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Abstract

An early event in embryo development is the formation of mesoderm, endoderm and ectoderm,

known as the primary germ layers. The gene regulatory network (GRN) consisting of the reg-

ulatory mechanisms underlying the formation of mesoderm and endoderm (the mesendoderm

GRN) has been extensively studied both experimentally and using mathematical models. The

Xenopus GRN is complex, with much of this complexity due to large numbers of Mix and Nodal

genes. Mice and humans have only single Mix and Nodal genes, meaning that the Xenopus

GRN is overly complex compared with higher vertebrates. Urodele amphibians, for example

the axolotl, have single Mix and Nodal genes required for mesoderm and endoderm formation

giving a model organism for the study of a simplified mesendoderm GRN.

We study the axolotl mesendoderm GRN by developing mathematical models that encompass

the time evolution of transcription factors in a cell. A detailed investigation reveals that, de-

spite differences in the axolotl mesendoderm GRN compared with the Xenopus, the model can

qualitatively reproduce experimental observations. We obtain experimental data to estimate

model parameters using a computational algorithm, then test the behaviour of the resulting

mathematical model using independent data. We extend mathematical models of the Xenopus

mesendoderm GRN to include transcription factors involved in patterning the DV axis. An in-

vestigation of this model shows that it can account for the formation of mesoderm, endoderm

and anterior mesendoderm forming in regions of the embryo consistent wth experimental data.

In the final section of this thesis, we extend a multicellular model of the Xenopus mesendoderm

GRN into a grid of cells.
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CHAPTER 1

Introduction

The development of an embryo from a single cell to a multicellular adult organism, with an

established body plan consisting of numerous cell types, is a highly regulated process [41]. The

field of developmental biology is concerned with uncovering the mechanisms by which this oc-

curs. The key concepts in embryo development are growth, during which cells are required to

both divide into the number of cells needed to form an adult organism and also increase in size,

differentiation, where these cells become specialised for particular functions, and morphogen-

esis, where these cells organise themselves into functional structures [41]. An early event in the

differentiation of cells in triploblastic embryos is the formation of the three primary germ lay-

ers; the ectoderm, mesoderm and endoderm. Each of these layers forms in different regions of

the developing embryo and gives rise to different cell types. In this thesis, mathematical models

of the genetic mechanisms underlying the formation of mesoderm and endoderm are explored

in two model organisms, Xenopus laevis, an anuran amphibian, and Ambystoma mexicanum, a

urodele amphibian.

1.1 Model organisms in developmental biology

The early stages of development in mammalian embryos are difficult to study since the embryo

grows within the mother’s body. Amphibian embryos have been historically used to study

embryo development because they develop externally, meaning that they can easily be ma-

nipulated experimentally. Other features which make amphibians an excellent model system

include readily available embryos and good adaptation to laboratory conditions [12, 13, 109].

Amphibians can be divided into three orders: anura (frogs and toads), urodela (salamanders

and newts) and gymnophiona (limbless amphibians). In this thesis, we focus on two am-

phibians used as model systems in embryo development: Ambystoma mexicanum, a urodele

amphibian, which is more commonly known as the axolotl, and Xenopus laevis, the African

clawed frog, which is an anuran amphibian. Historically, urodeles were more commonly used

as model organisms than anurans. One reason for this is that urodele embryos are larger than

anuran embryos (axolotl = 2.5mm, Xenopus=1.5mm), making experimental intervention eas-

1



CHAPTER 1: INTRODUCTION

Figure 1.1: Diagram of the major events in embryo development for Xenopus laevis. Figure taken
from [93].

ier in urodeles [106]. In 1924, Hans Spemann and Hilde Mangold used urodele embryos to

demonstrate that cells transplanted from the dorsal lip into a host embryo act as an ‘organizer’,

causing the surrounding cells to change fate [29]. In 1969, Nieuwkoop used the axolotl as a

model organism, demonstrating that mesoderm can be induced in animal cap explants (which

usually become ectoderm) by placing them on the vegetal hemisphere (which usually becomes

endoderm) [105]. Xenopus laevis first emerged as a model organism in the 1950s. Breeding can

be initiated by injecting a female Xenopus laevis with gonadal hormone, meaning Xenopus em-

bryos are readily available throughout the year. Axolotls can be induced to breed by reducing

the temperature of the aquarium [106]; however, fertilization relies on natural mating, meaning

that fertilized axolotl embryos are less readily available than Xenopus laevis embryos. Due to the

ease of obtaining embryos, Xenopus laevis has become a popular model organism in molecular

and genetic analysis [106].

1.2 Stages of embryo development

An embryo progresses through a number of anatomically defined stages to become a fully

developed adult organism. A summary of the main events during embryo development for

Xenopus laevis is given in figure 1.1 and table 1.1. The single-celled fertilized egg undergoes

a number of cleavages, whereby the embryo divides into a number of smaller cells (known

as blastomeres) without changing its total mass. After 12 cycles of cleavage, the rate of cell

2



CHAPTER 1: INTRODUCTION

Stage Hours from fertilization key event
1 0 fertilized egg
2 1.5 first cleavage
8 5 zygotic transcription begins
9 7

10 9 gastrulation begins (mesendoderm detected)
10.5 11
11 12 mesoderm and endoderm have differentiated
15 18 neurulation
26 30 organogenesis

Table 1.1: A summary of key developmental stages of Xenopus laevis development.

division slows and an event known as the mid-blastula transition (MBT) occurs. At the MBT

zygotic transcription commences, whereby the embryo begins to transcribe its own genome

[3, 51]. Prior to this the embryo relies on maternal mRNA and proteins laid down by the mother

in the oocyte [51]. At stage 10, a series of morphogenic cell movements known as gastrulation

begins, where cells on the outer layer of the embryo become internalised. During gastrulation

the basic body plan is established and the three primary germ layers form [52, 87].

Later stages of embryo development include processes such as neurulation, where the nervous

system of the organism is formed, and organogenesis, where the organs are formed. By the

tadpole stages, the full body plan has been laid out and the three main body axes have been

fully established: anteroposterior (running from head to tail), dorsoventral (from the back to

the belly) and mediolateral (from the midline to the left or the right) [3].

1.3 The primary germ layers

The three germ layers (ectoderm, mesoderm and ectoderm) give rise to different cell types, form

in different regions of the developing embryo, and can be identified by the genes which they

express (more details on the expression of these genes given in section 1.7). The ectoderm, the

outer germ layer, gives rise to the epidermis and the nervous system and forms in the animal

cap of the embryo (see figure 1.2). The mesoderm, the middle germ layer, gives rise to bone,

muscle, heart, blood and connective tissues [41]. Initially, mesoderm forms in the marginal

zone of the embryo. Key genes expressed in the mesoderm include Brachyury, Goosecoid and

eFGF. Mesoderm (as marked by the expression of Brachyury) can be detected by stage 10 [85].

The endoderm, the inner germ layer, gives rise to the epithelia of the digestive and respiratory

systems, and organs such as the liver, pancreas and the lungs. Endoderm forms in the vegetal

pole of the embryo. Key genes expressed in the endoderm include Mix.1, Mixer and Sox17

[56, 60, 121]. Endoderm (as marked by the expression of Mix.1) can be detected by stage 10 [85].

In this thesis, we will also refer to a region of the developing embryo known as the anterior

mesendoderm. The anterior mesendoderm is situated on the dorsal side of the embryo and

induces head structures. Mix.1 and Goosecoid are coexpressed in anterior mesendoderm in stage

10 Xenopus embryos, and the knockdown of Mix.1 and Goosecoid causes dorsoanterior defects,

such as reduced head size [82].

Mesendoderm is used as a collective term to describe the mesoderm and endoderm. An al-
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Figure 1.2: Sketch of a cross section of a stage 10 embryo. The animal pole is at the top of the
embryo, and the vegetal pole is at the bottom. The marginal zone runs around the
equator of the embryo. The blastocoel is an empty cavity located in the centre of
the animal hemisphere. At stage 10 the dorsal lip forms on the dorsal side of the
vegetal hemisphere. Cells in the animal cap are the presumptive ectoderm, and cells
in the marginal zone and vegetal hemisphere are the presumptive mesoderm and
endoderm, respectively.

ternative use of the term is to name a group of bipotent cells which develop to become either

mesoderm or endoderm. Evidence from zebrafish, Caenorhabditis elegans (a nematode worm)

and sea urchin indicate that a such a bipotent layer of cells exists [119]. In Xenopus overlapping

expression domains of Mix.1 and Brachyury (which mark mesoderm and endoderm, respec-

tively) [85] can be taken as evidence that a mesendodermal population of cells exists. In this

thesis we mainly use the word mesendoderm as a collective term to describe the mesoderm

and endoderm. Note that studies suggest that mesendoderm may not exist in the axolotl [139].

1.4 A comparison of early development in Xenopus laevis and

axolotl

In this section, we review differences in the early stages of development in anurans and urode-

les, as described in [64, 68], focusing on differences between axolotl and Xenopus laevis. In

particular, we state which features are inherited from a common ancestor (an ‘ancestral trait’)

and which traits have evolved.

Pluripotency Network: Pluripotency is the ability of a cell to form any cell type in an organism.
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Given that pluripotency is an essential component of development, an assumption would be

that the mechanisms governing pluripotency are conserved in chordates. However, this is not

the case. In mammals the transcription factors Oct4 and Nanog are key genes in the pluripo-

tency network which regulates pluripotency. Orthologs of these genes are also found in the

axolotl genome, suggesting that pluripotency is conserved in mammals from axolotls [31, 65].

However, the pluripotency network found in mammals is not conserved in Xenopus, where

Nanog has been deleted. This deletion is thought to have occurred after anurans and urodeles

diverged from their last common ancestor [31, 65].

Primordial Germ Cells: Primordial germ cells (PGCs) are the cells which give rise to gametes.

In vertebrates, there are two mechanisms which can give rise to these cells. In Xenopus laevis

PGCs are predetermined by inheritance of the germ plasm and in axolotl, PGCs are induced

by regulative signals [64]. Studies have shown that induced PGCs is an ancestral trait, with

primitive organisms having induced PGCs [64].

Gastrulation and the position of mesoderm cells: During the process of gastrulation, meso-

dermal and endodermal cells move to the inside of the embryo, while ectodermal cells spread

over the outside surface [41]. Differences in the movements associated with gastrulation arise

due to differences in the locations of cells prior to gastrulation. Amphibians have a variation

in the epithelial composition of the epiblast between species [130]. In anurans, the mesoderm

epiblast is multilayered (stratified) with a distinct superficial epithelial layer over several layers

of deep cells, and no interdigiation between the layers. In urodeles, the mesodermal epiblast

becomes pseudostratfied (single layered) with superficial cells which interdigitate with deep

cells (see figure 1.3A,E). These differences in epithelial composition contribute to a difference in

the cells from which mesoderm originate in Xenopus and axolotl. In Xenopus, mesoderm orig-

inates from deep cells underlying the surface epithelium and in axolotl the cells of the surface

epithelium, along with the deep cells, contribute to mesoderm [134]. A comparative analysis

suggests that the ancestral trait is the derivation of mesoderm from surface cells [64]

There are several types of cell movement associated with the internalization of the mesoderm:

invagination where cells of an epithelial sheet bend inwards, involution where a sheet of cells

roll inwards over an inflection point and ingression where individual cells migrate into the em-

bryo [41, 130]. In anurans the presumptive mesoderm, in association with the supra-blastoporal

endoderm, involutes around the blastoporal lip [130]. This involution occurs over the entire cir-

cumference of the blastopore and as such is referred to as an ‘open blastopore’ (see figure 1.3C).

In urodeles, such as the axolotl, the open portion of the blastopore is restricted to the dorsal

side, i.e. the blastopore is ‘dorsally restricted’ (see figure 1.3G). Here involution only occurs at

the dorsal blastopore and ingression, via subduction, occurs ventrally and laterally [132].

In some mammals, such as humans, involution occurs at the anterior end of the primitive streak

(which is homologous to the dorsal region of the blastopore in amphibians) [130]. This method

of gastrulation can be described as dorsally restricted. However, in mouse and chick, the dor-

sally open portion of the primitive streak has been lost and cells become internalised via in-

gression only. This methods of gastrulation in amniotes seem to more closely resemble the
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mechanisms seen in urodeles rather than anurans.

Gene Expression Patterns: There are also differences in gene expression profiles of early gas-

trula embryos in Xenopus and urodeles. For example, Brachyury is expressed in a ring shaped

domain in the marginal zone at the onset of gastrulation in Xenopus [68]. In urodeles such as

Cynops, Brachyury is not detected until the mid-gastrula stage and found in cells on the surface

of the blastopore [68]. Similar to in Cynops, Brachyury expression in axolotl commences at the

mid-gastrula stage [139].

Summary: The comparison of features of development in Xenopus and axolotl presented above

suggests that axolotl have retained more primitive traits than Xenopus. Furthermore, studies of

the molecular mechanisms underlying mesendoderm formation identify that the mechanisms

present in axolotl are more similar to mammals than Xenopus. Since Xenopus has many derived

traits, we cannot assume that features of development in Xenopus are the same as in higher

vertebrates such as humans. However, most current genetic analyses of embryo development

have been carried out in Xenopus and have been useful in revealing molecular mechanisms of

development. In the next section, we describe how genes are expressed and regulated, give

examples of experimental techniques used to investigate gene regulation and introduce the

molecular mechanisms underlying mesoderm and endoderm formation as described in the

mesendoderm gene regulatory network.

1.5 Regulation of gene expression

All cells of an organism contain DNA encoding every protein required by the organism. Most

cells express only a subset of these proteins, with different types of cell making different pro-

teins. The expression of genes is regulated at several levels. There are two major steps which

result in the synthesis of a protein from its gene: transcription and translation (see figure 1.4A).

During transcription, DNA is transcribed into RNA in the nucleus of the cell (see figure 1.4B).

Once an RNA copy of the gene is produced, this can be translated into a protein. Gene ex-

pression can be regulated both at the transcription and translation levels, as well as protein

modifications at the post-translational level. Proteins that bind to promoter regions of DNA

and interact either to activate or to repress the transcription of a particular gene are called tran-

scription factors. Proteins that are secreted by cells and, by activating a signalling cascade,

regulate transcription in either the originating or another cell are known as signals.

1.5.1 Experimental techniques used in developmental biology

Many experimental techniques are available for studying the expression and function of genes

during embryo development. Here we give an overview of important techniques, with meth-

ods used to carry out experimental techniques used to obtain results in this thesis described in

chapter 2.

To determine the function of a gene encoding a TF or signal and to observe the consequences of
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Figure 1.3: A comparison of Xenopus (an anuran, A-D) and axolotl (a urodele, E-H) in early
development. (A) Xenopus have a multilayered epithelium, compared with (E) the
pseudostratified epithelium in axolotl. A superficial view of cell fates: (B) At the
commencement of gastrulation Xenopus posses a smaller proportion presumptive
mesoderm (in the form of notochord precursors) than (F) axolotl whose surface
mesoderm contains precursors for notochord, somite and lateral-ventral mesoderm
(L-V mesoderm). (C) Xenopus internalize (arrows) their presumptive mesoderm by
involution around the blastopore, (D) a sectional view as indicated by the dashed
line in (C) . (G) In axolotl , following the dorsal involution, most presumptive meso-
derm ingresses laterally and ventrally, and the open portion of the blastopore is
restricted to the dorsal side. (H) a sectional view as indicated by the dashed line in
(G). In all figures the arrowhead marks dorsal. Figures are adapted from [130, 131]
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Figure 1.4: Gene Expression. (A) Double stranded DNA is transcribed into a single stranded
mRNA in the nucleus. The mRNA is then exported into the cytoplasm where it is
translated into a protein. (B) Transcription of mRNA from DNA. (i) Transcription
factors bind to the promoter of a gene to either facilitate or interfere with the as-
sembly of a transcriptional complex comprising of transcription factors and RNA
polymerase. (ii) RNA polymerase moves along the coding region of the gene, pro-
ducing an mRNA copy.

gene loss on the phenotype of the organism, its spatial and temporal expression must be found,

along with the affect of perturbation on downstream targets. We focus on techniques used to

determine the levels of mRNA, either in a qualitative or quantitative manner. Polymerase chain

reaction (PCR) is a method of cloning large quantities of a specific DNA fragment from a small

amount of starting material. PCR can be used to determine if a particular gene is expressed

in RNA extracted from embryos at various developmental stages. To quantify the levels of

mRNA, quantitative (q)PCR, can be used to give a measure of the relative level of a gene. The

regions of the embryo in which RNA transcripts are found can be determined using in-situ
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hybridisation. An anti-sense mRNA probe labeled with a dye is designed to bind to an mRNA

sequence of interest to show the localisation of transcripts in whole, or sections of, embryos.

A TF can act to either activate or repress the expression of downstream targets. The effects

of the overexpression or knockdown of a TF show how the TF functions. If the expression

of a downstream target is increased by overexpression of a TF, then the TF acts to activate

the downstream gene, and it the target gene is downregulated the TF represses its target. To

overexpress a gene large quantities of its mRNA can be inserted into the embryo by micro-

injection, while injection of a morpholino acts to knockout the function of the gene.

1.5.2 Mesendoderm gene regulatory networks

The genes expressed by a cell are regulated by signals and TFs, which act either to repress

or to activate the target gene. These targets may encode TFs and signals themselves, which

leads to a gene regulatory network (GRN) comprising of the interactions regulating the expres-

sion of many genes. Mesendoderm specification has been extensively studied in Xenopus laevis

by Loose and Patient [89], and also by Koide et al [75]. Figure 1.6 shows the Xenopus laevis

mesendoderm GRN, which gives the interactions of approximately 50 transcription factors and

signalling molecules. Much complexity arises in this network due to the presence of seven Mix-

like genes (Mixer, Mix.1-2, Bix.1-4) and six Nodal-related genes (Xnr1-6), all of which have been

shown to be functional. In addition, Xnr5 has numerous distinct and functional copies present

in the genome [140]. Xnr3 lacks mesoderm inducing activity, and is able to induce neural tissue

in animal caps, so we will not consider this any further in this thesis [50]. Other members of the

Nodal family are expressed at the right time and in the correct spatial domains to be functional

in mesoderm and endoderm specification [1, 66]. Mammals, such as mice and humans, possess

single copies of these genes [45, 157]. Furthermore, the presence of multiple Nodal genes is not

conserved in all vertebrates. Hellsten et al [53] compared the numerous Nodal genes in Xenopus

tropicalis with the single Nodals found in chicken and humans. Both chicken and human have

a single Nodal gene, but a synteny analysis reveals that these Nodals are present at different

specific locations in the genome (known as loci). Human Nodal is similar to Xnr4 in Xenopus,

while chicken Nodal clusters with a separate group of six Xenopus Nodals. The analysis carried

out in [53] suggests that two Nodal loci were present at the base of vertebrate evolution, with

chicken and humans losing different copies during evolution. Other more ’ancestral’ species,

such as axolotl, have retained two Nodal genes. Johnson et al [65] hypothesise that the evo-

lution of multiple Mix and Nodal genes in Xenopus is a consequence of predetermined PGC

specification. Axolotl PGCs are induced in the mesoderm, meaning any changes to the levels of

mesoderm-inducing signals caused by the expansion of a gene family can lead to the elimina-

tion of PGCs, putting a constraint on the evolution of the mesoderm GRN. However, in Xenopus

changes to the mesoderm GRN are not constrained since PGCs are predetermined away from

the mesoderm (see figure 1.5).

The fact that mammals possess single copies of Mix and Nodal genes [45, 157] leads to the

prediction that a simplified GRN (sGRN) exists. A sGRN for mesendoderm in Xenopus laevis is
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Figure 1.5: The localisation and methods of specification of PGCs can release constraints on evo-
lution of the mesoderm network. In axolotl PGCs are formed within the mesoderm
by induction. Changes in the levels of mesoderm inducing signals resulting from,
for example, an expansion of the Nodal gene family can lead to the elimination of
PGCs. In Xenopus PGCs are predetermined in the vegetal hemisphere, so that any
changes to the mesoderm network do not affect the specification of PGCs. Figure
taken from [65].

constructed, by combining the inputs of the multiple Mix-like and Nodal-related genes into a

single copy for each gene family (see figure 1.7A). Recall that the axolotl has a simplified GRN

for mesendoderm formation in comparison with Xenopus laevis [139]. In axolotl, a single Mix

gene (AxMix) and only two Nodal genes (AxNodal1 and AxNodal2) have been identified. An

analysis of the roles of Nodal genes in axolotl reveal that AxNodal1 is required for mesoderm

induction, but AxNodal2 is dispensable for this function. Initially the Xenopus mesendoderm

sGRN was used as a prediction for the structure of the axolotl mesendoderm GRN. However,

experimental testing of interactions in Axolotl embryos has revealed key differences between

the axolotl and Xenopus networks (see section 1.8 for further details). Current knowledge on

the structure of the axolotl mesendoderm GRN is summarised in figure 1.7B.

In the following sections, the signals and transcription factors involved in the mesendoderm

gene regulatory network are introduced, focusing on the current knowledge in Xenopus laevis,

since it has been studied in more detail than mesendoderm in axolotl.

1.6 Morphogens in embryo development

In order for a uniform field of cells to differentiate into two or more populations of cells, they

must receive signals so that each cell can sense its position within the field and differentiate

accordingly. A morphogen is a biochemical molecule which spreads across a field of cells, either

by diffusion or some other mechanism, to determine cell fate in a concentration dependent

manner [41, 133]. The existence of morphogen gradients was first proposed by Thomas Hunt
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Figure 1.6: A gene regulatory network for mesoderm and endoderm formation in Xenopus lae-
vis, taken from [89].
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Figure 1.7: A comparison of the Xenopus and axolotl mesendoderm GRNs. A The simplified
Xenopus mesendoderm GRN and B the axolotl mesendoderm GRN. Arrow and bar
heads represent, respectively, activation and repression. The ‘A’ indicates that an
input is, in Boolean terms, an ‘AND’ gate. Otherwise, multiple inputs consisting
of only one type (repression or activation) correspond to an ‘OR’ gate. When both
types are present, the repression and activation inputs are treated as two ‘OR’ gates
coupled by an ‘AND’ gate. ‘S’ indicates genes act in synergy. In B solid lines indicate
experimentally verified links and dashed lines indicate links which are inferred from
the Xenopus mesendoderm GRN, which need to be verified experimentally.

Morgan [41]. Lewis Wolpert extended the concept of ‘positional information’ by introducing his

French flag model; in this model ‘flag cells’ interpret their position along a morphogen gradient

via the presence of expression thresholds [151]. Although the concept of morphogens was first

predicted over 100 years ago, in-vivo candidates have only emerged within the last 25 years [42].

Morphogen gradients have now been identified in a wide variety of developmental processes

[150], and have been explored using mathematical models (see section 1.12 for more details). In

Xenopus, the first molecule identified to act as a morphogen in the induction of mesoderm was

Activin, a member of the TGF-β superfamily [136].

Cells can be induced either to become mesoderm or endoderm, dependent on the concentration

of Activin-like signal it receives. Dose response experiments [43, 46–48, 112] show that at low

concentrations of Activin a cell will become mesoderm (i.e. express Brachyury). As the dose

of Activin increases past a threshold value, a cell will no longer express Brachyury and will

express Mix.1 (i.e. endoderm). These experiments have been carried out both in single cells

[43, 48, 112] and whole tissue [46, 47, 112], showing that Activin signalling does not rely on

cell-cell communication. The absence of Activin mRNA expressed in the correct location and

time within the embryo puzzled scientists, leading to a search for alternative Activin-like mor-

phogens which act via the same pathway (see [42] for details). Nodal-related genes have now

emerged as prime candidates for the morphogens regulating the induction of mesoderm and

endoderm in Xenopus.
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1.6.1 The TGF-β signalling pathway

The Nodal genes (Xnr1-Xnr6) are members of the TGF-β family of signalling molecules, which

also includes BMP and Activin. The TGF-β signalling pathway has been extensively studied

(see [27, 58, 125] for reviews), here we give a brief overview of the pathway as illustrated in fig-

ure 1.8. Two receptors (type I and II) on the cell membrane are brought together by the binding

of an extracellular Nodal ligand. The binding of the ligand results in the phosphorylation of the

type I receptor by the constitutively active type II receptor. The activated type I receptor results

in the phosphorylation of Smad2/3 inside the cell. The phosphorylated Smad (P-Smad) forms

a complex with Smad-4 and then enters the nucleus. Once in the nucleus the Smad complex

interacts with transcriptional co-factors, such as FoxH1 and Mixer, to regulate the ligands target

genes [78]. Different targets of the Nodal signalling pathway require different transcriptional

co-factors: FoxH1 is the co-factor for Nodal autoregulation, Antivin and Mix2, whereas Mixer,

which is itself a target of Nodal, is the co-factor for Goosecoid expression [102].

Antivin, an antagonist of Nodal signalling activity, is induced by Nodal signaling [142]. In

Xenopus the overexpression of Antivin has been shown to reduce the expression of Xbra and

Mix1, key markers of mesendoderm [142]. Two mechanisms have been proposed for how An-

tivin antagonises Nodal, by binding either to its ligand [15] or to the receptor [17] or by both of

these mechanisms [14].

1.6.2 Regulation of Xenopus Nodal genes

There are differences in both spatial and temporal expression of the Nodal genes in Xenopus,

along with functional differences in early development. In this section we discuss the regu-

lation of members of the Nodal gene family by the maternal factors VegT and β-catenin (as

investigated by [117]). Xnr5 and Xnr6 are first detected by PCR at the MBT, with expression

peaking during the blastula stages then decreasing during gastrulation, until it is no longer de-

tected at stage 12 [141]. VegT and β-catenin regulate the expression of Xnr5 and Xnr6 [117, 141].

The activation of Xnr6 is also synergised by Activin-like signalling [117]. Xnr1 and Xnr2 are

detected by stage 9, which is later than the first expression of Xnr5 and Xnr6 [141], and are

activated either by VegT or by Activin-like signalling synergised by β-catenin [117]. Takahashi

et al [141] hypothesize that in-vivo Xnr5 and 6, rather than the maternal factors, activate the

expression of Xnr1 and 2. Luxardi et al [90] investigate the roles of Xnr1, Xnr2, Xnr5 and Xnr6

using antisense morpholinos (MOs) to knock down each of these genes: embryos where a sin-

gle gene is knocked down show few defects whereas the double knockdown of either Xnr1 and

Xnr2, or Xnr5 and Xnr6 show more severe defects. The double knockdown of Xnr5 and Xnr6

results in the repression of mesodermal markers (Brachyury, Goosecoid, Sox17), whereas the

double knockdown of Xnr1 and Xnr2 prevents gastrulation, with a slight downregulation of

mesendodermal genes.

The spatial distribution of phosphorylated Smad2 (P-Smad2), an extracellular component of

Nodal signalling, reveals a graded and dynamic pattern [83, 126]. P-Smad2 is first detected at
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Figure 1.8: Schematic diagram of the Nodal signalling pathway [125]. a.) Extracellular Nodal
ligands bind to membrane bound receptors (type I and II), resulting in the phospho-
rylation of the type I receptor. b.) Extracellular Antivin can prevent the binding of
Nodal to its receptor (see main text for a description of the mechanisms). c.) The ac-
tivated (phosphorylated) receptor complex results in the phosphorylation of Smad2.
d). The phosphorylated Smad2 translocates to the nucleus and e.) activates down-
stream targets such as Nodal and Antivin.

stage 8.5 on the dorsal side of the embryo. By stage 9.75, Smad2 phosphorylation is maintained

dorsally and expands to the ventral side of the embryo. At this stage P-Smad2 is present in both

the mesoderm and endoderm, but the signal is stronger in the endoderm. After stage 10.5, the

levels of P-Smad2 begin to decrease and by stage 14 only a weak signal is present. Lee et al [83]

suggest that this downregulation could be in part due to antagonists of Nodal such as Antivin.

1.6.3 FGF signalling

Fibroblast growth factors (FGFs) comprise of a large family of secreted molecules that signal

through FGF receptors (FGFRs), a group of tyrosine kinase receptors. FGFs have several roles

in patterning the embryo including cell migration, mesendoderm formation, neural induction,

midbrain-hindbrain patterning, limb induction and bone formation [32, 144]. FGF signals are

transduced by three main pathways, the Ras/MAPK pathway, the PLCγ/Ca2+ pathway and

the PI3 kinase/Akt pathway [9, 32, 144]. The Ras/MAPK pathway is the most common path-
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way, which we now describe. The binding of an FGF ligand to an FGFR causes phosphorylation

of the receptor and the activation of of the intracellular signalling cascade. Following a complex

series of interactions, which we do not describe here, Raf, MEK and MAP kinases are activated.

Activated MAP kinases then enter the nucleus and act on downstream targets of FGF signalling

[144].

FGF signalling is important in the induction of mesoderm. eFGF (also known as FGF4) is ex-

pressed in a ring around the blastopore in stage 10.5 Xenopus embryos, in a pattern similar to

that of Brachyury [61]. The overexpression of eFGF induces the expression of Brachyury in

Xenopus animal caps [62]. Similarly, Brachyury has also been shown to activate the expression

of eFGF [62]. Thus these two genes form a positive feedback loop.

1.7 Mesendodermal genes in Xenopus

In this section, key transcription factors present in the mesendoderm gene regulatory network

are introduced, along with their expression patterns in Xenopus. Emerging differences in the

behaviour and expression patterns of these genes in axolotl are introduced in section 1.8.

1.7.1 VegT and β-catenin

The localisation of maternal transcripts (i.e. transcribed by the mother and present in the em-

bryo before zygotic transcription commences) provided important positional information for

the specification of mesoderm and endoderm. Two maternal factors, VegT [89, 154] and β-

catenin [127] have been shown to have roles in mesoderm induction.

VegT, which belongs to the T-box family of transcription factors [155], is present as a maternal

transcript which has been shown to function in the induction of mesoderm and endoderm. In

Xenopus oocytes the expression of VegT is restricted to the vegetal half (i.e. to the prospective

endoderm) [155]. In embryos depleted of VegT endoderm fails to form, as shown by a reduction

or absence of Sox17 and Mix1 expression, and mesoderm induction is also reduced as judged

by Brachyury and Goosecoid expression [154]. The ability of VegT to induce mesoderm and

endoderm is via its regulation of TGF-β (Nodal) signalling [21, 74], and by directly activating

Mix.1 and Brachyury [89].

β-catenin is a maternally expressed transcription factor which is expressed in the dorsal region

of the embryo following an event known as cortical rotation. By stage 9.5, its expression has

spread around an equatorial ring in the prospective mesoderm [126]. Both the knockdown and

overexpression of β-catenin reveals that it regulates expression of mesodermal genes such as

Brachyury [127]. β-catenin also regulates Nodal signalling, affecting the temporal pattern but

not the overall levels of P-Smad2 activation [83]. The spatial distribution of VegT and β-catenin

in stage 1 and stage 10 embryos is illustrated in figure 1.9.
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Figure 1.9: Cartoon of spatial distribution of the maternal factors VegT and β-catenin in Xeno-
pus, taken from [95]. In a stage 1 embryo, VegT is localised vegetally and β-catenin
is localised dorsally. By stage 10, β-catenin has spread round the marginal zone to
ventral regions.

1.7.2 Mix.1 and Brachyury

Mix.1 and Brachyury are genes, which encode transcription factors, expressed in the prospective

endoderm and the prospective mesoderm, respectively. Mix.1 is the founding member of the

Mix-like family of homeodomain-containing genes in Xenopus [121], with at least six other Mix-

like genes being present (Mix.2-Mix.3, Bix.1-Bix.4). Mix.1 is expressed through out the vegetal

hemisphere during early gastrulation (stage 10) [85]. Brachyury is a T-box transcription factor

first cloned in mice, which is expressed in the primitive streak of mice [57] and in the marginal

zone in Xenopus [135]. In Xenopus, the overexpression of Brachyury causes animal caps (the

prospective ectoderm) to form ventral mesoderm [25] and embryos injected with XBra-EnR,

a dominant negative construct, fail to complete gastrulation [22]. At stage 10 the expression

of Mix.1 overlaps with the expression of Brachyury in the marginal zone. As development

proceeds, the expression domains of Mix.1 and Brachyury gradually become more refined, with

Mix.1 absent from the dorsal expression domain of Brachyury by stage 10.5 [85].

1.7.3 Goosecoid, Siamois and Lim1

Goosecoid, Siamois and Lim1 are all transcription factors expressed in the dorsal regions of gas-

trula stage Xenopus embryos, in the organiser. Goosecoid, a homeobox gene, first detected just

before the start of gastrulation, marks the region where the dorsal lip will form [19]. Goosec-

oid is a transcriptional repressor, which, in association with Mix.1 (both genes being expressed

in dorsoanterior endoderm) represses the expression of Brachyury [82]. The Siamois gene en-

codes for a homeodomain protein and is localised dorsally in Xenopus embryos [86]. Siamois

is regulated by β-catenin [89], and acts in cooperation with the transcriptional activator Lim1.

Siamois has been cloned in Xenopus only and no similar gene is found in fish or amniotes [53].
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1.8 Comparison of mesendoderm formation in axolotl and

Xenopus

We have identified the axolotl as an amphibian with a single Mix and two Nodal genes, making

it a more suitable model organism than Xenopus for studying the behaviour of a simplified

mesendoderm GRN [139]. Mesendoderm formation in Xenopus has been extensively studied,

with the function of all genes present explored and collated into a GRN [75, 89]. Mesendoderm

formation in axolotl has not been studied in the same detail as in Xenopus, but investigations to

date have found several differences in the mechanisms of mesendoderm formation in axolotl

and Xenopus. In this section, we compare the structure of the mesendoderm GRN in axolotl and

Xenopus, addressing each of the differences illustrated in figure 1.10 in turn.

Recall that two Nodal genes (AxNodal1 and AxNodal2) are found in axolotl [139] and that the

evolutionary history of Nodal genes suggests that ancestral species have two Nodal genes [53].

Taken together with evidence presented in section 1.4, the presence of two Nodal genes suggest

that the axolotl is an example of a species with ancestral traits. The function of the two axolotl

Nodal genes has been investigated using morpholino oligonucleotides (MOs) [139]. MOs bind

to exon/intron boundaries in DNA, thus preventing the translation of mRNA into protein,

disrupting the function of the genes protein product. Embryos injected with AxNodal1 MO

fail to gastrulate, indicating that mesoderm does not form in the absence of AxNodal1. Fur-

thermore, the expression of mesendodermal genes is lost in the absence of Nodal1, showing

that AxNodal1 is required for mesendoderm formation. Gastrulation still occurs in AxNodal2

MO embryos and mesendodermal genes are still expressed, indicating that AxNodal2 is not

required for mesendoderm formation. Therefore the axolotl mesendoderm GRN contains a

single Nodal gene, as is found in mammals [45, 157]. The induction of Nodal genes by mater-

nal factors varies between the different Xenopus Nodals and Nodal1 in axolotl. A systematic

investigation of Xenopus Nodal gene induction in response to VegT, β-catenin and Nodal sig-

nalling has been carried out in [117]. Xnr1,2 and 4 expression is induced by VegT, or by Nodal

signalling in synergy with β-catenin. Xnr 5 and 6 require both VegT and β-catenin to be present

for their induction, and cannot be induced by Nodal signalling. In axolotl, Nodal1 has been

identified as a direct target of β-catenin [16].

There is one Mix gene in axolotl (AxMix) [139], compared with seven Mix-type genes (Mixer,

Mix.1-2, Bix.1-4) in Xenopus [89]. The expansion of the Xenopus Mix family, along with the Nodal

family, is another example of subfunctionalisation occurring in Xenopus. In embryos treated

with an AxMix MO development halts at the early gastrula stages, disrupting the formation of

mesoderm [139]. An analysis of gene expression in these embryos shows that the knockdown

of AxMix results in the down-regulation of Brachyury. These data show that Mix is required for

the expression of Brachyury in axolotl. A knockdown of all Mix genes has not been carried out

in Xenopus, due to the technical difficulties in achieving this. However, mutual negative regu-

lation of Brachyury and Mix.1 drives the segregation of mesoderm and endoderm in Xenopus

[85]. Thus it is surprising that a similar mechanism is not present in axolotl. In mice, the inhi-
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Figure 1.10: Network diagrams highlighting differences between the axolotl and Xenopus
mesendoderm GRNs. The first column gives features of the axolotl mesendo-
derm GRN and the second column gives the corresponding features on the Xenopus
mesendoderm GRN. Row 1: At least 6 Nodal genes are found in Xenopus, compared
with 2 Nodal genes in axolotl. Row 2: In Xenopus, β-catenin acts in two different
ways on Nodal; β-catenin enhances Nodal autoregulation of Xnr1 and Xnr2, and
the expression of Xnr5 and Xnr6 is activated by β-catenin in the presence of VegT.
In axolotl, Nodal1 can be activated by β-catenin alone and we also assume that it
can enhance Nodal autoregulation. Row 3: There are seven Mix genes in Xenopus
and one Mix gene in axolotl. Row 4: Mix and Brachyury mutually repress each
other in Xenopus, but, in axolotl, Mix is required for the expression of Brachyury.
Row 5: VegT acts to activate expression of Nodal, Mix and Brachyury in Xenopus,
but in axolotl VegT does not activate these genes. Row 6: Siamois is a gene found
in Xenopus but not axolotl.
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bition of Mixl1 (the mouse Mix gene) causes a decrease in Brachyury expression, meaning that

Mixl1 is required to activate Brachyury [139]. Thus, in both axolotl and mice, Mix is required

for the expression of Brachyury. The knock down of Brachyury in axolotl results in AxMix

being initially down-regulated, before an up-regulation at later stages, suggesting Brachyury

negatively regulates AxMix [139], as is observed in Xenopus [85].

The localisation of maternal factors also varies when comparing axolotl and Xenopus. In Xeno-

pus, the T-box protein VegT is localized to the vegetal pole of the oocyte. However, in axolotl

oocytes VegT is not localised [104]. VegT is also expressed throughout the oocyte in lungfish

and sturgeon, suggesting that the localisation of VegT is not an ancestral vertebrate trait [16].

β-catenin is another maternal factor which accumulates dorsally in both Xenopus and axolotl

embryos after cortical rotation. The roles of VegT and β-catenin in the axolotl are investigated

in [16] with key results mentioned here. In axolotl animal caps, β-catenin can induce mesoderm

and endoderm in a dose dependent manner and VegT does not induce mesoderm or endoderm.

β-catenin stills induce mesoderm and endoderm in axolotl animal caps when co-injected with

AxVegT-Enr, a dominant negative VegT construct, meaning that VegT is not required for induc-

ing mesoderm in axolotl. However, a knockdown of VegT in whole embryos results in embryos

which do not develop normally, which is thought to be independent of mesoderm induction.

The roles of VegT and β-catenin in axolotl are different to their roles in Xenopus. In Xenopus

animal caps, the injection of VegT or β-catenin mRNA alone cannot induce mesoderm and en-

doderm. However, co-injecting combinations of β-catenin and VegT in animal caps does induce

mesoderm and endoderm in a manner dependent on the dose of VegT. Nodal genes, Mix.1 and

Brachyury have all been identified as direct targets of VegT in Xenopus [89]. Experiments car-

ried out in axolotl show that Nodal2 is a direct target of VegT, while Nodal1, Mix and Brachyury

are not induced directly by VegT [16].

Another difference in mesendoderm induction between the axolotl and Xenopus is the organiser

specific gene Siamois. Siamois appears to be specific to Xenopus with no similar gene found in

fish or amniotes [53]. Our attempts to clone Siamois in axolotl using degenerate primers based

on Siamois sequences in Xenopus laevis and Xenopus tropicalis have been unsuccessful. Given

this evidence we assume that Siamois is absent from axolotl.

To summarise, there are several differences between the Xenopus and axolotl mesendoderm

GRNs. Importantly, the axolotl mesendoderm GRN contains fewer Mix and Nodal genes than

Xenopus, leading to a simpler GRN. However, the axolotl has not been studied as extensively as

Xenopus, so some links in the axolotl mesendoderm GRN have not been verified experimentally.

The Xenopus and axolotl mesendoderm GRNs are shown in figure 1.7.

1.9 Dorsal-ventral patterning in Xenopus

DV patterning in embryos is regulated by extracellular protein interactions. During early de-

velopment, two opposing signalling centres form; the dorsal centre and the ventral centre (re-

viewed in [118]). Signals expressed in the dorsal centre (also called the Spemann organizer)
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include Chordin and ADMP, while BMP4 and Xolloid-related (Xlr) are expressed in the ventral

centre. Signals from these two centres interact to form a gradient of activity along the dorsal-

ventral axis of the embryo (see figure 1.11). The earliest event in the formation of DV asym-

metry is cortical rotation, resulting in the translocation of β-catenin to the dorsal side of the

embryo [126]. After the onset of zygotic transcription (at the midblastula transition) β-catenin

induces the expression of BMP agonists such as Chordin. A detailed description of the signals

and mechanisms underlying DV axis formation is given below.

1.9.1 BMP signalling

Bone Morphogenic Proteins (BMPs) are members of the TGF-β superfamily of signalling molec-

ules [27, 58]. Most BMPs, for example BMP2, BMP4 and BMP7, are expressed in the ven-

tral most regions of the embryo, the ‘ventral centre’ [27, 58]. However, Anti-dorsalizing mor-

phogenic protein (ADMP) is a BMP signalling molecule transcribed in the Spemann organiser

(i.e. the dorsal centre) [99]. BMP2 is a maternally transcribed gene, expressed throughout the

embryo at early cleavage stages until blastula stages, with the signal becoming weak at gas-

trulation [20]. Overexpression studies show that BMP2 can trigger the BMP4 autoregulatory

loop [128], meaning BMP2 is a possible candidate for activating the expression of BMP4 in-vivo.

The knockouts of BMP2, BMP4 and BMP7, both individually and in combination, are inves-

tigated by [115]. The depletion of each BMP results in slightly dorsalised embryos with the

most severe phenotype seen for BMP4 depletion and the least severe phenotype is for BMP2

depletion. A triple depletion of BMP2/BMP4/BMP7 results in a dorsalised phenotype, but still

retaining a significant about of DV patterning. Anti-dorsalising morphogenic protein (ADMP),

a BMP ligand transcribed in regions of low BMP activity [99], is a candidate for maintaining

DV patterning in the absence of BMP2/BMP4/BMP7 since in embryos depleted of ADMP and

BMP2/4/7 DV patterning is lost [116].

The TGF-β signalling pathway in Xenopus includes both BMP and Nodal. Recall that the Nodal

signalling pathway is described in section 1.6.1. Here we describe the pathway for BMP [58],

which is similar to the Nodal signalling pathway. A type I receptor (BMPRIA, BMPRIB) and

type II receptor(BMPRII) are brought together following the binding of a BMP ligand, caus-

ing the phosphorylation of the type II receptor. The phosophorylation of the type II receptor

leads to the phosphorylation of Smad1. Phosphorylated Smads (P-Smads) enter the nucleus

and target genes downstream of BMP signalling, including bmp4 and Vent2 [58]. XVent2 is a

Smad1 coactivator of BMP4 [54]. ADMP does not bind the BMPRIA (ALK3), BMPRIB (ALK6)

or BMPRII receptors, instead binding to ALK2, a type I BMP receptor [116]

1.9.2 Chordin

Chordin, a BMP antagonist, is secreted by the organizer region of the embryo. Chordin binds to

BMP ligands, forming a Chordin/BMP complex, preventing BMP from interacting with its re-

ceptors. Xolloid-related (Xlr) is a BMP-related metalloproteinase, which inactivates Chordin
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Figure 1.11: Schematic diagram of BMP signalling. (a) Free BMP ligands bind to BMP receptors
on the cell surface. (b) Chordin binds to BMP ligands preventing them from inter-
acting with its receptor. (c) Chordin is cleaved by the protease Xlr, releasing BMP
from the complex and allowing it to bind to its receptor (d) The activated (phos-
phorylated) receptor causes phosphorlation of Smad1. (e) Phosphorylated Smad1
translocates to the nucleus and (f) activates downstream targets such as Vent1/2
and BMP4.

by proteolytic digestion, releasing active BMP from Chordin/BMP complexes [113]. Xlr is

localised to ventral and lateral sections of the marginal zone in gastrula stage embryos [26].

Chordin is a downstream target of Goosecoid, with the expression of Chordin reduced in

Goosecoid depleted embryos and expanded in Goosecoid injected embryos [124].

1.9.3 Vent1/2 and Goosecoid

Vent1 and Vent2 are two ventrally expressed homeobox genes which function in BMP signalling

[108]. The expression patterns of Vent1 and Vent2 overlap, but the extent and timing of expres-

sion differs between the two genes, as shown by in-situ hybridisation and RT-PCR.

At stage 10, Vent2 is present in the marginal zone and animal cap, excluding the organiser [107].

The domain of expression of Vent1 is smaller than that of Vent2. Vent2 transcripts are found

throughout the animal cap [107], whilst Vent1 transcripts are only detected on the ventral side

of the animal cap [38]. In the marginal zone the boundary of Vent1 expression does not extend
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as far dorsally as that of Vent2 [107, 108]. The regions of Vent expression determine the fate

of the mesoderm; in lateroventral regions (where both Vent genes are coexpressed) cells dif-

ferentiate into mesenchyme and blood, in dorsolateral regions (where Vent2 is expressed) cells

differentiate into muscle and regions with neither of the Vent genes differentiate into notochord

[38]. RT-PCR analysis shows that Vent1 expression commences in late blastula, reaches maxi-

mal expression at stage 11 and is not expressed by stage 30 [38]. Vent2 is first expressed at the

midblastula transition, is at its maximum during late neurula and is still expressed at stage 30

[107].

The overexpression of both Vent genes by microinjection of mRNA cause ventral phenotypes,

suggesting that the Vents function in specifying ventral regions of the embryo [38, 107]. How-

ever, the effects of Vent2 overexpression are more severe than those observed for Vent1: the

phenotype for high doses of Xvent1 is microcephaly (small head) [38], but high doses of Vent2

produce Bauchstück (‘belly piece’) embryos [107]. In loss of function experiments, the dorsalisa-

tion of embryos by Vent1 and Vent2 morpholinos is greatly increased when they are co-injected

[124], suggesting that the Vents act in an additive manner.

BMP4 can induce the expression of Vent2, and vice versa. Smad1 and Smad4 mediate the effect

of BMP4 on Vent2 [55]. The injection of Vent2 mRNA can also rescue the dorsalisation of em-

bryos by dominant negative BMP4 receptors. Both BMP4 and Vent2 can also ventralise dorsal

mesoderm in a dose dependent manner. This evidence suggests that Vent2 functions in the

specification of ventral mesoderm, as part of the BMP4 signalling pathway acting downstream

of BMP4 [107]. The evidence presented above suggests that while the expression patterns of

Vent1 and Vent2 overlap, they function in different ways as part of the BMP pathway, with

Vent2 having a role in the BMP4 positive feedback loop, while Vent1 only acts downstream of

BMP4.

It has also been proposed that Goosecoid and Vent1/2 act in a cross-regulatory loop to repress

each other [107]. The knock down of Vent1/2 by Vent1 and Vent2 MOs results in a dorsalised

embryo, whereas a Goosecoid MO results in a ventralised embryo [124]. Interestingly, a triple

knockdown of Vent1/2 and Goosecoid results in a normal, meaning that the self-regulation of

the DV axis by the cross regulation of Vent1/2 and Goosecoid is not required for the specifica-

tion of the DV axis. It has been suggested that in these triple knockdown embryos the extracel-

lular molecules of the dorsal and ventral centres might be able to mediate self-regulation of the

DV axis. This is shown by a knock down of BMP in Goosecoid/Vent1/2 MO embryos, which

results in a dorsalised embryo [124].

1.10 Mathematical models of gene regulatory networks

Recall that the expression of genes is regulated by TFs, which bind to promoter regions and

act either to activate or to repress transcription of the target gene. Signalling molecules bind to

receptors on a cell’s surface to cause changes to levels of intracellular factors which also regu-

late transcription of its downstream targets. These target genes may also encode TFs or signals,
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leading to a gene regulatory network (GRN). We have already provided motivation for study-

ing the GRN underlying mesendoderm formation and proceed to give an overview of types of

mathematical models which are used to analyse the behaviour of a GRN. Mathematical simu-

lations have several advantages over wet lab experiments, such as being quicker, cheaper and

being able to uncover dynamics of components that are difficult to measure via experiments. In

recent years GRNs have been studied by both experimental and theoretical biologists in both

single cells (for example the λ phage switch [40]) and multicellular systems (for example the

segment polarity network in Drosophila [91]). There are three main classes of model used to

analyse GRNs in a single cell: logical models, continuous models and stochastic models [69].

Here we give an overview of each class of model, before introducing multicellular models in

the next section.

1.10.1 Overview of modelling frameworks

In this section, an overview of the types of mathematical models available to model GRNs is

provided (as reviewed in [39, 69, 129, 137]), along with a detailed description of the ordinary

differential equation (ODE) approach that we will use to develop the mathematical models in

this thesis

Logic-based methods provide the simplest modelling framework, focusing on the behaviour of

the network topology, rather than changes in the expression levels of genes. Boolean networks

were first proposed as a method for exploring the behaviour of gene networks by Kauffman

[70, 71]. In a Boolean model, each gene xi is a node in the network which is assigned a binary

variable such that it is either ‘ON’ (xi = 1) or ‘OFF’ (xi = 0). Time is defined by a number of

discrete time steps (t1, t2, ..., tn) and the state of each gene is updated synchronously according

to a defined set of rules. Formally, for a set of genes (x1, x2, ..., xn) the state of each gene at t + 1

is updated according to a Boolean function ( fi), such that

xi(t + 1) = fi(xi(t)). (1.10.1)

The study of Boolean networks has been applied to a range of biological networks, including

the segment polarity network in Drosophila melanogaster, which is capable of producing patterns

which are in good agreement with experimental data [2]. Advantages of Boolean networks in-

clude fast computational analysis and a requirement for only qualitative data about the struc-

ture of the network to build a model. Disadvantages include the fact that, although a Boolean

network can be used to explore steady states and the robustness of a system, it does not take

into account the change in levels of gene expression on a continuous scale.

Real biological systems produce continuous rather than discrete-valued data. Continuous mod-

els, based on systems of ODEs, give real-valued levels of gene expression over a continuous

timescale, producing simulations which can be directly compared with experimental data. In a

continuous modelling framework, a single ODE represents the rate of change of an mRNA (or

protein) (x) in the network as a nonlinear function ( f (x)) of the other mRNAs (or proteins) in a
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network, leading to a system of coupled ODEs of the form:

ẋ = f (x). (1.10.2)

The representation of activation, repression and degradation of a an mRNA (or protein) as

part of f (x) are introduced in section 1.11. Time-delay ODEs allow for delays between the

onset of transcription and the synthesis of the protein. Advantages of using a continuous ap-

proach instead of Boolean networks included the ability to give a more detailed representation

of molecular mechanisms underlying gene regulation which can be analysed using dynamical

systems theory e.g. bifurcation analysis. However, a large number of kinetic parameters are

required to solve such models and realistic values for these parameters are not always known,

meaning models are restricted to qualitative analysis or computational techniques can be used

to provide estimates for parameters (see section 1.13 for more details).

The logical and continuous models described above are deterministic, i.e. they do not take into

account stochastic processes. When the number of molecules in a system is small, stochastic

effects can be seen. In stochastic models of gene regulation, gene expression levels are updated

using a master equation. The master equation describes how the probability that the network is

in a particular state changes over time. The master equation is difficult to solve, and is usually

studied using stochastic simulations algorithms. The simulation of stochastic models is more

computationally demanding, and requires more detailed experimental data to fit the model

than do deterministic models. In developing embryos stochastic fluctuations in the levels of

individual genes are not important, since the number of mRNA/protein molecules is large and

degradation rates are slow [28]

Models of mesoderm and endoderm specification currently available in the literature consist

of systems of ODEs for GRNs in the Xenopus [95, 123] and sea urchin [76, 77]. As already

mentioned, a key concept in the differentiation of the primary germ layers is the formation of

two populations of cells representing mesoderm and endoderm. The two populations of cells

are shown to correspond to stable steady states of the models, with mutual antagonism between

mesodermal and endodermal genes determining which state dominates. These models are

mentioned in more detail in chapter 3.

1.11 Nonlinear ODEs of GRNs

In this thesis we use a nonlinear ODE approach to modelling gene regulation. In this section,

such an approach is introduced in detail. The following notation is used: X is a gene, whose

protein product X̄ has a concentration X. It is assumed in these models that protein levels are

proportional to mRNA levels.

Recall that gene expression is regulated by the binding of TFs to promoter regions, which either

activate or repress the transcription of a target gene. A single gene is usually regulated by

several TFs, but for simplicity equations are introduced for genes regulated by a single TF. For
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Figure 1.12: Sketch of a Hill function H (x/θ) plotted against x. At x = 0, H (x/θ) = 0. When
x = θ, H (x/θ) is at its half-maximal value (1/2). Finally, as x → ∞, H (x/θ) tends
to its maximal value (1).

a gene X whose expression is activated by Ȳ, we take the concentration X to be governed by

dX

dt
= λY,XH

(
Y

θY,X

)

− µXX (1.11.1)

where

H(x) =
xm

xm + 1
(1.11.2)

is the Hill function with Hill coefficient m, and the positive constants λY,X and µX are the

maximal rate of production of X̄ induced by Ȳ and the rate of turnover of X̄, respectively. As m

tends towards infinity, H(x) tends to H(x), a step function defined by

H(x) =







0 if 0 ≥ x < 1

1/2 if x = 1

1 if x > 1.

(1.11.3)

The parameter θY,X is therefore considered as the concentration threshold at which Ȳ can tran-

scriptionally regulate X in the large m limit. Next consider a TF Z̄ which acts to repress our

gene X. Equation (1.11.1) is extended to include this interaction such that

dX

dt
= λY,XH

(
Y

θY,X

){

1 −H

(
Z

θZ,X

)}

− µXX (1.11.4)

where θZ,X is the threshold concentration at which Z̄ can repress X̄.

Multiple inputs to a gene are modelled via nonlinearities motivated by Boolean logic. Consider

a gene regulated by multiple transcription factors, which are either activators (yi) or repressors

(zi). The regulation of a gene which can be activated independently by one or more transcrip-

tion factors can be treated as an ‘OR’ gate (y1 ∨ y2 ∨ y3 ∨ ...). When two activators are both

required to activate a gene they are treated as an ‘AND’ gate (y1 ∧ y2). When both an activa-

tor and a repressor are represent this is treated an an ‘AND-NOT’ gate (y1 ∧ ¬z1). In the case

where several activators and repressors are present, we assume the gene is only expressed if
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at least one activator is present and no inhibitors are present above there threshold value, i.e.

‘OR’ gates coupled by an ‘AND-NOT’ gate ((y1 ∨ y2 ∨ y3 ∨ ...) ∧ ¬(z1 ∨ z2 ∨ z3 ∨ ...)). For ex-

ample, If X̄ AND Ȳ are required to activate X̄, then the rate of production term is taken to be

λYZ,XH
(

Y
θY,X

)

H
(

Z
θZ,X

)

. If X̄ OR Ȳ is required to activate X̄, then the rate of production term is

taken to be λY,XH
(

Y
θY,X

)

+ λZ,XH
(

Z
θZ,X

)

.

1.12 Multicellular models of GRNs

Recall that a morphogen gradient, whereby the fate of a cell is determined by its position along

the gradient, is an important concept in developmental biology. Multicellular models have

been used to explore the propagation of a signal throughout a domain, and the mechanisms

which result in the formation of a gradient, using reaction-diffusion equations. Mechanisms by

which a morphogen gradient can arise include ‘source-sink’ [81] and ‘activator-inhibitor’ [92].

In a ‘source-sink’ model a ‘source’, producing the signal, and a ‘sink’, absorbing the signal, are

found at opposing ends of the spatial domain. In an ‘activator-inhibitor’ model, a gene and

its inhibitor are both activated by a signal, the inhibitor then acts to restrict the spread of the

signal. The modelling frameworks used for multicellular models of embryo development are

introduced in this section, along with a review of selected models from the literature.

1.12.1 Continuous reaction-diffusion systems

In continuous reaction-diffusion systems the size of cells is assumed to be infinitesimal and

signals are assumed to diffuse rapidly. The rate of change of a molecule (s(x, t)) at position x

can then be defined by

∂s

∂t
= D

∂2s

∂x2
+ f (s) , (1.12.1)

where D ∂2s
∂x2 is the diffusion term with diffusion coefficient D and the function f (s) accounts for

the reactions which take place.

There are conflicting views as to whether morphogen gradients arise by diffusion or by some

other mechanism. Kerszberg and Wolpert [72] investigate the spread of a morphogen in a two

dimensional lattice of cells, loosely basing the properties of the models on TGF-β signalling

molecules in Xenopus. They find that a model of simple diffusion does not produce a mor-

phogen gradient. Instead the morphogen saturates available receptors, with a steep front pro-

file of activated receptors propagating through a field of cells. An alternative ‘bucket brigade’

mechanism is proposed, where the ligand propagates by binding to and activating receptors,

then dissociating and binding to neighbouring receptors. Lander et al [80] extend the diffu-

sion model of Kerszberg and Wolpert to include receptor mediated ligand degradation and the

internalization of ligand-receptor complexes. The addition of these terms allows morphogen

gradients to form by simple diffusion in a one dimensional system, accounting for observa-
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tions in the formation of the Dpp gradient in the Drosophila wing disc. They also investigate the

‘bucket-brigade’ mechanism, finding that it cannot account for the existing data in Drosophila.

Chisholm et al [18] use mathematical models to investigate morphogen gradients arising due to

cell proliferation. In these models a gradient forms via the dilution of morphogen mRNA: when

a cell divides, the resulting daughter cells receive an equal share of the parent cell’s mRNA. Sev-

eral cases are considered and give a mechanism for the formation of a gradient in the absence

of diffusion.

1.12.2 Discrete reaction-diffusion systems

In models which include the intracellular regulation of extracellular gradients two different

length scales must be considered. Intracellular protein concentrations are typically assumed

to be uniform within a single cell, whereas extracellular proteins (e.g. morphogens) diffuse

within the extracellular domain. Therefore a model of the regulation of a morphogen gradient

must include both continuous processes (e.g. the diffusion of ligands) and discrete processes

(e.g. intracellular interactions). Here we will introduce two methods for modelling this kind of

system.

Let pi be intracellular protein concentrations and si be local signal concentrations. Then

dsi

dt
= Ď∆si + f (si, pi) (1.12.2a)

dpi

dt
= g (si, pi) (1.12.2b)

gives a suitable modelling framework, where Ď is a diagonal matrix of the form

Ď = diag
(

Ď1, Ď2, Ď3, .......
)
, where ĎN is the coupling coefficient of the Nth signal and ∆si is

the coupling term defined as

∆si ≡ si−1 − 2si + si+1. (1.12.3)

Intracellular and extracellular reactions are given by the functions f and g, respectively. Mod-

els of the form given in (1.12.2) can give solutions which differ from the spatially continuous

version (equation (1.12.1)) [36]. In a continuous reaction-diffusion equation, travelling wave so-

lutions will propagate throughout the medium. In the discrete case, travelling wave solutions

only exist if coupling between cells is sufficiently strong: if this is not the case then waves do

not propagate and appear to be ‘pinned’. In an alternative approach developed by Murativ and

Shvartsman [103], space is treated as a continuous variable, incorporating cells as discrete vari-

ables. Each cell is of fixed length L, such that cell i is associated with the interval [iL, (i + 1)L].

The diffusion of a signal s is governed by

∂s

∂t
= D

(
∂2s

∂x2
+

∂2s

∂y2

)

. (1.12.4)

The intracellular protein concentration pn is calculated as a function of the concentration of

signal bound receptor (c) on the cell, using the integral of receptor concentration along the cell

27



CHAPTER 1: INTRODUCTION

surface.

Many aspects of developmental biology have been explored using mathematical models. Here

we review several examples including formation of the Bicoid gradient in Drosophila embryos,

somite segmentation in vertebrates and primitive streak formation in chicks. Bicoid is a home-

obox transcription factor present in early Drosophila embryos. During the early stages of devel-

opment Drosophila embryos undergo multiple cycles of mitosis without cell division, resulting

in a syncytium (a single cell with multiple nuclei). Maternal bicoid mRNA is localised to the an-

terior pole and, once Bicoid transcription commences, a morphogen gradient forms along the

anterior-posterior axis. This morphogen gradient is then interpreted by target genes to form

discrete patterns along the anterior-posterior axis. Grimm et al [44] review models used to

describe the formation of the Bicoid gradient, each model being based on a single continuous

reaction-diffusion equation. Differences in the models, such as the presence/absence of degra-

dation, nucleocytoplasmic shuttling or parameter choices, can result in different characteristics

of the model solutions. None of the models described can fully account for quantitative exper-

imental observations, but raise questions that can be answered by further experimental work

to give a fuller understanding of the mechanisms underlying the formation of the Bicoid gradi-

ent. A second example is that of somite segmentation. Somites are groups of cells which form

along the anterior-posterior axis and later give rise to structures such as vertebrae. Models of

the mechanisms underlying the formation of somites are reviewed in [30]. A key hypothesis for

the mechanism of somite formation is that of the clock and wavefront model, first proposed by

Cooke and Zeeman [24]. The model consists of a ’wavefront’, or a morphogen gradient, which

moves posteriorly and a cellular oscillator which acts as a ’clock’. As cells at the correct stage

in the oscillatory cycle are passed by the wavefront they undergo a state transition and become

somites. Mathematical models of this process have been formulated as reaction-diffusion equa-

tions, which are able to reproduce key experimental observations [5, 6]. The last example is

that of primitive streak formation. During the development of a chick embryo the primitive

streak is the first axial structure to form. During the initiation of the streak cells migrate and

a thickening of cells marks the primitive streak. Page et al [110] develop both continuous and

discrete models of this process. In these models marginal zone cells produce a streak-activating

chemical. Once the activator reaches a threshold level cells become committed to become part

of the streak and produce an inhibitor to prevent other cells adopting this fate. The models

explored in [110] are able to account for the key features of primitive streak formation.

1.13 Quantitative mathematical models

Mathematical models, such as the non-linear ODE models (see section 1.11) and the reaction-

diffusion equations described in the previous section, require information on biological values

of kinetic parameters in order to be solved. Where such information is not available qualitative

analysis of the models, for example bifurcation analysis, can give insights into the behaviour

of the model for several different parameter regimes. However to obtain a quantitative model
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which is capable of reproducing experimental data, biological obtained measurements are re-

quired. For simple systems which contain only a few genes and no feedback loops, the required

parameters can be measured directly. Since GRNs often consist of many genes, each being reg-

ulated by multiple TFs and signals, along with the presence of feedback loops, some model

parameters can be difficult to measure directly. In these cases, the task of inferring parameter

values from experimental data is known as the inverse problem (see figure 1.13). Solving the

inverse problem for a given experimental time course is not a trivial task. In many cases only

limited data are available, for only a subset of the genes in the network. Once parameter val-

ues have been inferred the model can be solved using an ODE solver to give quantitative time

courses for each gene in the network. In this section, types of data which can be used to obtain

parameter values in GRNs are introduced, together with a brief overview of methods used to

estimate parameters and the genetic algorithm, which we will use to estimate parameters in this

thesis, is introduced in detail. We consider only the case where information on the structure of

the GRN is already known.

Figure 1.13: Given a mathematical model (in our case a system of ODES), the forward problem
consists of solving the model using a a given set of parameters to give time course
simulations. In the inverse problem, experimentally obtained time courses are used
to estimate model parameters which can reproduce the experimentally observed
data.

1.13.1 Types of data used

The first step towards estimating parameters of a mathematical model is to obtain quantitative

experimental data. Both mRNA and protein levels can be measured to give quantitative data

for gene regulation, using a variety of established experimental techniques. Here we focus our

attention to methods used to quantify mRNA levels. Quantitative real time PCR (qPCR) can be

used to measure the levels of a gene’s mRNA, relative to a ’house-keeping’ gene.

Measurements can be taken on a number of different scales; in a single cell, a uniform popula-

tion of cells, or in a heterogeneous population of cells (e.g. a whole embryo). Monitoring mRNA

levels in whole embryos can give important information about the developmental stages at

which a gene is expressed but does not show the regions in which this occurs. The spatial

distribution of gene transcripts can be found using in-situ hybridisation on whole embryos or

sections of embryos, however these data are qualitative as they do not give information of the

levels of genes in these regions. Observations in whole embryos can still give key insights into
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the behaviour of the mesendoderm GRN and formulating mathematical models such as how

the overexpression or knock down of a gene affects the region in which other genes in the GRN

are expressed and the overall expression levels.

Measuring mRNA levels in a uniform population of cells overcomes the problem of having

non-uniform distribution of mRNA in a sample. The animal cap system has been utilised to

explore mesoderm and endoderm formation in both Xenopus [66, 79] and axolotl [139]. Ani-

mal caps, the region of the embryo which usually form ectoderm, can be induced to become

mesoderm or endoderm by injecting mRNA.

High throughput techniques such as deep sequencing and microarrays are increasingly being

used to give expression data on large numbers of genes in a system.

1.13.2 Parameter estimation methods

Numerous parameter estimation methods are available to solve the inverse problem, with

many of these methods based on optimization algorithms. These algorithms involve searching

parameter space either randomly or in ‘intelligent’ directions to minimise the error between the

experimental data and the corresponding mathematical simulation, with the error being mea-

sured using a fitness function. A common form used for the fitness function is the sum of the

least squares

F(Xdata
i , Xmodel

i ) =
N

∑
i=1

(

Xdata
i − Xmodel

i

)2
(1.13.1)

where Xdata
i are the experimental data, Xmodel

i is the output of the model simulation, for N

experimental data points. A fitness function of the form given in (1.13.1) assigns a greater error

to data points that are large in magnitude compared with small data points. To overcome this

issue a weighted fitness function can be used;

F(Xdata
i , Xmodel

i ) =
N

∑
i=1

ωi

(

Xdata
i − Xmodel

i

)2
(1.13.2)

where we define ωi = 1/
(
Xdata

i

)2
to be the weighting function.

Algorithms used to estimate parameters can be divided into two main classes, namely local

and global methods. Local methods start from an initial guess then search parameter space in

the neighbourhood of this guess to find the minimum. Although a local search method usu-

ally converges fast to its minimum it often only finds a local, rather than the global, minimum.

When applied to finding parameters for a mathematical model of a biological process, finding

a local instead of a global minimum would correspond to a parameter set which is different

to the true biological parameters. Global search methods overcome this problem by searching

the whole parameter space, incorporating a stochastic element. These search methods can start

from a random guess of parameters. However, a disadvantage of using a global method is

that the algorithm takes more computational time to converge to a minimum. Hybrid methods

combine the search of the entire parameter space using a global search, with the fast conver-
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gence of a local search. First a global search identifies a ‘good’ region of parameter space which

is then explored further by a local method to find the minimum.

1.13.3 The Genetic Algorithm

The genetic algorithm (GA) is a global method which uses an evolutionary search strategy

which was developed in 1975 by Holland [59]. The GA has been applied successfully to many

biological problems such as a model of glucose metabolism [100] and G-protein signalling [84,

96]. Furthermore evolutionary strategies have been shown to be more successful at solving

the inverse problem than other global search techniques [97]. The GA is based on biological

evolution, combining a stochastic search with local improvement. Additionally, an initial guess

of the parameters is not required since a random initial population is generated. Due to the

stochastic nature of the GA many runs of the algorithm are usually carried out to ensure the

global minimum is found.

An overview of the concepts used in the GA is now given [148]. An initial population of vec-

tors known as a ‘chromosome’, containing a value for each model parameter, is generated either

randomly or as defined by the user. These chromosomes are then evaluated using a fitness func-

tion, then ranked according to their fitness function value. The fittest chromosomes (i.e. those

that minimise the fitness function) are retained as "parents" for the next generation. A number

of genetic operations are then applied to the parent chromosomes to populate the next genera-

tion. Genetic operations include crossovers, mutation and immigration. In a crossover sections

of a chromosome (an ‘allele’) are exchanged between the parent chromosomes to produce two

children. A crossover can be simple, where the length of the allele is chosen randomly, or

arithmetic, where two randomly generated numbers are used to produce linear combinations

of the two parents. A mutation replaces a single element of a chromosome by a randomly

generated variable. Finally randomly generated chromosomes (or ‘immigrants’) enter the pop-

ulation, adding a stochastic element to the algorithm. This new generation is then evaluated

and ranked for fitness, and the process repeated for N iterations (see figure 1.13.3). After N iter-

ations the final generation is evaluated and the chromosome that minimises the fitness function

is selected.

1.14 Objectives

Middleton et al. [95] propose mathematical models of a simplified Xenopus laevis mesendoderm

GRN (figure 1.7A), where multiple members of the Nodal and Mix gene families are combined

into a single gene for Nodal and a single gene for Mix. The models consist of systems of non-

linear ordinary differential equations, whose solutions give TF concentrations in a single cell.

Key features of the mesendoderm GRN are given in the mathematical model, which qualita-

tively reproduces the observations of Activin dose response experiments [112]. Multicellular

models, mimicking the spatial structure of embryos in a line of cells have also been formulated
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Figure 1.14: Schematic diagram of Genetic
Algorithm, this procedure is
repeated for N iterations.

[94]. The aim of this thesis is to provide quantitative mathematical models of mesendoderm

formation. To quantify the models, parameter values need to be inferred from experimental

data. Gene expression data in the Xenopus mesendoderm GRN are difficult to obtain due to

multiple genes in both the Mix-like and Nodal-related gene families. However, the axolotl pro-

vides a model system of a simplified mesendoderm GRN compared with that of the Xenopus,

containing only one Mix and two Nodal genes. We therefore choose to explore mathematical

models of the mesendoderm GRN using the axolotl as a model system. Initially this will be a

qualitative analysis of the network in a single cell. Gene expression data will be obtained and

used to seek values for the model parameters. These model parameters will then be used to

explore a quantitative model, and make testable predictions about the behaviour of the net-

work. In addition to developing a quantitative model of the axolotl mesendoderm GRN, we

extend the mathematical models of the simplified Xenopus mesendoderm network to include

recent experimental observations about the regulation of Nodal genes, and extra interactions to

account for the formation of mesoderm, endoderm and anterior mesendoderm.

1.15 Thesis overview

1.15.1 Chapter 2

This chapter gives the biological materials and methods used to obtain the experimental data

presented in this thesis.
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1.15.2 Chapter 3

The main aim of this chapter is to give an overview of the differences between the axolotl

and Xenopus mesendoderm GRNs and to ask how these changes affect the behaviour of the

mesendoderm GRN in a single cell using mathematical models. We formulate mathematical

model similar to those given for Xenopus in [95], but for the axolotl topology. The first model

considered is an in vitro model, which includes interactions in a single cell downstream of Ac-

tivin. Analysis of this model finds that bistability is obtainable, with steady states correspond-

ing to mesoderm and anterior mesendoderm. A second model, an in vivo model, considers the

network downstream of the maternal factors VegT and β-catenin. We find that in the axolotl in

vivo, a cell can become mesoderm or anterior mesendoderm dependent on the dose of β-catenin

it receives. We cite a recent paper about the regulation on Nodal genes by maternal factors in

Xenopus, motivating a modification to the Xenopus in vivo model of [95] and explore how this

changes the model behaviour. The models in this chapter are analysed qualitatively, motivated

by current biological understanding of the mesendoderm GRN.

1.15.3 Chapter 4

The aim of this chapter is to obtain realistic biological values for the parameters in the math-

ematical models of the axolotl mesendoderm GRN given in chapter 3. We estimate values

for these parameters using a computational algorithm which aims to minimise the error be-

tween the output of the model and corresponding quantitative biological data. First, we use

the animal cap assay to explore the ability of Activin, Nodal1 and Nodal2 to induce mesoderm

and endoderm in axolotl animal caps. We find that Activin can induce mesoderm and endo-

derm in a dose dependent manner, Nodal1 can induce only mesoderm and Nodal2 does not

induce mesoderm or endoderm. Since Activin can induce both mesoderm and endoderm, we

use qPCR data for the expression of Mix, Brachyury and Goosecoid in Activin injected caps to

estimate parameters of a mathematical model. To validate the behaviour of the model, data

is obtained for caps treated with Activin and Brachyury morpholino, showing that the model

is not consistent with experimental data when Brachyury is removed from the system. This

highlights the need for repeated rounds of modelling and experimental testing of predictions

to refine the parameters of the mathematical model.

1.15.4 Chapter 5

In this chapter mathematical models of the Xenopus mesendoderm GRN formulated by Mid-

dleton et al [95] are extended to include Vent and BMP. The addition of these factors, which are

also involved in dorsal-ventral (DV) patterning, allows the model to account for the formation

of mesoderm, endoderm and anterior mesendoderm. The models formulated encompass the

time evolution of transcription factors in a single cell and are shown to have steady states corre-

sponding to dorsal and ventral cell fates. Both ‘DV only’ and ‘DV and mesendoderm’ versions

of the model are developed and analysed. The ‘DV only’ model shows that the mutual negative
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regulation of Vent and Goosecoid allows the formation of dorsal and ventral cells. Numerical

results of the ‘DV and mesendoderm’ model shows that cells can become mesoderm, endo-

derm or anterior mesendoderm dependent on initial levels of VegT and β-catenin, with results

comparing favourably with experimental data.

1.15.5 Chapter 6

In the final chapter, we explore multicellular models of the Xenopus and axolotl mesendoderm

GRNs. We give a summary of the model of the Xenopus mesendoderm GRN in a line of cells

from [94], then formulate a comparable model for the axolotl mesendoderm GRN. The solu-

tions to this model undercover potential mechanisms for the formation of the germ layers in a

population of cells. The models are then extended into a grid of hexagonal cells. We explore

the models of Nodal regulation introduced in chapter 3 in a full model of Nodal signalling

and the resulting patterns of P-Smad2 in a grid of cells representing the embryo. We find that

the patterns of P-Smad2 compare favourably with experimental data in Xenopus. Furthermore

the models give a testable prediction for the localisation of P-Smad2 in axolotl. Models are

also explored downstream of Nodal, where the expression patterns of Mix and Brachyury are

similar to those observed experimentally. In order to explore the Nodal signalling pathway

in axolotl experimentally, and to obtain data that can be used in developing the multicellular

model further, we also clone axolotl Antivin and measure its expression in whole embryos and

Nodal-injected animal caps.
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Materials and Methods

2.1 Solutions and buffers

1x Modified Barth’s So-
lution (MBS)

88 mM NaCl; 1 mM KCl, 2.4mM NaHCO3; 15 mM Hepes; 0.3 mM CaNO3; 0.41
mM CaCl2; 0.82 mM MgSO4. pH 7.8 with NaOH and autoclave

10x MMR 1 M NaCl, 20 mM KCl, 20 mM CaCl2.6H2O, 10mM MgCl2, 50 mM Hepes to pH
7.5

Axolotl antibiotics 10 mg/ml penicillin/streptomycin; 10 mg/ml fungizone; 10 mg/ml kanamycin
Agarose plates 2% agarose in dH2O + 0.1% Tris-HCl pH8
SOC 20 g Bacto Tryptone; 5 g Bacto Yeast; 10 mM NaCl; 2.5 mM KCl; 10 mM MgCl2;

10 mM MgSO4; 20 mM Glucose
RNA-gel loading dye 95% formamide; 0.025% xylene cyanol; 0.025% bromophenol blue; 18 mM EDTA;

0.025% SDS
DNA-gel loading dye 0.1% Bromophenol blue, 0.1% Xylene Cyanol FF, 30% glycerol
Mu Agar Mu Broth containing 15 g Bacto Agar/litre
Elution buffer 10 mM Tris-HCl, pH 7.5; 1 mM EDTA; 50 mM NaCl
TE buffer 10 mM Tris-HCl (pH 7.5); 1 mM EDTA
50X TAE 2M Tris-acetate, 0.05 M EDTA

2.2 Treatment and preparation of embryos

2.2.1 Micro-injection

Injections were done using micromanipulation and needles pulled using a micropipette puller.

Injections were carried out in injection plates; petridishes with a well for stability under 1x MBS

+ 4% Ficoll400 (Sigma) with appropriate antibiotics as described in section 2.1.

2.2.2 Axolotl embryos

Male and female axolotls were housed separately. Natural matings were set up by co-housing a

male and female. Fertilised embryos were manually dejellied using forceps and maintained at

10◦C in 1xMBS + antibiotics until required. One or two cell embryos were injected in the animal

hemisphere with 2x 4nl injections (one per blastomere) in 1x MBS + 4% Ficoll + antibiotics.

Injected embryos were cultured at 18◦C in 1x MBS + 4% Ficoll + antibiotics until stage 9 when
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they were washed down to 0.2x MBS + antibiotics and cultured until they had reached the

required stage. Embryos were staged according to [4].

2.2.3 Microscopy and photography

Embryos were visualised under Nikon SMZ 1500 microscopes. Photographs were taken using

a Nikon DXM 1200F camera. Embryos/caps were photographed on agarose plates to allow

orientation of embryos/caps.

2.2.4 Morpholinos

Morpholinos were hydrated in non-DEPC treated nuclease-free water (Ambion) to 40 ng/nl

and resuspended by heating to 65◦C and cooling to 4◦C twice. Hydrated morpholinos were

stored at 4◦C until required. Before injection, morpholinos were heated to 65◦C, centrifuged

and aliquots taken and stored at 37◦C until they were mixed with the appropriate mRNA and

injected. The morpholinos used in this thesis are:

AxBra Sp1 Morpholino 5’-TGATCTGTAGAGAGAGAAGGACAGT-3’

AxBra Sp2 Morpholino 5’-TCCCCCACCACCACTCACCGCTCCT-3’.

2.3 Extraction of RNA

2.3.1 RNA extraction

Axolotl embryos or animal caps were collected and placed in autoclaved 1.5ml eppendorf tubes

with a minimal amount of liquid and were snap-frozen at -80◦C and stored at -80◦C until re-

quired.

Five frozen axolotl embryos (up to stage 20) were homogenised in 500µl TRI-REAGENTTM

(Sigma) using homogenising sticks. A further 750µl of TRI-REAGENTTM was added to bring

the final volume to 1.25 ml before spinning in a bench-top centrifuge at 13,000 rpm for 5 min-

utes at room temperature. The supernatant was decanted into a fresh 2.0ml tube and made

up to 1.5ml with fresh TRI-REAGENTTM and left to stand for 5 minutes at room tempera-

ture. 0.2x volume of chloroform was added to the supernatant which was vortexed briefly

and left to stand for 5 minutes at room temperature before spinning at 13,000 rpm for 10 min-

utes at room temperature. The aqueous colourless phase containing RNA was decanted and

phenol:chloroform extracted. 0.5x volume of isopropanol was added to the aqueous phase

collected after phenol:chloroform extraction, vortexed and precipitated at 4◦C for 15 minutes

and spun for 10 minutes at 13,000 rpm at room temperature. The pellet, containing RNA, was

resuspended fully in 250 µl non-DEPC treated nuclease free water (Ambion) and an equal vol-

ume of 8M lithium chloride was added to precipitate the RNA. Eppendorfs were vortexed to

mix and precipitation took place at 4◦C for 24 hours. After precipitation samples were spun at
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13,000rpm for 15 minutes at room temperature. The supernatant was carefully removed (the

pellet is transparent) and the pellet washed with 70% ethanol at room temperature, vortexed,

and spun for 5 minutes at 13,000rpm at room temperature. Ethanol was removed and the pellet

allowed to briefly air dry before being resuspended in 10µl non-DEPC treated nuclease free

water (Ambion) per embryo extracted.

2.3.2 DNase1 treatment of RNA

The extracted RNA was treated with recombinant (r) DNase1 (Ambion), to remove genomic

contamination. rDNase1 was removed with DNase inactivation reagent (Ambion) according

to manufacturer’s guidelines. Concentrations were determined and quality checked on 1.2%

agarose gels. Samples were stored at -80◦C until required.

2.4 Analysis of gene expression by Reverse Transcriptase (RT-

PCR)

2.4.1 RT-PCR

PCR reactions were carried out in a final volume of 20µl and consisted of 1µl REDTaq Ready

MixTM PCR reaction mix (Sigma), 7µl dH20, 1µl cDNA and forward and reverse primers at

a final concentration of 1mM. RT-PCRs were run in Techne thermal cyclers according to the

following programme; after an initial denature of 95◦C for 5 minutes the PCR consisted of 20

cycles with denaturing at 94◦C for 45 seconds, annealing at Tm -5◦C for 45 seconds and the

extension at 72◦C for 90 seconds. Samples were then run on a 1.2% agarose gel for virtual

Northern analysis. 30 cycle PCRs were carried out to visualise DNA by ethidium bromide

staining.

2.4.2 cDNA synthesis

cDNA synthesis was carried out using SuperScriptTM III (Invitrogen) as described by the man-

ufacturer. In a 20µl reaction, 500ng total RNA was used to make cDNA from animal caps and

1µg RNA was used to make cDNA from whole embryos in the presence of 200ng of random

hexamer primers. Reverse transcriptase reactions took place at 50◦C for 60 minutes with the

synthesised cDNA stored at -20◦C until required. For qRT-PCR, cDNA synthesis reactions were

set up as described and mixed together and diluted with 30µl non-DEPC treated nuclease free

water (Ambion) per reaction. cDNA samples were then stored at -20◦C.
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2.4.3 Real-time qPCR

For relative quantification of gene expression in morpholino assays and on developmental se-

ries, qRT-PCR was performed using the ABI 7500 Sequence Detection System (Applied Biosys-

tems) with TaqMan fluorescence resonance energy transfer (FRET) technology. qRT-PCRs were

carried out in triplicate on 96 well Fast plates (Applied Biosystems) in 25µl reactions. All tubes

were vortexed briefly and spun down prior to use. Reactions contained 1µl cDNA; 1x qPCR

mix with ROX (ABgene), 200 nM final concentration of both forward and reverse primers, 5

pmol of probe. Reactions were made up to 25µl with non-DEPC treated nuclease free water

(Ambion). Plates were sealed with optical adhesive film (Applied Biosystems) briefly spun to

remove air bubbles and run on an AB 7500 sequence detection system. The program followed

is: 50◦C for 2 minutes, 94◦C for 15 minutes followed by 40 cycles of 94◦C for 15 seconds and

60◦C for 1 minute.

2.4.4 Primers and probes

Primers and probes were designed using Primer Express version 3.0 software (Applied Biosys-

tems) according to manufacturer’s instructions. Primers (Invitrogen) were resuspended to a

final concentration of 10µM, aliquoted and stored at -80◦C. Probes (Sigma) are dual-labelled

fluorogenic probes (5’ FAM; 3’ TAMRA) and HPLC purified. Probes were aliquoted and stored

at -80◦C until required. Working stocks were stored at -20◦C. Primer and probe sequences are

shown below:

Forward (5’-3’) Reverse (5’-3’)

AxNodal1 CCCAGTGGATGAAACGTTCAG GGGTCGGGTGGTACAGCTT
AxNodal2 CATACCGCTGTGATGGAAAGTG CCCGCTCTGGAATGTACAATTT

AxBrachyury CATTGACCACATGTACCAATTGC GATCAAGGGTCAATCGTGAGTTC
AxMix GTCCAGGATCCAGGTCTGGTT GCTTCTGGGTGGATTTGATTTATAA

AxFGF8 TGCAGGTCCTTGGCAACAA AAGGTGTCCGTTTCCACAATTAA
AxSox17 TGGATACGACGCTCCACAGA CTCCCTGTAGTGGCCGATGT
AxGsc GCCTCTTCCAGGAGACCAAGT TGGCTCTGCGGTTCTTGAAC

AxODC ATGCCCGTCATGAGTAGTACCA CCCGGACCCAGGTTACG

Probe (5’-3’)

AxNodal1 CGACGAATCATGCCTACATGCAGAGC
AxNodal2 AGCATTTCCAGCCCACCAACCATG

AxBrachyury TACCCATAGTTCTTTTGTGCAGCATCCACG
AxMix AATAGGCGTGCCAAGTCCCGCC

AxFGF8 ACGGCGACTCGCACGCCA
AxSox17 CATGAGCAGCAGTTCCAGCAGGACAAC
AxGsc CACCCGAGAGCAGCTGGCCC

AxODC GACAGTTCCAAGGTTTCATTCAATTGCTG

2.4.5 Data analysis

qRT-PCR data were analysed by the comparative CT method [88]. Validation experiments were

carried out on a 4-fold dilution series of cDNAs from 1 to 1/256 to ensure the PCR efficiencies

of the target and endogenous reference, (ODC), were approximately equal. The data were

analysed in excel (Microsoft) and graphs were plotted of the ratio of gene expression relative
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to uninjected for morpholino-injected embryos, and relative to stage 12 for the developmental

series. Error bars are one standard deviation of the sample.

2.5 Genome walking

The GenomeWalkerTM Universal kit (Clontech) was used according to manufacturer’s guide-

lines to produce 4 GenomeWalker libraries from axolotl DNA (prepared by Yi-Hsien Chen).

The primary and secondary round of PCR were carried out as described below:

2.5.1 Primary PCR

The PCR reactions were carried out in a final volume of 25µl, consisting of 12.5µl master mix1

(Thermo Scientific), 9.5µl dH2O, 1µl AP1 (Clontech), 1µl GSP1 (10µM) and 1µl of cDNA library.

PCRs were run in Techne thermal cyclers according to the following program; 7 cycles of 94◦ C

for 25 seconds and 72◦C for 5 minutes, followed by 32 cycles at 94◦C for 25 seconds and 67◦C

for 5 minutes, then held at 67◦C for an additional 7 minutes. 5µl of the primary PCR product

was then run on a 1.2% agarose gel for visualisation.

2.5.2 Secondary PCR

The PCR reactions were carried out in a final volume of 25µl, consisting of 12.5µl master mix1

(Thermo Scientific), 9.5µl dH2O, 1µl AP2 (Clontech), 1µl GSP2 (10µM) and 1µl of dilute (1 in

20) primary PCR product. PCRs were run in Techne thermal cyclers according to the following

program; 7 cycles of 94◦C for 25 seconds and 72◦C for 5 minutes, followed by 25 cycles at 94◦C

for 25 seconds and 67◦C for 5 minutes, then held at 67◦C for an additional 7 minutes. The

secondary PCR product was then run on a 1.2% agarose gel for visualisation. The PCR product

was then extracted, cloned and sequenced as described in sections 2.5.4– 2.5.7.

2.5.3 Agarose gel electrophoresis

Digested DNA and transcribed RNA both for probes and embryo injections were analysed on

1.2–2.0% (w/v) agarose in 1x TAE gels and were run in 1x TAE. Ethidium bromide was added

to gels, to intercalate with nucleic acids, at a final concentration of 1µg/ml. For electrophore-

sis, DNA samples were mixed to give 1x DNA-loading buffer. 100bp and 1Kb DNA ladders

(NEB) were run alongside samples to identify sizes. Pictures were taken by placing gels in a

MultiMageTM light cabinet and photographed using an AlphaImagerTM 1220 Documentation

& Analysis System (Alpha Innotech Corporation).
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2.5.4 Purification of DNA from agarose gels

DNA run on agarose gels was visualised using a low intensity UV transilluminator and excised

from the gel using a scalpel. DNA fragments were extracted from agarose gels using Spin

columns from QIAquick gel extraction Kit (QIAGEN) according to manufacturer’s guidelines.

2.5.5 Ligation of DNA fragments

Insert and vector were mixed together at a ratio of approximately 3:1. 1µl T4-DNA ligase and

buffer to 1x (NEB) were added to 10µl reactions and incubated for 5 hours at room temperature

or overnight at 14◦C.

2.5.6 Transformations

70µl of competent E. coli (strain DH5á) were incubated on ice with 50-100 ng of plasmid DNA

for 30 minutes. The cells were heat shocked at 42◦C for 45 seconds to allow plasmid uptake and

then cooled on ice for 90 seconds. 250µl of SOC media was added and the cells were incubated

at 37◦C for 1 hour. 50µl to 100µl of the transformation mixture were spread onto Mu agar plates

containing the appropriate antibiotic which were incubated at 37◦C overnight. For blue/white

selection, 30µl of 20mg/ml X-GAL and 30µl 100 mM IPTG were spread onto the agar prior to

plating the transformation.

2.5.7 DNA sequencing

DNA sequencing was carried out entirely by GeneService. PCR reactions contained 50 ng of

DNA, 5µM of primer (T3/T7/SP6), 1µl sequencing buffer (Applied Biosystems) and 1 µl Big

Dye Mix (Applied Biosystems) made up to final 10µl volume with dH2O. PCR program was:

25 cycles at 96◦C for 30 seconds, 50◦C for 15 seconds and 60◦C for 4 minutes. DNA was pre-

cipitated in 50µl ethanol and Sodium Acetate (pH5.6) to a final concentration of 0.1 M for 15

minutes at room temperature. Tubes were spun at 13,000 rpm for 5 minutes at room tempera-

ture in a bench top microfuge and the supernatant removed. The pellet was washed with 150µl

of 80% ethanol and spun at 13000 rpm for 5 minutes at room temperature in a benchtop mi-

crofuge. The supernatant was removed and pellet air dried at room temperature and sent to

GeneService for sequencing using ABI 3730 DNA sequencing technology.

2.5.8 Sequence analysis and comparisons

NCBI BLAST (version 2.2.18) was used to determine sequence comparisons. All sequences were

analysed in BioEdit [49]. Alignments were carried out using the ClustalW Multiple alignment

application built in to BioEdit [145].

40



CHAPTER 2: MATERIALS AND METHODS

2.6 Developmental series

Total RNA was isolated by TRI reagent (sigma) and RT-PCR was according to RedTaq readyMix

PCR reaction (sigma). Axolotl development series contains 13 different samples: (EC) early

cleavage: 4-8 cells, (LC) late cleavage: 8-16 cells, stage 8, 9, 10.5, 12, 16, 20, 25, 30, 35, 40 and

ŰRT (negative control). PCR primers used for gene expression are: AxAntivin forward primer:

5’ CAAGCAGAGCAACGTCTGCTG 3’ and AxAntivin reverse primer; 5’ TCACACCACGGA-

GATGTTGTC 3’.
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CHAPTER 3

Single-cell Models of Mesendoderm

Specification in Xenopus and Axolotl

3.1 Introduction

In the previous chapter we introduced the axolotl as a model organism with a simpler mesendo-

derm GRN than Xenopus. However the genetic regulation of mesoderm and endoderm has been

extensively studied in Xenopus (see [89, 149] and references therein), while studies in axolotl are

rather limited in comparison [139]. We begin this chapter by giving a review of the mathemati-

cal models developed by Middleton et al [95] based on a simplified version of the mesendoderm

GRN in Xenopus. We then develop mathematical models of mesendoderm formation based on

current knowledge of the mesendoderm GRN in the axolotl. The time evolution of transcrip-

tion factors in a single cell are described in the model, which is shown to have stable steady

states corresponding to mesoderm and anterior mesendoderm cell types. We consider two ver-

sions of the model; an in vitro model showing how the dose of Activin a cell is subjected to

determines cell fate, and an in vivo model which explores the behaviour of the GRN in response

to doses of β-catenin. Numerical investigations show that the models qualitatively reproduce

experimental data, and can be used to motivate further experiments. We then modify the Xeno-

pus in vivo model formulated in [95] based on recent experimental evidence, showing that the

resulting numerical results are consistent with experimental observations.

3.2 Mesoderm and endoderm formation in Xenopus

The GRN underlying the formation of mesoderm and endoderm in Xenopus laevis contains

around 50 TFs and signals and is described in [75, 89]. Important genes within the network

include the maternal factors VegT and β-catenin and zygotic factors Mix.1, Brachyury, Goosecoid

and the Nodal family. The maternal factors VegT and β-catenin are expressed in specific regions

of a developing Xenopus embryo; VegT is localised to vegetal regions [155] and β-catenin is ex-
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pressed in dorsal regions [126]. VegT and β-catenin initiate the expression of zygotic genes, such

as members of the Nodal family, Mix.1 and Brachyury, providing initial positional information

in the embryo. Mesoderm and endoderm cell types can be identified by the genes expressed;

Brachyury expressing cells form mesoderm and Mix.1 expressing cells form endoderm. Com-

petition between the formation of mesodermal and endodermal cell types is created by mutual

negative regulation of Mix.1 and Brachyury. The mutual repression of two transcription factors

is a common mechanism in GRNs underlying the specification of two different cell fates, for

example in the Drosophila gap gene network [111] and hematopoietic stem cell differentiation

[120].

Xenopus Nodal genes (Xnr1-Xnr6) are expressed in response to VegT and β-catenin and act as

morphogens during development, activating Activin-like signals. Since multiple Nodal genes

are required to induce mesoderm and endoderm in Xenopus, Activin (a protein which activates

the same signalling pathway as Nodals) can be used to investigate the induction of mesendo-

derm. Activin dose response experiments have been carried out in both single cells [43, 48, 112]

and whole tissues [46, 47, 112], showing that Brachyury is expressed in cells treated with a low

dose of Activin and Mix.1 and Goosecoid are co-expressed in cells treated with a high dose of

Activin.

Much of the complexity of the Xenopus mesendoderm GRN arises due to the presence of seven

Mix-like genes (Mixer, Mix.1-2, Bix.1-4) and six Nodal-related genes (Xnr.1-6). Motivated by the

presence of single copies of Mix and Nodal in mammals [45, 157], a simplified version of the

Xenopus mesendoderm GRN with single nodes representing Mix and Nodal is proposed in [95].

The behaviour of this simplified network is explored using mathematical models in [95], which

we give a detailed review of in section 3.2.1. Saka and Smith [123] formulate a mathematical

model of mesendoderm formation in Xenopus, focusing on the mutual negative regulation of

Brachyury and Goosecoid, showing that a simple negative feedback loop is able to account for

the formation of different cell types. ODE models of the Sea Urchin mesendoderm GRN are

formulated and explored in [76, 77]. These models explore subnetworks of the full GRN com-

paring simulation results to experimental data, motivating the need for further experimental

investigation.

3.2.1 Mathematical models of the simplified Xenopus mesendoderm GRN

We now describe the mathematical models of the simplified mesendoderm GRN formulated

by Middleton et al [95] and give a summary of key model findings. Two versions of the model

are considered, namely the in vitro model and the in vivo model.

The in vitro model of Middleton et al [95]

The in vitro model aims to reproduce qualitatively Xenopus animal cap experiments whereby

Brachyury is expressed at low Activin concentrations and Goosecoid is expressed at high Activin

concentrations [48, 112]. An ODE model is formulated based on the interactions of Brachyury
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Figure 3.1: The simplified Xenopus mesendoderm GRN downstream of Activin, upon which the
Xenopus in vitro is based [95]. Arrow heads and bar heads represent activation and
repression, respectively. The purple and blue boxes show the two competing gene
subgroups which arise due to the mutual repression between Brachyury and Mix
(together with Goosecoid).

(B), Mix (M) and Goosecoid (G) downstream of Activin (A) shown in figure 3.1. Activin in-

duces the expression of Mix and Brachyury, which negatively regulate each other. Mix also

activates Goosecoid which acts to repress both its own expression and that of Brachyury. Both

steady state and time-dependent solutions are explored in detail in [95]. Here we give a brief

summary of important findings. For an appropriate choice of parameters the in vitro model is

bistable, with stable steady states corresponding to mesoderm (Brachyury expressing cells) and

anterior mesendoderm (cells co-expressing Mix and Goosecoid). Furthermore, time-dependent

solutions show that the concentration of Activin a cell is treated with determines which steady

state the system reaches. At low concentrations of Activin, the system evolves to the stable

steady state corresponding to mesoderm (figure 3.2(a)), while for high concentrations of Ac-

tivin, the system evolves to the anterior mesendoderm stable steady state (figure 3.2(c)). At

an intermediate concentration of Activin the system passes through a ‘mesendoderm’ phase,

where Mix, Goosecoid and Brachyury are all co-expressed for a period of time, before the sys-

tem ultimately evolves to one of two stable steady states (in the case shown in figure 3.2(b), the

anterior mesendoderm steady state). The ‘mesendoderm’ phase corresponds to the solution

passing close to the unstable steady state of the system. Figure 3.3 plots concentrations of Mix,

Goosecoid and Brachyury as functions of Activin concentration at three time points, τ = 0.1,

τ = 0.5 and τ = 8. Initially all three transcription factors are co-expressed for all doses of Ac-

tivin (see τ = 0.1, figure 3.3(a)). As time proceeds the expression domains of Mix, Brachyury

and Goosecoid become more refined, until Brachyury alone is expressed for low doses of Ac-

tivin and Mix and Goosecoid are co-expressed at high doses of Activin (see figure 3.3(b), (c)).

The qualitative numerical results of the in vitro model are consistent with quantitative experi-

mental data.

The in vivo model of Middleton et al [95]

The in vivo model describes the simplified mesendoderm GRN downstream of the maternal

factors VegT and β-catenin, based on the interactions illustrated in figure 3.4. The model gives

the network in a single cell within a uniform population of cells, such that signals (Nodal and
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(a) A = 1 (b) A = 2.12 (c) A = 3

Figure 3.2: Plots showing the time evolution of Brachyury (solid line), Mix (dashed line) and
Goosecoid (dot-dashed line) for various doses of Activin (A). (a) For small A the
system evolves to the mesoderm (i.e. Brachyury expressing) stable steady state. (b)
For A close to some critical value Ac, solutions pass close to the unstable steady
state (marked by the co-expression of all three transcription factors) before evolving
to one of the stable steady states (in this case anterior mesendoderm). (c) For val-
ues of A greater than the critical value (A > Ac) the system evolves to the anterior
mesendoderm (Mix and Goosecoid co-expressing) steady state. Solutions are com-
puted by the ode15s solver in Matlab, using the equations and parameters as given
in [95].

(a) τ = 0.1 (b) τ = 0.5 (c) τ = 8

Figure 3.3: Numerical solutions of the Xenopus in vitro model as functions of Activin concentra-
tion (A). The response of Brachyury (thin solid line), Mix (dashed line) and Goosec-
oid (dot-dashed line) are shown. Solutions are computed by the ode15s solver in
Matlab, using equations and parameters as given in [95].

eFGF) are assumed to be strong enough to act on downstream targets. The model is shown to

have stable steady states corresponding to mesoderm and anterior mesendoderm which can

be reached dependent on the initial concentration of VegT present in the cell, reproducing ex-

perimental observations. Solutions to the in vivo model are plotted as functions of initial VegT

concentration (V0) in figure 3.5. If V0 is too small, the system evolves to the trivial steady state.

For small V0, the system will evolve to the mesoderm branch. Increasing V0 through some crit-

ical value (VC
0 ) causes the system to evolve to the anterior mesendoderm branch. A further

investigation shows that in the presence of β-catenin, the range of values of VegT for which

mesoderm is induced increases (see [95]).

In constructing the simplified mesendoderm GRN from the full GRN, assumptions are made

about how the single representative nodes for Mix and Nodal genes function in the network.

The Xenopus Nodal genes (Xnr1-Xnr6) all have slightly different functions and modes of reg-

ulation. The assumptions underlying the mode of action of the single Nodal are discussed in

further in section 3.8.
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Figure 3.4: The in vivo simplified Xenopus mesendoderm GRN, upon which the in vivo model
of [95] is based. Arrow heads and bar heads represent activation and repression,
respectively. Maternal factors are shown in the yellow box and all other transcription
factors and signals are zygotic. Nodal and eFGF genes encode signals while all other
genes encode transcription factors. An ‘A’ indicates that an input is, in Boolean terms
an ‘AND’ gate. Otherwise multiple inputs to a gene correspond to an ‘OR’ gate.

(a) τ = 1 (b) τ = 8 (c) τ = 100

Figure 3.5: Numerical solutions to the Xenopus in vivo model as functions of initial VegT concen-
tration (V0) at various times (τ). The response of Brachyury (thin solid line), eFGF
(dotted line), Mix (dashed line), Goosecoid (dot-dashed line) and Nodal (blue solid
line) are shown in response to an initial concentration of VegT. Solutions are com-
puted by the ode15s solver in Matlab, using equations and parameters as given in
[95].

Summary

Both the in vitro and in vivo models of the simplified Xenopus mesendoderm GRN qualitatively

reproduce experimental observations, with stable steady states representative of mesoderm

and anterior mesendoderm being reached dependent on the initial dose of Activin (the in vitro

case) or VegT (the in vivo case). Since no information is available about the biological values

for model parameters, such as turnover rates of proteins and rates of production of a protein

in response to a TF, the analysis of the models is qualitative. The mesendoderm GRN consists

of several genes, many which are regulated by multiple TFs and signals, making some model
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parameters difficult to measure directly. Instead parameter values can be inferred by fitting the

output of model simulations to experimental data. Recall that, in the mathematical models of

the Xenopus mesendoderm GRN, the inputs of multiple Mix and Nodal genes were combined

to give a single representative gene for each family, meaning that data for these representative

genes is difficult to obtain. To overcome this problem, we propose using axolotl as a model

system for a simplified mesendoderm GRN. Axolotl possess one Mix gene and two Nodal genes

giving a model system with a simplified mesendoderm GRN. In the remainder of this chapter

we formulate and analyse models of the axolotl mesendoderm GRN.

3.3 Mesendoderm formation in axolotl

Recall from section 1.8 that there are several differences in mesendoderm formation between

axolotl and Xenopus. Most importantly, the axolotl mesendoderm GRN contains only one Mix

gene and one Nodal gene, giving a simpler network to study than the Xenopus mesendoderm

GRN. Other differences include a change in the regulation of Brachyury by Mix, and the role

of maternal factors. In this section we test whether Goosecoid is a direct target of β-catenin in

axolotl.

Is Goosecoid a directly regulated by β-catenin?

If Siamois is removed from figure 1.7(b), then the maternal factor β-catenin functions only via

Nodal signalling in the axolotl mesendoderm network. However it is not know if Goosecoid

is directly or indirectly regulated by β-catenin. To determine this, we measured the expres-

sion of Goosecoid in caps overexpressing β-catenin and treated with cycloheximide (CHX) to

prevent protein synthesis (see figure 3.6). Goosecoid has been shown to be expressed down-

stream of β-catenin, but not VegT, in axolotl. In uninjected caps treated with CHX, Goosecoid

is upregulated, suggesting that CHX alone can induce Goosecoid expression. Caps injected

with β-catenin and treated with CHX show lower levels of Goosecoid than caps injected with

β-catenin in the absence of CHX. This suggests that Goosecoid is not a directly regulated by

β-catenin and that acts via an intermediate transcription factor.

3.4 Model formulation

In this section we formulate mathematical models of the axolotl mesendoderm GRN based

on the network topology shown in figure 3.7. Note that not all of the links in the GRN have

been verified experimentally, so some links (marked by dashed lines) are inferred from the

Xenopus mesendoderm GRN. We write an equation governing the time evolution of each gene

in the axolotl mesendoderm GRN, using an approach similar to that of Middleton et al [95].

Two versions of the model are developed representing the GRN in a single cell; the in vitro

model giving the mesendoderm GRN downstream of Activin in a single dissociated cell, and

the in vivo model which describes the mesendoderm GRN downstream of β-catenin in a single
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Figure 3.6: Determining if Goosecoid is a directly regulated β-catenin. Embryos were injected
with either VegT or β-catenin at the single cell stage. By stage 7, embryos were cul-
tured either with or without cycloheximide and caps cut at stage 9. The injection and
treatment of caps was carried out by Yi-Hsien Chen and qPCR measurements were
carried out my myself (Laura Brown). The expression of Goosecoid was measured
relative to ODC by qPCR. The data shown is normalised to Goosecoid expression in
uninjected caps.

Protein Signal or TF Protein Concentration
β-catenin signal C

Nodal signal N
Activin signal A

Mix TF M
Brachyury TF B
Goosecoid TF G

FGF signal E
Lim1 TF L

Table 3.1: Summary of genes present in the axolotl mesendoderm network, with the notation
used in the mathematical models for the concentration of each protein.

cell embedded in a uniform population of cells. A summary of the terms, and a definition of

parameters, used to formulate our equations was given in section 1.11, and notation used to

describe the concentration of each protein in the mesendoderm GRN is given in table 3.1.

3.4.1 Modelling the regulation of mesodermal and endodermal genes in

axolotl

The regulation of each gene present in the axolotl mesendoderm GRN is now described, stating

which interactions are known from experimental knowledge in axolotl and which interactions

are inferred from knowledge of gene regulation in Xenopus. Terms that are different from those

in the Xenopus models of [95] are highlighted in red.
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Figure 3.7: The axolotl mesendoderm GRN. Solid lines indicate experimentally verified links
and dashed lines indicate links which are inferred from the Xenopus mesendoderm
network, which need to be verified experimentally.

The time evolution of β-catenin

β-catenin is deposited as a maternal factor in the embryo. In the model this is represented by

an initial concentration β-catenin. The initial deposit of β-catenin is turned over at a constant

rate µC. The concentration of β-catenin is governed by the equation

dC

dt
= −µCC. (3.4.1)

Note that (3.4.1) can be solved to give the concentration of β-catenin at time t as

C(t) = C0e−µCt, (3.4.2)

where C0 is the initial concentration of β-catenin.

The time evolution of Nodal1

Nodal1 is a direct target of β-catenin (C), with β-catenin activating the expression of Nodal1

[16]. We assume, as occurs for the Xenopus Nodals Xnr1,2,4, that axolotl Nodal1 autoregulates

its own production enhanced by the presence of β-catenin. The time evolution of Nodal1 is

governed by

dN

dt
= λC,NH

(
C

θC,N

)

+ λN,NH

(
N

θN,N

){

1 + λC,N2H

(
C

θC2,N

)}

− µN N. (3.4.3)

Note that the equation for the time evolution of Nodal1 appears only in the in vivo model.
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The time evolution of Activin

Activin appears in the in vitro model, and not the in vivo model. In the Xenopus in vitro model,

it was assumed that the input of Activin is a constant parameter, rather than a variable. This is

supported by biological evidence whereby a cell can remember the concentration of Activin it

is initially exposed to via the maintenance of a pool of phosphorylated Smad2 [10]. We assume

that this memory of the level of Activin is a general feature of Activin signalling, and set Activin

to be a constant parameter in our models.

The time evolution of Mix

Nodal1 or Activin is required to activate the expression of Mix, with these signals being the

only factors in our model which induce Mix. Brachyury acts to repress the expression of Mix.

These interactions have been experimentally verified in axolotl [139], leading to the following

equation for the time evolution of Mix

dM

dt
= λX,MH

(
X

θX,M

){

1 −H

(
B

θB,M

)}

− µM M, (3.4.4)

where X = A in the in vitro model and X = N in the in vivo model.

The time evolution of Goosecoid

The expression of Goosecoid can be activated by Mix. In the Xenopus mesendoderm GRN, both

Siamois and Lim1 are required to be present to activate Goosecoid in the absence of Mix. Since

Siamois is not present in axolotl, we assume that Lim1 (L) alone can activate Goosecoid in the

absence of Mix. We also assume that Goosecoid negatively autoregulates its own production.

The time evolution of Goosecoid is therefore given by

dG

dt
=

{

λL,GH

(
L

θL,G

)

+ λM,GH

(
M

θM,G

)}{

1 −H

(
G

θG,G

)}

− µGG. (3.4.5)

The time evolution of Brachyury

Brachyury (B) has been shown to require Mix (M) to be activated in axolotl [139]. In our model

we have that both Mix and Activin-like signals (i.e. Activin (A) or Nodal (N)) are required

to induce Brachyury expression. We also assume that eFGF (E) can activate Brachyury, as in-

ferred from the Xenopus mesendoderm GRN, and that this can occur in the absence of Mix and

Activin-like signals. Goosecoid (G) is assumed to repress Brachyury, as occurs in the Xeno-

pus mesendoderm GRN. Taking all of the above into account, the equation governing the time

evolution of Brachyury is

dB

dt
=

{

λE,BH

(
E

θE,B

)

+ λXM,BH

(
X

θX,B

)

H

(
M

θM,B

)}{

1 −H

(
G

θG,B

)}

− µBB, (3.4.6)

where X = A in the in vitro model and X = N in the in vivo model.
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Figure 3.8: The axolotl in vitro network: the Nodal signal is stimulated by Activin. Note that this
network is identical to the simplified Xenopus in vitro network, with the exception
that in the axolotl network Mix is required for the expression of Brachyury.

The time evolution of Lim1 and eFGF

The regulation of Lim1 and eFGF have not been studied in axolotl, we therefore assume that

these factors are regulated in the same way as in the Xenopus, such that Lim1 is activated by

Nodal
dL

dt
= λN,LH

(
N

θN,L

)

− µLL, (3.4.7)

and eFGF is activated by Brachyury

dE

dt
= λB,EH

(
B

θB,E

)

− µEE. (3.4.8)

3.4.2 Summary of model equations

The axolotl in vitro model

The axolotl in vitro model governs the time evolution of Brachyury (B), Mix (M) and Goosecoid

(G) downstream of Activin (A) in a single dissociated cell. The network upon which we base

the model is shown in figure 3.8. As we are considering a single dissociated cell, it is assumed

that the eFGF signal is too weak to act on downstream target so set E = 0. To simplify the

model further, we do not include Lim1, as it was not included in the Xenopus in vitro model.

The governing equations of the model are defined to be

dB

dt
= λAM,BH

(
A

θA,B

)

H

(
M

θM,B

){

1 −H

(
G

θG,B

)}

− µBB, (3.4.9a)

dG

dt
= λM,GH

(
M

θM,G

){

1 −H

(
G

θG,G

)}

− µGG, (3.4.9b)

dM

dt
= λA,MH

(
A

θA,M

){

1 −H

(
B

θB,M

)}

− µM M. (3.4.9c)
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In the absence of Activin, none of the factors in the in vitro model are present in an animal cap

cell. We choose initial conditions to reflect this

M(0) = B(0) = G(0) = 0. (3.4.10)

Mix, Brachyury and Goosecoid can then only be expressed once the cell is treated with Activin,

i.e. when A > 0.

The axolotl in vivo model

The axolotl in vivo model includes the time evolution of the maternal factor β-catenin (C), as

well as the zygotic factors Nodal (N), Mix (M), Brachyury (B), eFGF (E), Goosecoid (G) and

Lim1 (L). The network upon which we base the model is shown in figure 3.7, and the resulting

governing equations are

dC

dt
= −µCC, (3.4.11a)

dN

dt
= λC,NH

(
C

θC,N

)

+ λN,NH

(
N

θN,N

){

1 + λC,N2H

(
C

θC2,N

)}

− µN N, (3.4.11b)

dL

dt
= λN,LH

(
N

θN,L

)

− µLL, (3.4.11c)

dE

dt
= λB,EH

(
B

θB,E

)

− µEE, (3.4.11d)

dB

dt
=

{

λE,BH

(
E

θE,B

)

+ λNM,BH

(
N

θX,B

)

H

(
M

θM,B

)}{

1 −H

(
G

θG,B

)}

− µBB, (3.4.11e)

dG

dt
=

{

λL,GH

(
L

θL,G

)

+ λM,GH

(
M

θM,G

)}{

1 −H

(
G

θG,G

)}

− µGG, (3.4.11f)

dM

dt
= λN,MH

(
N

θN,M

){

1 −H

(
B

θB,M

)}

− µM M. (3.4.11g)

An initial concentration of β-catenin is required for the mesoderm and anterior mesendoderm

to form, such that C(0) = C0, where C0 is a positive constant. All other TFs and signals are

initially absent from the cell, such that

C(0) = C0, N(0) = 0, L(0) = 0, E(0) = 0, B(0) = 0, G(0) = 0, M(0) = 0. (3.4.12)

3.5 Nondimensionalisation

To reduce the number of parameters in the model, it is nondimensionalised using the timescale

of Brachyury turnover, τ = µBt. Concentrations, Z, are scaled Ẑ = Z/θZ, and the dimension-

less parameters are defined as follows:

θ̂Z,X ≡ θZ,X/θZ, λ̂Y,Z ≡ λY,Z/θZµB, λ̂XM,B ≡ λXM,B/θBµB, µ̂Z ≡ µZ/µB.

52



CHAPTER 3: SINGLE-CELL MODELS OF MESENDODERM SPECIFICATION IN Xenopus AND

AXOLOTL

The following notation is used for parameters of the form θZ for notational simplicity:

θX ≡ θX,B, θG ≡ θG,B, θB ≡ θB,E, θE ≡ θE,B, θL ≡ θL,G, θM ≡ θM,B, θC ≡ θC,N ,

where X = A in the in vitro model and X = N in the in vivo model. After applying the

non-dimensional scalings (and dropping the hats for notational simplicity) the nondimensional

equations governing the systems are given as below.

The axolotl in vitro model

The axolotl in vitro model is governed by the following nondimensional equations

dB

dt
= λAM,BH (A)H (M) {1 −H (G)} − B, (3.5.1a)

dG

dt
= λM,GH

(
M

θM,G

){

1 −H

(
G

θG,G

)}

− µGG, (3.5.1b)

dM

dt
= λA,MH

(
A

θA,M

){

1 −H

(
B

θB,M

)}

− µM M, (3.5.1c)

subject to

M(0) = B(0) = G(0) = 0. (3.5.2)

The in vivo model

The nondimensional equations governing the in vivo model are

dC

dτ
= −µCC, (3.5.3a)

dN

dτ
= λC,NH (C) + λN,NH

(
N

θN,N

){

1 + λC,NH

(
C

θC,N2

)}

− µN N, (3.5.3b)

dL

dτ
= λN,LH

(
N

θN,L

)

− µLL, (3.5.3c)

dE

dτ
= λB,EH (B)− µEE, (3.5.3d)

dB

dτ
= {λE,BH (E) + λNM,BH (N)H (M)} {1 −H (G)} − B, (3.5.3e)

dG

dτ
=

{

λL,GH (L) + λM,GH

(
M

θM,G

)}{

1 −H

(
G

θG,G

)}

− µGG, (3.5.3f)

dM

dτ
= λN,MH

(
N

θN,M

){

1 −H

(
B

θB,M

)}

− µM M, (3.5.3g)

subject to initial conditions

C(0) = C0, N(0) = 0, L(0) = 0, E(0) = 0, B(0) = 0, G(0) = 0, M(0) = 0, (3.5.4)

where C0 is a positive constant.
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Variable Parameter Value Variable Parameter Value
M λA,M 11 B λAM,B 40

θA,M 3 G λM,G 8
θB,M 1 θM,G 1
All µ 1 θG,G 4

Table 3.2: Dimensionless parameter values used to solve the axolotl in vitro model given in
(3.5.1). Parameters were selected such that (3.5.1) is bistable with steady states corre-
sponding to mesoderm and anterior mesendoderm, and so that the system evolves
to these steady states dependent on the concentration of Activin (A > 0).

3.6 The axolotl in vitro model

In this section we consider solutions to the in vitro model of the axolotl mesendoderm GRN

defined in (3.5.1) subject to initial conditions (3.5.2). Recall that the in vitro model governs the

concentrations of Mix (M), Brachyury (B) and Goosecoid (G) downstream of Activin (A). The

only difference between the axolotl in vitro model and the Xenopus in vitro model is the action of

Mix on Brachyury. In the Xenopus model Mix negatively regulates the expression of Brachyury,

whereas in the axolotl model Mix is required for Brachyury expression. The mutual negative

regulation of Mix and Brachyury is thought to be an important mechanism in driving the dif-

ferentiation of mesoderm and anterior mesendoderm in Xenopus. Given that this mutual regu-

lation is not present in axolotl, we investigate solutions to the axolotl in vitro model to ask if, for

a suitable choice of parameter values, the model is bistable with steady states corresponding to

mesoderm and anterior mesendoderm. Experimental data obtained from axolotl animal caps

show that Activin induces Mix and Brachyury in a dose dependent manner, with Brachyury

expressed at low concentrations of Activin and Mix expressed in cells with a high concentra-

tion of Activin (Personal communication, Yi-Hsien Chen, also see section 4.1.1). Given this

experimental evidence, we expect that we should find solutions to the model corresponding to

mesoderm and anterior mesendoderm which are reached dependent on the dose of Activin a

cell is treated with. Unless otherwise stated time dependent solutions are computed using the

ode15s routine in Matlab and steady state solutions are computed using Xppaut [34], subject to

the parameters given in table 3.2.

3.6.1 Steady-state analysis

We now proceed to explore steady state solutions of (3.5.1). These are found by setting d/dt = 0

in (3.5.1) such that the steady states are defined by

B∗ = λAM,BH (A)H (M∗) {1 −H (G∗)} , (3.6.1a)

G∗ =
λM,G

µG
H

(
M∗

θM,G

){

1 −H

(
G∗

θG,G

)}

, (3.6.1b)

M∗ =
λA,M

µM
H

(
A

θA,M

){

1 −H

(
B∗

θB,M

)}

. (3.6.1c)
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As discussed above, we seek solutions to (3.6.1) such that it is bistable with steady states cor-

responding to mesoderm and anterior mesendoderm. It has been shown in other biological

systems that for bistability to occur in a model consisting of two mutually repressing factors

the Hill coefficient must satisfy m > 1 [37, 95]. Furthermore Middleton et al [95] select m = 3 in

solutions to the Xenopus mesendoderm models, therefore we choose m = 3 to solve the axolotl

models. We find that the parameter values which yield bistability in the Xenopus in vitro model

do not give bistability in the axolotl in vitro model. However, bistability can still be obtained

in the axolotl model with a different choice of parameter values. Unless otherwise stated the

parameters in table 3.2 are used to produce all numerical results in this section.

In axolotl, Mix is required for the expression of Brachyury. However, experimental observations

show that, dependent on the dose of Activin a cell is treated with, either Mix is upregulated

(which when co-expressed with Goosecoid corresponds to anterior mesendoderm) or Brachyury

is upregulated (corresponding to mesoderm). We choose λA,M and λAM,B (parameters rep-

resenting the rate of production of Mix in response to Activin and the rate of production of

Brachyury in response to Mix and Activin, respectively) such that both these fates are available

to a cell. Steady state solutions of (3.5.1) are plotted as functions of λAM,B in figure 3.9(a). The

system is bistable with stable steady states associated with mesoderm and anterior mesendo-

derm. For small λAM,B the system is monostable with the steady state representing the ante-

rior mesendoderm. As λAM,B increases, a fold bifurcation marks the onset of bistability and

the appearance of the mesoderm stable steady state. For further increases of λAM,B, another

fold bifurcation occurs and the system is monostable with only the only stable steady state

representing the mesoderm. We find that the concentrations of Mix and Brachyury at the ante-

rior mesendoderm steady state are rather sensitive to changes in λAM,B, with Mix decreasing

and Brachyury increasing as λAM,B is increased. However at the mesoderm steady state Mix

and Brachyury concentrations are in comparison insensitive to changes in λAM,B and levels of

Goosecoid are insenstive to changes in this parameter at both stable steady states. In the M∗

plot in figure 3.9(a) the unstable steady state is closest to the mesoderm steady state suggesting

that when A = 5, and for λAM,B within the bistable region, the system is more likely to evolve

to the anterior mesendoderm state, as confirmed in the time-dependent solutions in figure 3.14.

In figure 3.9(b) folds are plotted in (λAM,B, λA,M) space. The positions of these folds represent

the maximum and minimum rates of production for which both the mesoderm and anterior

mesendoderm fate are available to the cell. Bistability occurs only for both λAM,B and λA,M

sufficiently large. If the rate of production of Mix in response to Activin (λA,M) is too large then

only the anterior mesendoderm steady state is available to a cell, and similarly if it is too small

then only the mesoderm steady state is available.

Goosecoid is the only factor in our model which can repress Brachyury. In figure 3.10(a) steady

state solutions are plotted against λM,G (the rate of production of Goosecoid in response to

Mix). Note that compared with the range of λM,G for which bistability is obtained in the Xeno-

pus model, bistability occurs only for a small range of λM,G in our axolotl model. For values of

λM,G too small mesoderm is the only steady state available. As λM,G increases through some

critical value, a fold bifurcation occurs and the system becomes bistable. As λM,G increases
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(a)

(b)

Figure 3.9: (a) Steady state solutions to (3.5.1) plotted against λAM,B for A = 5. Thick solid
lines represent the mesoderm steady state, thin solid lines represent the anterior
mesendoderm steady state and dashed lines represent the unstable steady state.
Fold bifurcations mark the appearance and disappearance of the steady states. (b)
Solution structure in terms of the bifurcation parameters λAM,B and λA,M, these rep-
resenting the folds that determine the maximum rates of production of Brachyury
and Mix in response to activation by Activin. The two folds meet at a cusp point.
Unless otherwise states parameters are as given in table 3.2.

through another critical value a second fold bifurcation marks the disappearance of the meso-

derm steady state. In figure 3.10(b) folds are plotted in (λM,G, λAM,B) space. The positions

of these folds represent the maximum and minimum rates of production for which both the

mesoderm and the anterior mesendoderm fate are available to the cell.

Steady state solutions in response to varying the dose of Activin (A) are shown in figure 3.11.

For small values of A, Mix, Brachyury and Goosecoid are all at the trivial steady state. As A

increases, the expression of these factors also increases. For a further increase to A, a fold bi-

furcation occurs and the system is bistable. For further increases to A a fold bifurcation marks
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(a)

(b)

Figure 3.10: (a) Steady state solutions to (3.5.1) plotted against λM,G for A = 5. Thick solid
lines represent the mesoderm steady state, Thin solid lines represent the anterior
mesendoderm steady state and dashed lines represent the unstable steady state.
Fold bifurcations mark the appearance and disappearance of the stable steady
states. (b) Solution structure in terms of the bifurcation parameters λAM,B and
λM,G, these representing the folds that determine the maximum rates of produc-
tion of Brachyury in response to activation by Activin and Goosecoid in response
to Mix. The two folds meet at a cusp point. Unless otherwise stated parameters in
table 3.2 are used to calculate solutions.

the disappearance of the mesoderm stable steady state. Note that as A increases the levels

of Brachyury on the mesoderm steady state branch increase, while Brachyury levels on the

anterior mesendoderm branch are insensitive to chnages in A. Similarly Mix levels at the ante-

rior mesendoderm stable steady state increase as A increases, but Mix levels on the mesoderm

branch are insensitive to changes in A.
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(a) (b) (c)

Figure 3.11: Steady state solutions to (3.5.1) plotted against A. Thick solid lines represent
the mesoderm steady state, Thin solid lines represent the anterior mesendoderm
steady state and dashed lines represent the unstable steady state. Fold bifurcations
mark the appearance and disappearance of the stable steady states. All other pa-
rameters are given in table 3.2.

3.6.2 Time dependent solutions

The steady state analysis of the axolotl in vitro model shows that, for an appropriate choice of

parameter values, the system is bistable. We now seek time dependent solutions to the model,

aiming to reproduce qualitatively Activin dose response experiments whereby Brachyury is up-

regulated at low doses of Activin and Mix is up-regulated at high doses of Activin. Time-course

solutions for the concentrations of Mix, Brachyury and Goosecoid in response to three different

levels of Activin are plotted in figure 3.12. These levels of Activin were selected to illustrate

that both mesoderm and anterior mesendoderm cell fates are solutions to the model. For a low

dose of Activin the system evolves to the mesoderm stable steady state, where Brachyury is

up regulated and Mix and Goosecoid are expressed at a low level, as shown in figure 3.12(a).

At a high dose of Activin the system evolves to the anterior mesendoderm steady state, where

Mix and Goosecoid are up regulated and Brachyury is expressed at a low level, as shown in

figure 3.12(c). For an intermediate dose of Activin, the concentrations of Mix, Goosecoid and

Brachyury initially resemble the mesoderm steady state, before an increase in the levels of Mix

and Goosecoid cause the system to evolve to the anterior mesendoderm steady state, as shown

in figure 3.12(b). Note that for all doses of Activin, the initial behaviour of the system is similar,

as illustrated in figure 3.13. Mix expression precedes that of Brachyury, followed by a peak in

Brachyury expression. The level of Brachyury then either reaches its up regulated steady state

value, or becomes down regulated due to an increase in the levels of Mix and Goosecoid. Solu-

tions to (3.5.1) are plotted as functions of Activin dose (A) in figure 3.14. For A = 0 the system

remains at the trivial steady state. For A large enough, the system evolves to the mesoderm

steady state and, as A is increased further, the system passes through some critical value (AC)

and for A > AC evolves to the anterior mesoderm stable steady state.

In the axolotl in vitro model, Goosecoid is an important factor as its negative regulation of

Brachyury creating competition between Brachyury-expressing and Mix-expressing cells. In

the Xenopus in vitro model, Goosecoid is not required for the formation of two opposing popu-

lations of cells. Figure 3.15(a),(c),(e) plots solutions to the Xenopus in vitro model in the absence

of Goosecoid. Two distinct cell types form corresponding to mesoderm and endoderm, with
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(a) A = 4 (b) A = 4.5

(c) A = 6

Figure 3.12: Numerical solutions of the axolotl in vitro model (3.5.1). The response of Brachyury
(thin solid line), Mix (dashed line) and Goosecoid (dot-dashed line) are shown.
Parameters used are given in table 3.2.

these fates being reached dependent on the dose of Activin. Solutions to the axolotl in vitro

model in the absence of Goosecoid are plotted as functions of Activin concentration in figure

3.15(b),(d),(f). For all concentrations of Activin, the system evolves to the mesoderm steady

state, showing that Goosecoid is essential for the formation of a Mix up-regulated steady state.

3.6.3 Conclusions

In this section we have explored solutions to the in vitro mathematical model of the axolotl

mesendoderm GRN. The in vitro model describes the mesendoderm GRN downstream of Ac-

tivin in a single dissociated cell. Numerical solutions were sought to reproduce qualitatively
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Figure 3.13: Numerical solutions of the axolotl in vitro model (3.5.1). The response of Brachyury
(thin solid line), Mix (dashed line) and Goosecoid (dot-dashed line) are shown for
A = 4 (blue lines), A = 4.5 (red lines) and A = 6 (black lines). Parameters used are
given in table 3.2.

(a) τ = 0.1 (b) τ = 0.5

(c) τ = 8 (d) τ = 100

Figure 3.14: Numerical solutions of the axolotl in vitro model (3.5.1) as functions of A. The re-
sponse of Brachyury (thin solid line), Mix (dashed line) and Goosecoid (dot-dashed
line) are shown. Parameters used are given in table 3.2.

experimental observations in axolotl animal caps treated with Activin, such that low doses of

Activin induce mesoderm and high doses of Activin induce anterior mesendoderm. A steady

state investigation of the model reveals that, for a suitable choice of parameters, the model is

bistable with steady states corresponding to mesoderm and anterior mesendoderm. Time de-

pendent solutions show that these stable steady states can be reached dependent on the dose

of Activin. For low doses of Activin the model reaches the stable steady state corresponding to

mesoderm and for high doses the model reaches the anterior mesendoderm steady state, thus

reproducing experimental data qualitatively.

Plots of time dependent solutions showed that for all doses of Activin there is an initial peak in

Brachyury expression, before evolving to one of the stable steady states. This was unexpected
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(a) τ = 0.1 (b) τ = 0.1

(c) τ = 0.5 (d) τ = 0.5

(e) τ = 8 (f) τ = 8

Figure 3.15: Numerical solutions of the Xenopus in vitro model [95] and axolotl in vitro model
(3.5.1), in the absence of Goosecoid, as functions of A. The response of Brachyury
(thin solid line), Mix (dashed line) and Goosecoid (dot-dashed line) are shown.
Parameters used are given in table 3.2 for the axolotl model and as given in [95] for
the Xenopus.

since in whole embryos Mix expression precedes Brachyury, with Mix expressed from stage

8 and Brachyury expression commencing at stage 11 [139]. However the only parameter sets

we have found that yield bistability give this early peak of Brachyury expression. This gives

a prediction from our model, which can be tested by obtaining time course expression data in

Activin treated animal caps, such data are presented in section 4.1.1.

The main difference between the axolotl in vitro model and the Xenopus in vitro model in [95]

is the regulation of Brachyury by Mix. In Xenopus Mix negatively regulates Brachyury, but in

axolotl Mix is required for the expression of Brachyury. Changing the sign of this interaction

leads to different parameter values being required to give bistability. Comparing the Activin

dose response curve in the Xenopus in vitro model (figure 3.3) and the axolotl in vitro model

(figure 3.14) we see qualitative differences in the solutions of the models. Both models are

bistable with steady states which can be interpreted as corresponding to mesoderm and an-

terior mesendoderm cell fates. In the Xenopus model, Mix and Goosecoid are not expressed
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Figure 3.16: qPCR analysis of gene expression induced by Activin in axolotl animal caps Cap
explants were collected when sibling embryos reached stage 12.5 and qPCR anal-
ysis was performed to examine gene expression levels. Data obtained by Yi-Hsien
Chen.

at the mesoderm steady state, and Brachyury is not expressed at the endoderm steady state.

In the axolotl model, although Brachyury is expressed at lower levels than Mix or Goosecoid

at the anterior mesendoderm steady state, it is expressed at a non-zero level. Similarly, at the

mesoderm steady state Mix and Goosecoid levels are non zero, but at lower concentrations than

Brachyury. Experimental data from axolotl show that in mesodermal cells Brachyury is upregu-

lated and Mix is expressed at low levels (figure 3.16)f. Similarly, in anterior mesendoderm cells

Mix is upregulated and Brachyury is expressed at low levels (figure 3.16). The steady states of

the mathematical model are therefore in qualitative agreement with experimental observations.

Another difference between the Xenopus and axolotl in vitro models is the requirement of Goosec-

oid for bistability. In Xenopus both Mix and Goosecoid can suppress the expression of Brachyury.

Therefore the Xenopus in vitro model still shows bistable behaviour in the absence of Goosec-

oid. However, Goosecoid is the only factor that can repress Brachyury, making it essential for

bistability in the axolotl in vitro model. This gives an interesting testable prediction that meso-

derm and endoderm will still form in Xenopus embryos lacking Goosecoid in the axolotl, while

a knockdown of Goosecoid will result in embryos not forming endoderm. The prediction that

mesoderm and endoderm will still form in Xenopus embryos lacking Goosecoid is consistent

with experimental observations whereby the knockdown of Goosecoid results in the disruption

of patterning of the dorsal-ventral and anterior-posterior axis, but no disuption to mesdoderm

and endoderm formation is reported [124].

3.7 The axolotl in vivo model

In this section we explore solutions to the axolotl in vivo model (3.5.3). Recall that the in vivo

model describes the concentrations of Nodal1 (N), Lim1 (L), eFGF (E), Brachyury (B), Mix (M)
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and Goosecoid (G) downstream of the maternal factor β-catenin (C).

3.7.1 Steady-state equations

Steady states of the in vivo are found by setting d/dτ = 0 in (3.5.3), then solving the resulting

equations which are given by

C∗ = 0, N∗ = ψH

(
N∗

θN,N

)

, (3.7.1a)

L∗ =
λN,L

µL
H (N∗) , E∗ =

λB,E

µE
H (B∗) , (3.7.1b)

B∗ = {λE,BH (E∗) + λNM,BH (N∗)H (M∗)} {1 −H (G∗)} , (3.7.1c)

G∗ =
1

µG

{

λM,GH

(
M∗

θM,G

)

+ λL,GH

(
L∗

θL,G

)}{

1 −H

(
G∗

θG,G

)}

, (3.7.1d)

M∗ =
λX,M

µM
H

(
N∗

θX,M

){

1 −H

(
B∗

θB,M

)}

. (3.7.1e)

As in the Xenopus in vivo model, the steady state equations are independent of the levels of

β-catenin. Equation (3.7.1a) has two solutions, the trivial steady state N = 0 and a non-trivial

steady state N = N∗
> 0, corresponding to down-regulated and up-regulated Nodal1, respec-

tively. Solving the remaining equations for the trivial steady state of Nodal (N = 0) we obtain

E∗ =
λB,E

µE
H (B∗) , B∗ = λE,BH (E∗) , G∗ = M∗ = 0. (3.7.2)

(3.7.2) is a bistable system, with steady states corresponding to FGF and Brachyury upregu-

lating each other (i.e mesoderm) and the trivial steady state. When Nodal1 is expressed at its

non-trivial steady state, N = N∗
> 0, steady states of TFs downstream of Nodal1 are

E∗ =
λB,E

µE
H (B∗) , (3.7.3a)

B∗ = {λE,BH (E∗) + λNM,BH (N∗)H (M∗)} {1 −H (G∗)} , (3.7.3b)

G∗ =
1

µG

{

λM,GH

(
M∗

θM,G

)

+ λL,GH

(
L∗

θL,G

)}{

1 −H

(
G∗

θG,G

)}

, (3.7.3c)

M∗ =
λX,M

µM
H

(
N∗

θX,M

){

1 −H

(
B∗

θB,M

)}

. (3.7.3d)

Note that if we set L∗ = E∗ = 0 in (3.7.3) and replace N∗ with A, then these steady state

equations are identical to those for the axolotl in vitro model (3.6.1). Therefore, (3.7.3) is bistable,

with stable steady states corresponding to mesoderm and anterior mesendoderm. Thus, for a

suitable choice of parameters, the axolotl has four stable steady states; one corresponding to

anterior mesendoderm, two to mesoderm and one to the trivial steady state (ectoderm).
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Variable Parameter Value Variable Parameter Value
C µC 0.01 M λX,M 12
N λN,N 3 θX,M 3

θN,N 1 θB,M 1
λC,N 1 G λM,G 8
λC,N2 1 θM,G 1

B λX,B 6 λL,G 1
λE,B 12 θG,G 3

E λB,E 12 L λN,L 1
All other µ 1 θN,L 1

Table 3.3: Dimensionless parameter values used to obtain numerical results in the axolotl in vivo
model. Parameters were selected such that (3.5.3) is bistable with steady states cor-
responding to mesoderm and anterior mesendoderm, and so that the system evolves
to these steady states dependent on the concentration of β-catenin (C > 0).

3.7.2 Time-dependent solutions

Recall from section 1.8 that β-catenin can induce mesoderm and endoderm in a dose dependent

manner in axolotl. In this section, we obtain numerical solutions to the axolotl in vivo model

aiming to reproduce these observations. Solutions to (3.5.3) are plotted as functions of initial

β-catenin concentration (C0) in figure 3.17. For C0 small enough the system evolves to the

mesoderm branch. As C0 is increased beyond some critical value, the system will evolve to the

anterior mesendoderm branch. For C0 too small the system evolves to the trivial steady state

where neither Mix nor Brachyury are expressed. These numerical results are in qualitative

agreement with qPCR data collected from axolotl animal caps injected with β-catenin: At low

doses of β-catenin animal caps will become mesoderm (expressing Brachyury) and at higher

doses cells become anterior mesendoderm (expressing Mix and Goosecoid).

3.8 Nodal regulation in a simplified Xenopus mesendoderm GRN

In this section we discuss assumptions made when combining the multiple Nodal genes present

in Xenopus into a single representative node in the simplified mesendoderm GRN. In particular

we highlight differences in the mechanisms of induction of the Xenopus Nodals by VegT and

β-catenin, and the importance of these Nodals in mesendoderm specification. We present ev-

idence published since the formulation of the simplified mesendoderm GRN and Xenopus in

vivo model of [95], and modify the model based on this data. The modified in vivo model is

then used to investigate how changing the way in which VegT and β-catenin act on a single

Nodal gene alters downstream solution of the model.

3.8.1 Biological background

Recall that there are six members of the Nodal gene family in Xenopus, Xnr1-Xnr6. Xnr3 does

not induce mesoderm [50], thus we do not consider this gene any further in this section. There

are differences in the timing, function and induction of the remaining Nodal genes, which we

now describe. Xnr5 and Xnr6 are the first Nodal genes to be expressed in Xenopus embryos with
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(a) τ = 0.5 (b) τ = 1

(c) τ = 8 (d) τ = 100

Figure 3.17: Numerical solutions of the axolotl in vivo model (3.5.3) as functions of C0, for vari-
ous values of τ. The response of Brachyury (thin solid line), eFGF (dotted line), Mix
(dashed line), Goosecoid (dot-dashed line) and Nodal (blue solid line) are shown
in response to an initial concentration of β-catenin. Parameters used are given in
table 3.3.

expression first detected at the onset of zygotic transcription (stage 8 - 8.5). Xnr5 and Xnr6 ex-

pression peaks during blastula and decreases at the onset of gastrulation [141]. Xnr1 and Xnr2

are expressed from stage 9 and are maintained throughout gastrulation [141]. A targeted knock-

down of Nodal genes carried out in [90] shows that Xnr5/Xnr6 are required for mesendoderm

induction and Xnr1/Xnr2 are required for gastrulation movements. While a single knockdown

of Xnr5 or Xnr6 does not disrupt mesendoderm formation, a double knockdown results in a

downregulation of mesendodermal genes. Similarly, embryos develop normally when Xnr1

or Xnr2 are knocked down individually, but a double knockdown prevents gastrulation. A

systematic study of the induction of Nodal expression by combinations of VegT, β-catenin and

Activin-like signalling shows Nodal genes require different combinations of these factors to be

induced [117]. Xnr1, Xnr2 and Xnr4 are induced in the presence of VegT, or by Activin-like

signalling synergised by β-catenin. Xnr5 and Xnr6 are induced by VegT and β-catenin with

both factors essential for this induction. A summary of the regulation and timing of Xnr gene

expression from [90] is shown in figure 3.18.

In the in-vivo mathematical model of Middleton et al [95], Nodal is activated either by VegT

alone, or by Nodal autoregulation enhanced by β-catenin (figure 3.19A). This method of regula-

tion is as observed experimentally for Xnr1 and Xnr2 [117]. However Xnr5 and Xnr6 have been

shown to be key regulators of mesendoderm induction, while Xnr1 and Xnr2 are secondary to

this process [90]. We propose a modified version of the equation for the rate of change of Nodal

in the Xenopus in vivo model representing the regulation of Xnr5 and Xnr6 rather than Xnr1 and
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(a) Regulation of Xnr genes

(b)

Figure 3.18: (a) Regulation of Xnr genes by VegT and β-catenin. (b) The timing of Xnr gene ex-
pression and a model for the control of gastrulation and the regulation of mesendo-
derm regulators. Xnr5 and Xnr6 can activate both the mesendoderm programme
and Xnr1 and Xnr2. Xnr1 and Xnr2 activate movement effectors and may also con-
tribute to the mesendoderm programme. Figure taken from [90].

Xnr2. This single Nodal gene requires both VegT and β-catenin to be present for its activation

(figure 3.19B). Although Xnr5 and Xnr6 cannot autoregulate, we still include a term for Nodal

autoregulation which is enhanced by β-catenin. Our justification for this is that Xnr1 and Xnr2

may still play a small role in mesendoderm induction. The equation for the rate of change of

Nodal based upon figure 3.19B is

dN

dt
= λV,NH

(
V

θV,N

)

H

(
C

θC,N

)

+ λN,NH

(
N

θN,N

){(

1 + λC,NH

(
C

θC,N2

))}

− µN N.

(3.8.1)

The equations for the time evolution of the other genes in the network remain as in the Xenopus

in-vivo model of [95].

3.8.2 Nondimensional governing equations

The equations governing the modified Xenopus in vivo model are given below. For a detailed

description of the evidence used to construct this model and the non-dimensional scalings refer
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Figure 3.19: Ways of modelling VegT and β-catenin acting on a single representative Nodal gene
in Xenopus. (A) Nodal is activated by VegT alone, with β-catenin enhancing Nodal
autoregulation. (B) Both VegT and β-catenin are required to activate Nodal, with
β-catenin enhancing Nodal autoregulation.

to [94].

dV

dτ
= −µVV, (3.8.2a)
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= −µCC, (3.8.2b)
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subject to initial conditions

V(0) = V0, C(0) = C0, N(0) = 0, L(0) = 0, I(0) = 0, E(0) = 0,

B(0) = 0, G(0) = 0, M(0) = 0,

where V0, C0 are positive constants.

3.8.3 Solutions to the modified Xenopus in vivo model

We now analyse solutions to the modified Xenopus in vivo model and compare these solutions

with the original Xenopus in vivo model of [95]. Remember that the sole difference between

the original and modified equations is the role of VegT and β-catenin in inducing Nodal. The

steady state solutions to (3.8.2) are identical to those for the original Xenopus in vivo model
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shown in [95], since the steady states are independent of VegT and β-catenin. Therefore the

system (3.8.2) has three non-trivial steady states, one corresponding to endoderm (requiring

a non-trivial steady state concentration of Nodal) and two to mesoderm (in the presence and

absence of Nodal). We seek time-dependent solutions to (3.8.2) to show how initial levels of

VegT and β-catenin determine the steady states the systems reaches. As in [95], we explored

the effects of initial VegT and β-catenin concentrations on the dynamics of the in vivo model.

Solutions to (3.8.2) are plotted as functions of initial VegT concentration (V0) in figure 3.20. In

this case β-catenin is not present such that C(0) = 0 for all values of V0. Initially we find

that Mix and Brachyury are induced by VegT in a dose dependent manner, with Brachyury

expressed for small V0 and Mix expressed for large V0. As time proceeds, Brachyury becomes

expressed for an increasing range of V0. The system ultimately evolves to a steady state with

upregulated eFGF and Brachyury for V0 large enough (for small V0 the system evolves to the

trivial steady state). This steady state corresponds to eFGF and Brachyury upregulating each

other (i.e. mesoderm). Note that Nodal is not expressed with these initial conditions, since VegT

and β-catenin are both required for the expression of Nodal. Solutions to the mathematical

model with β-catenin in the absence of VegT show no expression of Mix or Brachyury genes,

since no factors upstream of these genes are induced by β-catenin alone.

We define an initial condition of β-catenin (C(0) = C0) as follows: C0 = a − bV0 for V0 < a/b

and C0 = 0 for V0 ≥ a/b. Numerical solutions of (3.8.2) in the presence of both VegT and β-

catenin are plotted in figure 3.21. In cells where VegT and β-catenin are co-expressed (V0 > 5),

Nodal is expressed at non-trivial levels. In this region, Brachyury and eFGF are expressed for

initial conditions of high β-catenin and low VegT, and Mix and Goosecoid are expressed for

high VegT and low β-catenin. These two steady states correspond to mesoderm and anterior

mesendoderm, respectively. For V0 ≥ 5, the model simulation is identical to that given in figure

3.20.

The results of the mathematical model show that in a single cell model, which neglects spatial

effects, VegT and β-catenin are both required for the model to evolve to steady states corre-

sponding to mesoderm (N = N∗
> 0) and anterior mesendoderm, dependent of the dose of

VegT. In the absence of VegT, β-catenin does not induce mesendoderm markers. For concentra-

tions of VegT in the absence of β-catenin, the system does not evolve to mesoderm and anterior

mesendoderm in a dose dependent manner. Instead, Mix and Brachyury are initially induced

by VegT in a dose dependent manner, but with expression levels lower than those obtained in

a model with both VegT and β-catenin in combination. These theoretical observations qualita-

tively agree with experimental data obtained by Yi-Hsien Chen (see figure 3.22) [16]. Axolotl

animal caps injected with concentrations of VegT (10pg and 50pg) fail to induce mesoderm. An

analysis of gene expression in these caps reveals that 10pg VegT weakly induces Brachyury, but

not Mix.1 or Mixer. A higher dose of VegT (50pg) induces both Mix and Brachyury. Axolotl ani-

mal caps co-injected with β-catenin and VegT cause an exaggerated dorsal mesoderm response,

with a low dose of VegT inducing mesoderm markers such as Brachyury and higher doses of

VegT inducing endodermal markers such as Mix.1 and Mixer (a member of the Xenopus Mix

family).
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(a) τ = 1 (b) τ = 8

(c) τ = 100 (d) τ = 1000

(e) τ = 10000

Figure 3.20: Numerical solutions to the Xenopus in-vivo model as a function of initial VegT con-
centration. The mathematical model is as given in [95], with the modified equation

for dN
dt as defined in (3.8.1), where V(0) = V0 and C(0) = 0. The response of the

following genes are shown: Brachyury (thin solid line), eFGF (dotted line), Mix
(dashed line), Goosecoid (dash-dotted line) and Nodal(blue solid line). Parameter
values used are given in [95], with the addition of θC,N2 = 1.

3.9 Discussion

In this chapter single cell models of mesendoderm specification in Xenopus and axolotl were

considered. We reviewed mathematical models of [95] which are based on a simplified version

of the full mesendoderm GRN in Xenopus. The axolotl was then introduced as a more suitable

model organism than Xenopus for studying a simplified mesendoderm GRN. A single Mix and

a single Nodal are required for mesendoderm formation in axolotl, compared with multiple

Mix and Nodal genes in the Xenopus mesendoderm GRN.

There are several differences in the topology of the axolotl and Xenopus mesendoderm GRNs

which were described in this chapter such as the role of the maternal factors and the regulation
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(a) τ = 1 (b) τ = 8

(c) τ = 100 (d) τ = 1000

(e) τ = 10000

Figure 3.21: Numerical solutions to the Xenopus in-vivo model as a function of initial VegT con-
centration. The mathematical model is as given in [95], with the modified equation

for dN
dt as defined in (3.8.1), where V(0) = V0 and C(0) = a − bV0, a = 50, b = 10.

The response of the following genes are shown: Brachyury (thin solid line), eFGF
(dotted line), Mix (dashed line), Goosecoid (dash-dotted line) and Nodal(blue solid
line). Parameter values used are given in [95], with the addition of θC,N2 = 1.

of Brachyury by Mix (see figure 1.7). Given these differences between the axolotl and Xenopus

networks, we modified the equations of the simplified Xenopus mesendoderm models given

in [95] to account for the axolotl mesendoderm GRN. Two models were formulated giving the

time evolution of transcription factors in a single cell. Both models were found to be bistable,

with steady states corresponding to mesoderm and anterior mesendoderm.

The axolotl in vitro model, which considered the time evolution of Mix, Brachyury and Goosec-

oid in response to Activin (figure 3.8), is able to reproduce qualitatively experimental obser-

vations in axolotl animal caps, where Brachyury is upregulated at low doses of Activin and

Mix is upregulated at high doses of Activin (Yi-Hsien Chen, personal communication). The

model was found to be bistable, with the steady states corresponding to mesoderm and ante-
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Figure 3.22: Xenopus animal caps overexpressing XlVegT, β-catenin and in combination. An-
imal caps were cut from stage 9 embryos injected with various combinations of
activin, XlVegT and β-catenin. The amounts of RNA injected are indicated. Animal
cap explants were collected at stage 20. Animal caps treated with activin elongate.
Dramatic elongation is caused by co-injection of XlVegT and β-catenin mRNAs.
XlVegT or β-catenin alone injected samples show no elongation. qPCR analysis
shows gene expression levels relative to ODC and then normalised to uninjected
samples (Un-in). Data obtained by Yi-Hsien Chen.
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rior mesendoderm. These two states can be reached dependent on the dose of Activin. For low

doses of Activin a cell evolves to the mesoderm steady state. As the dose of Activin is increased

there exists a critical dose of Activin (AC), such that for A > AC the system evolves to anterior

mesendoderm. The solutions to the model give predictions for a time course for expression of

Mix, Brachyury and Goosecoid in response to Activin. To test the validity of the model, we

will treat axolotl animal caps with doses of Activin and measure gene expression at several

time points to see if experimental and model time courses are qualitatively in agreement. The

only difference between the axolotl in vitro model (based on the GRN in figure 3.8) and the

Xenopus in vitro model (based on the GRN in figure 3.1) is the regulation of Brachyury by Mix.

In Xenopus there is a mutual antagonism of Mix.1 and Brachyury, which is thought to drive

the formation of mesoderm and endoderm. In axolotl, where this mutual antagonism is not

found, Mix is required for the expression of Brachyury. The only factor that creates competition

between mesoderm and anterior mesendoderm is the repression of Brachyury by Goosecoid.

The axolotl in vivo model investigates the mesendoderm GRN downstream of β-catenin based

on the GRN given in figure 3.7. Analysis of the model shows that β-catenin, in a similar manner

to Activin, can induce mesoderm and anterior mesendoderm in a dose dependent manner. In

this model β-catenin acts to induce Nodal signalling and there are no maternal factors present

which act directly on Mix/Brachyury. In contrast, in the Xenopus in vivo model VegT and β-

catenin induce Nodal signalling and VegT can also directly activate Mix and Brachyury (see

figure 3.4).

Modifications to the Xenopus in vivo model were considered using recent experimental evi-

dence. In the in vivo model of [95], it was assumed that VegT alone could induce the expression

of the single representative Nodal. However a recent paper reveals that both VegT and β-

catenin are required for the expression of the earliest expressed Nodal genes, so we modified

the in vivo mathematical model to reflect this. This modified model, as with the original in vivo

model, has four steady states, two corresponding to mesoderm, one to endoderm and one to the

trivial steady state (i.e. ectoderm). Our numerical investigations showed that for all initial con-

centrations of VegT in the absence of β-catenin, solutions evolve to a mesoderm steady state,

where Brachyury and FGF are maintained via a positive feedback loop. For cells exposed to

both VegT and β-catenin, the mesoderm and endoderm steady states are both available. These

results are consistent with experimental data.

The analysis of the mathematical models presented in this chapter is qualitative, since values

for the model parameters are not available in the literature. Although the axolotl provides a

model system in which to study a more simplified mesendoderm network than the Xenopus,

obtaining parameter values for our model parameters is still a non-trivial task. Due to the

many interactions between the genes in the network, including feedback loops, it is difficult

to measure individual parameters directly. However techniques exist whereby time course

expression of genes can be used to estimate many parameters at a time, and fit the model to

the time course expression data. In the next chapter, we introduce such parameter estimation

techniques and we obtain data and present preliminary findings of our model fits.
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Parameter Estimation in Single-cell

Models of Mesendoderm

Specification in Axolotl

In chapter 3 we identified the axolotl as a suitable model system for studying the mesendoderm

GRN. The axolotl mesendoderm GRN contains one Mix and one Nodal gene which, when

compared with the large Mix and Nodal gene families in Xenopus, provides a simpler GRN

to study. We formulated and analysed qualitatively two versions of a single cell model of the

axolotl mesendoderm GRN, namely the in vitro and in vivo models. The in vitro model gives the

interactions of Mix, Brachyury and Goosecoid downstream of Activin, based on the network in

figure 3.8, and in the in vivo model β-catenin activates Nodal, which then activates downstream

genes (i.e. Mix, Brachyury, Goosecoid and FGF) based on the network in figure 3.7. Both models

were found to be bistable with stable steady states corresponding to mesoderm and anterior

mesendoderm. The in vitro model reached these steady states dependent on the dose of Activin

and the in vivo model reached the steady states dependent on the dose of β-catenin consistent

with experimental data given in [16]. In this chapter, we estimate parameter values in the in

vitro model using a computational algorithm which minimises the error between experimental

data and the output of the model. We select the animal cap system as a suitable experimental

assay for obtaining data for use in the algorithm, since it gives gene expression data in a uniform

population of cells. We investigate the ability of Nodal1 and Activin to induce mesendoderm

in axolotl, we also confirm that, as shown in [139], Nodal2 is not involved in the induction of

mesendoderm in axolotl. We then use these data to estimate parameters in the axolotl in vitro

model. The behaviour of the model subject to the resulting parameter set is then tested against

independent gene knockout data, which suggests that further rounds of model refinement and

parameter estimation are required. Finally, we fit our data from axolotl animal caps to the

Xenopus in vitro model and compare this to the axolotl in vitro model to show differences in the

behaviour of the two models.
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Figure 4.1: Schematic illustrating the animal cap assay as taken from [139].

4.1 Quantitative gene expression data

Numerous molecular biology techniques are available for obtaining information on the expres-

sion of genes in the developing embryo, as reviewed in section 1.13.1. These data can be qual-

itative, showing if a particular gene is expressed, or quantitative, giving absolute or relative

levels of mRNA or protein in a sample. Recall that the output of the mathematical models for-

mulated in chapter 3 produces a time course for the level of each gene in the mesendoderm

GRN. Thus we require quantitative gene expression data to fit the model to. The models give

the mesendoderm GRN in a single cell. Therefore we do not require information on the spatial

distribution of genes or the spatial gradients which give rise to this expression. Directly mea-

suring quantitative gene expression data for an individual cell is not currently possible, so we

consider approaches for obtaining expression data in a single cell.

The animal cap assay is a well established experimental technique used to study the induction

of mesendoderm in axolotl [139] and Xenopus [66, 79]. Animal caps are the region of the embryo

which normally form ectoderm, and consist of a uniform population of cells. By treating animal

caps with mesendoderm inducing factors they will form either mesoderm and endoderm. In

the assay, embryos are injected with RNA at the single cell stage and left to develop until stage

9. At stage 9 animal cap explants are cut from the embryo and cultured until a time point of

interest. The phenotype of the caps show the type of cells it consists of: mesoderm is marked

by an elongated animal caps and endoderm is marked by a rounded phenotype (see figure 4.1).

To measure the expression of genes in the animal cap samples, RNA can be extracted and used

as a template for real-time quantitative PCR (qPCR), confirming the phenotype by measuring

levels of mesendoderm-specific genes. qPCR gives the expression of genes relative to ODC, a

‘house keeping’ gene whose expression is constant in all animal cap samples.

Kühn et al [76] investigate a single cell mathematical model of the mesendoderm GRN in sea

urchin, using time course gene expression data from whole embryos. Since the available data

give gene expression across the whole embryo rather than in a single cell, they recalculate the

whole embryo data as follows to give gene expression in a single cell

Cellular expression =
Whole embryo expression

Number of cells expressing each gene.

Regions where a gene is expressed is determined using in-situ hybridization data, and the num-
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ber of cells in these regions are inferred from fate maps. Recalculating quantitative data using

this method makes numerous assumptions such as the number of cells in a region of the em-

bryo and the uniform expression of the gene in regions where it is expressed and no expression

in regions where WISH cannot detect expression. In comparison, Animal caps consist of a uni-

form population of cells thus overcoming the need to adjust data from whole embryos. How-

ever, there are still issues with using the animal cap assay data to estimate parameter values in

mathematical models, which are discussed later in this chapter.

Next we need to select a gene which induces mesoderm and endoderm in axolotl animal caps

to investigate models of the mesendoderm network. From our knowledge of the Xenopus

mesendoderm network, we know that VegT and β-catenin are maternal factors involved in

the induction of mesoderm and endoderm which act to induce Nodal genes [21, 74, 83, 117,

127, 154]. It has previously been shown that VegT is not required to induce mesoderm and

endoderm in the axolotl [16], so we do not consider VegT any further. β-catenin regulates the

specification of mesoderm and endoderm via the induction of Nodal signals. Activin can also

induce mesoderm and endoderm in Xenopus animal caps [46, 47, 112]. Note that Activin is not

a candidate for inducing mesendoderm in wild-type embryos, as it is not expressed in the early

embryo and specific Activin blocking reagents do not affect normal development (see [42] for a

review). This gives us four candidate genes which may be able to induce mesoderm and endo-

derm in animal caps: β-catenin (a maternal factor), Nodal-1 and Nodal-2 (which are induced

by maternal factors) and Activin. Initially we choose to investigate the induction of mesoderm

and endoderm by Activin, Nodal-1 and Nodal-2. Once this has been fully explored we will add

upstream factors such as β-catenin to our model at a later date.

4.1.1 The induction of mesendodermal genes in axolotl in response to Ac-

tivin, Nodal1 and Nodal2

In this section we investigate the induction of mesoderm and endoderm by Activin, Nodal1 and

Nodal2. Activin can induce mesoderm and endoderm in a dose dependent manner in Xenopus

[43, 46–48, 112] and 1pg of Activin has been shown to induce mesoderm in axolotl animal

caps [139]. Nodal1 is required for gastrulation to occur in axolotl, as shown by a knockout

using antisense morpholino oligios (MO) in whole embryos [139]. In embryos treated with a

Nodal1 MO mesendodermal genes (for example Mix and Brachyury) are downregulated. In

the absence of Nodal2 embryos still gastrulate, and mesendodermal genes are still expressed

[139]. Given these existing data we predict that Activin and Nodal1 will induce mesoderm and

endoderm in a dose dependent manner, and Nodal2 will not induce mesoderm and endoderm,

when over-expressed in axolotl animal caps.

To test the ability of Activin, Nodal1 and Nodal2 to induce mesendoderm we use the animal

cap assay as shown in the schematic in figure 4.1. Embryos were injected with the levels of

mRNA shown in table 4.1, and uninjected caps which form ectoderm were used as a control.

Uninjected whole embryos were also used as a timing control. Since we wish to use the data

obtained for fitting our mathematical models, we collect animal cap samples at four time points.
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mRNA Amounts
Activin 1pg 25pg -
Nodal1 100pg 500pg 1ng
Nodal2 100pg 500pg 1ng

Table 4.1: Amounts of Activin, Nodal1 and Nodal2 injected into single cell embryos in the ani-
mal cap assay.

The first time point corresponds to when the caps were cut at stage 9 (‘0 hours’), caps are then

collected at 12, 24 and 48 hours later. Each sample was assayed using qPCR for the expression

of several genetic markers of mesoderm and endoderm: Brachyury (a marker of mesoderm),

Mix, Sox17 (a marker of endoderm), FGF8, Goosecoid, Nodal1 and Nodal2. The phenotype of the

animal cap samples were noted at either 24 or 48 hours.

The phenotypes of animal caps overexpressing Activin, Nodal1 and Nodal2 are shown in fig-

ure 4.2. As expected, uninjected caps form ectoderm. At a low dose (1pg) of Activin the caps

elongate forming mesoderm, and at a higher dose (25pg) caps become endoderm (figure 4.2a).

Caps injected with doses of AxNodal1 form mesoderm; elongation of caps is greatest at 100pg

AxNodal1, increasing the dose to 500pg the caps still elongate, reduces the extent of this elon-

gation. At 1ng of AxNodal1, the caps resemble neither mesoderm, endoderm or ectoderm.

Caps injected with doses of AxNodal2 do not form mesoderm or endoderm. This result sug-

gests that AxNodal2 does not function in mesendoderm induction, which is consistent with

previous observations that embryos still form mesoderm in the absence of AxNodal2 [139].

To confirm the phenotypes of the animal cap samples, the expression of mesendodermal genes

was measured by qPCR. Gene expression in Activin injected caps is shown in figure 4.3. Brachy-

ury is upregulated in 1pg Activin caps and not expressed in 25pg Activin caps. Mix is induced

at both doses of Activin, with strongest expression in 25pg Activin caps. The induction of

Goosecoid by Activin follows a similar pattern to the induction of Mix, with Goosecoid induced

at both 1pg and 25pg Activin, with the greatest expression at the 25pg dose. Also note that the

expression of Goosecoid in Activin caps is much stronger than expression in uninjected whole

embryos. An analysis of the induction of Sox17 by Activin confirms that endoderm forms at

25pg Activin, as marked by strong expression of Sox17. Conversely, Sox17 is not induced at

1pg Activin.

The induction of key mesendodermal genes by Nodal1 is shown in figure 4.4. Brachyury is

induced strongly by 100pg Nodal1 and at higher doses (500pg and 1ng Nodal1) the induction

of Brachyury is weaker than that for 100pg, but still greater than the levels in uninjected caps.

Note that, at all three doses of Nodal1, Brachyury is not upregulated until 24 hours (corre-

sponding to stage 12 whole embryos). This is similar to that seen in whole embryos, where

Brachyury expression does not commence until the midblastula stages [64, 139]. The levels of

Mix induced by Nodal1 are low compared with expression in whole embryos. The induction

of Mix is strongest at 100pg Nodal1 and at 500pg and 1ng Nodal1 levels of Mix are similar to

those found in uninjected caps. All three doses of Nodal1 fail to induce Goosecoid or Sox17.

The lack of induction of Sox17 suggests that endoderm is not induced by Nodal1 in axolotl
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(a) Activin injected animal caps

(b) Nodal injected animal caps

Figure 4.2: Axolotl animal caps overexpressing (a) Activin, (b) Nodal1 and Nodal2. Animal
caps were photographed at (a) 48 hours (stage 15 whole embryo control) and (b) 24
hours (stage 12 whole embryo control). Animal caps were cut from stage 9 embryos
injected with Activin, Nodal1 or Nodal2 RNA into the animal pole at the one or two
cell stage. Amounts injected per embryo are stated above each set of caps. (a) At a
low dose (1pg) of Activin, caps show an elongation phenotype and at a higher dose
(25pg Activin) caps form an endodermal-like tissue. (b) Animal caps elongated in
response to AxNodal1, with the most extensive elongation occurring in response to
the lowest dose (100pg) of AxNodal1. Animal caps did not differ from the uninjected
phenotype in response to AxNodal2.

animal caps. FGF8 is expressed at all three levels of Nodal1, with expression being highest at

100pg Nodal1 and decreasing as the dose of Nodal1 increases. The levels of Nodal1 measured

in animal caps from embryos injected with Nodal1 are much higher than the levels in whole

embryos or uninjected caps. This is expected since a whole embryo contains only 1.78pg of

Nodal1 (Yi-Hsien Chen, personal communication) and we injected doses of 100pg, 500pg and

1ng. At the two lower doses (100pg and 500pg) of Nodal1, the levels of Nodal present increases

between 0 and 12 hours before decreasing at later time points. At the highest dose (1ng) of

Nodal1, the expression of Nodal1 is highest at 0 hours and decreases as time proceeds. Nodal2

is not capable of inducing the expression of mesendodermal genes at doses of 100pg, 500pg or

1ng as shown in figure 4.5.

The data presented in this section shows differences in mesendoderm induction by Activin,

Nodal1 and Nodal2. Activin is able to induce mesoderm and endoderm in a dose dependent

manner in axolotl animal caps. Mesoderm is induced at a low dose (1pg Activin) and endoderm

is induced at a high dose (25pg Activin). Mesoderm, but not endoderm, is induced by Nodal1

and neither mesoderm or endoderm are induced by Nodal2. The differences in the ability of

Activin, Nodal1 and Nodal2 to induce mesoderm and endoderm are shown in the expression
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Figure 4.3: qPCR analysis of gene expression in response to Activin. Caps were collected at
the equivalent to stage 9 (0 hours), then 12, 24 and 48 hours later. Gene expression
levels are relative to ODC, then normalised to each gene in uninjected caps at 0
hours.

of genes. A key difference in the genes induced by Nodal1 and Activin is the expression of

Mix. In caps which form mesoderm (100pg Nodal1 and 1pg Activin caps) levels of Mix are

approximately 100 times the level found in uninjected caps. When the level of Activin is in-

creased to a dose capable of inducing endoderm, Mix expression is approximately 500 times

the uninjected cap level. However as the dose of Nodal1 is increased Mix levels decreases.

Genes downstream of Mix, such as Goosecoid and Sox17 are also not induced by any level of

Nodal1, but are strongly induced at high levels of Activin. This suggests that Nodal1 and Ac-

tivin induce Mix in different ways. This is surprising since Nodal and Activin are thought to act

through the same signalling pathway. The differences in the induction of Mix by Nodal1 and

Activin warrants further investigation, which is beyond the scope of this thesis. Nodal2 does

not induce any mesendodermal genes, consistent with it not having a role in mesendoderm

induction [139].
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Figure 4.4: qPCR analysis of gene expression in response to AxNodal1. Caps were collected
at the equivalent to stage 9 (0 hours), then 12, 24 and 48 hours later. Gene expression
levels are relative to ODC, then normalised to each gene in uninjected caps at 0
hours.

4.2 Parameter estimation in models of the axolotl mesendo-

derm GRN

In this section we use the experimental data presented in section 4.1 to estimate parameters in

a mathematical model of the axolotl mesendoderm GRN. Our experimental findings indicate

that Activin can induce both mesoderm and endoderm, whilst Nodal1 only induces meso-

derm. Since mesendoderm induction by Nodal1 requires further experimental investigation,

we choose to estimate parameter values in a model of the axolotl mesendoderm GRN down-

stream of Activin. As described in section 1.13, many computational algorithms are available

that search parameter space to minimise the error between a mathematical model and experi-

mental data. Here we choose to use a hybrid algorithm which combines the genetic algorithm

(GA) with a local parameter search. The algorithm is implemented in MATLAB, using the ga
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Figure 4.5: qPCR analysis of gene expression in response to Nodal2. Caps were collected at
the equivalent to stage 9 (0 hours), then 12, 24 and 48 hours later. Gene expression
levels are relative to ODC, then normalised to each gene in uninjected caps at 0
hours.

function from the global optimization toolbox for the GA and the fmincon function from the

optimization toolbox for the local search.

4.2.1 Mathematical model

The axolotl in vitro model developed in chapter 3 describes the axolotl mesendoderm GRN

downstream of Activin in a single dissociated cell. However the animal caps used to obtain

our experimental data consist of a uniform population of cells. As such we modify the axolotl

in vitro model to describe the mesendoderm GRN in a single cell embedded in a uniform pop-

ulation of cells. In a single dissociated cell we assumed that the eFGF signal secreted was too

weak to act on its downstream targets. Therefore eFGF was not included in the in vitro model

developed in chapter 3. In a uniform population of cells, such as an animal cap, we assume
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that the eFGF signal secreted is strong enough to act on its downstream targets. As such we

include terms in our model representing the action of eFGF. Recall that eFGF is activated by

Brachyury and also acts to positively regulate Brachyury, forming an eFGF/Brachyury positive

feedback loop. To keep our model as simple as possible, and to reduce the number of unknown

parameters, we represent the eFGF/Brachyury feedback loop as the positive autoregulation of

Brachyury. The governing equations of the axolotl in vitro model we will use for estimating

parameter values are

dM

dt
= λA,MH

(
A

θA,M
, m1

){

1 −H

(
B

θB,M
, m2

)}

− µM M, (4.2.1a)

dG

dt
= λM,GH

(
M

θM,G
, m3

){

1 −H

(
G

θG,G
, m4

)}

− µGG, (4.2.1b)
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, m6

)

+ λB,BH

(
B

θB,B
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)]{

1 −H

(
G

θG,B
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)}

− µBB,

(4.2.1c)

where H(x, m) = xm

xm+1 is the Hill function with Hill coefficient m. Note that (4.2.1) is the

same as (3.4.9) with the addition of the λB,BH
(

B
θB,B

)

term representing Brachyury positive

autoregulation. The model has 23 unknown parameters, consisting of 4 rates of production

parameters (λ), 8 threshold parameters (θ), 3 rates of turnover (µ) and 8 hill coefficients (m). To

estimate values of these parameters we will use data on the expression of Mix, Brachyury and

Goosecoid in caps injected with two doses (1pg and 25pg) of Activin, as shown in figure 4.3.

There are 24 experimental data points which we use to estimate 23 parameters. Note that this

data is rather limited given the number of unknown parameters in the model, since there is a

limit on the number of embryos available to carry out any single experiment and hence a limit

on the resulting number of data points.

4.2.2 Preliminaries

We now consider how to use the qPCR data from Activin injected animal caps to parameterise

the axolotl in vitro model. The mathematical model describes the time evolution of transcription

factors (i.e. proteins), however our data gives the level of mRNA in a sample. We assume

that the concentration of protein translated from mRNA is proportional to the concentration of

mRNA transcript, and fit the model to mRNA data.

The first time point at which we collect data in the experiments of section 4.1 is at stage 9

(which we call 0 hours) corresponding to when animal cap explants are removed from the

embryo. However, transcription of zygotic genes commences at the mid-blastula transition

(MBT) which occurs at stage 8 [41]. By stage 9 genes in the mesendoderm GRN may already

be expressed. From figure 4.3 it can be seen that at 0 hours Mix and Goosecoid are upregulated

in Activin injected caps compared with uninjected caps, suggesting that transcription of these

genes has commenced at this time point. Stage 9 is the earliest stage at which caps can be

cut from the embryo. To overcome this problem we to set the model time such that t = 0
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Model time t Experimental Time T (hours)
0 N/A
6 0

18 12
30 24
54 48

Table 4.2: Rescaling of experimental time scale for the mathematical model

corresponds the MBT at stage 8. Here, we assume that MBT occurs 6 hours before stage 9 and

rescale time accordingly, such that t = T + 6, where t is time in the mathematical model and T

is experimental time (see table 4.2).

Another issue is that the qPCR data we use are normalised to some reference concentration (see

Materials and Methods, chapter 2 for more details). For example, in the gene expression data

in section 4.1.1 the expression level of each gene is normalised to the genes expression in unin-

jected caps at 0 hours (stage 9). To ensure consistency between the experimental data and the

mathematical model, we normalise the mathematical model in the same way as experimental

data before comparing the model output with experimental data. For evaluating how well our

in vitro model (4.2.1) fits to the data, we normalise all mRNA concentrations to the level of Mix

in 1pg Activin injected caps at stage 9 (0 hours). The output of the mathematical model is then

defined as:

X̄model
i,j =

Xmodel
i,j

Ymodel
1,6

(4.2.2)

where X̄model
i,j is the normalised model output for Activin dose i at time j, Xmodel

i,j is the unscaled

model output for Activin dose i at time j and Ymodel
1,6 is the unscaled model output for Mix at

t = 6 in 1pg injected caps.

In the hybrid parameter estimation algorithm the fitness function (F) gives a measure of the

error between the mathematical model and the experimental data. F is defined by

F(Ndata
i,j , Nmodel

i,j ) =
m

∑
i=1

m

∑
j=1

ωi

(

Ndata
i,j − Nmodel

i,j

)2
, (4.2.3)

where Nmodel
i,j is the normalised model output as defined in (4.2.2) and Ndata

i,j is the correspond-

ing experimental data point and ωi,j is a weighting of the fitness function. For each gene at each

data point we define ωi,j =
1

Xdata
i,T

, where Xdata
i,T is the concentration of the gene X at t = T.

As in chapter 3, we assume that a cell can remember the concentration of Activin it receives

(via the maintenance of a pool of phosphorylated Smad2), meaning that the concentration of

Activin is a constant parameter in the model. To simulate a 1pg dose of Activin, we set A = 1

and for a 25pg dose of Activin we set A = 25. After rescaling time as discussed above, so

that t = T + 6, where t is time in the mathematical model and T is the experimental time where

T = 0 is the time when the caps are cut, we set initial conditions such that no factors are present

in the cap at t = 0 so that

M(0) = B(0) = G(0) = 0. (4.2.4)
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We use a hybrid algorithm, consisting of several generations of a global search method (the

Genetic Algorithm [59]), followed by a local search. Since there is a stochastic element to the

algorithm, we run our algorithm several times in order to minimise the error between the math-

ematical model and the experimental data. A measure of this error is given by the fitness func-

tion F which we define as:

F1 (Xmodel, Xdata) =

∑
t=6,18,30,54

(Bdata(1, t)− Bmodel(1, t))2

Bdata(1, 6)2
+ 0.024 ∗ ∑

t=6,18,30,54

(Bdata(25, t)− Bmodel(25, t))2

Bdata(25, 6)2

+ ∑
t=6,18,30,54

(Gdata(1, t)− Gmodel(1, t))2

Gdata(1, 6)2
+ 2 ∗ ∑

t=6,18,30,54

(Gdata(25, t)− Gmodel(25, t))2

Gdata(25, 6)2

+ ∑
i=1,25

∑
t=6,18,30,54

(Mdata(i, t)− Mmodel(i, t))2

Mdata(i, 6)2
, (4.2.5)

where Bdata(i, t) (Mdata(i, t), Gdata(i, t)) is the gene expression data for Brachyury (Mix, Goosec-

oid) for an Activin dose ipg at time t and Bmodel(i, t) (Mmodel(i, t), Gmodel(i, t)) is the expression

of Brachyury (Mix, Goosecoid) predicted by the mathematical model for an Activin dose ipg at

time t.

4.2.3 Parameter estimation results

Results of the parameter estimation algorithm are now presented. Since there is a stochastic

element to the algorithm, it is not guaranteed that the model converges to the optimum solu-

tion. With this is mind we carry out numerous runs of the algorithm, presenting here the best

resulting fits of the model to the experimental data. The best fit for the model (4.2.1) to exper-

imental data is shown in figure 4.6. The model simulation is in good agreement with qPCR

expression data for Brachyury, but does not capture the behaviour of Mix and Goosecoid. For

example, the model does not show the decrease in Mix and Goosecoid after 18 hours seen in the

data. To obtain a more satisfactory fit of the model to experimental data, we need to modify the

mathematical model. Examples of possible modifications to the model are including extra TFs

or more links between existing TFs. The decrease in levels of Mix and Goosecoid seen between

18 and 52 hours looks as if it could be due to degradation of TFs. We therefore choose to explore

adding the turnover of Activin to the model.

We proceed to modify the axolotl in vitro model to include the turnover of Activin. In the

previous model we assumed that a cell ‘remembers’ the highest dose of Activin it receives and

A was set to be a constant parameter. We change the model such that Activin is turned over at

a rate µA, governed by the equation

dA

dt
= −µA A. (4.2.6)

Initial conditions of A are defined as follows; for a 1pg dose of Activin, we set A(0) = 1 and for
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Figure 4.6: Experimental data (dots) and simulation results (lines) for the axolotl in vitro model
(4.2.1). Model parameters were sought using a parameter estimation algorithm as
described in the main text, and are as given in the ‘axolotl A’ table 4.3.

a 25pg dose of Activin we set A(0) = 25. All other equations and initial conditions remain as

defined in (4.2.1) and (4.2.4).

The best fit for the model given in (4.2.1) and (4.2.6) is shown in figure 4.7. This model is able

to reproduce experimental data better than the previous model which assumed a fixed concen-

tration of Activin. The model simulations in figure 4.7 qualitatively capture the behaviour of

the experimental time-course data, such as the initial increase in Mix and Goosecoid, their peak

between 12 and 24 hours, and their subsequent degradation. The model simulation also repro-

duces the experimental data for Brachyury, with Brachyury upregulated at a 1pg dose of Activin

and downregulated at 25pg Activin. The model shows a small initial peak in Brachyury levels

between 0 and 6 hours in 25pg Activin caps, which corresponds to between stages 8 and 9 in

whole embryos. We hypothesize that this is unlikely to occur in-vivo since in whole embryos

Brachyury is not detected until stage 10.5 [63, 139]. However, previous studies of Brachyury ex-

pression do not measure the levels of Brachyury between key developmental stages. Therefore

to determine whether this peak in expression occurs in vivo, Brachyury levels would need to

be measured at hourly intervals between stages 8 and 9, although this would be a complex

experiment.

We now explore the dynamics of the model used to produce the simulations in figure 4.7 subject

to various conditions to give predictions about the behaviour of the mesendoderm GRN in

axolotl. To show the long term behaviour of the system, time-dependent solutions are plotted

from 0 to 200 hours in figure 4.8. Activin levels decay over time, this is expected since the

equation for the rate of change of Activin (4.2.6) contains only a term for its turnover. By 50
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Variable Parameter Axolotl A Xenopus A Axolotl B Xenopus B
A µA - - 0.15 0.12
M λA,M 0.33 0.75 0.01 0.046

θA,M 5.00 1.16 9.99 5.19
m1 1.00 3.76 1.00 1.00

θB,M 0.53 1.20 0.53 1.51
m2 3.12 4.00 2.61 2.72
µM 0.24 0.078 0.072 0.066

G λM,G 3.36 11.96 32.85 29.55
θM,G 0.66 3.38 45.89 24.42
m3 2.68 4.00 1.00 1.00

θG,G 1.87 23.09 100 0.78
m4 2.52 4.00 4.00 1.38
µG 0.14 0.13 0.23 0.18

B λA,B 0.16 0.03 0.09 0.0016
θA,B 0.53 0.28 0.013 0.032
m5 2.31 3.67 3.86 2.74

θM,B 0.47 997.21 0.55 0.22
m6 2.87 - 1.08 -

θG,B 0.97 670.09 0.032 101.01
m7 2.86 1.12 4.00 3.29

λB,B 1.81 2.05 108.37 0.75
θB,B 0.30 0.18 11.89 0.095
m8 1.41 3.30 1.00 1.13
µB 1.95 1.12 9.11 5.21

Table 4.3: Parameter values used to solve the mathematical model of the axolotl and Xenopus
mesendoderm networks. These parameter sets are the best fits obtained using our
parameter estimation algorithm.

hours after the onset of zygotic transcription Activin has reached negligible levels. After peaks

in Mix and Goosecoid which occur at around 12 hours, there is a decay in mRNA levels and by

100 hours the levels are negligible. Whilst the dynamics of Mix and Goosecoid are qualitatively

the same for both 1pg and 25pg Activin, the behaviour of Brachyury is different for the two doses

of Activin. In 25pg Activin caps there is a ‘spike’ in Brachyury at t = 3 followed by a smaller

peak in expression at t = 50, apart from these two peaks in expression Brachyury is very weak

at this dose of Activin. In 1pg Activin caps Brachyury peaks at approximately 30 hours then

decays, note that Brachyury is still upregulated at 200 hours, likely a consequence of Brachyury

positively regulating its own production (representing the eFGF/Brachyury feedback loop).

Figure 4.9 shows model simulations for several dosed Activin. As the dose of Activin increases,

the quantitative behaviour of Mix and Goosecoid remains the same; the expression of each gene

increases to a maximum concentration between 12 and 24 hours before decaying to negligible

levels. The maximum levels of Mix and Goosecoid increase as the dose of Activin increases.

The qualitative behaviour of the time course of Brachyury expression changes as the dose of

Activin increases. At 1pg of Activin, Brachyury reaches its maximum expression level at 30

hours, followed by a decrease in its expression. For Activin doses greater than 5pg there is an

initial ‘spike’ in Brachyury levels followed by a period of downregulation and a later, smaller

peak in Brachyury levels.

Next we investigate the role of Activin turnover on the behaviour of Mix, Brachyury and

Goosecoid in the model. Model simulations are compared in the presence and absence of Ac-

tivin turnover (corresponding to µA = µ̃A where µ̃A is the value from parameter estimation

and µA = 0, respectively) in figure 4.10. When Activin turns over, the solutions of the model
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Figure 4.7: Model simulation for the axolotl in vitro model including the turnover of Activin
Experimental data (dots) and simulation results (lines) for the axolotl in vitro model
(4.2.1) and (4.2.6). Model parameters were sought using a parameter estimation al-
gorithm as described in the main text, with the resulting parameter set given in the
’axolotl B’ column of table 4.3.

are as described above, with Mix and Goosecoid decaying to negligible levels after reaching a

maximal level between 12 and 24 hours. When Activin levels remain constant Mix and Goosec-

oid continue to increase until they reach a steady state value. The steady state value reached is

dependent on the dose of Activin. The increase in levels of Goosecoid causes Brachyury to be

down regulated in 1pg Activin caps compared with the ‘wild type’ behaviour.

In what follows we make use of existing data on the knockdown and overexpression of Mix

from [139] to test our model using an independent data set from that used in parameter estima-

tion. A knockdown of Mix in whole embryos causes a down regulation of Brachyury compared

to its wild-type expression level. In the in vitro model (4.2.1), Mix is required for the induction

of Goosecoid and Brachyury. The knockdown of Mix, by setting λA,M = 0 in the model, results

in no expression of Brachyury and Goosecoid (figure 4.11). This feature of the model results

from the topology of the mesendoderm GRN rather than the parameter values used to obtain

numerical solutions, meaning that this result gives no information on the validity of estimated

parameter values. A further experiment carried out in [139] investigates the role of Mix in res-

cuing the mesoderm phenotype in caps depleted of Mix. Elongation of caps (i.e. mesoderm) is

induced by 1pg Activin in animal caps, this induction is blocked by the co-injection of a Mix

MO. In these samples mesoderm is rescued by Mix RNA; A low dose of Mix (20pg) causes the

morphant caps to become mesoderm and a higher dose (200pg) induces endoderm. To test

that Mix is able to rescue mesoderm in our mathematical model we set A(0) = 1 (an initial

condition of 1pg Activin), λA,M = 0 (a Mix MO) and M(0) = Mlow or Mhigh to simulate a low
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Figure 4.8: Model simulation for the axolotl invitro model as given by (4.2.1) and (4.2.6), in-
cluding the turnover of Activin Model parameters were sought using a parameter
estimation algorithm as described in the main text, with the resulting parameter set
given in the ‘axolotl B’ column of table 4.3.

Figure 4.9: Investigation of the level of gene expression in response to Activin. The model
is as given in equations (4.2.1) and (4.2.6) solved subject to parameters given in the
‘axolotl B’ column of table 4.3.

or high dose of Mix. In these cases the model is in qualitative agreement with experimental

observations, such that a low dose of Mix rescues mesoderm, but endoderm forms at a high

dose of Mix (figure 4.12).

We investigate the behaviour of our model when Brachyury and Goosecoid are either removed

or overexpressed. The knockout and overexpression of Brachyury and Goosecoid have not been

tested experimentally, meaning the model will give predictions that can be tested experimen-

tally. When Brachyury is removed from the model, there is no change in the expression levels of

Mix and Goosecoid (figure 4.13). This is surprising since in the mesendoderm GRN Brachyury

negatively regulates Mix. When Brachyury is overexpressed there is a slight decrease in the

maximum levels of Mix and Goosecoid reached, but the qualitative behaviour does not change

(figure 4.14). A knockdown of Goosecoid results in an approximately two fold increase in the

level of Brachyury in 1pg Activin caps and in 25pg Activin caps Brachyury is strongly upregu-

lated when compared with the full in vitro model. The knockdown of Goosecoid does not affect

levels of Mix (figure 4.15). The overexpression of Goosecoid does not affect the expression of

Mix, as expected since Mix is not downstream of Goosecoid in the mesendoderm GRN. How-

ever an overexpression of Goosecoid causes a downregulation of Brachyury. In particular the

‘spike’ of Brachyury seen in the full model does not occur when excess Goosecoid is present

(figure 4.16).
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Figure 4.10: Investigating the role of Activin turnover. The model is solved in the presence
(dashed line) and absence (solid line) of Activin turnover. The model is as given
in equations (4.2.1) and (4.2.6) solved subject to parameters given in the ‘axolotl B’
column of table 4.3.

Figure 4.11: Investigating the action of Mix. The model is solved in the presence (dashed line)
and absence (solid line) of Mix. The model is as given in equations (4.2.1) and (4.2.6)
solved subject to parameters given in the ‘axolotl B’ column of table 4.3.
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Figure 4.12: Investigating the action of Mix The rescue of mesoderm in Mix MO caps by the
injection of a low dose Mix. Higher doses cause the caps to be endoderm. The
model is as given in equations (4.2.1) and (4.2.6) solved subject to parameters given
in the ‘axolotl B’ column of table 4.3.

Figure 4.13: Investigating the action of Brachyury. The model is solved in the presence (dashed
line) and absence (solid line) of Brachyury. The model is as given in equations
(4.2.1) and (4.2.6) solved subject to parameters given in the ‘axolotl B’ column of
table 4.3.
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Figure 4.14: Investigating the action of Brachyury. The model is as given in equations (4.2.1)
and (4.2.6) solved subject to parameters given in the ‘axolotl B’ column of table 4.3.

Figure 4.15: Investigating the action of Goosecoid. The model is solved in the presence
(dashed line) and absence (solid line) of Goosecoid. The model is as given in equa-
tions (4.2.1) and (4.2.6) solved subject to parameters given in the ‘axolotl B’ column
of table 4.3.
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Figure 4.16: Investigating the action of Goosecoid. The model is as given in equations (4.2.1)
and (4.2.6) solved subject to parameters given in the ‘axolotl B’ column of table 4.3.

4.2.4 Testing model predictions

To verify that the model reproduces successfully the behaviour of the biological system, ex-

perimental data is obtained to test independently the predictions of the mathematical model.

Here we choose to test model behaviour in the case of a Brachyury knockout. Recall from

figure 4.13 that the mathematical model predicts that Mix and Goosecoid levels are unaltered

when Brachyury is removed from the model. This is due to the parameter estimation algorithm

selecting a high threshold concentration for the repression of Mix by Brachyury. To test this pre-

diction, we knockout the function of Brachyury in Activin injected animal caps by co-injecting

a Brachyury morpholino (MO).

We measure the expression of Mix in six samples, as described below. The expression of

Brachyury is also measured as a control to show that the Brachyury MO is functioning correctly.

The six samples we obtain data for are: (1) whole embryos (as a timing control), (2) uninjected

caps, (3) 5pg Activin caps, (4) 5pg Activin caps with Brachyury MO, (5) 25pg Activin caps and

(6) 25pg Activin with Brachyury MO. The expression of Mix and Brachyury in these samples is

shown in figure 4.17. The Brachyury MO is designed such that it targets splice functions result-

ing in a mis-spliced mRNA. The efficiency of the MO was then measured using qPCR primers

targeted at the mis-spliced region, showing that the Brachyury MO results in the knock down

of functional Brachyury mRNA. By comparing the expression of Mix in the cap samples, we find

that the knock down of Brachyury results in an upregulation of Mix at both doses of Activin.

Therefore, the prediction of the mathematical model is not consistent with the experimentally

obtained data.
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Figure 4.17: The knockdown of Brachyury in Activin-injected animal caps using a Brachyury
MO. The Brachyury MO causes levels of Brachyury to decrease to levels found
in uninjected caps. The concentration of Mix is upregulated in the absence of
Brachyury.

4.2.5 Further parameter estimation results

As the mathematical model does not reproduce the behaviour of a Brachyury knockout exper-

iment, we carry out further runs of the parameter estimation algorithm with a modified fitness

function. In section 4.2.3, parameters were sought to minimise the error between the model

and the expression of Mix, Brachyury and Goosecoid in Activin injected caps at four time points

(using the fitness function defined in (4.2.5)). We add a term for the behaviour of a Brachyury

knockout: At t = 18, we define the fitness function such that in 1pg Activin caps, Mix is ex-

pressed at twice the ‘wild-type’ level in a Brachyury knockout and in 25pg Activin caps with

Brachyury MO, Mix is expressed at 1.5 times its ‘wild-type’ level, i.e.

F2 (Xmodel, Xdata) =

(
2Mmodel(1, 18)− MKO

model(1, 18)
)2

Mmodel(1, 18)2
+

(
1.5Mmodel(25, 18)− MKO

model(25, 18)
)2

Mmodel(25, 18)2
.

(4.2.7)

The new fitness function, F3, is

F3 (Xmodel, Xdata) = F1 (Xmodel, Xdata) + F2 (Xmodel, Xdata) , (4.2.8)

where F1 and F2 are as defined in (4.2.5) and (4.2.7), respectively.

The expression of Mix, Brachyury and Goosecoid for three parameter sets obtained using our

parameter estimation with a fitness function defined by (4.2.8) are shown in figures 4.18, 4.19

and 4.20. In figure 4.18, the model is in good agreement with the experimental data, except

for the expression of Brachyury in 1pg Activin caps. In the model Brachyury levels do not

increase until t ≈ 48 hours, whilst in the experimental data Brachyury levels increase at t = 18

hours. However we see that Mix is upregulated in the absence of Brachyury, as expected from

Brachyury MO experiments. Figure 4.19 gives an example of a parameter set where the model

gives a reasonable fit to Brachyury in both 1pg Activin caps and 25pg Activin caps. In this

case the model does not fit well to the data for Goosecoid expression in 1pg Activin caps, but

does give the correct behaviour of Mix in a Brachyury knockout. Figure 4.20 gives an example

of a model which is in good agreement with experimental data, but does not give the correct
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Variable Parameter A B C Variable Parameter A B C
A µA 0.38 0.29 0.24 B λA,B 1.08 0.01 0.001
M λA,M 3.72 5.37 0.99 θA,B 0.21 0.54 0.54

θA,M 0.11 2.78 0.43 m5 3 3 3
m1 1 1 3 θM,B 0.27 5 100

θB,M 0.01 0.01 0.5 m6 4 3 4
m2 1 4 1 θG,B 0.03 7.69 25
µM 0.12 0.07 0.05 m7 1 1 1

G λM,G 144.93 200 8.22 λB,B 45.95 16.86 6.12
θM,G 7.69 16.67 4.55 θB,B 8.33 4.35 1.43
m3 3 4 3 m8 1 1 4

θG,G 7.14 6.67 16.67 µB 4.75 2.93 2.18
m4 1 1 1
µG 0.39 0.15 0.07

Table 4.4: Parameter values used to solve the mathematical model of the axolotl mesendoderm
network. These parameter sets are the best fits obtained using our parameter estima-
tion algorithm.

behaviour for a Brachyury knockout.

Figure 4.18: Model simulation for the axolotl in vitro model including the turnover of Activin
Experimental data (dots) and simulation results (lines) for the in vitro mathemati-
cal model of the axolotl mesendoderm network as given in equations (4.2.1) and
(4.2.6). Dashed lines represent the full model and solid lines are for the Brachyury
knockout. Model parameters were sought using a parameter estimation algorithm
as described in the main text, with the resulting parameter set given in column A
of table 4.4.
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Figure 4.19: Model simulation for the axolotl in vitro model including the turnover of Activin
Experimental data (dots) and simulation results (lines) for the in vitro mathemati-
cal model of the axolotl mesendoderm network as given in equations (4.2.1) and
(4.2.6). Dashed lines represent the full model and solid lines are for the Brachyury
knockout. Model parameters were sought using a parameter estimation algorithm
as described in the main text, with the resulting parameter set given in column B of
table 4.4.

Figure 4.20: Model simulation for the axolotl in vitro model including the turnover of Activin
Experimental data (dots) and simulation results (lines) for the in vitro mathemati-
cal model of the axolotl mesendoderm network as given in equations (4.2.1) and
(4.2.6). Dashed lines represent the full model and solid lines are for the Brachyury
knockout. Model parameters were sought using a parameter estimation algorithm
as described in the main text, with the resulting parameter set given in column C
of table 4.4.
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Figure 4.21: Numerical solutions to (4.2.1) and (4.2.6) showing the effect of varying λA,M. In the
figure legend λA,M = P. All other parameters are as defined in column A of table
4.4.

4.2.6 Parameter sensitivity

To explore further the behaviour of the mathematical models subject to the parameters found

in this section, we investigate how changing single parameters affects the model behaviour.

Figure 4.21 shows the effect of varying λA,M (for the model given in figure 4.18). λA,M is the

maximal rate of production of Mix in response to Activin. All other parameters used are as

defined in column A of table 4.4. Increasing the optimum value of λA,M causes the maximum

concentration of Mix (which occurs at time ≈ 12 hours) to increase. The maximum value of

Goosecoid does not increase above 48 in response to increases in λA,M. This is due to Goosec-

oid being able to negatively regulate its own production, limiting the maximum amount of

Goosecoid which can be produced in the system. Increases in λA,M cause a downregulation

in Brachyury, due to increased levels of Goosecoid which acts to repress Brachyury. Decreases

in λA,M from its optimal value, cause the levels of Brachyury to reach its maximal value at an

earlier time, and Mix and Goosecoid to not be expressed.

Figure 4.22 shows how varying λM,G affects the concentration of Mix, Brachyury and Goosecoid

in the system. λM,G is the maximal rate of production of Goosecoid in response to Mix. As

expected , increases to λM,G causes levels of Goosecoid to increase. However, as we found

when investigating λA,M, the maximum Goosecoid concentration is limited due to Goosecoid

negative autoregulation. The increase in Goosecoid results in Brachyury being downregulated,

which in turn causes the levels of Mix to increase. When the rate of production of Goosecoid in

response to Mix is low, Mix and Goosecoid are not expressed and Brachyury is upregulated.

Our investigations of the sensitivity of the model to changes in the rate of production parame-

ters (λ) show that the system is sensitive to changes in these parameters. Notably, we find that

changing the rate of production of one gene has an effect on the levels of the other two genes in

the network. For example, an increase of the rate of production of Mix by Antivin increases the
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Figure 4.22: Numerical solutions to (4.2.1) and (4.2.6) showing the effect of varying λM,G. In the
figure legend λM,G = P. All other parameters are as defined in column A of table
4.4.

levels of Mix and this increased level of Mix means that the level of Goosecoid increases and

Brachyury decreases.

Figure 4.23: Numerical solutions to (4.2.1) and (4.2.6) showing the effect of varying λA,B. In the
figure legend λA,B = P. All other parameters are as defined in column A of table
4.4.

In figures 4.23 and 4.24, numerical results are plotted for various values of λA,B and λB,B, re-

spectively. Increases to both these parameters causes the levels of Brachyury to increase and the

levels of Mix and Goosecoid to decrease. Conversely for small values of these parameters, the

expression levels of Mix and Goosecoid are increased and Brachyury expression is decreased.
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Figure 4.24: Numerical solutions to (4.2.1) and (4.2.6) showing the effect of varying λB,B. In the
figure legend λB,B = P. All other parameters are as defined in column A of table
4.4.

4.3 Can a model with the Xenopus network topology

reproduce the gene expression patterns from axolotl?

Recall from chapter 3 that the key difference between the axolotl and Xenopus mesendoderm

network downstream of Activin is the action of Mix on Brachyury (compare figures 3.8 and

3.1). In axolotl Mix is required for the expression of Brachyury, but in Xenopus Mix represses

Brachyury. We found that both the Xenopus and axolotl in vitro models are bistable with steady

states corresponding to mesoderm and anterior mesendoderm but with qualitative differences

in the time course expression of genes. In this section we ask if a mathematical model with the

Xenopus network topology (i.e. Mix repressing Brachyury) can reproduce experimental data

from axolotl animal caps. To do this we use our hybrid parameter estimation algorithm to

minimise the error between the model simulation and experimental data. As in the previous

section (for axolotl models) we do this in two models; in the first model the level of Activin

remains fixed and in the second model Activin is allowed to turn over.

Recall that the Xenopus in vitro model is given by

dM

dt
= λA,MH

(
A

θA,M
, m1

){

1 −H

(
B

θB,M
, m2

)}

− µM M, (4.3.1a)

dG

dt
= λM,GH

(
M

θM,G
, m3

){

1 −H

(
G

θG,G
, m4

)}

− µGG, (4.3.1b)

dB

dt
=

[

λA,BH

(
A

θA,B
, m5

)

+ λB,BH

(
B

θB,B
, m8

)]{

1 −H

(
G

θG,B
+

M

θM,B
, m7

)}

− µBB,

(4.3.1c)

In the model where Activin can turn over we have the rate of change of Activin over time

defined in equation (4.2.6).
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Figure 4.25: Model simulation for the Xenopus in vitro model. Experimental data (dots)
and simulation results (lines) for the in vitro mathematical model of the axolotl
mesendoderm network as given in equation (4.3.1). Model parameters were sought
using a parameter estimation algorithm as described in the main text, with the re-
sulting parameters given in the ‘Xenopus A’ column of table 4.3.

Figure 4.25 gives a fit to the Xenopus in vitro model without the turnover of Activin. The value

of the fitness function is 2.16 compared with 2.49 for the equivalent axolotl model, meaning that

the parameters found for the Xenopus in vitro model provide a closer fit to the experimental data

than the axolotl model. However, the model does not qualitatively reproduce key behaviour of

the experimental data.

A solution to the Xenopus in vitro model with Activin degradation is given in figure 4.26. This

model qualitatively reproduces the experimental gene expression data from the Activin dose

response experimental in axolotl. The behaviour of the model beyond t = 60 is shown in figure

4.27, Mix and Goosecoid decay to zero, but in 1pg Activin caps Brachyury reaches a non-trivial

steady state. The model prediction for different doses of Activin is given in figure 4.28. As the

dose of Activin increases, the quantitative behaviour of Mix and Goosecoid remains the same;

the expression of each gene increases to a maximum concentration before decaying, with max-

imum level of Mix/Goosecoid increasing with the dose of Activin. The mathematical model

is bistable, with either no Brachyury in the system (the trivial steady state) or up regulated

Brachyury. At low dose of Activin Brachyury evolves to the upregulated steady state and at

high doses Brachyury evolves to the trivial steady state. For intermediate concentrations (such

as A = 5) Brachyury is expressed at low levels for a time period before being upregulated and

evolving to an upregulated steady state. Note that there is no ‘spike’ in Brachyury expression

at high levels of Activin in the Xenopus model. In figure 4.29 the model is solved both in the

presence and absence of Activin turnover. In the presence of Activin turnover the levels of Mix
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Figure 4.26: Model simulation for the Xenopus in vitro model with Activin degradation. Ex-
perimental data (dots) and simulation results (lines) for the in vitro mathemati-
cal model of the axolotl mesendoderm network as given in equations (4.3.1) and
(4.2.6). Model parameters were sought using a parameter estimation algorithm as
described in the main text, with the resulting parameter set given in the ‘Xenopus
B’ column of table 4.3. The fitness function is 1.89.

and Goosecoid decrease until they reach a steady state value, but in the system where Activin

does not turnover the levels continue to increase until they reach a steady state value. The in-

crease in levels of Mix and Goosecoid causes Brachyury to be down regulated in 1pg Activin

caps. A knock out of Mix, Brachyury and Goosecoid is carried out to compare the behaviour of

the Xenopus in vitro model with the axolotl in vitro model. A knock out of Mix in the Xenopus

in vitro model results in the upregulation of Brachyury at both 1pg and 25pg of Activin, i.e. the

caps will become mesoderm. In the absence of Mix, Goosecoid is also not expressed (figure

4.30). This is different to what is seen in the axolotl model simulations where a knockdown

of Mix results in no Brachyury or Goosecoid expression, i.e. caps remain as ectoderm (figure

4.11). In the Xenopus model a knock out of Goosecoid does not change the levels of Mix or

Brachyury (figure 4.31), but in the axolotl model Goosecoid is required for the repression of

Brachyury (figure 4.15). Both in the Xenopus model and the axolotl model (figure 4.32 and fig-

ure 4.15, respectively) a knock down of Brachyury results in no change in the levels of Mix and

Goosecoid.
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Figure 4.27: Model simulation for the Xenopus in vitro model as given in equations (4.3.1)
and (4.2.6), including the turnover of Activin. Model parameters are given in the
‘Xenopus B’ column of table 4.3.

Figure 4.28: Investigating the level of gene expression in response to Activin. The Xenopus in
vitro model is as given in equations (4.3.1) and (4.2.6) solved subject to parameters
given in the ‘Xenopus B’ column of table 4.3.

Figure 4.29: Investigating the role of Activin turnover. The model is solved in the presence
(dashed line) and absence (solid line) of Activin turnover. The Xenopus in vitro
model is as given in equations (4.3.1) and (4.2.6) solved subject to parameters given
in the ‘Xenopus B’ column of table 4.3.
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Figure 4.30: Investigating the action of Mix. The model is solved in the presence (dashed line)
and absence (solid line) of Mix. The Xenopus in vitro model is as given in equations
(4.3.1) and (4.2.6) solved subject to parameters given in the ‘Xenopus B’ column of
table 4.3.

Figure 4.31: Investigating the action of Goosecoid. The model is solved in the presence
(dashed line) and absence (solid line) of Goosecoid. The Xenopus in vitro model
is as given in equations (4.3.1) and (4.2.6) solved subject to parameters given in the
‘Xenopus B’ column of table 4.3.
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Figure 4.32: Investigating the action of Brachyury. The model is solved in the presence (dashed
line) and absence (solid line) of Brachyury. The Xenopus in vitro model is as given
in equations (4.3.1) and (4.2.6) solved subject to parameters given in the ‘Xenopus
B’ column of table 4.3.

4.4 Comparison of optimal parameters for the Xenopus and ax-

olotl models

A comparison of the parameters found using the genetic algorithm for the axolotl and Xeno-

pus mesendoderm networks is given in table 4.3. Many parameters have comparable values

in the two models. For example, the turnover rates (µA, µM, µG, µB) have similar values in

both models. However, some parameters have significantly different values between the two

models:

• The threshold for Goosecoid negative autoregulation is higher in axolotl than in Xenopus.

• The threshold for repression of Brachyury by Goosecoid is lower in axolotl than in Xeno-

pus.

• The rate of Brachyury autoregulation is much higher in axolotl than in Xenopus.

The parameters associated with the action of Goosecoid are those that have different values

in the two models, an explanation for this is that in the axolotl model the action of Goosecoid

is ’more important’ than in the Xenopus model, since in the axolotl topology of the network

Goosecoid is the only TF which can act to repress Brachyury, where as in the Xenopus network
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Figure 4.33: Comparison of optimum parameters found for the Xenopus (dashed line) and ax-
olotl (solid line) models, as applied to solve the axolotl model.

Figure 4.34: Comparison of optimum parameters found for the Xenopus (dashed line) and ax-
olotl (solid line) models, as applied to solve the Xenopus model.

both Mix and Goosecoid can act to repress Mix, the weak action of Goosecoid on Brachyury

can be compensated by Mix.

To explore the differences in parameters, we solve the axolotl model using the optimum pa-

rameters found for the Xenopus model (see figure 4.33). We find that solving the axolotl model

using the Xenopus parameters gives the same qualitative behaviour for the expression of Mix

103



CHAPTER 4: PARAMETER ESTIMATION IN SINGLE-CELL MODELS OF MESENDODERM

SPECIFICATION IN AXOLOTL

and Goosecoid as solving the model using the axolotl parameters. The axolotl parameters give

a closer fit to the data at 25pg Activin, while the Xenopus parameters give a closer fit at 1pg

Activin. The main difference between using the two parameters to solve the axolotl model is

the expression of Brachyury: the Xenopus parameters do not give a close fit between the model

and the data. We also solve the Xenopus model using both sets of parameters as shown in figure

4.34. Again we find that the main difference between the two parameter sets is the expression

of Brachyury.

4.5 Discussion

In this chapter we used experimental data to estimate parameter values in mathematical mod-

els of the axolotl mesendoderm GRN. The first stage in this process was to obtain suitable gene

expression data using the animal cap assay. Doses of Activin, Nodal1 and Nodal2 were applied

to animal caps, showing differences in their capabilities to induce mesoderm and endoderm.

Activin can induce both mesoderm and endoderm in a dose dependent manner but, surpris-

ingly, Nodal1 can induce mesoderm but not endoderm. Nodal1 and Activin are thought to

act via the same TGF-β signalling pathway. The difference in their ability to induce mesoderm

and endoderm suggest these factors do not function in the same way in axolotl animal caps.

For example, there may be a difference in the way Nodal1 and Activin induce the signalling

pathway, or the presence of a novel pathway which has not been described previously. Work to

uncover these differences in the function of Activin and Nodal1 is on-going in the lab. Nodal2

induces neither mesoderm nor endoderm, confirming previous work from Swiers et al [139]

that Nodal2 does not have a role in the induction of mesoderm or endoderm.

The ability of Nodal1 to induce mesoderm but not endoderm in axolotl animal caps also war-

rants further investigation. Nanog, a gene involved in maintaining pluripotency [31], is a

candidate for preventing endoderm forming in Nodal1 treated animal caps, based on evi-

dence we now present. Studies into the role of Nanog in humans and mice show that Nanog

blocks the expression of endoderm markers such as Sox17, but induces factors such as Mixl1,

Brachyury and Goosecoid [11, 143, 147]. Furthermore, Smad2, a downstream component of

Activin/Nodal signalling, directly controls the expression of Nanog [147, 153] and also forms

a complex with Nanog proteins [147]. The binding of Nanog to Smad2 leads to a variation in

effects on Smad2 target genes. For example, pluripotency genes are maintained in the presence

of the Nanog/Smad2 complex, whereas the complex binds to, but does not activate, expression

of endodermal genes [11]. In axolotl, Nanog is expressed in the animal cap from stage 9 un-

til the completion of gastrulation [31]. Taken together, these studies of Nanog suggest that in

axolotl animal caps Nanog may block the induction of endoderm by controlling the transcrip-

tional activity of Nodal signalling. This warrants further investigation both experimentally and

using mathematical models.

Quantitative PCR data expression downstream of Activin was used to estimate parameters

in the mathematical model. We used a hybrid algorithm consisting of the genetic algorithm
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followed by a local search to minimise the error between the model and the data. Due to the

stochastic nature of the algorithm it was used several times to ensure that the best possible

parameter set is found. A model which includes Activin degradation fits to the experimental

data better than a model where Activin is assumed to be fixed.

The resulting model is used to make predictions about the behaviour of the mesendoderm GRN

under experimental perturbations. The axolotl mesendoderm model was solved, using the best

parameters from parameter estimation, to give a prediction about Mix and Goosecoid expres-

sion in cells where Brachyury is knocked out. Whilst the mathematical model predicted that

this knockout would result in no change in the levels of Mix and Goosecoid, our experimental

data showed that Mix is upregulated when Brachyury is removed. Since the model does not

reproduce experimental knockout data, we carried out parameter estimation using a modified

fitness function to include knockout data.

The axolotl animal cap data were also used to estimate parameters in the Xenopus in vitro model,

to investigate if a different network topology can still reproduce the experimental observations.

The results of parameter estimation show that despite differences in the topology of the axolotl

and Xenopus mesendoderm networks downstream of Activin, both the axolotl and Xenopus in

vitro models can qualitatively reproduce the expression of Mix, Brachyury and Goosecoid in

Activin injected axolotl animal caps. This shows that changes in the topology of a network do

not necessarily result in changes in the output of the model (such as biological phenotype). Dif-

ferences in the behaviour of the two models are found by an in silico investigation of removing

each gene from the network, giving predictions which can be tested using experimental data

independent from the data used to fit model parameters. Table 4.5 summarises the expected

behaviour for a knockout of each gene in Xenopus and axolotl, as predicted by the mathematical

models. If the model predictions are not consistent with the independently obtained knockout

data, this can lead to the refinement of the model or the selection of a more suitable parameter

set.

Xenopus axolotl
Mix Knockout low Activin: mesoderm low Activin: ectoderm

high Activin: mesoderm high Activin: ectoderm
Brachyury Knockout low Activin: ** low Activin: **

high Activin: endoderm high Activin: endoderm
Goosecoid Knockout low Activin: mesoderm low Activin: mesoderm

high Activin: endoderm high Activin: mesoderm

Table 4.5: Model prediction of phenotypes of Morphant Activin injected animal caps. Samples
marked ** show no change in the levels of Mix and Goosecoid but do not express
Brachyury, so it is not clear what the resulting phenotype will be.

The model fits produced do not perfectly reproduce the experimental data. There are several

explanations for this outlined below.

1. The model could be ‘wrong’. For example, the connections between existing genes may

be incorrect or genes (either known or unknown) may be missing from the model. The

axolotl mesendoderm network given in figure 3.8 was inferred using a variety of exper-

imental methods such as knock down and overexpression of genes and inferring the re-
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maining connections from knowledge of the mesendoderm network in Xenopus. The gene

interactions between most of the genes in the network are therefore likely to be correct.

2. The data used for fitting the mathematical model could be too sparse or too noisy. Only a

limited number of data points are available for fitting the model, but in general the more

data available the more accurate the fit. Since the data we use in the chapter are obtained

in animal caps consisting of a uniform population of many cells, our data are unlikely to

be too noisy.

3. Our mathematical models are an over-simplified representation of the mechanisms occur-

ring in the biological system. Some details of the regulation of transcription by transcrip-

tion factors are not included in our model: for example, we assume that for each gene its

protein levels are proportional to the levels of mRNA.

Although the model does not reproduce the experimental data completely, it is more important

for a model to be able to make predictions on the behaviour of the network under experimental

perturbations.

The gene expression data obtained in this chapter shows that, in animal caps that have an

endodermal phenotype, Goosecoid and Mix are coexpressed. In whole embryos, Goosecoid

and Mix are coexpressed in anterior mesendoderm and Mix (but not Goosecoid) is expressed

in endoderm. In the next chapter, the mechanisms involved in the differentiation of endoderm

and anterior mesendoderm are explored using mathematical models.
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Dorsal-Ventral Patterning in a

Single-cell Model of Mesendoderm

Specification in Xenopus

5.1 Introduction

During the early stages of embryo development several distinct regions form: these include

dorsal mesoderm (expressing Brachyury), ventral mesoderm (expressing Vent and Brachyury),

endoderm (expressing Mix) and anterior mesendoderm (expressing Mix and Goosecoid). The

location of these regions in stage 9.5 and 10 embryos are illustrated in figure 5.1. Mesoderm

is located in the marginal zone, anterior mesendoderm is on the dorsal side, and endoderm is

found throughout the vegetal hemisphere. The mathematical models of the Xenopus mesendo-

derm network formulated in [95] can only account for the formation of mesoderm and anterior

mesendoderm. Goosecoid is absent from ventral regions of the embryo, where it is repressed

by transcription factors such as Vent1 and Vent2 [124]. This evidence suggests that by includ-

ing Vent1/2 in a model of the Xenopus mesendoderm network we may be able to account for

the formation of mesoderm and endoderm on the ventral side of the embryo. Vent1/2 and

Goosecoid are part of the GRN regulating the patterning of the dorsal-ventral (DV) axis. TFs

and proteins involved in patterning the DV axis were introduced in section 1.9. In this chap-

ter, we formulate two models which include the negative regulation of Goosecoid by Vent1/2

in a single cell. The first model (the ‘DV only’ model) focuses on the mutual negative regula-

tion of Goosecoid by a single representative Vent gene, with the resulting mathematical model

being bistable with stable steady states corresponding to dorsal and ventral fates. In the sec-

ond model (the ‘DV and mesendoderm model’), Vent and BMP are added to the Xenopus in

vivo model showing that, by including Vent, the model can account for the formation of endo-

derm as well as anterior mesendoderm and mesoderm. First we review existing mathematical

models of DV patterning.
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Figure 5.1: Cartoon showing the spatial organisation of mesoderm, endoderm and anterior
mesendoderm in stage 9.5 and 10 Xenopus embryos. These regions are as interpreted
by the regions where Mix, Brachyury and Goosecoid are expressed.

5.1.1 Mathematical models of DV patterning

Several mathematical models of DV patterning in Zebrafish [156], Drosophila [33, 146] and Xeno-

pus [7] are available in the literature. All these models consist of systems of reaction diffusion

equations representing the interactions between various extracellular signals. Zhang et al [156]

formulate a model of DV patterning using a 3D geometry to capture the shape of a Zebrafish

embryo. The interactions of BMP and Chordin are modelled along with BMP-receptor and

BMP-Chordin complexes, with the BMP-Chordin complex being degraded via the action of

Tolloid. The model reproduces key experimental observations, showing that both Chordin

and Tolloid are required to form a sharp BMP gradient. Positive BMP feedback and negative

Chordin feedback are also shown to regulate the BMP gradient. Models of DV patterning in

Drosophila [33, 146] also use reaction diffusion models to capture key interactions. Eldar et al

[33] show that the conditions needed for robustness of DV patterning are restricted diffusion of

the free BMP ligand, and that Sog (analogous to Chordin in Xenopus) is only cleaved efficiently

when in complex with BMP.

A continuous model of DV patterning in Xenopus

Ben-Zvi et al [7] use a model of DV patterning to explore the scaling of the BMP gradient with

embryo size. The model includes two BMP ligands, BMP (representing the combined inputs

of BMP2, BMP4 and BMP7) and ADMP, Chordin (an inhibitor of BMP signalling) and Xlr (a

protease which cleaves Chordin). BMP and ADMP ligands bind to Chordin to give Chordin-

ligand complexes

Chd + BMP
kBmp

−−−−−→ ChdBMP, (5.1.1a)

Chd + ADMP
kAdmp

−−−−−→ ChdADMP. (5.1.1b)
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Chordin can be cleaved by Xlr, either when in complex (releasing BMP/ADMP) or as a single

ligand

ChdBMP + Xlr
λ

Bmp
Chd

−−−−−→ BMP + Xlr, (5.1.2a)

ChdADMP + Xlr
λ

Admp
Chd

−−−−−→ ADMP + Xlr, (5.1.2b)

Chd + Xlr
λChd

−−−−−→ Xlr. (5.1.2c)

All species in the model can diffuse and the production of BMP/ADMP are defined using Hill

functions of the total signalling level (S(x, t) = ADMP(x, t) + BMP(x, t)). ADMP is produced

in regions with a low signal, such that αADMP(S(x, t)) = 10−3 T4
ADMP

S(x,t)4+T4
ADMP

, and BMP is pro-

duced in regions with high signalling, such that αBMP(S(x, t)) = 10−3 S(x,t)4

S(x,t)4+T4
BMP

. ADMP and

BMP are assumed to turnover at constant rates, βADMP and βBMP, respectively. The model then

consists of the following system of reaction-diffusion equations

∂[Chd]

∂t
= DChd∇

2[Chd]− [Chd]
(

kAdmp[ADMP] + kBmp[BMP] + λChd[Xlr]
)

, (5.1.3a)

∂[ADMP]

∂t
= DAdmp∇

2[ADMP]− kAdmp[ADMP][Chd] + λ
admp
Chd [Xlr][ChdADMP]

+ αADMP(S)− βADMP[ADMP], (5.1.3b)

∂[BMP]

∂t
= DBmp∇

2[BMP]− kBmp[BMP][Chd] + λ
Bmp
Chd [Xlr][ChdBMP]

+ αBMP(S)− βBMP[BMP], (5.1.3c)

∂[ChdADMP]

∂t
= DChdAdmp∇

2[ChdADMP] + kAdmp[ADMP][Chd]− λ
admp
Chd [Xlr][ChdADMP],

(5.1.3d)

∂[ChdBMP]

∂t
DChdBmp∇

2[ChdBMP]− kBmp[BMP][Chd] + λ
Bmp
Chd [Xlr][ChdBMP]. (5.1.3e)

Boundary conditions are defined such that all fluxes are zero at the ventral pole. At the dorsal

pole the flux of Chordin is given by DChd∇[Chd] = ηChd, where ηChd is a constant and the flux

of Admp is given by DAdmp∇[Admp] = αAdmp, where αAdmp is a constant. All proteins and

complexes are initially absent, except for BMP, which is uniformly distributed.

A systematical screen of model parameters in [7] reveals that two possible mechanisms in-

volved in the formation of BMP gradients emerge: shuttling-based and inhibition-based. In a

shuttling based mechanism, the activator (BMP) is physically translocated to ventral regions

of the embryo, facilitated by its binding to the inhibitor (Chordin), followed by the activator

being released from the inhibitor by a protease (Xlr) that degrades Chordin. In this model,

BMP and ADMP diffuse at a faster rate once in complex with Chordin, and cleavage by Xlr is

also more effective when Chordin is in a complex. The inhibition based mechanism does not

require the physical translocation of the activator; instead the BMP gradient reflects the gradi-

ent of Chordin. Here all the proteins diffuse at the same rate and Chordin and its complexes

109



CHAPTER 5: DORSAL-VENTRAL PATTERNING IN A SINGLE-CELL MODEL OF MESENDODERM

SPECIFICATION IN Xenopus

model parameter value model parameter value

both [Xlr] 10−2 both λ
Admp
Chd 1

both λ
Bmp
Chd 1 both kAdmp 10−2

both kBmp 1 both TAdmp 10−4

both DChd 10 both DComp 10

Shuttling DLig 10−1 Shuttling λChd 10−2

Shuttling ηChd 1 Inhibition DLig 10

Inhibition λChd 1 Inhibition ηChd 103

Table 5.1: Parameters used to solve (5.1.3)

are all cleaved by Xlr at the same rate. Ben-Zvi et al [7] propose that a shuttling mechanism is

required for the scaling of a dorsal half Xenopus embryos, by showing that the scaling of dorsal

half embryos only occurs when parameters corresponding to a shuttling mechanism are used.

Ben-Zvi et al [7] then explore the scaling of the BMP gradient in a dorsal half embryos, built

around the assumption that Xenopus embryos scale with size. However the evidence used to

make this assumption is misinterpreted [35]. In particular, Spemann’s experiments are quoted

as being evidence that scaling occurs in dorsal half embryos. Spemann [29] divided cleaving

salamander eggs (i.e. a urodele amphibian) into two halves: the half containing the future dor-

sal lip produces a well proportioned embryo, and a belly piece is formed from a ventral half.

Ben-Zvi et al [7] take this to be evidence that Xenopus (an anuran amphibian) also exhibit scal-

ing in dorsal halves. Ben-Zvi et al [7] also quote a paper by Cooke [23] to be evidence that

dorsal half embryos produce well proportioned embryos, when in fact the quoted paper only

stated that mesoderm patterning scales in transverse sections of tailbud embryos. There is ev-

idence that dorsal halves from the 8-cell Xenopus blastula develop into tadpoles with normal

heads and a small body and ventral halves develop into belly pieces [67]. Taken together, these

papers suggest that, while dorsal halves from urodeles scale with embryo size, dorsal halves

from anurans (such as Xenopus) do not.

A signalling profile is said to scale with embryo size if for the activation thresholds S = 10−2

and S = 10−1, the relative position, scaled by embryo length, shifts by less than 20%. This is

quite a large shift in the position of an activation theshold. To produce an in-proportion embryo,

the shift in position may need to be much less than 20%. We now reproduce the numerical

results given in [7] using a modified version of MATLAB’s PDE solver, as provided by Danny

Ben-Zvi, which runs faster than the standard MATLAB PDE solver. Unless otherwise stated the

parameter values from table 5.1 are used. We attempt to reproduce the results of the model for

both shuttling and inhibition parameters, but setting the ADMP and BMP degradation terms

such that they are non-zero. For a wild type embryo, we set L = 1000µm and for a dorsal half

L = 500µm; we also plot results for L = 250µm. All results then are scaled by setting X = x/L

In the shuttling mechanism (see figure 5.2(a)) BMP ligands are translocated to ventral regions

of the embryo. Our results, like those given in Ben-Zvi et al [7], show that the BMP gradient

scales with embryo length for a dorsal half embryo. In the inhibition based model, the BMP

gradient does not scale with embryo length. Instead, the profile for a dorsal half embryo is the

same as the profile for the dorsal half of a wild type embryo.
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(a) Shuttling Model (Scaled Axis) (b) Inhibition Model (Scaled Axis)

Figure 5.2: Solutions to (5.1.3), using the parameters given in table 5.1. (a) The BMP signalling
profile for the shuttling based mechanism, for a wild type embryo (black line) and
a dorsal half (grey line), with the dorsal half scaled to full length. (b) The BMP
signalling profile for the inhibition based mechanism, for a wild type embryo (black
line) and a dorsal half (grey line), with the dorsal half scaled to full length. βAdmp =
0.01

Summary

In this subsection the mathematical model of BMP gradient formation given in Xenopus was

reviewed. To reproduce the numerical results of the model given in [7], several modifications

need to be made. Firstly, Ben-Zvi et al [7] state that the BMP activation profiles are plotted at

their steady state. However, they set the ADMP degradation term to zero, meaning that due to

the mathematical properties of the Hill function used for the rate of ADMP production, ADMP

never reaches a steady state concentration. Either a non-trivial rate of ADMP degradation or

using a Heaviside function, whereby for concentrations of BMP above a threshold level ADMP

stops accumulating, need to be used to allow ADMP to reach a steady state value and to re-

produce plots similar to those in [7]. Secondly, in the parameter screen, ADMP production

only enters the model via a flux term on the dorsal side of the embryo. However, to reproduce

the model results of [7] the ADMP production term is included across the whole embryo. An-

other issue was experienced whilst attempting to reproduce the BMP activation profiles in the

inhibition-based model. The profiles plotted for a wild-type embryo (L = 1000) and a dorsal-

half embryo (L = 500) are not the same as those given in [7], while plotting for a wild-type

embryo with L = 500 and L = 250 for a dorsal-half produces profiles similar to those in [7].

The model of [7] considers the extracellular protein interactions of BMP, ADMP and Chordin,

showing that a gradient of BMP can form by two different mechanisms. In this chapter we are

concerned with adding Vent (a downstream target of BMP signaling), rather than on the mech-

anisms of BMP gradient formation. As such we procced to formulate a single cell model of DV

patterning, noting that this model could eventually be combined with a model of extracellular

components of DV patterning as introduced in this section.
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5.2 Simple ‘DV only’ model in a single cell

In this section, we develop a simplified model of DV patterning in a single cell. The model

includes BMP4, a single representative Vent, Goosecoid, Mix and β-catenin. We neglect details

of the BMP signalling pathway and its extracellular regulation by factors such as Chordin,

instead assuming that BMP acts in the same way as a transcription factor (i.e. directly on its

downstream targets). The interactions we include in our mathematical model are shown in

figure 5.3 and discussed in what follows. The notation used for the concentration of each species

in the model is given in table 5.2.

Figure 5.3: Network diagram showing the interactions between Vent, BMP and Goosecoid in a
single cell.

Protein Signal or TF Protein Concentration
β-catenin signal C

BMP signal Bmp
Vent TF V
Mix TF M

Goosecoid TF G

Table 5.2: Summary of genes present in the simplified DV network, with the notation used in
the mathematical models.

5.2.1 Modelling the regulation of DV patterning

The time evolution of β-catenin

β-catenin is a maternal factor localised to dorsal regions of the embryo [126]. We therefore

assume that in dorsal cells there exists an initial condition of β-catenin (C(0) > 0) and that it

turns over at a constant rate such that

dC

dt
= −µCC. (5.2.1)

The time evolution of Goosecoid

It has been shown that Goosecoid is activated by Mix. Goosecoid is also activated by factors

downstream of β-catenin (such as Lim1 and Siamois) [89]. For simplicity in our model we as-

sume that β-catenin directly activates Goosecoid. Vent represses Goosecoid [124] and Goosec-

oid also negatively regulates its own expression [89]. The equation governing the concentration
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of Goosecoid is then given by

dG

dt
=

{

λM,GH

(
M

θM,G

)

+ λC,GH

(
C

θC,G

)}{

1 −H

(
V

θV,G
+

G

θG,G

)}

− µGG, (5.2.2)

where H(x) is the Hill function as defined in (1.11.2).

The time evolution of Vent

In Xenopus there are two Vent genes, Vent1 and Vent2 [108]. In our model, we choose to model

only a single Vent gene for simplicity. Note that there is only one Vent gene in humans [101,

114], so assuming a single Vent in our model is following a similar argument to that used

to simplify the Xenopus mesendoderm GRN in [95]. We choose Vent2 to be this gene, since

it is involved in the BMP4 positive feedback loop [54], in addition to its role repressing the

transcription of Goosecoid [124]. The overexpression and knockdown of Vent2 also have more

severe phenotypes than those for Vent1 [38, 107]. We should keep in mind that although we

choose Vent2 to be the Vent gene, the effects of Vent in our model most likely represents the

combined effects of the two Vent genes. Vent is activated by BMP signalling and is repressed

by Goosecoid, such that

dV

dt
= λBmp,VH

(
Bmp

θBmp,V

){

1 −H

(
G

θG,V

)}

− µVV. (5.2.3)

The time evolution of BMP

The transcription of BMP4 can be activated by its own signalling pathway, either with Vent2 as

a cofactor or by P-Smad1 alone [54]. Since we want to consider a rather simplified model of the

feedback loop we assume that Vent acts to activate BMP. The equation defining the concentra-

tion of BMP is therefore given by

dBmp

dt
= λV,BmpH

(
V

θV,Bmp

)

− µBmpBmp. (5.2.4)

The time evolution of Mix

Mix is expressed in endoderm and anterior mesendoderm. In our model we assume that Mix is

maintained at a steady state value, and as such Mix enters the model as a constant parameter.

5.2.2 Model equations

The equations governing the concentrations of β-catenin (C), Goosecoid (G), Vent (V) and BMP4

(Bmp) in a single cell, based on the network in figure 5.3, are given by the following system of
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ODEs

dC

dt
= −µCC, (5.2.5a)

dG

dt
=

{

λM,GH

(
M

θM,G

)

+ λC,GH

(
C

θC,G

)}{

1 −H

(
V

θV,G
+

G

θG,G

)}

− µGG, (5.2.5b)

dV

dt
= λBmp,VH

(
Bmp

θBmp,V

){

1 −H

(
G

θG,V

)}

− µVV, (5.2.5c)

dBmp

dt
= λV,BmpH

(
V

θV,Bmp

)

− µBmpBmp. (5.2.5d)

In this single cell model different regions of the embryo can be distinguished by choosing differ-

ent initial conditions for β-catenin, i.e. C(0) = C0, where C0 ≥ 0. Since P-Smad1, a downstream

factor involved in the BMP signalling pathway, is expressed ubiquitously in early blastula em-

bryos, we assume that a low level of BMP is initially expressed in all cells [126], such that

Bmp(0) = Bmp0, where Bmp0 is a positive constant, and that Goosecoid and Vent are not ini-

tially expressed in any cell. The initial conditions are then defined by

C(0) = C0, Bmp(0) = Bmp0, G(0) = 0, V(0) = 0. (5.2.6)

5.2.3 Non-dimensional model

To reduce the number of parameters in the model, it is nondimensionalised using the timescale

of Goosecoid turnover, τ = µGt. Concentrations (Z) are scaled Ẑ = Z/θZ, where the following

are defined for notational simplicity θM ≡ θM,G, θC ≡ θC,G, θV ≡ θV,G, θG ≡ θG,V , θBmp ≡

θBmp,V . Dimensionless parameters are defined as

θ̂Z,X ≡ θZ,X/θZ, λ̂Y,Z ≡ λY,Z/θZµG, µ̂Z ≡ µZ/µG.

After applying these scalings and dropping the hats for ease of notation the non-dimensional

model is

dC

dτ
= −µCC, (5.2.7a)

dG

dτ
= {λM,GH (M) + λC,GH (C)}

{

1 −H

(

V +
G

θG,G

)}

− G, (5.2.7b)

dV

dτ
= λBmp,VH (Bmp) {1 −H (G)} − µVV, (5.2.7c)

dBmp

dτ
= λV,BmpH

(
V

θV,Bmp

)

− µBmpBmp. (5.2.7d)

We hope to find that (5.2.7) has two stable steady states representing dorsal and ventral fates,

with the dorsal fate corresponding to Goosecoid being expressed in the absence of Vent and

BMP4 and the ventral fate corresponding to Vent and BMP4 being expressed in the absence of
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Variable Parameter Value Variable Parameter Value
C µC 0.1 V λBmp,V 5
G λM,G 10 µV 1

λC,G 50 Bmp λV,Bmp 1
θG,G 1 θV,Bmp 1
M 10 µBmp 0.1

Table 5.3: Dimensionless parameter values used to obtain numerical results for the system
given in (5.2.7). Parameters were selected such that (5.2.7) is bistable with steady
states corresponding to dorsal and ventral cell states, and so that the system evolves
to these steady states dependent on the initial concentration of β-catenin in the cell.

Goosecoid. We seek solutions to (5.2.7) such that both dorsal and ventral fates are available.

The model consists of a positive feedback loop between Vent and BMP, and mutual inhibition

between Vent and Goosecoid. It has been shown that GRNs consisting of mutual inhibiting

factors [37, 95] can be bistable provided that the cooperativity of binding is greater than unity.

As a consequence of these observations we proceed to consider the case where the condition is

satisfied, i.e. m > 1.

5.2.4 Steady-state analysis

In this section, we consider the steady states of the system (5.2.7), satisfying the coupled system

of equations

C∗ = 0, (5.2.8a)

G∗ = λM,GH (M)

{

1 −H

(

V∗ +
G∗

θG,G

)}

, (5.2.8b)

V∗ =
λBmp,V

µV
H (Bmp∗) {1 −H (G∗)} , (5.2.8c)

Bmp∗ =
λV,Bmp

µBmp
H

(
V∗

θV,Bmp

)

. (5.2.8d)

Note that the steady state values of G∗, V∗ and Bmp∗ are independent of the concentration of

β-catenin (C) since this decays to zero as the steady state is approached. However in section

5.2.5 we show that the system can evolve to the dorsal or the ventral steady state dependent on

the initial condition of β-catenin.

Steady state solutions in the absence of Goosecoid (G∗ = 0)

In the absence of any factors to activate Goosecoid (M = 0 and C = 0), we expect that BMP

and Vent can maintain themselves via mutual positive regulation and evolve to a non-trivial

stable steady state. Figure 5.4 shows plots of the steady-state values of BMP and Vent for a

range of λV,Bmp. The trivial steady state, where Vent and BMP are not expressed, is available

for all values of λV,Bmp. As λV,Bmp increases a saddle-node bifurcation marks the appearance of

a two non-trivial steady states. The non-trivial stable steady state represents a cell adopting a

ventral fate, with upregulated Vent and BMP. As the value of λV,Bmp increases, the steady state

concentration of BMP increases, while the steady state value of Vent is rather insensitive to
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Figure 5.4: Numerical investigation of the Vent and BMP positive feedback loop, as described
by (5.2.7c) and (5.2.7d) with G = 0. The trivial steady state (V∗ = 0, Bmp∗ = 0)
is available for all values of λV,Bmp. As λV,Bmp increases a saddle node bifurcation
occurs at λV,Bmp ≈ 0.96, marking the appearance of a non trivial stable steady state
and an unstable steady state. Parameters other than λV,Bmp are as in table 5.3.

Figure 5.5: Numerical investigation of the Vent and BMP positive feedback loop, as described
by (5.2.7c) and (5.2.7d) with G = 0. The trivial steady state (V∗ = 0, Bmp∗ = 0)
is available for all values of λBmp,V . As λBmp,V increases a saddle node bifurcation
occurs at λBmp,V ≈ 0.96, marking the appearance of a non trivial stable steady state
(thick solid line) and an unstable steady state (thick dashed line). Parameters other
than λBmp,V are as in table 5.3.

changes in λV,Bmp. Plotted in figure 5.5 are the steady-state values of BMP and Vent for various

values of λBmp,V . As λBmp,V increases a saddle-node bifurcation marks the appearance of the

non-trivial steady states.

Steady state solutions for fixed Mix (M) concentration

We now investigate steady-state solutions of (5.2.7) in the presence of a fixed concentration of

Mix (M > 0). Steady-state concentrations of Vent, BMP and Goosecoid are plotted as functions

of λM,G in figure 5.6. When λM,G = 0, there are three steady states for the concentration of BMP

and Vent: the trivial stable steady state, a (non-trivial) unstable steady state and a (non-trivial)

stable steady state. At λM,G = 0, the only steady state for Goosecoid is the trivial steady state,

as λM,G increases Goosecoid becomes bistable, with stable steady states corresponding to up-

regulated and downregulated levels. For further increases in λM,G, the downregulated steady
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Figure 5.6: Steady state concentrations of BMP (Bmp∗), Vent (V∗) and Goosecoid (G∗) as func-
tions of λM,G. As λM,G increases a fold bifurcation marks the disappearance of the
stable steady state representing ventral fates (thin solid line) and the unstable steady
state (thick dashed line). The stable steady state representing dorsal fates (thin solid
line) is present for all non-negative values of λM,G.

state disappears via a fold bifurcation, leaving a monostable steady state with upregulated

Goosecoid.

5.2.5 Time-dependent solutions

In this section we explore the time-dependent behaviour of our model in different conditions

and compare these with the experimental results of [124]. Figure 5.7 shows how the initial

condition of β-catenin, C(0) = C0, (i.e. the strength of the dorsalising signal a cell is subjected

to) determines the fate of a cell. In the absence of β-catenin (figure 5.7(i)), the Vent/BMP positive

feedback loop becomes established and the activation of Goosecoid by Mix is suppressed by

Vent, meaning the system evolves to the ventral steady state. For C0 less than a critical value

(CC
0 ) the solutions will evolve to the ventral steady state as shown in figures 5.7(i) and (ii). In

figure 5.7(ii), where C0 is close to the critical value, there exists a phase where Goosecoid, BMP

and Vent are coexpressed at non-negligible levels before the Vent/BMP feedback loop becomes

established and the system evolves to the ventral steady state. This co-expression of all three

factors corresponds to the solution passing close to the unstable steady state. For C0 greater

than the critical value (C0 > CC
0 ), the concentration of Goosecoid in the system grows rapidly,

leading to the repression of Vent, with the BMP initially present decaying to negligible levels.
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Figure 5.7: Time evolution of (5.2.7) for various initial conditions of β-catenin, showing Vent
(dotted line), BMP (solid line) and Goosecoid (dot-dashed line). (i) In the absence
of β-catenin (C(0) = 0) the system evolves to the ventral steady state branch. (ii)
For value of β-catenin close to some critical value, the solution passed close to the
unstable steady state. (iii) For a larger value of β-catenin (C(0) = 5) the cell evolves
to the dorsal steady state branch.

In this case the system has evolved to the dorsal steady state (see figure 5.7(iii)).

β-catenin dose response

As shown in figure 5.7 the initial dose of β-catenin can determine whether solutions to (5.2.7)

evolve to the ventral or dorsal steady state. Solutions are shown in figure 5.8 as functions of

the initial concentration of β-catenin. Initially both BMP and Goosecoid are expressed for all

concentrations of β-catenin. At later times the expression becomes more refined, and Vent/BMP

are expressed at low concentrations and Goosecoid is expressed at high concentrations.

In figure 5.9 the effect of varying the concentration of Mix (M) in the system is shown in the

absence (figure 5.9(i)) and presence (figure 5.9(ii)) of β-catenin. In the absence of β-catenin the

system shows the same qualitative behaviour for all values of M, with Vent and BMP reaching

an upregulated steady state and any initial expression of Goosecoid becomes repressed. In the

presence of β-catenin, Vent and BMP are repressed by Goosecoid and reach the trivial steady

state for all values of M. The steady state value of Goosecoid (G∗) is dependent on the value of
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(a) τ = 0.1 (b) τ = 1

(c) τ = 10 (d) τ = 100

Figure 5.8: Numerical solutions to (5.2.7) plotted against initial β-catenin concentration (C0) at
time τ = T. β-catenin can induce Goosecoid (dot-dashed line) at high concentration,
but at low concentrations Goosecoid becomes repressed by Vent (dotted line) and
BMP (solid line).

M: as M increases G∗ also increases (see equation (5.2.8)). However the qualitative behaviour

is similar for all M.

Figure 5.10 plots the time evolution of Vent, BMP and Goosecoid for several initial values of

BMP. In the absence of BMP, the system evolves to the dorsal steady state independent of the

initial concentration of β-catenin.

Goosecoid and Vent knockouts

By setting parameters on the right hand side of (5.2.7b) to be zero, so that dG/dt = 0, we

investigate the effect of a Goosecoid knockout on our system. Experimental observations in

[124] state that in animal caps (consisting of a uniform population of cells) treated with Activin

and a Goosecoid MO, the expression of Vent1 and Vent2 are upregulated. In our model the

knockout of Goosecoid results in the system evolving to the ventral steady state (figure 5.11

(iv)-(vi)), which is consistent with experimental observations. Conversely a knockout of Vent

results in the system evolving to the dorsal steady state for all values of C0 (figure 5.11 (i)-(iii)),

consistent with experimental data showing that the double knockdown of Vent1/Vent2 results

in dorsalised embryos [124].
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Figure 5.9: Numerical solutions to (5.2.7) for various values of M (concentration of Mix) for two
cases: (i) C(0) = 0 and (ii) C(0) = 5. (i) The qualitative behaviour is the same for
all values of M, with the system evolving to a state with upregulated Vent and BMP.
(ii) In the presence of β-catenin the qualitative behaviour is the same for all values of
M, with the system evolving to a state with no Vent and BMP, and the steady state
value of Goosecoid dependent on the value of M.

Figure 5.10: Numerical solutions to (5.2.7) for various values of initial BMP concentration
(Bmp(0) = BMP0) for two cases: (i) C(0) = 0 and (ii) C(0) = 5. (i) For all Bmp0 ≥ 1
the system evolves to the ventral steady state. When Bmp0 = 0 the system evolves
to the dorsal steady state. (ii) When β-catenin is present the system evolves to the
dorsal state for all Bmp0 ≤ 6. For large Bmp0, the system evolves to a ventral fate.

5.2.6 Summary

In this section, we introduced a simplified version of the Xenopus dorsal-ventral patterning

GRN, where the two Vent genes are treated as a single gene in the network. The network does

not include the extracellular repression of the BMP signalling pathway by Chordin; however, it

is thought that this may act to reinforce the repression of Vent by Goosecoid. A mathematical

model based on the GRN, giving the time evolution of each transcription factor in a single
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Figure 5.11: (i)-(iii) Time evolution of (5.2.7) for various initial conditions of β-catenin in the ab-
sence of Vent, showing BMP (solid line) and Goosecoid (dot-dashed line). (iv)-(vi)
Time evolution of (5.2.7) for various initial conditions of β-catenin in the absence of
Goosecoid, showing Vent (dotted line) and BMP (solid line).

cell, is formulated. The model is bistable with stable steady states corresponding to dorsal and

ventral fates. The model reproduces qualitatively the experimental data of [124].

5.3 A ‘DV and mesendoderm’ model in a single cell

We now proceed to couple this model to the Xenopus mesendoderm model formulated in [95] to

enable the model to account for the formation of endoderm, as well as anterior mesendoderm

and mesoderm.
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Figure 5.12: Network diagram of a simplified version of the Xenopus mesendoderm network
including Vent and BMP. Nodal, BMP and eFGF encode signals and all other genes
encode transcription factors.

5.3.1 Model formulation

The network upon which we base our model is shown in figure 5.12. Note that this is identical

to the simplified (in vivo) mesendoderm network presented in figure 3.4, with the addition of

Vent and BMP, with Vent also acting to repress Goosecoid. All equations are the same as in the

Xenopus in vivo model of [95], except for the following.

The time evolution of Goosecoid

Recall from section 5.2.1 that Goosecoid expression can be activated by either Lim.1 and Siamois,

or by Mix. Goosecoid can be repressed by both Vent and itself. This leads to the following equa-

tion governing the time evolution of Goosecoid

dG

dt
=

{

λLI,GH

(
L

θL,G

)

H

(
I

θI,G

)

+ λM,GH

(
M

θM,G

)}{

1 −H

(
G

θG,G
+

Vent

θV,G

)}

− µGG.

(5.3.1)

Note that this is the same as the equation for Goosecoid in the in vivo model of [95], except for

the addition of the term for the repression of Goosecoid by Vent.

The time evolution of BMP and Vent

The equations for the time evolution of BMP and Vent are as described in section 5.2.1.

5.3.2 Model equations

The equations governing the time evolution of VegT (V), β-catenin (C), Nodal (N), Lim1 (L),

Siamois (I), eFGF (E), Brachyury (B), Mix (M), Goosecoid (G), Vent (Vent) and BMP (Bmp) in a
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single cell, based on the GRN given in figure 5.12, are

dV

dt
= −µVV, (5.3.2a)

dC

dt
= −µCC, (5.3.2b)

dN

dt
=

{

λV,NH

(
V

θV,N

)

+ λN,NH

(
N

θN,N

)(

1 + λC,NH

(
C

θC,N2

))}

− µN N, (5.3.2c)

dL

dt
= λN,LH

(
N

θN,L

)

− µLL, (5.3.2d)

dI

dt
= λC,IH

(
C

θC,I

)

− µI I, (5.3.2e)

dE

dt
= λB,EH

(
B

θB,E

)

− µEE, (5.3.2f)

dB

dt
=

{

λV,BH

(
V

θV,B

)

+ λE,BH

(
E

θE,B

)

+ λN,BH

(
N

θN,B

)}{

1 −H

(
G

θG,B
+

M

θM,B

)}

− µBB, (5.3.2g)

dG

dt
=

{

λLI,GH

(
L

θL,G

)

H

(
I

θI,G

)

+ λM,GH

(
M

θM,G

)}{

1 −H

(
G

θG,G
+

Vent

θV,G

)}

− µGG,

(5.3.2h)

dM

dt
=

{

λV,MH

(
V

θV,M

)

+ λN,MH

(
N

θN,M

)}{

1 −H

(
B

θB,M

)}

− µM M, (5.3.2i)

dVent

dt
= λBmp,VH

(
Bmp

θBmp,V

){

1 −H

(
G

θG,V

)}

− µVentVent, (5.3.2j)

dBmp

dt
= λV,BmpH

(
Vent

θV,Bmp

)

− µBmpBmp. (5.3.2k)

Initial conditions are selected such that different regions of the embryo can be distinguished.

VegT, β-catenin and BMP are all maternal factors found in the embryo, with figure 5.13 illus-

trating the spatial localisation of these factors in stage 1 embryos. Selecting different values of

V0, C0 and Bmp0 can be used to represent cells in different regions of the embryo. The initial

conditions are

V(0) = V0, C(0) = C0, N(0) = 0, L(0) = 0, I(0) = 0, E(0) = 0, B(0) = 0,

G(0) = 0, M(0) = 0, Vent(0) = 0, Bmp(0) = Bmp0,

where V0, C0 and Bmp0 are positive constants.

5.3.3 Non-dimensional model

Choosing the same non-dimensional timescale as [95], we rescale by the timescale of Brachyury

turnover, defining nondimensional time by τ = µBt. After defining the following for notational

simplicity θV ≡ θV,N , θC ≡ θC,N , θB ≡ θB,E, θE ≡ θE,B, θN ≡ θN,B, θG ≡ θG,B, θM ≡ θM,B,

θL ≡ θL,G, θI ≡ θI,G, θBmp ≡ θBmp,Vent and θVent ≡ θVent,Bmp, dimensionless concentrations are
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Figure 5.13: Cartoon showing the spatial localisation of VegT [155], β-catenin [126] and BMP2
[20] in stage 1 embryos.

given by Ẑ = Z/θZ. Dimensionless parameters are then defined as follows

θ̂Z,X ≡ θZ,X/θZ, λ̂Y,Z ≡ λY,Z/θZµG, µ̂Z ≡ µZ/µG.

After applying the scalings above to (5.3.2), dropping the hats for ease of notation, the non-

dimensional model is as follows

dV

dt
= −µVV, (5.3.3a)

dC

dt
= −µCC, (5.3.3b)

dN

dt
=

{

λV,NH (V) + λN,NH

(
N

θN,N

)

(1 + λC,NH (C))

}

− µN N, (5.3.3c)

dL

dt
= λN,LH

(
N

θN,L

)

− µLL, (5.3.3d)

dI

dt
= λC,IH

(
C

θC,I

)

− µI I, (5.3.3e)

dE

dt
= λB,EH (B)− µEE, (5.3.3f)

dB

dt
=

{

λV,BH

(
V

θV,B

)

+ λE,BH (E) + λN,BH (N)

}

{1 −H (G + M)} − B, (5.3.3g)

dG

dt
=

{

λLI,GH (L)H (I) + λM,GH

(
M

θM,G

)}{

1 −H

(
G

θG,G
+

Vent

θV,G

)}

− µGG, (5.3.3h)

dM

dt
=

{

λV,MH

(
V

θV,M

)

+ λN,MH

(
N

θN,M

)}{

1 −H

(
B

θB,M

)}

− µM M, (5.3.3i)

dVent

dt
= λBmp,VH (Bmp)

{

1 −H

(
G

θG,V

)}

− µVentVent, (5.3.3j)

dBmp

dt
= λV,BmpH (Vent)− µBmpBmp. (5.3.3k)

Subject to initial conditions

V(0) = V0, C(0) = C0, N(0) = 0, L(0) = 0, I(0) = 0, E(0) = 0, B(0) = 0,

G(0) = 0, M(0) = 0, Vent(0) = 0, Bmp(0) = Bmp0,
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Variable Parameter Value Variable Parameter Value
V µV 0.01 C µC 0.01
N λV,N 1 B λE,B 12

λN,N 3 λV,B 2
λC,N 1 λX,B 10
θN,N 1 θV,B 1

M λV,M 10 G λLI,G 300
λX,M 12 λM,G 5
θV,M 4 θM,G 1
θX,M 3 θG,G 1
θB,M 1 L λN,L 1

I λC,I 1 θN,L 1
θC,I 1 Bmp λV,Bmp 5

E λB,E 12 θV,Bmp 1
V λBmp,V 2 µBmp 0.1

θBmp,V 1 all other µ 1
θG,V 1

Table 5.4: Dimensionless parameter values used to obtain numerical results for the system
given in (5.3.3). Parameters were selected such that stable steady states correspond-
ing to mesoderm, endoderm and anterior mesendoderm are solutions to (5.3.3) and
that the system can evolve to these steady states dependent on initial concentrations
of VegT, β-catenin and BMP.

where V0, C0 and Bmp0 are positive constants.

Figure 5.14: Steady state concentrations of Brachyury (B∗) and eFGF (E∗) as functions of λE,B.
As λE,B increases a fold bifurcation marks the disappearance of the stable steady
state representing the mesoderm fate (thick solid line) and the unstable steady state
(dashed line). The trivial steady state (thin solid line) is present for all non-negative
values of λE,B.

5.3.4 Steady states

The steady states of (5.3.3) are determined by the solutions to the following equations. First the

steady state for N∗ is found by solving

V∗ = 0, C∗ = 0, N∗ =
λN,N

µN
H

(
N∗

θN,N

)

. (5.3.4)

Note that (5.3.4) is the same as the steady state equation for Nodal in [95], where it was found

that for m > 1 the system is bistable, with stable steady states corresponding to the trivial
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Figure 5.15: Steady state concentrations of BMP (BMP∗) and Vent (Vent∗) as functions of
λBMP,V . As λBMP,V increases a fold bifurcation marks the disappearance of the
stable steady state representing the ventral fate (thick solid line) and the unstable
steady state (dashed line). The trivial steady state (thin solid line) is present for all
non-negative values of λBMP,V .

steady state (N∗ = 0) and a positive steady state (N∗ = NS > 0). L∗ is then determined by

L∗ =
λN,L

µL
H

(
N∗

θN,L

)

, I∗ = 0. (5.3.5)

The coupled system in (5.3.3) can the be solved for E∗, B∗, G∗, M∗, Vent∗ and Bmp∗

E∗ =
λB,E

µE
H (B∗) , (5.3.6a)

B∗ = {λE,BH (E∗) + λN,BH (N∗)} {1 −H (G∗ + M∗)} , (5.3.6b)

G∗ =
λM,G

µG
H

(
M∗

θM,G

){

1 −H

(
G∗

θG,G
+

Vent∗

θV,G

)}

, (5.3.6c)

M∗ =
λN,M

µM
H

(
N∗

θN,M

){

1 −H

(
B∗

θB,M

)}

, (5.3.6d)

Vent∗ =
λBmp,V

µVent
H (Bmp∗)

{

1 −H

(
G∗

θG,V

)}

, (5.3.6e)

Bmp∗ =
λV,Bmp

µBmp
H (Vent∗) . (5.3.6f)

We consider solutions to (5.3.6) in two cases, N∗ = 0 and N∗ = NS > 0, corresponding to

upregulated Nodal and downregulated Nodal, respectively.

Steady-state solutions in the absence of Nodal

When N∗ = 0, it follows from (5.3.6) that M∗ = 0, G∗ = 0 and

E∗ =
λB,E

µE
H (B∗) , B∗ = λE,BH (E∗) , (5.3.7a)

Vent∗ =
λBmp,V

µVent
H (Bmp∗) , Bmp∗ =

λV,Bmp

µBmp
H (Vent∗) . (5.3.7b)

126



CHAPTER 5: DORSAL-VENTRAL PATTERNING IN A SINGLE-CELL MODEL OF MESENDODERM

SPECIFICATION IN Xenopus

Figure 5.16: Steady state solutions of Mix (M∗), Brachyury (B∗),Goosecoid (G∗) and Vent
(Vent∗) plotted as functions of λBMP,V . There are six stable steady states of the
system in total. The steady state branches for anterior mesendoderm (thick blue
line), endoderm (thin blue line), dorsal and ventral mesoderm (black lines) and
dorsal and ventral ectoderm (red lines) and unstable branches (dashed grey lines)
are shown.

Note that the steady states of Brachyury (B∗) and eFGF (E∗) are independent of solutions to

Vent (Vent∗) and Bmp (Bmp∗). For sufficiently large λB,E and λE,B, (5.3.7a) has two non-trivial

steady states [95] (see figure 5.14). Similarly, for sufficiently large λBmp,V and λV,Bmp, (5.3.7b)

has two non-trivial steady states, with the stable steady state corresponding to a ventral steady

state (see figure 5.15). Since the equations for the steady states of Brachyury/eFGF (5.3.7b) and

Vent/BMP (5.3.7a) are independent of each other, there are four possible states of the system: (1)

the trivial steady state (see figure 5.17A), (2) Vent/BMP upregulated with no Brachyury/eFGF

expression (see figure 5.17B), (3) Bra/eFGF upregulated with no Vent/BMP expression (see

figure 5.17C) and (4) both Vent/BMP and Brachyury/eFGF upregulated (see figure 5.17D).

Steady-state solutions in the presence of Nodal

When N∗ = NS > 0 (where NS is the non-trivial steady state solution to equation (5.3.4)), the

steady state solutions for Mix, Brachyury, Goosecoid, eFGF, Vent and BMP are found by solving

(5.3.6). Figure 5.16 shows steady state solutions as functions of the parameter λBMP,V . For small

λBMP,V , only the trivial steady state of Vent is a solution to the system (V∗ = 0). In this case the

steady states are identical to those given in [95], with non-trivial steady states corresponding
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to mesoderm and anterior mesendoderm. As λBMP,V increases a fold bifurcation marks the

appearance of ventral fates (characterised by a non-trivial steady state value of Vent) including

endoderm and ventral mesoderm. An illustration of the non-trivial stable steady states is given

in figure 5.17(E-F) with steady states representative of dorsal mesoderm (E), ventral mesoderm

(F), anterior mesendoderm (G) and endoderm (H).

5.3.5 Time-dependent solutions

VegT dose response

To study the effect of VegT, β-catenin and BMP on the dynamics of our model, we solve (5.3.3)

for various initial conditions each representative of different regions of the embryo. Initial

conditions are set such that in cells with low concentrations of VegT (V0 ≤ 5) β-catenin is

expressed at a non-trivial level (C0 > 0) and BMP is expressed at a low level in all cells. Thus,

we define initial conditions with 0 ≤ V0 ≤ 10

V(0) =V0, (5.3.8a)

C(0) =







V0 if V0 ≤ 5,

0 otherwise,
(5.3.8b)

Bmp0 =2. (5.3.8c)

Solutions are plotted against V0 in figure 5.18. As in the in vivo mesendoderm model of [95],

VegT activates the expression of Brachyury and Mix, with θV,M set such that the concentration

of VegT required to activate Brachyury is lower than that required to activate Mix. BMP is

initially expressed at a level much lower that its steady state value. For V0 sufficiently small

the system evolves to a mesoderm steady state, with Vent and BMP also expressed. When V0

increases past a critical value the system evolves to the anterior mesendoderm steady state. For

further increases in V0, such that β-catenin is not expressed, the system evolves to the endoderm

steady state.

VegT dose response with no β-catenin

In the absence of a dorsalising signal (i.e. the case where β-catenin is not present), we find that

the system does not evolve to the anterior mesendoderm for any value of V0 (see figure 5.19 ).

We find that for small V0 the system evolves to the mesoderm steady state and for V0 greater

than some critical value the system evolves to the endoderm steady state. For all values of V0,

BMP and Vent evolve to the upregulated steady state.

VegT dose response with no BMP

In the absence of an initial concentration of BMP, the system evolves to the mesoderm steady

state for small V0 and to the anterior mesendoderm steady state for all V0 greater than some
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Figure 5.17: Network diagrams illustrating the stable steady states obtainable for the system of
equations defined in (5.3.3). (A-D) Steady states in the absence of Nodal. (A) shows
the trivial steady state. In (B) Vent and BMP are maintained via mutual positive
regulation. In (C) Brachyury and eFGF are part of a positive feedback loop. The
two steady states in (B) and (C) can be combined to give the state shown in (D).
(E-H) Steady states in the presence of Nodal. (E) Brachyury and eFGF the steady
state representing mesoderm (F) when Vent and BMP are also expressed the steady
state represents ventral mesoderm. (G) when Mix and Goosecoid are co-expressed
the steady state represents anterior mesendoderm. (H) If Mix is expressed, but Vent
represses Goosecoid, the steady state represents endoderm.
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Figure 5.18: Numerical solutions to (5.3.3) plotted against initial VegT concentration (V0) for
various τ = T. Initial conditions are as defined in (5.3.8). The concentrations of
BMP (thick blue solid line), Vent (thick blue dotted line), Mix (dashed line), Goosec-
oid (dot-dashed line), Brachyury (solid line) and eFGF (dotted line) are shown. Pa-
rameters are as chosen in table 5.4.

critical value ( see figure 5.20). Note that here we see that the range of values of V0 for which

the system evolves to the mesoderm steady state is reduced compared with in figures 5.18 and

5.19. When both BMP and β-catenin are simultaneously removed from the system (figure 5.21),

the system behaves in a similar way to when BMP alone is removed, except we find that the

system evolves to the mesoderm steady state for a larger range of V0.

VegT dose response with pre-established BMP gradient

The investigation of the time-dependent behaviour of (5.3.3) has found that including Vent and

BMP in a model of the mesendoderm network can account for the formation of mesoderm, en-

doderm and anterior mesendoderm. Recall that a model of the mesendoderm network without

these two factors can only account for the formation of mesoderm and anterior mesendoderm.

However we find that Vent and BMP are upregulated in cells we expect to form dorsal meso-

derm.

The formation of a BMP gradient along the dorsal-ventral axis is known to be regulated (in part)

by extracellular interactions. By setting the initial conditions of BMP such that B(0) = 0.15 ∗ V0

i.e. a gradient such that BMP levels are low in dorsal cells and higher in ventral cells, we obtain

the results given in figure 5.22, such that Vent and BMP are not expressed at the mesoderm

steady state (i.e. dorsal mesoderm)
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Figure 5.19: Numerical solutions to (5.3.3) in the absence of β-catenin plotted against initial
VegT concentration (V0) for various τ = T. Initial conditions are as defined in
(5.3.8), except C0 = 0. The concentrations of BMP (thick blue solid line), Vent (thick
blue dotted line), Mix (dashed line), Goosecoid (dot-dashed line), Brachyury (solid
line) and eFGF (dotted line) are shown. Parameters are as chosen in table 5.4.

Experimental observations

Our numerical investigation of the mathematical model given in (5.3.3) provides predictions

for the behaviour of the network in the cases of BMP and β-catenin depletion. The model

compares favourably with observations in embryos treated with β-catenin MO and BMP2/4/7

MOs [115]. Embryos depleted of β-catenin are ventralised, forming a ‘belly piece’ [115]. The

mathematical model qualitatively reproduces this behaviour, with anterior mesendoderm (i.e.

head forming regions) not forming in the absence of β-catenin (figure 5.19). Embryos depleted

of BMP2/4/7 form tail-less embryos [115], with DV patterning maintained in the absence of

ventral BMP signals. The mathematical model suggests that in the absence of BMP, that the

embryo would form a head piece (consisting of mesoderm and anterior mesendoderm only)

rather than a tail-less embryo (figure 5.20). ADMP, a candidate for maintaining DV patterning

in the absence of ventral BMP signals [116], is not included in our models. Finally a double

knockout of β-catenin and BMP2/4/7 results in a head-like embryo. The model qualitatively

reproduces this observation, with only mesoderm and anterior mesendoderm forming in the

absence of β-catenin and BMP (figure 5.21).
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Figure 5.20: Numerical solutions to (5.3.3) in the absence of BMP, plotted against initial VegT
concentration (V0) for various τ = T. Initial conditions are as defined in (5.3.8),
except Bmp0 = 0. The concentrations of BMP (thick blue solid line), Vent (thick
blue dotted line), Mix (dashed line), Goosecoid (dot-dashed line), Brachyury (solid
line) and eFGF (dotted line) are shown. Parameters are as chosen in table 5.4.

Figure 5.21: Numerical solutions to (5.3.3) in the absence of β-catenin and BMP plotted against
initial VegT concentration (V0) for various τ = T. Initial conditions are as defined
in (5.3.8), except C0 = 0 and Bmp0 = 0. The concentrations of BMP (thick blue
solid line), Vent (thick blue dotted line), Mix (dashed line), Goosecoid (dot-dashed
line), Brachyury (solid line) and eFGF (dotted line) are shown. Parameters are as
chosen in table 5.4.
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Figure 5.22: Numerical solutions to (5.3.3) plotted against initial VegT concentration (V0) for
various τ = T. Initial conditions are as defined in (5.3.8). The concentrations of
BMP (thick blue solid line), Vent (thick blue dotted line), Mix (dashed line), Goosec-
oid (dot-dashed line), Brachyury (solid line) and eFGF (dotted line) are shown. Pa-
rameters are as chosen in table 5.4.

5.3.6 2D plots of the single cell model

In the previous section we explored numerical solutions to (5.3.3) subject to initial conditions

representative of different regions of the embryo. To visualise how these initial conditions and

resulting gene expression patterns correspond to regions of the embryo, we show results in

two dimension domains. Each hexagon represents a single cell. Note that as we are solving

a single-cell mathematical model, the solution in each cell is independent of its neighbours as

there is no signalling between cells.

Figure 5.23 shows initial conditions of VegT, β-catenin and BMP as well as a cartoon of the

expression of these factors in stage 1 embryos. All other transcription factors are assumed not

to be expressed at t = 0. The solutions showing concentrations of Brachyury, Mix, Goosecoid

and Vent subject to these initial conditions are shown in figure 5.24. At τ = 1 (figure 5.24(i)),

Brachyury is expressed in cells which are subjected to a low initial dose of VegT (the equatorial

region of the embryo), with expression levels being highest in dorsal regions where β-catenin is

expressed. Mix is expressed in cells subjected to high levels of VegT with strongest levels in cells

also expressing β-catenin. Goosecoid is expressed in Mix positive cells at this early time point

and Vent is uniformly expressed throughout the embryo. By τ = 10 (figure 5.24(ii)), Goosecoid

is restricted to dorsal cells which also express β-catenin. Within this region, Goosecoid levels

are highest in cells which also express Mix, and lower in cells which also co-express Brachyury

and Vent. At τ = 100 (figure 5.24(iii)), all β-catenin positive cells now co-express Mix and
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Figure 5.23: Initial conditions used to solve (5.3.3). Solutions showing concentrations of Mix,
Brachyury, Goosecoid and Vent at later times are shown in figure 5.24. VegT is in a
gradient running from vegetal pole to animal pole, β-catenin is expressed in dorsal
cells only and BMP is expressed at a low uniform level.

Goosecoid. In other regions, cells with high levels of VegT express Mix and cells with low

levels of VegT express Brachyury.

The initial conditions shown in figure 5.25 are identical to those in figure 5.23, except that β-

catenin concentration is higher in the vegetal-most part of the dorsal marginal zone than it

is in the part closest to the animal pole. Figure 5.26 shows concentrations of Brachyury, Mix,

Goosecoid and Vent subject to these initial conditions. The resulting behaviour is similar to that

found in the previous case, with Brachyury expressed in cells with a low initial concentration of

VegT and Mix expressed in cells with a high concentration of VegT. However, the behaviour in

the dorsal marginal zone differs between the two solutions. In figure 5.26, Brachyury expression

extends across the whole marginal zone (compared to in figure 5.24, where Brachyury is not

found in the dorsal region).

5.3.7 Summary

In this section, a mathematical model of the simplified Xenopus mesendoderm network includ-

ing Vent and BMP is formulated and analysed. Steady state analysis shows that stable steady

states corresponding to mesoderm, endoderm and anterior mesendoderm are solutions to the

model. By contrast, a mesendoderm model which does not include Vent and BMP does not

have a stable steady state corresponding to endoderm. Time-dependent solutions of this model

suggest that initial concentrations of VegT, β-catenin and BMP can pattern mesoderm, endo-

derm and anterior mesendoderm, consistent with experimental observations of [115].

5.4 Discussion

In this chapter we introduced simplified models of the Xenopus dorsal-ventral (DV) patterning

network. The simplifications applied to the full network include representing the two Vents,

multiple Nodals and multiple Mix genes by a single node for each gene family. Using a single

node for each of the Mix and Nodal gene families is motivated by the fact that humans and

mice have a single gene in each family, and the hypothesis that the Xenopus mesendoderm net-
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(a) t=1

(b) t=10

(c) t=100

Figure 5.24: Solutions to (5.3.3), subject to initial conditions given in figure 5.23, showing con-
centrations of Mix, Brachyury, Goosecoid and Vent.

Figure 5.25: Initial conditions used to solve (5.3.3). Solutions showing concentrations of Mix,
Brachyury, Goosecoid and Vent at later times are shown in figure 5.26. VegT is in a
gradient running from vegetal pole to animal pole, β-catenin is expressed in dorsal
cells only and BMP is expressed at a low uniform level.

work is overly complex [95]. The two vent genes in Xenopus have similar expression patterns,

except that Vent2 extends further towards the organiser than Vent1. The fate of cells in the

ventral mesoderm to become blood or muscle is the determined by the combination of Vent

genes present. In developing our models, we were interested in the formation of dorsal and

ventral fates rather than the subsequent differentiation of ventral mesoderm into blood and

muscle. Thus, to simplify the models, we use a single node representing the two Vent genes.
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(a) t=1

(b) t=10

(c) t=100

Figure 5.26: Solutions to (5.3.3), subject to initial conditions given in figure 5.25, showing con-
centrations of Mix, Brachyury, Goosecoid and Vent.

For the simplified network given in figure 5.12, two versions of the mathematical models were

developed; the ‘DV only’ version considered the mutual negative regulation of Goosecoid and

Vent and positive feedback between Vent and BMP, while the ‘DV and mesendoderm’ model

extended the first model to include the dynamics of the mesendoderm network. Each model

comprises the time evolution of transcription factor concentrations in a single cell, with signals

(i.e. Nodal, eFGF and BMP) assumed to act as transcription factors.

The ‘DV only’ model was found to be bistable with stable steady states corresponding to dorsal

and ventral fates. The model is able to reproduce qualitatively observations from whole em-

bryos that cells where β-catenin is present become dorsal and in the absence of β-catenin cells

become ventral. In the case of a Vent or Goosecoid knockout the model also reproduces qualita-

tively experimental behaviour [124]. The ‘DV and mesendoderm’ model has eight stable steady

states, two of which correspond to dorsal mesoderm, two to ventral mesoderm, one to anterior

mesendoderm, one to endoderm, one to ventral ectoderm and one to the trivial steady state

(which corresponds to dorsal ectoderm). Numerical investigations of the second model sug-

gest that the initial conditions of VegT, β-catenin and BMP can pattern mesoderm, endoderm

and anterior mesendoderm.

The models presented in this chapter are relatively simple compared with the full mesendo-
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derm network in [89] and the interactions of DV patterning. Despite this, our models can

reproduce qualitatively several experimental observations. This leads to the suggestion that

complexity in the GRN makes it robust, giving the correct patterning in a number of differ-

ent conditions. For example, a Goosecoid depleted embryo has a dorsalised phenotype, a

Vent1/Vent2 depleted embryo has a dorsalised phenotype, but a triple depletion of Goosec-

oid/Vent1/Vent2 restores normal DV patterning [124]. A possible explanation for this is that,

in the triple knockout case, extracellular dorsal and ventral molecules (such as BMP, ADMP

and Chordin) can regulate DV patterning independently of Vent and Goosecoid [124].

Recall that the models developed in this chapter are for a single cell and do not include cell to

cell communication. Regulation of DV patterning by extracellular molecules (for example the

repression of BMP signalling by Chordin and the translocation of ADMP from dorsal to ventral

regions) might be important in establishing the initial DV gradient and maintaining patterning

in the absence of Goosecoid and Vent. A model of the extracellular components of DV pat-

terning in Xenopus has been developed in [7]. This model could be used as a starting point in

developing a DV model which incorporates the extracellular and intracellular components of

the GRN.

In the next chapter we extend models of Nodal signalling and the Xenopus mesendoderm net-

work (as developed in [94]) into a grid of cells representing the embryo.
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Multicellular Models of

Mesendoderm Specification

In this chapter we develop multicellular models of mesendoderm formation, in both a line

of cells and in a two-dimensional grid of cells. We adopt a two-dimensional grid approach

rather than a more realistic three-dimensional approach because patterns in mesendodermal

gene expression occur primarily along the animal-vegetal axes and dorsal-ventral axes, while

patterns are uniform along the anterior-posterior axes. Thus a model on a two-dimensional

template will be suitable to studying the formation of the primary germ layers. In section 6.1

we give an overview of a mathematical model of the Xenopus mesendoderm GRN in a line of

cells as formulated in [94]. In section 6.1.2 we develop a mathematical model of the axolotl

mesendoderm GRN in a line of cells. This model is an extension of the single cell models

presented in chapters 3 and 4, as we include the diffusion of extracellular ligands between cells

and also include the Nodal signalling pathway rather than treating Nodal as a transcription

factor as in chapter 3. In section 6.3 we present work carried out to clone axolotl Antivin, an

important component of the Nodal signalling pathway, and measure its expression in response

to the overexpression of Nodal1. For the remainder of the chapter we extend the mesendoderm

models from a line to a grid of cells and explore its behaviour in response to different modes of

Nodal regulation in response to maternal factors.

6.1 A multicellular model of the Xenopus mesendoderm GRN

In [94] multicellular models of the simplified Xenopus mesendoderm GRN were developed and

analysed in a line of cells running from the animal cap to the vegetal pole, via the marginal

zone. The model consists of two main parts: the Nodal signalling pathway and the network

downstream of Nodal. An analysis of the Nodal signalling pathway explored how Antivin

anatagonises the spread of Nodal throughout the line of cells, while the network downstream

of Nodal explored the conditions under which mesoderm and anterior mesendoderm form. In

this section we introduce the governing equations for this model and give a summary of the
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important findings of the model.

6.1.1 A model of Nodal signalling

Middleton [94] developed a model of Nodal signalling, which included the antagonism of

Nodal by Antivin. In the model Nodal can induce the expression of both Nodal and Antivin,

with extracellular Antivin able to antagonise extracellular Nodal [142]. The model included a

single Nodal gene rather than the multiple Nodal genes present in the Xenopus genome. We

give an overview of the model formulation in what follows.

Nodal ligands (No) bind to free receptors (R) to become Nodal-bound receptors (R⋄) in a re-

versible reaction where kN and k−N are the rates of association and dissociation of Nodal to its

receptor

No + R
kN
⇋

k−N

R⋄. (6.1.1)

Following the binding of Nodal to its receptor, Smad2 (S) becomes phosphorylated to form

phosphorylated Smad2, or P-Smad2 (P). It is assumed that this occurs via the formation of an

intermediate complex (R⋄⋄)

S + R⋄
kS
⇋

k−S

R⋄⋄ kp
→ P + R⋄. (6.1.2)

P-Smad2 then regulates downstream targets of the pathway, including Nodal itself and Antivin,

where the activation of downstream targets is modelled using a Hill function.

Antivin is a downstream target of Nodal signalling, which acts to anatagonise Nodal signalling.

This is modelled using two different mechanisms: receptor mediated repression [17] and het-

erodimer mediated repression [15]. In receptor mediated repression, Antivin ligands (To) bind

to a free receptor to form an Antivin-bound receptor (R‡) which is inactive, the rate of associa-

tion and dissociation of Antivin to free receptors are kT and k−T

R + To
kT
⇋

k−T

R‡. (6.1.3)

In heterodimer mediated repression an Antivin ligand binds directly to a Nodal ligand to form

a Nodal-Antivin heterodimer (T‡) which is inactive, the rate of association and dissociation of

Antivin to Nodal are lT and l−T

No + To
lT
⇋

l−T

T‡
µ

T‡
→ ∅. (6.1.4)

Extracellular Nodal, extracellular Antivin and Nodal-Antivin heterodimer can move between

neighbouring cells with rates of transmission σN , σT and σT‡ , respectively. All other species do

not move between cells. It is likely that the rate of change of intracellular Antivin and Nodal

occur on a slower timescale than other processes [94]. Thus, processes which occur on a fast

timescale compared with the rate of change of intracellular Antivin and Nodal are scaled by

a small parameter (ǫ << 1). Equations are formulated using the law of mass action, and

after applying non-dimensional scalings as detailed in [94], the equations governing Nodal
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signalling in cell i are given by

dVi

dτ
= −µVVi, (6.1.5a)

dCi

dτ
= −µCCi, (6.1.5b)

ǫ
dTo

i

dt
= σT∆To

i + ν
(

k−T R
‡
i − kTTo

i Ri

)

︸ ︷︷ ︸

receptor mediated repression

+
δT

ρ
Ti −lT No

i To
i + l−TT

‡
i

︸ ︷︷ ︸

heterodimer mediated repression

−µT0 To
i , (6.1.5c)

ǫ
dNo

i

dt
= σN∆No

i +
ν

ρ
(k−N R⋄

i − kN No
i Ri) −lT No

i To
i + l−TT

‡
i

︸ ︷︷ ︸

heterodimer mediated repression

+
δN

ρ
Ni − µN0 No

i , (6.1.5d)

ǫ
dT

‡
i

dt
= σT‡ ∆T

‡
i + lT No

i To
i − l−TT

‡
i

︸ ︷︷ ︸

heterodimer mediated repression

−µT‡ T
‡
i , (6.1.5e)

dTi

dt
= λP,TH

(
Pi

θP,T

)

− (µT + δT) Ti, (6.1.5f)

dNi

dt
= λV,NH

(
Vi

θV,N

)

+ λP,NH

(
Pi

θP,N

){

1 + λC,NH

(
Ci

θC,N

)

−

}

− (µN + δN) Ni,

(6.1.5g)

ǫ
dPi

dt
= kpνR⋄⋄

i − µPPi, (6.1.5h)

ǫ
dRi

dt
= k−N R⋄

i − kN No
i Ri + k−T R

‡
i − kTTo

i Ri
︸ ︷︷ ︸

receptor mediated repression

, (6.1.5i)

ǫ
dR⋄

i

dt
= −k−N R⋄

i + kN No
i Ri − ksR⋄

i Si +
(
k−s + kp

)
R⋄⋄

i , (6.1.5j)

ǫ
dR⋄⋄

i

dt
= −

(
k−s + kp

)
R⋄⋄

i + ksR⋄
i Si, (6.1.5k)

ǫ
dR

‡
i

dt
= −k−T R

‡
i + kTTo

i Ri, (6.1.5l)

where terms of the form ∆Xi are as defined in (1.12.3) and ν and ρ are the membrane and extra-

cellular volume fractions ρ = vE/vI and ν = vM/vI where vE, vI and vM are the local extracel-

lular, intracellular and membrane volumes, respectively. Initial conditions were selected such

that all factors except intracellular Nodal are absent and all receptors are initially unbound,

such that

Vi(0) = 0, Ci(0) = 0, To
i (0) = 0, T

‡
i (0) = 0, Ti(0) = 0,

Ni(0) = N0, Pi(0) = 0, Ri(0) = 1, R⋄
i (0) = 0, R⋄⋄

i (0) = 0, R
‡
i (0) = 0,

(6.1.6)

where N0 is a positive constant.

Middleton [94] explored the above model both in a single cell and in a line of cells. The single

cell model was found to have stable steady states corresponding to upregulated Nodal and

Antivin and the trivial steady state. In a line of cells, dependent on the choice of parameters,

solutions either form traveling waves corresponding to Antivin spreading throughout the line

of cells, or to ‘pinned’ waves corresponding to Antivin preventing the spread of Nodal. To
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Figure 6.1: Solutions to (6.1.5), showing the resulting concentration of intracellular Nodal and
Antivin in a line of twenty cells. (i) When λP,A = 1, Nodal becomes expressed in
all cells. (ii) When λP,A = 50, Antivin pins Nodal, preventing the spread of Nodal
throughout the line of cells. All other parameters as as defined in table 6.4.

illustrate these two types of behaviour, we solve (6.1.5), using the stiff ODE solve ode15s in

MATLAB, and plot the resulting concentrations of intracellular Nodal and Antivin in a line of

20 cells (figure 6.1), where we set initial conditions such that Nodal is not initially expressed in

cells 1 to 10 (N0 = 0) and is expressed close to its upregulated steady state value in cells 11 to

20 (N0 = 2) . In figure 6.1(i), the rate of production of Antivin in response to P-Smad2 was set

to λP,A = 1, such that Nodal is still able to spread throughout the line of cells. In figure 6.1(ii),

where λP,A = 50, high levels of Antivin ‘pins’ Nodal such that it does not spread throughout

the line of cells. Experimental evidence suggests that the pinning of Nodal by Antivin occurs in

vivo since, in the presence of Antivin, Nodal is only expressed one or two cells from its source,

while in Antivin knockout experiments the Nodal signal propagates throughout the field of

cells [14].

6.1.2 The mesendoderm GRN downstream of Nodal

Middleton [94] then proceeds to formulate a model of the Xenopus mesendoderm GRN down-

stream of Nodal in a line of cells. This model includes a simplified version of the FGF signalling

pathway which we give summary of here. Extracellular FGF ligands (Eo) bind to free FGF re-

ceptors (F) to give FGF bound receptors (F⋄)

Eo + F
kE
⇋

k−R

F⋄. (6.1.7)

MAP kinases (K) then bind to the activated receptor complex and MAP kinase becomes phosoph-
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orylated (K∗) via the formation of an intermediate MAP kinase bound receptor (F⋄⋄)

K + F⋄
kK
⇋

k−K

F⋄⋄ kK∗→ K∗ + F⋄. (6.1.8)

It is assumed that certain processes, such as the binding of extracellular eFGF to its receptor,

occur on a fast timescale compared with the rate of change of intracellular eFGF, and these pro-

cessed are scaled by a small parameter (ǫ << 1). The equations governing the mesendoderm

GRN downstream of Nodal (figure 1.7A) in cell i are then given by

ǫ
dEo

i

dτ
= σE∆Ei + δEEi − ν̄ (kEEo

i − k−EF⋄
i )− µEo Eo

i , (6.1.9a)

dEi

dτ
= λB,EH(Bi)− µEEi, (6.1.9b)

ǫ
dK∗

i

dτ
= νkK∗ F⋄⋄

i − µK∗K∗
i , (6.1.9c)

ǫ
dF⋄

i

dτ
= kEEo

i Fi − k−EF⋄
i − kKF⋄

i + (k−K + kK∗)F⋄⋄
i , (6.1.9d)

ǫ
dF⋄⋄

i

dτ
= kKF⋄

i − (k−K + kK∗)F⋄⋄
i , (6.1.9e)

ǫ
dFi

dτ
= −kEEo

i Fi + k−EF⋄
i , (6.1.9f)

dIi

dτ
= λC,IH

(
Ci

θC,I

)

− µI Ii, (6.1.9g)

dLi

dτ
= λP,LH

(
Pi

θP,L

)

− µLLi, (6.1.9h)

dBi

dτ
=

{

λK∗,BH (K∗
i ) + λV,BH

(
Vi

θV,B

)

+ λP,BH (Pi)

}

{1 −H (Gi + Mi)} − Bi, (6.1.9i)

dGi

dτ
=

{

λLI,GH (Li)H (Ii) + λM,GH

(
Mi

θM,G

)}{

1 −H

(
Gi

θG,G

)}

− µGGi, (6.1.9j)

dMi

dτ
=

{

λV,MH

(
Vi

θC,M

)

+ λP,MH

(
Pi

θP,M

)}{

1 −H

(
Bi

θB,M

)}

− µM Mi. (6.1.9k)

Vi, Ci, Pi are defined by solutions to equation (6.1.5), and the above model is the non-dimensional

version obtained after applying the scalings given in [94]. Initial conditions are selected such

that all factors in (6.2.5) are initially absent and all FGF receptors are free, such that

Eo
i (0) = 0, K∗

i (0) = 0, F⋄
i (0) = 0, F⋄⋄

i (0) = 0, Fi(0) = 1,

Ii(0) = 0, Li(0) = 0, Bi(0) = 0, Gi(0) = 0, Mi(0) = 0.
(6.1.10)

Representative solutions of (6.1.5)-(6.2.5) are given in figure 6.2. Initial conditions of (6.1.5)

are selected such that Vi(0) = 0 and Ci(0) = C0, where V0, C0 are positive constants selected

selected such that cells 1 to 10 represent the marginal zone where the expression of β-catenin

overlaps with the expression of VegT and cells 11 to 20 represent the Vegetal region where

VegT is expressed. Solutions to the model find that Brachyury is expressed in cells with a

low level of VegT, whilst Mix and Goosecoid are expressed in cells with a high level of VegT.

Further investigations in [94] show that the steepness of the VegT gradient determines the size
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Figure 6.2: Solutions to (6.1.5) and (6.2.5) in a line of twenty cells. Brachyury is expressed in
cells j = 1 to j = 10, where VegT concentrations are low and Mix/Goosecoid are
expressed in cells j = 11 to j = 20 where VegT concentration are high. Parameters
as as defined in table 6.5.

of the regions expressing Mix and Brachyury. In the remainder of this chapter we will build

on existing results presented in this section by formulating a mathematical model of the axolotl

mesendoderm network in a line of cells and then extend both the Xenopus and axolotl models

from a line of cells into a two dimensional grid of cells. In the next section, we formulate

a mathematical model of the axolotl mesendoderm GRN, and explore how regions of cells

corresponding to mesoderm and anterior mesendoderm form and compare these results with

current experimental understanding.

6.2 Multicellular models of the axolotl mesendoderm GRN

Recall that in chapter 3 we developed mathematical models based on the axolotl mesendoderm

GRN in a single cell. Two versions of the model were explored, the in vitro version giving

the GRN downstream of Activin and the in vivo version giving the GRN downstream of β-

catenin. We showed that both versions of the model were bistable with stable steady states

corresponding to mesoderm and anterior mesendoderm, with the in vivo model reaching the

steady states dependent on the initial dose of β-catenin. In this section we extend the single cell

in vivo model into a line of cells. First we give a summary of experimental observations which

are important while considering the model.

6.2.1 Experimental observations

The expression of Mix and Brachyury are illustrated in figure 6.3. At stage 10 Mix is detected

in the mesoderm at the blastopore lip and Brachyury is not detectable [139]. Both Mix and

Brachyury are detected at stage 10.75, where Mix expression is retained in the involuted meso-
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derm and Brachyury is detected in the mesoderm and in a fraction of the dorsal mesoderm pre-

viously marked by Mix. By stage 12 Mix is found in the ventral mesoderm and the endoderm

and Brachyury is found in the dorsal mesoderm [139]. Thus, Mix and Brachyury are expressed

in distinct regions of the embryo, with the expression of Mix preceding that of Brachyury.

Brachyury and Mix are regulated by Nodal1 in axolotl [16]. At stage 9 Nodal1 expression is

strongest on the dorsal side of the embryo. At stage 10 Nodal1 is detected in the dorsal lip and

at stage 12 Nodal1 is mainly found in the mesoderm with weak expression in the endoderm.

Thus it is thought that Nodal1 overlaps with β-catenin expressing region on the dorsal side of

the embryo [16].

6.2.2 Governing equations

We formulate a model of the axolotl mesendoderm GRN (figure 1.7) in a line of cells, similar

to the Xenopus models given in section 6.1.1, and explore its behaviour. The dynamics of the

Nodal signalling pathway are assumed to be identical to those given in (6.1.5), except that β-

catenin and not VegT can initiate the expression of intracellular Nodal, whereby, dependent on

the parameter values selected, Nodal can either spread throughout the line of cells or be pinned

by Antivin. The equations governing Nodal signalling downstream of β-catenin in axolotl are

given by

dCi

dt
= −µCCi (6.2.1a)

dTo
i

dt
= σT∆To

i + ν
(

k−T R
‡
i − kTTo

i Ri

)

− lT No
i To

i + l−TT
‡
i +

δT

ρ
Ti − µT0 To

i , (6.2.1b)

dNo
i

dt
= σN∆No

i +
ν

ρ
(k−N R⋄

i − kN No
i Ri)− lT No

i To
i + l−TT

‡
i +

δN

ρ
Ni − µN0 No

i , (6.2.1c)

dT
‡
i,j

dt
= σT‡ ∆T

‡
i,j + lT No

i,jT
o
i,j − l−TT

‡
i,j − µT‡ T

‡
i,j, (6.2.1d)

dTi

dt
= λP,TH

(
Pi

θP,T

)

− (µT + δT) Ti, (6.2.1e)

dPi

dt
= kpνR⋄⋄

i − µPPi, (6.2.1f)

dNi

dt
= λC,NH

(
Ci

θC,N1

)

+ λP,NH

(
Pi

θP,N

){

1 + λC,NH

(
Ci

θC,N2

)}

− (µN + δN) Ni, (6.2.1g)

dRi

dt
= k−N R⋄

i − kN No
i Ri + k−T R

‡
i − kTTo

i Ri, (6.2.1h)

dR⋄
i

dt
= kN No

i Ri − k−N R⋄
i − ksR⋄

i Si +
(
k−s + kp

)
R⋄⋄

i , (6.2.1i)

dR⋄⋄
i

dt
= ksR⋄

i Si −
(
k−s + kp

)
R⋄⋄

i , (6.2.1j)

dR
‡
i

dt
= −k−T R

‡
i + kTTo

i Ri, (6.2.1k)

where terms of the form ∆Xi are as defined in (1.12.3) and ν and ρ are the membrane and

extracellular volume fractions ρ = vE/vI and ν = vM/vI where vE, vI and vM are the local
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Figure 6.3: Cartoon showing the expression of Mix (blue) and Brachyury (yellow) during ax-
olotl early development. Dorsal = left, vegetal = bottom. Figure modified from
[139].

extracellular, intracellular and membrane volumes, respectively. To investigate a multicellular

model of the network downstream of Nodal, we formulate the following system of equations

based on the GRN given in figure 1.7B

dEo
i

dt
= σE∆Ei + δEEi − ν̄ (kEEo

i − k−EF⋄
i )− µEo Eo

i , (6.2.2a)

dEi

dt
= λB,EH(Bi)− µEEi, (6.2.2b)

dK∗
i

dt
= νkK∗ F⋄⋄

i − µK∗K∗
i , (6.2.2c)

dF⋄
i

dt
= kEEo

i Fi − k−EF⋄
i − kKF⋄

i + (k−K + kK∗)F⋄⋄
i , (6.2.2d)

dF⋄⋄
i

dt
= kKF⋄

i − (k−K + kK∗)F⋄⋄
i , (6.2.2e)

dFi

dt
= −kEEo

i Fi + k−EF⋄
i , (6.2.2f)

dLi

dt
= λP,LH

(
Pi

θP,L

)

− µLLi, (6.2.2g)

dBi

dt
= {λK∗,BH (K∗

i ) + λP,BH (Pi)H (Mi)} {1 −H (Gi)} − Bi, (6.2.2h)

dGi

dt
=

{

λL,GH (Li) + λM,GH

(
Mi

θM,G

)}{

1 −H

(
Gi

θG,G

)}

− µGGi, (6.2.2i)

dMi

dt
= λP,MH

(
Pi

θP,M

){

1 −H

(
Bi

θB,M

)}

− µM Mi. (6.2.2j)

Note that by summing (6.2.1h)-(6.2.1k) we find that the total number of Nodal receptors is

conserved
d

dt
(R + R⋄ + R⋄⋄ + R‡) = 0 ⇒ R + R⋄ + R⋄⋄ + R‡ = R•,

where R• is the total number of Nodal receptors. Similarly, by summing (6.2.2d)-(6.2.2f), we

find that the total number of FGF receptors (F•) is conserved, such that

d

dt
(F + F⋄ + F⋄⋄) = 0 ⇒ F + F⋄ + F⋄⋄ = F•,
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6.2.3 Non-dimensionalisation and parameter sizes

Nondimensional Scalings

We proceed by non-dimensionalising (6.2.1)-(6.2.2) following the scalings used in [94] which we

give a summary of here. We base dimensionless time (τ) on the rate of turnover and secretion

of intracellular Antivin, such that τ ≡ (µN + δN) t. The dimensionless rates of signalling (σX),

turnover (µY) and dissociation of receptors (k−Z) are based on the rate of nodal turnover and se-

cretion such that σ̂X ≡ σX/(µNδ N) for X ∈
{

N, T, T‡, E
}

, µ̂Y ≡ µY/(µN + δN) for Y ∈ {N, T, E}

and k̂−Z ≡ k−Z/(µN + δN) for Z ∈
{

N, T, , T‡, E, S, K
}

. Dimensionless rates of secretion of

Nodal, Antivin and FGF are given by δ̂N ≡ δN/µN and δ̂X ≡ δX/(µN + δN) for X ∈ {T, E}.

Dimensionless association rates are defined by k̂s ≡ ksS/(µN + δN), k̂K ≡ kKK/(µN + δN),

k̂Y ≡ kYR•/(µN + δN) for Y ∈ {N, T} and k̂E ≡ kEF•/(µN + δN). The association and dis-

sociation rates of the Nodal-Antivin complex are scaled by l̂T ≡ lT R•/ (µN + δN) and l̂−T ≡

l−T/ (µN + δN). The nondimensional phosphorylation rate of Smad2 is k̂P ≡ kP/k−S and the

nondimensional phosphorylation rate of MAPK is k̂K∗ ≡ kK∗/ (µN + δN). We define the follow-

ing nondimensional rates of production: λ̂P,N ≡ λP,N/(µN + δN)R•, λ̂P,T ≡ λP,T/(µN + δN)R•

and λ̂C,N ≡ λC,N/(µN + δN)R•. The following dimensionless concentrations are based on the

total number of receptors, such that for X ∈ {N, No, R⋄, R⋄⋄, R} we have X̂ = X/R• and for

Y ∈ {Eo, K∗, F, F⋄, F⋄⋄} we have Ŷ = Y/F•. The dimensionless concentration of P-Smad2 is

P̂ ≡ ksP/k−S and remaining concentrations are given by Ẑ ≡ Z/θZ, where the following are

written for notational simplicity:

θG ≡ θG,B, θB ≡ θB,E, θE ≡ θE,B, θL ≡ θL,G, θM ≡ θM,B.

We define the following dimensionless thresholds: θ̂P,N ≡ ksθP,N/k−S, θ̂P,T ≡ θP,T/R•, θ̂K∗,B ≡

θK∗,B/F•, θ̂P,B ≡ kSθP,B/k−S and θ̂P,M ≡ kSθP,M/k−S. Remaining dimensionless rates of pro-

duction, turnover and thresholds are defined by λ̂Y,Z ≡ λY,Z/θZ(µN + δN), µ̂Z ≡ µZ/(µN +

δN) and θ̂X,Z ≡ θX,Z/θZ.

Parameter Sizes

We again follow the work of Middleton et al [94] in making the following assumptions about the

rate at which certain processes occur, based on the fact that intracellular Nodal is turned over

at a faster rate than extracellular Nodal (i.e. µN << µNo ). It is assumed that other processes

occur on a similarly fast timescale and we make the following rescalings

k̂−N → ǫ−1k̂−N , k̂N → ǫ−1k̂N , k̂P → ǫ−1k̂P, µ̂P → ǫ−1µ̂P, , k̂S → ǫ−1k̂S,

k̂−S → ǫ−1k̂−S, δ̂T → ǫ−1δ̂T , k̂T → ǫ−1k̂T , k̂−T → ǫ−1k̂−T , l̂T → ǫ−1 l̂T ,

l̂−T → ǫ−1 l̂−T , µ̂To → ǫ−1µ̂To , k̂−E → ǫ−1k̂−E, k̂E → ǫ−1k̂E, µ̂K∗ → ǫ−1µ̂K∗,

k̂K → ǫ−1k̂K, k̂−K → ǫ−1k̂−K. (6.2.3)

where ǫ = (µN + δN)/µNo << 1. After applying the scalings described in this section and
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defining the following for notational simplicity: δ̄N = δN/(δN + 1)ρ, k̄P = ρk̂P k̂sS−1, k̄−S =

k̂
S
(1 + k̂P) − k̄P and ν̂ = ν/ρ, the equations governing Nodal signalling downstream of β-

catenin are given by

dCi

dτ
= −µCCi (6.2.4a)

ǫ
dTo

i

dτ
= σT∆To

i + ν
(

k−T R
‡
i − kTTo

i Ri

)

− lT No
i To

i + l−TT
‡
i +

δT

ρ
Ti − µT0 To

i , (6.2.4b)

ǫ
dNo

i

dτ
= σN∆No

i +
ν

ρ
(k−N R⋄

i − kN No
i Ri)− lT No

i To
i + l−TT

‡
i +

δN

ρ
Ni − µN0 No

i , (6.2.4c)

ǫ
dT

‡
i,j

dτ
= σT‡ ∆T

‡
i,j + lT No

i,jT
o
i,j − l−TT

‡
i,j − µT‡ T

‡
i,j, (6.2.4d)

dTi

dτ
= λP,TH

(
Pi

θP,T

)

− (µT + δT) Ti, (6.2.4e)

ǫ
dPi

dτ
= kpνR⋄⋄

i − µPPi, (6.2.4f)

dNi

dτ
= λC,NH

(
Ci

θC,N1

)

+ λP,NH

(
Pi

θP,N

){

1 + λC,NH

(
Ci

θC,N2

)}

− (µN + δN) Ni, (6.2.4g)

ǫ
dRi

dτ
= k−N R⋄

i − kN No
i Ri + k−T R

‡
i − kTTo

i Ri, (6.2.4h)

ǫ
dR⋄

i

dτ
= −k−N R⋄

i + kN No
i Ri − ksR⋄

i Si +
(
k−s + kp

)
R⋄⋄

i , (6.2.4i)

ǫ
dR⋄⋄

i

dτ
= ksR⋄

i Si −
(
k−s + kp

)
R⋄⋄

i , (6.2.4j)

ǫ
dR

‡
i

dτ
= −k−T R

‡
i + kTTo

i Ri, (6.2.4k)

and the governing equations downstream of Nodal are

ǫ
dEo

i

dτ
= σE∆Ei − ν̄ (kEEo

i − k−EF⋄
i ) + δEEi − µEo Eo

i , (6.2.5a)

dEi

dτ
= λB,EH(

Bi

θB,E
)− (δE + µE)Ei, (6.2.5b)

ǫ
dK∗

i

dτ
= νkK∗ F⋄⋄

i − µK∗K∗
i , (6.2.5c)

ǫ
dF⋄

i

dτ
= kEEo

i Fi − k−EF⋄
i − kKF⋄

i + (k−K + kK∗)F⋄⋄
i , (6.2.5d)

ǫ
dF⋄⋄

i

dτ
= kKF⋄

i − (k−K + kK∗)F⋄⋄
i , (6.2.5e)

ǫ
dFi

dτ
= −kEEo

i Fi + k−EF⋄
i , (6.2.5f)

dLi

dτ
= λP,LH

(
Pi

θP,L

)

− µLLi, (6.2.5g)

dBi

dτ
=

{

λK∗,BH

(
K∗

i

θK∗,B

)

+ λP,BH

(
Pi

θP,B

)

H

(
Mi

θM,B

)}{

1 −H

(
Gi

θG,B

)}

− µBBi, (6.2.5h)

dGi

dτ
=

{

λL,GH

(
Li

θL,G

)

+ λM,GH

(
Mi

θM,G

)}{

1 −H

(
Gi

θG,G

)}

− µGGi, (6.2.5i)

dMi

dτ
= λP,MH

(
Pi

θP,M

){

1 −H

(
Bi

θB,M

)}

− µM Mi. (6.2.5j)
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Initial conditions are selected such that all Nodal and eFGF receptors are free Ri(0) = 1,

R⋄
i (0) = 0, R⋄⋄

i (0) = 0, R
‡
i (0) = 0, Fi(0) = 1, F⋄

i (0) = 0, F⋄⋄
i (0) = 0. There is an initial

concentration of β-catenin, Ci(0) = C0, where C0 ≥ 0 and all other factors are initially absent

To
i (0)=0, Ti(0) = 0, No

i (0) = 0, Ni(0) = 0, T
‡
i (0) = 0, Eo

i (0) = 0, Ei(0) = 0, Li(0) = 0, Bi(0) = 0,

Gi(0) = 0 and Mi(0) = 0.

6.2.4 Numerical solutions

We now solve equations (6.2.4) and (6.2.5) in a line of 50 cells, selecting initial conditions such

that it represents a line running from a region where β-catenin is not expressed to the dorsal

region where β-catenin is expressed. This may represent a line of cells running from the ventral

region to the dorsal region, although since gastrulation occurs as the stages when mesendoderm

forms, it is not clear where our line of cells corresponds to once this rearrangement of cells has

occurred. Recall that in axolotl the only maternal factor involved in mesendoderm induction

in our model is β-catenin, since VegT is not involved in the axolotl mesendoderm GRN. Initial

conditions are chosen such that the first [n/3] cells represent a region where β-catenin is absent

and in the remaining [2n/3] we consider two different cases. In the first case we assume that a

gradient of β-catenin runs from cell j = n/3 + 1 to cell j = n, such that

Ci(0) =







0 for i ≤ [n/3]

a(i − [n/3]) for [n/3] < i ≤ [n],
(6.2.6)

where a is a positive constant. We chose this gradient of β-catenin based on experimental ev-

idence that β-catenin can induce mesoderm and endoderm in a dose dependent manner in

axolotl animal caps [16]. However, β-catenin is deposited maternally and localised with cor-

tical rotation [98], and there is currently no evidence that a gradient of β-catenin exists in the

embryo. Thus we consider a second case where a constant level of β-catenin is found in the last

[n/3] cells but is not expressed elsewhere, such that

Ci(0) =







0 for i < [2n/3]

b for i ≥ [2n/3],
(6.2.7)

where b is a positive constant. We now proceed investigate time-dependent solutions to (6.2.4)

and (6.2.5) subject to these two sets of initial conditions using the Matlab solver for stiff ODEs,

ode15s.

Gradient of β-catenin

Plotted in figure 6.4 are solutions to (6.2.4)-(6.2.5) subject to the initial concentration of β-catenin

defined by (6.2.6) such that a gradient of β-catenin levels is found in cells 16 to 50 and absent

elsewhere. Parameter values (given in tables 6.1 and 6.2) were selected such that (6.2.4) is

consistent with experimental observations in Xenopus where Nodal is pinned by Antivin [95].
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Variable Parameter Value Variable Parameter Value
N λP,N 3 T λP,T 12

θP,N 0.666 θP,T 0.999
λC,N 1 δT 20
θC,N 1 µT 1

λC2 ,N 1 σT 0.125
θC2 ,N 1 T0 kT 1

N0 kN 1 k−T 100
k−N 100 µTo 1
µNo 1 P kP 10

T‡ lT 1 µP 0.01
l−T 100 S S 1
µT‡ 0 kS 1

ν̄ 1 k−S 0.01
C µC 0.01

Table 6.1: Dimensionless parameters used to solve (6.2.4). Parameters are selected such that in
a single cell case (6.2.4) is bistable.

Variable Parameter Value Variable Parameter Value
M λP,M 12 B λK∗,B 12

θP,M 3 λP,B 20
θB,M 1 θP,B 1

L λP,L 1 G λLI,G 1
θP,L 1 λM,G 8

E λB,E 5 θM,G 1
K∗ kK∗ 10 θG,G 3

µK∗ 0.01 Eo σE 0.125
K kK 1 δE 1

k−K 0.01 kE 1
all other µ 1 k−E 100

Table 6.2: Dimensionless parameters used to solve (6.2.5). Parameters are selected such that in
a single cell case (6.2.5) is bistable with steady states corresponding to mesoderm and
anterior mesendoderm.

We find that Nodal is restricted from spreading more than one or two cells away from the

region where it is induced by β-catenin. There is a gradient of Nodal, Antivin and P-Smad2

which is similar to the gradient of β-catenin. Downstream of Nodal signalling we find that Mix

and Goosecoid are co-expressed in regions with high levels of β-catenin and Brachyury and

eFGF are expressed in regions with a lower level of β-catenin. These results are qualitatively

similar to dose response data in axolotl animal caps [16] where mesoderm forms for a low

level of β-catenin and anterior mesendoderm forms for a higher dose of β-catenin. We also

observe that, in our model, Brachyury spreads into the region with no active Nodal signalling,

this spread being due to the mutual positive regulation of eFGF and Brachyury. Figure 6.5

shows solutions to the model beyond t = 100. We find that levels of components of the Nodal

signalling pathway decrease as time proceeds. As the levels of P-Smad2 decrease, Mix and

Goosecoid become downregulated and Brachyury and FGF become upregulated in these cells.

Thus at steady state Nodal is not maintained and eFGF and Brachyury are maintained via their

mutual positive regulation.

In figures 6.6 and 6.7 solutions to (6.2.4)-(6.2.5) subject to the initial concentration of β-catenin

defined by (6.2.6) are plotted for λP,A = 1 and λP,A = 50, corresponding to the cases where

Nodal can spread throughout the line of cells, and where Nodal is pinned by Antivin, respec-

tively. When Nodal can spread throughout the line of cells we still observe regions correspond-
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ing to mesoderm and anterior mesendoderm, but see that components of Nodal signalling

spread into the region where β-catenin is not expressed (see figure 6.6). When λP,A = 50, the

rate of production is high, which means that the level of P-Smad2 in response to Nodal sig-

nalling is low and Antivin pins Nodal to β-catenin expressing regions. Downstream of Nodal

we see that a Brachyury region forms, but we do not see a region corresponding to anterior

mesendoderm.

Constant level of β-catenin

Plotted in figure 6.8 are solutions to (6.2.4)-(6.2.5) subject to the initial concentration of β-catenin

defined by (6.2.7) such that a uniform concentration of β-catenin is found in cells 33 to 50 and

absent elsewhere. We set λP,A = 10, such that Antivin prevents Nodal from spreading more

than one or two cells from its source, and investigate how cell to cell signalling results in the

formation of regions corresponding to mesoderm and anterior mesendoderm. The solutions

plotted in figure 6.8 show that cells 32 to 50, where β-catenin is expressed, correspond to ante-

rior mesendoderm, while mesoderm forms on the boundary of the β-catenin expressing region.

The solutions shown in figure 6.9 are for the same model as in figure 6.8, except we set σE = 0,

such that there is no cell to cell communication via the FGF signalling pathway. We see that in

this case only cells 30 and 31 express Brachyury and eFGF and does not spread throughout the

line of cells. Thus eFGF signalling is essential for expanding the number of cells corresponding

to mesoderm. Figure 6.10 shows solutions where σN = σT = σT‡ = 0, such that there is no

cell to cell communication via the Nodal signalling pathway. As before, we find that anterior

mesendoderm forms in cells 32 to 50, but in the absence of Nodal spreading outside of this

region.

6.2.5 Discussion

In this section we developed mathematical models of the axolotl mesendoderm GRN in a line of

cells. We found that Brachyury expressing (i.e. mesoderm) and Mix and Goosecoid expressing

(i.e. anterior mesendoderm) populations of cells form for both an initial gradient of β-catenin

and a uniform level of β-catenin in a selected number of cells. While experimental evidence

shows that β-catenin can induce mesoderm and anterior mesendoderm in a dose dependent

manner in axolotl animal caps [16], it is likely that a gradient of β-catenin does not exist in vivo.

Our investigations show that regions corresponding to mesdoderm and anterior mesendoderm

can form when β-catenin is uniformly expressed in some cells and absent from others, and that

the diffusion of Nodal is essential for the formation of these two distinct regions in this case.

To aid further development of multicellular models of the axolotl mesendoderm GRN, experi-

mental data is required. A logical first step is to collect data for the expression of components

of the Nodal signalling pathway to estimate model parameters, the extend the analysis to com-

ponents downstream of Nodal. In the next section we clone Antivin, a gene involved in the

regulation of Nodal signalling, which has not previously been identified in axolotl.
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Figure 6.4: Numerical solutions for (6.2.4)-(6.2.5) subject to the initial condition of β-catenin
given by (6.2.6) with a = 1/16 for n = 50 cells. No β-catenin is found in cells
i = 1 to 16, and a gradient of β-catenin exists in cells i = 17 to 50. Nodal (No

i ) and its
downstream component P-Smad2 (Pi) are restricted to regions expressing β-catenin.
Parameters are selected as in tables 6.1 and 6.2, with λP,A = 10, such that Antivin
pins Nodal expression. Downstream of P-Smad2, we find that Mix is expressed in
regions with high β-catenin (cells 32 to 50) and Brachyury is initially expressed in
regions with low β-catenin, but spreads into the region where β-catenin is absent.
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Figure 6.5: Numerical solutions for (6.2.4)-(6.2.5) subject to the initial condition of β-catenin
given by (6.2.6) with a = 1/16 for n = 50 cells. No β-catenin is found in cells
i = 1 to 16, and a gradient of β-catenin exists in cells i = 17 to 50. Nodal (No

i ) and its
downstream component P-Smad2 (Pi) are restricted to regions expressing β-catenin.
Parameters are selected as in tables 6.1 and 6.2, with λP,A = 10, such that Antivin
pins Nodal expression. Downstream of P-Smad2, we find that Mix is expressed in
regions with high β-catenin (cells 32 to 50) and Brachyury is initially expressed in
regions with low β-catenin, but spreads into the region where β-catenin is absent.
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Figure 6.6: Numerical solutions for (6.2.4)-(6.2.5) subject to the initial condition of β-catenin
given by (6.2.6) with a = 1/16 for n = 50 cells. No β-catenin is found in cells
i = 1 to 16, and a gradient of β-catenin exists in cells i = 17 to 50. Nodal (No

i ) and its
downstream component P-Smad2 (Pi) are restricted to regions expressing β-catenin.
Parameters are selected as in tables 6.1 and 6.2, with λP,A = 1, such that Nodal
spreads throughout the line of cells. Downstream of P-Smad2, we find that Mix is
expressed in regions with high β-catenin (cells 32 to 50) and Brachyury is initially ex-
pressed in regions with low β-catenin, but spreads into the region where β-catenin
is absent.
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Figure 6.7: Numerical solutions for (6.2.4)-(6.2.5) subject to the initial condition of β-catenin
given by (6.2.6) with a = 1/16 for n = 50 cells. No β-catenin is found in cells
i = 1 to 16, and a gradient of β-catenin exists in cells i = 17 to 50. Nodal (No

i ) and its
downstream component P-Smad2 (Pi) are restricted to regions expressing β-catenin.
Parameters are selected as in tables 6.1 and 6.2, with λP,A = 50, such that Nodal
is pinned by Antivin. Downstream of P-Smad2, we find that Mix is expressed in
regions with high β-catenin (cells 32 to 50) and Brachyury is initially expressed in
regions with low β-catenin, but spreads into the region where β-catenin is absent.
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Figure 6.8: Numerical solutions for (6.2.4)-(6.2.5) subject to the initial condition of β-catenin
given by (6.2.7) with b = 50/16 for n = 50 cells. No β-catenin is found in cells i = 1
to 32, and a uniform level β-catenin exists in cells i = 33 to 50. Nodal (No

i ) and its
downstream component P-Smad2 (Pi) are restricted to regions expressing β-catenin.
Parameters are selected as in tables 6.1 and 6.2, with λP,A = 10, such that Antivin
pins Nodal expression. Downstream of P-Smad2, we find that Mix is expressed in
regions where β-catenin is expressed (cells 33 to 50) and Brachyury is initially ex-
pressed at the boundary of the β-catenin positive region, and then spreads into the
region where β-catenin is absent.
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Figure 6.9: Numerical solutions for (6.2.5) subject to the initial condition of β-catenin given by
(6.2.7) with b = 50/16 for n = 50 cells. No β-catenin is found in cells i = 1 to
32, and a uniform level β-catenin exists in cells i = 33 to 50. Nodal (No

i ) and its
downstream component P-Smad2 (Pi) are restricted to regions expressing β-catenin.
Parameters are selected as in tables 6.1 and 6.2, with λP,A = 10, such that Antivin
pins Nodal expression and σE = 0 such that extracellular FGF does not spread from
cell to cell. Downstream of P-Smad2, we find that Mix is expressed in regions where
β-catenin is expressed (cells 33 to 50) and Brachyury is expressed at the boundary of
the β-catenin positive region.
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Figure 6.10: Numerical solutions for (6.2.5) subject to the initial condition of β-catenin given
by (6.2.7) with b = 50/16 for n = 50 cells. No β-catenin is found in cells i =
1 to 32, and a uniform level β-catenin exists in cells i = 33 to 50. Nodal (No

i )
and its downstream component P-Smad2 (Pi) are restricted to regions expressing
β-catenin. Parameters are selected as in tables 6.1 and 6.2, with λP,A = 10, such
that Antivin pins Nodal expression and terms of the form σX = 0 such that there is
no cell to cell communication via Nodal signalling. Downstream of P-Smad2, we
find that Mix is expressed in regions where β-catenin is expressed (cells 33 to 50)
and Brachyury is expressed at the boundary of the β-catenin positive region.
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hit species gene Accession number identities e value
1 Paralichthys olivaceus lefty AB232902.1 73% 2e-163
2 Oryzias latipes lefty NM_001163090.1 73% 1e-146
3 Xenopus (Silurana) lefty NM_001130253.1 73% 4e-141

tropicalis
4 Oreochromis niloticus left-right determination XM_003440707.1 71% 4e-134

factor 2-like
5 Xenopus laevis Xantivin AF209744.1 70% 8e-131

Table 6.3: NCBI BLAST results for the axolotl Antivin coding sequence. BLASTN 2.2.26+ is a
nucleotide blast.

6.3 The cloning and expression of axolotl Antivin

Antivin (also known as Lefty) is an important component of the Nodal signalling pathway,

which acts to inhibit Nodal signalling. In this section we clone and sequence a fragment of

axolotl DNA which we identify as axolotl Antivin by comparing with Antivin sequences from

other species. We then measure the expression of Antivin in axolotl embryos at various stages

of development and presented initial data on the expression of Antivin in animal caps over

expressing Nodal1.

6.3.1 The axolotl Antivin sequence

A 98 base pair (bp) sequence of axolotl DNA, from a transcriptome project donated to us by

Elly Tanaka, was shown to be similar to Antivin in other species, for example Xemopus lae-

vis, using NCBI BLAST. This sequence included a stop codon, giving the 3’ end of the axolotl

Antivin coding sequence. To clone axolotl Antivin upstream of this 98bp, we used a genome

walking technique (see materials and methods, chapter 2) and designed primers to ‘walk’ up-

stream of the fragment in libraries of axolotl genomic DNA. The resulting PCR fragments were

cloned using T-vector and sequenced. NCBI BLAST was used to confirm that the resulting se-

quences corresponded to axolotl Antivin. After repeated rounds of genome walking, primers

were designed against the resulting sequence, and PCR carried out against axolotl cDNA to

give a 1041bp fragment of axolotl coding sequence (see figure 6.11(a)). To confirm that the se-

quence identified is an Antivin orthologue, databases were searched using NCBI BLAST. Top

hits were all Antivin/Lefty orthologues (table 6.3) revealing that our cDNA sequence encodes

axolotl Antivin. Furthermore, the conserved domain prediction in NCBI BLAST confirms that

the sequence is a TGF-β family member (figure 6.11(b)). The 1041bp of axolotl Antivin give

a predicted polypetide of 346 amino acids (figure 6.11(a)). Nucleotide alignments, comparing

Antivin protein sequences from axolotl, Xenopus, human and mouse, are shown in figure 6.12.

Axolotl Antivin contains two possible RXXR cleavage sites and 6 cysteine residues in the C-

terminal region, which are conserved in all TGF-β superfamily proteins [73]. Note that we have

not yet cloned the 5’ end of axolotl Antivin. From comparison with Xenopus Antivin sequences

(figure 6.12), there is approximately 69bp (or 23 amino acids) of sequence required to reach the

5’ end.
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(a)

(b)

Figure 6.11: (a) The nucleotide sequence, and predicted translated sequence of our axolotl An-
tivin fragment. Numbers indicate the nucleotide position. * marks the stop codon.
Orange arrows indicate positions of introns, conserved cysteines are underlined
and black boxes mark possible RXXR cleavage sites. (b) The conserved domain
prediction using NCBI blast indicates that the sequence is a member of the TGF-β
superfamily.
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Figure 6.12: Protein alignments of Antivin/Lefty sequences from axolotl, Xenopus, human and
mouse. Coloured boxes highlight conserved amino acids. Black boxes indicate
RXXR cleavage sites and asterisks (*) mark conserved cysteines.
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Figure 6.13: A Temporal expression pattern of AxAntivin. RT-PCR at various developmental
stages, according to [8]. Transcripts are first expressed at stage 8 and peak at gas-
trula stages. RT-PCR primers were designed in predicted exon4 of AxAntivin. EC
= early cleavage, LC = late cleavage. B The expression of AxNodal1 and AxNodal2
in axolotl at various developmental stages, taken from [139].

6.3.2 Expression of Antivin

To investigate the temporal expression of Antivin at stages of axolotl development, we designed

primers and analysed expression using RT-PCR (figure 6.13A). Antivin is not detected during

early cleavage or late cleavage, showing that it is not expressed maternally. Antivin is first

detected at stage 8, when zygotic transcription commences, and is still expressed at stage 40.

Expression levels peak at gastrula stages (stages 10-12), and a smaller peak in expression occurs

at stages 20/25. The expression pattern of Antivin follow a similar pattern to qPCR data for the

expression of Nodal1 given in [139] (shown in figure 6.13B). In addition Antivin expression in

axolotl is similar to the expression of Antivin in Xenopus [142]. The two peaks in the expression

of Antivin and Nodal in axolotl embryos, with the peak at gastrula stages corresponding to the

role of Antivin and Nodal in mesoderm induction and the peak at tailbud stages corresponding

to the role in left-right axis determination.
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Figure 6.14: qPCR analysis of Antivin gene expression in response to (A) AxNodal1 and (B)
Activin. Caps were collected at the equivalent to stage 9 (0 hours), then 12, 24 and
48 hours later. Gene expression levels are relative to ODC, then normalised to each
gene in uninjected caps at 0 hours.

6.3.3 Antivin expression in Nodal1 and Activin injected animal caps.

Recall that in chapter 4 we obtained quantitative gene expression data for important genes in

the mesendoderm GRN in axolotl animal caps overexpressing Nodal1 and Activin. We de-

signed qPCR primers and a probe based on the axolotl Antivin sequence to measure relative

expression of Antivin in these samples (figure 6.14). We find that in both the Nodal-injected

and Activin-injected the expression of Antivin varies over time, with the highest levels of ex-

pression found in the caps treated with the highest dose of Nodal1/Activin. A possible reason

for the variation in Antivin over time is that it is induced by Nodal, but also acts as a Nodal

signalling agonist. To further explore the induction of Antivin by Nodal in axolotl, this data

could be used to estimate parameters in a single cell model of Nodal signalling and the result-

ing model analysed. Preliminary results whereby we ran the parameter estimation algorithm

(described in chapter 4) to fit the mathematical model of Nodal signalling to data for the expres-

sion of Nodal and Antivin in Nodal-injected caps were of limited succes, as the resulting model

could not fully reproduce experimental data (not shown). Since the expression of Antivin in

Nodal-injected caps is rather dynamic, collected data on a more detailed timecourse may aid

future work in estimating parameter values for Nodal signalling. Further experimental data

would also elucidate how Antivin functions in axolotl and differences between Activin and

Nodal signalling. This data will also aid further mathematical analysis.

6.4 Mathematical models of mesendoderm formation in a grid

of cells

6.4.1 Motivation

The models of the axolotl mesendoderm GRN explored in chapters 3 and 4, and the models of

the simplified Xenopus mesendoderm GRN in [95] and chapter 5, represent the network within

a single cell. These models do not consider the spread of signals throughout the embryo by cell
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to cell communication, or the dynamics of the signalling pathway. Instead, in the single cell

models, signals are assumed to act directly on their targets (in the same way as transcription

factors). Mathematical models of the simplified Xenopus mesendoderm GRN in a line of cells

are formulated in [94]. These models explore extracellular protein interactions and the spread

of signals throughout a line of cells (see section 6.1 for more details).

Embryos are three dimensional structures, with cells differentiating along different axes, i.e.

along the animal-vegetal and dorsal-ventral axes. Whilst mesoderm, endoderm and ectoderm

form along the animal-vegetal axis of the embryo, on the dorsal side anterior mesendoderm

lies between mesoderm and endoderm but is not found in ventral regions (see figure 5.1). In

the previous chapter, it was shown that including dorsal-ventral patterning in a model of the

Xenopus mesendoderm GRN can account for mesoderm and endoderm formation in both dor-

sal and ventral regions of the embryo. The models formulated in chapter 5 are in a single cell

and do not include extracellular regulation, such as the binding of BMP to Chordin, which

make the BMP ligand unable to bind to its receptors. With the overall aim of formulating a

model of the Xenopus mesendoderm GRN including DV patterning and extracellular protein

interactions in a two-dimensional grid of cells, we formulate and investigate models of the

mesendoderm GRN in a grid of cells. These two-dimensional models are an immediate exten-

sion to the Xenopus and axolotl mesendoderm models in a line of cells, which are modified to

allow for extracellular ligands diffusing within the grid of cells.

6.5 The Xenopus mesendoderm GRN in a two-dimensional grid

of cells

During the development of a Xenopus embryo significant changes occur to its structure. An

embryo starts as a single cell, which undergoes several rounds of cell division to become a mul-

ticellular organism. The morphogenic movements of gastrulation commence at stage 10.5. Dur-

ing gastrulation, epiboly occurs whereby cells of the prospective ectoderm move and expand to

enclose the entire embryo and mesoderm becomes internalised [41]. The cell movements of gas-

trulation and epiboly may well be important for correct germ layer specification, as they occur

at the same time as mesoderm and endoderm form. For simplicity we assume that cells do not

move in our model of an embryo and base the spatial organisation on that of a stage 9 Xenopus

embryo (see figure 6.15A). This is a reasonable assumption since, during the timescales during

which mesendoderm forms, the neighbours of each cell are likely to not change significantly.

The centre of the animal hemisphere consists of a fluid filled cavity known as the blastocoel. By

definition, animal cap cells are found above the blastocoel, and vegetal cells are located below

the blastocoel in the vegetal hemisphere. The blastocoel is know to have two functions; it allows

the movements which occur at gastrulation and prevents signals from the vegetal hemisphere

from reaching animal cap cells [41]. Note that there is a difference in size between the animal

cap and vegetal cells with vegetal cells being larger. For simplicity, we will assume that all cells

in the model embryo are the same size and shape. We choose to construct the model of the
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Figure 6.15: (A) A cryosection of a stage 9 Xenopus embryo showing cellular organisation and
geometry, taken from Schohl and Fagotto, Development, 2007 [126]. (B) A repre-
sentation of the geometry of a stage 9 Xenopus embryo assuming uniformly sized
cells represented by regular hexagons. The number of cells across the vegetal hemi-
sphere in our representation is approximately the same as in the cryosection.

embryo using hexagonal cells rather than square cells since the cells of the Xenopus embryo can

be well approximated using a hexagonal geometry. Based on these assumptions, we construct

the ‘model embryo’ as shown in figure 6.15B, where the animal cap, which consists of a two

cell thick layer, sits on top of the blastocoel (a region with no cells) and the bottom half of the

embryo consists of vegetal cells.

Figure 6.16: The labeling system we use for a grid of hexagonal cells. Cell (i, j) is highlighted
in red, with its six nearest neighbours highlighted in blue. The labelling we use is
similar to that used to label a square lattice. Cell (i = 1, j = 2) is labelled for an
illustration of boundary conditions (see main text).

Signalling molecules are secreted by cells, diffuse throughout the extracellular space and bind

to membrane bound receptors. We introduce coupling between cells such that signals can dif-
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Figure 6.17: A cartoon showing the spatial patterns of P-Smad2 in Xenopus embryos. Dorsal
is on the right hand side of the sections. Red marks the strongest signal and pale
yellow makes weak signal. Figure taken from [126].

fuse to a cells nearest neighbours (where each hexagon has six nearest neighbours as shown in

figure 6.16). For a protein X, which diffuses throughout the domain, the concentration of X in

cell (i, j) is given by
dXi,j

dt
= σx∆Xi,j (6.5.1)

where

∆Xi,j = −6Xi,j + Xi−1,j + Xi−1,j+1 + Xi,j+1 + Xi+1,j + Xi+1,j−1 + Xi,j−1, (6.5.2)

and σx is the strength of coupling between cells. Boundary conditions are defined such that for

cells on the edge of the grid extracellular molecules do not leave the embryo, i.e. there is no flux

at the boundary. For example for cell (1, 2), as labelled in figure 6.16, has four neighbouring

cells and ∆Xi,j is given by

∆X1,2 = −4X1,2 + X2,2 + X1,1 + X1,3 + X2,3. (6.5.3)

In this section we have introduced a grid of hexagonal cells as a suitable approximation for

cells in a Xenopus embryo, and defined equations for the spread of a protein throughout the

grid. We now proceed to extend the mesendoderm models given in a line of cells [94] and solve

the resulting models in a grid of hexagonal cells. We start by considering a model of Nodal

signalling.

6.6 The regulation of Nodal by VegT and β-catenin

In this section we formaulate and sove a model of Nodal signalling in a 2D grid of cells, to

reproduce experimentally observed spatial patterns of P-Smad2. Figure 6.17 shows the spatial

distribution of P-Smad2 in early stage Xenopus embryos between stages 8.5 and 10. At stage

8.5 P-Smad2 is expressed in a supraequatorial ring in a pattern similar to that of β-catenin. At

stages 9 to 9.5, P-Smad2 expression is strongest dorsally, with activity throughout the vegetal

hemisphere at stages 9.5/10. Note that this model is a two-dimensional generalisation of the

one-dimensional model of Nodal signalling given in (6.2.4).

Recall that the Nodal genes are regulated by the maternal factors VegT and β-catenin in Xeno-

pus. VegT induces the expression of Xnr1 and Xnr2 with the positive autoregulation of these

Nodal genes enhanced by β-catenin. The induction of Xnr5 and Xnr6 requires both VegT and

β-catenin. In axolotl, Nodal1 is induced by β-catenin alone. We explore different ways in which

VegT and β-catenin regulate Nodal, and the resulting spatial patterns of P-Smad2. We choose

four different ways of modelling the regulation of Nodal, as illustrated in figure 6.18:

1. VegT activates Nodal expression and β-catenin acts to enhance Nodal positive autoregu-
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Figure 6.18: Methods by which VegT and β-catenin can regulate Nodal. (A) Nodal is activated
by VegT alone, with β-catenin enhancing Nodal autoregulation. (B) Both VegT and
β-catenin are required to activate Nodal, with β-catenin enhancing Nodal autoreg-
ulation. (C) Both VegT and β-catenin are required to activate Nodal, but either
VegT and β-catenin can enhance Nodal autoregulation. (D) β-catenin are required
is activate Nodal and also enhances Nodal autoregulation.

lation. This is how the Xenopus genes Xnr1 and Xnr2 are regulated.

2. Both VegT and β-catenin are required to activate Nodal and β-catenin or VegT can act to

enhance Nodal positive autoregulation. This is similar to how Xnr5 and Xnr6 are regu-

lated.

3. Both VegT and β-catenin are required to activate Nodal and β-catenin also acts to enhance

Nodal positive autoregulation.

4. β-catenin activates Nodal and also acts to enhance Nodal positive autoregulation. This is

how Nodal1 is regulated in axolotl.

The equations governing the concentrations of VegT and β-catenin (Vi,j, Ci,j), intracellular and

extracellular Antivin (To
i,j, Ti,j), extracellular Nodal (No

i,j), Antivin-Nodal heterodimer (T
‡
i,j), re-
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ceptor complexes (Ri,j, R⋄
i,j, R⋄⋄

i,j , R
‡
i,j) and P-Smad2 (Pi,j) in cell (i, j) are

dVi,j

dt
= −µVVi,j, (6.6.1a)

dCi,j

dt
= −µCCi,j, (6.6.1b)

ǫ
dTo

i,j

dt
= σT∆To

i,j + ν
(

k−T R
‡
i,j − kTTo

i,jRi,j

)

− lT No
i,jT

o
i,j + l−TT

‡
i,j +

δT

ρ
Ti,j − µT0 To

i,j, (6.6.1c)

ǫ
dNo

i,j

dt
= σN∆No

i,j +
ν

ρ

(

k−N R⋄
i,j − kN No

i,jRi,j

)

− lT No
i,jT

o
i,j + l−TT

‡
i,j +

δN

ρ
Ni,j − µN0 No

i,j,

(6.6.1d)

ǫ
dT

‡
i,j

dt
= σT‡ ∆T

‡
i,j + lT No

i,jT
o
i,j − l−TT

‡
i,j − µT‡ T

‡
i,j, (6.6.1e)

dTi,j

dt
= λP,TH

(
Pi,j

θP,T

)

− (µT + δT) Ti,j, (6.6.1f)

ǫ
dPi,j

dt
= kpνR⋄⋄

i,j − µPPi,j, (6.6.1g)

ǫ
dRi,j

dt
= k−N R⋄

i,j − kN No
i,jRi,j + k−T R

‡
i,j − kTTo

i,jRi,j, (6.6.1h)

ǫ
dR⋄

i,j

dt
= kN No

i,jRi,j − k−N R⋄
i,j − ksR⋄

i,jSi,j +
(
k−s + kp

)
R⋄⋄

i,j , (6.6.1i)

ǫ
dR⋄⋄

i,j

dt
= ksR⋄

i,jSi,j −
(
k−s + kp

)
R⋄⋄

i,j , (6.6.1j)

ǫ
dR

‡
i,j

dt
= −k−T R

‡
i,j + kTTo

i,jRi,j. (6.6.1k)

Terms of the form ∆Xi,j are as defined in equation (6.5.2). The equation governing the concen-

tration of intracellular Nodal (Ni,j) in different cases is given in the next section. Note that the

system given by (6.6.1) is identical to the model formulated in [94] (i.e. equation (6.1.5)) with

variables Xi replaced by Xi,j and to allow movement of extracellular proteins and complexes in

a 2D grid, ∆Xi is replaced by ∆Xi,j

Initial conditions of VegT and β-catenin are defined to reproduce the experimentally observed

localisation of VegT and β-catenin before zygotic transcription commences. β-catenin is found

in dorsal regions at stages 8 to 8.5 [126] and maternal VegT is localised to the vegetal pole of de-

veloping embryos [138, 155]. We set the initial conditions of β-catenin such that it is expressed

at a constant non-trivial level in dorsal marginal cells and absent from all other regions. VegT

is set such that it is expressed in the vegetal hemisphere only, with its concentration highest at

the vegetal pole. The initial conditions of VegT and β-catenin are illustrated in figure 6.19. All

receptors are assumed to be free initially (Ri,j(0) = 1, R⋄
i,j(0) = 0, R⋄⋄

i,j (0) = 0, R
‡
i,j(0) = 0),

all Smad to be unphosphorylated (Pi,j(0) = 0) and all other factors to be absent (To
i,j(0)=0,

Ti,j(0) = 0, No
i,j(0) = 0, Ni,j(0) = 0, T‡(0) = 0).

Equations for the time evolution of intracellular Nodal

For each mode of Nodal regulation by VegT and β-catenin described above, we introduce an
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Figure 6.19: Plot of initial conditions of VegT and β-catenin used to solve (6.6.1). VegT is lo-
calised to the vegetal hemisphere and β-catenin is restricted to dorsal cells.

equation for the time evolution of intracellular Nodal. In figure 6.18A, VegT activates Nodal

expression and β-catenin acts to enhance Nodal positive autoregulation

dNi,j

dt
= λV,NH

(
Vi,j

θV,N

)

+ λP,NH

(
Pi,j

θP,N

){

1 + λC,NH

(
Ci,j

θC,N

)}

− (µN + δN) Ni,j. (6.6.2)

In figure 6.18B, both VegT and β-catenin are required to activate Nodal and β-catenin or VegT

can act to enhance Nodal positive autoregulation

dNi,j

dt
= λV,NH

(
Vi,j

θV,N

)

H

(
Ci,j

θC2,N

)

+ λP,NH

(
Pi,j

θP,N

){

1 + λC,NH

(
Ci,j

θC,N

)}

− (µN + δN) Ni,j.

(6.6.3)

In figure 6.18C, both VegT and β-catenin are required to activate Nodal and β-catenin also acts

to enhance Nodal positive autoregulation

dNi,j

dt
= λV,NH

(
Vi,j

θV,N

)

H

(
Ci,j

θC2,N

)

+ λP,NH

(
Pi,j

θP,N

){

1 + λC,NH

(
Ci,j

θC,N

)

+ λV2,NH

(
Vi,j

θV2,N

)}

− (µN + δN) Ni,j. (6.6.4)

In figure 6.18D, β-catenin activates Nodal and also acts to enhance Nodal positive autoregula-

tion

dNi,j

dt
= λC,NH

(
Ci,j

θP,N

)

+ λP,NH

(
Pi,j

θP,N

){

1 + λC,NH

(
Ci,j

θC,N

)}

− (µN + δN) Ni,j. (6.6.5)

In equations (6.6.5)-(6.6.5), Vi, Ci and Pi are defined by solutions to (6.6.1).

6.6.1 Numerical solutions

We seek solutions to the Nodal signalling model (equation (6.6.1)) for the different modes of

Nodal regulation described above (equations (6.6.2)-(6.6.5)). The grid of cells represents cells

on the outer surface of the embryo, rather than a cross section through the embryo, so there is no
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Figure 6.20: Numerical solutions to (6.6.1) and (6.6.2) at τ = 100, subject to the initial condi-
tions shown in figure 6.19. In this model VegT is required to activate the transcrip-
tion of Nodal, β-catenin acts to enhance Nodal autoregulation and λP,A = 1 such
that Nodal can spread throughout the embryo. Antivin and Nodal have spread
throughout the embryo, with levels of Nodal (and P-Smad1) highest in dorsal re-
gions where β-catenin is expressed. Unless otherwise stated parameters used are
as in table 6.4.

hole corresponding to the blastocoel. Each model is solved subject to two different parameter

sets, one corresponding to the pinning of Nodal by Antivin (‘pinned case’) and the other where

Nodal can spread (‘spreading case’).

Initial conditions used to solve (6.6.1) and (6.6.2)-(6.6.5) are shown in figure 6.19. VegT is ex-

pressed in the bottom half of the grid (representing the vegetal half of the embryo), in a gradient

with expression highest in the vegetal most row of cells and lowest in the row of cells in the

middle of the grid. β-catenin is expressed in a group of cells in the dorsal region of the embryo.
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Figure 6.21: Numerical solutions to (6.6.1) and (6.6.2) at τ = 100, subject to the initial conditions
shown in figure 6.19. In this model VegT and is required to activate the transcrip-
tion of Nodal, β-catenin acts to enhance Nodal autoregulation and λP,A = 50 such
that Antivin prevents the spread of Nodal throughout the embryo. Antivin and
Nodal have spread throughout the embryo, with levels of Nodal (and P-Smad1)
highest in dorsal regions where β-catenin is expressed. Unless otherwise stated
parameters used are as in table 6.4.

Solutions to all variables of (6.6.1) and (6.6.2) are plotted in figures 6.20 and 6.21, for cases rep-

resenting the spread and the pinning of Nodal, respectively. In the spreading case (figure 6.20),

Nodal and Antivin are expressed throughout the embryo at τ = 60, with Nodal levels highest

in dorsal regions (i.e. regions where β-catenin is expressed) and lowest in the animal half of

the embryo (i.e. regions where VegT is not expressed). In the pinned case (figure 6.21), Antivin

prevents Nodal from spreading throughout the embryo, such that Nodal is not expressed in

regions more that one cell away from a β-catenin or VegT expressing cell. Note that in both fig-
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Variable Parameter Value Variable Parameter Value
N λP,N 3 T λP,T 12

θP,N 0.666 θP,T 0.999
λV,N 1 δT 20
θV,N 1 µT 1
λC,N 1 σT 0.125
θC,N 1 T0 kT 1

λC2 ,N 1 k−T 100
θC2 ,N 1 µTo 1

N0 kN 1 P kP 10
k−N 100 µP 0.01
µNo 1 ν̄ 1

T‡ lT 1 S S 1
l−T 100 kS 1
µT‡ 0 k−S 0.01

V µV 0.01 C µC 0.01

Table 6.4: Dimensionless parameters used to solve (6.6.1) with (6.6.2)-(6.6.5). Parameter are as
used in [94], selected such that in a single cell model (6.6.1) with (6.6.2)-(6.6.5) is
bistable with steady states corresponding to mesoderm and anterior mesendoderm.

ures 6.20 and 6.21, the patterns of concentration of all variables are similar to that of the output

for P-Smad2. Therefore in what follows we plot numerical results for P-Smad2 only.

Figure 6.22: Numerical solutions to (6.6.1) and (6.6.2) showing the spatial distribution of P-
Smad2 at τ = 5, τ = 10, τ = 100, subject to the initial conditions shown in figure
6.19. In this model VegT and is required to activate the transcription of Nodal, β-
catenin acts to enhance Nodal autoregulation and (A) λP,A = 50 such that Antivin
prevents the spread of Nodal throughout the embryo and (B) λP,A = 1 such that
Nodal spreads throughout the embryo. Unless otherwise stated parameters used
are as in table 6.4.

Figure 6.22 shows the spatial patterns of P-Smad2 in a model given by (6.6.1) and (6.6.2) where

VegT activates Nodal and β-catenin enhances Nodal positive autoregulation. This regulation

of Nodal is as occurs in vivo for Xnr1 and Xnr2 in Xenopus. In both cases P-Smad2 is not found

in the embryo at t = 0, as defined by the initial conditions. In the ‘spreading case’ Smad2

becomes phosphorylated throughout the vegetal hemisphere (see t = 5) with highest concen-
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trations found in dorsal regions overlapping with the expression of β-catenin. At later times , as

Nodal spreads into the animal cap, Smad2 becomes phosphorylated in this region. By t = 100,

P-Smad2 is found throughout the embryo, with strongest levels found dorsally. In the ‘pinned

case’ P-Smad2 is expressed throughout the vegetal hemisphere, with slightly stronger expres-

sion in the dorsal marginal zone. In this case P-Smad2 does not spread into the animal cap,

consistent with the fact Antivin prevents the spread of extracellular Nodal. As the levels of

VegT and β-catenin decay over time, the levels of P-Smad2 also decrease.

Figure 6.23 shows the spatial patterns of P-Smad2 in a model given by (6.6.1) and (6.6.3) where

both VegT and β-catenin are required to activate Nodal, as is the case with Xnr5 and Xnr6 in

Xenopus. In this model β-catenin also acts to enhance Nodal autoregulation. In the ‘spreading

case’ Nodal is induced by β-catenin and VegT in dorsal regions, such that Smad2 becomes

phosphorylated in this region. As Nodal spreads throughout the embryo, the number of cells

where Smad2 is phosphorylated also increases until P-Smad2 is found in all cells of the embryo.

In the ‘pinned case’ P-Smad2 is restricted to the dorsal cells where β-catenin is expressed, and

is also found at low levels in the cells neighbouring this region. This is similar to the expression

pattern of P-Smad2 seen in stage 9 Xenopus embryos. Recall from the timing of the expression

of the Nodal genes in Xenopus (see figure 3.18) that Xnr5/6 are expressed from the MBT until

stage 9 and Xnr1/2 expression commences at stage 9 and is maintained until stage 11. Therefore

the expression of P-Smad2 at stage 9 is likely to be caused by Xnr5/6 signalling.

In figure 6.24 both VegT and β-catenin are required to induce the expression of Nodal and ei-

ther VegT or β-catenin can enhance the positive autoregulation of Nodal as given by (6.6.1) and

(6.6.4). In the ‘spreading case’ extracellular Nodal is secreted from cells in the dorsal marginal

zone, and spreads from this region, as marked by P-Smad2. Note that, when compared with the

case where only β-catenin can enhance Nodal autoregulation (figure 6.23), we find that Nodal

spreads more rapidly throughout the vegetal hemisphere when VegT also enhances Nodal au-

toregulation. By t = 10 P-Smad2 is found throughout the vegetal hemisphere but has yet to

spread into the animal cap. At later times P-Smad2 is found in all cells. In the ‘pinned case’

P-Smad2 is highest in dorsal cells, and is found in cells neighbouring this region, but does not

spread throughout the embryo.

Figure 6.25 shows the expression of P-Smad2 in a model given by (6.6.1) and (6.6.5) where

β-catenin induces Nodal and also acts to enhance Nodal autoregulation. Note that in this

model VegT does not act on Nodal signalling. This is what is thought to happen for Nodal1

in axolotl, where only β-catenin is required to induce Nodal1 for mesendoderm induction. In

the ‘spreading case’ P-Smad2 is strongest in β-catenin expressing cells, and as time proceeds,

Nodal spreads and Smad2 phosphorylation spreads throughout the embryo. In the ‘pinned

case’ P-Smad2 is restricted to dorsal regions. The expression patterns for P-Smad2 have not

been measured experimentally, meaning our models give predictions about the spatial pattern

of P-Smad2 in axolotl embryos. Our attempts to measure the localisation of P-Smad2 in axolotl

embryos, using immunohistochemistry following a protocol similar to that given in [83], have

been unsuccessful so far.
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Figure 6.23: Numerical solutions to (6.6.1) and (6.6.3) showing the spatial distribution of P-
Smad2 at τ = 5, τ = 10, τ = 100, subject to the initial conditions shown in figure
6.19. In this model VegT and β-catenin are both required to activate the transcrip-
tion of Nodal, β-catenin acts to enhance Nodal autoregulation and (A) λP,A = 50
such that Antivin prevents the spread of Nodal throughout the embryo and (B)
λP,A = 1 such that Nodal spreads throughout the embryo. Unless otherwise stated
parameters used are as in table 6.4.

6.6.2 Summary

In this section mathematical models of Nodal signalling, and its induction by VegT and β-

catenin, were explored in a two dimensional grid of hexagonal cells. Four different models

were considered, based on how different Nodal genes are regulated in Xenopus and axolotl

according to experimental evidence. Each model was solved in two cases; (1) where Nodal

can spread throughout the embryo (‘spreading’) and (2) where Antivin restricts the spread of

Nodal (‘pinned’). In Xenopus Nodal is only expressed one or two cell diameters from its source,

except when Antivin is knocked out and then Nodal spreads throughout the field of cells [14].

Therefore the solutions in the pinned case are likely to represent wild type behaviour, and

solutions to the spreading case represent behaviour where expression of Antivin is reduced.

The model representing the regulation of Xnr5/6 is able to reproduce the pattern of P-Smad2

localisation in stage 9 Xenopus embryos where P-Smad2 is predominantly found in dorsal re-

gions (compare figures 6.23 and 6.17) . The pattern of P-Smad2 localisation in stage 9 .5 Xenopus

embryos where P-Smad2 is throughout the vegetal hemisphere with expression highest dor-

sally is reproduced by the model representing the regulation of Xnr1/2 (compare figures 6.22

and 6.17). These findings are expected when considering the timing of the expression of Nodal

genes in Xenopus. Xnr5 and Xnr6 are the first Nodal genes involved in mesendoderm formation

to be expressed, being present from stage 8 until just after stage 9. Xnr1 and Xnr2 expression

commences at stage 9 and is maintained throughout gastrulation. Therefore we expect that the

pattern of P-Smad2 found in stage 9 embryos is due to Xnr5/6 and the pattern of P-Smad2 in
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Figure 6.24: Numerical solutions to (6.6.1) and (6.6.4) showing the spatial distribution of P-
Smad2 at τ = 5, τ = 10, τ = 60, subject to the initial conditions shown in figure
6.19. In this model VegT and β-catenin are both required to activate the transcrip-
tion of Nodal, β-catenin or VegT can act to enhance Nodal autoregulation and (A)
λP,A = 50 such that Antivin prevents the spread of Nodal throughout the embryo
and (B) λP,A = 1 such that Nodal spreads throughout the embryo. Unless other-
wise stated parameters used are as in table 6.4.

Figure 6.25: Numerical solutions to (6.6.1) and (6.6.5) showing the spatial distribution of P-
Smad2 at τ = 5, τ = 10, τ = 60, subject to the initial conditions shown in fig-
ure 6.19. In this model β-catenin is required to activate the transcription of Nodal,
β-catenin also acts to enhance Nodal autoregulation and (A) λP,A = 50 such that
Antivin prevents the spread of Nodal throughout the embryo and (B) λP,A = 1
such that Nodal spreads throughout the embryo. Unless otherwise stated parame-
ters used are as in table 6.4.
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stage 9.5 embryos is due to Xnr1/2, correlating to the timing of these signals in the embryo.

Numerical solutions to the model representing the regulation of Nodal1 in axolotl shows that

P-Smad2 is present in β-catenin expressing cells, and cells within one or two cell diameters of

a β-catenin expressing cell. The localisation of P-Smad2 has not been investigated successfully

in axolotl embryos, meaning that the model gives a testable prediction for the pattern of P-

Smad2 in hemisectioned axolotl embryos. In the next section, we extend the models of Nodal

signalling to include factors downstream of P-Smad2, such as Mix, Brachyury and Goosecoid.

6.7 A multicellular model of the Xenopus mesendoderm GRN

The mathematical model of the mesendoderm GRN downstream of Nodal is also extended into

a two-dimensional grid of cells. To do this, we take (6.2.5) and replace variables Xi with Xi,j and

∆Xi with ∆Xi,j to allow movement of extracellular proteins and complexes in a 2D grid. The

non-dimensional equations governing the mesendoderm downstream of Nodal are then given

by

ǫ
dEo

i,j

dτ
= σE∆Ei,j + δEEi,j − ν̄

(

kEEo
i,j − k−EF⋄

i,j

)

− µEo Eo
i,j, (6.7.1a)

dEi,j

dτ
= λB,EH(Bi,j)− µEEi,j, (6.7.1b)

ǫ
dK∗

i,j

dτ
= νkK∗ F⋄⋄

i,j − µK∗K∗
i,j, (6.7.1c)

ǫ
dF⋄

i,j

dτ
= kEEo

i,jFi,j − k−EF⋄
i,j − kKF⋄

i,j + (k−K + kK∗)F⋄⋄
i,j , (6.7.1d)

ǫ
dF⋄⋄

i,j

dτ
= kKF⋄

i,j − (k−K + kK∗)F⋄⋄
i,j , (6.7.1e)

ǫ
dFi,j

dτ
= −kEEo

i,jFi,j + k−EF⋄
i,j, (6.7.1f)
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dτ
= λC,IH

(
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θC,I

)

− µI Ii,j, (6.7.1g)
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dτ
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(
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θP,L

)

− µLLi,j, (6.7.1h)
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{
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(
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)

+ λP,BH
(

Pi,j

)
}
{
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(
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)}
− Bi,j,

(6.7.1i)

dGi,j

dτ
=

{

λLI,GH
(
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H

(
Ii,j
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+ λM,GH

(
Mi,j

θM,G

)}{

1 −H

(
Gi,j
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− µGGi,j, (6.7.1j)

dMi,j

dτ
=

{

λV,MH

(
Vi,j

θC,M

)

+ λP,MH

(
Pi,j

θP,M

)}{

1 −H

(
Bi,j

θB,M

)}

− µM Mi,j. (6.7.1k)

Terms of the form ∆Xi,j are as defined in equation (6.5.2). Initial conditions are set such that

eFGF, Siamois, Lim1, Brachyury, Goosecoid and Mix are not expressed in any cells (Eo
i,j(0) =

Ei,j(0) = Ii,j(0) = Li,j(0) = Bi,j(0) = Mi,j(0) = Gi,j(0) = 0 for all i, j), all MAPK is unphos-

phorylated (K∗
i,j(0) = 0 for all i, j), and all receptors are free (Fi,j(0) = 1, F⋄ = F⋄⋄ = 0 for all
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Variable Parameter Value Variable Parameter Value
M λV,M 2 B λK∗,B 12

λP,M 12 λV,B 1
θV,M 4 λP,B 10
θP,M 3 θV,B 1
θB,M 1 θP,B 1

I λC,I 1 G λLI,G 1
θC,I 1 λM,G 100

L λP,L 1 θM,G 1
θP,L 1 θG,G 1

E λB,E 12 Eo σE 0.06
K∗ kK∗ 1 δE 1

µK∗ 1 kE 1
R⋄⋄ kK 1 k−E 100

k−K 1

Table 6.5: Dimensionless parameters used to solve (6.7.1). Parameter are as used in [94], se-
lected such that in a single cell case (6.7.1) is bistable with steady states corresponding
to mesoderm and anterior mesendoderm.

i, j).

6.7.1 Numerical solutions

In this section we solve models of the Xenopus mesendoderm GRN to reproduce the spatial

patterns of Mix and Brachyury found in vivo. The model given in equation (6.7.1) is solved

subject to solutions for the localisation of P-Smad2 in the cases introduced in section 6.6.

Figure 6.26 plots the solutions to all variables of (6.7.1) in the case where the concentration

of P-Smad2 is found by solutions to (6.6.1) and (6.6.2) (i.e. VegT alone activates transcription

of Nodal and β-catenin enhances Nodal autoregulation). Brachyury is expressed in cells with

low amounts of VegT whilst Mix and Goosecoid are expressed in cells with higher levels of

VegT. Siamois is restricted to β-catenin expressing cells and the Lim1 expression pattern is sim-

ilar to the of P-Smad2 in figure 6.21. eFGF and components of the eFGF signalling pathway

show a similar expression pattern to that for Brachyury. In the following numerical results we

plot only the solutions for Mix, Goosecoid and Brachyury, key genes in the formation of meso-

derm, endoderm and anterior mesendoderm. Figure 6.27 shows numerical solutions to (6.6.1),

(6.6.2) and (6.7.1) at three different time points. At t = 1, Brachyury is expressed at low levels

uniformly along a row of cells representing the marginal zone and Mix and Goosecoid are ex-

pressed in vegetal cells. As time proceeds the levels of all three factors increases. At t = 10,

Brachyury expression is highest on the dorsal side of the embryo.

Figure 6.28 shows numerical solutions to (6.6.1), (6.6.3) and (6.7.1), where VegT and β-catenin

are required to activate Nodal and β-catenin enhances Nodal autoregulation. Figure 6.29 shows

numerical solutions to (6.6.1), (6.6.4) and (6.7.1), where VegT and β-catenin are both required

to activate Nodal and VegT or β-catenin can enhance Nodal autoregulation. Figure 6.30 shows

numerical solutions to (6.6.1), (6.6.5) and (6.7.1), where β-catenin activates Nodal and acts to en-

hance Nodal autoregulation. The patterns of expression of Mix, Goosecoid and Brachyury are

similar in figures 6.28-6.30: Three distinct regions of cells form, a region where Mix, Brachyury

and Goosecoid are absent corresponding to ectoderm, a region where Brachyury is expressed
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Figure 6.26: Numerical solutions to (6.6.1), (6.6.2) and (6.7.1) at τ = 60, subject to the initial
conditions shown in figure 6.19. In this model VegT is required to activate the
transcription of Nodal, β-catenin acts to enhance Nodal autoregulation and λP,A =
50 such that Nodal is pinned by Antivin. Unless otherwise stated parameters used
are as in table 6.5.

corresponding to mesoderm and a region where Mix and Goosecoid are co-expressed corre-

sponding to anterior mesendoderm. In cells corresponding to mesoderm, Brachyury expres-

sion is strongest on the dorsal side of the embryo and weakest ventrally.

Numerical results of the mathematical models described above are consistent with experimen-

tal observations in Xenopus. Brachyury is first detected in cells of the prospective mesoderm on

the dorsal side of the embryo [122]. This pattern of expression of Brachyury at early stages is

similar to the patterns shown in figure 6.28. By early gastrulation Brachyury is found through-

out the marginal zone [135], similar to the expression of Brachyury in figure 6.27. Note that both

Mix and Goosecoid are co-expressed (corresponding to anterior mesendoderm) throughout the

vegetal hemisphere in the model, whereas in vivo anterior mesendoderm is found only on the

dorsal side of the embryo and Mix alone is expressed throughout the vegetal hemisphere. For
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Figure 6.27: Numerical solutions to (6.6.1), (6.6.2) and (6.7.1) showing the spatial distribution of
Brachyury, Mix and Goosecoid at τ = 1, τ = 2, τ = 10, subject to the initial condi-
tions shown in figure 6.19. In this model VegT is required to activate the transcrip-
tion of Nodal, β-catenin can act to enhance Nodal autoregulation and λP,A = 50
such that Antivin prevents the spread of Nodal throughout the embryo. Unless
otherwise stated parameters used are as in table 6.5.

the model to be able to form endoderm, factors involved in dorsal-ventral patterning (as in-

troduced in chapter 5.1) need to be included in the model. However, as already stated in this

thesis, the axolotl gives a more suitable model system for building a quantitative mathematical

model due to the presence of single Mix and Nodal genes in the axolotl. In the next section we

solve a model of the axolotl mesendoderm GRN in a grid of cells.
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Figure 6.28: Numerical solutions to (6.6.1), (6.6.3) and (6.7.1) showing the spatial distribution
of Brachyury, Mix and Goosecoid at τ = 1, τ = 2, τ = 10, subject to the initial
conditions shown in figure 6.19. In this model VegT and β-catenin are required to
activate the transcription of Nodal, β-catenin can act to enhance Nodal autoregula-
tion and λP,A = 50 such that Antivin prevents the spread of Nodal throughout the
embryo. Unless otherwise stated parameters used are as in table 6.5.
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Figure 6.29: Numerical solutions to (6.6.1), (6.6.4) and (6.7.1) showing the spatial distribution of
Brachyury, Mix and Goosecoid at τ = 1, τ = 2, τ = 10, subject to the initial condi-
tions shown in figure 6.19. In this model VegT and β-catenin are required to activate
the transcription of Nodal, β-catenin or VegT can act to enhance Nodal autoregula-
tion and λP,A = 50 such that Antivin prevents the spread of Nodal throughout the
embryo. Parameters used are as in table 6.5.
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Figure 6.30: Numerical solutions to (6.6.1), (6.6.5) and (6.7.1) showing the spatial distribution
of Brachyury, Mix and Goosecoid at τ = 1, τ = 2, τ = 10, subject to the initial
conditions shown in figure 6.19. In this model β-catenin is required to activate
the transcription of Nodal, β-catenin can act to enhance Nodal autoregulation and
λP,A = 50 such that Antivin prevents the spread of Nodal throughout the embryo.
Parameters used are as in table 6.5.
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6.8 A multicellular model of the axolotl mesendoderm GRN

In this section the mathematical model of the axolotl mesendoderm GRN downstream of Nodal

is extended into a two-dimensional grid of cells. To do this, we take (6.2.2) and replace variables

Xi with Xi,j and ∆Xi with ∆Xi,j to allow movement of extracellular proteins and complexes in

a 2D grid. The non-dimensional equations governing the network downstream of Nodal are

then given by

ǫ
dEo

i,j

dτ
= σE∆Ei,j + δEEi,j − ν̄

(

kEEo
i,j − k−EF⋄

i,j

)

− µEo Eo
i,j, (6.8.1a)

dEi,j

dτ
= λB,EH(Bi,j)− µEEi,j, (6.8.1b)

ǫ
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1 −H

(
Gi,j

θG,G

)}

− µGGi,j, (6.8.1i)
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(
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θB,M

)}

− µM Mi,j. (6.8.1j)

Terms of the form ∆Xi,j are as defined in equation (6.5.2) and Pi,j is determined by the solution

to (6.6.5) and (6.7.1). Initial conditions are set such that eFGF, Lim1, Brachyury, Goosecoid and

Mix are not expressed in any cells (Eo
i,j(0) = Ei,j(0) = Li,j(0) = Bi,j(0) = Mi,j(0) = Gi,j(0) = 0

for all i, j), all MAPK is unphosphorylated (K∗
i,j(0) = 0 for all i, j), and all receptors are free

(Fi,j(0) = 1, F⋄ = F⋄⋄ = 0 for all i, j).

6.8.1 Numerical solutions

Figure 6.31 shows solutions to the axolotl mesendoderm model in a grid of cells for the localisa-

tion of Brachyury, Mix and Goosecoid, where β-catenin is localised to dorsal cells (as illustrated

in figure 6.19). Mix and Goosecoid are co-expressed in cells which express β-catenin, while

Brachyury is expressed in the cells bordering this region, where P-Smad2 is expressed at low

levels as shown in figure 6.25A. We now compare the results of our model simulation with the

spatial expression of Mix and Brachyury in axolotl embryos given in [139]. It is rather difficult

to directly compare our model simulation with experimental data since morphogenic move-

ments occur in the embryo, whilst our model considers a static group of cells. Despite this we
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Figure 6.31: Numerical solutions to (6.6.1), (6.6.5) and (6.8.1) showing the spatial distribution
of Brachyury, Mix and Goosecoid at τ = 1, τ = 2, τ = 10, subject to the initial
conditions shown in figure 6.19. In this model β-catenin are required to activate
the transcription of Nodal and β-catenin acts to enhance Nodal autoregulation and
λP,A = 50 such that Antivin prevents the spread of Nodal throughout the embryo.
Parameters used are as in tables 6.1 and 6.2.

can still extract important information on the validity of the model by comparing our model

with experimental data. In [139], Mix and Brachyury are not co-expressed in the same cell,

instead form two distinct neighbouring populations of cells. Our model reproduces this, with

distinct populations of Brachyury-expressing cells and Mix-expressing cells neighbouring each

other. By stage 12 Mix and Brachyury are also expressed in ventral regions of the embryo,

which our model is unable to reproduce. We predict that, to allow for the expression of Mix

and Brachyury in ventral regions, extra mechanisms need to be included such as the spread of

β-catenin into ventral marginal zone. Including a more realistic geometry for the embryo which

includes movements of cells would also aid further investigations.

6.9 Discussion

In this chapter we have developed and explored multicellular models of the mesendoderm

GRN. First, we developed a multicellular model of the axolotl mesendoderm GRN in a line

of cells. This model incorporated the Nodal and Antivin signalling model developed in [95]

with the topology of the axolotl mesendoderm GRN downstream of Nodal. We explored two

mechanisms via which distinct regions of Brachyury expressing cells (corresponding to meso-

derm) and Mix and Goosecoid co-expressing cells (corresponding to anterior mesendoderm)
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form. Obtaining experimental data about the spatial expression of key mesendodermal genes

and develoment of the single cell quantitative model will aid further development of the mul-

ticellular model of mesendoderm formation in axolotl.

To aid studies of the Nodal signalling pathway in axolotl, we cloned axolotl Antivin. An-

tivin is a Nodal signalling agonist, which restricts the spread of Nodal ligands. We cloned a

1000bp fragment of axolotl cDNA which shows a high similarity to Antivin/Lefty sequences

in other species. Axolotl Antivin is a zygotic transcription factor, whose expression in early de-

velopment is similar to that of Nodal1. We measured Antivin expression in caps injected with

Nodal1 and Antivin, finding that Antivin levels appear to significantly change over time in an

non-uniform manner. To investigate further the regulation of Antivin and Nodal, more data is

required to fit a mathematical model of Nodal signalling to the data. For example, Nodal and

Antivin levels in Nodal1 injected caps could be measured every 4 hours instead of every 12

hours.

In the second half of this chapter we extended the mesendoderm GRN models for both Xenopus

and axolotl from a line of cells into a grid of cells. Cells in the grid were chosen to be hexago-

nal rather than square, as hexagonal cells better represent the geometry of cells in an embryo.

Solving models in a grid of cells allowed us to compare directly the spatial patterns formed by

the mathematical model with spatial localisation of factors observed experimentally. Mathe-

matical models of Nodal signalling were used to explore spatial patterns of P-Smad2 resulting

from the induction and regulation of the Nodal signalling pathway by VegT and β-catenin. The

mechanisms by which VegT and β-catenin induce Nodal in the models were based on experi-

mental evidence on how Nodal genes are regulated in Xenopus and axolotl. The models based

on the regulation of Xenopus Nodals by VegT and β-catenin can reproduce spatial patterns of

P-Smad2 seen experimentally in [126]. Furthermore, the patterns of P-Smad2 which the models

reproduce are consistent with the timing of Nodal gene expression and the mechanism of reg-

ulation for these genes. The expression of P-Smad2 has not been measured in axolotl embryos,

thus the model based on the regulation of Nodal1 in axolotl gives a prediction for P-Smad2

expression in axolotl, which could be experimentally tested. The models of Nodal signalling

were extended to include the Xenopus mesendoderm GRN downstream of Nodal. The numer-

ical solutions obtained give expression patterns of Brachyury and Mix similar to those found

experimentally. Goosecoid is expressed in all Mix expressing cells but, as discussed in [95] and

chapter 5, for the mathematical model to be able to form endoderm the transcription factor Vent

and DV patterning needs to be included. The model of the axolotl mesendoderm GRN in a 2D

grid was able to account for some, but not all, experimental observations. Extensions to the

model such as considering the spread of β-catenin and using a more realistic geometry of the

embryo to include cellmovement could be used to develop a more realistic model.

Extensions to the mathematical modelling work presented in this chapter are now discussed. To

allow the model to reach a steady state representing endoderm, dorsal-ventral patterning needs

to be included. An initial step in this process would be to extend the models of DV patterning

formulated in chapter 5 to include extracellular regulation (such as BMP and Chordin). The

models developed in this chapter qualitatively reproduce experimental observations in Xeno-
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pus. Recall that the axolotl provides a more suitable model organism for quantifying mathe-

matical models of the mesendoderm GRN than Xenopus. Once single cell models of the axolotl

mesendoderm model (such as those in chapter 3) have been developed to reproduce quanti-

tative experimental data fully, they can be extended into multicellular models such as those

developed in this chapter.
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Discussion

In this thesis mathematical models of mesoderm and endoderm specification were developed

using two amphibians, Xenopus laevis and axolotl, as model organisms. Mesoderm and endo-

derm are two distinct populations of cells which give rise to different cell types in the embryo.

Important concepts in the specification of mesoderm and endoderm (‘mesendoderm’) were in-

troduced in chapter 1, along with the gene regulatory networks (GRNs) involved in mesendo-

derm specification in axolotl and Xenopus. The presence of a single Mix and a single Nodal

gene required for mesoderm in the axolotl leads to a mesendoderm GRN which is simpler than

that found in Xenopus. Thus, in chapters 3 and 4, we focused on developing mathematical

models of specification based on the axolotl mesendoderm GRN. In chapter 5, we modified an

existing model of mesendoderm formation based on the Xenopus GRN to account for a wider

set of experimental observations. Finally in chapter 6, we explored multicellular models of

mesendoderm specification and made progress in obtaining experimental data for developing

these models. In this chapter we give a summary of key findings from our work presented in

chapters 3 to 6 and give directions for further work.

7.1 Single cell models of the axolotl mesendoderm GRN

In chapter 3 we developed mathematical models of specification based on current knowledge

of the axolotl mesendoderm GRN as presented in [16, 139]. Whilst some interactions in the

GRN have been tested experimentally, others are inferred from knowledge of mesendoderm

specification in Xenopus. In vitro and in vivo versions of the model were developed, which en-

compass the time evolution of transcription factor concentrations in a single cell. The in vitro

model, which gives the GRN downstream of Activin, is bistable with stable steady states corre-

sponding to mesoderm (Brachyury upregulated) and anterior mesendoderm (Mix and Goosecoid

upregulated) cell types. The steady state to which the model evolves was shown to depend on

the dose of Activin a cell receives, and compares qualitatively with experimental data shown in

section 4.1.1. The in vivo model gives the GRN downstream of β-catenin and has steady states

corresponding to mesoderm and anterior mesendoderm cell types. The model solutions evolve
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to these steady states dependent on the initial levels of β-catenin, consistent with experimen-

tal observations in [16]. Our qualitative analysis of the model of mesendoderm specification

in axolotl provides evidence that the axolotl mesendoderm GRN can account for experimental

observations. A key concept in developmental biology is that cells can determine their fate

according to their position within the embryo, with this information given by a morphogen

gradient [152]. The work of chapter 3 gives insight as to how a cell interprets positional infor-

mation given by concentrations of Activin (in vitro case) and β-catenin (in vivo case).

In chapter 4 we developed a system for estimating parameter values for models of the ax-

olotl mesendoderm GRN using gene expression data. Data obtained by quantitative PCR in

Activin-injected animal caps was used to estimate parameters in the axolotl in vitro model us-

ing a computational algorithm consisting of the genetic algorithm and a local search method.

The best fit of the model to the data was used to make predictions for the behaviour of the

biological system when genes are knocked out. We tested experimentally the validity of the

model prediction for the case of a Brachyury knockout, finding that the model prediction was

not consistent with the in vivo behaviour of the GRN. Therefore we modified the parameter

estimation algorithm to fit to both the ‘wild type’ model behaviour and to the behaviour in

the case of the Brachyury knock out. Our findings in this chapter illustrate that the develop-

ment of a mathematical model fully capable of reproducing experimental observations is an

iterative process, requiring numerous rounds of model refinement, collection of experimental

data, parameter estimation and validation of model predictions. Furthermore obtaining data

over a more detailed time course will improve the likelihood that the algorithm is able to find

biologically realistic parameter values for the mathematical model.

In chapter 4 we also investigated the ability of Activin, Nodal1 and Nodal2 to induce mesoderm

and endoderm in axolotl animal caps. Differences were found in the mesendoderm-inducing

ability of these three factors; Activin induced mesoderm and endoderm in a dose dependent

manner, Nodal1 induced mesoderm but not endoderm and Nodal2 induced neither mesoderm

nor endoderm. The differences in mesoderm induction warrants further investigation since,

although it is thought that Activin and Nodal1 act via the same TGF-β signalling pathway,

our data suggests that different mechanisms are involved in response to the two ligands. In

particular, we anticipate that Nanog, a gene found in axolotl but not Xenopus, may have a role

in preventing Nodal1 inducing endoderm in animal caps, which requires further investigation

both experimentally and using mathematical models.

7.2 Multicellular models of the axolotl mesendoderm GRN

In chapter 6 we developed multicellular models of the mesendoderm formation. We extended

the single cell axolotl in vivo model introduced in chapter 3 into a line of cells. The multicel-

lular model allows us to consider the spatial affects of mesendoderm patterning by including

the diffusion of extracellular proteins (Nodal, Antivin and eFGF). Our model incorporated the

multicellular Nodal and Antivin model developed in [95]. In axolotl embryos β-catenin is ex-
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pressed non-uniformly. At early stages of development β-catenin is localised to dorsal regions

during cortical rotation. Thus in our model we investigated a line of cells where β-catenin

is present in dorsal cells and absent elsewhere. Two mechanisms were explored to account

for the formation of populations of cells representing mesoderm and anterior mesendoderm.

Further experimental evidence will test which of these mechanisms, or suggest an alternative

mechanism, by which mesoderm and anterior mesendoderm form in vivo. To enable an investi-

gation of the Nodal signalling pathway and to estimate parameter values in our mathematical

model of Nodal and Antivin signalling, we cloned axolotl Antivin and measured its expression

in Nodal and Antivin injected animal caps. Obtaining further data on the expression of An-

tivin in response to Nodal1 will aid further development of the mathematical model of Nodal

signalling in axolotl.

7.3 Modifications to the mathematical models of mesendoderm

formation in Xenopus

In chapter 5, we modified the single cell model of mesendoderm formation in Xenopus to in-

clude the ventrally expressed genes BMP and Vent, thus incorporating dorsal-ventral (DV) pat-

terning. The model we developed was rather simple compared with the known regulation of

BMP signalling, but can account for key experimental observations. Two versions of the model

were developed: the ‘DV model’ and the ‘DV and mesendoderm model’. The mutual nega-

tive regulation of Vent and Goosecoid was explored in the ‘DV model’, which was found to

be bistable with steady states corresponding to dorsal (Goosecoid expressing) and ventral (Vent

expressing) cell fates. These results are consistent with experimental evidence where the an-

tagonism between dorsal and ventral factors specifies cell fates along the dorsal-ventral axis

[124]. The ‘DV and mesendoderm model’ was an extension the ‘DV model’ which included

interactions of the simplified mesendoderm GRN given in [95]. The model was found to have

stable steady states corresponding to mesoderm (Brachyury expressing), endoderm (Mix and

Vent expressing) and anterior mesendoderm (Mix and Goosecoid expressing) cell fates. Thus,

including ventral factors in a model of mesendoderm formation can account for the formation

of mesendoderm in both dorsal and ventral regions of the embryo. A natural extension to

this work is to extend the model to include the extracellular regulation of the BMP signalling

pathway, both in a single cell and a multicellular model.

In the second part of chapter 6 we extended multicellular models of the mesendoderm GRN

in Xenopus into a grid of cells. An advantage of solving the models in a grid of cells is that

we can directly compare model simulations with in situ hybridisation images. We investigated

the behaviour of the Nodal and Antivin signalling model in response to different modes of

regulation by the maternal factors VegT and β-catenin. Our results showed that the patterns

produced by the model were consistent with experimental observations for the localisation of

PSmad2 and the timing and regulation of the multiple Nodal genes in Xenopus. Downstream

of Nodal, we find that the models of capable of reproducing the expression patterns of Mix and
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Brachyury, with Mix expressed throughout the vegetal hemisphere and Brachyury expressed

in the marginal zone. However, the model shows Goosecoid expressed throughout the veg-

etal hemisphere, but in embryos it is found only in dorsal regions [124]. To obtain a model

such that Goosecoid is restricted to dorsal regions, we would need to include BMP/Vent in the

multicellular model.

7.4 Comparisons of mesendoderm formation in axolotl and Xeno-

pus

The mesendoderm GRN was first studied in axolotl due to a prediction that it has a simpler

structure than the mesendoderm GRN found in Xenopus, because of the presence of fewer Mix

and Nodal genes. Several differences have emerged in the topology of the GRN in axolotl com-

pared with Xenopus, which was initially surprising since it was thought that the mechanisms

underlying mesendoderm formation in the two amphibians would be similar [139]. However,

given the difference in Mix function in axolotl and Xenopus, studies were carried out to elu-

cidate which mechanism was conserved in mammals. These studies found that Mix function

in mouse is the same as that found in axolotl [139]. Thus, studying mesendoderm formation

in axolotls may give insight into how mesendoderm is formed in mammals. Furthermore,

Nanog, which has been found to have a role in mesendoderm formation in axolotl, is present

in mammals but not in Xenopus suggesting that while axolotl development is like that of mam-

mals, alternative mechansims have evolved in Xenopus. The differences in the mechanisms

of mesendoderm formation in axolotl and Xenopus become less surprising when considering

other aspects of embryo development. For example, the mechanisms underlying the regula-

tion of pluripotency, the method by which PGCs arise and the mechanisms of gastrulation are

the same in axolotl and mammals, but different in Xenopus [64, 65, 68]. In fact, many of the

differences in early development in amphibians can be thought of as arising due to a release

of constraint arising due to a change in the location of PGC formation. In axolotl, PGCs are

induced in the mesoderm where changes in the mesendoderm GRN would eliminate PGCs,

but in Xenopus PGCs are predetermined in the endoderm such that changes in the mesendo-

derm GRN do not eliminate PGCs, thus mechanisms of mesendoderm formation are able to

evolve in Xenopus but not in axolotl [65]. In this section we give a summary of some differences

in mesendoderm formation in Xenopus and axolotl which have been explored in both species

using mathematical models.

The first difference we explored was the regulation of Brachyury by Mix: in Xenopus Mix re-

presses Brachyury and in axolotl Mix activates Brachyury. Both the Xenopus and axolotl mathe-

matical models of the mesendoderm GRN have steady states corresponding to mesoderm and

anterior mesendoderm, although different values of the model parameters are required to yield

bistability in the two models and the levels of each of the transcription factors at these steady

states also differs. The models also show differences in the requirement of Goosecoid. In the

absence of Goosecoid, mesoderm and endoderm are steady states in the Xenopus model, while
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only mesoderm forms in the absence of Goosecoid in the axolotl model. Thus while Goosecoid

is dispensable for forming Mix expressing cells in Xenopus, it appears to be required to form

this population of cells in axolotl. This is a consequence of the change in the Mix/Brachyury re-

lationship: in Xenopus both Mix and Goosecoid can repress the expression of Brachyury, while

in axolotl Goosecoid is the only factor that can repress Brachyury in the mesendoderm GRN.

Previous studies have suggested that the mutual negative feedback between two transcription

factors can account for the formation of two distinct cell types in response to a morphogen, as

is shown for Mix and Brachyury in Xenopus [95, 123]. Our investigations show that two dis-

tinct cell types also form in response to a morphogen for a more complex network, whereby

three factors (Mix, Brachyury and Goosecoid) are involved, where Mix activates Brachyury and

Goosecoid, Goosecoid represses Brachyury and Brachyury represses Mix.

Another important aspect which we investigated was the function of maternal factors in induc-

ing mesoderm and anterior mesendoderm. In Xenopus VegT is present in a gradient running

from the vegetal to animal pole, while β-catenin is expressed dorsally and both of these factors

have been shown to be important in mesendoderm formation. In Xenopus investigations of

mathematical models of the mesendoderm GRN show that mesoderm and anterior mesendo-

derm form in regions as determined by the concentration of VegT and β-catenin [95]. In axolotl

VegT is expressed uniformly and does not function in mesendoderm formation [16, 104] and

β-catenin is expressed dorsally. We show in our mathematical model that mesoderm and ante-

rior mesendoderm can form in the presence of β-catenin alone in axolotl. This is a surprising

result since in Xenopus VegT rather than β-catenin provides the main initial positional infor-

mation to drive mesendoderm formation. In our investigations of the multicellular models of

mesendoderm formation we found differences in the requirement for cell to cell signalling in

axolotl and Xenopus. In both organisms Nodal and FGF signals allow from cell to cell com-

munication. However studies in Xenopus show that Antivin can restrict (or pin) the spread of

Nodal throughout a line of cells [94]. In our investigations we found that although mesoderm

and anterior mesendoderm can form when the diffusion of Nodal and FGF are set to zero in

the Xenopus model, that the diffusion of Nodal one or two cells from its source and the estab-

lishment of the FGF and Brachyury positive feedback loop are required to form mesoderm in

axolotl.

To summarise, whilst studying the differences in mesendoderm formation in Xenopus and ax-

olotl, we found that several of the mechanisms thought be be central in driving mesendoderm

formation in Xenopus are not present in axolotl (e.g. mutual inhibition of Mix/Brachyury and

the graded distribution of VegT). By studying the axolotl mesendoderm GRN using mathemat-

ical models we have improved our understanding of the mechanisms via which mesendoderm

is formed in axolotl. Despite these differences in the mechanisms via which mesendoderm

forms, the primary germ layers form in the correct regions in both Xenopus and axolotl.
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7.5 Conclusion

To conclude the work presented in this thesis has given insight into the mechanisms by which

mesendoderm forms, identifying the axolotl as a suitable model organism for studying a simpli-

fied mesendoderm GRN and comparing the mechanisms of mesendoderm formation in axolotl

with those in Xenopus. This work has given motivation for several directions for future studies

both experimentally and theoretically, which we will now discuss.

The qualitative analysis of the axolotl mesendoderm GRN downstream of Activin provided

several useful insights into the behaviour of the network. However, to develop a model with

biologically valid parameter values, more experimental data is required to fit the model to. This

data could be in the form of a more detailed time course or a detailed Activin dose response

curve. Data on the behaviour of the network in response to perturbations would also aid the

development of a model which is able to fully reproduce experimental observations. In addi-

tion to studying the mesendoderm GRN downstream of Activin, experimental investigations

are required to elucidate the differences in the response of animal caps to Activin and Nodal1,

including the role of Nanog and Antivin in Nodal/Activin signalling.

Once the axolotl mesendoderm GRN has been fully explored and quantified downstream of

Activin, this knowledge would aid the study of the network in response to β-catenin. By col-

lecting experimental data (either a detail time course or a dose response curve) downstream of

β-catenin, parameter values of the axolotl in vivo model can be estimated. Furthermore experi-

mental data on the distribution of maternal transcripts of β-catenin in whole embryos and how

this overlaps with Mix, Brachyury and Goosecoid could be used in the multicellular mesendo-

derm models. Another future direction for developing multicellular models is to incorporate

cell growth and the movements of gastrulation.

Another prospect for further study is how dorsal-ventral (DV) patterning overlaps with the

formation of mesendoderm. In this thesis we developed a single cell model of mesendoderm

formation with DV patterning in Xenopus. This work needs to be extended to include aspects of

the signalling pathways involved in regulating DV patterning and our knowledge transferred

in the axolotl, via experimental identification of these factors and their behaviour in axolotl and

expanding the mathematical models in the axolotl to include these data.

Thus, there are several exciting directions that could aid further understanding of the mecha-

nisms regulating the formation of the primary germ layers in axolotl. Furthermore, since many

mechanisms of development in axolotl are the same as those in mammals, by gaining a bet-

ter understanding of axolotl mesendoderm formation we may gain insights into mammalian

development.
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