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Abstract 

The more-electric aircraft concept is a major trend in aircraft electrical power 

system engineering and results in an increase in electrical loads based on 

power electronic converters and motor drive systems. Unfortunately, power 

electronic driven loads often behave as constant power loads having the small- 

signal negative impedance that can significantly degrade the power system 

stability margin. Therefore, the stability issue of aircraft power systems is of 

great importance. The research of the thesis deals with the modelling and 

stability analysis of an aircraft power system. The aircraft power system 

architecture considered in the thesis is based on the More Open Electrical 

Technologies (MOET) aircraft power system with one generator as only a 

single generator can be connected to a system at any one time. The small- 

signal stability analysis is used with the system dynamic model derived from 

the dq modelling method under the assumption that the aircraft power system 

operating point does not change rapidly during normal operation mode. The 

linearization technique using the first order terms of a Taylor expansion is 

used so as to achieve a set of linear models around an equilibrium point for a 

small-signal stability study. The thesis presents the development of effective 

models capable of representing the electrical power system dynamic behaviour 

for stability studies. The proposed model can be used to predict the instability 

point for variations in operating points and/or system parameters. Agreement 

between the theoretical estimation, simulation, and experimental results for a 

simple system are achieved that ranges from acceptable to very good. Finally, 

the subsystem models described in the thesis can be interconnected in an 

algorithmic way that is representative of a more generalized aircraft power 

system model. The generalized model is also applied to a more complex and 

realistic aircraft power system with simulation validations for thorough 

investigations of aircraft power system stability. This model may be 

considered as a powerful and flexible stability analysis tool to analyse the 

complex multi-converter electrical power systems. 
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Chapter 1: Introduction 

Chapter 1 

Introduction 

1.1 Aircraft Electrical Power Systems 

More Electric Aircraft (MEA) [1]-[7] concept is a major trend in aircraft 

electrical power system (EPS) engineering and results in an increase in 

electrical loads based on power electronic converters and motor drive systems. 

The trend of using electromechanical actuators (EMAs) instead of hydraulic 

actuators is increased [4]. This is because the power electronic converters 

driving various loads and actuation systems can improve the performance of 

aircraft power system and their reliability [1], [2], [4]-[6]. In addition, 

increasing the use of the EPS in the aircraft can reduce fuel consumption, 

weight, and maintenance costs [3]-[6]. New EPS architectures may take many 

forms: AC, DC, hybrid, frequency-wild, variable voltage, together with the 

possibility of novel connectivity topologies. The existing electric aircraft 

architecture is based on the constant frequency AC power system. The power 

is provided by a constant frequency three-phase AC power at 400 Hz and 

115Vrms [1], [3], [6], [7]. The constant-speed-regulated generator (CSRG) 

[1][3][7] is used to provide the power with constant frequency. Transformer 

rectifier units (TRUs) are used to transform the AC power into DC for feeding 

DC loads. Although approximately 95% of all in-service aircraft [7] use the 

constant frequency power system, the CSRG system is complex and has low 

efficiency of power conversion [6], [7]. Hence, the next generation of aircraft 

power system architecture is introduced based on a variable frequency AC 

distribution system [1]-[7] (e. g. B787 [8] and A350 [6]). The power is 

distributed from three-phase AC power at 230 Vrms with variable frequency 

between 360 Hz-720 Hz [7]. The increasing of the voltage level (from 115V to 
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230V) can reduce conduction losses and weight. Moreover, the variable 

frequency system is less complex with easier maintenance compared with the 

constant frequency system. The rectifier unit is used to produce +/-270V 

(540V) for a high power DC bus feeding DC environmental control system or 

other DC loads. 

In this research, the large aircraft power system architecture considered is 

based on the More Open Electrical Technologies (MOET) Large Aircraft 

Electrical System Architecture from Airbus France (document WP3.11 

Architecture VO [9]) 
. 

This architecture in the simplified form is shown in 

Figure I. I. More details of the principle operations under both normal and 

abnormal conditions can be found in [9]. In this thesis, we consider only those 

details that are important for development of models suitable for stability 

studies. The architecture assumes that there are two turbine engines 

(ENG1/ENG2), each driving two 250 kVA generators (SG1-SG4). The 

generators are operated with a generator control unit (GCU) to control 230Vac 

at the main power system high-voltage AC buses (HVACI-1, HVAC 1-2, 

HVAC2-3, HVAC2-4). The power system is frequency-wild 360-900 Hz 

depending on engines rotational speed. In Figure 1.1, there are three primary 

electrical power centres (PEPDCI-PEPDC3) and two emergency electrical 

power centres (EEPDC1, EEPDC2). 

For the primary electrical power centres, the PEPDCI consists of a 230Vac 

bus (HVAC 1-1), a +/-270Vdc bus (HVDC 1-1) produced by an auto- 

transformer rectifier unit (ATRU1), and a 28Vdc bus (DC1) fed from a buck- 

boost converter unit (BBCU1). Similarly, the PEPDC2 consists of a 230Vac 

bus (HVAC2-4), a +/-270Vdc bus (HVDC2-4) produced by ATRU4, and a 

28Vdc bus (DC2) fed from BBCU2, while the PEPDC3 consists of a 230Vac 

buses (HVAC1-2, HVAC2-3), a +/-270Vdc buses (HVDC1-2, HVDC2-3) 

produced by ATRU2 and ATRU3, and 115Vac buses (AC1, AC2) fed from 

auto-transformer units (ATUI, ATU2). 

2 



Chapter 1: Introduction 

For emergency electrical power centres, the EEPDCI contains a 230Vac 

essential bus (AC ESS 1), and a 28Vdc essential bus (DC ESS 1) fed from a 

battery charger rectifier unit (BCRU1), while the EEPDC2 contains 230Vac 

essential bus (AC ESS2), and 28Vdc essential bus (DC ESS2) fed from 

BCRU2. 

The system is generally symmetrical in which each component is operated in 

parallel with an identical component or is used as a back up by having 

redundant secondary devices for when the primary device fails. For normal 

operation, SG1 supplies the electricity to PEPDCI, EEPDCI, electrical wing 

ice protection system (WIPS1), and electrical environmental conditioning 

system (ECSM1). Similarly, SG4 supplies the electricity to PEPDC2, 

EEPDC2, electrical wing ice protection system (WIPS2), and electrical 

environmental conditioning system (ECSM4). SG2 and SG3 supply the 

electrical power to PEPDC3 including the electrical environmental 

conditioning system (ECSM2, ECSM3). In addition, EEPDCI is supplied by 

HVAC1-1 and EMA1 is fed from AC ESS1. Similarly, EEPDC2 is supplied 

by HVAC2-4 and EMA2 is fed from AC ESS2. Four batteries (BAT!, BAT 

ESS 1, BAT2, BAT ESS2) are charged during the normal mode. 

It is important to note that two or more generators cannot supply the power to 

the same bus at the same time. For this reason, the generalized electrical 

aircraft power systems based on the MOET system in Figure 1.1 for `one 

generator' can be used as shown in Figure 1.2. This system diagram is used as 

a basis for the studies in this research. The 250 kVA generator feeds 230Vac 

three-phase power with variable frequency 300-900 Hz onto the HVAC1 bus. 

The autotransformer rectifier unit (ATRUI) produces the DC link bus voltage 

(HVDC 1) +/-270V feeding the electromechanical actuator for an electrical 

environmental conditioning system (ECSM 1), and other DC loads through the 

HVDC1 bus. The generator also supplies electricity to an electrical wing ice 

protection system (WIPS 1) and the AC ESS 1 bus. The AC ESS 1 bus supplies 
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a controlled PWM rectifier unit feeding the electromechanical actuators 

(EMA) for aileron, rudder, flaps, spoilers, and elevator. 

Figure 1.1: MOET large aircraft power system architecture 
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Figure 1.2: The generalized aircraft power system based on MOET system for 

one engine generator 

It can be seen in Figure 1.2 that there are many electrical loads based on power 

electronic converters (AC/DC, DC/DC, DC/AC converters) driving various 

loads and actuation systems. It will be described in the next section that these 

loads can significantly degrade power system stability margins. Hence, the 

development of effective models capable of representing EPS dynamic 

behaviour is of great importance. 

1.2 Literature Review and Background 

As mentioned before, the more-electric aircraft concept is a major trend in 

aircraft electrical power system (EPS) engineering and results in an increase in 

electrical loads based on power electronic converters and motor drive systems. 

Therefore, the aircraft power systems become more complex electrical 
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distribution systems with a multiplicity of actuators, aircraft loads and bus 

geometries [2]. Unfortunately, it is well known that regulated power electronic 

driven loads often behave as constant power loads (CPLs) having small-signal 

negative impedance that can significantly degrade power system stability 

margins [10]-[14]. To fully understand the impact of constant power loads, 

there are two concepts to keep in mind; constant power load definitions and 

negative impedance instability. These concepts including the literature review 

for the modelling and stability analysis of power electronic based system 

(PEBS) are addressed in this section. 

1.2.1 Constant Power Loads and Negative Impedance Instability 

The power converters with their controls normally behave as constant power 

loads [ 11] -[ 14] in steady state operation. There can be a large number of these 

loads in aircraft power systems [2], [3]. An example of CPLs, as shown in 

Figure 1.3, is a DC/AC inverter feeding a machine or actuator drive under 

tight current and speed servo control. Therefore, in steady state the speed (w,. ) 

is almost constant. For each operational point, the torque (TL) is constant, and 

the output power (P0�r) which is the multiplication between torque and speed 

is also constant. If we assume for each operating point that the machine losses 

are constant and there are no losses in the DC/AC inverter, the input power 

(P,,,,, ) of this inverter will be constant. Therefore, the DC/AC inverter feeding a 

regulated drive presents CPL behaviour to the aircraft power systems. For the 

EPS topology of Figure 1.1, these CPL drives include critical flight actuators 

and environmental controls. 

Another example of CPLs, as shown in Figure 1.4, is a DC/DC converter 

feeding electrical loads under tight voltage control. The simple load for this 

case is the resistive loads in which the relationship between voltage and 

current is linear. Therefore, as for the actuator drive systems, the output 

voltage (Your) is regulated for each operating point. Due to regulation, the input 

power of DC/DC converter (PP0,, �) is constant. As a result, this converter with 
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a regulated load also behaves with a CPL characteristic to the power system. 

Examples include battery charge and other DC loads (e. g. avionics). 

ICri. 

AC Power System AC/DC ri 

converter 
DC filters 

P; 
n'=I 

constant 

r- -------------------------- 

+ nCj/AC IM or PM 
v inverter motor 

i 

wr controller wr 
to regulate 

i speed 

------ 

Figure 1.3: An actuator drive system behaving as a CPL to the AC power 
system 

------ ----------- 
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AC Poýýer System -ý -ý 
AC/DC 

DC titters 
y DC/DC V 

uý electrical load 
converter converter 

i{ controller i nuI 
= constant to regulate 

voltage 

-------------------------- 

Figure 1.4: A DC voltage regulator presenting a CPL to the AC power system 

A controlled power converter can be made to achieve nearly an ideal constant 

power regulation under the fast controller actions. Hence, these converters can 

behave as an ideal CPL in which the current into a CPL can be defined as: 

I 
CPL - 

PCPL 

V 
(1-1) 

where PcPL is the command power depending on the system operating point 

and v is the voltage across the CPL as shown in Figure 1.3 and Figure 1.4. 

Taking the partial differential of (1-1), we have: 
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PCPLo 1 
aICPL =-2 N+ 

-8PCPL (1-2) 

V0 Vo 

The PcPL is constant for each operating point. Hence, äPcPL in (1-2) is set to 

zero to yield: 

av Vol (1-3) 
a1CPL PCPLo 

The characteristic of an ideal CPL is depicted in Figure 1.5. If v decreases, 

ICPL has to increase to keep the constant power PcPL at the input terminal. The 

global impedance value of CPL is positive, while the incremental impedance 

is always negative as shown in (1-3). Therefore, the CPL has a small-signal 

negative impedance to the system. 

V 
PcPL = constant 

Figure 1.5: The negative impedance behaviour of CPL 

The CPLs are normally fed through power converters via DC-link low pass 

filters as shown in Figure 1.3 and Figure 1.4. The negative impedance of the 

CPL may reduce the low filter resistance that is normally positive. Reducing 

the filter resistance can produce oscillatory behaviour. Therefore, if the system 

has a sufficiently large CPL, the system can become unstable. The CPL can 

significantly degrade the system performance and stability [10]-[14]. 
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Hence, development of effective models capable of representing power 

electronic based system (PEBS) dynamic behaviour is of great importance. 

The dynamic model can be used to predict the system operating point at which 

instability occurs. There is a lot of previous work for power system models 

and stability studies. The literature review for modelling of power converters 

and stability study of the power system with CPL is described below. 

1.2.2 The Modelling and Stability Analysis of PEBSs 

It is well known that the power converter model is time-varying because of the 

switching behaviour. Several approaches are commonly used for eliminating 

the switching actions to achieve time-invariant model. Then, the classical 

eigenvalue and frequency domain approaches can be used for stability 

analysis. The first is the generalized state-space averaging (SSA) modelling 

method. This will be described in Section 2.3. This method has been used to 

analyse many power converters in DC distribution systems [12], [13], [15]-[17], 

as well as uncontrolled and controlled rectifiers in single-phase AC 

distribution systems [18], and 6- and 12- pulse diode rectifiers in three phase 

systems [19]. 

The second is an average-value modelling method, which has been used for 6- 

and 12- pulse diode rectifiers in many publications [20]-[22], as well as 

generators with line-commutated rectifiers [23]-[27]. These rectifiers can be 

modelled with good accuracy as a constant DC voltage source. Moreover, [28] 

reported a new average-value model of three-phase and nine-phase diode 

rectifiers to improve AC current and DC voltage dynamics. However this 

method is not easily applicable to the analysis of the stability of the general 

AC power system with multi-converter power electronic systems. 

Another technique widely used for AC system analysis is that of dq- 

transformation theory [29]-[31 ], in which power converters can be treated as 

time-varying transformers. The dq modelling method can also be easily 
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applied for modelling a power system comprising vector-controlled converters 

where the SSA model and the average-value model are not easily applicable. 

Moreover, the resulting converter models can be easily combined with models 

of other power elements expressed in terms of synchronously rotating frames 

such as generators, front-end converters, and vector-controlled drives. Hence, 

the dq modelling method is selected for modelling the aircraft power system in 

this research. The dq models of three-phase AC-DC power systems have been 

reported in the previous works [29]-[31]. But these do not include CPL. 

Applying the dq modelling approach for stability studies of the power system 

including a CPL has been addressed in our publications [32]-[34]. 

On obtaining the non-linear dynamic model, the stability analysis can proceed 

either through large-signal or small-signal linearization methods. Large-signal 

stability analysis has been applied in [35], [36] using the Lyapunov's theorem. 

However, this method may provide some difficulties for a complex power 

system. Normally, the stability analysis of power systems with power 

electronic loads uses the small-signal method. The linearized model can be 

easily analyzed by the classical stability study methods. However, the stability 

results from the linearized model are valid only small perturbations in the 

system operation point. The more details of large-signal stability analysis can 

be found in [35], [36]. In this thesis, the stability analysis focuses on small- 

signal method only, similar to reported in [17], [32]-[34], [37]-[48] assuming 

the converter is operated around the equilibrium point. Two approaches can be 

used for investigating stability of linearized models. The first is the eigenvalue 

theorem in which the system eigenvalues can be calculated from the Jacobian 

matrix [17], [32]-[34], [37]-[40]. Another method is an impedance/admittance 

method based on the Middlebrook criterion [10] which has been successfully 

used to analyse the stability of DC distributed power systems [41]-[48]. For 

AC distribution systems, many publications reported the input and output 

impedance of AC-DC converters. References [49]-[51] described the input 

impedance of boost single-phase PFC converters, as well as three-phase PWM 

rectifiers [52], [53]. Although, the application of boost single-phase PFC 
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converter models for stability analysis based on the impedance/admittance 

method was described in [54], the output impedance of the AC source was 

defined from measurements. For diode rectifiers, most existing work describes 

the output impedance derived from their average-value models [20]-[27]. This 

is because the average-value models easily allow establishing the output 

impedance of the source subsystem for stability analysis using the 

impedance/admittance method as described in [55]. However, as mentioned 

before, this model is not easily applicable to analyse the stability of the general 

AC power system with multi-converter power electronic systems. Therefore, 

references [56]-[58] report the input impedance modelling and analysis of 

line-commutated rectifiers. However, the application of these models for 

stability analysis has not been reported. It can be seen that one problem of the 

impedance/admittance method is the difficulty in deriving source impedance 

and load admittances for complex AC systems having parallel power converter 

connections. Therefore, the eigenvalue approach is selected for stability 

analysis in this research with the dq model. 

Generally, most research work for stability studies focuses on only individual 

converters for its stand-alone operation [17], [32]-[55]. The dynamic models 

of multi-converter systems have been studied for DC distribution system in 

[59]. Studies for AC system have not been reported. In addition, the 

interconnection of the converters can affect power quality and system stability 

[43], [59]. Therefore, the derivation of the dynamic model of frequency-wild 

power systems with the multiplicity of actuators, aircraft loads and bus 

geometries is in need of study. 

In order to avoid negative impedance instability, there are two possible ways. 

The first is a passive damping. The passive damping can be added into the 

DC-link filter in series or parallel with the DC-link capacitor [60]. In addition, 

a large DC-link capacitor can also be used to mitigate the instability problem 

caused by a CPL [611. However, the passive technique may increase the power 

losses and the large capacitor causes higher weight and cost. The second way 
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is by an active technique. Reducing the regulation bandwidth of the load can 

improve the system stability [60]. Moreover, [61]-[63] represented the 

nonlinear control strategy to mitigate this instability problem. Recently, a 

simple linear compensation technique using active damping to damp the filter 

is used to overcome the negative impedance instability [64], [65]. 

If we have a more accurate model for stability studies, a dynamic model can 

be used to predict the instability point for possible variations in system 

operating points and system parameters. Hence, the dynamic model of the 

power system with CPLs is of importance. If the model can ensure that the 

system is always stable, then we do not need to add any passive damping into 

the system. In addition, we can find out how to make the system more stable 

from the dynamic model. Moreover, the accurate dynamic model can also be 

used for the design of stabilization controllers. 

1.3 The Scope and Structure of the Thesis 

The research of the thesis deals with the modelling and stability analysis of the 

aircraft power system. The aircraft power system architecture considered in 

the thesis is based on the MOET aircraft power system for one engine 

generator as shown in Figure 1.2. The small-signal stability analysis is used in 

this research under the assumption that the aircraft power system operating 

point is not changed rapidly during normal operation mode. Hence, the 

linearization technique using the first order terms of a Taylor expansion 

[70], [71] is used so as to achieve a set of linear models around an equilibrium 

point for a small-signal stability study. The power flow equation [72] is used 

to determine the steady-state values of the system. The thesis presents the 

development of effective models capable of representing EPS dynamic 

behaviour for stability studies. The proposed model can be used to predict the 

instability point for variations in system operating points or system 

parameters. The model can be also used for thorough investigations of aircraft 
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power system stability for representative architectures and worst-case 

operational modes. In order to accomplish the research objectives set out 

above, the thesis is organised into eight chapters. The structure of the thesis is 

described as follows: 

Chapter 1 is the introduction to the thesis which describes the aircraft power 

system architecture used in the thesis. This chapter describes the effect of the 

negative impedance instability caused by constant power loads. The literature 

review for modelling of power converters and stability study of the power 

system with constant power loads are also described. The thesis layout is also 

outlined. 

Chapter 2. The application of a dq modelling method for the stability analysis 

of a system consisting of CPLs has not been reported in previous publications. 

Chapter 2 derived the dq model of a six-pulse diode rectifier for stability 

studies of such systems. To compare with other modelling approaches, the six- 

pulse diode rectifier model is derived by three different approaches that are; 

state-space averaging (SSA) method, average-value modelling method, and dq 

modelling method. The system dynamic models from the three approaches are 

then used for stability analysis with the eigenvalue theorem. The comparisons 

of the stability results from the different power converter models are 

described. In addition, the impedanceladmittance method based on 

Middlebrook criterion is used for stability analysis and the results from this 

method are compared with those from the eigenvalue theorem. According to 

the results, the dq modelling method is selected for modelling the power 

converter in the thesis. Stability analysis uses the eigenvalue theorem with the 

linearized dq models. This chapter also show how the dq models of the six- 

pulse diode rectifier can be used to represent the twelve-pulse autotransformer 

rectifier unit. The SABER time-domain simulation is used to support the 

theoretical results. 
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Chapter 3 derives the dq model of a controlled PWM rectifier. This model is 

used for stability studies of power systems with PWM rectifiers which have 

not been reported in previous publications. Chapter 3 also shows that the dq 

modelling method is easily applicable to model a converter controlled in terms 

of a rotating dq-frame aligned with the grid voltage vector. The dynamic 

model of the system can predict the instability point for variations of system 

operating point and system parameters. The SABER simulation is used as a 

benchmark model to support the theoretical results. 

Chapter 4. In Chapter 2 and 3, an ideal CPL was used to represent the 

controlled electromechanical actuators (EMAs). In Chapter 4 however, we 

investigate the effect of the dynamics of EMA and their impact on stability. 

The effects of actuator dynamics have been considered in [73]. However, 

these effects have not been widely discussed in previous publications in which 

the CPL is generally defined as an ideal current source without dynamic 

behaviour. This chapter also represents how to combine the dynamic of CPL 

into the power system with a diode rectifier or a PWM rectifier for stability 

studies using the dq modelling method with the eigenvalue theorem. The 

stability margins are assessed and compared against those for the power 

system with the ideal CPLs. The study is supported by intensive time domain 

simulations. This chapter also considers EMAs using a surface mount 

permanent magnet (SMPM) machine. As far as the mathematical formulation 

is concerned, the SMPM machine is considered a special case of the more 

general equation of the induction machine. The initial formulations are derived 

neglecting the internal resistance of the DC-link capacitor (re). This is a 

reasonable assumption for normal Cdr and rr values. However, in experimental 

work in Chapter 5, it is found useful to put many capacitors in series (to obtain 

low values) and hence rr is usually high. The power system with the PM 

machine and rr is also described in this chapter. 

Chapter 5 describes experiments undertaken to practically ascertain the effect 

of the CPL dynamics as explained in Chapter 4 and hence verify the dq 
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modelling approach described in Chapters 2-4. In particular the experimental 

results are aimed towards showing the impact on system dynamics of 

variations in AC supply frequency, actuator speed loop dynamics, and DC link 

voltage measurement filtering. The comparisons between theoretical and 

experimental results are made. After this the dq models will be applied to 

more complex power systems. 

Chapter 6 describes how the dq modelling method is used to create a 

nonlinear dynamic model for a more realistic power system that includes the 

output voltage dynamics of the synchronous generator (SG) and generator 

control unit (GCU), as well as the dynamics of electromechanical actuators 

(non-ideal CPL) as described in Chapter 4. These effects have not been 

addressed in previous publications in which the constant power load (CPL) is 

generally defined as an ideal current source without dynamic behaviour (ideal 

CPL), and the generator with GCU is regarded as an ideal voltage source with 

an infinitely fast controller action. The details of how to combine the 

dynamics of a GCU and an electromechanical actuator into a power system 

with a diode rectifier for stability studies is described in this chapter. The 

impact of using the dynamic models for the SG-GCU and non-ideal CPL in 

comparison with the models using an ideal voltage source and ideal CPL is 

also shown. The SABER time-domain simulation is used to support the 

predicted results from the model. 

Chapter 7 extends the work from the previous chapters to create the dynamic 

model of the generalized aircraft power system representing real architectures 

with multiplicity of actuators, aircraft loads and bus geometries using the dq 

modelling approach. Three example systems including the real aircraft power 

system as described in Chapter 1 are used to illustrate how to apply the 

generalized model for a stability study. It is also shown how the theory can be 

used to predict instability due to possible variations in operating points and 

system parameters. It will be shown how the elements described in the thesis 

can be interconnected in an algorithmic way resulting in a powerful and 
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flexible stability analysis tool. The SABER time-domain simulation is used to 

support the theoretical results. 

Chapter 8 contains the conclusion of the thesis. It summarises the work and 

the main outcome of the PhD research work. It also provides possible future 

researches that can be developed from the work of the thesis. The publications 

from the research are also given. 
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Chapter 2 

Power Systems with a Diode Rectifier 

and an Ideal Constant Power Load 

2.1 Introduction 

Chapter 1 discussed the main elements of aircraft power system architecture as 

shown in Figure 2.1. This consists of an engine generator with a generator 

control unit (GCU), transmission line, uncontrolled rectifier or 

autotransformer rectifier unit (ATRU) feeding the electromechanical actuator 

(EMA) for a DC bus environmental control or other DC loads through a 

HVDC bus. These loads behave as a CPL. Moreover, the engine generator 

also supplies electricity to wing de-icing loads and the essential AC bus (AC 

ESS). The AC ESS bus supplies a controlled PWM rectifier unit feeding the 

electromechanical actuators for aileron, rudder, flaps, spoilers, and elevator. 

However, this chapter focuses on only the system consisting of 3-phase 

voltage source, ATRU1, DC-link filters, and ideal CPL. Although the six- 

pulse diode rectifier are generally not acceptable in the aircraft power system 

application according to the aerospace power quality standard requirements 

[74], the six-pulse diode rectifier can be used to represent the twelve-pulse 

autotransformer rectifier unit (ATRU1) as shown in Figure 2.1 (dashdot line). 

This is because of the symmetry of two six-pulse diode rectifiers in the ATRU. 

Therefore, the twelve-pulse diode rectifier can be approximately represented 

by an equivalent six-pulse diode rectifier [75] that will be shown in Section 

2.6. An ideal CPL is also used to represent an EMA for the electrical 

environmental conditioning system. An ideal 3-phase voltage source is used to 

represent an engine generator with a GCU by assuming an infinitely fast 
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infinitely fast controller action of the GCU. Similarly, the ideal CPL is used to 

represent actuator drive systems under the same assumption. 

Generally, there are two methods to analyse the stability of the AC-DC power 

system feeding CPLs via a six-pulse diode rectifier. The first approach is to 

analyse the system stability on the DC distribution system only [37]. This 

excludes the line parameters on the AC side under the assumption that the AC 

subsystem is always stable, and the DC voltage of the output rectifier is 

constant. However, considering the stability of AC and DC subsystems 

individually cannot provide precise results [18]. Hence, the second method 

considers a stability study for hybrid AC and DC distribution system 

connected together via a power converter [ 18], [38]. This can provide stability 

prediction with good accuracy. 
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Figure 2.1: The main elements of aircraft power system architecture 
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This chapter presents the stability analysis of AC-DC power systems by 

considering both AC and DC sides. The dq modelling approach [29]-[31] is 

used to model the power converter treated as a time-varying transformer ratio. 

The results from dq modelling method are explained in Section 2.2. The dq 

models of three-phase AC-DC power systems feeding an ideal CPL have not 

been reported in the pervious works [29]-[31]. Our work from this section was 

published in [32]. In addition, the stability results using the dq modelling 

approach are also compared against those of other methods. These include the 

state space averaging (SSA) modelling approach [12], [13], [15]-[19] as 

described in Section 2.3, and the average-value modelling method [20]-[28] as 

described in Section 2.4. The SSA modelling approach has been used to 

analyse many power converters in DC and AC distribution systems. This 

approach uses the complex Fourier coefficients of the switching signal 

waveform as the system state variables. The average-value models for the six- 

pulse diode rectifier have also been derived in many publications [23]- 

[26], [66] in which the rectifier can be modelled as a DC voltage source with a 

particular internal impedance. In Section 2.5, the impedance/admittance 

stability methods based on Middlebrook criterion are introduced. This method 

analyses the system stability in the frequency domain. Finally, Section 2.6 

shows how the dq models of the six-pulse diode rectifier from Section 2.2 can 

be used to represent the twelve-pulse autotransformer rectifier unit. The 

chapter summary is addressed in Section 2.7. 

2.2 Analysis using dq modelling Approach 

This section deals with stability analysis of a three-phase frequency-wild AC 

power system with an ideal CPL fed through a six-pulse diode rectifier. The 

mathematical model of the power system suitable for stability analysis is 

derived using the dq modelling approach. Simulation results are used to 

support the theoretical results. It is also shown how the theory can be used to 

predict instability due to possible variations in the system parameters. 
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2.2.1. Power System Definition and Assumptions 

The power system studied in this section is shown in Figure 2.2. It consists of 

a 3-phase voltage source, transmission line, six-pulse diode rectifier, DC-link 

filters, and an ideal CPL connected to the DC bus. Note that the ideal voltage 

source may be used to represent an engine generator with GCU by assuming 

an infinitely fast controller action of the GCU. Similarly, the ideal CPL is used 

to represent actuator drive systems under the same assumption. 

CPL 

Figure 2.2: The power system studied 

It is assumed that the 3-phase voltage source is balanced. Rq, Lq, and C. are 

the equivalent parameters of a transmission line. Note that if there are no Cq 

in the system, they can be set to 2nF to represent the cable parasitic 

capacitance in the mathematical model. This is because the dq mathematical 

model for the diode rectifier requires a voltage source which can be provided 

by these capacitances. The small value of capacitance cannot affect to the 

stability results of the system as it will be shown in Chapter S. The DC link 

filters are shown by elements rF, LF and CF. Ed, and Vo�t are the output 

terminal voltage of the rectifier and the voltage across the DC link capacitor 

CF, respectively. A phase shift between the source bus and the AC bus is 

shown in Figure 2.2 as A. The effect of Leq on the AC side causes an overlap 

angle u in the output waveforms that causes as a commutation voltage drop. 

This drop can be represented as a variable resistance r.,,, depending on the 

system frequency co, and located on the DC side as shown in Figure 2.3 

20 
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[66], [67]. Since the commutation voltage drop has been moved on to the DC 

side, the switching signals for 3-phase bridge rectifier can be applied without 

considering the effect of overlap angle. This is shown in Figure 2.4. From 

Figure 2.3, Ed,, represents the output voltage from the switching signal 

without an overlap angle, while Ed, represents the voltage at the rectifier 

output terminal taking onto account the voltage drop due to the commutation 

resistance r,,. 

Vbus, 
a 

vbus, b 

Vbw. 
c 

3WLeg 
rN= 

+ I& N+ 

Figure 2.3: Three-phase diode rectifier with overlap angle resistance 

, 

S. 

Sb 

S, 

.1 

0 

0 

0 

Figure 2.4: The rectifier switching signal 

The dq modelling approach is now applied to derive a mathematical model of 

the power system depicted in Figure 2.2. The details of how to model the six- 

pulse diode rectifier as a time-varying transformer ratio by using dq modelling 

method is as follows: 
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The switching function of SQ in Figure 2.4 can be expressed by a Fourier series 

[68]: 

00 
Sa =-3 

(-1)L+1 
x(- 2 sin kwt) (2-1) 

k=1,5, x,.... ýc k 

where k= 6L ±1 (L = 0,1,2,....., k> 0). Expressions for Sb and SS are 

obtained by replacing of in (2-1) by wt - 
23 

and 
(Wt 

- 
43 

, respectively. 

Neglecting the stability effects arising from higher harmonics of the 

fundamental [18], the switching functions in (2-1) can be written for three 

phases as [68]: 

Sabc=2J sino+o) sink-23 +q$) sin(2t-43 +0) 
T 

(2-2) 
7r 

I 

where 0 is a phase angle of the rectifier AC bus voltage. The relationship 

between input and output terminal of rectifier is given by [68], [69]: 

I 
in, abc -S abc 

I dc (2-3) 

T Edcl =S abc 
Vbus, 

xbc 
2'4 

For a diode rectifier, the fundamental input current is in phase with the input 

voltage assuming that the output DC current of the rectifier Ids is constant [ 18]. 

With (2-3), this means that the input rectifier voltage, the switching signals, 

and the input rectifier current are all in phase. The diode rectifier is then 

transformed into a two axis frame rotating at the system frequency co by means 

of: 
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cos(O(t)) 

ýIB(t)l =3 
sin(O(t)) 

cos(B(t) -3 

- sin(9(t) - 
23 

cos(O(t) + 
23 

- sin(9(t) + 
23 

(2-5) 

where B(t) = wt -2 + A. 

The basic concept of dq-transformation is addressed in Appendix A. 

This is the common dq-axis frame which can be fixed to any chosen bus. 

Fixing the d-axis to a bus means that Vq at that bus is zero by definition. 

Combining (2-3), (2-4) and (2-5) results in: 

'in, 
dq = Sdgldc (2-6) 

Edcl = ST 
dgVbus, dq (2-7) 

ri3 
2ý 

Sdq = 
[cos((t 

- q$) - sin(O - 0)JT (2-8) 

From (2-6), (2-7), and (2-8) the rectifier is represented as a transformer having 

d and q-axis transformer ratios Sd, Sq that depend on the phase shift between 

the dq-frame (01) and the rectifier terminal voltage frame (0). The vector 

diagram for the dq transformation is as shown in Figure 2.5 where Vs is the 

peak amplitude phase voltage, I,,, is the peak amplitude current, and S is the 

peak amplitude of the switching signal equal to 24/ 7E. The equivalent circuit 

of the six-pulse diode rectifier in the dq-frame derived by using dq modelling 

approach is shown in Figure 2.6. In addition, the dq model of six-pulse diode 

rectifier is derived under the assumptions that the DC load current is constant, 

only one commutation occurs at a time (u<60°), and the diode rectifier is 

operated in the continuous conduction mode (CCM). 
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q 
v. 

/, � and S 

;ý dR ý 

01 

Figure 2.5: The vector diagram for DQ transformation 

l: S', 

+ ºI 
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Iº 

d1 J 

+ 
Im, 

q l I 

Unua. 
y 

II 

I 

L----------- 

Figure 2.6: The uncontrolled rectifier equivalent circuit in the dq frame 

Using (2-5), the cable section can be transformed into the dq-frame. The 

transformation of the series RL and shunt C circuits into the dq-frame are 

addressed in Appendix B. The dq representation of the cable is then combined 

with the diode rectifier model as shown in Figure 2.6. As a result, the 

equivalent circuit of the power system of Figure 2.2 can be represented in the 

synchronously rotating dq-frame is shown in Figure 2.7, where the 3-phase 

diode bridge rectifier is represented as a transformer. The equivalent circuit in 

Figure 2.7 can be simplified by fixing the rotating frame on the bus at the 

input terminal of the diode rectifier frame (q$ 
= 0). This results in circuit 

shown in Figure 2.8. 
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V, d 

lcrt 

vy 

1: S9 

Figure 2.7: The equivalent circuit of the system considered on dq frame 

2 r3 
R, 

y 
Ley 4q2 7r r rF LF V 

V/ý^ r 
º++ 

/ds Id++Iº 

`'d j vbua, d-_C"4 [UCeq vbm. 
4 

Edcl E dc Výý CF /CPL 

R, Oi L. 
q 

L. 
gldm 

/q: 1;, 
x. 4 =0 

Vq 
Vbuiq 

Coq 
COCeq Vbs, d 

Figure 2.8: The simplified equivalent circuit of the power system 

It can be seen from Figure 2.8 that =0 and transformer in the q-axis is 

eliminated. Therefore, the equivalent circuit given in Figure 2.8 is easier to 

analyse. In addition, the ideal CPL can be considered as a voltage-dependent 

current source given by 

I 
CPL - 

PCPL 

Vout 
(2-9) 
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2.2.2. Deriving the Non-Linear Dynamic Model and Linearized 

Model 

Applying the Kirchhoff's voltage law (KVL) and Kirchhoff's current law 

(KCL) to the circuit in Figure 2.8 determines the set of nonlinear differential 

equations. We define: 

State variables: x =[ Ids Iqs Vbus, d Vbus, 
q 

Idc Vout] 

Input: u =[ Vm PcPL ] (2-10) 

Output: y = [Vout] 

The set of nonlinear differential equations is given as follows: 

" Req 11 
Ids L Ids +O)Igs Vbus, d+L Vsd 

eq 
Leq 

eq 

" Req 11 
Iqs = -(Olds -L Iqs - Leq 

+L Vsq 

eq eq eq 

'1 2ý 
Vbus, d = 

Ceq 
+ wVbus, q -21! ý 

I dc 
eq eq 

(2-11) 
1 Vbusq = -wVbus, d +C Iqs 

eq 

= 

ý2ý 
rF rß 

Idc 
_11I2� ýL 

Vbus, d L+L 
Idc L your 

FFFF 

11 PCPL 
vout -I dc - CF CF Vout 

As mentioned in Chapter 1, the linearized model can be used to analyse the 

small-signal stability of aircraft power systems under the assumption that the 

system operating points are not changed rapidly. This assumption is the 

normal behaviour of the aircraft power systems. Therefore, equation (2-11) is 

linearized using the first order terms of the Taylor expansion [70], [71] 

(Appendix C) so as to achieve a set of linear differential equations around an 
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equilibrium point. The dq linearized model of (2-11) is then of the following 

form: 

Bx=A(xo, uo)8x+B(xo, uo)äu (2-12) 
dy = C(xo, uo)töx+D(xo, uo)Ül 

where 

T 5 [b7ds 81gs 'bus, 
d 

gVbus, 
q 

gIdc bout 

[gvm p g 
CPLIT, 

gy 
-[8out] 

The form of A(xo, uo), B(xo, uo), C(xo, uo), and D(xo, uo) are given in (2-13). 

A(x0, uo)=I 

B(xo, uo) =I 

Req 1 

Leq 
w 

Leq 

-w -Reg Leq 
0 

Ceq 
0 0 

0 
1 

Ceq -w 

2ý ý 
0 0 . V2 1rLF 

0 0 0 

cos(2o) 

2 Leq 

3 sin(2o ) 

2 Leq 

0 

0 

0 

0 

0 

0 

0 
0 
0 
i 

CF Vout, 
o 

000 

-100 Leq 

co -, 2 
XCeq Y 

0 

0 0 0 

0 rF 
+r 

LF LF LF 

0 
PCPLo 

CF 2 CFYout, 
o 

6x2 

16x6 
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C(xo, uo)=[0 0000 1]1x6 
(2-13) 

D(xo, uo) = [0 011x2 

2.2.3. Calculating the Steady-State Equilibrium Value 

The dq linearized model from Section 2.2.2 is derived through the 

linearization technique around the operating point (or steady state value). 

According to (2-13), the linearized model needs to define V0�r, 0 and A for the 

small-signal simulation and stability study. The power flow equation [72] can 

be applied to determine the steady state values at the AC side. The single line 

power flow diagram of the power system in Figure 2.2 is depicted in Figure 

2.9 in which the line capacitors are ignored assuming Ceq is very small. 

Source bus AC bus 

moo 
Req Le 

Pbms= (PcPL+Pms)/3 

--00- 
Qbus- 0 

VS Vbus 

Figure 2.9: The single line diagram for steady state power calculations 

Figure 2.9 leads to a system of two nonlinear equations: 

2 

+ 
ybu 

cos(yz -ý) - 
ýZ 

cos(yz) = (PcFL +Poss) /3 
(2-14) 

2 

+ 
VbJS 

sin(yz -A) - 
VZ 

sin(yz) = Qbus =0 

where Vb., is the steady state phase voltage at the AC bus or input terminal of 

the diode rectifier (rms), and A the phase shift between VS and Vbs. In addition, 

ZZyz is the transmission line impedance, while the active and reactive power 

(per phase) at the AC bus is given by: 
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Pbus = (PcPL +11oss)/3 
(2-15) 

Qbus =0 

where PcPL is the constant power load value and Ploss is the power loss due to 

rF. Qbus is set to zero because of the diode rectifier assumption that the 

fundamental input current is in phase with the input voltage. Equation (2-14) 

can be solved by using a numerical method such as Newton Raphson so as to 

get Vb�S, 
a and A. at the steady-state conditions. Consequently, Vour, 

o 
for dq 

linearized model in (2-13) can then be calculated using: 

l 3L w 
voul, o = 

3ý3 (V-2Vbus, 

o 
Idco - rFldco (2-16) 

where 

r 
jlSCl o- Vbu, 

ýoe 
J4 

1I 
Ze/YZ 

21 ýeq 
Idco 

3 2ý 
Z 

__ 
Req+(oeq), YZ=ý 

Y2 7r 

q 

According to (2-14), (2-15), and (2-16), the steady-state values change when 

the system operating point, defined from PcPL, change. Therefore, we can get 

different linearized models of the system in Figure 2.2 for each operating 

point. The steady-state values from the solutions of (2-14) and (2-16) with the 

set of parameters in Table 2.1 are depicted in Figure 2.10. 
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Figure 2.10: The steady-state values for Vb, V. �1 and A as PcPL varies 

2.2.4. Small-Signal Simulation and Stability Analysis 

The linearized model (2-12) was simulated for small-signal transients against a 

corresponding 3-phase benchmark circuit model simulated in SABER. The 

details of SABER model for the system in Figure 2.2 are explained in 

Appendix D. 1. The example system parameters are given in Table 2.1. Figure 

2.11 for example shows the V0 response of the system of Figure 2.2 to a step 

,, 
change of PcPL from 2 to 3 kW that occurs at t= Is. Similarly, Figure 2.12 is 

the response to a step change in PcPL from 10 to 11 kW. An excellent 

agreement between both models is achieved under small-signal simulation. 
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Table 2.1: The set of parameters for the example system 

Parameter Value Description 

VS 230 Vrms/phase phase source voltage 

w 2nnx400 rad/s source frequency 

Req 0.1 S2 transmission line resistance 

Leq 24 pH transmission line inductance 

Ceq 2 nF transmission line capacitance 

rF 0.01 S2 DC link inductor resistance 

LF 2 mH DC link inductance 

CF 500 µF DC link capacitance 

540 - DQ linearized model 
Benchmark model 

539 

538 

2kW 
537 

3kW 

536 

535 

534 

533 

I 

532 

I 

0.98 1 1.02 1.04 1.06 1.08 1.1 
Time (sec. ) 

Figure 2.11 : Verification for changing PCPL from 2 to 3 kW 
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--" 1.05 1.1 1.15 1.2 
Time (sec. ) 

Figure 2.12: Verification for changing PCPL from 10 to 11 kW 

In respect of stability analysis, the linearized model from the dq modelling 

approach is used with the eigenvalue theorem. The eigenvalues can be 

calculated from the Jacobian matrix A(xo, uo) in (2-13) by 

det[2I - A] =0 (2-17) 

and the system is stable if 

real A, <0 (2-18) 

where i=1,2,3,....., n (n - the number of state variables) 

The eigenvalues of the linearized A matrix for the example power system with 

parameters in Table 2.1 were analyzed for the case when the Pcf'L varies from 

0 kW to 50 M. This root locus is shown in Figure 2.13 and some eigenvalues 

(i! 5 and 26) cross in to the right hand plane. Figure 2.14 shows zoomed area of 

interest: as one can see, the system becomes unstable when the P(-PL exceeds 

17 kW for the studied case. 
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Figure 2.13: Eigenvalue plot from dq linearized model 
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xx 

Figure 2.14: Zoomed area of interest from Figure 2.13 (25 and A6) 

The eigenvalues ) j-24 in Figure 2.13 are related to the system parameters Leq 

and C,,, since they are located close to the resonant frequency I/ LegCeq 

(-4.56e06 rad/s according to the system parameters given in Table 2.1). 
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Similarly, the dominant eigenvalues A; and A6 are related to LF- and CF since 

they are located close to 1/ LFCF (1000 rad/s). Therefore, the DC link 

filter parameters are significant for the system stability. This will be supported 

by the results in Section 2.2.5. 

Figure 2.15 shows the SABER time-domain benchmark simulations that 

confirm the theoretical result with the instability occurring at a constant power 

load value of 18 kW. This is greater than the 17 kW value for the unstable 

condition. 

20 
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18 kW 
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Time (sec 

Figure 2.15: Step response for operating point (P('pL) variations 

2.2.5. Investigating Stability due to Variations in System 

Parameters 

In this section, the dynamic model is used to predict instability for variations 

in system parameters of the power system in Figure 2.2. Since the considered 

aircraft power system is frequency-wild, it is very important to study stability 

variation with changes in system frequency. Moreover, LE and Cl. - can be 

imposed by the engineering designers. Therefore, it is very interesting to study 

34 



Chapter 2: Power Systems with a Diode Rectifier and an Ideal Constant Power Load 

the variations in LF and CF on stability as well. Note that the model is derived 

under the assumption that only one commutation occurs at a time (, u<60°). 

Therefore, if the Leq is large enough to provide the overlap angle , u>60°, the 

model is no longer applicable. 

Figure 2.16 shows the PCPL values at which the instability occurs when the 

system frequency is set to 200,400,600, and 800 Hz, while other parameters 

are fixed as shown in Table 2.1. 
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Figure 2.16: Eigenvalue plot for system frequency variations 
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Figure 2.17: Instability power for system frequency variations 

Figure 2.17 displays the instability conditions for the full operational 

frequency range. Again, these analytical results are supported by SABER 

benchmark simulation shown in Figure 2.18. 
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Figure 2.18: Verification of analytical results for system frequency variations 
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In Figure 2.18, the top graph shows stepwise changes in PcPL, and the graphs 

below show the corresponding responses of the DC link voltage for different 

system frequencies. The analytical results delivered by the dq linearized 

system in (2-12) predict the unstable behaviour with high degree of accuracy. 

The main outcome of this parameter study is that increasing system frequency 

expands the stability range. For example, the PcpL produces instability at 16 

kW at 200 Hz, but is stable at 20 kW at 800 Hz. This is because the resistance 

r,, in the equivalent circuit as shown in Figure 2.6 will be increased when the 

system frequency increases. This is because r,, depends on the system 

frequency. According to Middlebrook criterion [10], the power level at which 

instability occurs will be increased when the filter is designed to achieve lower 

Q-factor. The filter Q-factor is given by: 

Q_1 
LF 

RF Cp 
(2-19) 

where RF = rp + rF 

Note that r,, is the commutation resistance and rF is DC link inductor 

resistance. Therefore, it is expected that increasing system frequency 

(increasing rr) can reduce the DC-link filter Q-factor. As a result, the stability 

range can be expanded because of lower Q-factor. However, in some 

particular cases, for example [76], increasing grid frequency can degrade the 

system stability because the reduction in DC-link voltage becomes more 

dominant (voltage drop is increased). Therefore, the results depend on the 

system parameters and on the system operating points. 

Figure 2.19 shows the stable and unstable regions for LF variations with the 

other parameters fixed as given in Table 2.1. 
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Figure 2.19: Instability power for LF variations 

These analytical results in Figure 2.19 are compared to the SABER benchmark 

simulation shown in Figure 2.20 in which the top graph shows stepwise 

changes in PcpL, and the graphs below show the V.,,, responses for different LE: 

4mH, 3mH, 2mH and 1mH. The model can predict the instability point with 

high accuracy for variations in LF. Smaller value of LF- increases the power 

level at which instability occurs. This is because smaller LF causes lower Q- 

factor. However, we have to compromise between current ripple and stability 

margin because smaller LF provides better stability condition but also results 

in higher ripple currents. 
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Figure 2.20: Verification of analytical results for LF variations 

Figure 2.21 shows the stable and unstable region for variations in CF with 

other parameters fixed as given in Table 2.1. In this Figure, the bold points are 

for the specific CF- value, here equal to 300 µF, 500µF, 700 pH, and 1000µF. 

These analytical results of Figure 2.21 are also compared to SABER 

benchmark simulation shown in Figure 2.22 in which the top graph shows 

stepwise changes in PcpL, and the graphs below show the V014, responses for 

different CF. From the results; the proposed model can predict the instability 

point with high accuracy. It can be seen that greater value of CF can increase 

the power level at which instability occurs. This is because greater value of CF 

causes lower Q-factor. However, higher CF can provide smooth voltage, but 

also causes higher weight and cost. 
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Figure 2.21: Instability power for CF variations 
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Figure 2.22: Verification of analytical results for CF variations 

The results in this section confirms that the dq modelling approach can be 

used to create the mathematical model of the six-pulse diode rectifier feeding 

an ideal CPL with good accuracy. This section has shown how the power 

system stability can be investigated with variations in operating points defined 
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by varying PcpL, and system parameters. In the next section, the comparison 

between the proposed method with other stability analysis methods, the SSA 

and the average-value modelling methods, is discussed. 

2.3 System Modelling and Stability Analysis using the State 

Space Averaging (SSA) Modelling Approach 

The state space averaging modelling method is an alternative method to 

finding the large-signal nonlinear model of the AC-DC rectifier system. 

Similarly to the dq modelling method, the SSA approach is also used for 

eliminating the time-varying switching functions to achieve time-invariant 

power converter model. Whereas the dq modelling method assumed a 

transformation between the fundamental 2-phase AC quantities and DC 

quantities, the SSA modelling approach specifies the 3-phase switching 

function relationship and derives the relationship of fundamental switching 

function using time-dependent coefficients of the complex Fourier series. The 

large-signal model can be linearized for analysing the small-signal stability in 

the same manner as the dq modelling approach. The detail of how to model 

the power system in Figure 2.2 by using the SSA modelling method is 

explained in this section. 

2.3.1. Derivation of Non-Linear and Linearized Models 

In general, a periodic waveform with period T can be represented by the 

complex Fourier series [17], [79] of the form 

00 
f(t) = 

(x)k (t)efkwst 

k=-oo (2-20) 

where ws =T and (x)k (t) are the complex Fourier coefficients 
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The SSA modelling approach uses the (X)k (t) of the waveform as the state 

variables of the system. These coefficients can be determined by 

t- 
jk uýs< 

x >k (t) _- 
Jf(t)e'dt (2-21) 

t-T 

The necessary properties of the (x)k (t) for modelling the system using SSA 

modelling method are given in [17], [79]: 

1) Differentiation with respect to time: 

dd (x) 
k 

(t) = 
ýdt 

x (t) - jkws (x) 
k 

(t) (2-22) 
k 

2) The convolution relationship: 

("y)k = 
(x)k-i (y)l (2-23) 

3) If f (t) is real (real-valued periodic waveform), 

ýxý-k 
= 

ýxýk 
(2-24) 

4) The coefficient of the periodic waveforms f (t - r) is 

2nkz 

x)k e-` 
-T 

(2-25) 

In equation (2-20) and (2-21), the value of k depends on the accuracy level. If 

k approaches infinity, the approximation error approaches zero. If the 

waveform can be assumed to have no ripple, it can be set to k=0. On the 
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other hand, if the waveform is similar to a sinusoidal signal, k can normally be 

set to -1,1. This method is called the first harmonic approximation [15]-[18]. 

In order to use the SSA modelling method, the AC side of the equivalent 

circuit requires a 3-phase representation. Hence, the circuit of Figure 2.7 

becomes that of Figure 2.23. The relationship between the input and output 

terminal of the rectifier is given in (2-3) and (2-4) 

Vsa 

Vsb 

Vac 

ICPL 

PCPL 

Figure 2.23: The equivalent circuit of the power system in Figure 2.2 for SSA 

method 

The sets of nonlinear differential equation from the equivalent circuit in Figure 

2.23 are given by: 
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Vsa = Req I La + Leq 
dlLa 

dt 
+ ca 

dlLb 
V 

sb = Req I Lb + Leq 
dt 

+ VCb 

dILý 
Vsc = Req I Lc + Leq +V CC 

I La - 
Ceq 

dVca 

dt 
+I ina 

ILb 
- 

Ceq dVcb 
dt 

+Iinb 

dVcý 
I 

Lc 
Ceq 

dt 
`F I inc 

Edcl = (rF + rft 
dldc 

)Idc + LF 
dt 

+ Vout 

Ids = CF 
dVout 

+ 
PCPL 

dt Vout (2-26) 

From the equivalent circuit in Figure 2.23, the state variables of system are the 

Fourier coefficients of Vour, ILa, ILb, ILc 
, 
VCa, Vcb, Vc, andldc . 

Using the 

first harmonic approximation in the AC variables, and neglecting ripples on 

the DC side, we can define 14 state variables: 

(v01)0 
= xl 

(ILa)l 
=X2+JX3 

(ILb)l 
= x4 +Jx5 

(ILc)1 
=X6 +. 1x7 

(2-27) 
(VCa)1 

= X8 + Jx9 

(VCb)1 
= x10 + 

. 
1x11 

ýVCc)l 
= x12 + jx13 

(Idc)O 
= X14 

Using the Equation (2-21) and (2-25) to obtain the zero and first harmonics of 

the input sinusoidal voltages and the commutation functions of Figure 2.4, the 

complex Fourier coefficients can be determined as: 
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(Vsa)0 
=KVsb)O =(vsc)0 =0 

JVm JVm 1 j, [3- JVm I Jý 'Vsa ), 
2, 

ývsb ), 
2-2-2ý 

ývsc ), 
_-2-2+2 

('Sa)o 
=(sb)o =(s, 

)0 
=0 

(Sa)l =-INT3 (cosA - jsinA), 

(2-28) 

Ir 

7r 3 

(COS( 21r 
+ AJ -j sin 

23 
+ A. 1J, (Sb) 

l=-jJ 

KS'ýt =- 
jvr3- 

cos(4., +I-j sing 
43 

+A IJ 
)\J 

where Vm is the peak voltage of the supply. 

Then, applying (2-22)-(2-24) in (2-26) with the relationship (2-3) and (2-4) 

and substituting the Fourier coefficients of the three phase sources and the 

commutation functions as given in (2-28), the dynamic model of the system by 

using SSA modelling method can be expressed as: 

45 



Chapter 2: Power Systems with a Diode Rectifier and an Ideal Constant Power Load 

' PCPL 1 
X1 =-+ -x14 

CFXI CF 

' Reg 1 
X2 

L 
x2 +wx3 - 

eq 
L 

X8 

eq 

' Req 1 Vm 
_ x3 = -(Ox2 - Leq 

X3 
L 

X9, 
2Leq eq eq 

' Req 1 
x4 

Leq 
x4 + ýs 

L X10 4L 
Vm 

eq eq 

' Req 1 Vm 
xs = -r)x4 - 

Leq 
x5 

Leq 
x11 + 

4Leq 

' Reg 1 
X6 =-L x6 + CUx7 - 

eq 
x12 + Vm 

Leq 4Leq 

" Req 1 Vm 
x7 -Ct)X6 x7 - Leq -x13 + 

Leq 4Leq 

X8 =C x2 + [)x9 + sin AX14 

eq ; lCeq 

X9 =- x3 - wxg + Cos 11 x14 

eq eq 

"1 
x10 = x4 + 01)x11 + 

Ceq 
-sin sin 

23 
+a x14 

eq 

" 
x11 = 

Ceq 
X5 - Cvx10 + -COS 

23 
+ x14 

eq 

x12 = 
Ceq 

X6 + Cvx13 + 

- 

sin 
43 

+) x14 C eq 

x13 x7 - O)x12 + 
Ceq 

cos 
43 

+ x14 
)TCeq 

1 2V3 2ý 
s 14 =-- x 1- X14 

LFF 
cos 2z in 2 X8 -9 

F 

- 
2V3 

sin 
2yr 

+ A x10 - 
2ý3 

cos 
(22r 

+2 x11 (2-29) 
2TLF 3 MLF 3 

24 4. -r 4, r 
(rat + rF ) 2V 

- sin 3+ 
ýL F 

1 
A x12- 

-co 
3 +ý, x13- 

L 
x14 

FF 
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Again, (2-29) is linearlized using the first order terms of Taylor expansion so 

as to achieve a set of linear differential equations around an equilibrium point. 

The SSA linearized model of (2-29) is then of the form as given in (2-12) in 

which the Jacobian matrix A(xo, u0) is: 

A(xe, uu)=I 

PciLO 

C 
FVour, o 

0 0 0 0 0 0 0 0 0 0 0 0 
CF 

0 
Rý4 

Lev 
d 0 0 0 0 

Lag 
0 0 0 0 0 0 

0 -d Leq 
0 0 0 0 0 

Leg 
0 0 0 0 0 

o o o 
Rte' 

Lm 
o o o o Lc o 0 0 0 

0 0 0 -m 
R`Q 

o 0 0 0 0 Lag o o 0 

0 0 0 0 0 
Lw 

R-`9 
w 0 0 0 0 

l 
i; 0 0 

0 0 0 0 0 -m Lw 
0 0 0 0 0 Lag 0 

0 0 0 0 0 0 0 a 0 0 0 0 0 (2-30) 

0 0 
Cag 

0 0 0 0 -rv 0 0 0 0 0 
2 

) Cey 

0 0 0 

v 

0 0 0 0 0 0 m 0 0 
e 

0 0 0 0 
1 

Z; 0 0 0 0 -m 0 0 0 -1 
a2ey 

0 0 0 0 0 
1 

C, 
q 

0 0 0 0 0 0 m - 
uCýy 

0 0 0 0 0 0 
1 

Cev 
0 0 0 0 -m 0 

n 
1 

0 0 0 0 0 0 0 _4 _24 
2 2f 2 (r"+rF) 

LF ; WF 
F )ý'F 

ýZF kF LP 
14.14 

Equation (2-30) contains the steady-state value Vour, 
0 , and this is obtained in 

the same manner as that described in Section 2.2. The steady-state value Vout, 
o 

depends on the operating point set by PcPL. 

2.3.2. Small-Signal Stability Analysis 

In respect of stability analysis, the linearized model from SSA modelling 

approach is used with the eigenvalue theorem. The eigenvalues can be 

calculated from the Jacobian matrix A(xo)u0)in (2-30). Results will not be 

given in detail since they are very similar to those obtained by the dq 

modelling approach. This is seen in Figure 2.24 which shows the eigenvalues: 

as one can see, the system becomes unstable when the PcpL exceeds 17 kW for 
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the studied case. The dominant eigenvalues shown in Figure 2.24 are 

numerically the same as those of Figure 2.14 (dq modelling approach). 

1500 

PCPL 0-50 kW 

1000 xx 

500 

0 P=16.000 kW 

-500 

r 

-1000 
xx 

PCPL 0-50 kW 

-1500 
L 

4 -2 

xx 

P= 17.000 kW P= 18.000 kW P= 19.000 kW 

x 

2468 10 
Real Roots (1/s) 

Figure 2.24: Zoomed area of eigenvalue plot from SSA model 

2.4 System Modelling and Stability Analysis using Average- 

Value Modelling Method 

In this section, the average-value modelling method is used to model the 

power system in Figure 2.2. This model is derived under the assumptions [66] 

that the amplitude of the AC supply is constant, the DC load current is 

constant, and only one commutation occurs at a time. The detail of this model 

is explained below: 

2.4.1. Derivation of Non-Linear and Linearized Models 

The average-value model for a six-pulse diode rectifier is depicted in Figure 

2.25. This model has been derived in many publications [23]-[26]. Figure 2.25 

shows that the six-pulse diode rectifier can be modelled as a DC bus voltage. 

This circuit provides the approximation of the average DC voltage. 
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Re Le 

+ 
Ve 

+ Idc 

CF Your PcPL 

Figure 2.25: The equivalent circuit for average-value modelling method 

The DC source voltage Vei the equivalent resistance Re, and inductance Le are 

expressed in (2-31), (2-32), and (2-33), respectively. 

Ve = 
3ý3- 

Vm (2-31) 
Ir 

Re = 2Req + rF + ru (2-32) 

Le = 2Leq + LF (2-33) 

where V, � is the peak of phase voltage for AC supply. 

The sets of nonlinear differential equation from the equivalent circuit in Figure 

2.25 are given in (2-34) in which Ids and ,,,, t are set as state-variables. 

dIdc 
_ _ReLelldc -Le1Vout +LelVe 

dt 
(2-34) 

d Vout 
_ CFI I dc - 

PCPL 

dt CFVout 

Again, (2-34) is linearized using the first order terms of Taylor expansion to 

achieve a set of linear differential equations around an equilibrium point. The 

average-value linearized model of (2-34) is then of the form as given in (2-12) 

in which the Jacobian matrix A(xo, uo) is 
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_ 
Re 1 

A(x0, uo) =1 
Le 

pLe (2-35) 
CPLo 

2 [CF 
CFVout, 

o 

]2x2 

We can derive the steady-state value Vour, 
o 

in the same manner as for the 

other methods (see Section 2.2.3). This steady-state value depends on the 

operating point defined by PcPL. However, for this method, the steady-state 

value can easily be determined by setting (2-34) equal to zero. Both methods 

can obtain nearly the same value of Vou1, 
o. 

To compare the average-value model with the one from the dq modelling 

method, the equivalent circuit in Figure 2.7 can be simplified by transferring 

all elements from the AC side to the DC side via transformer ratios. The 

circuit of Figure 2.7 becomes that of Figure 2.26. The DC voltage source Ve, dq, 

the equivalent resistance Re, dq, and inductance Le, dq are expressed in (2-36), (2- 

37), and (2-38), respectively. 

Re* Le, 
dq 

Ve, dq PCPL 

Zo Z; 

Figure 2.26: The simplified equivalent circuit from the dq modelling method 

Ve, dq = SdVsd + SqVsq (Vsq 
x 0) 

3 2ý (2-36) 

= 5d Vsd =2 VLL, 
rms 
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F1/i2[cos2ý1 
Re dq = r+ rF + -0) + Sin 

2 (01 
- 

0), Re9 
(2-37) 

= r,, + rF + 1.824Req 

L L+ 

r3 2-j 
2+ 

sin 
2 

e, dq F2 

[COS2(ýI 

- 
ýý ýý - ýýkeq 

(2-38) 

= LF + 1.824Leq 

Note that the equivalent circuit in Figure 2.26 with (2-36)-(2-38) assumes that 

Vsq and Ceq are neglected because they are very small. In addition, the 

nonlinearity terms, dependent voltage sources and current sources, are 

ignored. The average-value model in Figure 2.25 and the simplified dq model 

are nearly the same. However, simplifying the dq model is not applicable for 

more complex systems. The simplification of the dq model in Figure 2.26 is 

only possible for the simple power system in Figure 2.2. It would be very 

difficult to apply for the complex systems of Chapter 7. 

2.4.2. Small-Signal Stability Analysis 

In respect of stability analysis, the average-value linearized model is used with 

the eigenvalue theorem. The eigenvalues can be calculated from the Jacobian 

matrix A(xo, ua) in (2-35). Figure 2.27 shows the zoomed area of interest. As 

one can see, the system becomes unstable when PcpL exceeds 18 kW for the 

studied case. For the simplified dq model in Figure 2.26, the system becomes 

unstable when PcPL exceeds 17 kW. The dominant eigenvalues are 

numerically the same as those from the dq modelling approach. For the 

average-value model, the stability results are close to the results obtained from 

the dq and SSA modelling methods. According to the benchmark simulation 

results, the system is unstable for PCPL of 18 kW. Therefore, the results from 

average-value model for this case provide some error compared with other 

methods. 
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Figure 2.27: Zoomed area of eigenvalue plot from average-value model 

Section 2.2,2.3 and 2.4 has discussed the dq model (6 state variables), the 

SSA model (14 state variables), the simplified dq model (2-state-variables) 

and the average-value model (2 state-variables). In addition, the comparison of 

eigenvalues from the different methods for PCPL equal to 17 kW is shown in 

Table 2.2 The results show that the dominant eigenvalues of the dq 
, 

SSA, and 

simplified dq models are almost the same. For the average-value model, the 

eigenvalues are not quite the same as for other models. Hence, the stability 

results provide some error compared with others. 
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Table 2.2: The comparison of eigenvalues for PcPL equal to 17 kW 

eigenvalues dq 

(6 state variables) 

SSA simplified dq average-value 

(14 state variables) (2 state variables) (2 state variables) 

Al.: -2039.19 ±j4.614e6 -0.6349 ±j 981.72 -0.6350 tj 981.72 -4.6745 ±j 980.15 

x3,, -2083.22 ±j4.564e6 -2039.19 ±j 4.614e6 -- 

A. 5.6 -0.6349 ±j 981.72 -2083.22 ±j 4.564e6 -- 

A7,8 - -2083.33 ±j 4.562e6 -- 

. 410 - -2083.33 ±j 4.562e6 -- 

A,,,,,; - -2083.33 ±j 4.567e6 -- 

A.,,,, 4 - -2083.33 ±j 4.567e6 -- 

2.5 Stability Analysis using the Impedance/Admittance 

Method 

Hitherto, we have considered eigenvalue analysis for analysing the small 

signal stability of a linearized system. Another approach is to analyse the 

linearized system in the frequency-domain. The output impedance of the 

source subsystem (Z0) and input impedance of the load subsystem (Z, ) of the 

power system in Figure 2.2 need to be identified for the frequency domain 

approach. According to the Nyquist criterion, the system is stable if the 

Nyquist contour of Z, /Z, does not circle (-1,0) point in the S-plane. This 

criterion is necessary and sufficient conditions for stability study. Many works 

that deal with impedance/admittance stability methods for power electronic 

systems are based on Middlebrook criterion [10], [41]-[48] defined in 

Middlebrook in 1976 [10] as follows: 

Zo I<Z; I (2-39) 

The system is stable if the condition in (2-39) is satisfied for all frequencies. 

This is equivalent to the Nyquist contour of ZdZ; to be within the unit circle 

(for the stable condition). The Middlebrook's criterion is the sufficient 
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condition for the stability analysis. Therefore, the impedance derivations are 

very important for the stability analysis using this approach. However, it is 

difficult to derive Z. and Z; for three phase power systems such as that Figure 

2.2. Although reference [56]-[58] reported the input impedance modelling and 

analysis of line-commutated rectifiers, the application of these models for 

stability analysis has not been reported. To handle the stability problem, we 

can derive the impedances from the equivalent circuit using the simplified dq 

model or the average-value model. For the SSA model, it is difficult to derive 

Z. from the equivalent circuit. It means that the SSA modelling method does 

not lend itself to using the impedance/admittance methods for stability study. 

2.5.1. Applying Impedance/Admittance Method to the dq model 

The stability analysis of the power system in Figure 2.2 based on the 

Middlebrook criterion using the dq modelling approach must use the 

simplified dq model equivalent circuit in Figure 2.26. For the small-signal 

stability study, Zo and Z; can be easily defined from the equivalent circuit in 

Figure 2.26 in which 

zo 
-_ 

Le, dq s+ Re, dq (2-40) 
Le, dqCe, dq S2 + Re, dgCe, dq S+1 

and for an ideal CPL 

2 

Zl =-' ur'° (2-41) 
CPLo 

The magnitude of Zo by using the system parameters in Table 2.1 is shown in 

Figure 2.28 in which IZ0Imax = 24.32 dB. 
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Figure 2.28: The output impedance bode diagram from simplified dq model 
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Figure 2.29: The input impedance magnitude of dq model when PCPL varies 

The magnitude of Z; is independent of frequency, but is a function of PcPL. 

The system becomes unstable when PcpL exceeds 17 kW (IZ0 > Z; and the 

condition in (2-39) is not satisfied). It can be seen that the stability derived 

55 



Chapter 2: Power Systems with a Diode Rectifier and an Ideal Constant Power Load 

from dq modelling approach using the impedance/admittance method are the 

same as the one based on eigenvalue theorem. 

2.5.2. Applying Impedance/Admittance Method to the average- 

value model 

The stability analysis of the power system in Figure 2.2 based on Middlebrook 

criterion can also use the average-value model. One has to derive Zo and Z; 

from the equivalent circuit in Figure 2.25 where the DC voltage source VP, the 

equivalent resistance Re, and the inductance L, are expressed in (2-31), (2-32), 

and (2-33), respectively. For the small-signal stability study, Zo and Z; can be 

easily derived from the equivalent circuit in Figure 2.25: 

L s+R Zo =ee (2-42) 
LeCe s2 +ReCe s+l 

and the input impedance is the same as that of (2-41). The magnitude of Z(, is 

shown in Figure 2.30 in which IZo 
max 

= 23.76 dB. 

0 

ä 

ý. 
ä 

Frequency (rad/sac) 

Figure 2.30: The output impedance bode diagram from the average-value 

model 
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Figure 2.31: The input impedance of the average-value model when PcPL 

vanes 

The magnitude of Z; is also shown in Figure 2.31 where the system becomes 

unstable when PcpL exceeds 18 kW (Z0 > Z; ). It can be seen that the 

stability results using the average-value model based on the 

impedance/admittance approach are the same as the one based on the 

eigenvalue theorem. 

According to the results from Section 2.2-2.5, the dq, SSA, and average-value 

models can provide equivalent circuits of the power system in Figure 2.2. 

These equivalent circuits can be used for stability study. In respect to stability 

analysis, the eigenvalue theorem can be applied to all methods. The average- 

value model has some error and it is not easily applicable for the complex 

power systems with multiplicity of actuators, aircraft loads, and bus 

geometries. The impedance/admittance method can be easily used on the dq 

and average-value models. In addition, the dq modelling method can also be 

applied for modelling power systems comprising vector-controlled converters 

where the SSA and average-value models are not easily derived. Moreover, 

the resulting converter models can be easily combined with models of other 
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power elements expressed in terms of synchronously rotating frames such as 

generators, front-end converters, and vector-controlled drives. Hence, the dq 

approaches will be used for modelling the power system in this research. For 

stability studies, the eigenvalue theorem is used in this research. However, the 

impedance/admittance method can be used for stability study as well. 

2.6 Twelve-Pulse Autotransformer Rectifier Unit and CPLs 

As mentioned in Chapter 1, the aircraft power systems for this research are 

based on an AC distribution system. There is a twelve-pulse autotransformer 

rectifier unit (ATRU) to provide a high voltage DC (HVDC) bus. This HVDC 

bus is to supply energy for an environmental control and other DC loads. The 

ATRU is used to reduce the harmonics arising from the diode rectifier. In this 

section, the detail of how the six-pulse diode rectifier model using the dq 

modelling approach can represent the ATRU will be illustrated. This model is 

then used for stability analysis. 

2.6.1. Power System Definition and Assumptions 

The twelve-pulse autotransformer rectifier unit (ATRU) is shown in Figure 

2.32 in which the autotransformer turns-ratio n: 1: 1 is set to 6.464: 1: 1 to 

provide the phase shifted outputs ± 15° with respect to the supply [21], [80]. 

The symmetry of two six-pulse diode rectifiers are connected in parallel to 

feed the ideal CPL through DC link filters. The elements RT and LT represent 

the resistance and the inductance of the cable, while Rs and LS represent the 

equivalent resistance and leakage inductance of the autotransformer for each 

of the two rectifiers, both referred to the secondary side. 

The power system in Figure 2.2 for the six-pulse diode rectifier can be 

approximately used to represent the ATRU in Figure 2.32 [75], [80] by setting: 
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Req ̂ ; 
Rs 

+ RT (2-43) 

r 
where RS =1' 

n 

Leq S+ LT (2-44) 

l 
where LS =2+ is 

n 

rý = 
3o) 

1- 
3 

LT + 
LS 

(2-45) 
Kn2 

The inter-phase reactor (IPR) is used to balance the output voltages of 

paralleled diode rectifier. The equivalent circuit of IPR is represented by the 

leakage inductance Lip, as shown in Figure 2.32. 

Puc 

The dq modelling method of Section 2.2 is applied for approximate analysis of 

the system in Figure 2.32 taking into account (2-43), (2-44), and (2-45). 
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Moreover, the steady state value Vouro, i2pulse for ATRU system can be 

calculated by [21]: 

Vouto, l2pulse -1"O35Vouto, 6pulse (2-46) 

where Vouro, 6pulse can be calculated by using power flow equations as 

addressed in Section 2.2.3. 

2.6.2. Small-Signal Stability Analysis 

The dq linearized model is used with the eigenvalue theorem for stability 

study. The eigenvalues can be calculated from the Jacobian matrix A(xo, uo ) 

in (2-13). The example system parameters are given in Table 2.3. Note that the 

leakage inductance of IPR is set to zero because the coupling factor of IPR in 

the benchmark model is set to 1. However, the IPR equivalent leakage 

inductance can be set to any value depending on the coupling factor. The 

parameters shown are for an ATRU feed supplying a load of typically 20-30 

kW. 

Req and Leq can be calculated by using (2-43) and (2-44) respectively, with the 

system parameters in Table 2.3. Therefore, the power system in Figure 2.32 

can be represented by the system in Figure 2.2 with Re = 0.29 S2 and Leq 

101.11 . tH. The eigenvalues of the linearized A matrix (see (2-13) in Section 

2.2) with parameters in Table 2.3 and the new equivalent parameters from (2- 

43)-(2-46) were analyzed for the case when the PcPL varies from 0 kW to 50 

kW. The zoomed area of the root locus is shown in Figure 2.33 where the 

system becomes unstable when the PCPL exceeds 23 kW. Figure 2.34 shows 

the SABER time-domain benchmark simulation for the power system in 

Figure 2.32 (see Appendix D. 2) to compare with the theoretical results. As 

expected the instability occurs at a constant power load value of 24 kW which 

agrees with the analysis of Figure 2.33. 
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Table 2.3: The set of parameters for the ATRU 

parameter Value description 

Vs 230 V/phase phase source voltage 

0) 2itx400 rad/s source frequency 

RT 0.192 transmission line resistance 

LT 40 µH transmission line inductance 

rp IQ the primary resistance of autotransformer 

jp 2.55 mH the primary leakage inductance of 

autotransformer 

rs 0.36 S2 the secondary resistance of autotransformer 

is 61 µH the secondary leakage inductance of 

autotransformer 

rF 0.01 S DC link inductor resistance 

LF 4 mH DC link inductance 

CF 500 µF DC link capacitance 

n 6.464 turn ratio of autotransformer 

Lipr 0 µH leakage inductance of inter-phase reactor 

4 
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Figure 2.33: Eigenvalue plot of the system in Figure 2.32 
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Figure 2.34: Step response for PcPL variations (ATRU) 

2.7 Chapter Summary 

This chapter deals with the stability analysis of AC-DC power system with an 

ideal CPL fed through both six-pulse and twelve-pulse diode rectifiers (or 
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ATRU). The results show that dq, SSA, and average-value modelling 

approaches can provide the equivalent circuit for the power system to create 

the mathematical model for stability study. The SABER time-domain 

simulation is used for comparison with the theoretical results. Good agreement 

between them is achieved. 

The average-value model is not easily applicable for the complex power 

systems with the multiplicity of actuators, aircraft loads, and bus geometries. 

In addition, the stability results from SSA and dq modelling approach are the 

same. The dq modelling method can also be applied for modelling power 

systems comprising vector-controlled converters where the SSA and average- 

value models are not easily derived. Moreover, the resulting converter models 

can be easily combined with models of other power elements expressed in 

terms of synchronously rotating frames such as generators, front-end 

converters, and vector-controlled drives. Hence, the dq modelling approach is 

selected for modelling the aircraft power systems in this research. For stability 

studies, the eigenvalue theorem is used in this research. This chapter also 

shows how the six-pulse diode rectifier model can approximately represent the 

twelve-pulse diode rectifier with autotransformer. In the next chapter, the dq 

modelling approach is used to model the power system with an ideal CPL fed 

through a controlled PWM rectifier. Since the controlled PWM rectifier uses 

dq structures, the dq modelling method is straightforward and appropriate. 

Stability analysis will use the eigenvalue approach. 
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Chapter 3 

Power Systems with a Controlled PWM 

Rectifier and an Ideal CPL 

3.1 Introduction 

Chapter 1 discussed the main elements of an aircraft power system 

architecture as shown in Figure 3.1. The engine generator with a generator 

control unit (GCU), transmission line, six-pulse diode rectifier feeding an ideal 

CPL through HVDC bus was discussed in Chapter 2. This chapter deals with 

the stability analysis of an AC-DC power system with a CPL fed through a 

controlled PWM rectifier. The part of the aircraft power system is shown as a 

dashdot line in Figure 3.1. The ideal voltage source is used to represent an 

engine generator with a GCU by assuming an infinitely fast controller action 

of the GCU. Similarly, the ideal CPL is used to represent actuator drive 

systems under the same assumption. The effect of actuator dynamics (dynamic 

CPL) will be considered in Chapter 4, while the effect of GCU dynamics will 

be considered in Chapter 6. The more complex power system having parallel 

power converter connections will be considered in Chapter 7. 

In this Chapter, the dq modelling approach is applied to create the equivalent 

circuit to represent the power system shown as a dashdot line in Figure 3.1. 

The dq approach is more applicable to a converter controlled in terms of a 

rotating dq-frame aligned with the grid voltage vector. In respect to stability 

analysis, the eigenvalue theorem is used. It will be shown that the natural 

frequency of the DC-link voltage control loop has a substantial effect on 
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system stability. Therefore, this is considered in the study and reported in this 

chapter. The work from this chapter was published in [33]. 
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Figure 3.1: The main elements of aircraft power system architecture 

3.2 Power System Definitions and Assumptions 

The power system studied is shown in Figure 3.2. It consists of a three-phase 

source, transmission line, filters and a front-end PWM converter under 

standard close-loop control [81]. The CPL is fed through a DC bus. It is 

assumed that the three-phase source is balanced. Reg, Leg, and Ceq are the 

equivalent parameters of a transmission line, rF and LF are AC filter 

parameters, and CF is a DC-link capacitor. The PWM converter considered 

uses six ideal switches as IGBTs. It is assumed that there are no loss and no 

system harmonics. 

65 



Chapter 3: Power Systems with a Controlled PWM Rectifier and an Ideal CPL 
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Figure 3.2: The power system studied 

The PWM converter considered consists of vector-controllers to keep the 

voltage across the DC-link constant, here regulated to the E*dc voltage 

command, and to keep a unity power factor at the AC bus by setting I";,, q 

equal to zero. The vector-control is in terms of the reference frame aligned to 

the AC bus voltage vector. The schematic of the controllers on the direct axis 

used to regulate the DC-link voltage and the quadrature axis used to regulate 

the reactive power is shown in Figure 3.3. The parameters Kp,, K1,, Kam, Kid, 

Kpq, Klq are the proportional and integral gains of voltage and current PI 

controllers. The design for the voltage loop and current loop in Figure 3.3 can 

be found in [81]. 

The dq modelling approach is applied to derive a mathematical model for the 

power system in Figure 3.2 including vector-controllers. The PWM converter 

is modelled in the dq frame represented as a transformer. The vector diagram 

for the dq-transformation is depicted in Figure 3.4. Note that the input terminal 

voltage V, o� 
lags the bus voltage V by an angle 0, while the bus voltage Vb,,, 

lags the source voltage Vs by an angle A as shown in Figure 3.2. 
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Figure 3.3: The schematic of controllers 
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Figure 3.4: The vector diagram for dq-transformation 

For the PWM converter, the voltage source equation, the bus voltage equation, 

the converter terminal voltage equation and the switching signal equation can 

be written in the dq frame rotating at a frequency (am+q$b) and fixed to the AC 

bus voltage vector (O=c). These equations are 

Vs 
dq = Vs e>(05-4n) _ VS eil (3-1) 

Vbus, 
dq = Vb eJ(On-fin) = Vbus eJo (3-2) 

Vcon, ay = Von ei(0ýon-fib) = V�� 
ne 

ie (3-3) 
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Mdq =Me 
j(0, °� -Ob) =M e-'B (3-4) 

The 3 phase to two phase transformation uses the peak convention defined by: 

2 cos(O(t)) cos(O(t) - 
23) 

cos(8(t) + 
23 

) 

T[9(t)] _ (3-5) 
3- 

sin(6(t)) - sin(6(t) - 
23) 

- sin(O(t) + 
23 

From (3-3) and (3-4), the relationship between the input and output terminals 

of the PWM converter on the dq frame is 

Edc M 
dq 

Vcon, dq -2 (3-6) 

According to (3-1)-(3-6), the equivalent circuit of the system in the dq frame is 

shown in Figure 3.5, where the PWM converter can be modelled as a 

transformer. It can be seen in Figure 3.5 that Z*dq can be derived by using the 

diagram of the controllers in Figure 3.3. In addition, the PcpL can be 

considered as a voltage-dependent current source given in (2-9) of Chapter 2. 
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Figure 3.5: The equivalent circuit of the power system in the dq frame 
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3.3 Deriving the Non-Linear Dynamic Model and Linearized 

Model 

From Figure 3.3, PI controller output Z*dq can be derived and given by: 

Z=-K 
d pdIin, d - 

KpeKpd Edc + KieK 
pdXe (3-7) 

+Kid Xd +KpeKpdEdc 

Zq 
--Kpglin, q 

+KigXq +KpgIin, 
q 

(3-8) 

Applying KVL and KCL to the circuit in Figure 3.5 with (3-7) and (3-8) 

determines the set of nonlinear differential equations describing the power 

system dynamic as: 

' Re 11 
Ids =-q Ids + WIgs -L Vbus, d +L Vsd 

Leq 
eq eq 

' Reg 11 
Iqs = -colds -L Iqs -L Vbus, 

q +L Vsq 
eq eq eq 

11 
Vbus, d -C 

Ids+0Vbus, 
q -C Iin, d 

eq eq 

"1 Vbus, 
q = Iqs COVbus, d 

C, 
ling 

Ceq 
eq 

" (rF +K 
pd 

) KpeKpd KieKpd 
Iin, d - 

LF 
Iin, d - 

LF 
Ed, + 

LF 
Xe 

+ 
Kid 

Xd 
KpeKpd 

E d dc 
LF LF 

" (rF +K )KK 
'in, 

q --= - 
pq Iin, 

q 
+ lq Xq + pq lin 

q LF LF LF , 

Xe = -Edc + Ed, 

Xd = -Iin, d -K peEdc + KieXe + KpeEdc 
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Xq -lin, q +Iin, q 

E3 (Vbus, 
d 

I 
in, d -K peK pd 

l 
in, d Edc +K peK pd 

l in, d Edc 
(3-9) dc - 2CFEdc 

-KieKpolin, dXe+Kpd 
'in, 

d -Kid 
lin, 

dXd +vbus, 
glin, q 

-KI; I+K Iz KIX 
PCPL 

pq n, q in, q pq in, q - tq tn, q q CF Ed, 

This set of equations can not be solved analytically. Therefore the stability 

analysis is performed using small-signal linearization. The linear model can be 

derived using the first-order terms of the Taylor expansion of (3-9), so as to 

achieve a set of linear differential equations around an equilibrium point. 

Setting the state variables x, input u and output vector y as: 

X Ids"Iqs'Vbus, 
d'Vbus, q"lin, d 9Iin, g1Xe, 

Xd, Xq, Edc 

u =<Vs, Edc, l n, q, 
PCPL > (3-10) 

y =< Edc > 

The dq linearized model of (3-9) can be written as: 

8x = A(xo, uo)Sx+B(x0, uo)gu 3-11 
SS' = C(xo, u0)Sx + D(xa, u0)&i 

where 

ÖX = 51ds SIqs 
bus, d 45Vbus, q 

SIt 
"n, d 

51m, 
q 

öÄ'e 'Wd tA'q gEdc IT 

ý 'm &Fdc ý'n, 
q CPL 

]T ý' =ý dc 

The details of A(xo, uo), B(xo, uo), C(xo, uo), and D(xo, uo) are: 
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A(xo, uo) = 

where 

Rq 
-1 0 0 

Leg Leq 

R! 1 
-m LLQ 

0 - Ley 
0 

1 

Ce9 
0 0 0) -1 Ce4 

0 
1 

Ceq -m 0 0 

(rF+Kpd) 
0 0 0 0 

LF 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 -1 
0 0 0 0 0 

0 0 0 0 a(10,5) 

o 0 0 0 0 

o 0 0 0 0 

o 0 0 0 0 

-1 Ceq 
0 0 0 0 

0 
Kiel 

pi Kid 
0 _ 

KpeKpd 

LF LF LF 
(rF+Kp, ) 

0 0 
K'9 

0 
LF Lp 
0 0 0 0 -1 
0 K1,, 0 0 -Kpe 

-1 0 0 0 0 

a(10,6) a(10,7) a(10,8) a(10,9) a(10,10) 10x10 

a(10,5) =3 
Vbus, do 

_ 

KieKpd X 
eo + 

2K 
pd 

I in, do Kid X do 
2 (CF Edo CF Edo CF Edco CF Edo 

a(10,6) =3 

Vbus, 
go + 

Kpgl 
in, go 

_ 

Klq X 
qo 

2 CF Edo CF Ed,,, CF Edco 

3 KieKpolin, do 

2 CF Edco 

Kid I in, do 
a(10, ß) =-3 2 CF Edco 

KgI 
a(10,9) =-Ii 

tn, go 

2 CF Edco 

31 Vbus, 
doI in, do +K peK pd 

hin, 
doEdco + Kie Kpd I 

in, doX eo -K pd 
I 

in, do 

2 CF Edco + Kid I 
in, do X do - Vbus, 

goI in, go + Kiq l 
in, go 

X 
qo 

+ 
PPCLo 

2 CF Edco 

and 
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B(x0, uo)= 

cos(2o) 0 0 0 
Leq 

sin(2o) 0 0 0 
Leq 

0 0 0 0 

0 0 0 0 

0 
KpeKpd 

0 0 
LF 

0 0 
Kpq 

0 
LF 

0 1 0 0 

0 Kpe 0 0 

0 0 1 0 

0 _3 

KpeKpolin, do 
_3 

Kpglin, 
qo 

_1 2 CFEdco 2 CFEdco CFEdco 
10x4 

C(xo, uo) = [0 00000000 11x10 

D(x0, uo) = 
[0 00 0]x4 (3-12) 

3.4 Calculating the Steady-State Equilibrium Value 

The dq linearized model from Section 3.3 is derived through the linearization 

technique around the operating point. According to (3-12), this linearized 

model has to define Vb do, Vb�3, 
go, 

Iin, do, I,,, qo, 
Xe,, Xdo, Xqo, Ed,,,, and 2, for 

small-signal simulation and stability analysis. The power flow equation [72] 

can be applied to determine the steady state values at AC side. The single line 

diagram of the power system in Figure 3.2 for power flow calculation is 

depicted in Figure 3.6 in which the line capacitors are ignored assuming Ceq is 

very small. 
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Figure 3.6: The single line diagram for power flow calculations 

Figure 3.6 leads to a system of nonlinear equations: 

2 

+c? 
S 

COS(YTF - l') -ZVZ cos(YTF) - PCPL /3 
ZT 

FT +F 

2 

+ 
Vcon Vbus 

COS(TF - 
0) - 

Vcon 
cos(YF) = CPL 

/3 
ZF ZF 

(3-13) 
2 

_ 

VconVbus 
Sin(YF + 0) + 

Vbus 
sin(yF) = Qbus = 

ZF ZF 

2 

+ 
Vbu5V5 

sin(0 -y+ YT) - 
Vbus 

sin(yT) = Qbus =0 ZT ZT 

where the following steady-state value are: 

Vb, 
a3 : phase voltage at ac bus (rms) 

Via� : phase voltage at input terminal of converter (rms) 

0: phase shift between Vb and V(degree) 

y: phase shift between VS and V, o� (degree) 

In addition, Zr, yT, ZF, and YF are the magnitude and phase of the transmission 

line (Req and Leg) and the AC filter (rF and LF), respectively, while yyF is the 

combination of angle between the transmission line and the AC filter. PcpL is 

the constant power load, and Qb�s is equal to zero because I*i,,, 
q 

is set to zero to 

keep a unity power factor at the AC bus. Equation (3-13) can be solved by 

using a numerical method so as to achieve the Vb�, 
o, 

VV0�0,90, and yo at the 

steady state conditions. Consequently, Vb, 
5, do, Vb 

s, qo, Iin, do, Iin. 
go, 

Xeo, Xdo, Xqo, 
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Edca, and 2 for the linearized model in (3-12) can be calculated by using the 

steady state value from power flow equations and setting (3-9) equal to zero. 

The steady state value equations are given as: 

Vbus, do =y `Vbuso 

Vbus, 
qo =0 

Vbuse-. l(r-e) 
-Vcone-»' 'ino, 

rms = 
ZFeIYF 

lin, 
do = 

'Iino, 
rms 

Iin, 
go =1n, 9 =0 

Iin, do Xeo= 
Kie 

X 
do 

I 
in, do 

o= Kid 

Xqo = 
rFlin, go 

- Ktq 

Edco = Edc 

Ao = y-O 
(3-14) 

It can be seen from (3-13) and (3-14) that steady-state values will change 

when the system operating point, here PcPL, changes. Therefore, we can get 

the different linearized models of the system in Figure 3.2 for each operating 

point. 

3.5 Small-Signal Simulation and Stability Analysis 

The small signal simulation of the power system with the parameters given in 

Table 3.1 is used to support the accuracy of the mathematical model. The 

parameters of Table 3.1 correspond to a converter typically supplying 150 kW 

to standard motor drive systems. 
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Table 3.1: The set of parameters for the power system in Figure 3.2 

parameter value description 

V, 230 Vrrns/phase phase source voltage 

0) 2icx400 rad/s source frequency 

Req 0.01 SZ transmission line resistance 

Leq 30 µH transmission line inductance 

Ceq 2 nF transmission line capacitance 

rF 0.10 ac filter resistance 

LF 100 µH ac filter inductance 

CF 1000 gF dc link capacitance 

Kpe 0.0541 proportional gain of voltage loop 

(ýe = 0.7, co, = 27c. 10 rad/s) 

Kie 2.4279 integral gain of voltage loop 

(fie = 0.7, we = 2n. 10 rad/s) 

Kpd, Kpq 0.403 proportional gain of current loop 

(ý; = 0.8, w; = 2ir. 500 rad/s) 

Kid, Kiq 986.96 integral gain of current loop 

(ý; = 0.8, w; = 27E. 500 rad/s) 

E* dc 
600 V dc link voltage command input 

* I zn, 4 
0A current command input 

The small signal model derives system in Figure 3.2 is compared with a 

benchmark SABER model. This is given in Appendix D. 3. Note that the 

power converter in the benchmark SABER model uses the non-switching 

model. For the DC link voltage control loop having a co,, (natural frequency) of 

10 Hz, Figure 3.7 shows the DC link voltage response to a step change in PcPL 

from 5kW to 5.5 kW. The small signal model results are practically identical 
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to those of SABER. Figure 3.8 also shows the same result when the DC link 

voltage control loop has a natural frequency of 20 Hz. 
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Figure 3.7: Compared step response for w,, 
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= 2w 10 rad/s 
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Figure 3.8: Compared step response for opý, 
_e 

= 2it"20 rad/s 

For stability analysis, the eigenvalues of the system are calculated from the 

matrix A, (xo, uo) in (3-12). The eigenvalue plot for the power system with the 

above parameters when PcPL varies from 0 kW to 322 kW is shown in the 
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Figure 3.9. Note that the maximum power is limited by MME (modulation 

index limitation), and is equal to 322 kW for M, 
� =1.15. In this case, Figure 

3.9 shows that the system is always stable. However, if the natural frequency 

of voltage control loop is increased to 100Hz, one can get an unstable point at 

certain a CPL level. 
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Figure 3.9: Eigenvalue plot for Ue= 2i" 10 rad/s 

The eigenvalue plot for this case is shown in Figure 3.10. Figure 3.11 shows 

the zoomed area of interest: as one can see that the system becomes unstable 

when the PCPL exceeds 320 kW. Figure 3.12 shows the step response of the 

system to illustrate very good agreement between the analytical results and the 

SABER simulation results for unstable conditions. 
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Figure 3.12: Step response for unstable condition (oh, 
_, 

= 2i"100 rad/s) 

3.6 Investigating Variations in System Parameters 

In this section, the linearized dynamic DQ model is used to predict instability 

for variations in the system parameters. It can be seen from the results in the 

previous section that the 0i,, 
_e 

(natural frequency of DC link voltage loop) is 

very crucial in terms of stability. Therefore, Figure 3.13 shows the eigenvalue 

plot when the toe varies from 0.5Hz to 100Hz with all other parameters fixed 

as given in Table 3.1. As can be seen from Figure 3.13 and Figure 3.14, 

increasing w�_e can make the system unstable. It is very difficult to explain this 

conclusion in terms of physical meaning. However, the results show that the 

PWM rectifier is more robust in terms of stability compare to the six-pulse 

diode rectifier: the power level at which instability occurs in the PWM 

rectifier is much higher than those of six-pulse diode rectifier. 
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3.7 Chapter Summary 

In this chapter, the DQ modelling method is applied for modelling and 

analysis of a three-phase AC distribution power system with an ideal CPL fed 

through a front-end PWM power converter under conventional vector control. 

The mathematical model is derived, validated and used to predict the unstable 

operation of the power system under certain CPL levels and parameters 

variations. The reported model can be used for thorough investigations of 

aircraft power system stability for representative architectures and worst-case 

operational modes. In the next chapter, the power system stability including 

the effect of actuators dynamic will be considered. Therefore, the dynamic of 

the CPL is taken into account instead of the ideal CPL that is used in Chapters 

2and3. 
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Chapter 4 

The Power System Stability including 

Effects of Actuators Dynamics 

4.1 Introduction 

The ideal CPL is used for the stability analysis in Chapter 2 and 3. This 

chapter takes into account the dynamics of controlled electromechanical 

actuators (EMAs) for an induction machine (IM) [82]. The effects of actuator 

dynamics have not been reported in previous publications in which the CPL is 

generally defined as an ideal current source without dynamic behaviour. This 

chapter also represents how to combine the dynamic of CPL into the power 

system with a diode rectifier or a PWM rectifier for stability studies using the 

dq modelling method with the eigenvalue theorem. The stability margins are 

assessed and compared against those for the power system with the ideal 

CPLs. The study is supported by intensive time domain simulations. This 

chapter also considers EMAs using a surface mount permanent magnet 

(SMPM) machine. As far as the mathematical formulation is concerned, the 

SMPM machine is considered a special case of the more general equation of 

the induction machine. The initial formulations were derived neglecting the 

internal resistance of the DC-link capacitor (re). This is a reasonable 

assumption for normal Cdr and rr values. However, in experimental work it 

was found useful to put many capacitors in series (to obtain low values) and 

hence rr is usually high. The power system with the PM machine and rr will 

be described in Section 4.4. This system will be simulated in Chapter 5 and 

compared with experimental results. 
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4.2 Electromechanical Actuator Models 

The aircraft EMA is represented as a standard motor drive vector-control 

structure [83] depicted in Figure 4.1, showing an IM drive. The IM drive can 

be replaced by a PM machine. The same control structure of Figure 4.1 can be 

used, but with IS<< generally set to zero for full flux operation. Detailed 

consideration can be found in the literature e. g. [84]. This section considers 

only those details that allow insight into EMA properties as a dynamic CPL. 

Figure 4.1: The standard motor drive control structure (induction motor) 

The corresponding CPL model is developed below. The motor is vector- 

controlled in a rotating dq reference frame aligned with the rotor flux 

[83], [84]. The 3 phase to two phase transformation uses the peak convention 

(see Appendix A) that the vector quantity is equal to the peak of phase 

quantity [84]. Internal dq-axis current loops and an outer speed control loop 

are considered by assuming constant flux generation and perfect field 

orientation during EMA operation. This means that d-axis current dynamic 

can be neglected and only the q-axis current loop is analysed. The speed and 

q-current PI-controllers can be written: 

kpwkiý'wr + kiwisgn, kp( k7j(i)r = -COr + COr (4-1) 
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kPiklillsgm +T[ri1VS9yn - kpjkZIIsgm = -Isgm +Isgm (4-2) 

where the symbols have their normal meanings and the q-axis reference 

voltage V*sqm is the controller output signal from which voltage Vsqm is derived 

from a PWM process. This process should be accurately derived in order to 

model the dynamic impact of DC-link voltage changes, especially on the DC- 

link current. The PWM process will measure the instantaneous DC-link 

voltage value Vd, and the modulation indices for both d- and q-axes can be 

calculated using the filtered DC-link voltage Vf: 

m4 = 
Výsm 

, and = 
yý'" 

(4-3) 
lf 

rfVf= -Vf + (VdC / 2) (4-4) 

where zf is a filtering time constant. Usually this filtering is ignored for 

studies in dynamical performance of actuators resulting in: 

_ 

Vsgm Vdc 
_ Vsqm 

`V sqm v /2 2 
(4-5) 

However, as will be shown later in this chapter, this filtering takes a very 

important role in representing an actuator as a dynamic CPL for power system 

stability studies. Therefore, the inverter output voltages in this study are 

derived using the modulation index calculators as shown in the non-linear 

block structure of Figure 4.2 for the q-axis channel. The d-axis has the same 

structure as the q-axis. 
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Vdc 

T S+l 
1/2 
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v 
syin 

ülýi Vsgm 

Figure 4.2: Modulation index calculator 

The DC current drawn by the inverter (IcPL), neglecting losses, can be found 

from energy conservation conditions and expressed in terms of the d- and q- 

axes currents as follows: 

Pdc 
3 
2Pdq 

Vdc'CPL =2 [Vsdm 
1 

sdn, 
+ Vsgnr 1 

sqn, 

] 

_3m2 

Vdc 
jsd, 

n 
+ 

q2 dc 
Isgn, 

IcPL 
3 andIsdnmgIsg,? ý 

-22+2 (4-6) 

where m9 and m1f are calculated using the proposed modulation index 

calculator structure. 

Equation (4-3) and (4-4) relate Vd and Vsqm, while (4-6) relates ICl>L to ISq,,,. To 

derive the relationship between Vsqand Isq, 
�, 

it is necessary to consider the 

general stator voltage equations of the IM machine. In the dq frame travelling 

at an instantaneous speed w, relative to the fixed stator frame, these can be 

written [66], [83]: 
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Vsgm = RsmIsgm +asm Isgm+weismIsdm + 
Lm 

Vrq+We fYJrd (47) 

r 

-Lm Vsdm = RsmIsdm +ism Isdm-weismisgm +m Wrd -Coe Lr Y'rq (4-8) L 

L2 
where a= I-m, and an instantaneous speed co, of the dq frame is given 

Lsm Lr 

by: 

P 
We 

2 
(Or + Wsl (4-9) 

wr is the mechanical speed of the rotor, P is the number of poles, and the slip 

speed is 

wsl = 
is-7m 

(4-10) 
zrlmrd 

where z, = L,, /R,, and I, �, d is called the equivalent magnetizing current. 

The rotor flux is aligned with the d-axis. Hence, the rotor flux in the q-axis 

(yr,. 
q) will be zero under field orientation. The field orientation equations can 

be written by taking (4-7), (4-8) and putting yrq = 0: 

Vsgm ' Rsml 
sqm 

+ ism I 
sqm 

+ O)eoLsml sdm 
+ we 

Lm 
y/rd (4-11) 

r 

"L ; 

rd 
Vsdm = Rsml 

sdm + Osm I 
sdm - we0LsmI sqm +L (4-12) 

r 
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Letting yrrd = Lmlm, d and assuming that the rotor flux is constant, the actual 

value of the rotor flux is given by: 

Wrd = Lmisdm (4-13) 

where Im, d = Isdn in steady state for constant flux generation. 

Applying (4-13) into (4-11) and (4-12), the stator equations become 

2 
Vsqm = Rsm I 

sqm 
+ OLsm I sqm 

+ we ism I 
sdm 

+O Je Lm I 
sdm 

(4-14) 

r 

LZ " 
Vsdm = Rsmisdm +OLsm Isdm-WeOLsmisgm + Lm Isdm (4-15) 

For constant flux generation and perfect field orientation, the d-axis current 

dynamic can be neglected. Therefore, (4-15) becomes: 

Vsdm = Rsm l 
sdm - we c7Lsm l sqm 

(4-16) 

L2 
Substituting (4-9) into (4-14), and noting that Kf= aýLsm I 

sdm + sdm 
Lr 

=1- 
Li m, and rs = 

°ISm 
yields: 

Lsm Lr Rsm 

ZsRsml sqm 
p2Kf Jr 

JcoRsm 
+Zf Isgm + Vsgm (4-17) 

rIsdm 

The Vsqm in (4-17), here is the inverter output voltage. This value can be 

calculated from Figure 4.2. 
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Substituting (4-9) into (4-16), the d-axis stator equation becomes 

Vsdm = Rsm I 
sdm 2 

COr + 

ZI 

m 

]aLsmlsqm 

(4-1 ö) 

rIsdm 

If the dynamic of the Isdm-control loop is ignored (i. e. Isdm I*sdm) due to 

constant flux operation, equation (4-18) may be regarded as the simplified 

field current loop equation. This is given by: 

I 
Vsdm = Rsml 

sdm -2 wr + j: 
Jsm1sqm 

(4-19) 
Zr sdm 

where Vsdm is the d-axis reference voltage for a PWM process. 

Under the field orientation control, Isdm is only responsible for generating the 

rotor flux. The q-axis current ISgm creates an electrical torque resulting in the 

motor motion according to the mechanical motion equation: 

Jm Cor = KT I 
sqm - 

TL (4-20) 

L2 
where J. is an inertia, TL - load torque, and KT = 

(3)(P) L"` 
Isom 

22 Lr 

Summarizing (4-1)-(4-20), the non-linear model of the controlled induction 

motor drive can be depicted in the form of the control block-diagram as shown 

in Figure 4.3 [82]. Note that the model in Figure 4.3 is capable of representing 

the DC-link current transients with changes in supply voltage, whilst this 

dynamic is lost if voltage filtering for PWM production is not included. This 

can be confirmed by simulation. The step response to a negative change in Va, 

is simulated using three different motor drive models. The first model is the 

SABER benchmark model of the system as shown in Figure 4.1 (see 
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Appendix D. 4). The second model is the dq model derived from the EMA 

model of Figure 4.3 with the DC-link voltage filter. The last one is the dq 

model without the DC-link voltage filter. The simulation results for the three 

different models are depicted in Figure 4.4. It can be seen that the dynamic 

response disappears for the dq model without the DC-link voltage filter. 

According to this result, the filter takes a very important role in representing 

an actuator as a non-ideal CPL for power system stability studies. 

Figure 4.3: Block diagram of the non-linear EMA model 
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Figure 4.4: The DC-link current (IcpL) when step change of the DC-link 

voltage occurs 

Generally, the load torque TL of an actuator drive system for an aircraft 

application depends on the aerodynamic characteristic as shown in Figure 4.5. 

However, in this research, a step changing in TL is used for stability studies. 

Non-linear Deflection 

EMA («') Aerodynamic 

model in characteristic 
ýý''ý Figure 4.3 

** IVr 1s/m 

Load (Ti) 

Figure 4.5: The actuator drive model for aircraft power systems 

4.3 The Power System with a Diode Rectifier 

Generally, the ideal CPL without dynamic behaviour has been used for 

previous stability analysis of power electronic based systems 

[13], [18], [20], [37]-[44]. This section describes the model taking into account 
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the dynamics of the controlled electromechanical actuators (EMAs) with the 

six-pulse diode rectifier as depicted in Figure 4.6. The dq modelling approach 

with the eigenvalue theorem is used for stability study. The advantages of this 

method were mentioned in Chapter 2. 

AC Bus 

V 
. ob 

rF LF 

Rey L`9 

CF v` 
/ 

ýM ýL 
PEA 

Cqý 

. PWM 
Contmlu 

TL 

Figure 4.6: Power system with dynamic of CPL 

4.3.1 Power System Definition 

w 

The power system for this section is depicted in Figure 4.6. It represents the 

elements of an aircraft AC frequency-wild power system architecture 

including a three-phase balanced source, transmission line, and uncontrolled 

rectifier feeding the EMA behaving as a non-ideal CPL through a DC-link 

filter. Note that PEMA is the power delivered to the non-ideal CPL. 

As explained in Chapter 7, other loads can be connected to the AC bus. 

However, in this chapter only one CPL is considered. 

As described in Chapter 2, the cable and diode rectifier can be transformed 

into the dq-frame by using the dq modelling approach. As a result, the dq 

frame equivalent circuit of the power system of Figure 4.6 is shown in Figure 

4.7 where the diode rectifier is modelled as a transformer and the EMA model 

of Figure 4.3 represents the dynamic of the CPL. It can be seen that the 

dynamic of the CPL is used in stead of an ideal CPL. 
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Figure 4.7: The power system of Figure 4.6 in dq-frame 

4.3.2 Deriving the Non-Linear Dynamic Model and Linearized 

Model 

Applying KVL and KCL to the equivalent circuit in Figure 4.7 determines the 

set of nonlinear differential equations. Setting: 

State variables: x =< Ids, I 
qs' 

Vbus, d 5 
Vbus, 

q 1 
'dc 

, 
Vout, wr) I sqm 5Vf5 

Vsgm' I 
sqm > 

Input: u =< Vm 
, wr , 

TL > (4-21) 

Output: y =< Vout > 

The nonlinear differential equations representing the dynamic behavior of the 

cable section with the rectifier and DC-filter is the 6th order nonlinear system: 
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' Req 11 
Ids =-L Ids + wlgs LV bus, d+ Leq 

eq eq eq 

"R eg 11 
Iqs = QJIds -L Iqs - Vbus, 

q +L Vsq 
L 

eq eq eq 

2ý3 
Vbus, d = Ids +W vbus, 

9 
I dc Ceq 2 ße9 

(4-22) 
Vbus, 

q = -0Vbus, d + 
C1 

I 
qs 

eq 

r2ý 
rF r- 1 

1 
dc - --ýYIII 2 zL F 

vbus, 
d - LF 

+ 
LF 

)I 

dc - LF 
vout 

'11 
Vout 

--Idc -ICPL 
CF CF 

In (4-22), the rectifier switching functions, Sd and Sq of (2-8) are used. The 

rotating frame is placed at the rectifier input terminal. The remaining 

equations describing the dynamics of the CPL of Figure 4.3 are summarized 

as: 

Jm wr = KTIsgm -TL 

PK fwr Kf VsgmVout 
Zs Rsm I 

sqm =-2- Rsm +ZI sqm + 
rIsdm 

2Vf 

zfvf=-of+V2t 

K 
`m 

sqm 
+ qm 

-KPD 

I 
SQm 

- -I sqm 
+ 

sqm 
Iim Iim Jim 

0 

KPa' 
a+I: qm 

- 
Kp�, w, 

*, 

= -rv +w rrr K10 K10 K10 

Note that Void in (4-23) has the same meaning as Vd, in Figure 4.3. 

(4-23) 
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Equation (4-23) is used with the CPL current equation (4-6) (assuming Isom 

equal to constant) to give: 

ICPL -3 
Rsm(Isdm)2 

_L(P/2)COr6Lsmisdm 

Vsym]Isgm 

-QLsmIsgm (4-24) 
4 Vf Vf TrVf 

The set of equations (4-22)-(4-24) describes the nonlinear dynamic of the 

power system of Figure 4.6 and can be used for fast computation of transient 

responses for different operation scenarios. For stability analysis, the 

equations can be linearized for small signal perturbations. The set of equation 

(4-22)-(4-24) is linearized using a Taylor series expansion with subsequent 

neglect of high-order components. The linearized model takes the following 

matrix form: 

Sx = A(xo, uo)Sx+B(xo, uo)&i (4-25) 
dy = C(xo, uo)fix+D(xo, uo)Ai 

where 

ýx =[týdS, ,ý ,ý88 ,8 
81* T 

qs bus, d bus, q dc out r sqm j sqm sqm 

(SU =[8vm, S(r, TL1T 

= [bout I 

The constant matrixA(xo, uo), B(xo, uo), C(xo, u0), and D(xo, uo) depend 

on the chosen equilibrium point. The details of these matrixes are given in (4- 

26). When analysing the dynamic properties of the system in different 

operational regimes, the linearization is undertaken for each of them. In this 

research, the power flow equation is employed to determine the steady state 

value at the AC side for each operating point using a Newton-Raphson 

numerical method. This will be explained in Section 4.3.3. 
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AD AHm 
AýXo 

ý uo) 
AVm Am i11x11 

B(x0, uo)=I 

3 cos(2o) 0 0 
2 Leg 

3 sin(2o) 0 0 
2 Leq 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 -1 il 

0 0 0 

0 0 0 

0 KPimKIm 
KPimKPu� 

'gym 

0 KIw 
KPu0 

im 11x3 

C(xo, uo)=[0 000010000 obit 

D(xo, uo) - 
[U 0 U}x3 

where 

AD =1 

Req 1 
0 0 0 

Leq Ley 

-w - 
Req 

Ley 
0 -1 Ley 

0 0 

0 0 w _& 
0 

0 
1 

Ceq -a 0 0 0 

0 0 
,32, 

F3 
0 -(rF+r. 

) 
_1 U2 iLF l LF LF ) LF 

0 0 0 0 
1 

CF 
0 

(4-26) 
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0 0 0 0 0 

3PaLsmIsmoIsdmo 3Mqo 3u'smjgmo 31sdmooLsmweo 3lsdmoVsdmo 31sgmoVsqmo 31sgmo 
0 

[ 

8CFV fo 
_ 4CF 4irCFVf, 

o 
4CFV fo 

++ 
4CFVfo 4CFV jo + _ 4CFVj. 
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4.3.3 Calculating the Steady-State Equilibrium Value 

According to (4-26), the linearized model needs to define Vf. Ar,, Isgmo, weo, 

Vsdmo, Vsgmo, Mdo, and Mqo for small-signal simulation and stability analysis. 

Source bus AC bus 
1.44 -2 11-1 

Req Leq I Pb�s= (PEWA+P, )/3 

Vs vhus 

Figure 4.8: The single line diagram for power calculations 
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The power flow equation [72] can again be applied to determine the steady- 

state values on the AC side. The single line power flow diagram of the power 

system of Figure 4.6 is depicted in Figure 4.8 in which the line capacitors are 

ignored, assuming Ceq is very small. Note that Figure 4.8 is the same as that of 

Figure 2.9. Therefore, V0 ,, 0 and Aa can be calculated by solving (2-14), (2-15), 

and (2-16) using a Newton Raphson routine. However, the dynamic of the 

CPL is considered instead of the ideal one and PcPL in (2-15) is changed to 

PEMA as defined by: 

PEMA =2 `Vsdmol sdmo + Vsgmol 
sgmo) 

(4-27) 

Isdmo can be defined from the rated flux of machine, while Vsqmo, Vsdmo, and 

Isgmo can be defined by setting (4-17) and (4-20) equal to zero and taking the 

steady state condition to (4-19). The equations for calculating the steady-state 

values become: 

Vsqmo= Rsm I 
sgmo 

+ (Oeo OLsm I sdmo + 
L2. 

weo I sdmo 
(4-28) 

r 

Vsdmo = Rsm I 
sdmo - O)eo OLsm I 

sgmo 
(4-29) 

I_ 
4LrTLo 

(4-30) 
sgmo 3PLZ 

mIsdmo 

where 0 eo =P wro + 
Isymo 

2 ZrIsdmo 

For calculating V10 
, one can set (4-4) equal to zero to give: 

V_ 
Vout, 

o (4-31) ro= 2 
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For calculating Mdgo, taking the steady state condition to (4-3) yields: 

Mdo = 
Vsdmo 

M- 
Vsqmo 

(4-32) qo - 
Vfo Vfo 

V0�,, 0 
in (4-31) can be obtained from the power flow equation. It can be seen 

from (4-27)-(4-32) that the steady-state values depend on the operating point 

defined from w, a and TLo. Therefore, we can get different linearized models of 

the system in Figure 4.6. For the CPLs, the operating point will include the 

actuator load speed and load torque. 

4.3.4 Small-Signal Simulation and Stability Analysis 

The linearized model (4-25) was simulated for small-signal transients against a 

corresponding 3-phase benchmark circuit model simulated in SABER. The 

details of SABER model for the system in Figure 4.6 are given in Appendix 

D. 5. The example system parameters are given in Table 4.1. The transmission 

line and DC-link filter parameters in Table 4.1 are the same value as one in 

Table 2.1. For example, Figure 4.9 shows the DC-link voltage V0 response of 

the system of Figure 4.6 to a step change of TL from 80 to 90 Nm at t=0.8 s. 

with constant speed 975 rpm. Similarly, Figure 4.10 shows the response to a 

step change of TL from 200 to 210 Nm at a constant speed 975 rpm. An 

excellent agreement between both models is achieved under small-signal 

simulation. The frequency of the ripple DC-link voltage in the Benchmark 

model is six times the AC system frequency due to the six-pulse diode 

rectifier. 
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Table 4.1: The set of parameters for the example system of Figure 4.6 

Parameter Value Description 

V, 230 Vrm phase phase source voltage 

w 2nx400 rad/s source frequency 

Req 0.1 fl transmission line resistance 

Leq 24 µH transmission line inductance 

Ceq 2 nF transmission line capacitance 

rF 0.010 dc link inductor resistance 

LF 2 mH dc link inductance 

CF 500 pF dc link capacitance 

Actuator drive 20 kW rated 

wr' 975 rpm speed reference 

TL, 
rated 190 Nm rated load torque 

Rs, 
� 

0.6 Cl stator resistance 

Ls, 
� 

30.39 mH stator leakage inductance 

R. 0.159 Cl rotor resistance 

Lr 30.39 mH rotor leakage inductance 

L, 
n 

29.03 mH magnetizing inductance 

P 6 poles number of poles in the machine 

J. 0.281 kgm moment of inertia 

Isdm 34.115 A d-axis current for rated flux 

zF 0.02 sec. filtering time constant 

On, 
speed 

20 Hz 

(Kp. 13.27, K1 1042.33) 

natural frequency of speed loop 

O)n, 
current 200 Hz 

(Kpi=4.75, K1i=4199.14) 

natural frequency of current loop 

99 



Chapter 4: The Power Systems Stability including Effects of Actuators Dynamics 

> 

529' 1 
0.79 0.8 0.81 0.82 0.83 0.84 0.85 0.86 

Time (sec. ) 

Figure 4.9: Response of V,,,,, to a step change of TL from 80 to 90 Nm in 

comparison of SABER benchmark model with dq linearized model 
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Figure 4.10: Response of V011 , to a step change of Tz. from 200 to 210 Nm in 

comparison of SABER benchmark model with dq linearized model 

For the stability analysis, the linearized model is used with the eigenvalue 

theorem. The eigenvalues can be calculated from the Jacobian matrix 
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A(xo, uo) in (4-26). The eigenvalues for the power system with parameters in 

Table 4.1 were analyzed for the case when the load torque varies from 0 to 

400 Nm at the constant actuator speed reference 975 rpm. This corresponds to 

the steady-state value of PEMA varying from 1.047 kW to 51.76 kW (- 2.6 

Prated). This root locus is shown in Figure 4.11 and some eigenvalues cross into 

the right hand plane. Figure 4.12 shows the zoomed area of interest: as one can 

see, the system becomes unstable when the PEMAO exceeds 36.53 kW for the 

studied case. 
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Figure 4.11: Eigenvalue plot for varying PEMA 
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Figure 4.12: Zoomed area of interest from Figure 4.11 
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Figure 4.13: Step response for operating point (PEMA) variations 

Figure 4.13 shows the SABER time-domain benchmark simulations that 

confirm the theoretical result with the instability occurring at PEMA of 37.72 

kW (-1.89 Prated). This is greater than the 36.53 kW for the unstable condition. 
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4.3.5 Comparison of Stability Results for Ideal and Non-Ideal 

CPLs 

According to Chapter 2, the power system with parameters in Table 2.1 with 

an ideal CPL became unstable when PC, PL exceeded 17 kW. The root locus for 

the dominant eigenvalues, comparing the system with ideal and non-ideal 

CPLs, is shown in Figure 4.14. It can be seen that the impact of the non-ideal 

CPL is substantial. As a result, the power system becomes unstable when the 

PEMA exceeds 36.53 M. This value is much greater than 17 kW for the system 

with the ideal CPL. Therefore, neglecting CPL dynamics may be beneficial 

from the viewpoint of power system availability, but may result in very non- 

optimal design solutions that would impact on overall mass and dimension. 

These CPL dynamic effects depend on the system parameters such as filtering 

time constant (VF), and the natural frequency of the speed loop (w,,. 
spee-i). 

Hence, the parameter variations in different operational regimes are very 

interesting. These will be explained in Section 4.3.6. 
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Figure 4.14: Eigenvalues comparison between ideal and non-ideal CPLs 
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4.3.6 Investigating Stability due to Variations in System 

Parameters 

In this section, the dynamic model is used to predict instability for variations 

in system parameters. As shown in Figure 4.14, the CPL dynamic can expand 

the stability margin. However, the dynamic CPL effects depend on the EMA 

parameters such as filtering time constant (r). ), and natural frequency of the 

speed loop (wn, 
speed). 

Therefore, it is very interesting to study the variations in 

these parameters on stability. For frequency and DC-link filter LF and CF 

variations, the results are the same as that in Chapter 2 in which higher system 

frequency, smaller LF, and higher CF all increase the power level at which 

instability occurs. 

40r 

35 
> 36.53 kW 

30- 
>26.5 kW 

25 . 
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15 13.6 kW 

10' I --- 0 50 100 150 200 250 300 350 400 

Bandwidth of DC-link Voltage Filter (Hz) 

Figure 4.15: Instability power for bandwidth of DC-link voltage filter 

variations 

Figure 4.15 shows the power stability thresholds as the bandwidth of DC-link 

voltage filter (f,,, 
-, ff) 

in (4-4) is varied and others parameters are fixed given in 

Table 4.1. The relationship between time constant (TF) and f,,,, _off 
is given by: 
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TF =1 (4-33) 
2cur-off 

As one can see, reducing the bandwidth of DC-link voltage filter has a 

significant effect on stability. This would appear to be cheap and effective way 

of increasing stability margin. In contrast, increasing the bandwidth of DC- 

link filter can also degrade the system stability. The higher bandwidth can 

make the system less stable compare to the ideal CPL. This trend is difficult to 

explain in terms of physical meaning. However, the results in Figure 4.15 

show that one can find the way to increase the system stability margin by the 

appropriate voltage filter bandwidth, depending on the system parameters and 

on its system operational points. Again, the analytical results of Figure 4.15 

are supported by SABER benchmark simulation (see Appendix D. 5) shown in 

Figure 4.16. The top graph shows the changing in PEMA, and the graphs below 

show the V0 , responses for different bandwidths of DC-link voltage filter. 

Good agreement between both models is achieved. 
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Figure 4.16: Verification of analytical results for DC-link filter variations 
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Internal CPL dynamics in the form of speed control response is investigated in 

Figure 4.17. The speed loop PI controller is designed for various natural 

frequencies with constant damping. Figure 4.17 shows the stable and unstable 

region for variations in natural frequency of the speed loop with other 

parameters fixed as given in Table 4.1. In this Figure, the bold points are for 

the natural frequencies of 10,20,30, and 40 Hz. The analytical results of 

Figure 4.17 are also compared to SABER benchmark simulation as shown in 

Figure 4.18. The top graph shows the changing P/; Af, 4, and the graphs below 

show the V0,,, responses for different natural frequencies of the speed loop. The 

proposed model can predict the instability point with high accuracy. 

42- 

40 >40 04 kW 

40- 

38- 

> 36.53 kW Unstable Region 
36- 

34- 

>31 . 
76 kW 

32 

ä Stable Region 
sra6q 

30 
i 

ris 

28 > 27.79 kW 

2624 

22 
10 15 20 25 30 35 40 45 50 

Natural Frequency of Speed Loop in EMA (Hz) 

Figure 4.17: Instability power for natural frequency of speed loop variations 
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Figure 4.18: Verification of analytical results for speed loop natural frequency 

variations 

It can be seen that the higher the EMA natural frequency of the speed loop 

control, the lower the power level at which instability occurs. The variation is 

fairly sensitive to the speed loop response rate. 

The effect of dynamic CPL for the power system with a controlled PWM 

rectifier can be analysed by using (4-23) and (4-24) with (3-9) in Chapter 3. 

However, from the results of Chapter 3, the power system with a controlled 

PWM rectifier provides good stability. The system becomes unstable at higher 

power levels that are much higher than the rated power of the system. 

Therefore, the details of dynamic CPL with the power system including a 

controlled PWM rectifier are not shown here, but will be considered in 

Chapter 7 in which it is shown that it influences the stability results for the 

whole aircraft power system. 
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4.4 System with a Permanent Magnet Machine and an 

internal resistance of DC-Link Capacitor 

In this section, the derived non-linear dynamic model and linearized model of 

the system with the PM machine (Section 4.4.1) including the internal 

resistance of DC-link capacitor (Section 4.4.2) is illustrated. The dynamic 

model from this section will be used in Chapter 5 with the experimental 

results. 

4.4.1 Electromechanical Actuator Models for PM Machine 

The PM or IM machine can be used to represent the dynamic of a CPL with 

the same essential structure. For the PM machine, the same control structure as 

shown in Figure 4.1 can be used, but with Isar generally set to zero for full 

flux operation. For this case, (4-6) becomes: 

mI 
ICPL =3 

g29m 
(4-33) 

For PM machine, (4-7) and (4-8) are modified. To derive the relationship 

between Vsq, � and Isgm for PM machine, it is necessary to consider the general 

stator voltage equations of the PM machine. In the dq frame travelling at an 

instantaneous speed we relative to the fixed stator frame, these can be written 

[83]: 

Vsqm = Rsm l 
sqm +W sq + weW sd 

(4-34) 

Vsdm = Rsm l 
sdm +V sd - weYsq (4-35) 

where the stator flux linkages on q- and d- axis are: 
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YVsq = Lglsqm (4-36) 

1 sd = Ld I 
sdm + Fm (4-37) 

where Fm in (4-37) is the flux of PM machine linking the d-axis stator 

winding. 

For the PM machine, Isdm generally set to zero for full flux operation and 

substituting (4-36) and (4-37) into (4-34) and (4-35), the stator voltage 

equations become: 

Vsqm = RsmIsgm +Lglsqm+WeFm (4-38) 

Vsdm = -°eLglsqm (4-39) 

and the instantaneous speed we of the dq frame for PM machine is given by 

setting cost in (4-9) equal to zero: 

We =2 wr (4-40) 

The mechanical motion equation of PM machine is the same as that of (4-20), 

but the KT for PM machine is given by: 

_3P ý KT, PM 22F. 
(4-41 

Summarizing (4-33)-(4-41), the non-linear model of the controlled PM motor 

drive can be depicted in the form of the control block-diagram as shown in 

Figure 4.1 9. 
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Figure 4.19: Block diagram of the non-linear EMA model for PM machine 

The equations describing the dynamics of the CPL of Figure 4.19 are almost 

the same as those of (4-23), but with the q-axis current dynamic equation 

changed to: 

I" 
I'F,,, O)r 

_ 
Rsn, 

I. + 
Vsgn, 

(4-42) 
Sy,,, -- 2L L sq�: L 

999 

4.4.2 The Dynamic Model Including the Internal Resistance of 

DC-Link Capacitor 

In the experimental rig of Chapter 5, a series connection of low cost high ESR 

capacitor was used in which r, is measured at -0.4 0. This is at a level which 

the increased effect on system stability is noticeable. Hence, the series 

resistance r, is included in the mathematical model. As a result, the DC-link 

current dynamic equation in (4-22) becomes: 

I' . 
CF- 

+32Jv 

(r1, + rL) 
I 

Vors 
(4-43) dc -L our L 

bus, d -L dc -L 
F 'TL FFF 

where V0 
1 

VV (VV is the voltage across DC-link capacitor). 
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According to (4-42) and (4-43), some small changes are made to the linearized 

model of the power system in Figure 4.6 in order to be consistent with the 

experiment in Chapter 5. This linearized model takes the following matrix 

form: 

8x =A* (xo, uo)Bx+B*(xo, uo)Su 4-44 
by =C(xo, uo)8x+D(xo, uo)i 

where the state variable, input, and output vectors are the same as those of (4- 

25). It can be seen in (4-44) that the constant matrices A(xo, uo) and 

B(xo, uo)in (4-25) are changed to A*(xa, uo)and B*(xa, ua), respectively. 

These new constant matrices are given by: 

A*(xo, °o) H-1A(xo, uo) 
(4-45) 

B*(xo, uo) = H-1B(xo, uo) 

where 

H=l 

10000000000 

01000000000 

00100000000 

00010000000 

00001C, L-" 00000 

00000100000 

00000010000 

00000001000 

00000000100 

00000000010 

00000000001 11x11 

For a PM machine, the matrix elements inside A(xo, u0) are changed as 

shown below: 
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0 o o o 0 
0 0 0 0 0 
0 0 0 0 0 

AHm= 0 0 0 0 0 

0 0 0 0 0 

0 - 
3Mvo 31sdmoysdmo 

- 

31sgmv 
0 

4Cdc 4CdCV 
,o 

4CddVf, 
o 6x5 

Am 

0 
KT 

0 0 0 
�m 

PFm 
_ 

Rsm 
_ 

Vsgmo 1 
0 

2Lq Lq LgVf, 
o 

Lq 

0 0 -1 0 0 
ZF 

- KPim K/m + 
PKPim Fm 

- Klim - 

KPim KP0KT 
+ 

KPim Rsm KPtm ysgmo 

_K 
Pim Q. 

2Lq �m Lq LqV fo Lq 

- KID, 
K KT 

0 0 0 
J m 

Other matrix elements are the same as those of (4-26). The dynamic model in 

this section will be used in Chapter 5 with experimental validations. This is 

because a PM machine and four 1000 µF capacitors connected in series are 

used in the experimental rig. 

4.5 Chapter Summary 

This chapter deals with the stability analysis of the power system taking into 

account the dynamics of controlled electromechanical actuators (EMAs). 

These EMAs have been previously represented as an ideal CPL without 

dynamic behaviour. The dq modelling approach with the eigenvalue theorem 

is used to analyse the stability. The results show that the effect of CPL 

dynamics is significant. The CPL dynamics (in terms of speed bandwidth and 

DC-link voltage measurement filter) can increase the stable power range 

compared with the ideal CPL. Although, neglecting the CPL dynamics may be 

beneficial from the viewpoint of power system availability, it may result in a 

very non-optimal design solutions that would impact on overall mass and 

dimension. The CPL dynamic effects depend on the EMA parameters. 

Therefore, this chapter also describes the stability analysis for parameter 

variations of different operational regimes. The results show that reducing the 
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bandwidth of DC-link voltage filter and decreasing the EMA speed control 

natural frequency can provide higher power levels at which instability occurs. 

To achieve the accurate model of power system, the dynamic model of the 

EMA behaving as a non-ideal CPL cannot be ignored. The SABER time- 

domain simulation was used to support the theoretical stability results. Good 

agreement between both models was achieved. This chapter also considers the 

dynamic model for the power system with PM machine (instead of IM) 

including the internal resistance of a DC-link capacitor. Stability analysis 

using this model will be described in the next chapter together with 

experimental results. The next chapter will therefore show the comparison 

between theoretical and experimental results to confirm that the dq modelling 

approach can obtain stability results with good accuracy. After this dq models 

will be applied to more complex power systems. 
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Chapter 5 

Experimental Validations 

5.1 Introduction 

As mentioned in Chapter 4, the converter and machine drive dynamics departs 

from that of an ideal constant power load. These dynamics can increase the 

stable power range compared with the ideal CPL. This chapter will describe 

experiments undertaken to practically ascertain the effect of the CPL dynamics 

and hence verify the dq modelling approach described in Chapters 2-4. In 

particular the experimental results are aimed towards showing the impact on 

system dynamics of variations in AC supply frequency, actuator speed loop 

dynamics, and DC link voltage measurement filtering. Some small additions 

are made to the mathematical model as explained in Section 4.4 in order to be 

consistent with the experiment. Firstly, a PM machine is used instead of an 

IM. Secondly, an internal resistance of the DC-link capacitor (re) is also 

included in the dq mathematical model to increase the accuracy. The results 

from this chapter will be published in [34]. 

5.2 Experimental Hardware 

The power system of the experimental test rig is depicted in Figure 5.1. The 

rig used in this research is an existing rig in the Power Electronics, Machines, 

and Control (PEMC) Group at the University of Nottingham. The components 

in the rig, power converter and controllers, are based on the work of [85]. The 

description of the hardware and test regime is explained in this section. 

114 



Chapter 5: Experimental Validations 

5.2.1 Description of Hardware 

Figure 5.1 shows the system diagram of the experimental rig. The rig can be 

divided into three parts. Part I is the programmable AC source. Part II consists 

of the three-phase inductors, the diode rectifier, the DC-link filters, and the 

inverters with their controller. Part III is the high speed test rig including the 

PM machine, power analyser and torque meter. 

- ------- ------------------------------------------------ 
, 4---- B-----i 1rL, go I 

AC Busi 

R, L, 
AC 

PM 'or 

source -41 

'Iq 

lifter 
Part l Part 111' 

PA'M . cý 
controller ---j-----`-------- 

____: 
CPL(Eh1A) 

-------------------------------------------- - 

Part 11 Tý ror 

Figure 5.1: The power system of the test setup 

Figure 5.2 shows the programmable 12 kVA AC source (model 61705, 

Chroma) used to represent the ideal voltage AC source. The three-phase 

output voltages are sinusoidal and can be varied to 300 V and 1.2 kHz. 

Figure 5.2: The programmable AC source 
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The three-phase inductors represent the transmission line elements. The 

impedance magnitude is made much larger than the internal impedance of the 

voltage source so that the voltage source may be considered ideal. The three- 

phase six-pulse diode rectifier, DC link filters, and six-phase two-level voltage 

source inverter with controllers from [85] were used (see Figure 5.3). The 

controller was implemented using a Texas instruments C6713 floating point 

DSP and a high speed Actel, ProAsic3 FPGA. The converter has been 

constructed using 100A, 1200V inverter leg modules. Low cost electrolytic 

capacitors were used to implement the DC-link providing the 540 V DC bus. 

Figure 5.3: Line inductances, DC-link filters, and power converter equipment 

The load is a 4kW AC PM motor. The standard motor drive vector control was 

implemented in the controller board. A power analyser and torque meter 

measure the input power of the machine and the load torque, respectively. The 

input power of the machine is equal to PEMA (see Figure 5.1) assuming small 

power losses in the inverter. The high speed test rig is shown in Figure 5.4 and 

Figure 5.5. The rig dynamometer applies load torque for the PM motor. 
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P"... 

High speed rh_ 
uryue uºett 

Figure 5.4: The experimental rig of Part III 

io 
ý'i 

Figure 5.5: The control panel of high speed test rig dynamometer 

5.2.2 Test Regime 

Before testing, the parameters of the rig need to be determined, especially the 

inductance and capacitance values of DC-link filters. All inductances were 

measured from an LCR bridge meter, while resistances were measured by a 

digital micro-ohmmeter. The three phase line capacitances are very small. 
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They can be set to 2nF for the mathematical model. This is because the dq 

mathematical model for the diode rectifier requires a voltage source which can 

be provided by these capacitances. It will be shown later that the small 

capacitance value in the model cannot affect to the stability results. Good 

agreement between the theoretical and experimental results is achieved. For 

the DC-link capacitance, four capacitors 1000 µF connected in series were 

used. The variation of the capacitance value for each capacitors is from -10% 

to +50%, typical of electrolytic capacitors. Therefore, to achieve usable 

parameter values of capacitance, a step response test was carried out. The 

diagram for the step response test (damping test) is shown in Figure 5.6 and 

involves imposing a load resistance change from 214.5 0 to 135.5 Q. The DC- 

link voltage Vd, is measured and compared with that from the SABER 

benchmark simulation. The benchmark model for the damping test is given in 

Appendix D. 6. 

AC Bus ýr v-v 

I 

Figure 5.6: Damping test diagram 

214.5 ohms 
L 

135.5 ohms 
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In the simulation, the other system parameters are fixed at their measured 

values (RQq=0.04552, L, 
1=60µH, rL=0.20, Ldp 24.15mH, r, =0.452) and a 

voltage of VS=230VR�S 50Hz. These parameters are measured from the LCR 

bridge meter and digital micro-ohmmeter as previously mentioned. The 

capacitance value (CF) in simulation is varied until a matched Vd response is 

obtained. The results show that CJ=320pF provides good agreement between 

the simulation and experiment results as shown in Figure 5.8. According to the 

measurement errors and the large variation in the capacitor value, the system 

parameters identification is needed to provide the usable parameters for the 

model. 
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Figure 5.8: DC-link voltage response from the experiment and simulation 

According to the results from the damping test, the system parameters of 

Figure 5.1 including the PM machine and its controllers are shown in Table 

5.1. The instability results of the system from the experiment with parameters 

in Table 5.1 will be shown and compared against the theoretical results in 

Section 5.3.3. 

As stated in Chapter 2,3, and 4, the dynamic model based on dq modelling 

approach can be used to predict instability for variations in system parameters. 

In this chapter, to validate the theoretical results, the rig can be set up for 
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parameter variations. Firstly, the system frequencies of 50,100,200, and 300 

Hz were imposed with no DC-link voltage filter, while the other parameters 

were fixed as shown in Table 5.1. Secondly, the bandwidth values of the DC- 

link voltage filter were set at 20,30,50,200 and 300 Hz by changing the code 

in the controller board with other parameters fixed as shown in Table 5.1. 

Finally, the natural frequency of the speed loop was set to 5,10,15, and 20 Hz 

by changing the code in the controller board with the DC-link voltage filter 

bandwidth set to 50 Hz. Other parameters were also fixed as shown in Table 

5.1. All instability results from the experiment will be shown and compared 

against the benchmark and theoretical models in Section 5.3. 

Table 5.1: The set of parameters for the test rig 

Parameter Value Description 

Vf 230 Vm/phBSe phase source voltage 

CO 2mx50 rad/s source frequency 

Rey 0.045 Q line resistance 

Leq 60 µH line inductance 

Ceq 2 nF line capacitance 

rL 0.2 ü DC-link inductor resistance 

LF 24.15 mH DC-link inductance 

rc 0.40 ESRC 

CF (from damping test) 320 µF DC-link capacitance 

Actuator drive PM machine 4 kW rated 

mro, e 1140 rpm rated speed 

wr* 800 rpm speed reference 

TL,, 
a, ed 

40 Nm rated load torque 

R, 0.5 f2 stator resistance 

Lr=Ld=L9 2.3 mH stator leakage inductance 

P 20 poles number of poles 

J. 4e-03 kgm moment of inertia 

F. 0.123 Wb constant flux of PM machine 

0n, speed 10 Hz 

(Kp,, =0.02, K, 0.863) 

natural frequency of speed loop 

wn, cumnt 200 Hz 

(Kp, =4.124, K;, =3632) 

natural frequency of current loop 
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5.3 Stability Analysis and Experimental Results 

In this section, the experimental results from the rig are compared with the 

simulation and theoretical results by using the dynamic model from Section 

4.4. This is to confirm that the dq modelling approach can obtain stability 

results with good accuracy before applying this approach to more complex 

systems in the next chapter. 

The linearized model is used with the eigenvalue theorem. The eigenvalues 

can be calculated from the Jacobian matrix A*(xo, ua) in (4-44). The 

eigenvalues for the experimental power system with parameters in Table 5.1 

were analyzed for the case when the load torque varies from 0 to 40 Nm at the 

constant actuator speed reference 800 rpm. This corresponds to the steady- 

state value of PFMA varying from 0 to 3.7 kW (-0.93Prated). The dominant root 

locus is shown in Figure 5.9. It can be seen that the system becomes unstable 

when the PEMAO exceeds 2.49 kW for the studied case. The results for this case 

are for the system with no DC-link voltage filter. 
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Figure 5.9: The dominant eigenvalue plot of the system in Figure 5.1 with 
parameters in Table 5.1. (No DC-link voltage filter) 
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Figure 5.10 shows the SABER time-domain benchmark simulations that 

confirm the theoretical result with the instability occurring at PEMA of 2.56 kW 

(-0.64Pr, 
ted). This is greater than the 2.49 kW for the unstable condition. The 

SABER benchmark model of the system in Figure 5.1 is given in Appendix 

D. 7. It can be seen from Figure 5.9 and Figure 5.10 that good agreement 

between theoretical and simulation results are achieved. 
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Figure 5.10: The SABER simulation results to support the theoretical result 

For experimental validation, the rig was started with V,. =230Vrm,, 50 Hz, (0,. 

=800 rpm, and TL=ONm. The load torque was manually varied by using the 

control panel of high speed test rig dynamometer as shown in Figure 5.5. In 

addition, with constant speed here regulated to 800 rpm, the power analyser 

and torque meter measured PEMA and TL for each load torque. The load torque 

was varied until the peak-to-peak of DC-link voltage (Vpp) reaches 90V. This 

situation is considered the unstable condition. Figure 5.11 shows the evolution 

of the DC-link voltage as Pý-, Af, is increased. The 90 VPP of DC-link voltage 

was therefore set as the set point for unstable condition of the experiment for 

all cases. The instability shows up as oscillating behaviour, with (for this 
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instance) a 90V peak-to-peak Vd oscillation. Note that the DC-link voltage 

waveform (from the non-linear benchmark simulation) also inhibits instability 

in the form of limit circle oscillations of 90 V peak-to-peak value as shown in 

Figure 5.10. 
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Figure 5.11: Unstable condition for the test rig 

Figure 5.12 shows the DC-link voltage from the experiment when taking 

Teo=24.63 Nm at 800 rpm (PEMA=2.31 kW). Theory predicts instability at 2.5 

kW and the experimental Vd is stable as predicted. Figure 5.13 shows the 

same DC-link voltage when the system is expected to exhibit unstable 

operation (TL0= 26.72 Nm at 800 rpm, PEAIA=2.52 kW). Note that the evolution 

of Vdc in Figure 5.11 corresponds to this condition. According to the results, 

there is good agreement between theoretical, simulation, and experimental 

results. 
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Figure 5.12: Observed DC-link voltage under stable condition (TL,, =24.63 Nm 

at 800 rpm corresponds to PEMA=2.31 kW) 
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Figure 5.13: Observed DC-link voltage under unstable condition (T, o=26.72 
Nm at 800 rpm corresponds to PEMA=2.52 kW) 

The model also allows stability analysis arising from the effects of parameter 

variations in different operational regimes. Since the considered aircraft power 

system is frequency-wild, it is very important to study stability variation with 
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changes in system frequency. Figure 5.14 shows the PEMA values of the rig 

measured from the power analyser at which instability occurs when the system 

frequencies of 50,100,200, and 300 Hz were imposed with no DC-link 

voltage filter, while the other parameters are fixed as shown in Table 5.1. 

However, absence of the voltage filter does not mean that the modulation 

index is fixed; this just means that modulation index is calculated based-on 

unfiltered DC-link voltage value. The instability conditions from the 

mathematical model are also compared with the experimental results in this 

figure. 
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Figure 5.14: The comparison between mathematical model prediction and 
experiment for the onset of stability when the system frequency is varied with 
no DC-link voltage filter 

The bandwidth of the DC-link voltage filter (VVF) and the natural frequency of 

the speed loop (wn. 
speea) 

in an EMA can be imposed by the designer. In the 

experimental tests, these values are varied by changing the code in the 

controller board. Therefore, it is very interesting to study the variations in WF 

and G)n, speed on stability. The comparisons between the mathematical model 

and experimental result for variations in roF, and Wn. speed are depicted in Figure 

125 



Chapter 5: Experimental Validations 

5.15 and Figure 5.16, respectively (other parameters fixed as shown in Table 

5.1). 
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Figure 5.15: The comparison between mathematical model prediction and 
experiment for the onset of stability when the bandwidth of DC-link voltage 
filter is varied 
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Figure 5.16: The comparison between mathematical model prediction and 
experiment for the onset of stability when the natural frequency of speed loop 
is varied with fixed WE = 2760 rad/s 
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Some discrepancies between the mathematical model prediction and 

experiment occur in Figure 5.16. This is because the inertia used in the model 

is only that of SMPM machine, while in practice the inertia of the load is taken 

into account as well. However, the instability trend (increasing instability as 

co 
, speed 

increases) is the same. 

The main outcome of this study is that increasing system frequency and 

reducing natural frequency of the speed loop can expand the stability range. 

Interestingly, the effect of wF is not monotonic and there is alp value at which 

the power system has the minimal stability. In terms of physical meaning, the 

results are difficult to explain. For this case, higher bandwidth (>85HZ) of the 

filter can make the system more stable. The trend is not the same as those of 

Chapter 4 (reducing bandwidth can make the system more stable). Therefore, 

it is necessary to keep in mind that adding the DC-link voltage filter can make 

the system either more or less stable. The trend depends on the system 

parameters. 

5.4 Chapter Summary 

In this chapter, the experimental results have been undertaken and compared 

with theoretical predictions. The power system used for experiment consists of 

a reasonably ideal voltage source, three-phase transmission lines, a six-pulse 

diode rectifier, a DC-link filter (including the internal resistance of DC-link 

capacitor, r-), and a SMPM machine drive having non-ideal CPL dynamics. 

The mathematical model was derived by using the dq modelling approach. In 

addition, the simulation results were also used to support the theoretical 

results. According to the results, agreement between mathematical model, 

simulation, and experimental results is achieved that ranges from acceptable to 

very good. This confirms that the dq modelling approach can obtain stability 

results with good accuracy. The dq models will be applied to more complex 

power systems. In the next chapter, the dq modelling method will be applied 
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to analyse the power system stability including the effect of generator 

dynamics and the generator control unit (GCU) dynamics. These effects have 

not been considered in Chapters 2-5. The ideal voltage source has been used to 

represent an engine generator with GCU by assuming an infinitely fast 

controller action of the GCU. Therefore, in the next chapter, the effects of 

generator with GCU dynamics in terms of stability analysis will be illustrated. 
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Chapter 6 

Power System Stability for Systems 

Containing a Voltage Regulated 

Synchronous Generator and Actuator 

Dynamics 

6.1 Introduction 

According to the results given in Chapter 2 to 5, good agreement between 

theoretical (dq modelling method) simulation and experimental results is 

achieved. It confirms that the mathematical model based on a dq modelling 

approach can predict power system instability with good accuracy. In addition, 

as mentioned in Chapter 2, the converter models derived from the dq 

modelling approach can be easily combined with models of other power 

elements expressed in terms of synchronously rotating frames such as a 

synchronous generator. Therefore, in this chapter the dq modelling method is 

used to create a nonlinear dynamic model for a more realistic power system 

that includes the output voltage dynamics of the synchronous generator (SG) 

and generator control unit (GCU), as well as the dynamics of 

electromechanical actuators (non-ideal CPL) as stated in Chapter 4. These 

effects have been considered in [73], [76], [77] 
. 

However, these effects have 

not been widely discussed in previous publications [13], [18], [20], [37]-[44] in 

which the constant power load (CPL) is generally defined as an ideal current 

source without dynamic behaviour (ideal CPL), and the generator with GCU is 

regarded as an ideal voltage source with an infinitely fast controller action. 
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The nonlinear model is then linearized using the first order terms of a Taylor's 

expansion for stability analysis. The details of how to combine the dynamics 

of a GCU and an electromechanical actuator into a power system with a diode 

rectifier for stability studies is described in this chapter. The impact of using 

the dynamic models for the SG-GCU and non-ideal CPL in comparison with 

the models using an ideal voltage source and ideal CPL is also shown. 

6.2 Power System Definition and Assumptions 

The power system studied in this chapter is shown in Figure 6.1. It represents 

the elements of an aircraft AC frequency-wild power system architecture 

including a 3-phase SG with GCU controlling the generator output voltage, a 

transmission line represented as a it-equivalent circuit, and a six-pulse diode 

rectifier feeding the EMA (behaving as a non-ideal CPL as described in 

Chapter 4) through a DC-link filter. Note that PE. MA is the power delivered to 

the non-ideal CPL. 

Rotor Frame AC Bus 

to ------ -5 ------+ to - ----- ¢-----I 

SG 
R, c L R,. 

y 

-------------- 
: EIEý 

_. _. _. _. _. _. _ L4P,:. 
ý, ý . _....... 

I 

ýý 
ý, ý rte,. 

controller -- 

I_ CPL(EMA). 

Figure 6.1: The power system studied 

The generator shaft is driven from a turbine and is here regarded as a speed 

source w since the generator will not normally affect the shaft speed. The AC 

network is therefore "frequency-wild". In Figure 6.1, the elements R,,,, Leq, 

Cegi, and Ceq2 represent the AC cable link. If an autotransformer-rectifier unit 

(ATRU) is used, these elements also represent the resistance and leakage 

inductance of the autotransformer (see Section 2.6). The DC-link filter is 
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shown by elements Ld and Cdt. The phase between the SG rotor axis and the 

feed voltage vector is 8, while y is the phase between the voltage vectors at the 

SG feeders and at the rectifier input terminals. It is assumed that the 3-phase 

output voltage of the SG is balanced. The diode rectifier is assumed to operate 

under continuous conduction mode and the output DC current of the rectifier 

Ids is constant. In addition, the higher harmonics of the fundamental are 

neglected. These assumptions are sufficient for stability studies [ 18]. 

6.3 Synchronous Generator with GCU 

To combine the dynamic of generator and GCU into the power system for 

stability studies, it is necessary to consider the synchronous generator (SG) 

model. It is well known that a SG is normally modelled in the dq reference 

frame fixed on the rotor [66] and is supplemented by a GCU stabilizing the 

voltage at the generator feeders. The GCU has a cascade control structure with 

an inner field current control loop. The shaft speed is regarded as an input 

variable. The equivalent circuit of the SG-GCU in the synchronously rotating 

dq frame is shown in Figure 6.2. The parameters Kp,, KI,, KK;, K1; are the 

proportional and integral gains of the voltage and current PI controllers. V 
r� 

is the reference for the SG feeder voltage. The SG-GCU model of Figure 6.2 

will be used as the dynamic model for stability studies in the next section. 
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SG 

v,, x 

v; 

Figure 6.2: The SG-GCU model on dq frame 

6.4 Deriving the Non-Linear Model and Linearized Model 

As described in Chapter 2, the cable and diode rectifier can be transformed 

into the dq frame by using the dq modelling approach. From Chapter 4, the 

dynamical CPL model of Figure 4.3 for IM drive can be combined with the 

cable, diode rectifier, and SG-GCU model. The equivalent circuit of the power 

system in Figure 6.1 in dq frame is depicted in Figure 6.3. 
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Figure 6.3 shows the input-output relations between different parts of the 

power system and these can be described in the form of non-linear differential 

equation for stability analysis. The non-linear set of equations to describe the 

SG under GCU control can be established according to the model given in 

Figure 6.2. This is a 7th order system: 

- (Lls + Lmd) Idg + Lmd IF + Lmd Ikd = RsIdg - w(Lls + Lm9 )I98 

+ WLm9I kq + Vdg 

- Lmd Idg+(LIF +Lmd) IF+Lmd Ikd-KPi Xi =-RFIF +KliX1 

- Lmd Idg+Lmd IF+(LIkd + Lmd ) Ikd = -Rkdlkd 

- (L1s + Lmq) I 
qg + Lmq I kq = w(Lls + Lmd )I dg wLmd IF - wLmd I kd (6-1) 

+RSIgg + Vqg 

- Lmq I; 
S + (Llkq + Lmq ) Iky = -Rkq'kq 

FVd2g 
V;,,.., 

- 
kl -+V928 

- Kp,, Xe+ Xi _ -IF + KIvXe 

where the parameters are given in Table 6.1 and kf equal to 1/h for the peak 

convention (see Appendix A) (the vector quantity is equal to the peak of the 

phase quantity). 

The generator model interfaces to the cable model through the generator 

feeder voltage components Vdg and Vqg. Taking into account the derived model 

of Chapter 2 and the equivalent circuit in Figure 6.3, the dynamic behaviour of 

the cable section with the diode rectifier (Figure 2.6) and DC-link filters is an 

8 th order nonlinear system: 
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Vdg = Ce91Idg1 + COVgg - 
Ceg1lIds 

Vqg = Ceg11I 
qg - COVdg - 

Ceg1I 
qs 

Ids = LegVdg 
- 

RegLeqlds + Cdlgs -' Legvbus, 
d 

I 
qs = Le 1 Vq8 - wl ds - Req Leq I 

qs - 
Leq vbus, 

q 

Vbus, d = Ceg2Ids + O)Vbus, q - 2v iir Ceg2ldc COS(ö + y) (6-2) 

Vbus, 
q = Ceg2I 

qs - wVbus, d 
27r - Ceg2I 

dc Slri(CS + y) 

I dc = -rcCdcLdc V dc +3V 37[-' LdcVbus, d COS(8 + y) 

- 3ý2 1 LdýVbus, 
9 siý1(8 +, v) - 3wß-1 Leg Ldcl dc - LdcVdc 

Vdc 
- 

Cdc1 I dc - CZ I CPL 

In (6-2), the rectifier switching functions, Sd and Sq of (2-8) are used. Note that 

the rotating frame is placed at the SG rotor frame. Therefore, the switching 

function depends on the phase-shift between the rotor frame and the rectifier 

input terminal voltage frame (6+y). 

The remaining equations to describe the dynamics of the CPL (from Chapter 

4) are summarized as: 

. 
J. Wr = KTIsqm - TL 

TsRsm Isgm = -PKJ(L)r /2-(Rsm +Zr1IsämK f)Isgm +VsgmVFlVdc /2 

zfVl=-Vf+Vdc/2 (6-3) 

keim klirr I 
sqm 

+ k-1 -1 Vsgm - keim klirr I 
sqm = -I sqm 

+I 
sqm 

kPu, klw wr + klug I 
sqm - 

kPwk7, wr = -0), +0), 

The CPL current (IcPL) in (6-2) is given in (4-24). This equation can be 

rewritten: 
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3 Rsm (1 
sdm) 

2_ L(P 2)wr 6Lsm I sdm - 
Vs*qm 

JI sqm 
_ 

ýLsm I sqm ICPL =zV (6-4) 
rf 

4 Vf Vf 

The set of equations (6-l)-(6-4) describes the non-linear dynamics of the 

power system in Figure 6.1. These equations can be used for fast computation 

of transient responses for different operation scenarios. For stability analysis, 

the equations can be linearized for small-signal perturbations. The 20th order 

nonlinear model (6-1)-(6-4) is linearized using a Taylor series expansion with 

subsequent neglect of high-order components. The linearized model takes the 

following matrix form: 

8x = A(xo, uo)Bx+B(xo, uo)öu 

y =C(xo, uo)ý+D(xo, uo)ý 
(6-5) 

where 

(5X''F 'F''M 
' 

'qg, SIkq99Xe9gXi, SVdg' 
gg'6ds'81qs, 

bus, d ' 
"bus, 

q 9 
5I 

dc' 
"dc, &»r ýsqm 

''f ' 
Nsgm 

9 
SIsqm }T 

0) 
r =[gvT, rms, 

8 *, 6T 

Y=[ýdc 

and 

A(x0, uo) = H-IA1(x0, u0), B(x0, uo) = H^1$1(x0, uo) 

The constant matrices Al(xo, uo) , 
B1(xo, uo) , 

C(xo, uo) , and D(xo, uo) 

depend on the chosen equilibrium point. The details of these matrixes and 

matrix H are given in (6-6). 
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H=I 

- Ll,. + Lmd Lmd Lmd 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

- Lmd LIF + Lmd Lmd 0 0 0 -K pl 0 0 0 0 0 0 0 0 0 0 0 0 0 

- Lmd Lmd Llkd + L, 
�d 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 - Li, + Lmq L,,, 
y 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 - Lmq Llky + Lm, 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 - Kp 1 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 1 C, L 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1- 
20>20 

Ag 

A1(xo, uo) = ADL 

0 

Bg 
B1(xo, uo)= BD 

Bm 

C(xo, uo) = 
[O 00 

ADU 0 

AD AHm 

AV. Am 
20x20 

0x3 

0000000000010000 0]1x20 

D(xo, uo) = 
[0 0 O]x3 

where 

(6-6) 

Rs 0 0 - w(Lis + Lmq) O)Lmq 0 0 
0 -RF 0 0 0 0 Kli 

0 0 -Rkd 0 0 0 0 

Ag = w(L1s + Lmd) - wLmd - wL, Rs 0 0 0 

0 0 0 0 -Rey 0 0 

0 0 0 0 0 0 0 

0 -1 0 0 0 KI 
, 

0 0 I7x7 
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6.5 Calculating the Steady-State Equilibrium Value 

The dq linearized model from Section 6.4 is derived through the linearization 

technique around the operating point. According to (6-6), the linearized model 

needs to define Vdgo, Vqgo, 8o, Yo, Isgmo, Mqo, Vfo, weo, Vsdmo, and Vsqmo for the 

small-signal simulation and stability analysis. The power flow equation [72] 

can be applied to determine the steady-state value at the AC side. The single 

line power flow diagram of the power system in Figure 6.1 is depicted in 

Figure 6.4 in which the line capacitors are ignored assuming C.. 1 and Cq2 are 

very small. LS in Figure 6.4 equals to Ld (Ld=LIs+L,,, d) [78]. 
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Figure 6.4: The single line diagram for steady state power calculations 

Figure 6.4 leads to a system of four nonlinear equations: 

*2 

+ 
yT, 

rmsVbus COS(YT - Y) - 
Vbus 

COS(YT) = (PEMA + Ploss 3 
ZT ZT 

"z yT, 
rmsVbus 

+ sin(YT - Y) - 
Vbus 

sin(7T) =0 
ZT ZT 

2 
(6-7) 

+ 

EýVbus 

COS(YgT -ö- 7) - 
us COS(YgT) _ (PEMA + Ploss) /3 

gT gT 

z 
+ 

EgVbus 
Sin(ygT -8- y) - 

Vbus 
Sin(7gT) 

gT gT 

where Vbus is the steady state phase voltage at the input terminal of the diode 

rectifier (rms), Eg is the steady state phase induced voltage of the SG (rms), S 

is the phase shift between the SG rotor axis and the feed voltage vector (AC 

bus), and y is the phase shift between the feed voltage vector and the input 

terminal of the rectifier voltage vector. In addition, ZgTLygT is the 

combination between SG stator and transmission line impedances and ZTLyT 

is the transmission line impedance. Assuming no loss in the diode rectifier, the 

active and reactive power (per phase) at the input terminal of the rectifier is 

given by: 

Pb,,, = (PEMA -Foss)/3 

Qbus =0 (6-8) 

139 



Chapter 6: Power System Stability for Systems Containing a Voltage Regulated Synchronous 
Generator and Actuator Dynamics 

where PEMA is the power delivered to the non-ideal CPL and P10,, is the power 

loss due to the DC-link inductor resistance. Qb�S is set to zero because of the 

diode rectifier assumption that the fundamental input current is in phase with 

the input voltage. Equation (6-7) can be solved by iteration using a numerical 

method such as Newton Raphson so as to get Ego, Vbuso, 6,, and yo at the steady 

state conditions. Consequently, V(/CO can then be calculated using: 

2 3J 
ýý 

3wLey 
Vdco 

"` 
Vbteso)Vdco + PEMA =0 (6-9) 

7r 

It can be seen that (6-9) is a quadratic equation. This equation has two 

solutions for Vd, 
o. 

These values change when the system operating point, 

defined from PEAIA, changes. The steady state values from the solutions of (6- 

9) with the set of parameters in Table 6.1 are depicted in Figure 6.5. 
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Figure 6.5: The steady state values of V(, 
COl and V(Ico2 as PEMA varies 

In Figure 6.5, the Vr1co2 solution is an impractical voltage level and will 

correspond to an unstable operating point. Therefore it is ignored and V, 1,0,1 is 

selected. Note that we can get different linearized models for the system in 

Figure 6.1 for each operating point. 
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Table 6.1: The set of parameters for the example system of Figure 6.1 

Parameter Value Description 

Synchronous Generator 111.9 kVA rated with GCU 

RS 0.00440 stator resistance 

Lis 19.8943 µH stator leakage inductance 

L,,, e 220.164 µH stator d-axis magnetizing inductance 

Lmq 161.807 µH stator q-axis magnetizing inductance 

RF 0.068884 f2 field resistance 

LiF 32.83 µH field leakage inductance 

Rkd 0.014211 d-axis resistance 

Ljd 34.079µH d-axis leakage inductance 

R,, 0.003095 f2 q-axis resistance 

Lira 144.274 µH q-axis leakage inductance 

Pg 4 poles number of poles in generator 

VT,,,,, ' 230 V, voltage command for GCU 

0) 2ax400 rad/s source frequency 

a),,. , , age 
15 Hz 

(KP,. =1.78, Kj, =227.02) 

natural frequency of voltage loop in GCU 

On. cumni 
100 Hz 

(Kß=0.0487,1(=99.88) 

natural frequency of current loop in GCU 

Req 0.1 12 transmission line resistance 

Leq 24 pH transmission line inductance 

Cam, and Ceg2 2 nF transmission line capacitance 

LJ, 2 mH dc link inductance 

rc 00 ES& 

Cth. 500 µF dc link capacitance 

Actuator drive 20 kW rated 

a); 975 rpm speed reference 

TL, a,, d 190 Nm rated load torque 

R�� 0.6 f2 stator resistance 

Ls,,, 30.39 mH stator leakage inductance 

R, 0.159 f2 rotor resistance 

L, 30.39 mH rotor leakage inductance 

L. 29.03 mH magnetizing inductance 

P 6 poles number of poles in the machine 

im 0.281 kgm moment of inertia 

I. % 34.115 A d-axis current for rated flux 

rF 0.02 sec. filtering time constant 

spwd 
20 Hz 

(KPo, =13.27, Kfm 1042.33) 

natural frequency of speed loop 

Wn. ý,,,, p�, 
200 Hz 

(Kß=4.75, Kqi=4199.14) 

natural frequency of current loop 
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The steady state dc current Idco can be calculated by using: 

I dco = 
PEMA 

(6-10) 
Vdco 

The steady state value of the SG terminal voltage at the feeder bus can be 

calculating by using: 

Vdgo = Req I dso - wLeq I qso 
+ Vbus, do 

(6-11) 
Vqgo = Req I 

qso + wLeq I dso + Vbus, 
qo 

where 

Vbus, do =N `Vbuso COs(öo + yo ) 

Vbus, 
qo = --\f2-Vbuso sin(8o + yo ) 

_ý I in, do 
2= 

COS(so + Yo )I dco 

2 I 
in qo sin(8o + yo )I dco 

Idso = Iin, do - O)Ceg2Vbus, qo 

I 
qso 

I 
in, go 

+ WCeg2Vbus, do 

The remaining equations for calculating Vjo, Isqmo, Vsdmo, Vsgmo, weo, and Mqo 

are the same as those in Chapter 4. The steady state values depend on the 

operating point defined from co, and Tj. 

6.6 Small-Signal Simulation and Stability Analysis 

The linearized model (6-5) was simulated for small-signal transients against a 

corresponding 3-phase benchmark circuit model simulated in SABER. The 

details of SABER model for the system in Figure 6.1 are given in Appendix 

D. 8. The example system parameters are given in Table 6.1. Figure 6.6 shows 

the Vdý response of the system of Figure 6.1 to a step change of load torque 

from 100 to 110 Nm that occurs at t=0.6 s with a constant speed of 975 rpm. 
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An excellent agreement between both models is achieved under small-signal 

simulation. 
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Figure 6.6: Verification for changing TL from 100 to 110 Nm 

In respect of stability analysis, the linearized model from the dq modelling 

approach is used with the eigenvalue theorem. The eigenvalues can be 

calculated from the Jacobian matrix A(x0, u,, ) in (6-5). The eigenvalues of the 

linearized A(xo, uo) matrix for the power system with parameters in Table 

6.1 were analyzed for the case when the load torque TI, varies from 0 to 400 

Nm at the constant actuator speed reference 975 rpm. This corresponds to the 

steady-state value of PEMA varying from 1.047 to 51.76 M. This root locus is 

shown in Figure 6.7 and some eigenvalues cross into the right hand plane. 

Figure 6.8 shows the zoomed area of interest: as one can see, the system 

becomes unstable when the PEMA exceeds 37.925 kW for the studied case. 
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Figure 6.7: Eigenvalue plot from dq linearized model (PEMA varies from 1.047 
kW to 51.76 kW) 
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Figure 6.8: Zoomed area of interest from Figure 6.8 

Figure 6.9 shows the SABER time-domain benchmark simulations (see 

Appendix D. 8) that confirm the theoretical result with the instability occurring 
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at PFMA of 38.625 kW. This is greater than the 37.925 kW for the unstable 

condition. 
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Figure 6.9: Step response for operating point (PEMA) variations 

The impact of using the dynamic models for the SG-GCU and non-ideal CPL 

in comparison with the models using an ideal voltage source and ideal CPL is 

shown in Table 6.2. The values are taken from mathematical eigenvalue value 

analysis with parameters given in Table 6.1. 

Table 6.2: The effect of SG-GCU and Actuator Dynamics on Stability 

Power System with Model Dimension Instability Power (kW) 

Ideal voltage source and ideal CPL 8> 16.00 

SG-GCU and ideal CPL 15 > 18.00 

Ideal voltage source and dynamic CPL 13 > 35.84 

SG-GCU and dynamic CPL 20 > 37.93 

The table shows the power level at which instability occurs. It is seen that the 

incorporation of SG-GCU dynamics has relatively small effect, but the impact 

of the non-ideal CPL (dynamic CPL) is significant. Neglecting CPL dynamics 

may be beneficial from the viewpoint of power system availability, but may 

145 



Chapter 6: Power System Stability for Systems Containing a Voltage Regulated Synchronous 
Generator and Actuator Dynamics 

result in very non-optimal design solutions that would impact on overall mass 

and dimension. The model also allows convenient stability analysis including 

effect of parameter variations in different operational regimes. These will be 

described in Section 6.7. 

6.7 Investigating Stability due to Variations in System 

Parameters 

In this section, the dynamic model is used to predict instability for variations 

in system parameters. For variations in system frequency, DC-link filter Ldp 

and Cdt, filtering time constant TF, and natural frequency of speed loop in 

EMA (Wn. 
speed), the trend of instability results are the same as those of the 

previous chapter in which a higher system frequency, smaller Ldp, higher Cdt, 

smaller TF, and lower w,,, , pe& all increase the power level at which instability 

occurs. In this chapter, the dynamic of SG-GCU is considered instead of the 

ideal voltage source. Therefore, it is very interesting to study the effect of the 

natural frequency of the voltage loop in GCU. The PI voltage controller is 

designed for various natural frequencies with constant damping. Figure 6.10 

shows the analytical results in the form of eigenvalue loci and the CPL power 

limit for instability as the natural frequency of the voltage loop is varied and 

other parameters are fixed as given in Table 6.1. The faster the GCU voltage 

control the less the power level at which instability occurs. Figure 6.10 also 

confirms the results of Table 6.2. The variation of threshold CPL level for 

instability is not large. The analytical results in Figure 6.10 are supported by 

the SABER benchmark simulation (see Appendix D. 8) as shown in Figure 

6.11. The top graph shows the changing of PEMA, and the graphs below show 

the Vd, response for different natural frequency of the voltage loop in GCU, 

here equal to 15 and 45 Hz. Good agreement between both models is 

achieved. 
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6.8 Chapter Summary 

This chapter deals with the stability analysis of a power system taking into 

account the dynamics of the synchronous generator with generator control unit 

(SG-GCU) and the dynamics of the electromechanical actuators (EMAs). The 

dynamics of SG-GCU have been previously represented as an ideal voltage 

source without dynamic behaviour. The dq modelling method with the 

eigenvalue theorem is used to analyse the stability. The results show that the 

effect of CPL dynamics is significant, while the effect of SG-GCU dynamics 

is small. In addition, this chapter also describes the stability analysis for 

parameter variations of different operational regimes. The results show that 

the effect of the natural frequency of the voltage loop in the GCU is small in 

terms of stability. As a result, the dynamics of SG-GCU can be neglected for 

stability analysis of more complex power system as will be described in 

Chapter 7, to simplify the mathematical model. Moreover, as described in 

Chapter 3, if the controlled PWM rectifier is analysed, the vector-control is in 

terms of the reference frame aligned to the AC bus voltage vector. Due to the 

dq frame aligned on this AC bus voltage vector, it is very difficult to analyse 

the power system including both the SG-GCU and the controlled PWM 

rectifier. This is because the parameters of the generator model become time- 

varying parameters (depending on the rotor position), when the dq frame of 

the model is not aligned to the rotor axis. In this chapter it was shown that the 

dynamics of SG-GCU has negligible effects on stability. Therefore, the 

dynamics will be neglected for analysing more complex power systems in 

Chapter 7. The stability analysis of the power system representing real 

architectures with multiplicity of actuators, aircraft loads and bus geometries 

will be described with the mathematical model of generalized aircraft power 

systems in which an ideal voltage source represents the SG-GCU. 
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Chapter 7 

The Mathematical Model of Generalized 

Aircraft Power Systems for Stability 

Studies 

7.1 Introduction 

According to the previous chapters, the results show that the dq modelling 

approach can predict the instability point of a power system with constant 

power loads with good accuracy. The simulation and experimental results are 

used to support and validate the theoretical results. The dq modelling method 

can be also easily applied for modelling the power system comprising vector- 

controlled converters such as the controlled PWM rectifier as described in 

Chapter 3 and the electromechanical actuator drive systems as described in 

Chapter 4. Moreover, the power converter model derived from the dq 

modelling approach can be easily combined with models of other power 

elements expressed in terms of synchronously rotating frames such as a 

synchronous generator with generator control unit (SG-GCU) as described in 

Chapter 6. The stability analysis using the dq modelling method for more 

complex power systems is described in this chapter. 

Generally, most research work for stability studies focuses on only an 

individual converter for its stand-alone operation. The dynamic models of 

multi-converter systems have been studied for DC distribution system in [59]. 

Studies for AC distribution system have not been reported. In addition, the 

interconnection of the converters can affect power quality and system stability 

[43], [59]. Therefore, this chapter extends the work from the previous chapters 
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to create the dynamic model of a more generalized aircraft power system 

representing real architectures with multiplicity of actuators, aircraft loads and 

bus geometries using the dq modelling approach. As mentioned in Chapter 6, 

the effect of SG-GCU dynamics is small [76]. Hence, SG-GCU is represented 

as an ideal voltage source for the generalized aircraft power system. Three 

example systems including the candidate aircraft power system as described in 

Chapter 1 are used to illustrate how to apply the more generalized model for a 

stability study. It is also shown how the theory can be used to predict 

instability due to possible variations in operating points and system 

parameters. The simulation results are used to support the theoretical results. 

7.2 Generalized Aircraft Power Systems and Dynamic Models 

This section introduces the generalized aircraft power system based on the real 

aircraft power system architecture as detailed in Chapter 1. The generalized 

aircraft power system for one engine generator is depicted in Figure 7.1 in 

which a three-phase ideal voltage source is used to represent a SG-GCU. The 

elements Regi, Leqi, and Cegi are the equivalent parameters of the transmission 

lineI between the generator bus (called Gen bus in Figure 7.1) and the HVAC 

bus; this constitutes the 230V AC frequency-wild system. RTRUj, LTRUj, and 

CTRUj represent the AC cable link between the HVAC bus and the input 

terminal of the diode rectifier bus. If an autotransformer-rectifier unit (ATRU) 

is used, these elements will be represented by the equivalent transformer 

impedance including the AC cable. The DC link filters for the diode rectifiers 

are shown by elements rLFj, LFj, rcFj, and CFj. The ideal constant power loads 

PideaICPL. De may represent other DC loads with regulated DC/DC power 

converters that can be assumed to have an infinitely fast controller action. The 

dynamics of constant power loads Pdy,, CPL, D as described in Chapter 4 

represent the actuator drive systems for DC environmental controls fed 

through the diode rectifiers. Req2, Leq2, and C 
q2 are represented as the 

transmission line2 parameters between the HVAC bus and the AC essential 
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bus (AC ESS bus). Rconk and Lconk are the AC filter parameters for the 

controlled PWM rectifiers. The PWM converters consist of vector-controllers 

to keep the voltage across the DC-link constant, here regulated to V"CFconl 

voltage commands, and to keep a unity power factor at the AC ESS bus by 

setting Iqk* equal to zero. The vector-control is in terms of the reference frame 

aligned to the AC ESS bus voltage vector. Therefore, the generalized aircraft 

power system in Figure 7.1 can be represented in the dq frame aligned to the 

AC ESS bus voltage vector. The Pidea/CPL, Pg and PdyncPL. Pa are the ideal and 

dynamic CPLs, respectively to represent other aircraft loads for ailerons, 

rudders, flaps, and elevators. These CPLs are fed through the controlled PWM 

rectifiers. The resistive and inductive loads RLb and LLb represent the electrical 

wing de-icng connected to the HVAC bus. 

In Figure 7.1, we define the following subscripts: 

j= the number of diode rectifier units 

e= the number of ideal CPLs connected to diode rectifier units 

n= the number of dynamic CPLs connected to diode rectifier units 

k= the number of controlled PWM rectifier units 

g= the number of ideal CPLs connected to controlled PWM rectifier units 

a= the number of dynamic CPLs connected to controlled PWM rectifier 

units 

b= the number of resistive and inductive loads 
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Figure 7.1: The generalized aircraft power system architecture 

The dq modelling approach is used to model the power converter such as the 

diode rectifier (Chapter 2) and controlled PWM rectifier (Chapter 3). 

According to the previous chapters, this method provides the large-signal 
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nonlinear model of the AC-DC power system. The large signal model can be 

linearized for analysing the small-signal stability. The linearized model for the 

power system including diode rectifiers (Chapter 2), controlled PWM 

rectifiers (Chapter 3), electromechanical actuator drive systems (Chapter4) is 

used to obtain the linearized model for the generalized aircraft power system 

in Figure 7.1 in the dq frame. The dq linearized model of generalized aircraft 

power systems is of the following form: 

6X = A(Xo, uo)C5x+B(Xo, uo)8u 

gY = C(Xo, uo)c8x+ D(x0, uo)ý 
(7-1) 

where the colour blocks are used to represent the elements for each part of the 

generalized power system in Figure 7.1. The state variable, input, and output 

vectors in (7-1) can be represented with the different colour blocks as shown 

below: 
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A(x0, uo) =H 
'A, (x., uo), B(x0, u0) =H 

'B1(x., uo) (7-3) 
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The constant matrices A1(xo, uo) , 
B1(xo, uo) , 

C(xo, uo) , and D(xo, uo) 

depend on the chosen equilibrium point. The form of these matrixes and 

matrix H are given by: 
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where the subscript of the matrix elements inside the matrices H5A, (xo, uo) , 

B1(xo, uo), C(xo, uo), and D(xo, uo)are defined as: 

is 
= the matrices for the AC source and transmission line I 

IIDUx, I ]DLx, I JDx (x = 1,2,..., j) = the matrices for the j diode rectifier units 

including the e ideal CPL units 

I IHmDx, [ ]VmDx, [ LDx (x =1,2,..., n) = the matrices for the n dynamic CPL 

units connected to the diode rectifier 

I IT 
= the matrices for transmission line2 

I IPUx, [ lPLx, [ ]Px (x =1,2,..., k) = the matrices for the k controlled PWM 

rectifier units including the g ideal CPL units 

]HmPx, [ ]Vmpx, [ ]mpx (x =1,2,..., a) = the matrices for the a dynamic CPL 

units connected to the controlled PWM rectifier 

I ILUx, [ ILLx, [ ]Lx (x = 1,2,..., b) = the matrices for the b RL load units 

connected to HVAC bus 

and the details of these element matrices are given in Appendix E. 

o o... o00... o 
o 0. . . 0000 

ooo00 . "" o 
oo... o00.. o 
oo.. o00... o 

cPr, 0 ... 000... o (7-7) 
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The dimension of the matrices in (7-4)-(7-8) is given by: 

H=[ ](4t1+6j+5n+4t2+6k+5a+2b)x(4t, 
+6j+5n+412 +6k+5a+2b) 

A1(Xo, u0) _[ 
](4t1+6 

j+5n+4t2+6k+5a+2b)x(4t, +6j+5 n+4t2 +6k+5 a+2b) 

B1(Xo, Uo) _[ 
](4tß+6j+5n+4t2+6k+5a+2b)x(1+e+2n+2k+g+2a) (7-9) 

C(Xo, Uo) _[ 
](j+k)x(4t1+6j+5n+4t2+6k+5a+2b) 

D(Xo, uo) [ ]6f+k)x(1+e+2n+2k+g+2a) 

where tj is set to 1 if there is a transmission line1 between Gen bus and HVAC 

bus. Otherwise, it is set to 0 if there is no transmission linel between these 

buses. Similarly, t2 is set to 1 if there is a transmission line2 between HVAC 

bus and AC ESS bus, while it is set to 0 if there is no transmission line2 

between these buses. The number of system state variables are equal to 

4t, +6j+5n+4t2+6k+5a+2b, and the number of system inputs and outputs are 

equal to 1+e+2n+2k+g+2a and j+k, respectively. 

The application of the generalized model in (7-1)-(7-9) for power system 

stability analysis will be illustrated in the three example power systems given 

in Section 7.3,7.4, and 7.5, respectively. 

7.3 Power System with a Diode Rectifier and Paralleled 

Actuator Drives on the DC bus 

The example power system in this section is shown in Figure 7.2. It consistes 

of a three-phase voltage source, transmission line, diode rectifier, DC-link 

filters, and paralleled actuator drives connected to a DC bus. These loads 

represent CPL dynamics as described in Chapter 4. The electromechanical 

actuator EMA1 is represented as a 10kW IM drive, while the 

electromechanical actuator EMA2 is represented as a 20 kW IM drive. The 

system parameters are given in Table 7.1. 
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Figure 7.2: The system with diode rectifier and paralleled actuator drives 

7.3.1 Forming Linearized Model from the Generalized Model 

The linearized model of the system in Figure 7.2 can be determined from the 

generalized model (7-1)-(7-9) by setting: 

" t1=0 (no transmission line1 between Gen bus and HVAC bus) 

-j= I (single diode rectifier unit) 

"e=0 (no ideal CPL connected to the diode rectifier) 

"n=2 (two paralleled actuator drives connected to diode rectifier) 

"t, =0 (no transmission line2 between HVAC bus and AC ESS bus) 

"k=0 (no controlled PWM rectifier) 

"g=0 (no ideal CPL connected to a controlled PWM rectifier) 

"a=0 (no actuator drive connected to controlled PWM rectifier) 

"b=0 (no RL load) 

Note that in this example system there is no transmission linel between Gen 

bus and HVAC bus (see Figure 7.1). Therefore, the three-phase voltage source 

is connected to the HVAC bus without the transmission linel (no Gen bus). 

Consequently, the [ ]S in matrices H in (7-4) and A1(xo, uo) in (7-6) are 

eliminated because there are no state variables from the transmission line]. 
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The matrices ADU1 and ADLI are also eliminated because there are no 

coupling terms between the transmission linel and the diode rectifier unit. 

However, there is a small change in BS because, in this case, the voltage 

source is directly connected to the diode rectifier through its transmission line 

(RTRUI, LTRUI, and CTRuj). If the voltage source is connected to the 

transmission linel (Regi, Legl, and Cegl) having 4 state variables, B. will be 

the same as that of (7-5) in Appendix E. The dimension of B. is [ ]4x1 in 

which the number of rows equals the number of the state variable of 

transmission linel. Similarly, if the source is connected to the diode rectifier 

through its transmission line (6 state variables), BS will be [ J6x1 in which case 

the number of rows equals the number of the state variable of the diode 

rectifier units. Therefore, BS in (7-5) for the system in Figure 7.2 becomes: 

cos(BS ) 

LTRU1 

sin(O ) 

I LTRU1 
BS =0 (7-10) 

0 

0 

0 
i6X1 

It can be seen in (7-10) that Legi (transmission linel parameter) in BS of (7-5) 

in Appendix E is changed to LTRUJ (transmission line parameter of the diode 

rectifier unit). The 9, in (7-10) is A as shown in Figure 7.2. 

According to the above explanation, the linearized model can be then given in 

the matrix form of 16`h order with 5 inputs and 1 output as specified in (7-1)- 

(7-9): 
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HD1 00 

H= 0 Im 0 

00 Im 
(7-11) 

16x16 

AD1 AHmD1 AHmD2 

A1(xo, uo)= AVmD1 AmD1 0 (7-12) 
[AVmD2 

0 AmD2 
116x16 

BS 00 

B1(xo, uo)= 0 BmDI 0 (7-13) 
0B 

mD2 16x5 

C(xo, uo) = 
[CD1 0 o]1x16 (7-14) 

D(xo, uo) = 
1011x5 (7-15) 

where 

6X 
- 

[81d, 
TRUI 

SIq, 
TRUI 

'd, 
TRUI 

"q, 
TRUI 

81LF1 'CFI 

s 
ÖW 

rDl 
Nsgm, 

DI 
"f 

, 
D1 "sgm, DI 61 

sgm, D1 

T SwrD2 51sgm, 
D2 

"f 
, 
D2 

gVsgm, 
D2 

SI 
sgm, D2 (7-16) 

T Su = [mss SWrDI 3'LDI SýrD2 
LD2 '= 

['CFI l 

A(xo, uo) = H-lA1(xo, uo), and B(xo, uo) =H-1Bi(xo, uo) 

It can be seen from (7-11)-(7-16) that the linearized model can be easily 

constructed from the generalized model as given in (7-1)-(7-9). The details of 

the element matrices can be found in Appendix E. Note that if an internal 

resistance of the DC-link capacitor is not considered (rcFI=O), the matrix H in 

(7-11) becomes the identity matrix I16(16 because HD1 is set to 16x6 under 

this condition. 
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7.3.2 Calculating the Steady-State Equilibrium Value 

The power flow equation can be applied to determine the steady-state values at 

the AC side as the same manner as those in Chapter 4. Some small additions 

are made in the nonlinear power flow equations in which 

n 
PEMA = PEMA, 

z =1 EMA, 1 +PEMA, 2 (7-17) 

z=1 

where n=2 for this example (n = the number of dynamic CPLs connected to 

the diode rectifier units). 

The steady-state values of an IM can be calculated by using the same 

equations as those of Chapter 4. These steady-state values depend on the 

operating point defined from cvrDlo, WrD2o, TLDio, and TLD2o. Hence, we can get 

the different linearized model of the system given in Figure 7.2 when the 

operating points are varied. 

7.3.3 Small-Signal Simulation and Stability Analysis 

The linearized model (7-11)-(7-16) was simulated for small-signal transients 

against a corresponding 3-phase benchmark circuit model simulated in 

SABER. The details of the SABER model for the system in Figure 7.2 are 

given in Appendix D. 9. The example system parameters are given in Table 

7.1. For example, Figure 7.3 shows the response of the DC-link voltage VcFI 

of the system of Figure 7.2 to a step change in T1 2 from 100 to 110 Nm at 

t=0.6s. with constant speed reference co*rD2 975 rpm, while the actuator load 

speed (co. DI) and load torque (TLDj) of EMA1 are set to 1000 rpm and 50 Nm 

respectively. 
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Figure 7.3: Response of VGH-, to a step change in T1D2 from 100 to 1 10 Nm. A 

comparison of SABER benchmark model with the dq linearized model 

According to the result given in Figure 7.3, an excellent agreement between 

both models is achieved under small-signal simulation. 

For the stability analysis, the linearized model is used with the eigenvalue 

theorem. The eigenvalues can be calculated from the Jacobian matrix 

A(x,,, uo) in (7-12). The eigenvalues for the system with parameters as given 

in Table 7.1 were analyzed for the case when the load torque of EMA2 (TLD2) 

varies from 0 to 400 Nm at the constant actuator speed reference (W*,. D2 975 

rpm, o)*rDJ 1000 rpm, and constant load torque T<<» 100 Nnm. This corresponds 

to the steady-state value of Pj,, tL. j1 equal to 11.39 kW and PEMA2 varying from 

1.047 kW to 51.76 M. The dominant root locus is shown in Figure 7.4. This 

figure shows that the system becomes unstable when the total power PEMAO 

exceeds 35.96 kW for the studied case (PEAf,, ß/=11.39 kW, Pj;,,,; 1, =24.57 kW). 
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Table 7.1: The set of parameters for the example system of Figure 7.2 

Parameter Value Description 

Y,. 230 V.,, 
1, phase source voltage 

m 2nx400 rad/s source frequency 

RTRU, 0.1 f2 transmission line resistance 

LTRU, 24 µH transmission line inductance 

CTRUI 2 nF transmission line capacitance 

r, F, 0.050 dc link inductor resistance 

LF, 2 mH dc link inductance 

rCF, 0.050 ESR, 

CF, 500 pF dc link capacitance 

Actuator drive 10 kW rated (EMAI) 

ahD, ' 1000 rpm speed reference 

T, D,, roed 100 Nm rated load torque 

R,, m, D, 0.60 stator resistance 

L-DI 80.3 mH stator leakage inductance 

R,, D, 0.258 S2 rotor resistance 

L,, D, 83.26 mH rotor leakage inductance 

L.. 
D, 80.3 mH magnetizing inductance 

PD, 4 poles number of poles in the machine 

�, 
D, 0.8 kgm moment of inertia 

I dm, D, 22.41 A d-axis current for rated flux 

Tp D, 0.003 sec. filtering time constant 

4Di.. cpeed 20 Hz 

(KPo, =30.89, Krm 2426.3) 

natural frequency of speed loop 

Ünm. c,,,, p,,, 
200 Hz 

(Kr; =11.09, Ku=9182.3) 

natural frequency of current loop 

Actuator drive 20 kW rated (EMA2) 

W, D, 
' 975 rpm speed reference 

TiD2. m ed 
190 Nm rated load torque 

R, m. oz 0.6 f2 stator resistance 

L��, oz 30.39 mH stator leakage inductance 

R, D2 0.159 S2 rotor resistance 

L,, oz 30.39 mH rotor leakage inductance 

L, D2 29.03 mH magnetizing inductance 

PDZ 6 poles number of poles in the machine 

ADA 0.281 kgm moment of inertia 

hd,., D2 34.115 A d-axis current for rated flux 

TF. D2 0.003 sec. filtering time constant 

"D2. w 
20 Hz 

(Kp. 13.27, Kfm 1042.33) 

natural frequency of speed loop 

doz. -,. ern 
200 Hz 

(Kß=4.75, Kü=4199.14) 

natural frequency of current loop 

163 



Chapter 7: The Mathematical Model of Generalized Aircraft Power Systems for Stability 
Studies 

1000 DEMA2o 

800 

600 

400 
PEMAO PEMAo 

200 
35.32 kW 35.96 kW 
(PEMA2ö- (PEMA2o 

23.93 kW 24.57 kW 

0 - 

-200 - 

-400 - 

-600 

-800 x 
PEMA2o 

-1000 
-4 

- 
-3 -2 -1 

_-r___r. - __-r. _. 

At x E 

PEMAo = 
PEAMO 

36 60 kW 37.24 kW 
(PEMA20 (PEMA20- 

25.21 kW 25.85 kW 

xx c 

0123456 
Real Roots (1/s) 

Figure 7.4: Dominant eigenvalue plot for varying PE fA2 

Figure 7.5 shows the SABER time-domain benchmark simulations that 

support the theoretical prediction with the instability occurring at PEMA of 

36.63 kW (PFMA, =l 1.39 kW, PEM, l2=25.24 kW). This is greater than the 35.96 

kW predicted for an unstable condition. 
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Figure 7.5: Step response for operating point (PFMA2) variations 

In this example system, two actuator loads are paralleled and both are 

connected to the DC bus. Therefore, it is very interesting to study the effect of 

paralleled loads on the system stability. Figure 7.6 shows the stable and 

unstable region for variations in Pj;, jf.. jj (10kW IM actuator drive) by varying 

the load torque TLD/ from 0 Nm to 150 Nm with a constant speed reference 

Coro! 1000 rpm. Other parameters are fixed as given in Table 7.1. In this figure, 

the bold points are for the Pp. Af, 4/ of 3.1,5.8, and 11.39 kW. The analytical 

results of Figure 7.6 are also compared to the SABER benchmark simulation 

as shown in Figure 7.7. The top graph shows the changing Pß, 11; 12 (20 kW IM 

actuator drive) defined by changing load torque T/.,,, with a constant speed 

reference corD2 975 rpm. The graphs below show the response of the DC-link 

voltage VCF/ to different PEMA!. The proposed model can predict the instability 

point with high accuracy. 

165 



Chapter 7: The Mathematical Model of Generalized Aircraft Power Systems for Stability 

Studies 

35 > 33.11kW 

Unstable Region 
> 30.43 kW 0 

30 - 

>24 57 kW 

25 
' , nSýýl 

nY li Oe Stable Region 

20 

CL 
15 

3.1 kW 5.80 kW 11.39 kW 
(TLD1 (TLD1 (TLD1 

10 =25Nm) =50Nm) =100Nm) 

5F Ii 

2468 10 12 14 16 

PEMAI (kw) 

Figure 7.6: Instability power for Pplf, 4, variations 

40 31.09 kW 33.81 kW 
25.24 kW 

20 
17.76 M 

11.88 M --- 

0 
0.5 0.6 0.7 0.8 0.9 1 1.1 112 1.3 1.4 

550 -- 

LL 500 
> PEMA1 = 11.39 kW 

450 
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 

550 

500 
PEMA1 = 5.80 kW 

450 
045 0.8 09 1 1.1 1.2 1.3 1.4 J 

- 
;: 

EMA1 

450 
0.5 0.6 07 0.8 0.9 1 1.1 1.2 1.3 1A 

Time (sec ) 

Figure 7.7: Verification of analytical results for PEAI1I variations 

It can be seen that the 10kW IM actuator drive paralleled with 20kW actuator 

drive can affect to the instability power level. The higher the value of PEj' f4 J, 

the lower the value of PEMA2 at which instability occurs. 
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7.4 Power System with Two Paralleled Diode Rectifier Units 

The example power system in this section is shown in Figure 7.8. It consists of 

a three-phase voltage source, transmission line, DC-link filters, and ideal 

CPLs. Both rectifier units are identical having the same parameters. The 

example parameters are given in Table 7.2. 

IIVAC Bus 

Ir, n, r l., r,, r 

Gen Bus 

IL 
lt�rr l�rr r'; ný rT 

Vs (O T1 

hii l. r 

-i + t! 

P; r. u"ri., l,! 

tJrl 
1 

F2 

+ errs 
, 1112 

Tý"rz 

Figure 7.8: The system with paralleled two diode rectifier units 

Note that the ideal CPL may represent the DC/DC converter feeding DC loads 

by assuming an infinitely fast controller action. 

7.4.1 Forming Linearized Model from the Generalized Model 

The linearized model of the system given in Figure 7.8 can be determined 

from the generalized model (7-1)-(7-9) by setting: 

" t1=1 (as there is a transmission linel between Gen bus and HVAC bus) 

" j=2 (two diode rectifier units) 

"e=2 (two ideal CPLs connected to the diode rectifier) 

"n=0 (no actuator drives connected to the diode rectifier) 

"t, =0 (no transmission line2 between the HVAC bus and the AC ESS bus) 

"k=0 (no controlled PWM rectifier) 

"g--0 (no ideal CPL connected to a controlled PWM recti fier) 

"a=0 (no actuator drive connected to a controlled PWM rectifier) 

"b=0 (no RL load) 
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Table 7.2: The set of parameters for the example system of Figure 7.8 

Parameter Value Description 

vs 230 Vn,, speaw phase source voltage 

w 21rx400 rad/s source frequency 

Regi 0.1 S1 transmission line resistance 

Le91 24 tH transmission line inductance 

Cegl 2 nF transmission line capacitance 

RTRU1- RTRU2 0.10 transmission line resistance for rectifier unit 

LTRUI= LTRU2 50 µH transmission line inductance for rectifier unit 

CTRUI = CTRU2 2 nF transmission line capacitance for rectifier unit 

rLF1= rLF2 00 dc link inductor resistance 

LF1= LF2 2 mH dc link inductance 

rcF1= rcFZ 0 SZ ESRC 

CF1= CF2 500 gF dc link capacitance 

For this example system, there is a transmission linel between Gen bus and 

HVAC bus (t1=1). According to the above setting, the linearized model can be 

then given in the matrix form of 16`h order with 3 inputs and 2 outputs as 

specified in equations (7-1)-(7-9): 

Is 00 

H=0 HD1 0 (7-18) 
0H 

D2 16x16 

As ADUI ADU2 

AI(XO, uo) = ADL1 AD1 0 (7-19) 
ADL2 0 AD2 

16x16 

Bs 00 

BI(xo, uo) =0 BDI 0 (7-20) 

L00B D2 16x3 

C(xo, uo) =0 
C1 0 

(7-21) 
0 0CD2 

2x16 

D(xo, uo) = 10}2x3 (7-22) 
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where 

95X = [6Id 
eql t5Iq eql 

öVd 
eql 

SVq 
eql 

51d, 
TRUI 

SIq, 
TRUI 

"d, 
TRUI 

"q, 
TRU1 

61LF1 "CF1 

byd, 
TRU2 

T ýq, 
TRU2 

ýd, 
TRU2 

ýq, 
TRU2 

SILF2 ýCF2J 

'= [8Vs 8CPL, 
D1 

8PCPL, 
D2I 

T SY = 19VCF1 9VCF2I T (7-23) 

and 

A(xo, uo) = H-1A1(xo, u(, ), and B(xo, uo) = H-'Bi(xo, uo) (7-24) 

It can be seen that the matrix H in (7-18) is the identity matrix I16x16 because 

the internal resistance of DC-link capacitors of the system in Figure 7.8 are not 

concerned (rcFJ=rcF2=0). The details of the element matrices for Jacobian 

matrix of (7-19)-(7-22) are given in Appendix E. Bsin (7-20) is the same as 

that of Appendix E. The commutation resistances (r, 
'DJ and riD2) for diode 

rectifiers are calculated by using only LTRUI and LTRu2, respectively. The line 

inductance Leg, is not taken into account because C1 at the HVAC bus acts 

like a voltage source in the model. Therefore, HVAC bus is equivalent to the 

voltage source for the diode rectifiers. 

7.4.2 Calculating the Steady-State Equilibrium Value 

The linearized model in (7-18)-(7-24) needs to define VcFOJ in AD, and BDI, 
VCF62 in AD2 and BD2,9d1 in AD,, 9d2 in AD2, and BS in B, (see Appendix E). Odi 

and 9d2 are the phase shift between the dq rotating frame (Bus 2 in Figure 7.9) 

and the input terminal voltage frame of diode rectifier unit 1 and 2, 

respectively. BS is the phase shift between the dq rotating frame and the source 

frame. The power flow equation can be used to determine the steady state 

value at the AC side. The single line diagram of the power system in Figure 

7.8 is depicted in Figure 7.9 in which the line capacitors are ignored assuming 

they are very small. 

169 



Chapter 7: The Mathematical Model of Generalized Aircraft Power Systems for Stability 

Studies 

(rotating frame) 
0 

P3=(PideaiCPGDI +Plavs, Dd13 

Q3=0 

) 
P4=(PjdealCPI D2+P/acs, D2)/3 

Q4=O 

V2 

Figure 7.9: The single line diagram for steady state power calculations of 
Figure 7.8 

Figure 7.9 leads to a system of six nonlinear equations: 

V2V3 
COS(Y23 - 023 - 

2 V3 
COS(Y23) = P3 = (PdeaICPL 

D1 + Ploss 
D1) 

/3 
Z23 Z23 , , 

V2 V3 
sin(Y23 - 023) - 

2 V3 
sin(Y23) = Q3 =0 

Z23 Z23 

y2 V4 
COS(Y24 - 

024 - 

2 V4 
COS(Y24) = P4 = (Pdea1CPL 

D2 + P1oss, 
D2)' 

3 
Z24 Z24 , 

V2V4 
sn(i'24024 

2 V4 
sin(Y24)-Q4 0 

Z24 Z24 

V1V2 
COS(Y12 - 

912 + 
V 2V 3 

COS(Y23 + 923 +V 
2V 4 

COS(Y24 + 024 
Z12 Z23 Z24 

2 v _2 
COS(Y12) 

+ 
COS(Y23) 

+ 
COS(Y24) 

= 0 
Z12 Z23 Z24 

VI V2 
sin(712 -012)+ 

L2 v3 
sin(Y23 +023)+ 

V2V4 
sin(y24 +024) 

Z12 Z23 Z24 

v2 _2 
sin(Y12) 

+ 
sin(Y23) 

+ 
sin(Y24) 

=0 
(7-25) 

Z12 Z23 Z24 

where 
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ývL 
Z12 =R ql + 

(wLegl) 
, 7I2 = tan -I egl 

Regl 

-L Z23 = RTRU1 + 
(OILTRUI )2'Y23 

= tan I TRU1 
RTRUI 

(_ f0L 
Z24 = RTRU2 +IO)LTRU2)2 Y24 = tä11 1 TRUZ 

RTRU2 

In (7-25), V1, V2, V3, and V4 are the steady state phase voltage (rms) at Bus 1, 

2,3, and 4, respectively. V1 is set to 230 V,,,, 
S 

for this example system. 012,023, 

and 024 are the phase shift between each bus. The active and reactive power 

(per phase) at Bus 3 (input terminal of diode rectifier unit 1) and Bus 4 (input 

terminal of diode rectifier unit2) are given by: 

P3 (PdealCPL, 
DI + Ploss, DI )/3 

Q3 `0 

P4 = (Pdea1CPL, 
D2 + Poss, 

D2 
)/3 

(7-26) 

Q4 -0 

where PidealCPLDI and PjdealCPC. n2 are the ideal CPLs and Prass. D/ and Prass. D2 are 

the power loss due to rLFI and rLF2, respectively. Qj and Q4 are set to zero 

because of the diode rectifier assumption as mentioned in Chapter 2. Equation 

(7-25) can be solved by using a numerical method such as Newton Raphson so 

as to find V20, V3o, V405 012o, 023o, and 0240 at the steady state condition (6 

unknowns). Consequently, VcFO, and VCFO2 for the linearized model can then 

be calculated from V30 and V40, respectively by using (6-9) of Chapter 6. PEMA 

in (6-9) is changed to PsdeQICPLDI (for VcFoJ) and P; dearcp D2 (for VCF62) for this 

case. In addition, 6dß, 6d2i and es for the linearized model can be determined 

by: 

9d1 = 023o'0d2 = 924o'es - 012o (7-27) 
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According to (7-25)-(7-27), the steady-state values changes when the system 

operating point, defined from Pjde�lCPL�DI and Pidealcrpc, D2, changes. Therefore, 

we can get different linearized models of (7-18)-(7-24) for the system in 

Figure 7.8 for each operating point. 

7.4.3 Small-Signal Simulation and Stability Analysis 

The linearized model (7-18)-(7-24) was simulated for small-signal transients 

against a nonlinear benchmark model simulated in SABER. The details of the 

SABER model of the system in Figure 7.8 are given in Appendix D. 10. The 

example system parameters are given in Table 7.2. For example, Figure 7.10 

shows the DC-link voltage VCH and VC' 2 response of the system of Figure 7.8 

to a step change of P«! 
ealCPL, D/ from 10 to 11 kW at t=0.8s. with fixed 

PidealCPL, D2 equal to 5 kW. 

527 
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PIdGall 

=10 k' 
525 

Z 524 

523 - 

522 

521 

520 -' 0.78 

528.5 

528 

5275 
LL 
U 

527 

526 5 

Figure 7.10: Response of V(-y: j and V(y: to a step change of Pi(Ie�«pL, o/ from 10 

to 11 kW (fixed PIth(, l("rf., D2=5kW). A comparison of the SABER benchmark 

model with the dq linearized model 

According to the results given in Figure 7.10, a good agreement between both 

models is achieved under small-signal simulation. 

172 

0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 

0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 
Time (sec. ) 



Chapter 7: The Mathematical Model of Generalized Aircraft Power Systems for Stability 
Studies 

For stability analysis, the linearized model is used with the eigenvalue 

theorem. The eigenvalue can be calculated from the Jacobian matrix A(x(,, uo) 

in (7-19). 

Pld. 
aICPL. D1 
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PldeaICPL. 
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Figure 7.11: Dominant eigenvalue plot for varying Pj(lea/CPL, D/ 
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Figure 7.12: Step tresponse for operating point (Pide�lCpL, oi) variations 
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The eigenvalues for the system with parameters in Table 7.2 were analyzed for 

the case when the P;, /ea/CPL, DI varies from 0-30 kW at the constant P�teaICPL, D2=5 

kW. The dominant root locus is shown in Figure 7.11. This figure shows that 

the system becomes unstable when the Pj(lerr/CPL., Dj exceeds 25 kW for the 

studied case. Figure 7.12 shows the SABER time-domain simulations that 

support the theoretical prediction with the instability occurring at PilealCPL, D/ of 

26 M. This is greater than the 25 kW predicted for an unstable condition. 

In this section, two diode rectifier units are paralleled and both are connected 

to the HVAC bus as shown in Figure 7.8. Hence, it is very interesting to study 

the effect of a paralleled load on the system stability. Figure 7.13 shows the 

stable and unstable region for variations in Pj(IcalCpc. o2 with other parameters 

fixed as given in Table 7.2. The theoretical predictions of Figure 7.13 are also 

compared with the SABER benchmark model simulation as shown in Figure 

7.14. 
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Figure 7.14: Verification of theoretical predictions for P;, /(. a/CPL. D2 variations 

The top graph in Figure 7.14 shows the changing P; 
(jeaICI'L, oi. The graphs 

below the top graph in Figure 7.14 show the DC-link voltage Vß, 1: 1 and VVj: 2 

responses for different P; 
1Ic ,, ('pL. n2. The results show that the proposed model 

can predict the instability point with high accuracy. Note that the theoretical 

results cannot predict the instability point under the discontinuous conduction 

mode (DCM). This is because the dq model is derived under the assumption 

that the diode rectifier is operated under the continuous conduction mode 

(CCM). 
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7.5 A Realistic Aircraft Power System 

The example power system in this section is the more realistic aircraft power 

system as shown in Figure 7.15. The power system is based on an AC 

distribution power system from the MOET project [9] as mentioned in Chapter 

1. The ideal voltage source is used to represent the SG-GCU, the ideal CPL 

P; deaICPL. DI may represent the DC/DC converter feeding other DC loads by 

assuming the infinitely fast controller action, the dynamic CPL P<<,.,, ('pL, DJ 

represents the actuator drive system for DC environmental control, and 

Pd3,, c, 'L,, '/ represents the actuator drive system for ailerons, rudders, flaps, 

spoilers, and elevators. The example parameters are given in Table 7.3 and 

Table 7.4. 

HVAC Bus 

u Lu 

8: 11,1 

I %'M 

ins º, C�n . tk, 

DC Envimnmcnul Camrol 
Gen Bias 

V,, m H. w ý., a It, LvYý P WdlYLOI 

Othcr DC loads 

., 
T Shod B.,, Hot Bus, BAT 

AC ESS Bus Py. r, "c. r, 

tinV, 

I"WM 

Ailerons, Rudders, Flaps, 
Spoilers, Elcsatoro 

Figure 7.15: The real aircraft power system 

7.5.1 Forming the Linearized Model from the Generalized Model 

The linearized model of the system in Figure 7.15 can be determined from the 

generalized model (7-1)-(7-9) by setting: 

" t, =1 (as there is a transmission linel between Gen bus and HVAC bus) 

-j= I (single diode rectifier units) 

"e=1 (single ideal CPLs connected to the diode rectifier) 

"n=1 (single actuator drives connected to the diode rectifier) 

"t, =1 (there is a transmission line2 between HVAC bus and AC ESS bus) 
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"k=1 (single controlled PWM rectifier) 

"g=O (no ideal CPL connected to a controlled PWM rectifier) 

"a=1 (single actuator drive connected to a controlled PWM rectifier) 

"b=1 (single RL load) 

Table 7.3: The parameters for the real aircraft power system of Figure 7.15 

Parameter Value Description 

VS 230 Vrn 
phasc phase source voltage 

w 2nx400 rad/s source frequency 

Req/ 0.1 S2 transmission line resistance 

Leal 24 µH transmission line inductance 

C(1 2 nF transmission line capacitance 

RTRUI 0.1 S1 transmission line resistance for rectifier unit 
LTRUI 50 µH transmission line inductance for rectifier unit 
CTRU] 2 nF transmission line capacitance for rectifier unit 

rLFI on dc link inductor resistance 

LFI 2 mH dc link inductance 

rcFI 0 S2 ESR, 

CFI 500 µF dc link capacitance 

RL, 10 D resistive load for wing de-icing 

LLI 0.1 mH inductive load for wing de-icing 

Req2 0.1 tZ transmission line resistance 

Leq2 24 µH transmission line inductance 

Ceq2 2 nF transmission line capacitance 

Ron/ 0.1 f2 ac filter inductor resistance for PWM rectifier 

Lcon/ 100 µH ac filter inductance for PWM rectifier 

CF, 
conl 500 pF dc link capacitance for PWM rectifier 

cF, con1 
600 V dc link voltage command input 

I9 0A current command input 

PidealCPL, a1 30 kW ideal CPL connected to diode rectifier unit 

WnPl, voltagePWM 
40 Hz 

(K0.11, K1 19.42) 

natural frequency of voltage loop for PWM 

rectifier 

wnPI, 
currentPWM 500 Hz 

(K, =Kpq=0.4, 

Kid=Kiq 986.96) 

natural frequency of current loop for PWM 

rectifier 
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Table 7.4: The parameters of actuator drive systems of Figure 7.15 

Parameter Value Description 

Actuator drive 10 kW rated (Pdy�cpL, D, ) 

wrDI 
" 

1000 rpm speed reference 
TLDJ, 

rated 100 Nm rated load torque 

Rsm, Dl 0.6 0 stator resistance 

Lsm, Di 80.3 mH stator leakage inductance 

Rr, DI 0.258 S2 rotor resistance 

Lr, DJ 83.26 mH rotor leakage inductance 

Lm, DI 80.3 mH magnetizing inductance 

PDI 4 poles number of poles in the machine 

Jm, DI 0.8 kgm moment of inertia 

Isdm, DI 22.41 A d-axis current for rated flux 

ZFD 0.01 sec. filtering time constant 

wnD1, speed 
20 Hz natural frequency of speed loop 

(Kpo 30.89, Kic, 2426.3) 

(nDl, current 200 Hz natural frequency of current loop 

(KPD 11.09, K119182.3) 

Actuator drive 20 kW rated (P, �crc, P, ) 

wrPJ' 975 rpm speed reference 

TLPJ, 
rated 

190 Nm rated load torque 

Rsm, pj 0.6 ) stator resistance 

L��, pj 30.39 mH stator leakage inductance 

R,, p, 0.159 S2 rotor resistance 

L,, pl 30.39 mH rotor leakage inductance 

L, 
�, pj 29.03 mH magnetizing inductance 

Pp1 6 poles number of poles in the machine 

J. 
' PI 0.281 kgm2 moment of inertia 

Isdm, Pl 34.115 A d-axis current for rated flux 

rF, P1 0.02 sec. filtering time constant 

WnPI, 
speed 

20 Hz 

(Kp. 13.27, K1 1042.33) 

natural frequency of speed loop 

(nPI, 
current 

200 Hz 

(Kpi=4.75, KI; =4199.14) 

natural frequency of current loop 
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According to the above setting, the linearized model can be then given in the 

matrix form of 32 state-variables, 8 inputs, and 2 outputs as specified in (7-1)- 

(7-9): 

Is 00 0 0 0 0 

0 HD1 0 0 0 0 0 

00 Im 0 0 0 0 

H= 000 'T 0 0 0 (7-28) 

000 0 Ip 0 0 

000 0 0 Im 0 

000 0 0 0 IL 
32x32 

As ADUI 0 ATU 0 0 ALUI 

ADL1 AD1 A HmDI 
0 0 0 0 

0 AvDl AmD1 0 0 0 0 (7-29) 

Al(%o, Uo)= ATL 0 0 AT APui 0 0 

0 0 0 APL1 AP1 AHmp, 0 

0 0 0 0 Avmp1 Amp1 0 
ALL1 0 0 0 0 0 ALl 

32x32 

Bs 0 0 0 0 

0 BD1 0 0 0 

0 0 BmDl 0 0 
(7-30) 

B1(xo, uo)= 0 0 0 0 0 

0 0 0 Bp1 0 

0 0 0 0 Bmpi 

0 0 0 0 0 
32X8 

C(xo, u0)= 
0 CD 10 0 0 00 (7-31) 
00 0 0 Cpl 00 

2x32 

D(x0, u o) = 
1012x8 (7-32) 

where 
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= [6d, 
eql 

81 
q, egl 

'd 
, eg1'q, eq1 

61d, 
TRU1 45Iq, TRU1 

"d, 
TRU1 

"q, 
TRU1 

SILF1 "CFI 

S-r, 
D1 

Slsgm, 
D1 (Wf, D1 iwsgm, Dl 

Slsgm, 
D1 

öId, 
eg2 

öIq, 
eg2 

bVd, 
eg2 

b7"q, 
eg2 

81d, 
conl 

Slq, 
conl 

SXeconl SXd, 
conl 

5q, 
conl 

''CF, 
con1 

(5rt)r, PI 
81sgm, 

Pl (wf, Pl 
bvsgm, 

P1 
sIsgm, 

P) 

'd, 
L1 

SIq, 
Ll 

IT 

ýs ýCPL, 
D1 

SýrDl 8LDI 8El 
ql 

ýwrPl ýLPI ýT 

83' [SV 
CF1 

"CF, 
conl 

]T 

and 

(7-33) 

A(x0, uo)=H-1Ai(xo, uo), B(xo, uo)=H-1Bi(xo, uo) (7-34) 

Note that B$ in (7-30) is the same as that of Appendix E because there is the 

transmission linel between Gen bus and HVAC bus (t1=1). In this section, the 

dq frame is aligned on the AC ESS bus voltage vector. 

7.5.2 Calculating the Steady-State Equilibrium Value 

The linearized model in (7-28)-(7-34) needs to define VCF0I in AD1, Amur, 

AHmn1, BDI, the set of steady-state values for 10kW IM drive (Vsq, �o, DI) 
Vsdmo, D1, Isdmo, DI, Isgmo, Dl, weo, Dl) and Mgo, D1 in A, D1, 

Ay. Di, AH, 1, the set of 

steady-state values of controlled PWM rectifier (Xe1, Xdol, Xgol, VCFo, eonl, 
Iindol, lingol, Vbusdol, Vbusqol) In Apt, BP1, the set of steady-state values for 20kW 

IM drive (Vsgmo, P1, Vsdmo, PI) Isdmo, Pl, Isgmo, P1, weo, P1) and Mgo, pi in Ampl, Avmpi, 

AHmpl, 9d1 in AD,, and 8S in Bs. 

The sets of steady-state values for 10kW and 20kW IM drives can be 

calculated from the operating point defined from the actuator load speed and 

load torque (wrDlo, Tjlo, CUrPIo, T1, lo) by using (4-28)-(4-30) of Chapter 4. 

These steady-state values are then used to determine P 
nPCL. Di and PdynCPL. PI 
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by (4-27) of Chapter 4. Note that PdynPCL, o! and PdyncpL, P1 are the power 

delivered to the dynamic CPL connected to diode rectifier unit and controlled 

PWM rectifier, respectively. The steady-state power values PdynPCL. DI and 
PdynCPL. 

PI are then used for power flow calculation with Pid,,, 1CPL, o1 to achieve 

the rest steady-state values such as VCFoJ, Odl, es, Vbusdol, Vbusgolý undo), and 

Iingol 

The power flow equation can be used to determine the steady-state value at the 

AC side. The single line power diagram of the power system in Figure 7.15 is 

depicted in Figure 7.16 in which the line capacitors are ignored assuming they 

are very small. 
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Figure 7.16: The single line diagram for steady-state power calculations of 
Figure 7.15 (91 is the reference frame set to zero) 

Figure 7.16 leads to a system of eight nonlinear equations: 
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V2 V3 
CoS(y23 -023)- 

V3 2 

COS(y23)-P3 
Z23 Z23 

- 
(PdeaICPL, 

DI + "dynCPL, 
DI + '1oss, 

DI) 
/3 

2 V2 V3 
sin(723 023) 

- 

V3 
sin(y23) - Q3 -0 

Z23 Z23 

2 V4V5 
COS(Y45 - 

045) -V5 COS(Y45) - 
P5 

- 
(PdynCPL, 

PI) 
/3 

Z45 Z45 

VI y2 
COS(y12 - 

012) + 
y2V 

3 
COS(Y23 + 023) + 

y2V 
4 

COS(y24 + 824 ) 
Z12 Z23 Z24 

v2 
Cos(712) 

+ 
cos(723) 

+ 
cos(Y24) 

+ 
cos(Y26) 

_0 _2 Z12 Z23 Z24 Z26 

Vly2 
Sin(Yl2 -012)+V2V3 Sin(y23 +'023)+ 

y2V4 
sin(Y24 +024) 

Z12 Z23 Z24 

y2 
Sin(Y12) 

+ 
sin(Y23) 

+ 
sin(Y24) 

+ 
sin(Y26) 

_0 _2 Z12 Z23 Z24 Z26 

V1 y2 
COS(yl2 - 

012) + 
v2 V3 

COS(y23 + 023) +V 
2V5 

CoS(y25 + 024 + 045 ) 
Z12 Z23 Z25 

2 COS(Y12) 
+ 

COS(Y23) 
+ 

COS(Y25) 
+ 

COS(Y26) 
y_0 _2 Z12 Z23 Z25 Z26 

(7-35) 

V1 y2 
sin(712 - 

012) + 
y2y3 

sin(r23 + 023) + 
y2V5 

sin(Y25 + 024 + 045 ) 
Z12 Z23 Z25 

v2 
sin(712) 

+ 
sin(Y23) 

+ 
sin(Y25) 

+ 
sin(Y26) 

_0 -2 Z12 z23 z25 z26 

2 

- 

V4 V5 
sin(y45 - 045) + 

V4 
Sin(y45) - Q45 =0 

Z45 Z45 

where 

Z12 = Reqý + 
ýývLe91 

, Yt 2= tan-1 
O)Le9l 

Regl 

Z23 = RTRUI ýýLTRU1ý2'Y23 
= tan-1 

COL TRUI 
RTRUI 

2 -1 
wLe92 

Zea = Reg2 + 
(wLeg2 

Yea =tan Reg2 
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Z45 R2conl + 
(wLconl 2 

745 --": tan -1 
wLconl 

Rconl 

2 ý`Leg2 + Lconl J 
Z25 

- 
(Reg2 + Rconl) 2 

+0) 
(Leq2 

+ Lcon1 
, Y25 = tan-' 

+ Rconl 

Z26 = RLl + (ALI 726 - tan -1 
wLLl 

RLI 

In (7-35), V1, V2, V3, V4, V5 and V6 are the steady state phase voltage (rms) at 

Bus 1,2,3,4,5, and 6, respectively. VI is set to 230 V,,, s and V6 is set to 0 for 

this example system. 012,023,024 and 045 are the phase shift between each bus. 

The active and reactive power (per phase) at Bus 3 (input terminal of diode 

rectifier unit), the active power (per phase) at Bus 5 (input terminal of 

controlled PWM rectifier unit), and the reactive power flow from Bus 4 to Bus 

5, all are given by: 

P3 
- 

(PdealCPL, DI + PdynCPL, DI + Ploss, DI)/ 3 

Q3 -0 (7-36) 
P5 = (PdynCPL, PI )"3 

Q45 =0 

where PdYnCPL, DI and PdynCPLPJ can be calculated from the actuator operating 

points as mentioned before. P; dea«P,, DI is the ideal CPL connected to diode 

rectifier unit. P, oss, D! is the power loss due to rjyl and Q3 is set to zero because 

of the diode rectifier assumption as mentioned in Chapter 2. Q4S is set to zero 

because Iql* of controlled PWM rectifier is set to zero to keep a unity power 

factor at Bus 4. Equation (7-35) can be solved by using a numerical method 

such as Newton Raphson so as to find V2o, V30, V40, V50.012o, 923o, 0240 and 045o 

at the steady state condition (8 unknowns). 

Consequently, VcFOJ for linearized model can then be calculated from V30 by 

using (6-9) of Chapter 6. PEMA in (6-9) is changed to PfaeaICPL, DI+'PdynCPL. DI for 

this case. Mgo, o1 can be calculated from VcFoJ by using (4-32) of Chapter 4. 
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The set of steady-state values of controlled PWM rectifier (XeoI, Xdol, Xgol, 

VCFo, 
conl, 

Iindoh Iingol, VbusdOI, Vbusgol) can be calculated from V4,,, V5o and 045o 

by using (3-14) of Chapter 3. In addition, 6d1i and O for linearized model in 

(7-28)-(7-34) can be determined by: 

9d1 = O43o9es 
- 

0140 

where 

e2o = elo - 012o = -012o 

83o 92o 
- 

023o 

84o 
' 

°2o 
- 

0240 

05o 94o 
- 

0450 

0430 = 04o - 03o 

014o = elo 04o 
` -e4o 

(7-37) 

According to (7-35)-(7-37), the steady-state values changes when the system 

operating point, defined from PfdealCPL. or, PdynCPL. vi, and PdyncpL. PI, changes. 

Therefore, we can get different linearized model of (7-28)-(7-34) for the 

system in Figure 7.15 for each operating point. 

7.5.3 Small-Signal Simulation and Stability Analysis 

The linearized model (7-28)-(7-34) was simulated for small-signal transients 

against corresponding 3-phase benchmark circuit model simulated in SABER. 

The details of the SABER model for the system in Figure 7.15 are given in 

Appendix D. 11. The example system parameters are given in Table 7.3 and 

Table 7.4. For example, Figure 7.17 shows the DC-link voltage responses of 

VcFI and VcF;, 
o, 7l 

in the system of Figure 7.15 to a step change in Tug from 30 

to 50 Nm at t--1.6s. and other parameters are fixed as shown in Table 7.3 and 

Table 7.4. Similarly, the DC-link voltage responses to a step change of Pideal. D1 

from 25 to 30 kW and TLpl from 30 to 50 Nm are also depicted in Figure 7.18 

and Figure 7.19, respectively. It can be seen that there is good agreement 
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between SABER benchmark model and 32"d order dq linearized model is 

achieved under small-signal simulation. 
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Figure 7.17: Responses of VcF/ and VCFCO, J to a step change of T1 from 30 to 
50 Nm. A comparison of the SABER benchmark model with the dq linearized 

model 

>I 

)IV 

500 

11 

_ 
PWWCPL. 

9t _ ... 
i 

PawCý Dt 
= 25 M 

30 WW 
490 - 

180 

170 _ _ 8snelrneuk rtiodel 
- DO Af1s! ºIZed motlel 

. 
55 1.6 

601 

600.5 

600 

599.5 

599 

cQA S 

1.65 1.7 1.75 1.8 

ýý x. 55 1.6 1.65 1.7 1.75 1.8 

Time (sec. ) 

Figure 7.18: Responses of VcFJ and VcF, 
0nI to a step change of P, deal, DI (ideal 

CPL fed through diode rectifier unit) from 25 to 30 kW. A comparison of the 
SABER benchmark model with the dq linearized model 
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Figure 7.19: Responses of VCFI and VcF;, o� j to a step change of TLpJ from 30 to 
50 Nm. A comparison of the SABER benchmark model with the dq linearized 

model 

For the stability analysis, the linearized model is used with the eigenvalue 

theorem. The eigenvalues can be calculated from the Jacobian matrix A(xo, uo) 

in (7-29). The eigenvalues for the system with parameters in Table 7.3 and 

Table 7.4 were analyzed for the case when the load torque of TLDI (10 kW IM 

drive) varies from 0 to 150 Nm with the other constant system inputs as shown 

in Table 7.3 and Table 7.4 ( co rDI=1000 rpm, PideaID/=30 kW, TLpJ=190 Nm, 

ao*rP1=975 rpm, VVc1, o�j=600V, and I*qj=0A). This variation corresponds to 

the steady-state value of Pdy�CPL, D1 varying from 0.45 to 17.20 kW. The 

dominant root locus is shown in Figure 7.20. This figure shows that the system 

becomes unstable when the power Pdy CPL. DI exceeds 10.7 kW (TLDJ=94 Nm, 

(v*rD1=1000 rpm) for the studied case. Figure 7.21 shows the SABER time- 

domain benchmark simulations that support the theoretical prediction with the 

instability occurring at Pay�cpL, DJ of 10.8 kW. This is greater than the 10.7 kW 

predicted for an unstable condition. 
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Figure 7.20: Dominant eigenvalue plot for varying PdynCPL. nr 
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For the real aircraft power system as shown in Figure 7.15, Pjdea/CPL, DJ is 

paralleled with Pdy�cPL, DJ and both are connected to a DC bus fed through a 

diode rectifier unit. It is interesting to analyse the stability when the operating 

point of both loads varies. This is to understand the effect of load variations on 

the stability margin. 
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Figure 7.22: Instability power for Pidea, CPL, oi variations 
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Figure 7.23: Verification of analytical results for PidealCPL D] variations 
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Figure 7.22 shows that when the P; dealCPL. DJ (ideal CPL fed through diode 

rectifier) increases, the system becomes less stable. For example, the PdyncPL, oi 

(dynamic CPL fed by the diode rectifier) should not exceed 10.7 kW at 

PidealCPL, Dl=30 kW, but is stable if PjdealCPL, D] is less than 30 kW. The 

theoretical predictions are supported by the SABER benchmark simulation 

shown in Figure 7.23. 

Figure 7.24 shows that varying Pdy�cPL, PI affects the value of the parallel 

power feed PdynCPL, oi at which system instability occurs. For example, Figure 

7.24 shows that, at PdyncPL, PJ = 21.42kW, the value of PdynCPL, DI at which 

instability occurs is seen to be 10.7kW. However when Pdy�cpL, P1 is increased 

to 59.48kW, the value of PdY CPL, D] at which instability occurs reduced to 

8.9kW. The explanation can be given as follows: when Pdy�cPL. ni is increased, 

the voltage drop in transmission line between Gen and HVAC buses is 

increased. This results in the reduction of diode rectifier DC-link voltage. 

Increase in the voltage drop reduces PdynCPL, DI at which instability occurs. For 

this reason, we cannot analyse the individual converter systems independently. 

An analysis of the total system must be undertaken. 
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Figure 7.24: Instability power for Pdy�cPL, PJ variations 
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The theoretical predictions of Figure 7.24 are supported by the SABER 

benchmark simulation shown in Figure 7.25. 
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Figure 7.25: Verification of analytical results for Pdy,, cpL. Pi variations 

7.6 Chapter Summary 

This chapter deals with the modelling and stability of a more generalized 

aircraft power system based on a AC distribution power system. The model is 

derived from the dq modelling method. The generalized model allows for 

representation in an algorithmic way of realistic architectures with a 

multiplicity of actuators, aircraft loads, bus geometries and wild frequency in 

the system. A previously reported method, the state space averaging (SSA) 

modelling method and the average value modelling approach, are not easily 

applicable. The generalized model based on dq modelling approach is 

illustrated by three example power systems including a realistic aircraft power 

system. The results show that the linearized model of the system can be easily 

constructed from the generalized model. The SABER time-domain 

simulations are used to support the results from the theoretical stability 

190 



Chapter 7: The Mathematical Model of Generalized Aircraft Power Systems for Stability 

Studies 

predictions. The proposed model can predict instability due to possible 

variations in the operating points and system parameters. Therefore, the 

generalized model in this chapter is very powerful and flexible for the analysis 

of the multi-converter systems. It is shown that analysing individual power 

converter systems independently will yield incorrect results. 
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Chapter 8 

Conclusion and Discussion 

8.1 Conclusion and Discussion 

The thesis presents the development of effective models capable of 

representing the electrical power system dynamic behaviour for stability 

studies. The dq modelling method is applied to derive individual power system 

component models. The proposed model can be used to predict the instability 

point for variations in operating points and/or system parameters. Agreement 

between the theoretical estimation, simulation, and experimental results for a 

simple system are achieved that ranges from acceptable to very good. Finally, 

the subsystem models described in the thesis can be used to constitute the 

corresponding generalized power system model as a powerful and flexible 

stability analysis tool. The element models can be interconnected in an 

algorithmic way according to the architecture selected. The generalized model 

is also applied to a more complex and realistic aircraft power system with 

simulation validations for thorough investigations of aircraft power system 

stability. The conclusions and further discussions as well as proposals for 

future work are given in this chapter. 

Chapter 2 investigated the modelling and stability analysis of AC-DC power 

system with a six-pulse diode rectifier and also shows how the model of six- 

pulse diode rectifier can be used to represent the twelve-pulse autotransformer 

rectifier unit. The results from Chapter 2 show that dq, SSA, and average- 

value modelling approaches can provide equivalent circuits of a power system 

to create a mathematical model for stability study. However, the average-value 

model is not easily applicable for the complex power systems with the 
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multiplicity of actuators, aircraft loads, and bus geometries. Hence, the dq 

modelling approach was selected for modelling the aircraft power systems in 

this research. The application of the dq modelling method for stability analysis 

of the system consisting of CPLs has not been reported in previous 

publications. For stability studies, the eigenvalue theorem was used in this 

research. This is because when the impedance method is used, it is difficult to 

derive the source and load impedances for complex AC systems having 

parallel power converter connections. In addition, the dq modelling approach 

with the eigenvalue theorem was used to analyse the stability for variations in 

system parameters. The results show that increasing system frequency, 

reducing value of DC link inductance, and increasing the value of DC link 

capacitor can extend the power level at which instability occurs. The SABER 

time-domain simulation was used to validate the theoretical instability 

predictions. 

Chapter 3 exploits the advantages of dq modelling approach. This method was 

used to model the power system with an ideal CPL fed through a controlled 

PWM rectifier. Since the controlled PWM rectifier uses dq structures, the dq 

modelling method was straightforward and appropriate. Stability analysis used 

the eigenvalue approach. The dq model of a controlled PWM rectifier for 

stability studies has not been reported in previous publications. The 

mathematical model is derived, validated and used to predict the unstable 

operation of the power system under certain CPL levels and parameters 

variations. The results show that increasing the bandwidth of voltage loop 

control reduces system stability, while the other parameters are not significant 

in terms of their impact on stability. 

Chapter 4 investigated the stability analysis of the power system taking into 

account the dynamics of controlled electromechanical actuators (EMAs). 

These EMAs have been previously represented as an ideal CPL in Chapter 2 

and 3 without dynamic behaviour. The dq modelling approach with the 

eigenvalue theorem was used to analyse the stability. The results show that the 
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effect of CPL dynamics was significant. The CPL dynamics (in terms of speed 

bandwidth and DC-link voltage measurement filter) can increase the stable 

power range compared with the ideal CPL. Although neglecting the CPL 

dynamics may be beneficial from the viewpoint of power system availability, 

it may result in a very non-optimal design solutions that would impact on 

overall mass and dimension. The CPL dynamic effects depend on the EMA 

parameters. The results show that reducing the bandwidth of the DC-link 

voltage filter (for some cases) and decreasing the EMA speed control natural 

frequency can extend the power levels for stable operation. To achieve an 

accurate model of a power system, the dynamic model of the EMA behaving 

as a non-ideal CPL cannot be ignored. The SABER time-domain simulation 

was used to support the theoretical stability results. Good agreement between 

both models was achieved. The dynamic model for the power system with PM 

machine (instead of IM) including the internal resistance of a DC-link 

capacitor was also considered. Stability analysis using this model was 

described in Chapter 5 with experimental results. 

In Chapter 5, the experimental results have been undertaken and compared 

with theoretical predictions. The power system used for experiment consists of 

a reasonably ideal voltage source, three-phase transmission lines, a six-pulse 

diode rectifier, a DC-link filter (including the internal resistance of DC-link 

capacitor, re), and a SMPM machine drive having non-ideal CPL dynamics. 

The mathematical model was derived by using the dq modelling approach. In 

addition, the simulation results were also used to support the theoretical 

results. According to the results, agreement between the mathematical model, 

simulation, and experimental results were achieved that ranges from 

acceptable to very good. This confirms that the dq modelling approach can 

obtain stability results with good accuracy. After this the dq models were 

applied to more complex power systems in Chapter 6 and 7. The predicted 

results from the model for the complex system were supported by the SABER 

time-domain simulation. 
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Chapter 6 investigated the stability analysis of a power system taking into 

account the dynamics of the synchronous generator with a generator control 

unit (SG-GCU) and the dynamics of the electromechanical actuators (EMAs). 

The dynamics of SG-GCU have been previously represented as an ideal 

voltage source without dynamic behaviour in Chapter 2-5. The dq modelling 

method with the eigenvalue theorem was used to analyse the stability. The 

results show that the effect of CPL dynamics was significant, while the effect 

of SG-GCU dynamics was small. In addition, this chapter also describes the 

stability analysis for parameter variations of different operational regimes. The 

results show that the effect of the natural frequency of the voltage loop in the 

GCU was small in terms of stability. As a result, the dynamics of SG-GCU 

can be neglected for stability analysis of a more complex power system as 

described in Chapter 7, to simplify the mathematical model. Moreover, as 

described in Chapter 3, if the controlled PWM rectifier is analysed, the vector- 

control is in terms of the reference frame aligned to the AC bus voltage vector. 

Due to the dq frame being aligned on this AC bus voltage vector, it is very 

difficult to analyse the power system including both the SG-GCU and the 

controlled PWM rectifier. This is because the parameters of the generator 

model become time-varying parameters (depending on the rotor position), 

when the dq frame of the model is not aligned to the rotor axis. In this chapter 

it was shown that the dynamics of SG-GCU has negligible effects on stability. 

Therefore, these dynamics were neglected for analysing more complex power 

systems in Chapter 7 in which an ideal voltage source represents the SG-GCU. 

Chapter 7 introduced the modelling and stability of the generalized aircraft 

power system based on a AC distribution power system from the MOET 

project. The model was derived from the dq modelling method. The 

generalized model allows for representation in an algorithmic way of real 

architectures with a multiplicity of actuators, aircraft loads, bus geometries 

and wild frequency in the system. A previously reported method, the state 

space averaging (SSA) modelling method and the average value modelling 

approach, are not easily applicable. The generalized model based on dq 
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modelling approach was illustrated by three example power systems including 

a more realistic aircraft power system. The results show that the linearized 

model of the system can be easily constructed from the generalized model. 

The SABER time-domain simulations are used to support the results from the 

theoretical stability predictions. The proposed model can predict instability 

due to possible variations in the operating points and system parameters. 

Therefore, the generalized model in this chapter is very powerful and flexible 

for the analysis of the multi-converter system. It can provide more accurate 

results than that of analysing only individual power converter systems. The 

results show that we cannot analyse the individual converter system separately 

for these aircraft power systems that include a multiplicity of actuators, 

aircraft loads and bus geometries. 

8.2 Future Works 

The possible future works that can be developed from the work of the thesis 

are listed below: 

" The dq modelling method can be applied to model the power system 

consisting of a matrix converter (AC/AC converter). The dq model can then be 

used to analyse the system stability. This is because the matrix converters with 

their controls behave as a constant power load causing the negative impedance 

instability into the power system. 

" The generalized aircraft power system presented in the thesis is very 

powerful and flexible for stability studies. It is very interesting if the stability 

results of more complex power systems of Chapter 7 can be validated 

experimentally. Moreover, the generalized model based on dq modelling 

method can be used to implement a stability analysis tool via a graphical user 

interface to make the system usable to a general engineer. 
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" The small-signal stability analysis is used in the thesis through the linearized 

model using the first order terms of Taylor expansion. The main assumption 

for small-signal stability study is that the operating point of aircraft power 

system is not changed rapidly for normal operating modes. However, it is very 

interesting to apply the large-signal stability analysis using nonlinear 

approaches instead of the eigenvalue theorem. The large-signal models are 

already provided from the dq modelling method. These models can be used 

with a large-signal stability analysis for the aircraft power system. 

" Development of the dq modelling method to model the other power system 

architecture. This system consists of a synchronous generator (SG) and 

generator control unit (GCU) to control the voltage at the DC bus instead of 

the generator feeder bus. 

8.3 Publications 

The research given in the thesis has resulted in 3 conference papers 

[32], [33], [34], two papers submitted to IEEE transaction on Aerospace and 

Electronic System, and we are currently drafting more journal and conference 

papers from the work of the thesis. 
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Appendix A 

Transformation Conventions 

A. 1 Transformation Conventions 

A three phase quantities can be transformed into a two axis frame (dq frame) 

rotating at an instantaneous speed (w). This is called dq transformation. The 

dq transformation equation is given by [84]: 

L 
dqJ=T[wt][fabcl 

(A-1) 

where f may be a voltage, current, or flux of a machine and the dq 

transformation matrix is defined as: 

cos(wt) cos(wt - 
23) 

cos(wt + 
23 

) 
T[wt) =K (A-2) 

- sin(o)t) - sin(a t- 
23) 

- sin(wt + 
23 

) 

K is a constant coefficient depending on the type of transformation 

conventions. K is equal to 2/3 for peak conventions [84]. The vector diagram 

of dq transformation is shown in Figure A. 1. 
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b-axis 

'c-axis 

d-axis 

o=wr 
w= o is a-ax 

Figure A. 1: The vector diagram of dq transformation 

Similarly, a two axis frame (dq frame) can be transformed into a three phase 

frame called an inverse dq transformation. An inverse dq transformation is 

given by: 

[Jabc]=T-1[COt][fdq] 

where the inverse dq transformation matrix is defined as: 

cos(wt) 

T-1 [wt] = cos(wt - 
23 

21r 
cos(wt -3) 

- sin(wt) 

- sin(avt - 
23 

) 

- sin(mt + 
23 

) 

(A-3) 

(A-4) 
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Appendix B 

DQ Transformations of Line Elements 

B. 1 Series RL Circuit 

R L 
V. vor 

Vbs Vb, 

VC'S Vcr 

Figure B. 1: The three-phase RL lines 

Considering the three-phase RL lines as shown in Figure B. 1, the three-phase 

voltage drop equations are given by: 

AV= Vs -Vr =RI+Ld i (B-1) 

where 

A Va Vas Var to 

AV =L Vb , VS = Vbs , Vr = Vbr 
, and i= ib 

OVc 

-VCS 
Vcr tc 

Taking the dq transformation of (A-3) and (A-4) into (B-1), the voltage drop 

of phase a in dq frame is given by: 

AV,, =A Vd COs(O)t) -A Vq sin(wt) (-2) 

Similarly, the iQ in terms of the dq currents is given by: 
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is = id COS(Wt) - iq sin(wt) (B-3) 

Considering only phase a and taking (B-3) into (B-1), the voltage drop 

equation of phase a in terms of dq currents is given by: 

Z Va = Rid - wLiy +t id 
J 

cos(wt) - Riq + o)Lid +d iqlsin(wt) (B-4) 
) 

Equating the coefficients of cos(cot) and sin(cot) between (B-2) and (B-4) to 

yield the voltage drop in dq frame: 

d 
AVd = Rid - r)Li4 +t id J (B-5) 

AVq = 
(Riq 

+ wLid +d iq 

According to (B-5), the dq equivalent circuit of the three-phase lines as shown 

in Figure B. 1 is depicted in Figure B. 2. 

R wLi9 L 

Id 

Vd3 Vdr 

R oLid L 

Iq 
0, 

Vqs Vqr 

Figure B. 2: The equivalent circuit of line series RL in dq frame 
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B. 2 Shunt Capacitances 

1ica 

va� 

Figure B. 3: Three-phase shunt capacitances 

Considering the three-phase shunt capacitances as shown in Figure B. 3, the 

three-phase capacitor currents are given by: 

is =Cd v 

where 

tca Van 

1c = icb 
, and V= Vbn 

icc Vcn 

(B-6) 

Taking the dq transformation of (A-3) and (A-4) into (B-6), the capacitor 

current of phase a in terms of dq voltage is given by: 

lca -C dt 
Van =I- »CVq +C ýt Vd ICOS(Wt) - JJ (B-7) 

(ýcvd +Cd Vq 
)sin(ot) 

and we know that the ica in terms of dq currents is: 

lea = icd COS(WOt) - lcq sin(cot) (B-8) 

202 



Appendix B: DQ Transformations of Line Elements 

Equating the coefficients of cos(cot) and sin(cot) between (B-7) and (B-8) to 

yield the capacitor current in dq frame: 

'cd =(-0CVq+CdtVd) 
(B-9) 

icq =+ o)CVd +Ct Vq 
d 

According to (B-5), the dq equivalent circuit of the three-phase shunt 

capacitances as shown in Figure B. 3 is depicted in Figure B. 4. 

-f 

YJ, 

4 

Vq, 

a)CVq� &) CVO, 

Figure B. 4: The equivalent circuit of shunt capacitances in dq frame 
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Appendix C 

Linearization Approach 

C. 1 Linearization Approach 

Deriving control laws for non-linear systems are difficult. Therefore, a 

linearization method is used to linearize non-linear systems under the 

assumption that the system is going to be controlled about a steady state 

operating point such that any travel away from the operating point will be 

small [70]. Hence, only small changes about the steady state or equilibrium 

state point may be considered. Normally, the Taylor Series expansion 

[70], [71] is used to linearize the non-linear system. The Taylor Series 

expansion off(x) around the point xo is given by: 

f(x) =f (xo) + 
x=xo 

(x-xo)+ 
1 2f 

(x-x0)2 +... 
dx 

x=xo 

(C-1) 

This can be written as: 

f (x) =f (xo) + (x - x,, ) + high order terms 
x=xo 

(C-2) 

According to (C-2), the first order terms of the Taylor expansions is used to 

linearize the non-linear systems around the operating point x0. 

Consider the ih equation of state x; for some general function f, ": 
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Xi - 
Ai (Xt, X2,.... Xn, Ui, U2,..., Um) (C-3) 

If we consider only small changes about the equilibrium point, we can define 

the delta states and delta inputs as: 

&J. =x. - -x0 (for 1Sj5n) 

ýuý = uý - u03 (for 1: 5 j5 m) 
(C-4) 

Taking the first order terms of Taylor expansions with (C-4) into (C-3), the 

linearized equation off around the equilibrium point xo is given by: 

xo+8x 
t= 

fi(xo +Sx, uo +äu) 

- fi (X, U. ) + ök 
,i 

o-x 1 xo, uo 

+&2 i 
-+-... 

OX 2 xo, uo 
(C-5) 

1 xo, uo 

Setting that the equilibrium points are given by x1o, x2o,..., x�o, Ulo, u2o, ..., umo, 

therefore 

Xio -. fi xIo, x2o,..., Xno, ulo, u2o,..., umo/ =0 Vi E 
11,2,..., 

n} (C-6) 

According to (C-6), the linearization off about the equilibrium point in (C-5) 

becomes: 

afi afi afi aft afi afi 

. (aX1 ÖX2 0 02 OUm 

öX= Öx + Ül (C-7) *n afn Ofn afn afn afn 

(ýX1 ÖX2 5n 0uI 
2 

... am 
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or 

15 x= A(xo, u0)öx+B(xo, uo)&u (C-8) 

where x,, and uo are the equilibrium points satisfying (C-6). Knowing x,, and 

u0, matrixes A(xo, uo) and B(xo, uo) called Jacobian matrix are then derived to 

form (C-8) which represents a linear set of differential equations for small 

motions about the equilibrium point. Similarly, the output equation can be 

linearized using the first order term of Taylor Series expansions. This can be 

written as: 

S9 =C(xo, uo)öx+D(xo, uo)tSi (C-9) 

In this research, the (C-8) and (C-9) are used for the small signal simulation 

and stability analysis. 
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Appendix D 

The SABER Benchmark Models 

D. 1 The Benchmark Model for the System of Figure 2.2 

2�H 

Figure D. 1: The Benchmark Model for the System of Figure 2.2 

The ideal CPL block of Figure D. 1 refers to (2-9). The elements inside ideal 

CPL block are shown in Figure D. 2. 

P_CPL 

Figure D. 2: The details of the ideal CPL block 
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D. 2 The Benchmark Model for the System of Figure 2.32 

S 
o., Ohm ao uH ATRU 

2OkVA 4 mH 

'a ýý + 500 uF 
ao_ 

S+ ý 
, me9 P 

-CPL 

Figure D. 3: The Benchmark Model for the System of Figure 2.32 

The details inside ATRU block of Figure D. 3 are shown in Figure D. 4. 

Ideal 
CPL 

V. 
7 

P, DC_n 

AvcýVbSv 

Inter-Phase 
T 

ml 
Reactor 

f pC n 4,3 
L 

VC 

Vb 
16 

1 

rL% 

Figure D. 4: The details inside ATRU block 

The details inside the blocks of Inter-Phase Reactor and ATRU1 of Figure D. 4 

are shown in Figure D. 5 and Figure D. 6, respectively. 
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xma 

P2 Po 

m2 

Figure D. 5: Inter-Phase Reactor block 

Muluel Indudances 

es aa-: -, nt , : -CFW , ate , 
wee *te r vac. -n- ser 

sew ýe .. , ý. - mar n 4l-" 
-4er 

e: .er. eP ova 

V. 3 V. 5 Vb3 Vb5 Vc3 Vc5 

alp ' alp bip ' "-b2p ctp 
- 

c2p 

475869 

V. 

Vb 

Vc 

Figure D. 6: ATRUI block 

D. 3 The Benchmark Model for the System of Figure 3.2 

CPL 

Figure D. 7: The Benchmark Model for the System of Figure 3.2 
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The details inside the controlled PWM rectifier block of Figure D. 7 consist of 

the power converter and controllers as depicted in Figure D. 8. 

Power ve1, M1, vt1 

E 

IG 

The power converter block of Figure D. 8 uses the non-switching model to 

represent the six switches as IGBTs. This model is constructed from the 

voltage and current port equations as a function of the control signals MA etc 

which may be switched signals or PWM modulating waves. These equations 

are: 

(D-1) Ira Vb vc l- 
EZc [Ma Mb Mc l 

I=Ia 
+1 

+I 
Mb +1 

+1 
Mc +1 

(D-2) dc -a262c2 

The details of the power converter block of Figure D. 8 are depicted in Figure 

D. 9. 
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Note that the power converter non-switching model provides the fundamental 

signals the same as those simulated from the switching model. 

D. 4 The Benchmark Model for the System of Figure 4.1 

Vdc 

Vdc 

Figure D. 10: The Benchmark Model for the System of Figure 4.1 

The power converter of Figure D. 10 is the same as one of Figure D. 9. 
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Figure D. 9: The details of the power converter block 
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D. 5 The Benchmark Model for the System of Figure 4.6 

0.01 ohm. 2 mH 

The details inside the IM drive block of Figure D. 11 are the elements in Figure 

D. 10. 

D. 6 The Benchmark Model for the Damping Test of Figure 5.6 

Figure D. 12: The Benchmark Model for the Damping Test of Figure 5.6 
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D. 7 The Benchmark Model for the System of Figure 5.1 

The details inside the PM machine drive block of Figure D. 13 are the same 

structure as that of Figure D. 10 (PM is used instead of IM). As mentioned in 

Chapter 5, for PM machine drive, the Isom d-axis command current is set to 

zero for full flux operation. 

D. 8 The Benchmark Model for the System of Figure 6.1 

2. H 

The details inside the IM drive block of Figure D. 14 are the elements in Figure 

D. 10. The details inside AVR block of Figure D. 14 are shown in Figure D. 15. 
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Figure D. 13: The Benchmark Model for the System of Figure 5.1 

Figure D. 14: The Benchmark Model for the System of Figure 6.1 
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'VI 

D. 9 The Benchmark Model for the System of Figure 7.2 

Figure D. 16: The Benchmark Model for the System of Figure 7.2 
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Figure D. 15: AVR block 
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D. 10 The Benchmark Model for the System of Figure 7.8 

:- 

Figure D. 17: The Benchmark Model for the System of Figure 7.8 

D. 11 The Benchmark Model for the System of Figure 7.15 

:r 
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Figure D. 18: The Benchmark Model for the System of Figure 7.15 
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Appendix E 

The Details of the Element Matrices of 

the Generalized Model 

E. 1 The Details of the Element Matrices of the Generalized 

Model 

The details of the element matrices inside the matrices H, AI(xo, uo) , 

B1(xo, uo), C(xo, uo), and D(xo, uo)are given below: 

1, =I441'm=I55ý'T =I449 1º=I6.61'L='Z, 2 9 

1 0 0 0 0 0 

0 1 o 0 0 0 

H- 
0 0 1 0 0 0 

(x -1,2....., 1) , °: 0 0 0 1 0 0 

0 0 0 0 1 r, ". c L,, 

0 0 0 0 0 1 
6.6 

R, 
q, 

t0 
L1 Leg1 

-w 
Rey- 

01 

Al_ 
1 

Legt Lýy1 

00m 
C., 1 

01 -w 0 
Cam, 

0010 
000000 LrRU, 

000000 000 

nu. _ A 
1 

-C00000 
C. 1 

(x =1,2,..., f) , ADIJ = 
Lrpu. 

0000 ýx =1,2,..., 1) 

0-10000 
0000 

Cri 0000 
4x6 

0000 
!. 4 
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003 
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