), for any u € A, we deduce that

G (u)[u —2/ |Vu|> + (Voo + a(x))u? dx—|—4/ (x)pKu? dx
—(p+1) [ (Qu = b)) ul"*! dx

— _(p—1) /}Ra|Vu\2—|—(Voo+u(x))u2dx—(p—3) /II{3K(x)¢5u2dx
< —(p-3)C<0,

(2.5)

where C > 0 is dependent of u. By applying the implicit function theorem, we see that A is of C!
manifold.
The remaining proofs of (ii), (iii) and (iv) are standard, we omit them. O
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Now, the limit equation corresponding to problem (2.2) is defined as
— At + Voot = Qoo|u|Plu  in R3. (2.6)

The energy functional I, : H!'(R?) — R associated to problem (2.6) given by
— 1 2 2 p+1
o) = /W IVit2 + Vio|u? dx — 7/ Quou|P*! dx
and it is easy to verify that I, € C2(H'(IR?),R). Denote the Nehari manifold of functional I« by
Noo 1= {u e HY(R3)\(0) : I (u)[u] = o}.

Set

Moo := Inf Lo ().
uENo

Me > 0 is achieved by a positive radially symmetric function w, that is unique (up to translations)
positive solution of (2.6) (see [17]), decreasing when the radial coordinate increases and such that

lim |Diw(x)|[x[eVV=F =d; >0, j=01d eR 2.7)

|x|—e0

Moreover, for any sign-changing critical point u of I, by standard argument, the following inequality
holds true
Lo (1) > 2o (2.8)

Now we are ready to consider the constrained minimization problem m := inf{I(u), u € N'}, we
find that the relation between least energy m and me« holds and it is not achieved, thus we can not look
for the ground state.

Proposition 2.3. Suppose that (Hy)—(Hz) hold. Then there holds
M = Meo (2.9)
and the infimum is not achieved.

Proof. Let u € N, then there exists t, > 0 such that t,u € Nw. Thus, we deduce that

p+1

I(u) > I(tyu) > 2/ (|Vu|? + Veou?) dx — -2 / Qoo [P dx = Lo (tyut) > mes

p+1
from which, we get m > #e.

Next, it suffices to find a sequence (uy)n, Uy € N, such that limy,_,e [(11,) = m. For this purpose,
let us consider (y,),, with y, € RS, |yn| — +o0 as n — oo and set u, = tywy, = tyw(x —y,), where
tn = t(wy,) is such that u, = t,w,, € N. Since

2
) = 2 [ [V, P+ (Voo (), dx + 4/ X5, w3, dx
tﬁ+1 p+1
i s (Qeo = D(x)) ey, [P dx
b [Vew]? + (Voo +a(x + ))wzdx+t’%/ K(x+yn)gis " w? dx
2 Jr3 °° Yn 4 Jrs In
tZ-H p+1
i oo (Qeo —b(x +yn)) [P dx,

and from (H;), (Hy) and (H3), by Lebesgue dominated theorem, we can deduce that

: 2 _ ; p+1 _
lim [ a(x+ yn)w? =0, Jggoésb(x+yn))|w| 0,

n—oo JIR3



8 K. Teng and Y. Yan

and
lim K(x—f—yn)(pg('w”)wz dx = 0.

n—oo JIR3

Combining with t,wy, € N, we have that 1 < t, < C, where C > 0 is a positive constant. Therefore,
from w € Ny and p € (3,5), it follows that t, — 1 and thus I(u,) — M.

To complete the proof, we argue by contradiction and we assume that v € N exists such that
I(v) = m = me. Obviously, there exists t, > 0 such that t,v € N, we have that

1 1
mwsumw=(2p+0nww

< 1_ 1 ||tv||2+ 11
“\2 p+1)"" 4 p+1

which implies that t, = 1 and
K. 2 —
/]RS K(x)¢p,v"dx = 0. (2.10)

Hence, v € N and I (v) = M. By the uniqueness of solution of problem (2.6), there exists y € R3
such that v(x) = w(x —y) > 0, for every x € R3, which leads to 3 K(x)¢X0? dx > 0, contradicts with
(2.10). O

In order to find a bound state in higher energy level in (11, 2 ), the next results help us to recover
the compactness of the bounded (PS) sequence in (1,2 ). Following the proof of Lemma 4.5 in
[3], we can show the following splitting lemma.

Lemma 2.4 (Splitting lemma). Suppose that (Hy)—(H3) hold. Let (uy), be a (PS) sequence of I constrained
on N, ie uy, € N, and I(uy) is bounded, V1| (uy) — 0 strongly in H'(R3). Then, up to a subsequence,
there exist a solution 1 of (2.2), a number k € N U {0}, k functions u?,. .. ,uF of HY(R®) and k sequences of

points (v)u, v € R3,0 < j < k such that, as n — +oo,
(i) g — Sy w(- — yh) — @ in H'(R®);
(if) 1(w,) = I(7) + Ty Lo (w);
(i) Iyl = +oo, [y = yhl = oo ifi £,
(iv) u are weak solution of (2.6).

Moreover, in the case k = 0, the above holds without u/.

In the end of this section, we recall a technical result for some estimates in the next section, its
proof is found in [4,12].

Lemma 2.5. If ¢ € L®(R3) and h € L'(R®) are such that, for some « > 0,b > 0,7 € R

lim g(x)e*|x|" = and /3 |1 (x)[e**]|x|P dx < 400,
R

‘x‘~>+oo

then, for every z € R3\ {0},

. alpz| b _ —a(xz)/|z|
lim (/IR3 g(x + pz)h(x) dx> e"IP*lpz|” = 7/1[{3 h(x)e dx.

p—>+00
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3 Proof of Theorem 1.1

Now, we turn to build tools and topological techniques to prove the existence of an higher energy
solution when (1.5) has no ground state solution. First we recall the definition of barycenter p :
H'(R®)\ {0} — R® of a function u € H'(R®), u # 0, given in [13], set

1

F () = (7] 10

then u(u) € L°(R3) and is continuous in H!(IR®). Let

.
a(x) = | () — 3 maxp()(3)|

it is easy to check that 7 € Cy(R3) and then define 8 : H'(R?®) \ {0} — R3 as follows

_ 1
R

B(u) /11{3 xti(x)dx € R®,

Since i1 has compact support, B is well defined and it is easy to verify the following properties:
(1) Bis continuous in H'(R?)\ {0};

(2) if u is a radial function, (1) = 0;

(3) forall t # 0 and for all u € H'(R3) \ {0}, B(tu) = B(u);

(4) given z € R? and setting u,(x) = u(x —z), B(uz) = B(u) +z.

By Proposition 2.3, we see that m can not be achieved, with the help of the barycenter mapping S,
we can add some refined constraint in the Nehari manifold N. For this purpose, define the following
minimization problem

By :=inf{I(u) : u € N,B(u) =0}.
Clearly, we have m = mo < By. Furthermore, the strict inequality holds true.
Lemma 3.1. Suppose that (Hy)—(Hj3) hold. Then
m=me < By

Proof. By contradiction, we assume that By = e, then there exists u, € N such that B(u,) = 0,
I(uy) = me and VI|pr(uy) — 0. By the Ekeland’s variational principle (see Theorem 8.15 in [24]), a
sequence of (v,), € H'(IR?) exists so that

vp €N, I(vn) = Moo +0,(1) and  |B(vn) — B(un)| = 0(1). (3.1)
By Lemma 2.4, we have that

Moo = I(un) +0(1) = I(#) + Z5_; I (w) + 0(1).

Owing to I(i1) > m = me and Ieo(w/) > meo, we have that k = 0. Thus, v, — . Since % is a nontrivial
solution of (1.5), we deduce that

() = Moo, I'w)=0, B(u)=0,
which means that m = m., is achieved, contradicts with Proposition 2.3. The proof is completed. O

Lemma 3.2. The functional I constrained on N satisfies the Palais—Smale condition in (Moo, 2Mco).
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Proof. Let {u,} be a Palais-Smale sequence of I| s such that I(u,) — ¢ € (e, 2Me). By Lemma 2.4,
we have that ‘
¢ = I(un) +0(1) = I(@) + T Lo (/) + 0(1).

The conclusion follows observing that any critical point i of I is such that I(ii) > m = me, any
solution of (2.6) verifies that I (1) > me and if it changes sign, I (#) > 2m«. Whatever any case, we
can obtain the sequence {u,} strongly convergence in H!(RR3). The compactness is proved. O

Let £ € R® with |¢| =1land £ = {z € R®: |z — &| = 2}. For p > 0 and (z,5) € £ x [0,1], define

Ep[z, s](x) := (1 = 8)wpz(x) + swpe(x) = (1 = s)w(x — pz) + sw(x — pg), x € R3,

where w is a unique radically symmetric positive solution of problem (2.6), then by virtue of standard

argument, there exist positive numbers ¢, .5 := tﬁ (25] and Tz s 1= T§ [25] such that
pL ples

Volz,s] = tpzs,lz,8] €N, Yoo [2,5] = Tpzs9P,[2,5] € Neo. (3.2)

Remark 3.3. Note that i [z,s] — w(x —pz) ass — 0 and ¢,[z,5] = w(x —p{) as s — 1, moreover,
Tpzs — lass — 0ors — 1due to w(x — pz) € N and w(x — pf) € Ne.

Lemma 3.4. For all p > 0, we have

< = .
By <7, Jmax I(yplz, s])

Proof. Observing that B(1[z,0]) = B(tpz09,[z,0]) = B(tpz0wpz) = P(wpz) = pz and B(yp[z,1]) = p¢.
Let

G(z,5) = spg + (1 —s)pz, (3.3)
then G(z,5) € C(X x (0,1]). Define a mapping by
h(t,z,s) = tG(z,s) + (1 —t)B(Pplz,9]), vVt e [0,1], (34)
then h(t,z,s) € C([0,1] x = x (0,1]) is continuous and
h(t,2,0) = toz + (1 — )B(hp[2,0]) = toz+ (1 —)pz = pz #0, VzeX

and
h(t,z,1) = tpl + (1 = t)B(¢plz,1]) = tpl + (1 —t)pf =pi #0,  VzeX
which implies that 0 ¢ h(t,d(X x (0,1])), for every t € [0,1]. Therefore, by the homotopical invariance
of Brouwer degree, we get deg(h(t), % x (0,1],0) = constant. Thus
deg(h(0),X x (0,1],0) = deg(h(1),X x (0,1],0),
that is
deg(B(p[z,s]),Z x (0,1],0) = deg(G(s,z), L x (0,1],0).

Clearly, deg(G(z,s),Z x (0,1],0) # 0. Thus, it follows from the solvable property of Brouwer degree
that there exists (z,5) € X x (0,1] such that B(¢,(z,5]) = 0. Therefore, by the definition of By, we have
that

By < I(,[z,5]) < Tp. O

In order to show 7, < 2me, we have to give some estimates from the decay of w and coefficients
a(x), K(x) and b(x).

Lemma 3.5. Suppose that (Hs) holds. There exists ¢ > 0 such that for all p > 3R, the following holds

/3 K(x)cpff,pgwgg dx < ce3VVep, forall € R® with |7] > 1. (3.5)
R
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Proof. Let p > 3Ry, then 1p > Ry and if |y| < 1p and |{| > 1, we have that [y — pZ| > p[¢| — |y| >
p— 1p = 2p. Thus, by the exponential decay (2.7) of w, \6|M € L5(R3) for all s € (3,+00] (see

Lemma 3.3 in [3]), Holder’s inequality and (H3), we deduce that

X 1 1—e Il 5
W) = 17 o ey KWy~ D)y

1 1— e xvl ) 1 — p—lx—yl )
e </y|<;p — 7 KW@y - p0) dy+/‘yl | —————KW)w*(y - p0) dy)

|~y > X =yl
: oy \ : 1
= ﬁ </Iy<§pK2(y>w2(y_pé) dy) (/y|<%,p (1;—}/|y) dy) </Iy<§p Hy=ed) dy)

1_57‘3573/‘
+ —————K(y)w?(y - pg)d
/y|>;,p =y KWy —pt)dy

1

Sele </|y<<% pe <) dy>% (/“‘3 <1|_xe:}/|_y>4 dy) | (/Rs S ly=pd) dy)i

o3V [ oot o gy

w
>t [x =Y pe
- _ o lx—yl
yi>te X =yl
< Ce—%Mp‘

Thus, a similar computation gives

K 2 — 2/ Vol 2
/]R3 K(x)4>wpé(x)a)pg dx < ce™ 3V Vel ./]R3 K(x)wp, dx

— =2 Vep / 2 / 2
=ce 3 K(x)w:,dx + K(x)w?:,dx
( BRSNS oo et

1 1
2 2
-2V 2 2 2 2
<ce 3 pK/XIéépK (x)wpgdx> </x|§%pwpgdx> +/|x>;pK(x)wPCdx>

< Ce_%vvag_%v Veop ce_%vva. O

From (3.5), it is easy to very that
[ K98 wledr = oo T VPor), [ K(x)gh w2 dx = o(ple™VV) (3.6)

and we denote ¢, = p~le”VV>F for convenience. Moreover, we can obtain the following estimate:

Lemma 3.6.
K 32 —
/IR3 K(x)%p[zrs]lpp z,s]dx = o(gp), Vs e [0,1] and z € X. (3.7)

Proof. Since

1 [ 1—e vl
O o = T Joo—x g KTl ) dy < 205, + 208
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and then

/]Rs (x )(P% zs]@p[z s)dx <2 K( )%

ol o

2 2

[z, s]( og + wPZ) dx

< 4/ ‘Pwpz + (Pwpg)(w;z)g + w,%z) dx
R3 ( )(¢wpzwpz + (Pw 5wpz + ¢wpz pg + ¢w oE pz) dx.

Now, similar to the proof of Lemma 3.5, we have that

/]R3 K(x)¢5pzw§§(x) dx < ce_%m“’/

- K(x)w%(x) dx

o

—cegm”</l ) K(x)wﬁé(x) dx + K(x)wf,g(x) dx)
x|<zp

x|>3p

< ce‘§MP<</x<%pK2(x)wgg(x) dx) </|x<§p wpe (%) dx) +/|x>%p K(x)wnz(x) dx)

< oo 3VVel o= 5V Vool — p5VVeop,
Thus,
/]R3 K(x)qbgpzwgg(x) dx = o(gp),
and the same argument leads to
/]R3 K(x)4)5pngz(x) dx = o(sp).
Therefore, from (3.6), the estimate (3.7) follows. O
Next, we give some estimates which are used in the sequel.

Lemma 3.7. The following estimates hold:

/1R3 wgzwpg dx = O(gp) = o(gp), /]R3 wzgwpz dx = O(gp) = o(ep), (3.8)

/]R3 a(x)wf;z dx = o(ep), /]R3 a(x)wfgg dx = o(ep), /]R3 a(x)@f)[z,s] dx = o(ep), 3.9

[ Bz 5117 dx = o(ep), (3.10)
where €, = p’Ze’sz.

Proof. (i) By (2.7), we can deduce that

[ hwpedx = [P (x = pd)w(x —p)dx = [ @l ()ly+p(E —2) dy
c [ ly+p(@—2)| e VIRl ESlar (y) dy
In order to apply Lemma 2.5, let us set /i(x) = w?(x) € L}(R3), g(x) = |x| le~VV=I*l, taking & = \/ Ve
and b = 1, clearly,
fim g(x)xleV "=l = 1,

[x| =00

/3wp(x)em‘x|\x| dx < C/3e—(p—1)\/ﬁ\xux‘—(p—l) dx < oo,
R R
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By using Lemma 2.5 and z € X (| — z| = 2), we get that

lim eVV=lo@=2)|p(F — 2 |/ (x4 p(&—z))h(x)dx

p—+00

=2 lim ezmpp/3g(x~l—p(6—z))h(x) dx

ptoo
~ s WP (x)e V" T dx = c1,
which means that
Jim 0?70 [ g+ (¢~ 2)h(x) dx = . (3.11)

This means that
/ Wl wp, dx = O(€,) = o(e,).
Ra pge p P
Similar argument as above we can show that

/IRS wﬁzwpg dx = O(gp) = o(gp)-

(ii) By Holder’s inequality, we have that

2

/]R3a(x)cu§¢dx:/]Rsa(x) (x —pg)d (/ w?(x — p) dx>;</ﬂvagw2(x—pé)dx>3
SC(/]R a2w2(x—p§) >§

2
N (/ | — pg| 22 Velal dx) :
R

Taking & = 2v/Veo, b =2, h(x) = %(x), g(x) = |x|72e72VV~1"l in Lemma 2.5, by (H,), it is easy to see
that

/3 % )|x|2e 2VVeltl 4y < 400 and " ‘hm g(x)|x|%e 2v/Veolx| — 1.
R —+oo

Thus
2/ Vel —pEl| _ 2/ _ _ 2 2\/Voop/ 2 _
e |—p2? [ a3 (x)g(x — p)dx = Jimpe 5 2 (0)8(x — pg) dx
_ x(=5)
= a%(x)g 2VVeo €1 dx = ¢y,
R3
which yields that

im (53 (xdglx = pE) ) = Ol Fe V7R = ofpteV¥o0) —o(gy),

p—>+00

Thus, we conclude that
/IR3 a(x)wzg dx = o(ep).

Note that z € X implies that 1 < |z| < 3, parallel to the above argument, we can get that

_ x(=2)
a%(x)e 2V/Veo ™ |Z\Z

2,2 Veopl2| 3 _ _/ _
pgrfoop |z| - a2(x)g(x —pz)dx = - dx =c3,
which leads to
2
3 3 4 4 v
i 2 — = “3e Voop = Voop
Jim (/RSW( )8 (x pZ)dx> O(p3e73V7=P) = of ) = o(gp)
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Thus, it follows that
2
/]R3 a(x)wy,, dx = o(gp).

Since

/]R3 a(x)@z?[z, s|dx = /]R3 a(x)[(1 = s)wpz + swpe|* dx < 2/]Ra a(x)[wgz + “)4275] dx,

according to the two estimates which have been proved, it is easily to get

/IR3 a(x)@ﬁ[z,s] dx = o(gp).

(iii) By (H;), we can easily check that b(x)wﬁé_1 € L%(]R3) and b(x )wpz € L2(1R3) In view of
(Hyg), b(x) € L®(R®) and w(x) € L*(R3), we have that

3(p=1)
/3b%<x) T |x PV dx < c/ ()] x2e2V V=] dx < oo,
R
Similar argument as the proof of (ii), we can show that

1 1
/]R3 b(x)wﬁé+ dx = o(ep), /]R3 b(x)wg;r dx = o(ep).

Owing to
- +1 3, — 1
/Rs b(x)[,[z,s][P+! dx = /Rs b(x)[(1 — 5)wps + scwpe]+! dx
p+1 p+1
<2r /]Rs b(x)(whs " +whi™) dx,
we conclude that (3.10) follows. O

Lemma 3.8. Suppose that (Hy)—(Hy) hold. Let t, s and T, s be the number defined in (3.2). Then there exists
a constant C > 0 such that

0< tp,z,s <C, Vp >0, V(Z,S) € XX [0,1]. (3.12)
Moreover,
tozs = Tpzs T O(Sp)- (3.13)
Proof. Observing that
1 3
0< 3 ([ o 1Tl +a?)" < B, ksll < el + gl = 2lcl (:14)
1
and 4
1
0< 5 (/B (O>wp+1> < |1Pp[Z S]|p+1 <2p(|wPZ|P+1+|wp§|p+l) — P+ |w|p+l' (3.15)
1

Since ty,zs1p, [z, 5] € N, we have that

s (18,2517 + [ a0T 5] ) + s [ KK 72l ]
534 [ (Qe = b)) [yl sl dx =

By (3.14), (3.15) and (3.16), it is easy to check that (3.12) holds. Thus, by (3.6), we have that

(3.16)

t,%zs /IR3 K(x)rpgp[zls]@i[z,s] dx = o(ep). (3.17)
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By (3.16), we have that

P L_ ”¢p [Z S]Hz " f]R3 a lpp 2, S dx + tf),z,s f]R3 K(x)(ng[zls]?i [Z, S] dx
P50 Jre(Qoo — b(x) [, [z, 5] [P dx S Qoo — ()9, 2, s] 7T dx '

Therefore, by (3.17), (3.9), (3.10) and Tprz,sﬁp [z,5] € Noo, we deduce that

ot Bl
Y% Jeo Qulg, P dx

-1
+o(ep) = TEZ,S +o(gp)

which yields the conclusion. The proof is completed. O
Lemma 3.9. Suppose that (Hy)—(Hy) hold. Then there exists pg such that, for all p > po,

= I 2o
To= Jmax (Yplz,s]) < 2m

Proof. By (3.2), (3.9), (3.13), (3.14) and (3.17), for any (z,s) € X x [0, 1], we deduce that

1 1 — 1 1 _
I(yplz,5]) = <2 - p+1> tpzs9, 2811 + <2 - p+1> s /IR?,“(?C)WP[Z/SHde
1 1 _
+ <4 - p—i—l) té,z,s/ K(x)‘i’gp[z,sﬂ‘/’p[zl s][* dux

1 1
= E p+1 Htpzslpp Z,5 H +0(€P)
_ 1 1 2 1 1 2 2 e 2
- E P+1 Hszslpp Z,8 ” + 5 - m (tp,z,s _Tp,z,s)Hl/)p[le]” +O(€P) (3-18)

1 1
= <2 P+1> 1Tozs9,z,8 11+ o(ep)

5 pt1
- <1 > ve e H . +o(ep)
p+1 |1pp z, 5| p+l P
)

2
Loo (Yoo p[z,5]) + 0(ep)
By direction computation, we have that

91205112 = @yl 51, B 2D sy = [(1 = 8 + Pl + 251 = ) (wopywp) gy B19)

Since wye is a positive solution of problem (2.6), it follows that

((,L)pgl C()pz)Hl(R3) = ./IR3 wﬁgwpz dx := Ap.
By (3.19), we see that
(28117 = (B, 28], B,z 5D e sy = [(1 = 5)% + %] [w]|? +25(1 = 5) 4. (3:20)
According to the following equality:
(a+b)PTt > aPtt L pP L (p +1)(aPb +-abP), foralla,b € RT and p > 2,
we have that
— 1
\lpp[z,s”ZL /]R [(1 = $)wpz + swee] T

(3.21)
> [(1 =) o[ D]+ (p+ D1 —5)Ps + (1= 5)s] A,
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When s or (1 — s) is small enough, e[z, 5] tends to wp or wye. Then
oo (Peo,p2,8]) — Meo.
Therefore there exists § > 0 such that for min{s,1 —s} <,
oo (Poo,p[2,8]) < 2Mico.

In what follows we assume that min{s,1 — s} > J, by virtue of (3.20) and (3.21), we get that

19, (2,112 _ [(1—5)2 + 2| w|? +2s(1—5) A,
o 2 - 2
Bolzrsllpin ™ (1= )P+ 57 |w 7] + (p+ DI(1 = 5)Ps + (1= 5)sP] Ap) 77
2s(1—s)
B (€ S G o I 12 ' e e
2112 2
(1 —s)Ptl 4 sptlypit |w|p+1 - (P+1)(1—s)Pst(1-s)s?) A pil (3.22)
(1—s)PH14gpt1 |w|£ﬁ
2s(1-s) A
(=924 Jol? ' ame o
= 2 2 2((1—s)Ps+(1—s)sP) A
((1 - S)erl + Sp+1)p+l |(U|p+1 1+ (((1755))115*115?‘5*)15 ) ‘w‘;jj
p
Notice that we have the following inequalities:
s(1—5s) (I —=5s)Ps+ (1—s)sP
f 1
(1—5)2+s2 (1—s)Ptl4sptl ori<s<1
_g)2 2 —1
(A= +5] o foro<s<1.
(1= st 4-m+1) i
Then
Lo (oo p[2, 8])
ptl
ptl 2s(1—s) Ay P
< (1 o1 ) ( (=924 Jw|? ) R B e il
= 27,2 2((1—s)Ps+(1—s)sP) A
2 P (= syt spit)i (9l 1+ (((1755))ps+1(+sﬂi)1s : Iw\’fﬂ
P
ptl
< <1_ 1 > [(A—sP+s]  Jwl* \™
—\2 p+1 ((1—s)pt! +Sp+1)ﬁ |w|§Jrl
1 1 +1
(=~ p
< (2 p—i—l) [@lpa
= 2Meo
Therefore we see that the conclusion follows. O
Lemma 3.10. There exists p; > 0 such that
Ap :=max {I(p,[z,0]) :z€ L} < By,  Vp>p1. (3.23)

Proof. Observing that y,[z,0] = t,:0¢,[z,0] and [z, 0] = w,. We claim that

i 1ltyzp0pe) =
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Indeed, by (3.6), (3.9) and (3.10), we deduce that

520 £z
I(tpz0wpz) = p'ZZ' k3 [Vwpel? + (Veo + a(X))wﬁz dx + pZ' /]R3 K(x)q)gpzw‘(z)z dx
p+1
__pa0 _ p+1
p+1 ]R3(Qoo b(x))|wpe|PT dx
20 o |
2 Z
- PT R3 |vaZ|2 + wagz dx — Pp+ 1 /]R3 Q""‘wpz|p-~_1 dx + O(EP)
2, e
_ A 2 2 _ P p+1
= ]R3|chpz| + Voow, dx 1 /]R3 Qoolwpz [P dx +0(ep)
= Ioo(’rp,zlowpz) + o(sp).
Owing to T, 2, 0wpz € Neo, thus Ieo(Tpz,0wpz) — Moo as p — +00. By Lemma 3.1, (3.23) follows. O

Proof of Theorem 1.1. From Proposition 2.3, we see that m = m and m is not achieved and the
problem cannot be solved by minimization. However we are now going to prove the existence of a
positive solution of (1.3) having energy greater than ., through using the deformation argument. For
this purpose, we denote I° = {u € N': I(u) <c},c € R.

By Lemma 3.1, Lemma 3.4, Lemma 3.9 and Lemma 3.10, the following chain of inequality holds

Moo < Ap < By < Tp < 2meo, forall p > max{3Ry, o, 01}

We aim at showing that there exists a Palais-Smale sequence of the functional I constrained on N at
level c* € By, Tp]. If this is done, the existence of a nontrivial critical point u with I(u) < 2me follows
from Lemma 3.2.

Assume by contradiction, that no Palais-Smale sequence exists in [By, 7,]. By using the usual
deformation arguments ([23]), there exist a number J§ > 0 and a continuous function # : 1Mo — [Bo—d
such that By — 6 > A, and 5(u) = u for all u € [%079. Let us define the map H : £ x [0,1] — R3 by
H(z,5) = Bonoylz,s]. Lemma 3.10 tells us that ¢),[z,0] C [*r ¢ %79, thus 7(y[z,0]) = y[z,0] and
then B o o,(z,0] = B(¢[z,0]) = pz. Define h(t,z,s) = tG(z,s) + (1 — t)H(z,s) : [0,1] x Z x (0,1} —
R3, where G is defined in Lemma 3.4. Clearly, h € C([0,1] x £ x (0,1]) and for all t € [0,1],z € &, we
have that h(t,z,0) = pz # 0, that is 0 & h(t,d(X x (0,1])). Similar to the proof of Lemma 3.4, we get
that there exists (z,3) € £ x (0,1] such that

Bonoyylz,5] =0. (3.24)
According to Lemma 3.4, we know that ¥, [z,s] € I o and then by the properties of 7, we have that
nolzs| e 15079, V(z,s) € £ x[0,1]. (3.25)

Clearly, 7 o [z,s] € N, V(z,5) € £ x [0,1], in particularly, 7 o ¥[z,5] € N, combining with (3.24) and
by the definition of By, we see that I(1 o 1,[2,5]) > By, contradicts with (3.25).

Let u € I”° be a critical point we have found. To show that u is a constant sign function, we assume
by contradiction that u = u™ + u~ with u® # 0. Similar to the proof of Lemma 2.1, Lemma 2.2 and
Lemma 2.3 in [16], we conclude that there exists 0 < f,+ < 1and 0 < t,- < 1 such that t,+u* € N.
Thus, by Proposition 2.3, we obtain that

2o =2m < I(tru™ )+ I(t,u™) < I(typrut +t,u") < I(u™ +u”) = I(u).

which is contrary with I(#) < 2. O
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