m The Uniyersitg of
A | Nottingham

UNITED KINGDOM - CHINA - MALAYSIA

Thompson, Alice B. (2012) Surface-tension-driven
coalescence. PhD thesis, University of Nottingham.

Access from the University of Nottingham repository:
http://eprints.nottingham.ac.uk/12522/1/Alice_Thompson.pdf

Copyright and reuse:

The Nottingham ePrints service makes this work by researchers of the University of
Nottingham available open access under the following conditions.

This article is made available under the University of Nottingham End User licence and may
be reused according to the conditions of the licence. For more details see:
http://eprints.nottingham.ac.uk/end_user_agreement.pdf

A note on versions:

The version presented here may differ from the published version or from the version of
record. If you wish to cite this item you are advised to consult the publisher’s version. Please
see the repository url above for details on accessing the published version and note that
access may require a subscription.

For more information, please contact eprints@nottingham.ac.uk



mailto:eprints@nottingham.ac.uk

Surface-tension-driven
coalescence

Alice B. Thompson

Thesis submitted to the University of Nottingham
for the degree of Doctor of Philosophy

January 2012



Abstract

When fluid droplets coalesce, the flow is initially controlled by a balance between surface
tension and viscosity. For low viscosity fluids such as water, the viscous lengthscale is
quickly reached, yielding a new balance between surface tension and inertia. Numerical
and asymptotic calculations have shown that there is no simply connected solution for
the coalescence of inviscid fluid drops surrounded by a void, as large amplitude capillary
waves cause the free surface to pinch off. We analyse in detail a linearised version of this
free boundary problem.

For zero density surrounding fluid, we find asymptotic solutions to the leading order
linear problem for small and large contact point displacement. In both cases, this requires
the solution of a mixed type boundary value problem via complex variable methods. For
the large displacement solution, we match this to a WKB analysis for capillary waves
away from the contact point. The composite solution shows that the interface position
becomes self intersecting for sufficiently large contact point displacement.

We identity a distinguished density ratio for which flows in the coalescing drops and
surrounding fluid are equally important in determining the interface shape. We find a
large displacement solution to the leading order two-fluid problem with a multiple-scales
analysis, using a spectral method to solve the leading order periodic oscillator problem
for capillary waves. This is matched to a single-parameter inner problem, which we
solve numerically to obtain the correct boundary conditions for the secularity equations.
We find that the composite solution for the two-fluid problem is simply connected for
arbitrarily large contact-point displacement, and so zero density surrounding fluid is a

singular limit.
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Chapter 1

Introduction

1.1 Coalescence

Coalescence and pinch-oft problems represent a class of fluid flows where separate bodies
of fluid merge or split. At the moment of coalescence, the bodies touch only at a single
point. In the earliest stages of coalescence, surface tension forces due to the highly curved
meniscus between the two bodies are balanced by viscosity. However, for low viscosity
fluids, viscous forces soon become negligible compared to the inertia of this rapid recoiling
flow, and so examining the surface tension driven coalescence of an inviscid fluid has
physical relevance. Near the contact point, the far field geometry is perceived as a wedge
or cone, and the flow can be self similar.

Experiments and time dependent simulations of the coalescence of fluid droplets show
qualitatively different behaviour depending on the density and viscosity ratios between
the fluid drop and any surrounding fluid. In particular, there is no simply connected time
dependent solution for the inviscid coalescence of drops surrounded by a vacuum, in
contrast to the converse configuration where two bubbles coalesce surrounded by a much
denser fluid, for which the solution is simply connected.

In agreement with the non-existence of simply connected time dependent solutions
for inviscid coalescence, it can be shown that no self similar solutions exist for dense
drops surrounded by a vacuum, though they do exist for bubbles merging. However,
for an intermediate density ratio, as perhaps for water drops coalescing surrounded by
air, the surrounding fluid may prevent the excited capillary waves from self intersecting
or pinching off, so that a valid similarity solution and corresponding time dependent

solution may be obtained.
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The two main problems investigated in this thesis consider self similar solutions to
recoil of ‘very fat’ two dimensional fluid wedges, which allows certain approximations
to be made to the self similar equations. Under the contact angle conditions imposed in
these two problems, the flow domain for the coalescing fluid can be approximated by a
half plane, with an effectively one dimensional flow driven in the slender gap between
the coalescing drops. These two simplifications make the flow analysis significantly more
tractable, and we derive various asymptotic solutions to the resulting system, for the case
of ‘large’ and ‘small’ free surface displacement within appropriate limits. The two problems
considered correspond to recoil of an inviscid fluid surrounded by a vacuum, and by a
low density fluid. For these linearised problems, we find that zero density surrounding

fluid is a singular limit.

1.2 Literature review

Coalescence and pinch oft problems have been the subject of investigation in some form
since the 19* century [Thomson and Newall, 1885]. As well as their intrinsic mathematical
appeal, such processes have important applications to multiphase flow, microfluidics,
printing processes, control of emulsions, sintering and even the size distribution of
raindrops [Aarts et al., 2005].

The coalescence of two spherical drops into a single drop of the same total volume
reduces the total surface energy of the system, and so should be energetically favourable.
However, drops can sometimes spend considerable time in near contact before coalescence
is initiated [Yao et al., 2005], even for periods of up to several hours. The phenomenon of
non-coalescence is a field of study in its own right. For the purposes of this discussion,
we will assume that coalescence has already been initiated by the formation of a meniscus
between the two droplets. Possible mechanisms for the formation of such a meniscus
include molecular forces, surface diffusion, and intrinsic dynamic roughness.

Once a neck or meniscus has formed between the bodies, the evolution of the interface
shape and flow within the drops is determined by viscous, inertial and surface tension

forces. At very early times, the dominant balance is always between viscosity and surface
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Figure 1.1: Coalescence of two identical spherical fluid drops. The drops both have viscosity u,
density p; = p and initial radius R. The external fluid has viscosity u/k and density
p1. A meniscus forms between the drops of radius r,,,(¢) and width A(#). After Eggers
et al. [1999].

tension. The Reynolds number of the flow can be estimated as
Re= 1, (L)

where y is the coefficient of surface tension, p is the fluid density and v = pu/p is the
kinematic viscosity of the fluid. The flow velocity is proportional to the capillary speed,
and the flow lengthscale is based on the meniscus radius r,, () (figure 1.1). Thus regardless
of the physical properties of the fluid, the Reynolds number will be small during the
earliest stages of coalescence. The first regime after initial meniscus formation is therefore
Stokes flow, and the meniscus radius r,, is proportional to t. However, once the radius of
the meniscus reaches the viscous lengthscale, given by

2
I, = % (12)

then Re = O(1) and inertia can no longer be neglected. For low viscosity fluids with
strong surface tension, the viscous lengthscale can be much smaller than typical drop
sizes, with [, ~ 10~ m for water. If r,,, is much greater than the viscous lengthscale, the
Reynolds number is very large, and so inertia dominates viscosity in resisting the recoil
of the drop. We therefore find that inviscid surface tension driven coalescence is relevant
to the later stages of water droplet coalescence.

The subsequent sections of this literature review describe a variety of analytical, ex-
perimental and numerical investigations of droplet coalescence, for viscous and inviscid
fluid, with an emphasis on how results for the interface shape and speed vary with the

density and viscosity ratios between the drop and surrounding fluid.
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In section 1.2.1, we summarise theoretical and numerical results for the coalescence of
spherical droplets, for flows with surface tension and viscosity only [Hopper, 1990, Eggers
et al., 1999] and for flows with surface tension and inertia only [Duchemin et al., 2003].
We discuss experimental observations of coalescence in section 1.2.2.

If the meniscus radius r,, is much smaller than the drop radius R, the interface shape
is related to that for a recoiling semi infinite fluid wedge due to a sudden change of
wedge angle (figure 1.7). This recoiling wedge has no imposed lengthscales, and on
dimensional grounds, solutions must be self similar for flows with surface tension and
viscosity only [Miksis and Vanden-Broeck, 1999], and for flows with surface tension and
inertia only [Keller and Miksis, 1983]. In section 1.2.3, we discuss numerical and analytical
investigations of the self similar equations for inviscid wedge recoil, for wedge angles
appropriate for the coalescence of droplets and bubbles. In section 1.2.4, we discuss self
similar and time dependent solutions for the surface tension driven recoil of a wedge of
viscous fluid.

Self similar flow in wedge and cone based geometries also has applications to the
pinch-oft of fluid droplets, which we discuss in section 1.2.5, and as an inviscid model of

contact line motion, which we discuss in section 1.2.6.

1.2.1 Theoretical analysis of coalescence

Hopper [1990] used complex variable techniques to obtain an exact solution for the zero
Reynolds number coalescence of cylinders, for viscous drops with an inviscid or absent
surrounding fluid. The exact solution shows that the interface evolves smoothly away
from its singular initial condition, with no accumulation of fluid at the meniscus or waves
on the free surface. A selection of interface positions for this solution are shown in figure
1.2(a). The meniscus radius for this solution is O(tlog t) for early times.

Eggers et al. [1999] conducted a numerical and asymptotic investigation of the time
dependent evolution of spherical drops coalescing in Stokes flow, in the presence of a
surrounding fluid with comparable viscosity. In their analysis, molecular forces were
assumed to be responsible for the formation of a meniscus between the drops, which
was taken as an initial condition. The initial focus of their study was the coalescence of

three-dimensional spheres, but they showed that the meniscus width A is much smaller
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(a) Exact result from Hopper [1990] for zero vis-(b) Numerical result from Eggers et al. for equal
cosity surrounding fluid. viscosity surrounding fluid.

Figure 1.2: From Eggers et al. [1999]. Interface shapes for coalescence of two cylinders in Stokes
flow. For both plots, interface profiles are shown for r,, = 107,107%°,1072, 107,
Note the different scales in the x and y directions.

than the meniscus radius r,,, so that the two-dimensional curvature is much larger than
that arising from the rotational symmetry of the surface, and hence coalescence of spheres
and cylinders are equivalent at leading order.

The numerical solutions were concentrated on the case where the two fluids have equal
dynamic viscosity, as in this case the boundary integral equation is significantly simpler.
Numerically calculated interface positions for the equal viscosity case are shown in figure
1.2(b). Their analysis showed that for this two-fluid problem, the capillary pressure at the
meniscus is insufficient to force the surrounding fluid out of the narrow gap between the
drops, so that a widening bubble accumulates at the meniscus, connected to the exterior
fluid by a long neck region, shown here in figure 1.3.

Eggers et al. used scaling methods to examine the structure of this bubble and neck
region. They argued that near the meniscus, the interfaces of the two drops are nearly
parallel. The leading order force at the meniscus is surface tension on each interface
pulling radially outwards, forming a ring force with constant nondimensional strength
‘2 applied at a radius r,, and spread over a distance A. The leading order velocity field is
then obtained by integrating over the force distribution. The integral is dominated by the

region A <« [x — x/| < r,,, and hence

) 1 A
u(ry,) =r,(t)e = —Elog (—) e,. (1.3)
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gw)
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T

2r,

Figure 1.3: From Eggers et al. [1999]. A sketch of the structure of the local solution close to the
meniscus, which resembles a bubble connected to a thin neck. The radius of the bubble
is r, and the minimum radius of the neck is r,,. The distance from the origin to the
front of the bubble is r,,, which is not drawn to scale here.

If the lengthscale A is known, then this equation can be integrated to give the meniscus
radius r,,(¢).

If a finite proportion of the fluid initially occupying the slender gap between the
spherical drops is accumulated at the meniscus as the meniscus moves outwards, we can
determine the toroidal bubble height A as a function of r,,. The area of the viscous fluid
contained between the two spheres in r < r,, is O(r3,). Eggers et al. proposed that a finite
proportion of this fluid forms a bubble of radius r;, as shown in figure 1.3; by considering
the area of this bubble they found that r, = O(rfn/z). The bubble has approximately

constant pressure, and gives an annulus height A ~ r, = O(rf,{z). For sufficiently small

time, Eggers et al. found from (1.3) that
1

t) ~——tl1 t—0. 1.4

rm(1) 4ﬂt ogt as 0 (1.4)

The system is non-dimensionalised on the viscosity and radius of the drop, with capillary
speeds calculated from the two-fluid surface tension. The surrounding fluid has viscosity
ulk.

The leading order result (1.4) is independent of the viscosity ratio k, provided that k
is finite. This is because the force is transmitted by the spherical drops, rather than the
thin layer of surrounding fluid. However, in the case k = oo, where surrounding fluid is

inviscid, Hopper’s solution gives
1
rm(t) ~——tlogt as t—0. (1.5)
m

This meniscus velocity is four times faster than that predicted by Eggers et al. [1999] if a
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viscous outer fluid is present. Comparing (1.5) to (1.3), we note that the meniscus width
A should scale as O(r3,), which is much smaller than both the gap width w = O(r?,) and
the width r, = O(rf,{z) of the toroidal bubble, which forms only when the surrounding
fluid is viscous.

It is important to note that the ring-force scaling analysis only predicts the leading
order meniscus position (1.4). It does not predict the coefficient of the O(t) term, which is
expected to vary with the viscosity ratio. To date, no experimental studies have observed
logarithmic behaviour for small time.

When the radius of the meniscus has grown beyond the viscous lengthscale given by
(1.2), a new balance occurs between surface tension and inertia, with viscous forces now
negligible. We assume that the initial velocity profile for the inviscid regime is irrotational,

so we now solve for a velocity potential, with u = V¢. The Bernoulli equation then gives
1 YK
+ =|vel? = L=, 1.6
¢ 2| ¢ P (16)

By assuming that velocities are of order r,,/t, and that the height of the meniscus is

proportional to the original gap height w = 72, /R, Eggers et al. [1999] proposed

1/4
r(t) oc (ﬁ) £, 17)
p

as the scaling for meniscus evolution determined by surface tension and inertia.

Duchemin et al. [2003] investigated the inviscid coalescence problem for spherical
drops surrounded by a vacuum. Starting from an imposed initial meniscus shape, their
numerical solutions show that capillary waves are excited on the free surface. The ampli-
tude of the capillary waves grows with time, until they take up the width of the meniscus
and pinch off. Thus there is no simply connected solution for inviscid coalescence of
spheres with a zero density external fluid.

In order to allow the numerical solutions of Duchemin et al. to proceed beyond
the pinch off of the toroidal bubble, the bubble was extracted from the profile, and the
simulation restarted with initial conditions given by the interface position at pinch oft
and zero velocity everywhere. The numerical solutions show that the velocity field quickly
resumes its value from before the pinch off. The time dependent solution consists of a

sequence of collapses of the interface, with the contact point moving a short distance
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Figure 1.4: From Duchemin et al. [2003]. A sequence of successive entrapment of voids during the
coalescence for an initial liquid bridge radius of r,,, = 0.008. After every reconnection,
the void is extracted from the profile and a new computation begins, with a null initial
velocity field.

outwards between each event. A sequence of pinching events is shown in figure 1.4. By
averaging over these pinching events, they recovered the scaling (1.7) and determined the

prefactor numerically to be 1.62.

1.2.2 Experimental Results

Experimental studies of droplet coalescence must contend with a number of difficulties.
The most obvious is that the coalescence process is typically very fast, and has interesting
features on a very small scale. The development of cameras with high frame-rate has
enabled more detailed study of early-time phenomena for low viscosity fluids (Anilkumar
et al. [1991], Menchaca-Rocha et al. [2001], Biance et al. [2004], Wu et al. [2004], Yao
et al. [2005], Thoroddsen et al. [2005], Aarts et al. [2005] and Thoroddsen et al. [2007]).
Another approach was taken by Aarts et al. [2005] and Yao et al. [2005], who used high
viscosity silicon oil, or polymer-colloid mixtures with ultralow surface tension, in order

to significantly increase the viscous lengthscale given by

2
I, = %. (1.8)

As a result, Aarts et al. and Yao et al. were able to obtain viscous lengthscales of up to a
few centimetres, in contrast to 10 nm for water.

Theoretical analyses of coalescence problems typically assume droplets are initially
spherical, at rest, and free from the influence of gravity. However, each of these as-
sumptions poses difficulties for the experimental setup. A common experimental setup
(Menchaca-Rocha et al. [2001], Yao et al. [2005], Biance et al. [2004]) uses planar surfaces
to hold almost-spherical drops or spherical caps in place. Another surface or a second

drop can then be slowly manoeuvred into position.
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In order to make valid comparisons with the various scaling laws for small time, it
is important to accurately identify the time at which coalescence begins. The simplest
method is to fit images of the bridge radius to some assumed profile, and extrapolate
backwards to identify the ‘moment’ of coalescence. An alternative approach was taken by
Menchaca-Rocha et al. [2001] who investigated coalescence of drops of mercury, gently
pushed together on a planar surface. A small current was passed through the pushing
devices, so that the initiation of coalescence completed a low-current circuit. The current
then triggered the photographic sequence. One of the disadvantages of using mercury
is that, like water, the viscous lengthscale [, is very small, and so the viscous-dominated
stages of coalescence are too quick and too small to resolve well. However, Menchaca-
Rocha et al. [2001] were able to obtain useful images of the coalescence process on the scale
of the drop, shown in figure 1.5. These show considerable deformations from spherical
shapes.

For low viscosity fluids, experimental results for drop coalescence (Menchaca-Rocha
et al. [2001], Wu et al. [2004], Aarts et al. [2005]) agree with the t'/? scalings for meniscus
radius predicted by the inviscid coalescence analysis of Duchemin et al. [2003], which

found

1/4
o (YTR“) Vi (19)

By averaging over a sequence of pinching events, Duchemin et al. found that the pretf-
actor for this relationship should be 1.62. The experimental investigations found lower
prefactors, in the range 1.0-1.2, with some variation for different fluids. The coalescence
experiments did not show the free surface pinching off, although capillary waves were
observed on the free surface. Thoroddsen et al. [2005] investigated the coalescence of
bubbles. Their analysis was consistent with the scaling relationship (1.9) for r/R, < 0.45;
they calculated a prefactor of 1.39 which is higher than those observed experimentally
for coalescing drops.

Experimental observations of coalescence in the viscous-dominated regime [Aarts
et al., 2005, Yao et al., 2005] typically involve high viscosity, low surface tension fluids.
These studies do find support for the scaling

t, (1.10)

Tm ~
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Figure 1.5: From Menchaca-Rocha et al. [2001]. Experimentally observed surface shape evolution
of two 1.0-g mercury drops, using the apparatus shown on the left. In the photographs,
time runs from left to right, and from top to bottom. The time lapsed between images
is At = 3.5 ms. The sequence stops near the maximum horizontal stretching.

with prefactors of 0.55 for silicon oil and 0.3-0.4 for various colloid-polymer mixtures.
The experimental investigations have not found evidence of the logarithmic behaviour
predicted by the calculations of Hopper [1990] and Eggers et al. [1999] and so the experi-
mentally calculated prefactors cannot be directly compared to the theoretical predictions.

The inviscid drop coalescence simulations of Duchemin et al. [2003] predict repeated
pinch off processes, leading to the formation of zero-density toroidal bubbles. Toroidal
bubbles have not yet been observed in the droplet coalescence. However, isolated bubbles
of the surrounding fluid have been observed in some experiments, such as the investiga-
tions by Aarts and Lekkerkerker [2008] of coalescence in colloid-polymer mixtures with

ultralow surface tension.

1.2.3 Similarity solutions for inviscid coalescence

Self similar scalings for flows with surface tension and inertia alone were first identi-
fied by Keller and Miksis [1983]. They considered surface tension driven flow in an
initially stationary semi infinite wedge of fluid, so that there are no geometrically imposed
lengthscales. At time ¢ = 0 the boundary conditions at the tip of the wedge are altered
discontinuously and the fluid is released from rest. The only dimensional quantities in the
problem are the fluid density p, coefficient of surface tension y and time since release t.
On dimensional grounds, only one lengthscale can be constructed from these quantities,

giving a self similar solution where all lengths are proportional to
1/3
Linyiscia = (Z) t2/3- (111)
P
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Figure 1.6: The wedge geometries proposed by Keller and Miksis [1983]. (a) Inviscid fluid with
density p; initially lies at rest within a wedge of semi-angle & and fluid of density p;
lies outside this wedge. When ¢ > 0 the interface is allowed to recoil under the action
of surface tension. The flow is symmetric about the x-axis and the tip of the interface is
perpendicular to the x-axis. This configuration describes the merging and splitting of
fluid wedges. (b) Inviscid fluid occupies the region y > 0, with a rigid wall along y = 0.
Initially the two fluids are at rest, with fluid 1 filling a wedge of angle «. When t = 0
the contact angle at the tip of the wedge is suddenly changed to 3. This configuration
corresponds to an inviscid model of contact line motion, discussed in section 1.2.6.

Miksis and Vanden-Broeck [1999] considered Stokes flow in an initially wedge shaped
domain. Here inertia is negligible and the lengthscale must be constructed from the
dynamic viscosity ¢ and coefficient of surface tension p. It is again necessary to make use

of time since release f in order to construct a lengthscale, which is given by

Lstokes = = t. (112)

==

The similarity solutions implied by (1.11) and (1.12) simplify the corresponding free
boundary problems significantly by removing the time dependence. The problem must
be solved in self similar variables at one instant only and then the solution is known for
all time.

Keller and Miksis [1983] suggested two applications for self similar flow in wedges
and cones. The first is to fluid pinch off or coalescence. At the moment of pinch off or
coalescence, two fluid bodies are in contact only at a single point. Sufficiently near this
contact point, the flow is independent of the drop-size geometry, with the macroscale con-
tributing only angles to the flow near the contact point. Just after pinch off or coalescence,
the flow interfaces must avoid cusps or other curvature singularities. Instead, the contact
angles become S = /2, as shown in figure 1.6(a). This is consistent with photographic
studies of drop pinch oft by Peregrine et al. [1990], which show that just before pinch off,
the local shape of the drop resembles a cone. A sequence of photographs of drop pinch

11
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Figure 1.7: Symmetric recoil has Ae = 77/2, with the limit € — 0 being the coalescence of spherical
drops. In chapters 3 and 4 we consider solutions for 1 << A << €”! so that the domain
for fluid 2 can be approximated by a half plane. Throughout this thesis we refer to this
configuration, in which fluid 1 surrounds drops of fluid 2 which coalesce.

off is shown here in figure 1.10. Similarly, flow from initially wedge-shaped conditions is
relevant to the breaking apart of sheets of fluid.

The second proposed application is as an inviscid model of contact line motion,
illustrated in figure 1.6(b), with the axis of symmetry shown by the dash-dotted line in
figure 1.6(b) becoming a rigid wall. A wedge of fluid is initially in contact with the rigid
wall, with the wedge angle equal to the contact angle, and the system in equilibrium. A
second inviscid fluid, or a void, occupies the complementary region between the first
fluid and the wall. When time ¢ = 0, the contact angle at the tip of the wedge is suddenly
changed and the fluid recoils. For this moving contact line problem, the initial wedge
angle a and the subsequent contact angle 5 may lie anywhere in the range (0, ).

The coalescence of spherical drops corresponds to a restricted range of initial wedge
angle. As sketched in figure 1.7, we find that the appropriate angles for recoil due to
coalescence of spherical drops are a = €, 8 = 7/2, with the fluid in the drop (fluid 2)
occupying the fat wedge with initial angle ¢, and the surrounding fluid (fluid 1) initially
occupying the complementary wedge with angle €. The limit e — 0 corresponds to moving
towards the initial rupture location, with ¢ = O(r,,/R). The evolution of fluid bodies

towards and after pinch off involve a different selection of wedge angles, and conical

12
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(a) From Billingham [2006]. Self similar recoil of a slender wedge of inviscid fluid. The initial wedge angle is € = 2°,
and f3 = 90°. The solid line shows the numerical solution to the free-boundary problem. The dashed line shows the
asymptotic solution for flow inside a slender wedge for € << 1 and Ae = O(1).

(c) From Billingham and King [2005]. Self similar recoil of inviscid fluid outside a slender void, with = 90° and
a = 2.87°. There is no solution for « < 2.87° for flow outside a slender wedge.

Figure 1.8: Interface positions for inviscid recoil inside and outside a slender wedge.

curvature can become significant.

For general angles « and f3, Keller & Miksis showed that the two-dimensional system
for the recoil of a fluid wedge could be written as a nonlinear integro-differential equation
involving only properties of the free surface. This integral equation system is then discre-
tised and solved numerically. Keller and Miksis noted the presence of capillary waves on
the interface; they use a linearised analysis to calculate these waves, and showed that the
waves decay in amplitude and grow in frequency as they propagate away from the contact
point. Capillary waves have been observed experimentally for coalescence and pinch-oft
problems. They are predicted by inviscid surface tension driven models, but do not arise
in Stokes flow [Miksis and Vanden-Broeck, 1999].

One of the first analytical investigations of the system posed by Keller & Miksis came

from Lawrie [1990], who solved the linearised system that arises when |a — 8| < 1. The
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Figure 1.9: From Billingham and King [2005]. Interface position for self similar inviscid flow
outside a slender void for a range of a > 5°, f = 7/2. As « decreases, the capillary wave
amplitude increases, and at a« = 2.87°, the two sides of the interface make contact.

domain of solution here is a wedge of angle &, and an analytic solution is available by
means of Mellin transforms (see also Lawrie and King [1994]). As is common using
such methods, the resulting solution was explicit only for rational wedge angles of the
form a = pm/2q where p and g have no common factors and p is odd. However, the
linearisation assumption fails near the contact point, and so other approximations must
be used; Lawrie assumed that the free surface takes the shape of a circular arc in this
region.

King [1991] considered the recoil of a slender fluid wedge due to a small change in
contact angle, and showed that in contrast to Lawrie’s analysis, the leading order system

is nonlinear. He examined the case where a = ¢, f = Ae and A = O(1) as ¢ — 0 so that
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the fluid always occupies a slender domain. He showed that as € - 0, the flow near the
wedge tip is predominantly unidirectional, and was able to reduce the system to a pair of
coupled nonlinear ODEs for the velocity potential along the free surface and the linearised
interface displacement. At larger distances, the wedge is no longer narrow, and so there is
a weakly two dimensional flow in the far field. Another difference with Lawrie’s analysis
is that King’s equations allow the contact point to move freely along the rigid wall.

Billingham [2006] extended the analysis of King’s nonlinear ODE system by using
Kuzmak’s method to find an asymptotic solution for 1 << A << e~!. The solution takes the
form of a rapid oscillation with slowly varying amplitude and phase. Kuzmak’s method is a
version of the method of multiple scales which allows for the capillary wave period to vary
with amplitude. Billingham derived and solved equations for the leading order periodic
oscillator and secularity equations for the slow variation of oscillator parameters. The
nonlinear periodic oscillator equations for this analysis have an exact solution in terms of
elliptic integrals. The secularity equations can then be written in terms of complete elliptic
integrals, and the boundary value problem for the secularity equation system solved
numerically to obtain the correct solution. This asymptotic solution is simply connected
for A - oo, although the derivation of the ODE system requires 1 << A <« e~!. This
asymptotic calculation forms the basis for the two-fluid asymptotic solution discussed
here in chapter 4.

Billingham also considered the recoil of a slender wedge for O(1) contact angles. He
found valid solutions for all A, e with Ae < 90° and obtained an asymptotic solution for
€ — 0. The asymptotic solution again consists of a sequence of modulated oscillations;
however the underlying nonlinear oscillator becomes a nonlinear free boundary problem
which has an exact solution. The numerical solution for § = /2 is shown in figure 1.8(a)
for € = 2° and resembles a sequence of circular ‘beads’ connected by narrow necks. Decent
and King [2008] considered the related problem of recoil of a slender cone of inviscid
fluid for 8 = /2, which is an inviscid model of the retraction of the ‘liquid bridge’ just
after drop pinch off (figure 1.10). The asymptotic solution found by Decent and King also
resembles a string of spherical beads connected by thin neck regions, which are matched
to the original cone shape in the far field.

Keller et al. [2000, 2002] discussed various configurations of the inviscid self similar
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problem in relation to breaking and merging of fluid bodies, and coalescence with solid
surfaces. They found numerical solutions to the nonlinear free boundary problem and
explored the relationship between contact-point displacement and the angles governing
the problem. They showed that for the coalescence of fat two-dimensional fluid wedges,
the free surface pinches off once the wedge semi-angle reaches 87.5°.

Motivated by the prediction by Keller et al. [2002] of a self-intersecting free surface,
Billingham and King [2005] calculated interface positions for self similar inviscid flow
outside a slender wedge, with a = ¢, § = 7/2 and p; = 0 in figure 1.6(b). Some typical
interface positions calculated by Billingham and King [2005] are shown in figure 1.9. We
note that the problems considered by Billingham and King and by Keller et al. [2002]
are not completely equivalent; the flow analysed by Keller et al. has two distinct free
surfaces, while that examined by Billingham and King has only one. The significance of
the reflected interface diminishes as the contact point position x. increases. We further
discuss the relationship between these two problems in chapter 5.

Billingham and King showed that for inviscid recoil outside a single slender wedge,
there is no solution for € < 2.87°, as the amplitude of the capillary waves causes the
interface to self-intersect (figures 1.8(a), 1.8(b)). The shape taken by the interface for small
€ resembles the interface obtained by Duchemin et al. [2003] for successive reconnections,
shown here in figure 1.4. For an external fluid with non-zero density, mass conservation
is violated for self similar solutions if the interface pinches off. However, Billingham
and King showed that the presence of an external fluid with non-zero density slightly
decreases the range of € for which a solution exists, as the narrowing interface drives a fast
flow towards the contact point in the slender wedge which sucks the sides of the interface

together.

1.2.4 Viscous flow in wedges

Self similar solutions are also available for viscous coalescence [Miksis and Vanden-
Broeck, 1999]. In this case the lengthscales grow as O(t). Miksis and Vanden-Broeck
found suitable solutions for coalescence with finite density ratio between drops and
surrounding fluid, but could not obtain a self similar solution for the coalescence of

bubbles surrounded by a viscous fluid. Billingham [2005] investigated the recoil of an
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isolated fluid wedge in more detail, and showed that the solution is not self similar, but
consists of an inner region with a balance between viscosity and surface tension, and an
outer region where viscosity and inertia balance, and surface tension is negligible. This
non-self similar solution has wedge tip position O(tlog ), which is consistent with the
time dependent analyses from Hopper [1990] and Eggers et al. [1999], in contrast to the
self similar Stokes flow solutions which by construction have r,,, = O(t).

Billingham [1999] considered the recoil of fat wedges and cones under the action of
surface tension, viscosity and inertia, with wedge angles a = 71/2 — e and 8 = 71/2. If the
fluid is viscous, there is no longer a self similar solution. Billingham showed that viscosity
reduces the initial velocity singularity from O(¢7'/3) to O(log(1/t)). At long times, the
solution tends towards the inviscid similarity solution found by Keller and Miksis so long
as r < t3/4. Beyond this distance viscosity damps the high frequency capillary waves —
this would be expected as capillary wave curvature grows unbounded for the inviscid
solution. Billingham found a very similar asymptotic structure in the case of a recoiling
fat wedge and a recoiling fat cone. However, the surface deformations are much smaller
in the case of the cone, partly due to the geometrical spreading factor, and partly due to

the non-zero curvature of the cone itself.

1.2.5 Pinch-off problems

Self similar flow in wedges and cones also has applications to pinch off problems. Various
experimental studies have shown that the pinch off of a droplet from a dripping tap, for
example, occurs by formation of a thin liquid bridge connected to the main body of the
droplet [Peregrine et al., 1990]. At the moment of pinch off, the liquid bridge and the main
droplet body touch at a single point, and form a double-cone structure, with different
cone angles for the bridge and the drop. The curvature at the tip of each cone is singular,
and so the each fluid cone recoils after pinch off. A sequence of images of a dripping tap
is shown in figure 1.10. This shows the formation and recoil of the liquid bridge.

Using similar arguments to that for coalescence, we find that at times very close to
pinch off, surface tension and viscous forces form the dominant balance. However, further
from the time of pinch-off, whether earlier or later, the inviscid surface tension driven

tlow is useful for flow of low viscosity fluids.
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Figure 1.10: Neck formation and pinch off from a dripping tap. This image sequence is filmed at
850 frames per second, and the width of each image is approximately 8 mm. Photo:
C.G. Johnson.

Day et al. [1998] conducted a numerical analysis which showed that deformed droplets
of inviscid fluid could tend towards a singular double cone structure under the action
of surface tension. Starting from drops shaped like a dumbbell, they calculated the time
dependent evolution of drops under the action of surface tension and inertia. For those
drops which led to finite time singularities, the interface tended towards a self-similar
double-cone shape, with lengths proportional to (t — t*)?/3, where t* is the pinch-off time.
This time dependence is also the self similar scaling for surface tension driven, inviscid
flow.

Day et al. found that the cone angles at pinch-off were largely independent of the
initial configuration of the drop. For the case of a single fluid pinching in a vacuum,
the cone angles tended towards 18.1° and 112.8°. An earlier analysis by Chen and Steen
[1997] showed computationally that an axisymmetric soap-film sleeve tends towards a
double cone structure with angles 12° and 127°. Leppinen and Lister [2003] investigated
the variation of evolution towards pinch-off for different density ratios between the drop
and the surrounding fluid and showed that the cone angles vary with the density ratio. In
all cases, the two cone angles differ, with liquid bridge corresponding to a slender cone,

and the pinching drop corresponding to a much fatter cone. The flow in the slender cone
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can be predominantly one-dimensional, but flow in the fatter cone will have comparable
axial and radial velocities and so requires an analysis in two spatial dimensions. The recoil
of the slender liquid bridge has been examined in more detail by Decent and King [2001,
2008], Schulkes [1994], Keller et al. [1995].

A constant-angle cone has non-zero curvature, and so a static cone of fluid cannot be
in equilibrium, unlike a two-dimensional wedge of fluid. Therefore, self similar solutions
starting from a conical interface must have a non trivial initial velocity. Simulations of
flow towards pinch-off can calculate the far field flow as part of the solution. Solutions for
flow after pinch-oft should take a suitable far field velocity potential as an initial condition.

Sierou and Lister [2004] examined flow after pinch-oft from these double cone shape
structures. They took as initial conditions the cone angles and velocity profiles calculated
by Leppinen and Lister [2003]. The flow is again self similar, with all lengths proportional
to t2/3. They showed that the self similar recoiling interface position depends strongly on
the initial velocity profile. Sierou and Lister found good agreement between recoil of the
narrower cones and the asymptotic solution for slender cones found by Decent and King

[2001].

1.2.6 Moving contact line models

Moving contact lines in viscous flow have long been a contentious issue. At a contact line
between two fluids and a solid, applying the no slip boundary condition along the solid
surface together with the full Navier-Stokes equations implies that an infinite force is
required to move the contact line [Huh and Scriven, 1971]. A number of theories have
been proposed to remove this apparent paradox, but none have been universally accepted.
It is well known that the introduction of viscosity is a singular perturbation, and so an
inviscid model of contact line motion cannot fully describe the motion of the fluid close
to the contact point even for a low viscosity fluid. In justification of our simple inviscid
contact line model, we hope that sufficiently far from the contact line itself that we can
neglect the detail of the flow in the viscous inner region, and so we are interested in a
macroscopic description of contact line motion.

A review of experimental and theoretical results for contact line motion was provided

by Dussan V. [1979], who showed that for a given fluid, the contact angle 6 is a monotonic
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function of the contact line speed U. When the contact line is at rest, the contact angle 0
lies within some interval (0, 64). When the contact angle, as measured within the fluid,
is increased above 84, the contact line advances, and when the contact angle is decreased
below 0, the contact line recedes. Once the contact line is in motion, the contact angle
increases as U increases, but tends towards some finite angle.

For inviscid flow the similarity scaling obtained by Keller and Miksis implies that
all velocities scale as t~1/3, and so the velocity of the contact point is very fast for small
times. We therefore assume that the contact angle immediately adopts the limiting value
appropriate to infinitely fast contact line motion, and remains at this value for all times.

Self similar scalings for surface tension driven inviscid flow can be applied to flows
with a change of contact angle, whether due to coalescence, pinch off, coming into contact
with a solid or a sudden change in surface chemistry. Keller et al. [2000, 2002] showed
that similarity solutions could be found for the coalescence of a wedge of fluid into a
corner, or the coalescence of wedges of fluid along a solid surface. In both cases, the initial
geometry is specified entirely by angles. Billingham and King [1995] and King et al. [1999]
considered the case of a fluid/fluid interface dragged onto a solid plate, thus creating a
contact point where the interface meets the plate. The flow in the far field continues with
its original velocity, giving a further dimensional quantity, and so the solution is not self
similar. They assumed an explicit dependence of the contact angle 6 on the contact point
velocity U. The initial formation of the contact line was found to depend strongly on the
profile of (U ). However, for large times, the contact line moves at the same speed as the

far field flow, so the contact angle becomes constant and a similarity solution is obtained.

1.2.7 Conclusion

The initial force balance for coalescing drops is always between surface tension and
viscosity. However, the Reynolds number grows as the meniscus widens. For low viscosity
fluids such as water, the viscous lengthscale is very small; once the meniscus radius is
beyond this lengthscale, inertial effects become important, and a new balance is formed
between surface tension forces and inertia.

The merging of two cylinders in Stokes flow with no surrounding fluid has been

solved exactly by Hopper [1990]. Eggers et al. [1999] investigated the coalescence of
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cylinders with a viscous surrounding fluid and found that a bubble of the surrounding
fluid accumulates at the meniscus as it moves outwards, although the drops remain simply
connected. These theoretical solutions for viscous coalescence predict that the meniscus
radius r,, = O(tlogt) for early time. Experimental observations of coalescence in the
Stokes flow regime support the scaling r,, = O(t) but have not yet verified the logarithmic
behaviour.

The inviscid surface tension driven coalescence of spheres has been studied numeri-
cally by Duchemin et al. [2003]. They found that there is no simply connected solution
for the coalescence of spheres with zero density surrounding fluid, as large amplitude
capillary waves cause the free surface to pinch off a toroidal bubble. Averaging over a
sequence of pinching events gives a solution with r,, = O(#'/?) which is in accordance
with experimental observations of coalescence of low viscosity fluids, but there is a dis-
crepancy in the prefactor between experimental observations and the calculations of
Duchemin et al.

A related problem to coalescence of spheres is the recoil of fat fluid wedges due to a
sudden change in wedge tip angle. If there are no geometrically imposed lengthscales,
the subsequent fluid flow must be self similar, for flows with surface tension and viscosity
alone [Miksis and Vanden-Broeck, 1999] and for flows with surface tension and inertia
alone [Keller and Miksis, 1983]. Self similar scalings remove the time dependence of the
problem. A number of studies have been made of the viscous and inviscid recoil of wedges
and cones, which are also useful for pinch off problems. For coalescence, Billingham and
King [2005] showed that there is no simply connected self similar solution for inviscid
recoil around a slender void, which is consistent with the collapsing interfaces found in
the time dependent coalescence of spheres studied by Duchemin et al. However, analysis
of the recoil of a slender wedge [King, 1991, Billingham, 2006] suggests that the inviscid
coalescence of bubbles is simply connected.

For two-fluid problems, viscous and inertial effects in the surrounding fluid may have
a significant effect on the coalescence flow, particularly in regions where the free surface

narrows.
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1.3 Thesis outline

The aim of this thesis is to examine the effect of a low density surrounding fluid on the
existence and behaviour of self-similar solutions for inviscid coalescence. In order to
make the analysis more tractable, we make several simplifications to this time-dependent,
nonlinear, free-boundary problem. We consider the coalescence of two-dimensional
fluid wedges, rather than spherical fluid drops, so that the flow becomes self-similar,
thus removing the time dependence. Symmetric coalescence then corresponds to the
coalescence of very fat fluid wedges, with initial wedge angle 7 — ¢, where € <« 1, and
subsequent wedge angle 71/2. We simplify the problem further by considering the recoil
of the system due to a small change in wedge angle, so that the wedge angle changes from
7 — € to m — Ae during coalescence, where A = O(1), as illustrated in figure 1.6(b). In
the limit A = O(1) and € <« 1, the leading order problem is no longer a free-boundary
problem; instead the flow in fluid 1 is described by nonlinear ODEs, while the flow in
fluid 2 is described by a half-plane problem.

Although this leading order problem does not replicate all the nonlinearities of the
tull free-boundary problem, we find that the existence of simply-connected solutions
corresponds to the known results for the nonlinear problem for single fluid problems.
King [1991] and Billingham [2006] have studied the recoil of a slender fluid wedge, which
is applicable to the coalescence of bubbles, and showed that in both the A = O(1) and
Ae = O(1) cases, solutions remain simply connected as ¢ — 0. For the coalescence of
drops, Billingham and King [2005] have shown that there is no simply connected solution
for € << 1 with Ae = O(1), with solutions pinching off at a finite value of € for Ae = 71/2. In
chapter 3, we consider the linearised version of the problem studied by Billingham and
King, for A = O(1) and € <« 1, and show that pinch-off occurs at a finite value of A. This
linearised half-plane problem for coalescence of fluid drops with no surrounding fluid
has not been investigated previously.

In chapter 4, we investigate the behaviour of the two-fluid problem in this linearised
limit. We find that a distinguished limit for ¢ << 1 occurs when p;/p, = O(e), and
the problem is further distinguished when p;/p, = O(Ae). We investigate the solution
behaviour for these density ratios, both numerically and asymptotically, and find evidence

that the solutions remain simply connected as A — oo with Ae <« 1 for both density
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regimes. These novel asymptotic results for two-fluid coalescence give support to the
theory that a low density surrounding fluid may allow self-similar solutions for the fully
nonlinear free-boundary problem to remain simply connected as € — 0 with Ae = 77/2.

Throughout the thesis, we use a variety of numerical, asymptotic and analytical meth-
ods to analyse the half-plane problems, both for single-fluid and two-fluid coalescence.
We now give a more detailed description of the work undertaken.

In chapter 3, we consider the behaviour of the ‘half plane problemy’ for € << 1 when
p1 = 0. We use a boundary integral discretisation to find numerical solutions for the free
surface displacement and velocity potential. We then find an asymptotic solution for large
A, with 1 «< A « e7!. This asymptotic solution takes the form of large amplitude, high
frequency, capillary waves on the free surface, which are matched to an inner region near
the contact point. The equations in this inner region can be reduced to those for a special
case of the ‘dock problem;, which is a classical problem in wave scattering, and its solution,
firstly by the Wiener-Hopf method and secondly by Mellin transforms, is discussed in
chapter 2. The dock problem solution completes the asymptotic solution for large 1. We
also investigate the small displacement limit of the half plane problem, with [A — 1| « 1,
and solve the resulting leading order problem exactly using Mellin transforms.

Both the numerical solution and the asymptotic solution for large A found in chapter 3
show that the amplitude of the capillary waves on the free surface increases as A increases.
In fact we find that for A £ 30, the free surface intersects with the position of the rigid
wall. As the leading order equations are linear, this is mathematically but not physically
valid. This behaviour is analogous to the nonexistence of self similar solutions for § = 7/2
and « < 2.87° when p; = 0 and p, = 1 as found by Billingham and King [2005].

In chapter 4, we consider a two-fluid problem with the same contact angle limits as in
chapter 3. We find that p;/p, = O(¢) is a distinguished limit for ¢ << 1 and A = O(1). The
leading order system now features a linear half plane problem for the velocity potential
in fluid 2 coupled to nonlinear ODEs for the flow in fluid 1. We use a boundary-integral
method to reduce the kinematic equations for fluid 2 to a one-dimensional integral
equation, and combine this with a relaxation method to find numerical solutions to the
two-fluid system. Valid numerical solutions appear to be available for all finite A with

density ratio p;/p, = O(e).
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In the second half of chapter 4, we pursue a large-displacement asymptotic solution
to the two-fluid problem, and find that the strongest coupling between the flows in
the two fluids occurs when p;/p, = O(Ae). For this problem, the governing equations
are nonlinear PDEs, so finding the shape and evolution of the capillary waves on the
free surface, even away from the contact point, requires multiple scales analysis. We
use Kuzmak’s method to find nonlinear, nonlocal, periodic oscillator equations for the
capillary waves, with oscillator parameters determined by secularity equations. As in
the analysis for the large-displacement solution in chapter 3, we find that the solution is
critically controlled by an inner region near the contact point, where free surface capillary
waves are matched to a two-dimensional flow. For this problem we find that the inner
problem is discontinuous, and involves a gradual transition from the periodic capillary
waves along the free surface to a half plane problem near the contact point. The inner
problem does not seem to be amenable to analytical approaches; its numerical solution is
discussed in appendix A.

For the doubly-distinguished density ratio p;/p, = O(Ae), the large-A asymptotic
solution is valid for A - oco. We consider the behaviour of this asymptotic solution
as p1/p2 — 0, and show that this is a singular limit, with the rapid flow in the slender
wedge preventing pinch oft in this linearised problem, subject to the existence of suitable

solutions to the inner problem.
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Chapter 2

The dock problem

In chapter 3, we will study the self-similar, surface-tension-driven recoil of a fat wedge
of fluid, bounded along one side by a rigid wall, and on the other edge by a free surface,
as shown in figure 3.1. The flow recoils due to a sudden change in wedge angle, from
m—€to m— Ae. We consider the behaviour of this system in the limit € <« 1 with
A = O(1), and find that at leading order in ¢, the flow domain for the fluid in the fat
wedge can be approximated by the half-plane y > 0. The rigid wall becomes a no-net-flux
boundary condition on the negative x-axis, while the free-surface gives linear boundary
conditions on the positive x-axis, and so at leading order, we solve a linear half-plane
problem with boundary conditions of mixed type on the x-axis. The equations for this
half-plane problem are given by the system (3.4). We investigate solutions to this system
for different values of A, and find asymptotic solutions for large A, described in section 3.4
and for |A — 1| « 1, described in section 3.5. We find that in both cases, the asymptotic
analysis requires the solution of a two-dimensional problem for the velocity potential,
with boundary conditions of mixed type. For the large-A analysis, this two-dimensional
problem arises in an inner region, in which the equations reduce to a special case of
the dock problem, while for the [A — 1| <« 1 analysis, the leading order problem is a
parameter-free half-plane problem which is solvable using Mellin transforms.

In the first half of this chapter, we use the Wiener-Hopf method to derive the unique
solution for the dock problem that meets the requirements of the large-A problem in
chapter 3. In the second half of this chapter, we rederive this dock problem solution using
Mellin transforms. We do not use the Mellin transform solution found here directly, but

the calculation serves as a useful prototype for the asymptotic calculations for [A — 1| < 1
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in chapter 3.

2.1 Introduction

The dock problem is a classical problem in wave scattering. Gravity-inertia waves of the
form exp(ik-x — wt) along the surface of a body of water occupying the half-space y < 0
are incident on a rigid dock located at y = 0, x < 0. The wave vector k has component
k. perpendicular and k, parallel to the dock edge. The line x = 0, y = 0 represents a
sudden jump between the free-surface boundary conditions on x > 0, y = 0, and rigid
wall boundary conditions on x < 0, y = 0. The problem for a semi-infinite dock has been
solved for k, = 0 by Friedrichs and Lewy [1948] and for k, # 0 by Heins [1956]. A number
of other problems, such as scattering by a finite-length dock, have also been studied.

The inner problem for the large-A analysis in discussed in section 3.4.2. We find
that the equations reduce to those for the dock problem with k, = 0. As the problem
considered in chapter 3 is self-similar, the velocity potential itself, as well as its spatial
derivatives, appears in the Bernoulli equation (3.4b). However, this term does not appear
at leading order in the Bernoulli equation for the inner region; instead we require the
velocity potential to be bounded at the contact point in order to yield a finite contact
angle. The time-dependent dock problem has bounded velocity potential ¢ only once per
cycle, so we can replace the time dependence with a normalisation constraint on ¢; we
find that there is a unique solution to the normalised problem.

In this chapter we derive solutions to this special case of the dock problem using
two complex variable methods: the Wiener-Hopf technique, and Mellin transforms. We
find that the Wiener-Hopf technique gives a solution in terms of integrals of elementary
functions. The Mellin transform method leads to a functional difference equation that
we solve in terms of Barnes double Gamma functions. We must then invert the Mellin

transform solution.

2.2 Problem statement

The dock problem is a half-plane problem, with boundary conditions of mixed type. The
problem has no parameters and all the equations and boundary conditions take simple

forms. Throughout this chapter we will use the configuration shown in figure 2.1, in which
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y
¢(x,y) > 0asx? +y? > o0
except along free surface
V¢ =0iny>0
¢y (x,0) =0 ¢y(x,0) = —¢(x,0)
2
RiGip WALL $(0,0) = 1 LINEARISED FREE SURFACE X

Figure 2.1: Equations and boundary conditions for the dock problem as considered in this chapter.

the fluid occupies the half-plane y > 0.
The fluid is irrotational and incompressible, so we solve for the velocity potential

¢(x, y) where u = V¢, with ¢(x, y) satisfying
Vi¢(x,y)=0 when y2>0. (2.1)

The conditions on the boundary of this half plane take three different forms. We have a

linearised free surface along the half-line y = 0 and x > 0, with the boundary condition
¢y(x,0) = —¢(x,0) when x>0. (2.2)

A rigid wall is placed along the half-line y = 0 and x < 0. Here we enforce no normal flow

through the wall, so that
¢,(x,0) =0 when x<O0. (2.3)

For convenience we also define polar coordinates (r, 8) so that x = rcos @ and y = rsin 6.

On the remaining part of the boundary, we require
¢(r,0) >0 as r— o0 (2.4)
when 6 > 0. We do not apply this condition on the line 0 = 0 because waves of the form
P(x,y) o e™ (2.5)
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satisfy the local boundary condition (2.2) but do not decay with x. Instead we require
that ¢(x,0) be bounded as x - +oo.
So far the system is homogeneous, and ¢(x, y) = 0 is a valid solution. To obtain a

non-trivial solution, we choose to impose the normalisation constraint
$(0,0) =1, (2.6)

which immediately implies a discontinuity in boundary condition at x = y = 0. If there
is a solution of the system that meets the far field boundary conditions and also has
$(0,0) = 0, then we should expect an arbitary multiple of this eigensolution to appear in
the general solution to the system. We seek solutions that are bounded everywhere, so
discard solutions that are singular at the origin.

In this chapter we will use two methods to find an exact solution for ¢(x, y). The first
is based around the Wiener-Hopf technique. Here we take half-range Fourier transforms
with respect to a complex variable k to obtain a Wiener-Hopf equation valid in a strip of
the complex k-plane. We factorise the equation and use analytic continuation to extend
both the Wiener-Hopf equation and its factors to the whole of the complex plane. We
define an entire function out of the half-range transforms and the factors we have found.
We use Liouville’s theorem, together with information about the behaviour of the half-
range transforms for large k, to determine that this entire function is a polynomial (in
this case a constant). We can then recover the half-range transforms and use Fourier
inversion to find ¢(x, ).

We find that the Wiener-Hopf technique requires some modification of our problem
in order to obtain a finite-width strip of analyticity. However, it does eventually provide a
solution to the original problem in terms of integrals of elementary functions and the
amplitude and phase of the wave part ¢(x, y) that propagates along the line 6 = 0 emerges
easily.

The second method makes use of Mellin transforms, which are often used to solve
problems in wedge geometries [Lawrie, 1990]. We convert the problem to polar coordi-
nates and then take Mellin transforms with respect to r. The Mellin transform variable
p is again complex. The Mellin transforms of (2.1) and (2.3) take simple forms, and we
can solve for the 6 dependence of the Mellin transform of ¢ in terms of p. With this

0 dependence known, the remaining condition (2.2) leads to a functional difference
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equation in the complex p-plane. We can solve this functional difference equation in
terms of Gamma functions and Barnes double Gamma functions, up to a multiple of
a periodic function. We use our knowledge of the singularities and far-field behaviour
of the Mellin transform of ¢, together with Liouville’s theorem, to eventually pin this
periodic function down to a constant. We can then use Mellin inversion to find ¢(r, 9).

Although the Mellin transform method needs no modification to work for this prob-
lem, its application suffers from our unfamiliarity with Mellin transforms, functional
difference equations and double Gamma functions. It is relatively easy to find an asymp-
totic expansion for small 7, by summing residues from poles. However, it is more difficult
to understand the behaviour of ¢ for large r as the wave part of ¢(x, y) is hidden inside

the inversion integral.

2.3 Expected behaviour of ¢

Both of the methods we use require some knowledge of the behaviour of ¢ for small and

large r, in order to determine for which k the half-range Fourier transforms

F k)= [Tetgtandn § k)= [ eFopdx @)

exist and are analytic, and for which p the Mellin transform
" (p, ) = /oorp’ld)(r,e)dr (2.8)
0

exists and is analytic. The validity of the Fourier transforms depend on the exponential
behaviour of ¢(x, y), while the Mellin transform is concerned with algebraic behaviour.
We require ¢(0,0) = 1. This forces a discontinuity in ¢, (x,0) at x = 0. For small r,

we want

18_(/5_ -1, 6=0,

——= (2.9)
r a@ O, 6 =,
which is solved by the harmonic function
1
¢(x,y)~1—ngr+y(%—l)+ax (2.10)

where a is an arbitrary constant. We therefore have ¢, (x,0) = O(logr) asr — 0.
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The structure for large r is not forced directly by the boundary conditions. Instead we
look for separable modes that satisfy (2.1), (2.2) and (2.3) while decaying as r - co. In

polar coordinates (2.2) takes the form

$o(r,0) =-r¢p(r,0), 6=0 (2.11)

and so on 6 = 0, ¢ decays more rapidly with r than ¢ does. For the leading order mode,
we have ¢(r,0) = 0, and the largest separable mode that satisfies this, as well as (2.1) and
(2.3), is

¢(r,0) oc r2sin (6/2). (2.12)

Thus we see for large r that ¢(r, 6) = O(r~/2) when 6 > 0 but ¢ = O(r~3/2) when 6 = 0.

As mentioned briefly in section 2.1, we also expect waves of the form
¢ oc e, (2.13)

These are harmonic, so satisfy (2.1) and are solutions to the free surface equation (2.2),
but do not meet the condition on the rigid wall (2.3). We therefore expect these waves
only in x > 0, with the solution near x = 0, y = 0 stitching together the oscillatory and
smooth parts of ¢(x, y).

From this information, we expect that the Mellin transform

o (p, ) = fo T rrg(r, 0)dr (2.14)

will be analytic for 0 < Re p < 1/2 when 0 < 6 < 71, and for 0 < Re p < 3/2 when 6 = 0.
For the problem as stated above, with (2.1), (2.2) and (2.3), there is no complex k for

which both half-range Fourier transforms defined by (2.7) exist when y = 0. In order to

provide a common strip of analyticity with finite width for the Wiener-Hopf method, we

replace (2.1) with
Vip(x,y) = 8*¢(x,y), when y>0, (2.15)

where § is small, positive and real, and consider the limit § — 0. We leave the boundary
conditions as they are. We still expect constant amplitude oscillations along y =0, x > 0
and require ¢(0,0) = 1. However, we now expect ¢(x,0) = O(exp(dx)) as x - —oo.
This gives ¢*(k, y) analytic when Im k > 0 and ¢~ (k, y) analytic when Im k < §. Both
are analytic in the common strip 0 < Im k < . We will use the Wiener-Hopf technique to

find a solution for § > 0 and then consider the limit of this solution as 6 — 0.
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2.4 Wiener-Hopf approach

2.4.1 An outline of the Wiener-Hopf technique

A Wiener-Hopf equation for complex variable k takes the form
A(k)D, (k) + B(k)¥Y_(k) + C(k) =0, for7_<Im(7)<7,. (2.16)

Throughout this chapter we will refer to the real and imaginary parts of k as ¢ and 7
respectively. Here k = o + i7 is a complex variable, for example the Fourier transform
variable. In (2.16), A(k), B(k) and C(k) are known functions of k and are analytic in the
strip of analyticity given by 7_ < 7 < 7,. The functions to be found, @, (k) and ¥_(k) are
known to be analytic for 7 > 7_ and 7 < 7, respectively. We refer to the region 7 > 7_ as
the upper half-plane and the region 7 < 7, as the lower half-plane.

We now divide (2.16) by B(k) to obtain the standard Wiener-Hopf form [Noble, 1958]:

K(k)®. (k) +¥_(k) + C(k)/B(k) = 0 (2.17)

where K(k) = A(k)/B(k) is the multiplicative kernel. We suppose that we can find
functions K, (k) and K_(k) such that K(k) = K, (k)/K_(k) for all k in the strip 7_ < 7 <
7,, with K, (k) analytic for 7 > 7_ and K_(k) analytic for 7 < 7. Then multiplying (2.17)
through by K_(k) gives

K, (k)®, (k) + K_(k)¥_(k)+ C(k)K_(k)/B(k) = 0. (2.18)
Now suppose that we are also able to find functions C, (k) and C_(k), analytic in the
upper and lower half planes respectively, so that the equality

C(k)K_(k)/B(k) = C.(k)+ C_(k) (2.19)
holds for all k in the strip of analyticity, then we can rearrange (2.18) to give
K (k)®.,(k)+ C.(k)=-K_(k)¥_-(k) - C_(k). (2.20)

By construction the left hand side of (2.20) is analytic for 7 > 7_, and the right hand side
is analytic for 7 < 7,. Both sides of (2.20) are equal and analytic across the common strip

7_ < 7 < 7,. We can now define an entire function by

E(k) = K. (k)®,(k)+C,(k), 1>1, (221

-K_(k)¥Y_(k)-C_(k), 7<T,.
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To proceed beyond this stage we need to determine the entire function E(k). Here
Liouville’s theorem and its extension are very useful. K, (k) and C, (k) are functions we
have determined, and we know how they behave as k — oo in their respective half-planes.
We also need to know the behaviours of @, (k) and ¥_(k) as k - oo in the appropriate
half planes (the Abelian theorem on page 39 can be very useful in determining the large-k

behaviour of transform functions), so suppose that we know

K. (R)] < PuKj™, [CL(k)| < QulKp, |0, (K)] < RJK" (222)
as k — oo in the upper half plane, and

[K_(k)| < P_[k|*,  [C(k)[ < Q[KIF-,  [W-(k)| < R[K[" (223)
as k — oo in the lower half plane. Then the function E(k) is bounded as k — oo by

P.R.|k|®+ve + Q. |k|[f+, T>7_
|E(k)| < (2.24)

P_R_|k|*-*7-+ Q_|k[f-, <7,
Then by Liouville’s theorem and its extension, E(k) is a polynomial of degree at most N,
where N is the integer part of max{e, +y,, B+, a_ +y_, f_}. We shall write E(k) = Py(k).
We can now use the definition of E(k) from (2.21) to write

Py(k) - C, (k)

) =" )

, T>T- (2.25)

Py(k) + C_(k)
K (k)

The N + 1 coeflicients of Py(k) are left undetermined by the Wiener-Hopf method.

V_(k) = T< T, (2.26)

However, in many cases K, (k), C.(k), @, (k) and W_(k) all decay to zero as k — oo
in their respective half planes. Then E(k) tends to zero as k — 0, so Py = 0, and the

Wiener-Hopf method gives a unique solution.

2.4.2 Formulation of Wiener-Hopf equation for Dock problem

We would like to apply the Wiener-Hopf technique to find the harmonic function ¢ that

satisfies the system
Vi¢=0 fory>0, (2.27a)
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g—ﬁ:—gb, fory=0,x >0,
0
a—ﬁz—(/), for y=0,x <0,

is bounded in y > 0, and decays to zero as r - co on 0 < 6 < 7.

We define half-range Fourier transforms by

F (k)= [T e tandn §lky)= [ e0xyx

The Fourier inversion theorem gives

$(x,y) = % f: e ™ (¢ (k,y) + ¢~ (k, y)) dk,

and for notational convenience we also define the full range transform

¢(k,y) = ¢ (k, y)+ ¢ (k, y).

(2.27b)

(2.27¢)

(2.28)

(2.29)

(2.30)

However, the Fourier transform of (2.27a) gives a non-analytic kernel in k-space and

so we consider the system (2.27) as the limit as § - 0 of

Vip =6%¢ fory>0,
?)_ﬁ:_¢ for y=0,x >0,
8_¢:0 for y=0,x <0.
9y
The system (2.31) transforms to give
)7
%=(62+k2)1/2¢, for y >0
y
aa(l; = —¢*, ony=0
0~
— =0, on y =0.
Iy

(2.31)

(2.32a)

(2.32b)

(2.32¢)

The complex Fourier transform variable k has real and imaginary parts k = 0 + i7. The

far field behaviour for ¢ implies that ¢+ is analytic for 7 > 0 and that ¢~ is analytic for

7 < §. Both are analytic in the common strip of analyticity given by 0 < 7 < d.

We define y(k) = (k? + §2)!/2. This has branch points at k = +i8. We position the

branch cuts along the imaginary axis, extending to +ioo respectively, so that they do
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not intersect the strip of analyticity. The branch cuts are shown in bold and the strip of
analyticity is shaded in figure 2.2. We choose the branch of y(k) so that the real part of y
is positive in the strip of analyticity. The real part of y(k) is only zero along the branch
cuts on the imaginary axis, and so y(k) has positive real part over all the complex plane,

excluding the branch cuts. Then (2.32a) has general solution
¢ = A(k)e?™Y 1+ B(k)e? ™), (2.33)

However, we seek ¢ that decays as y — oo and so we put B(k) = 0. Eliminating A(k)

from (2.33), we find )
a_¢ ~ .

—yo, 2.34
3y ye (2.34)
which is equivalent to the statement
0p*  0¢- o
- == . 2.35
e A AR (2.35)

We now evaluate (2.33) at y = 0 and substitute the remaining boundary conditions from

(2.32b) and (2.32c¢) to obtain the Wiener-Hopf equation:
" 1\ -
¢>+(1—;)+¢> - 0. (2.36)

This Wiener-Hopf equation relates the two half range transforms ¢+ (k, 0) and ¢~ (k, 0).
The equation (2.36) itself is valid only in 0 < 7 < &, but we know that ¢*(k, y) is analytic
in 7 > 0 and ¢~ (k, y) is analytic in 7 < 8. By factorising this equation, we will be able
to use analytic continuation to determine ¢*(k,0) and ¢~ (k,0) for the whole complex

k-plane.

2.4.3 Factorisation using the Cauchy integral formula

The next stage in the application of the Wiener-Hopf method is to find functions K, (k),
with K, (k) analytic in the upper half plane 7 > 0 and K_(k) analytic in the lower half

plane 7 < §, such that the equation

) 11 K(k)
O e T w Tk

(2.37)

is satisfied for all k in the common strip of analyticity 0 < 7 < §. In the absence of an

obvious factorisation by inspection, we proceed with an analysis based around Cauchy’s
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X

N
ZAN
V1= Vi-e2?

Figure 2.2: The strip of analyticity (shaded), branch cuts (bold) and the location of the zeroes of
K(k) (crosses), for the factorisation of K(k). The branch cuts also apply to y(k) =
(k*+8%)1/2,

integral formula. This is a standard method for finding Wiener-Hopf decompositions,
and is discussed further by Noble [1958].

We begin by considering the singularities of K. Firstly, K(k) has both branch cuts
associated with y(k). K(k) also has two zeroes, occurring at k = +(1 — §2)'/2. These
branch cuts, zeroes and the strip of analyticity for K(k) are illustrated in figure 2.2. The
zeroes of K (k) are on the real axis, and hence K has no singularities or zeroes within the

strip of analyticity. We can therefore write
logK(k) =log K, (k) —log K_(k) (2.38)

for all k in the strip. This converts the problem from multiplicative to additive decom-
position. However, consideration of log K introduces branch points at the zeroes of K.
Rather than deal with the extra branch cut explicitly, we differentiate (2.38) with respect

to k, to obtain
K'(k) ~ K’ (k) ~ K’ (k)

K(k)  K.(k) K-(k)’
The branch points associated with log K(k) in (2.38) become simple poles in (2.39), which

(2.39)

are easier to deal with. The left hand side of (2.39) is known, and so we now seek f, (k)
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analytic in 7 > 0 and f_ (k) analytic in 7 < §, which satisfy

Fk) = I;((lf)) = (k) - £ (R). (2.40)
Once f. (k) are known, we can set
£ = £ =) @4

and integrate to find K, (k).
For K (k) given by (2.37), by differentiating and rearranging we have

k k
f(k) = NaT + (k2 +82)(k2+62-1)

Both terms in (2.42) have simple poles at k = +(1 — §2)'/2. The first term on the right

(2.42)

hand side of (2.42) is unbounded at the branch points at k = +i4, but these branch points
have zero residue. The second term on the right hand side of (2.42) has no branch points
but does have simple poles at k = +i§. We can decompose the second term by using

partial fractions, to obtain

f(k) - : s 2.43)
_*/k2+82(k2+52—1) 2(k-i8) 2(k+id) k2+6*-1 '
leaving the term
k

k)= 2.44
8 vk + 8 (k*+62-1) (249

to additively decompose.

From Cauchy’s integral formula, we know that
_ 1 rg(w)

g(k) = ygr—w —dw (2.45)

where g(w) is analytic inside and on the closed curve T, which encloses the point w = k
in an anticlockwise sense. We initially take I' to be the long thin rectangle in the strip
of analyticity, given by I' = I} — I, as shown in figure 2.3(a). Here I is the path along
the lower side of the rectangle, and I, is the path along the upper side of the rectangle,
both taken in the direction of Re(w) increasing. Given a particular k within the strip of
analyticity, we place the sides of the rectangle so that I'; passes below w = k and I, passes

above w = k, and then we have

1 o roglw) 1 og(w)
g(k) = 2mi Jr, w— kdw 2mi Jr, w— kdw' (2.46)
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B}
id
P
: Xk : X k
I}
V11— V-6 JIo5
—id

(a) (b)

Figure 2.3: Contours in the complex w-plane for decomposition of g(k) using Cauchy’s integral
formula. The strip of analyticity is shaded, branch cuts are shown in bold, and crosses
indicate poles in the integrand of (2.45) . We initially take I'; and I’; to be the top and
bottom of a rectangle inside the strip of analyticity, enclosing k, as shown in (a). We
then deform I'} and I; to the paths shown in (b). Now every k, except on the branch
cuts, is enclosed by I'; and T,. The deformation for I'; passes the poles at w = /1 — §2
and w = —\/1 - &2, so the residues from these poles must be included.

We now deform the contours I' and I, to take the paths shown in 2.3(b), so that I}
becomes a keyhole contour in the lower half plane, and I, becomes a keyhole contour in
the upper half plane. The deformation for I} passes the two poles at w = +(1 - §2), so
the residues from these must be included. Now, every k that is not on the branch cuts is
enclosed by I' = T} — I,. The first term in (2.46) is analytic for all k in the upper half plane,
and the second term is analytic for all k in the lower half plane. We therefore define a
decomposition by

_ 1 g osw)
g+ (k) = i P kdw (2.47)

and

_ 1 1 og(w)
g-(k) = i Pk kdw. (2.48)

This decomposition satisfies g(k) = g, (k) — g_(k) for all k in the strip of analyticity.
This decomposition is not unique as we know that any entire function can be added to
both f, (k) and f_(k) without changing their analyticity properties. Evaluating (2.47)
and (2.48) for g(k) given by (2.44), we find

t 1 1

g+(k)=—l '[oo . dt+ +
mJe 12— 82(2 - 8%+ 1) (it +k) 2(k+V1-8%) 2(k-V1-8?)

(2.49)
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and
t

1 '/‘°°
-— dt.
mJs 12— 82(12 - 8%+ 1)(it - k)
The computer algebra package Mathematica can be used to confirm that this decomposi-

tion satisfies g(k) = g, (k) — g-(k).

g (k) = (2.50)

Now, up to an undetermined entire function E;(k), we have

1 e t 1 2k
(k) =-= dt -
f+ (k) ﬂ/:S V= 82(12 - 82+ 1) (it + k) 2(k+i6)+k2+82—1

+ E1 (k)
(2.51)

and

t

| oo 1
Flk)==2 fs V=812 - 8%+ 1) (it - k)dt+ 2(k ~i9)

We want to choose the function E; (k) so that K, (k) have known algebraic behaviour as

k — o0. To find K, (k) we use the relationship

log K. (k) = fokfi(w)dw. (2.53)

The terms not involving integrals or E; in (2.51) and (2.52) all integrate to give logarithms

on the right hand side of (2.53), and hence algebraic behaviour in K, (k). For large k,

1 /‘°° t 1 o0 t
= dt ~ ——f dt
mJs 12— 82(t2 - 8%+ 1)(it+ k) kmJs /12— 82(12 - 82+ 1) (2.54)
) .
= 2p
so we have from (2.51) and (2.52) that
1 1 2k
er(k)N_ﬂ_Z(kﬂ'(?) Tero-1 +Ea(k) (2.35)
and
1 1
f‘(k)Nﬁ+—2(k—i5) + Ey (k). (2.56)

Substituting (2.55) and (2.56) into (2.53), we find that all the terms in (2.55) and (2.56)
except for E; (k) correspond to algebraic behaviour in K, (k), so we can set E; (k) = 0.
Any additive constants arising from the integration or the branches of the logarithms do

not affect the qualitative behaviour of K, (k).
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We therefore let

K, (k) =exp ([)kf+(w)dw) , K (k)= exp(fokf_(w)dw) (2.57)

where
1 pe t 1 2k
fo(k) = 7 fs VE =812 - 82+ 1) (it + k) dt - 2(k +1i9) TRroo1 (2:58)
and
1 e ¢ 1
(k) =—-— dt + . 2.59
S(0) ﬂfa V-8 -8 +1)(it-k)  2(k-id) (239)

By construction this decomposition satisfies K(k) = K, (k)/K_(k) for all k in the strip of
analyticity, K, (k) is analytic for all k in the upper half plane, and K_(k) is analytic for all
k in the lower half plane. K, (k) and K_(k) have algebraic behaviour as k — oo in their
respective half planes.

Returning to the Wiener-Hopf equation (2.36), we can now write
¢.(K)K (k) +¢_(k)K_(k) =0 (2.60)
where the factors K, (k) have been determined. We can now define an entire function
from the Wiener-Hopf equation by writing

P - b (KK, (k), 750 e

-¢_(k)K_(k), 7<3.
According to our Wiener-Hopf equation, the two piecewise definitions are equal in the
common strip of analyticity, and we know that each part of (2.61) is analytic in its half
plane of applicability.
To determine the behaviour of E(k) for large k, we now turn to a theorem which
relates the behaviour of ¢(x, 0) for small x to the behaviour of ¢, (k) and ¢_ (k) for large
k:

Theorem 1 (An Abelian theorem [Crighton et al., 1992]) Suppose f(x) = 0 for x < 0,
|f| < Ae** as x — oo, f is infinitely differentiable for x > 0 and f ~ x* as x — 0+ with
A > —1. Then

o , o Al
F_,_(k)E./(‘) f(x)e’k"dx~/(; xtet*dx = ik (2.62)
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as |k| - oo in the half-plane of analyticity T > a. Thus the behaviour of F, (k) for large |k|
in the upper half plane corresponds to the behaviour of f(x) for small positive x.

Similarly if f(x) = 0 for x > 0, | f| < Bef* as x - —co and f ~ (-x)* as x - 0— with
y > -1 then

F_(k)z./_Zof(x)eik"dx~_/_(;(—x)”e"kxdx: (i:)!w (2.63)

as |k| - oo in the half-plane of analyticity T < . The behaviour of F_(k) for large |k| in the

lower half plane corresponds to the behaviour of f(x) for small negative x.

We want ¢ to be bounded as x, y — 0. By theorem 1, this corresponds to ¢, (k) =
O(k™!) as k - oo in the upper half plane, and ¢_(k) = O(k™!) as k - oo in the lower
half plane. As k - oo in the respective half planes, the decomposition given by (2.57),

(2.58) and (2.59) has
k2+6%2-1
k'2(k +i8)1/2

According to the definition (2.61), E(k) is an entire function, bounded as k - oo in all

K, (k) ~ = O(k), K_(k)~Kk\2(k+id)2=0(k).  (2.64)

directions, and hence by Liouville’s theorem, E(k) is a constant, say «. Then

24 (04

¢. (k) = (0’ ¢ (k) - (2.65)

To invert, we have

d(x,y) = % /_: exp (—ikx — (k* + 6%)'%y) (K+1(k) - K_l(k) ) dk (2.66)

where the path of integration is taken along the strip of analyticity. The factors K, (k)
and K_(k) are defined by (2.57), (2.58) and (2.59).

2.4.4 Fourier inversion to find ¢

We have used the Wiener-Hopf technique to identify, for § > 0, a suitably bounded
solution to the system (2.31). This solution is unique up to a multiplicative constant «,
which we expect as the system is linear. This solution is given by (2.57), (2.58), (2.59) and
(2.66).

However, we are particularly interested in the solution to the system (2.27), which
is the limit of (2.31) as & — 0. We therefore want to consider the limit as § — 0 of the
solution given by (2.57), (2.58), (2.59) and (2.66) This requires us to consider both the

contour of integration and the integrand itself as 6 — 0.
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Inversion contours for 6 = 0

We want to close the inversion contour in the half plane where the real part of —ikx — (k?+
82)1/2y is negative. As the branch for (k? + §2)!/? is defined so that its real part is always
positive, we can always close the integral in the half plane where Re ikx > 0. Therefore, for
x < 0 we close in the upper half plane, and for x > 0 we close in the lower half plane. The
deformed inversion contours are shown in figure 2.4(b). Closing in the lower half plane
encloses the singularities at v/1 — 2. The residues from these singularities of 1/K (k)
will give us the oscillatory part of ¢(x, y) for x > 0.

For § > 0, the contours for x > 0 and x < 0 each ‘see’ only one branch cut. As we let
0 — 0, the two branch points at +i§ converge to 0. For § — 0, the contours take the path
shown in figure 2.4(c). The singularities at +1/1 — 62 move to +1, and are still enclosed by

the contour for x > 0.

Factorisation for 6 = 0

The next step is to calculate K, (k) as § — 0. In some ways it is easier to calculate K, (k)
for § = 0 than for § > 0 because we can do some of the integrals analytically. It will be
useful to check that our decomposition satisfies the requirement K (k) = K, (k)/K_(k),
so we begin by considering the meaning of this factorisation for § = 0. As § - 0 in the
definition of K in (2.37), we find
1
I1-—, 0>0
K(k) > k (2.67)
1+ -, <0.
Al
where k = 0 + i7. To proceed with the decomposition, we took logarithms of the relation-

ship
K. (k)
K_(k)

= K (k). (2.68)

and then differentiated to obtain

f(k) = (logK(k))" = (log K. (k))" - (log K_(k))" = f. (k) = f-(k). (2.69)

Using (2.67) to define K (k) for § = 0, we expect to find

1

, 0
k-1 77
1

f(k) - (2.70)

Tker1y 70
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i ®  INVERSION CONTOUR

o

-V1-82 -i5 ® V1-§2

(a) For § > 0, the Fourier inversion gives ¢ in terms of
an integral along the strip of analyticity.

x>0: T

i5 @ INVERSION CONTOUR

V1-62

INVERSION CONTO

~V1-8 —i5 @ V1-82

(b) Deformed contours for 8 > 0. We use the branch of (k> + 62)"/? that has positive real part everywhere
except the branch cuts on the imaginary axis, and so can close the inversion contour in the half-plane where

Reikx > 0. For x > 0 this deformation encloses simple poles at k = +/1 — §2.

. T
x<0: x>0: T

L
~J

(c) Deformed contours for § = 0. As § — 0, the branch points shown in (b) converge, and we integrate
around the positive and negative imaginary axes for x < 0 and x > 0 respectively.

Figure 2.4: Inversion contours for the Wiener-Hopf dock problem.
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as § — 0.
With these targets in mind, we shall calculate f. (k). Cauchy’s integral formula gave a
decomposition for f(k) with § > 0, and the result is given in (2.58) and (2.59). Taking &

to zero in these expressions, we obtain

f+(k):_%/(; (t2+1)1(it+k)dt_%+k22—]—cl’ @7)
and R . |
fw== DTS @72)
These can also be written as
f+(k):_%1—1k2./;Oo(k_it)(tzikz_tzil)dt_%Jrkzﬂ—{l’ (273)
and _
f(k):—%l_lszo (—k—it)(ﬁ—ﬂ%)dﬂi. (2.74)

To evaluate the integrals in (2.73) and (2.74) we use the fact that

© dt s
/(; o ﬁcsgn(w) (2.75)

where csgn(w) is defined as the sign of the real part of w. Then (2.73) and (2.74) become

1 csgn(k) 3k i logk? 1
(k) = —= - - - — 2.
FR) =375 2(1-k2) 2m1-k* 2k (276)
and )
1 csgn(k k i logk? 1
(k) == - - . 2.
FR =390 20 ik % @77)

However, the branch cuts for log k? and the definition of csgn(k) interact in such a way

that (2.76) and (2.77) simplify to become

_ ilog, (k) 1 3k 1
FR) =T e C2(1-kY) 2(1-KY) 2k (278)
and log (k)
_ ilog 1 ~ k 1
F) == T20-k) 2(1-k) 2k (279)

Here we have introduced two new logarithms, log, (k) and log_ (k). The branch cut for

log, (k) lies along the negative imaginary axis while the branch cut for log_(k) lies along
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the positive imaginary axis. The branches are chosen so that log, (k) =log_(k) = In(k)
for real positive k.

At this point we can check that f, (k) and f_(k) satisfy f(k) = f.(k) — f-(k). For k
in the right half plane, the two logarithms are equal, so

£ = £:00) - £-(6) = - (2:80)

However, for k in the left half plane, the definitions of log, (k) are such that log, (k) —
log (k) = 2mi, and so

1

R (2.81)

f(k) = fo(k) = f-(k) =

Equations (2.80) and (2.81) both agree with (2.70).
To find K, (k) from f, (k), we use the relationship (2.69) to give

K. (k) =exp /kfi(w)dw.

We are free to choose the lower limits of these integrals, but they must satisfy the constraint

(2.68). The most general way of satisfying this constraint is to have

K. (k) = exp (/akﬂ(w)dw)K(a), K (k) = exp(fakf(w)dw). (2.82)

We now integrate (2.78) and (2.79) to obtain

i [klog, (w) 1+k\ 41+ a\
K+(k):eXp(_;ﬁ 1 - w2 dw)(l—k) (l—a)

! (2.83)
()" (), o
and
K_(k) = exp(_7—ir fak ljg-(wwz) dw) (1 . z)w(1 . 2)1/4 (2.84)

1 _ k2 1/4 k 1/2
() G
1 - a? al-
The subscript ‘+’ again indicates that the function is analytic in the upper half plane,
so branch cuts are taken in the lower half plane, along the negative imaginary axis.

Correspondingly, functions with subscripts ‘- are analytic in the lower half plane and

hence have branch cuts along the positive imaginary axis.
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It is helpful to collect together the terms involving a by defining

Aa) = exp( /0 ljgj(wwz) dw) a1+ a) W2 (2.85)
so that
K. (k) = —exp( ﬂ fok ljgj(wvz)dw) (1+ k)klsz(l 5 4(a) (2.86)
and
K_(k) = exp (—% fo ‘ ljg_-(wwz) dw) (1+ k)K" A(a). (2.87)

We can now regard A(a) as an arbitrary constant.

Calculation of ¢(x, y) for § =0

We are now able to begin evaluation of ¢(x, y). In the limit § — 0, (2.66) becomes

0050) = 5 [~ e ik ks (g - ) @9

For convenience, we split this into two parts. We must calculate

(2.89)

b (x,y) = /_: exp (—ikx — kcsgn( K+1(k) dk

and

(2.90)

6-(0y) = [ exp (i O

The closure of the integrals as illustrated in figure 2.4(c) depends on the sign of x. For
x < 0 we close in the upper half plane, which encloses no poles. However, for x > 0 we
must close in the lower half plane and this encloses simple poles of 1/K, (k) at k = +1.

We will begin by analysing the integral for x < 0. We close in the upper half plane.
There are no zeroes of K. (k) within the contour, so no residues to concern us. K, (k) is
analytic in the upper half plane, and the integrand for ¢, (x, y) vanishes along the large
semi-circular part of the contour. However, csgn(k) y changes sign across the positive
imaginary axis, and so we get still get a contribution from ¢, (x, y) when x < 0 unless
y = 0. K_(k) has a branch cut along the positive imaginary axis, so we expect to get a

contribution from ¢_(x, y) when x < 0 regardless of the value of y.
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K. (it) —A(a)(1+—t2)3/4exp(l /(;tloids)

il/2 t1/2 A 1+s2

t
Ko(it2) || 2@+ - i el e (2 [1 %84
T JO N

t
K_(lt—) _il/ZA(a)(l _ 1t)3/4(1 + it)_l/4tl/2 exp (l f 110+g52 ds)
TJo N

, A(a) (1+it)V4(1 - i) ( 1t logs )
K, (-it-) i P exp n/; 1+52ds
, A(a) (1-it)4(1 + i)/ ( 1 [t logs )
K, (—it+) _(_1‘)1/2 172 exp —ﬂ/(; 1+Szd5
t
K_(~it) Aa) (=) 212 (1 + t2)1/4exp(—l/ IOgSst)
mJo 1+s

Table 2.1: Explicit values of K., (k) along the branch cuts. Here ¢ is real and positive.

The contribution from ¢, (x, y) is given, for x < 0, by
* e*!sin yt

¢ (x,y) = 2/(; W

where K, (it) is defined in table 2.1, and so we find

dt, (2.91)

2il2 poo fll2e¥tgin yt ( I/f logs
0

¢+(X,y) = —m . m €X 1 +52d5) dt, (292)

7r
which vanishes when y = 0, as expected.
The contribution from ¢_(x, y) for x < 0 is slightly more complicated because K_(k)
has a branch cut along the positive imaginary axis. We find
0o e—ity eity
d_(x,y)=1i /0 e*! (K_(it+) s ) dt. (2.93)
Using table 2.1 to find K_(it+) and K_(it—) we obtain

21/2 o0 ext(cosyt—tsinyt) ex ( lff IOgS ds)dt
) .

PN = J@y b TR ey EXREE

(2.94)
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for x < 0.

Adding the contributions from (2.92) and (2.94), for x < 0 we have

i'a > e*cosyt 1 ! logs
y V) =— -— ds|dt. 2.95
¢(x.7) A(a)nfo (72(1 + 12)304 Xp( nfo 1+ 52 S) (2.95)

We can easily check that this satisfies V2¢(x, y) = 0 and ¢,(x,0) = 0.

The calculation of ¢(x, y) for x > 0 is complicated by the presence of singularities at
k = £1. We again have contributions from both ¢, (x, y) and ¢_(x, ). Deforming onto

the contours shown in figure 2.4(c), we have

' ) ot e—ity eity
(Mx’y):lfo ¢ lK+(—it—)_K+(—it+)]dt

(2.96)

i {lim Dy (ke De el
k—1 K+(k) k—-1 K+(k)
and
oo p—xt
é_(x,7) 2/ ¢ Smty)tdt (2.97)
1

We are now ready to assemble ¢, (x, y) and ¢_(x, y) for x > 0, using (2.96) and (2.97).

This gives us

24172 oo  p-xtylf2 thgS
¢.(x,y) = ORI t2)5/4(cosyt+ tsin yt) exp(ﬂ ./; 1+52ds) dt
(2.98)
2V2im ( 3n)
-————esin|x+ —
A(a) 8
and /
2§12 oo e7*gin yt 1 r* logs
¢-(x.y) = A(a) Jo  £2(1+¢2)1/4 exp(; ./o 1+52ds) dt. (2.99)

To calculate ¢(x, y) for x > 0, we again combine ¢, (x, y) and ¢_(x, y) using the

relationship
B(x.9) = 56 (x,9) = 5 ¢-(x.) (2100)

and so we find

i/ e e~*!(tcos yt —sin yt) 1 ! logs
o0y = AR+ ) (;fo 1+szds)dt
S (2.101)
- e‘ysin(x+— .
A(a) 8

Again, this is harmonic, and we can again verify that ¢, = —~¢ on y = 0.
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In summary we have, for x > 0:
i'a

¢(x,y) = “A(@) V2e7 sin (x + %[)

i'2a1 [ e *(tcos yt —sin yt) 1 ! logs )
— — | ——=ds|dt
+A(a)nfo F172(1 + 12)5/4 eXP(nfo T+s2

(2.102)

and for x < 0:

aill2 oo eXtcos yt 1 ! logs
(x,y)=- - ds|dt. 2.103
-0y =2 b s )y eXP( nfo 1+ 32 S) (2105)

We can check that these have the required properties. Both are harmonic, with the integral
parts decaying as x2 + y?> — co. The oscillatory part of ¢_(x, y) is bounded as x — oo and
decays as y — oo. The boundary conditions are also met: along y = 0 we have ¢, = —¢ on
x > 0 while ¢, = 0 on x < 0. We cannot easily show that ¢ is continuous along the line
x = 0. This should be the case as the piecewise definitions (2.102) and (2.103) were both

calculated from the same definition (2.88).

2.4.5 Normalisation

We can also use the Abelian theorem (page 39) to find the value of the normalisation
ratio a/A(a). According to the Abelian theorem, if ¢(x,0) - 1 as x — 0, then as k — oo
in the upper half plane we have

¢*(k,0) — i (2.104)

and as k — oo in the lower half plane we have
¢~ (k,0) - % (2.105)

We also know from (2.65) that

~ (04 (04

(k)= ——, ¢_(k)=- )
¢. (k) K. () ¢-(k) K0
where the factors K. (k) are defined by (2.86) and (2.87) as

ik K)12(1 - k
K+(k)=—exp(—%-/; ‘;gj(wwz)dw) (1+ )kl/z(l ) 4(a) (2.106)
and
i (klog_(w) 1/21.1/2
K_(k) = exp —;/0 5w | (14 k)24 a), (2.107)
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where « and A(a) may be treated as arbitrary constants.

As we let k — oo in the upper half plane we find that

18 1-w?

K, (k) - kA(a) exp( i /Ok de). (2.108)

If k = re’®, we have, as r — oo,

iel r~logu+i6
K. (k) > kA(a) exp (— . fo e ) . (2.109)
We can evaluate this integral and we find, independently of the value of 0, that
o (< logu+i0 . m?
i0 i _ _2°
e /0 T due 1 (2.110)
Thus we obtain
- o o 1
+(k,0) = — — 2.111
¢ (k0) = 0 ~ Atk ~ Tik (2.111)
which gives a/A(a) = —(-i)'/2.
In a similar manner, we find that as k — oo in the lower half plane
k 2
_[ log_wdw_)_ﬂ_,
o 1-w? 4
so that K_(k) — kA(a)i'/? in the same limit. The Abelian theorem now gives
¢ (k,0) = -—= S (2.112)

K.(k)  kA(a)i? ik

so that we again have a/A(a) = —(-i)'/2
We can verify numerically that this normalisation gives ¢(0,0) = 1. However, we
have been unable to analytically evaluate the integrals in (2.102) and (2.103) even for this

simple case of x = y = 0.

2.4.6 Large distance behaviour of ¢

Normalised so that ¢(0,0) = 1, we know that for x > 0 we have

3

¢(x,y) =\/2e 7 sin (x + ?)
oo p,—Xxt Qi t

~ l/‘ e *!(tcos yt — sin yt) exp(l/ log s ds) dt,
0 0

m t1/2(1 + £2)5/4 mJo 1+s?

(2.113)
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and for x < 0 we have
1 > e*cosyt 1 rtlogs
=L [Toercosyt (L , 2.114
¢(x,y) n./o H2(1 + £2)3/4 exp( n.[o 1+52ds) at ( :

As x% + y* - oo, the integrals in (2.113) and (2.114) are dominated by the contribution

from near t = 0, and so at leading order we find

-1/2
1’\/_ sin§+\/§e‘ysin(x+3£) for x > 0.
p(r0)~1 Vi g (2.115)
sin — for x < 0.

Extracting information beyond leading order is difficult because the factor

t
exp (—lf logs ds) (2.116)
0

T 1+s2

is not differentiable at ¢ = 0, and the logarithm in the integrand gives terms such as ¢!
and ¢’ for small ¢, which cannot be scaled with r in the usual way.

However, we do know that along the half line x > 0, ¢(x,0) is given by
¢(x,y) = V2sin (x + %T)

1 (S —xt 1/2 1 t 1
Lo (_/ Ogsds)dt’
0

e
mJo (1+12)5/4 P\Z )y T+ 9

(2.117)

As x — oo, the oscillatory term is dominant, but we can also find the leading order

behaviour of the algebraic part from a small-t analysis of (2.117). This gives us

i 3 1 1
(/)(x,y) ~ \/ESIH(X‘F?)—EW. (2.118)
This leading order algebraic part of ¢(x,0) on x > 0,
L1 (2.119)

corresponds exactly to the requirement ¢, (x,0) = —¢(x,0) on x = 0, where the algebraic

part of ¢ is given at leading order by

11 (9) (2.120)
\/Erl/z Sin 5 . .
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2.4.7 Numerical evaluation of the Wiener-Hopf solution

The Wiener-Hopf method gives the solution ¢(x, y) as the expressions (2.113) and (2.114).

Each of these expressions has a nested integral. We can rewrite the inner integral as

t logs i 1-is
= — | Li(is) — Lip(—i logsl 2121
/; 1+$2ds 2( i(is) — Lip(—is) +logs Og(1+is)) (2.121)

where Li, is the complex dilogarithm. This special function can be calculated using other
algorithms, and so its numerical evaluation can be quicker than using (2.113) and (2.114)
directly.

Figure 2.5 show the solution ¢(x, y) evaluated with (2.121) substituted into (2.113)
and (2.114). We can observe that ¢(x, y) as calculated numerically is continuous at x = 0,
is bounded at x = y = 0 and tends to zero as r — oo except on the positive x-axis, where
there is a constant-amplitude wave. The contour plot also demonstrates that ¢, = 0 on

the negative x-axis.
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2 T T T T T
1 - -
¢
0 -
1t i
) L L L L L
-15 -10 -5 0 5 10 15
(a) ¢(x,y) for y = 0 (blue), y = 1 (green), y = 2 (red) and y = 3 (cyan).
10 T T T T T
Y
5 - -
-15 -10 -5 0 5 10 15
-1 -0.5 0 0.5 1

(b) Contour plot of ¢(x, y)

Figure 2.5: We can use the expressions (2.113) and (2.114) to calculate ¢(x, y). The plots of ¢ for
constant y in (a) show that the solution is continuous at x = 0, and that the wave
amplitude is constant as x — co. Note that although ¢ is continuous at x = y = 0, ¢, is
discontinuous there and ¢, has a logarithmic singularity. The contour plot (b) shows
that the contour lines are perpendicular to the boundary y = 0 for x <0 and so ¢, = 0
there. We see that ¢(x, ) is dominated by surface waves near y = 0 for x > 0.
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2.5 Mellin Transforms

In polar coordinates (r, 8), we wish to find the function ® that satisfies

lﬁ(raﬁ)+laz_®-o for 0<O<n (2.122)
ror\ or r2 902 S .
100
;% =-® on 0=0 (2123)
100
100 o 2124
=y, 0 O0=m ( )

Our normalisation condition is that ®(0, 8) = 1, and we also require that ®(r, 0) is
bounded as r — oo.

The Mellin transform @*(p, 6) of the function ®(r, 8) with respect to r is defined as
®*(p,0) = f 1 0(r, 0)dr. (2.125)
0

Here p is a complex variable. The function @*(p, 0) is typically analytic for some strip of
the complex plane, with the restrictions applying to the real part of p according to the
behaviour of ®(r, 8) for both small and large .

The behaviour of ®(r, 8) for small  is determined by the normalisation condition
we have imposed, which implies that the Mellin transform ®*(p, 8) can exist only for
Re p > 0. A consequence of this behaviour of ® for small r is that ®, must have a finite
discontinuity at x = 0 along the line y = 0. This necessitates a logarithmic term in the
small r expansion of ®(r, 8), the largest of which is O(rlogr).

We expect surface waves along the free-surface 6 = 0, of the form ®(x, y) o« e*77.

The Mellin transform of the wave component on the free surface is

D (p,0) = /;oo P~ cos(r + @)dr = T(p) cos (%‘D + (p) (2.126)

for 0 < Re p < 1, where T'(p) is the Gamma function.

We also expect an algebraic part of ®(r, 6) for large r, that decays explicitly as r - oo
on each fixed 6. The largest separable mode in this algebraic part is O(r~'/>sin ¥). Hence
the Mellin transform of the algebraic part exists and is analytic for 0 < Re p < 1/2.

In summary, the Mellin transform ®*(p, 6) should be analytic for 0 < Re p < 1/2.
The function @*(p, 8) will be defined by analytic continuation in the remainder of the

complex p plane.
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2.5.1 Mellin transform of equations

Taking the Mellin transform of the equations (2.122) to (2.124) we find

>0 (p,0)

TR PO (p,0)=0 for 0<O<m (2.127)

00" (p-1,0) _ —®*(p,8) on 6=0 (2.128)
00

W ~0 on 0= (2.129)

We see from (2.127) that the Mellin transform of Laplace’s equation in polar coordi-
nates takes a simple form. We can therefore write the general solution to (2.127) that also
satisfies (2.129) as

O*(p,0) = A(p) cos p(0 — m), (2.130)

where A(p) is an arbitrary function of p to be determined. Substituting (2.130) into
(2.128) we find that A(p) satisfies the functional difference equation

A(p+1)

= ptan pm. (2.131)
Ay PP

2.5.2 Reduction of functional difference equation

A familiar functional difference equation defines the Gamma function:

[(z+1) ~
rz) =

(2.132)

together with the normalisation condition I'(1) = 1. The Gamma function and related
functions will be critical to solving the dock problem using Mellin transforms. We begin

by recalling the identity [NIST, 2011]

sinrz= — 7 (2.133)
T()T(1-2)

which allows us to rewrite (2.131) as

A(p+1) _ pF(% +p)I(3-p)
A(p) L(p)T(1-p)

(2.134)
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We next introduce the Barnes double Gamma function G(z, §) [Barnes, 1899] which
by definition satisfies the functional difference equation

G(z+1,9) :r(z)

G(z,9) = (2.135)

5

together with the normalisation condition I'(1, §) = 1. Each appearance of p within the
Gamma functions on the right hand side of (2.134) has coefficient 1, and so we take § = 1.
If we now let
G(;+p.1)G(2-p,1)
G(5-p,1)G(p,1)

and substitute (2.136) into (2.134), we find that B(p) satisfies the much simpler functional

A(p) =T(p) B(p) (2.136)

difference equation

B(p+1) = B(p). (2.137)
2.5.3 Singularities and large p behaviour of ®*(p, )

If ®*(p, 0) is known, then ®(r, ) may be found using
1 c+ioo
O(r,0) = — f 720 (p, 0)dp. (2.138)
271 J c-ioo
The positive constant ¢ is chosen to lie in the strip of analyticity so in this case we require
0 < ¢ < 1/2. This inversion theorem can be derived from the Fourier inversion theorem
[Sneddon, 1972].

For the inversion integral to exist, the integrand must be bounded as t - co where

p = ¢ + it. If we consider the difference equation for ®*(r, 8), we have

A(%;)l) - ptan pr. (2.139)
where
O (p,0) = A(p) cos p(0 — 7). (2.140)

If we take p = ¢ + it where t is large and fixed, and let ¢ - —oco, ®*(r, 8) decays expo-
nentially so long as r < 1. Thus when r < 1 we can close the inversion contour in the left
half plane Re p < 1/2, and replace ®@(r, ) with the sum of residues from any poles in the

left half plane. In terms of r-dependence, a simple pole at p = —n gives an O(r") residue.
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A double pole at p = —n gives an O(r"logr) residue. A triple pole at p = —n gives an

O(r"(logr)?) residue, and so on. For small r we expect to find that
O(r,0) ~1+a(B)rlogr+b(0)r+o(r), (2.141)

where a(8) and b( ) are functions of 8 alone. This pole structure corresponds to @*(p, 6)
having a simple pole at p = 0 and a double pole at p = —1. No other poles are allowed in
0<Rep<l

The large-p behaviour we require from ®*(p, ) is that the integrand

rP®*(p,0) (2.142)
is bounded as Im p — oo.

2.5.4 Singularities and large z behaviour of I'(z) and G(z, §)

In order to continue, we need to understand the pole structure and large z behaviour of
['(z) and G(z, 9).

The relevant properties of ' (z) are well known. I'(z) has simple polesatz = 0, -1, -2, ...
but is analytic everywhere else in the complex z-plane. I'(z) is never zero. The behaviour

of I'(z) for large z is given by Stirling’s formula [NIST, 2011]:
1 1 1
logT(z) =zlogz—z - 3 logz + > log(27) + O (;) : (2.143)

The large- p behaviour of the Barnes double Gamma function is rather more obscure,
but we can make analogous statements (e.g. [Lawrie and King, 1994], [Billingham and
King, 1997]). G(z, ) has no poles, but does have zeroes at z = —(md + n), where
m,n = 0,1,2.... Thus 1/G(z,9) has poles at z = —(md + n) where m,n = 0,1,2....

However, these are not all simple poles. For example, applying the difference relation
G(z+1,0) =F(§)G(z,1), (2.144)

we find that 1/G(z, 1) has a simple pole at z = 0, a double pole at z = —1, a triple pole
at z = =2 and so on. If § = 1/3, as we will use for a Mellin transform calculation in
chapter 3, we find that 1/G(z, 1/3) has simple poles at z = 0, -1/3, -2/3, double poles at
z=-1,-4/3,-5/3, triple poles at z = -2, -7/3,-8/3 and so on.
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The behaviour of G(z, §) for large z was investigated by Billingham and King [1997],
who showed that for |z| > 1 and |arg(z/d)| < 7,

1 1 1 1/1
log G(z,6) = %zzlogz— 5 (Z - ElogS) z* - 3 (5 + l)zlogz

1(logd 1 6 1 1

— = —+ -+ — 2.145

+2( 5 +8+log6+1+log(2ﬂ))z+(12+4+128)logz ( )
1

+C(6)+O(;),

where C(§) is an O(1) function of § alone.
Finally we note that if z has positive real part and § > 0, then I'(z) and G(z, §) can be

evaluated using the integral definitions
[(z) = / e tdt (2.146)
0

and

00 e—6x _ %X e—6x
)6 = f -
6(z9) eXP( 0 {(1-ex)(1-e6x) S

(2.147)
+(z-1) (i - 1) e 4+ e } d_x)
26 l-e*) x )
2.5.5 Matching pole structure
We currently have
G(:+p,1 —p,
(5.8 = cos p(n - O)[(p) S2 T PV G =P 1) gy (2.148)

G(p,1) G(GE-p,1)
where the B(p) function to be found satisfies B(p + 1) = B(p). We require that ®*(p, )
has a simple pole at p = 0 and a double pole at p = —1, with no other singularities in
-1 < Re p < 0. Using the results of the previous section, we find that B(p) must have
simple zeroes at p = 0 and p = —1. B(p) may have a pole at p = —1/2, but must be regular
elsewhere in —1 < Re p < 0.

We set

B(p) = tan pnC(p), (2.149)

so that C(p+1) = C(p) and C(p) has no poles in —1 < Re p < 0. By repeated application

of the functional difference equation for C(p), we find that C(p) is an entire function.
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2.5.6 Far field behaviour

We have now arrived at the situation where

G +p )G p1)
G(p.DGG - p.1)

We know that C(p) is an entire function that satisfies C(p + 1) = C(p). We need to

o (p,0) =C(p)T(p) tan(7zp) cos p(0 - 7). (2.150)

determine the behaviour of C(p) as |Im(p)| » .

If ®*(p, 0) is known, the inverse function ®(r, 0) is given by

1 c+ioo
(r,0) = 5 /c_,-oo rPd*(p, 0)dp (2.151)

where the real constant ¢ is chosen to satisfy 0 < ¢ < 1/2, so that the inversion contour
is within the strip of analyticity of ®*(p, 8), and passes to the right of the singularity at
p=0.

For this inversion integral to exist, the integrand must be bounded as Im(p) — oo with
0 < Re p < 1/2. We are concerned with the asymptotic behaviour of this decay. If we can
show ©*(p, 8)/C(p) decays no faster than algebraically, then C(p) must grow no faster
than a polynomial for the integrand to remain bounded. By Liouville’s theorem, C(p)
would then be a polynomial. However, since the only periodic polynomial is constant,
we would have C(p) = const. Although determining the speed of algebraic decay of
®*(p, 0) is not necessary to fix C(p), it will be useful in considering inversion contours.
We therefore consider terms up to O(log(p)) inlog(®*(p,0)/C(p)).

We now use the asymptotic expansions from section 2.5.4 and let p = ¢ + it with

0<c<1/2. Ast — oo we find that

d)*(p,e)=O(C(p)exp[—t9+(c—%)logt]). (2.152)
We require that the integrand
rP®*(p,0) (2.153)

is bounded as t - oo for 0 < 8 < wand r > 0. Thus, regardless of the value of ¢, C(p) must
grow no faster than O(t'/2) as t — oco. Outside the strip of analyticity, C(p) is defined by
C(p+1)=C(p),so C(p) must grow no faster than O(p'/?) in the whole complex plane.
We know that C(p) is entire and is bounded by a polynomial (in this case p'/2). Now by
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Liouville’s theorem, we know that C(p) is identically equal to some polynomial, but as
C(p) is also periodic, we must have C(p) constant, C(p) = f3, say. The solution ®*(p, 0),
and equivalently ®(r, 0), is now determined except for the value of the normalisation

constant .

2.5.7 Expansion for small r

The inversion integral is
1 c+ioo
(r,6) = 5~ f Pt (p, 0)dp, (2.154)

while the Mellin transform ®*(p, ) decays as

o (p,0) = O(exp [—t9+ (c—%)logt]). (2.155)

For small r, we have logr < 0, and so ¢ decays as ¢ - —oo. Thus the inversion integrand
decays exponentially as ¢ = —oo, and the integral can be closed in the left half plane. For
small 7, @(r, §) can be written as a sum of residues from the poles in the left half plane.

Along the negative real axis, the only poles are at p = 0,-1,-2, ..., of order 1,2, 3...

respectively. We can write the sum of these contributions as

o(r,0) i

1 }’l
nldp

()Pt (p,0)] (2.156)
or more explicitly

D(r,0) =
> 1 dr
ﬁnzoadpn

G(3+p.1)G(2-p.1)
G(p,1)G(5 - p.1)

[(p+n)”“r1’1“(p) tan(7p) cosp(@—n)]

p=—n
(2.157)
The task of evaluating the general term of this sum is unappealing. However, we can
calculate the first few terms.

The normalisation constant 3 can be determined from the first term in (2.157)

GG 1G(2,1) (pl(p)tanzp)  pm
®(0,8)=1=p e Ei%( GO )‘r(%)' (2.158)

AsT(1/2) =/, we choose f8 = 1/\/7 to obtain ®(0, 6) = 1.
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The n = 1 contribution from the sum (2.157) can be split into two parts, according to

r dependence. We have

1 G(-3,1)G(3,1) .| (p+1)’T(p)tanmp
®(r,9)~1—rlogrﬁ GG cos(ﬂ—@)phﬁn}1 G, 1)
1 .. d[(p+1)X(p)tannp G(5+p,1)G(2-p,1)

— lim — _
+r\/ﬁp1£11 dpl G(p,1) G(3-p.1) cos p(0 =)
+O(r*(logr)?)

(2.159)
which simplifies to become
O(r,0) ~1- rlogrcos 0

1 d [(p+1)T(p)tanmpG(5+p,1)G(2-p, 1) B
Y am dp[ G(p, 1) GE-p 1) cos p(6 =)
+O0(r*(logr)?).

(2.160)
We can also split off the 8 dependence from the last term. This gives
O(r,0) ~1- rlogrcos 6 . r(6 - 7;) sin 6
2 Ly p,1)G(2-p,1
L con i [T GG P 1GE P D] (4

Vaooeetidp G(p.1) GG -p1)

+O(r*(logr)?).

Thus we have an expansion for small 7,

O(r,0) ~1- rlogrcos 6 . r(6—m)sin@

- +Arcos 0 + O(r*(logr)?),  (2.162)

where the constant A is defined by

At fim L (p+1)T(p)tannp G(5 +p,1)G(2-p,1)

Vi dp G(p,1) G(3-p1)

Regardless of the value of A, we find that this expansion satisfies our requirements so

(2.163)

far. It is harmonic. It meets the normalisation condition ®(0, 8) = 1. Each term satisfies

®g = 0 on O = 71. The condition @y = —r® on O = 0 is met up to O(r).
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2.5.8 Expansion for large r

Ignoring whether the contour can validly be deformed in this way, let us consider, for
large r, the contribution from the poles in the right half plane. There are poles at p =
1/2,3/2,5/2, ..., of order 1,2,3,... respectively. If there is no contribution from the

contour at p = oo, then

oo n n+l
o(r,0) = - %d‘;n [(p—n——) rp®*(p,0)] . (2.164)
n=0 "%

where

G(3+p.1)G(2-p.1)
G(p,1)G(5 - p.1)

The n = 0 term refers to a simple pole at p = 1/2, which contributes

o (p, 0) = —%F(p) tan(rp)cos p(6—m).  (2165)

%r‘l/z sin (g) , (2.166)
which is the leading order part of the ‘algebraic’ far field, as predicted by the Wiener-Hopf
method in equation (2.115).

The n = 1 term again refers to a double pole, this time at p = 3/2. This again leads to
three types of behaviour with r and 6. We have
%r‘l/z sin (g) - —r3/\2/1;gr sin (?) %
- ﬂ\/__er‘3/2 cos (?) L

O(r,0) ~

7r 2m
L osngn (39) [ (- 2y G2 DER P D)
+\/Er Sm(z)dp l(P 2) I'(p) G DGC - p 1) tan(7p) o
+0(r*(log(r))?).
(2.167)

This function is analytic and satisfies ®y = 0 on 6 = 7. We expect constant-amplitude
waves to arise on the free surface at 6 = 0, which will not arise from this sum-of-residues
expansion. The waves on 6 = 0 must arise from a contribution from the contour at infinity

preventing deformation onto this contour. We will not investigate this further here.
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2.5.9 Numerical evaluation of the Mellin transform solution

With the normalisation constant 8 known we have

1 c+ioo
- P
(r,0) = 5 /HDO rPd* (p, 0)dp, (2.168)
where
1 G(5+p,1)G(2-p,1)

o (p,0) = —=TI(p) tan(7p) cos p(0 — 7). (2.169)

vV G(p,1)G( - p,1)

We can use symmetry to write the inversion integral as
O(r,0) = % /Ooo Re{r (+Dd* (¢ + it, 0) }dt (2.170)
The integrand decays exponentially as ¢ — oo if 0 < 8 < 77, but on 6 = 0 we have as t - oo
r (DO (c+it,0) = O (+7117),

where we take ¢ fixed and 0 < ¢ < 1/2. The integrand is oscillatory, so ®(r, 8) as defined
by (2.170) exists even for 8 = 0, but the convergence is very slow. Figure 2.6 shows plots
of ©(r, 0) calculated from (2.170) with ¢ = 1/4 for various values of 6 > 0.
For 0 = 0 it is helpful to deform the contour so that the amplitude of the integrand
decays faster with ¢. Taking ¢ = 1/4 we have
O(r,0) = L /1/4+ioo rP®*(p, 0)dp. (2.171)
2mi J1/4-ico
We can move the path of integration to ¢ = —3/4, but must take into account the pole at
p = 0. This gives
1 —3/4+ico
o(r,0) :1+—f rPd* (p, 0)dp

2mi J-3/4-ico

(2.172)
1’3/4 oo .
=1+— / Re{r "'®*(-2 +it, 0) }dt.
T 0
We have
O* (=2 +it,0) = A(-2 +it) cos [ (-2 +it)(0 - m)] (2.173)
and .
AL +it
A(-2+it) = SRl (2.174)

(-3 +it)tanm(} +it)
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This gives us

(2.175)

34 poo roitA(L +it) cos (3 + it

CD(r,@)ZI—r—f Re 3(4' ) 1(4. ) dt
n Jo (=3 +it)tanm(g + it)

This expression is useful as the integrand now decays as O(t~>/*) rather than O(¢~'/4).

Figure 2.7 shows ®(r,0) calculated using (2.175).

2.6 Conclusion

We have found an exact solution to the dock problem described in section 2.1 using two
different methods, the first based on the Wiener-Hopf technique with Fourier transforms,
and the second using Mellin transforms. The methods that we used have a number of
essential similarities. We take a transform of the problem, to obtain an equation that
is valid in some strip of the complex transform space. We use analytic continuation to
extend the equation beyond this strip to the entire complex plane. We use information
about the behaviour of ®(r, ) for small and large r to determine certain boundedness
properties of the transformed functions. Eventually, we use Liouville’s theorem to replace
an unknown entire function with a constant. We write down the transformed functions
in terms of these constants, and invert the transforms to obtain ®.

The Wiener-Hopf method required us to modify our problem to obtain a strip of
analyticity of finite width, by introducing §. We had to solve the problem for § > 0 before
considering what happened when § — 0. However, we did eventually obtain a solution in

compact form. We found for x > 0 that

¢(x,y) =v/2esin (x + 3?”)

~ l foo e—xt(tcosyt—sinyt) ox (l /t logs ds) " (2.176)
m Jo 112(1 + £2)5/4 P\Z )y T+ ’
and for x < 0 that
1 [~ e*cosyt 1 [t logs
‘b(x’y)‘;/o mexp( ;fo 1+52d5)dt- (2177)

The calculation using the Mellin transform method was in some ways more straight-
forward - we simply followed the standard routine for such problems. However, the form

of solution we were able to obtain is more difficult to understand. We found that

o(r,0) = % fo T Re{r 00" (¢ + it, )}t (2178)
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1-5 T T T T

-0.5 1 1 1 1
0

Figure 2.6: The dock problem solution ®(r, 8) for 6 = 7/4 (blue), 6 = 7/2 (green), 6 = 37/4
(red), 6 = 7 (cyan) calculated by evaluating (2.170) numerically. The integrand decays
exponentially for 6 > 0, and so we obtain smooth results for these integrals. We see
that ®(r,0) - 1asr — 0 for 6 > 0. We cannot calculate ®(0, 8) directly from (2.170).

Figure 2.7: The dock problem solution @ on the free-surface 8 = 0. ®(r,0) is calculated by
evaluating (2.175) numerically, with ¢ = —3/4 so that the integrand decays as ¢/,
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where 0 < ¢ < 1/2 and

1 Gl +p1)GE-p,1)
Vi PG G- p1)

and so our solution is given in terms of integrals of Gamma functions and double Gamma

@ (p,0) =

T'(p) tan(7zp) cos p(0 — ), (2.179)

functions. The Mellin transform method does allow us to determine an asymptotic
expansion for ®(r, 0) for small and large r, though obtaining subsequent terms in the
expansion requires differentiation of double Gamma functions. However, it is difficult to
distinguish the oscillatory part of @ (7, 8) in the Mellin transform solution, which would

be required, for example, to obtain the amplitude and phase of the free-surface wave.
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Chapter 3

Surface-tension-driven flow in a
half-plane

We study the motion of a fat wedge of inviscid fluid, of angle 7 — € with € <« 1, in contact
with a rigid wall along one edge. Initially the fluid is at rest. When ¢ = 0, the contact
angle at the tip of the wedge is changed to 7 — Ae. The resulting flow and motion of the
contact point are determined by a balance of surface tension and inertia. As there are no
geometric lengthscales imposed, we obtain a similarity solution, with lengths scalings as
t2/3, When A = O(1), we can linearise the domain to a half plane, with the free surface
displacement coupled to the velocity potential via linear boundary conditions. We solve
the leading order BVP numerically, with the aid of the boundary integral method, and
also present asymptotic solutions for A > 1 and |A — 1| < 1. For A > 1, the asymptotic
solution can be constructed in terms of an inner and an outer region, with the phase and
amplitude of the capillary wave on the free surface set in the inner region via the solution
to the dock problem. The decay of the mean free surface displacement matches into the
outer region to determine the relationship between A and the contact point position x..

For |A — 1| « 1, the leading order problem can be solved exactly using Mellin transforms.

3.1 Introduction

Keller and Miksis [1983] first drew attention to inviscid, surface-tension driven flow in
wedges. In their model problem, a fluid wedge of angle 2« is at rest until time ¢ = 0,
when the angle at the tip is suddenly changed to 2f3 and then remains constant. This

disruption drives a recoiling flow in the fluid, with the free surface and contact point
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FLuip

Ricip WALL X \

€ Ae

Figure 3.1: Initially the free surface is given by the dashed line, and the fluid occupies a fat wedge.
When ¢ = 0, the contact angle at the tip of the wedge is suddenly changed from 7 — € to
7 — Mg, and the fluid recoils. The position of the free surface is given by y = y(x, t)
and position of the contact point is x = x.(¢).

also displaced. With the flow determined by a balance of surface tension and inertia, and
problem geometry specified by angles, a self-similar solution is obtained with lengths
scaling as t2/3.

For arbitrary « and f3, the equations derived by Keller & Miksis yield nonlinear PDEs
with the flow domain to be determined as part of the solution. Lawrie [1990] considered
a linear system for | — 8| << 1 on a wedge shaped domain, and showed that an analytic
solution based on Mellin transforms exists when a = p7r/2q with p odd. However, the
linearisation fails near the contact point, and so the displacement of the contact point
cannot be incorporated into the leading order equations. King [1991] subsequently showed
that the leading order flow for the slender wedge case, a = ¢, § = Ae, is nonlinear, and can
be described by a pair of coupled ODE:s for the potential in the wedge and the free surface
position. Billingham [2006] used Kuzmak’s method to solve this sytem when 1 << A << ¢!
and found that the displacement of the contact point scales as x. = O(e'/?A2/3).

Billingham and King [2005] considered the inverted problem with « = 7 — € and
B = m/2, so that fluid surrounds a slender void. This corresponds to a large change in
contact angle. They found that no solution exists for & < 2.87° because large amplitude
capillary waves on the free surface cause it to touch the rigid wall. If the void is replaced
by a low density inviscid fluid, the flow pinches oft for a slightly larger range of «, as the

fast flow in the slender wedge sucks the interface down.
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In this chapter, we consider the case a = 7 — ¢, § = m — A¢, as shown in figure 3.1. This
is equivalent to a fat wedge of fluid coalescing with a rigid wall, with the new contact
angle given by 7 — Ae. In the limit € - 0 with A = O(1), we obtain a linear half plane
problem, which we solve numerically using a boundary integral method in section 3.3
The simplified flow domain also allows us to find asymptotic solutions for |A — 1| << 1 and
forl « A <«<el.

For |A — 1| << 1 we obtain a linear parameter-free system similar to those obtained
by Lawrie [1990], which we solve exactly using Mellin transforms. For 1 «< A << €71, the
displacement of the contact point x, becomes important at leading order, and leads to a
matched asymptotic structure, with a dock problem in the inner region. For large A, the
contact point displacement is related to A by x. = O(A?/°).

The amplitude of the capillary waves in our problem grows with A. We find that the

free surface touches the wall when A = A, ~ 31.9, and no solution exists for A > A..

3.2 Problem formulation
3.2.1 Governing equations

The flow is at rest when ¢ = 0 and so is initially irrotational. As the fluid is inviscid, the
flow remains irrotational for all time. We may therefore make use of a velocity potential
¢ to write the fluid velocity as u = V¢. The mass conservation condition can then be
expressed as

V3¢ =0 (3.1a)
within the fluid.

For t > 0 the conditions at the contact point are

ys=0 and % =tanle at x =x.(t), (3.1b)
x

where y;(x, t) is the position of the free surface. Away from the contact point the flow

must match onto its initial state of rest, so

ys~xtane as x — oo (3.1c)

and

¢—>0 as r—oo. (3.1d)
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Along the interface we have dynamic and kinematic boundary conditions. The inter-

face itself is a streamline so the Bernoulli condition gives

o 1
—¢+—|V¢|2+EK=0 on y=yx,t) for x>x.(t). (3.1e)
ot 2 p

Here « is the curvature of the interface, given by

oy
BN

where y! = dy,/dx. The kinematic condition is

99 _9ys , 999y
dy ot oOx ox

Finally, at all times there must be no normal flow through the rigid wall so that

%:0 on y=0 for x<x./t). (3.1g)

on y=yx,t) for x>x.(t). (3.1f)

3.2.2 Similarity solution

There is no lengthscale imposed by the geometry of this problem. The only dimensional
physical parameters on which our solution may depend are the density p and the coeffi-
cient of surface tension ¢. To form a lengthscale, we must introduce the time ¢ since the

change in contact angle, and so we obtain a typical lengthscale

1/3
L= (z) 23,
p

We are now able to remove the time dependence from the problem by using the
similarity variables defined by

- _ _ _ L2 _
yS:LyS, xCZLxC, szx, y:Ly, (/):T(/)-

Equations (3.1a) to (3.1d) and (3.1g) are unchanged under the transformation to the new
variables, except that x. = x.(t)/L is now a constant to be determined. However, the

interface conditions (3.1e) and (3.1f) become

1. 2(_0¢ _0¢)\ 1_ - g _ . L
§¢—§(x£+ya—)_/)+z|v¢] +m—0 on j=jyix) for x>x
(3.2)
and i i
3—?%'%—%}5—3—?%:0 on y=7jix) for x>x. (3.3)
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3.2.3 Linearisation for ¢ << 1 with A = O(1)

We now consider the behaviour of our system as € — 0, where the initial wedge angle is
given by  — €. A corresponding problem for the slender wedge of angle € was considered
by King [1991]. While King was able to take advantage of the restriction of scale in the
y direction and thus reduce the leading order problem to a pair of coupled nonlinear
ordinary differential equations, we have no geometrically imposed lengthscale in the x
or y direction. Instead we have from (3.1a) that the scales for variation in the x and y
directions must balance, and with the only other scale for variation given by x., we put
0,05 = O(e7*) and X, = O(e?). From (3.1b) we have (j,): = O(e**!), while evaluating
(3.3) at the contact point gives ¢ = O(e2%+1). Finally, considering the balance in (3.2) at
the contact point gives a = 0, and so we obtain j, = O(¢), ¢ = O(e) and %, 7, x. = O(1)
ase —~> 0.

We define rescaled variables for y, and ¢ and also find it convenient to shift the origin

to X = X, thus we shall put
Js=€H, ¢=€e®, (x,y,%x)=(%—%;7 %).

Aswelete - 0 with A = O(1), at leading order we obtain a linear system for H, ® and x.,

given by
V=0 for y>0, (3.4a)
1 2 0D
§®—§(x+xc)$+Hxx:O on y=0 for x>0, (3.4b)
ov 2 2
—+-(x+x,)H,-=H=0 on y=0 for x>0, (3.4¢)
dy 3 3
o0
8_=0 on y=0 for x<0, (3.4d)
H=0 and H,=1 at x=0, (3.4e)
H~x+x, as x — oo, (3.4f)
® -0 as x?+y?— oo. (3.4g)

These equations are linear, with the only inhomogeneity coming from the boundary
condition (3.4f). We are now solving for ® on a known domain, the half plane y > 0,
although we still need to determine the linearised free surface displacement H as part of

the solution.
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3.3 Numerical solution

The equations derived in the previous section give a partial differential equation for
®(x, y) in y > 0, with conditions on ® or its normal derivatives on the boundary of the
half plane. We could solve this system numerically by truncating the half plane y > 0 at
some distance R from the origin, discretising this two dimensional domain and explicitly
solving for H and ®. However, we are most interested in the solution near y = 0 for x > 0.
We can use a Green’s function method to reduce the system to an ordinary differential

equation and an integral equation along the half-line y = 0, x > 0.

3.3.1 Derivation of integral equation

In two dimensions the Green’s function G(x,x’) = In|x — x’|/27 has the property
VG (x,x') = §(x-x'),

where 6 is the Dirac delta function. We can use the Green’s function to write the solution

to (3.4a) and (3.4g) as a boundary integral equation, given by
1 [ oD
@,O=—/l - x'|—(x',0)dx’.
(5,0) =~ [~ Infe- 2157 (,0)dx
Upon substituting the form of @, from (3.4c) and (3.4d) we obtain
2 [
D(x,0) = gy f In|x — x'|[(H(x") = (x" + x.)H,(x"))dx". (3.5a)
0
This integral equation, together with the ODE
1 2
ECD—E(x+xC)(Dx+Hxx=O, (35b)
the boundary conditions at x = 0
H(0)=0, H.(0)=2, (3.5¢)
and the condition that

®—->0 and H=x+x,+0(1) as x — oo, (3.5d)

gives us a set of equations for ®(x,0) and H(x) in x > 0.
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10

Figure 3.2: Numerically calculated boundary integral solutions for H and ® for x. = 1,2, 3 (blue,
green, red). The corresponding values of A are 2.89,9.35 and 34.1.

72



CHAPTER 3: SURFACE-TENSION-DRIVEN FLOW IN A HALF-PLANE

].O T T T T T T T T T

Figure 3.3: Boundary integral solutions for H and ® at x. = —1, -2, -3 (blue, green, red). The
corresponding values of A are 0.27, -0.079, —0.047.
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3.3.2 Discretisation of the boundary integral system

We can discretise equations (3.5a) to (3.5d) to give a numerical solution for H and .
Treating A as an unknown function of x, allows the equations (3.5a) to (3.5d) to be
considered as a linear system in H, ® and A, with coefficients depending nonlinearly on
x.. We discretise the derivatives in (3.5a) and (3.5b) using four point finite difference
schemes to avoid grid sized oscillations that emerge using central differencing. To evaluate
the integral in (3.5a), we assume that H(x) — (x + x.)H,(x) varies linearly between grid

points. This linear system gives a dense matrix equation of size 2N + 1 that we invert to

find H, ® and A.

3.3.3 Numerical results

The boundary integral solutions shown in figures 3.2 and 3.3 display quite different
behaviour for positive and negative x.. In figure 3.2, as x. is increased, the solution is
dominated by capillary waves whose amplitude and frequency grows with x.. We find
numerically that the free surface touches the rigid wall when A = A,,,, = 37.8, which
corresponds to x, = 3.09. We can find a solution to the system (3.4) for A > A,,,,, but the
free surface intersects the rigid wall and so the solution is unphysical. Similarly, there is
no physical solution for A < 0, which corresponds to x, ~» —1.7.

Figure 3.4 is a logarithmic plot of A against x,, which suggests a scaling relationship
between A and x, for large positive x.. In section 3.4 we construct an asymptotic solution
to the system (3.4) for large x., and hence A > 1.

For x. = 0, we know that an exact solution is given by H = x, A = 1 and ® = 0. In
section 3.5 we find an asymptotic solution to (3.4) for small x, by linearising about this
exact solution. Figure 3.4 also shows A as calculated by the boundary integral method for

-2< x.<2.

3.4 Solution for large x,

3.4.1 Scaling

As A increases, we observe from the numerical results that the wavelength of the capillary
waves decreases. We look for a scaling where H and @ vary on a lengthscale that is much

shorter than x.. From (3.4a), the lengthscales in the x and y directions must balance,
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10*

100 =

107!

10 T

Figure 3.4: Comparison of numerical results from boundary integral calculations (solid line) with
asymptotic results (dashed) for A as a function of x, for small and large x, given by
(3.34) and (3.69) respectively.
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and so we obtain from (3.4b), (3.4c) and (3.4e) that o, 9, = O(x?), H = O(Ax;?) and
@ = O(Ax1).
We rescale by letting

A P I
H:FH’ (D=x—C(D, (x,y):(x—g,x—g).

c

For convenience we define é = x-3 and A = 1*x23. We require H, ® to be O(1) as & — 0.
Note that we have not yet determined how A* scales with x..

In terms of these rescaled variables we now wish to solve

V2P =0 for >0, (3.6a)
1., 2 0d d*H
géCD—g(lJréfc) = I =0 on y=0 when £>0, (3.6b)
od 2 dH 2 _.
5 +5(1+éfc) 17 —§€H=0 on y=0 when %>0, (3.6¢)
od
-~ =0 on y=0 when %<0, (3.6d)
ay
dH
H=0 and —=1 at x=0, (3.6€)
dx
T ~ L+ex as X — oo, (3.6f)
/\x-
® >0 as X2+ - oo. (3.68)

3.4.2 Inner problem

We consider a matched asymptotic expansion to the system (3.6) in the limit é = x> — 0.
There is clearly a non-uniformity in the equations (3.6b), (3.6¢c) and (3.6f) when x =
O(€é7!) and this outer region will be discussed in section 3.4.3. However, in the inner

region, we take £ = O(1) and expand H and & as
H=Hy+éH, + 0(&), ®=0d,+éd, +0(&).
At leading order when £ = O(1), we find that H, and ®, satisfy

V2o =0 for §>0, (3.7a)
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200, d?H
_§a_xo + dfczo =0 on y=0 when %>0, (3.7b)
od, 2dH
24+22%-0 on y=0 when x>0, (3.7¢)
0y 3 dx
oD
2 -0 on $=0 when %<0, (3.7d)
oy
. dH
Hy=0 and 0-1 at £=0, (3.7¢)
dx
We integrate (3.7b) to give
2. dH
§®0:d_92()+M0 on =0 when x>0, (3.8)

where M, is an O(1) constant of integration. This can then be substituted into (3.7¢) to

give
by 4, 2
aa_j/o + §CD0 = 5M0 on y=0 when x>0. (3.9)
We now write the general solution to (3.7a), (3.9) and (3.7d) as
.o 3 (4,4 3
Dy(%,7) = 2¢(9x,9y)+ 2M0 (3.10)
where ¢(x, y) satisfies the following:
Vi = 0 for y>o0,
g—¢ = —¢ on y=0 for x>0,

2 (3.11)
% . 0 on y=0 for x<0,

1.

-
—~
L
(e)
~
1l

Comparing (3.10) to (3.8), (3.7¢) and the normalisation condition ¢(0,0) = 1, we see that

H is given in terms of ¢ by
N * 4 .
Ho(%) = f é (gx’,O) s, (3.12)
0

The system of equations (3.11) are exactly those for the dock problem with normal
incidence, which was first solved by Friedrichs and Lewy [1948]. Solution of the system
(3.11) by use of the Wiener-Hopf method, and by Mellin transforms, is discussed in chapter
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2. The solution is plotted in figures 2.5(a) and 2.5(b). For x > 0, ¢(x, y) is given by
¢(x,y) =\/2esin (x + 3?”)

1 [ e —si 1 el
_;/ e™**(u cos yu — sin yu) exp(—/ ogs ds)du,
0 0

ull2(1 + u?)>/4 mJo 1+s2

(3.13)

while ¢(x, y) is given for x < 0 by
1 [ ecosyu 1 r# logs
d(x,y) = = /(‘) —u1/2(1 —un) exp (—; ./; T 7 ds) du. (3.14)

The function ¢(x, y) is continuous along the line x = 0. The surface wave is exponentially

small as y - oo, and contributes to ¢(x, y) only for x > 0, and so the line x = 0 is a Stokes
line for the surface wave.

The solution to the inner problem is given in terms of ¢ by (3.10) and (3.12). Thus we
integrate the expression for ¢(x, y) to find Hy. This gives us

A9 4% 3m\ 1 o el 1 r“ logs

Hy= | v2cos [+ ) v 2 [T _exp(= [ 28 a6)dul.

‘ 4( \/—COS(9 T3 )+7T-/0 u1/2(1+u2)5/4eXp(7T./0 1+ 2 S) u)
(3.15)

There is no constant term in this expression because the constant of integration exactly

cancels, using

1 o 1 1 [ logs 3n
P ./(‘) ul2(1 + u2)5/ P (; ./(‘) 1+ szds) du = V2 cos (?) (319

This is a direct consequence of the no-net-flux condition on ¢(x, y), and can be verified
numerically.

Now that ¢(x, ) is known explicitly, we can find the leading order behaviour of ®,
and H, as # — co. As x2 + y? — oo, the integrals in both (3.13) and (3.14) are dominated
by the contribution from near u = 0, and at leading order we obtain

3 912 g |3V2e P sin(% + 3{) for £ > 0,

Do (#,0) ~ =My + = sin — + (3.17)
2 4/n 2 .
0 for x < 0.

At leading order for large %, the corresponding expression for Hj is

8 9 4x 3w 3 1
Ho(#) ~ 2| -vV2cos [ 2+ 22) + 2. 3.8
0(%) 4( \/_cos(9 8) 2\/59%1/2) (3.18)

This outer limit of the inner problem gives the leading order matching condition.
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3.4.3 Outer problem

A non-uniformity occurs in the sytem (3.6a) to (3.6f) when x = O(é"!). We therefore
rescale to an outer region with new O(1) variables X and Y where X = éx and Y = €j.

Retaining only the outer boundary conditions this time, we find

V2O =0 for Y >0, (3.19a)
1, 2 od _d*H
—O--(1+X)——+¢ =0 on Y=0 when X>0, (3.19b)
373 0X  dXx?
ob 2 da 2.
—+-(1+X)——-=H=0 on Y=0 when X>0, (3.19¢)
Y 3 dx 3
od
— =0 on Y=0 when X<0, (3.19d)
Y
H~IZ*X as X — oo, (3.19¢)
®->0 as R-— oo. (3.19f)

As X — 0 we must match the outer solution with the outer limit of the inner solution,

which is given by
. 3 9 @2 0 |3V2e/%sin (X 4 31) X >0,
®o(R,0) ~ =M, + ‘16/2— sin—+1{° (%+%) (3.20)
2 4RV 2| X <0,
and /
. 9 4X 3nm 3 €2
Ho(X)~~=|-V2 —+— |+ —= . 3.21
o( ) 4( \/_cos(9é 8) 2\/EX1/2) ( )

These include the O(1) constant term M, in &, O(1) oscillatory terms in both H and
® and also O(&1/2) algebraic terms. Based on our understanding of the outer limit of the

inner problem, we expand & and H in the outer field as

A

D = Dy + Dy + 62D, +0(6'2), H=H,, +Hy+é2H, + 0(/?). (3.22)

The first term in each expansion is oscillatory in X, while ®,, Hy, ®, and H, are all 0(1)
algebraic functions of X and Y. As the equations are linear, we can consider algebraic

and oscillatory terms separately. We begin with the algebraic terms.

79



CHAPTER 3: SURFACE-TENSION-DRIVEN FLOW IN A HALF-PLANE

At O(1), (3.19b) gives

oD
—CDO —(1 —O—O on Y=0 when X>O0. (3.23)

If @, is non-zero along the halfline X > 0, Y = 0, then to satisfy this boundary condition
we must have

q_)o o< (1 +X)1/2.

However, this grows as X — oo, thus violating (3.19f), and so @, must vanish along the

line X > 0, Y = 0. &y must also decay as R — oo but be bounded as R — 0 to meet the

matching condition (3.20) at O(1), and so we conclude that @, = 0 and hence M, = 0.
With @, = 0, taking (3.19¢) at O(1) now yields

2 dHO 2 -
-(1+X)==--Hy=0, 3.24
s+ X))~ —JHo = (3.24)
which has general solution
HO = No(l + X)

Then as X — 0, we have Hy — Ny, but there are no O(1) constant terms in the outer limit
of the inner expansion for H, and so we must have N, = 0 and H, = 0.

With both @, and Hy now zero, the remaining terms in our outer expansions are
D = Dy + V2D, +0(67), H = Hyy + EV2H, + 0(1/2). (3.25)

These should match the oscillatory and algebraic components of the inner field.

We now consider the algebraic part of (3.19b) at O(€'/?). This yields

oD
§CD1——(1+X)—1—0 on Y=0 when X>0. (3.26)

and following the same argument as before, to avoid growth as X — oo we must have

®,(X,0) =0 for X > 0. Then @, satisfies, in terms of polar coordinates (R, 0),

V2D, =0 in 0<O<m,

®;=0 on 6=0

and

()
%20 on 0=m,
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while the matching condition is

=9 1

D, ~ NG
We can solve this system exactly by putting
9 1 . 0

sm— as R—-0.

CDI = ZRI/Z—\/E sSin 5 (327)
We next consider (3.19¢) at O(€1/?), which gives
od, 2 dH, 2 .-
— +-(1+X)——--H;=0, X>0, Y=0. 3.28
ay 30 Xgx 3t (3:28)

With @, given by (3.27), we now have an ordinary differential equation for H,. That is,

9 dH,
8\/_X3/2 —(1 )———H1 0 on Y=0 when X>O0. (3.29)

dx 3
The solution of this equation is

Hl:A1(1+X)+168\1/7T[(\/_ (1+X)arctan\/_) \/_\/_

where A, is an arbitrary constant. The matching condition on H| is given from (3.21) by

- 27 1
Hi(X)~———— as X-0.

8/ X1/?

(3.30)

and so we must have A; = 0.
We can determine A* at leading order by considering the large X behaviour of (3.30)
with A; = 0. As X — oo we have

- 81
H, = 3\25 1+X)+0(X3?). (3.31)
and so at leading order as € — 0 and X — oo, we have
A 81
H~ él/z—ﬁ(l + X). (3.32)
32
Comparing with (3.19¢) we find
32
MaEN_"o a5 é—-0 (3.33)

811

and so at leading order for large x, we find
32
817

This asymptotic result is compared to the boundary integral solution for A in figure 3.4.

A~ x?/z as x, — 0o. (3.34)
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3.4.4 Capillary waves

Although A~ is determined at leading order by the behaviour of the algebraic part of H
and @, the capillary waves make a distinctive contribution to H and ® along the half line
Y =0, X > 0. We therefore wish to determine the amplitude and phase of these waves.

Self-similar capillary waves on the surface of inviscid fluid wedges were initially
studied by Keller and Miksis [1983]. They used a WKB method to find solutions to the
linearised system, and found that at large distance from the contact point, the phase of
the interface displacement grows as 4x3/27 and the amplitude decays as x~7/2. For our
large-A analysis, we will find that the capillary waves in the outer region display exactly
this behaviour of amplitude and phase. For general wedge angles, the movement of the
contact line cannot be described by a linear perturbation of the geometry. However, our
half-plane problem allows the contact point to move freely without disturbing the leading
order flow domain, and so we are able to determine the initial amplitude and phase of the
wave by matching to the inner region solution.

We are looking for oscillatory terms in ® and H, which we will denote by

Cbosc = ef(X,Y)/é’ Hosc = eg(X)/é'

The boundary conditions are that ®,,. and H,,, both vanish as R — oo, and that to leading
order in € each also matches the oscillatory part of the inner expansion as X — 0. In

terms of f(X,Y), the Laplace equation (3.19a) becomes
f—X & += v2 f=0. (3.35)
For small € we expand f as
f=fotéfi+éf+0(&) (3.36)
and so we have from (3.35) at leading order
fox + foy =0

which has solution fox = +ifyy. If f; satisfies this equation, then f, also identically satisfies

V2 f, = 0, and so at next order from (3.35) we have

fOXle +f0Yf1Y =0
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and so f; satisfies fix = +if;y with the same choice of sign as for f,. We find that at every
order V2f =0, and so (3.35) is replaced by

fiefi=0
which has exact solution
fy = :EifX.

This holds at every order, and the same choice of sign must be taken at each order. We

conclude that in this WKB analysis we must have
(d)osc)Y = ii(d)osc)X-

As a consequence of this relationship, the boundary conditions (3.19b) and (3.19¢)
become two coupled ordinary differential equations for D5 (X,0) and H,, along the

half line X > 0. We have:

_ 1
é(HOSC)XX —(1 + X)(CDUSC)X + 5 =0 (337)
and
2
:I:I(CDOSC)X 4+ = (1 + X)(Hopse)x — =Hyse = 0. (3.38)

We can eliminate H,, between these (3.37) and (3.38) to obtain
I 4 L 2 ]
ile(q)osc)XX + 5(1 + X) ((Dosc)X - 5(1 + X)(Dosc =0
Now letting @, = e//¢, we have
4 2
+i€ Jk+& +—(1+X)2f—f(——(1+X)=O. (3.39)
9 € 9
Using the expansion (3.36), we find at leading order in (3.39) that
4
+ifE + §(1 +X)fox =0

which has solution
4
=+i—(1+X)>.
fo i127( )

We neglect additive constants in f as these correspond to multiplying @, by a constant

amplitude.

83



CHAPTER 3: SURFACE-TENSION-DRIVEN FLOW IN A HALF-PLANE

At next order in (3.39), we have that

) 4 2
:l:l(z_f()xflx +f0XX) + §(1 + X)2f1X — §(1 + X) =0,
from which we find
5
fi= —Elog(l +X).
These two terms in the expansion of f are enough to determine the behaviour of this
oscillatory term in ®. Subsequent terms in f give small corrections to the phase and
amplitude of the oscillatory term. Each choice of sign gives a valid solution to the equations
for ®,,.. We can write the general solution for D, as
exp (i%—mx;iyf ) 5 (—i%—(HX:Y)} )
osc = ; + ;
(1+X+iY)5? (1+X-iY)3?

where A and B are arbitrary complex constants.

To match the outer limit of the inner solution, we require that

- 3 . (4X  3m
Oy > =V2sin|—+—] as X —>0.
2 9¢ 8

Thus we can now write the solution for @, as

4i (1+X+iY)3-1

- 3 exp(27 é + %)
O, =Re ;
iv2 (1+X+iY)3?

(3.40)

The oscillation vanishes along the Stokes line where the imaginary part of the argument
of the exponential vanishes. Atleading order in €, the Stokes line is given by

(1+X)3—1)1/2

3(1+X) (341

YStokes = (

For large X this line is given approximately by Y = (1 + X)/v/3, and so in the far field
the wave vanishes along the line 6 = 7/6. As X — 0, the outer Stokes line given by (3.41)
matches the inner Stokes line on 6 = 71/2 as given by (3.17).

To find the oscillatory part of H we integrate along the line Y = 0 using the boundary
condition (3.19¢). After integration by parts we find

4 (1+X)3*-1 | 37
- 9./2 €08 (ﬁ—g + ?)
Hyse = - +O0(€). 3.42
4 (1 + X)7/2 ( ) ( )
As X — 0 this matches the oscillatory part of outer limit of the inner solution, which is
A 9 4X 37
Hy(X)~—-—=V2cos| —+—|.
o(X) 4\/_ ( 9% 8 )
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3.4.5 Composite solution

We can now assemble a composite solution for H and & from the inner, outer and
oscillatory components (3.15), (3.10), (3.25), (3.30), (3.27), (3.42) and (3.40). Note that
the oscillatory term in @ is only included when X > 0 and Y < Yg;okes, Where Yookes is the
Stokes line given by (3.41).

Figure 3.5 compares the composite solution to the boundary integral solution for
x. = 3.0124. This is the critical value of x, at which the composite solution first touches

the rigid wall, and corresponds to an asymptotic value of A = 31.9.

3.5 Solution for small x,

For small x, we linearise about the state of rest givenby A =1, x. =0, H = x and ® = 0.

We write
H=x+x(1+H)+0(x2), ®=x.Dy+0(x2), A=1+xAo+0(x?).

We find that Hy, @, and A, satisty

V2D, =0 for y >0, (3.43a)
1. 2 0D, -
—Dy-Zx—+Hpy=0 on y=0 when x>0, (3.43b)
3 3 ox
oD, 2 - 2.
0, —xHoy—-Hy=0 on y=0 when x>0, (3.43¢)
dy 3 3
0D
—=0 on y=0 when x<0, (3.43d)
9y
Hy=-1 and Hy, =1, at x=0, (3.43¢)
Hy—»0 as x - oo, (3.43f)
Dy >0 as x*+y> - oo, (3.43g)

which is a parameter free system. This problem for H, @, and ), can be solved nu-
merically using a version of the boundary integral method discussed in section 3.3, or

analytically, using Mellin transforms.
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Figure 3.5: Comparison of composite (solid lines) and numerical solutions (dashed lines) for
X = 3.0124, which is the value of x. for which the composite solution for H first
touches the rigid wall at Y = 0. The leading order asymptotic solution gives A = 31.9
for x. = 3.0124, while the boundary integral method gives A = 32.4 for this value of x..
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In chapter 2, we solved the dock problem firstly by using the Wiener-Hopf technique
with Fourier transforms, and secondly by using Mellin transforms. The Fourier transform
version of (3.43) has derivatives with respect to both k and y due to the appearance of
the x-factors in (3.43b) and (3.43c), which makes solution by the Wiener-Hopf technique
unfeasible. However, we find that the Mellin transform solution of (3.43) is no more
complicated than that for the dock problem.

Mellin transforms are often useful in wedge geometries (see Sneddon [1972]), and
have been used to solve linearised surface tension problems very similar to the one here,
see Lawrie [1990] in particular. Lawrie considers our linearised surface equations on a
wedge of angle «, and finds solutions for a = pr/2q where p and q have no common
factors and p is odd. For our problem we have wedge angle a = 7, and so must construct
the solution ourselves.

We use polar coordinates to take advantage of the symmetries of Mellin transforms.

We define Mellin transforms of ®, and H, by

D5 (p,0) = _/(‘)Oo P 1D (r, 0)dr,  Hi(p) = _/(‘)0o P Hy(r)dr. (3.44)

Here p is a complex transform variable. With H; (p) and ®;(p, 0) defined as in (3.44),

the Mellin inversion theorem (see Sneddon [1972]) gives

_ 1 c+ioco  _
= — * P
fo(r) =5 [ H;(p)rrdp, (3.45)
and
_ B 1 d+ico _ . —pd 46
Do 0) = 5= [ B (p.0)r7dp. (3.46)

Here the constants ¢ and d are chosen so that the integration contours lie within the strip
of analyticity for H; (p) and ®;(p) respectively. The strips of analyticity are defined as
the complex p for which the Mellin transforms (3.44) are analytic and depend on the
small and large r behaviour of Hy(r) and ®y(r, ).

To determine for which p the transforms ®; (p, 6) and H; (p) exist and are analytic,

we must consider the behaviour for small and large r of ®(r, 8) and Hy(r).

3.5.1 Expected solution behaviour

For small r we have from the boundary conditions that Hy(0) = ~1 and Ho,(0) = A,

where 1, is finite. To avoid a source in the flow, we also require ®,(r,0) = O(1) as
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Figure 3.6: Contour plot of small-x, asymptotic solution for @y, which satisfies the system (3.43),
calculated using Mellin transforms.

r — 0. It is useful to note that if there is no source in the flow, the no-net-flux condition
gives, via (3.43c), that H; (1) = 0. For large r, we find that Hy(r) = O(r=3/2), ®(r,0) =
O(r'sin %) for 0 < 6 < mand ®y(r,0) = O(r~7/?). Combining these descriptions, we
find Hy (p) is analytic for 0 < Re p < 3/2, @ (p, 0) is analytic for 0 < Re p < 1/2 and that
®; (p,0) is analytic for 0 < Re p < 7/2.

We once again expect capillary waves near the surface 6 = 0. These grow in phase as
O(r?) for large r but have decaying amplitudes, of O(r~7/2) in H(r) and of O(r~/?) in
®(r, 0). The capillary wave contributions to H(r) and @(r, 8) do not alter the strips of
analyticity for H*(p) and ®*(p, 0).

3.5.2 Mellin transform of equations

To solve this system using Mellin transforms, we first rewrite the problem using polar

coordinates. We obtain

19 rad)" +1aZd>0 0 in 0<0<m (3.47a)
—_— —_— = 1 > > ) *
ror or r2 002

1- 2 0D, -

“Po-“r—+Hy,, =0 on 6=0, (3.47b)

3 3 or

100, 2 - 2 -

-—+ZrHy,-=Hy=0 6=0, (3.47¢)

r o9 3 orT 3=t o

88



CHAPTER 3: SURFACE-TENSION-DRIVEN FLOW IN A HALF-PLANE

10,
- = =1, (3.47d)
50 0 on O=m
Hy=-1 and H,, =1, at r=0, (3.47¢)
Hy(r) >0 as r— oo, (3.47f)
Oy >0 as r->oo for 0<0O <. (3.47g)

Taking Mellin transforms of the equations (3.47a) to (3.47d) gives

? - : oD 7
g7 (25(p.0)) + p*05(p, 0) + lrpﬂa_ro - prPQO] =0 (3.48a)
0

for0< 0 <,
1 - -
5(1 +2p) D5 (p,0)+ (p-1)(p-2)Hs(p-2)
o0 (3.48b)

2 - - -
+I:—grpq)'i-rp_lHor—(p—].)TP_ZH()] =0
0

and
J -, 2 - 2 -
ﬁd)o(p—1,0)—5(1+p)H0(p)+[grPHO]O -0 (3.48¢)
on 8 =0,and
J -
— O (p - = A4
aQCDO(p 1,0)=0 (3.48d)
onf =

The end point contributions in the first three equations vanish for 0 < Rep < 1/2,
for 2 < Rep < 7/2 and for 0 < Re p < 3/2 respectively, and it is for these p only that the
Mellin transforms H; (p) and @ (p, 0) are defined by the integrals in (3.44). However,
we may extend the equations outside of these strips by analytic continuation. Thus we

have, for all p, that
aZ

w(ég(p,e))w@g(p,e):o for 0<0<m, (3.49a)
1 - -
3(1+2p)d)g(p,0)+(p—l)(p—z)Hg(p—z):0 on 6=0, (3.49b)

a T * 2 T

£®O(p—1,0)—§(l+p)Ho(p):0 on 0=0, (3.49¢)
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and
a T\ *
ﬁd)o(p—l,e) =0 on fO=r. (3.49d)
The general solution to (3.49a) that also satisfies (3.49d) is

5 (p,0) = Qu(p) cos(p(6 - m)). (3.50)

We may write (3.49b) and (3.49c) in terms of Qy(p) and H; (p) to give

%(1 +2p)Qo(p) cos prr+ (p—1)(p-2)H:(p-2) = 0 (3.51)

and
—(p—l)Qo(p—l)sinpn—§(1+p)H5(p)=0- (3.52)

We eliminate Qo (p) between these two equations to give a single functional difference

equation for H; (p). Thus we find that

Ip(p+1)(p+2)
2(p+4)(2p+5)

where Q is given in terms of H; by

Sp-D(p-2)H (p-2) (3.54)
1+2p cos pm

H;(p+3)+ tan prH; (p) =0, (3.53)

Qu(p) =

3.5.3 Simplification of functional difference equations

We begin by recalling the identity

I'(3-2)T(5+z)

r(z)[(1-z) °’ (3:55)

tannz =

so that we may write (3.53) as

fi(p+3)+ 22 DPDTG=PIGHP) (3.56)

2(p+4)(2p+5) T(p)L(1-p)

To make progress with these functional difference equations we will make use of

Gamma functions, which satisfy

I(z+1)=zI(2),
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and Barnes double Gamma functions, G(z, §), which are defined so that

G(z+1,0) = r( )G(z 5),
along with the normalisation condition G(1, §) = 1. This allows us to solve the equation
for H; (p) by putting

2 KB 66 1L DG L)
1) TEE)  GEH6E-5)

3 (p) = W) 6)

whereupon we find W (p) satisfies the far simpler difference equation W(p+3)+ W(p) =
0.

3.5.4 Mellin inversion and pole structure

The Mellin inversion theorem states that
Hy(r) = Zim f : H; (p)r-tdp, (3.58)
where the constant c satisfies 0 < ¢ < 3/2; the path of integration passes to the right of the
singularity at p = 0 and lies entirely within the strip of analyticity 0 < Re p < 3/2. For this
inversion integral to be valid, the integrand must be bounded as p — oo within the strip
of analyticity.
We currently have H; (p) given by (3.57), with W(p+3)+W (p) = 0. Using asymptotic
results from Billingham and King [1997] we find that H} (¢ + iT) decays exponentially as

¢ - —oo with 7 large and fixed. Thus for small r, the integrand

Hy (p)r?
decays exponentially in the left half plane, and so we can replace the integral in (3.58)
with a suitable sum of residues from poles in the left half plane.

A pole of order m at p = —n gives a residue with r-dependence O(r"(logr)™!), and
so the behaviour of Hy(r) for small r given in section 3.5.1 is equivalent to requiring that
H;(p) has simple poles at -2, -1, 0, but no other singularities in the strip =2 < Re p < 0.
We also know that H; (p) is analytic in the strip 0 < Re p < 3/2. Thus we need H; (p) to
be finite at every p in the strip -2 < Re p < 3/2, except for simple poles at p = 0, -1, -2.

The double Gamma function G(z,d) has no singularities but does have zeros at

z = —(mé + n), where m,n = 0, 1,2... (see Lawrie and King [1994]). In particular, by
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applying the functional difference equation for G(z,1/3), we find that 1/G(z, 1/3) has
simple poles at z = 0,-1/3,-2/3, double poles at z = —1,-4/3,-5/3, triple poles at
z=-2,-7/3,-8/3 and so on.
Using this information about the zeros of G(z, 1/3) together with standard properties
of '(z), we find that the expression
). (Z) NS GG hed g
wp) (T) T +E) (L DG -

has double poles at p = 0, p = —1 and p = -2, has simple zeros at p = —-1/2 and p = -3/2,

(3.59)

and is finite and non-zero at every other p in the strip -3/2 < Re p < 3/2.

To meet our requirements for H; (p), we set

W(p) = tan prrsin(5(p - 3)) V(p), (3.60)

where V(p) must have no singularities in =2 < Re p < 3/2, and satisfies V(p+3) = V(p).
Thus V(p) is an entire function. We now use Liouville’s theorem to determine V(p).
For the inversion integral (3.58) to exist, the integrand must be bounded as t - oo
where p = ¢ + it, for each ¢ such that 0 < ¢ < 3/2 and for each r > 0. Now, as t - oo, we
find
Hy(c+it)r (<) = O (V(p)t33) (3.61)

and this must be bounded as for 0 < ¢ < 3/2. Setting ¢ = 3/2, we find V(p) grows no

faster that O(¢7/6) as t - oo, and so by Liouville’s theorem we can write

V(p) =ap+p.
However, we know that V(p) is periodic, and so & = 0 and V(p) = 3. We have

o (7Y TOIEDI(ED) G2+ L HG(E -4, 1)
50-5(3) Ty cENaTh o

x tan prrsin(%(p - 3))

This gives us a unique solution for Hy, up to the multiplicative constant f3 to be determined
by the normalisation condition Hy(0) = —1. We can check that H; (p) as defined by (3.62)
has simple poles at p = 0,—1,-2 and at p = 3/2, has a simple zero at p = 1 and is finite

and non-zero elsewhere in -3/2 < Re p < 3/2.
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Figure 3.7: The real part of Hj (1 + it) from (3.62) with normalisation constant 3 given by (3.67).
The first plot shows ¢ from 0 to 100, and we can see that H; (1 + it) is oscillatory, with
slowly decaying amplitude. The second graph shows t from 0 to 5, and demonstrates
that the condition Hj (1) = 0 is met.
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3.5.5 Expansion for small r and normalisation

For r < 1 we can close the inversion contour in the left half plane, and thus obtain a sum

of residues from p = 0,-1,-2,.... We find
= > Res{H;(p)r?,p=-n}. (3.63)
n=0

Evaluating the residues from the first three poles, we find

_ 1/3 §,l
T A
273 (3.64)
LBV (2T GGe3) L s
(7)) ThanneEn” O e,

as r — 0. The resulting expressions can be simplified greatly by the use of two formulae
given by Barnes [1899]:
G(6,08) = (2m)O- V2§12 (3.65)

and
G(z+6,0) = (2n) D252 (2)G(z, 8). (3.66)

To satisfy the normalisation condition H(0) = —1, we set

247 T(3)
= S5/21f6 F( 3 (3.67)
Comparing (3.64) with (3.47¢) we then find
= 8n
do = ~ 1.0424, (3.68)
91“(%)
so that
8n
A~1l+ ——x, 3.69
ST e

as x, — 0. This is compared to the boundary integral calculations for A(x.) in figure 3.4.

3.5.6 Inversion for general r

For general r we calculate Hy(7) and ®(r, 6) by evaluating the inversion integral numer-

ically. As Re{H; (c + it)} = Re{H; (c - it)}, we can rewrite (3.45) as
- 1 © - ;
Flo(r) =~ f Re{H: (c + it)r <} dt, (3.70)
0
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Hy
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Figure 3.8: The analytical solution for Hy(r) and @ (r,0) (blue line in second plot). The analytical
result is calculated by numerical evaluation of (3.70) with ¢ = 1, with the upper limit
of integration taken to be 500. The analytical solution has Ay = 1.04241. The plot for
@, also shows @ at § = 77/12, 71/6, ..., 7, which correspond to (10, §) increasing.
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which should be independent of ¢ so long as 0 < ¢ < 3/2. The equivalent expression for
Do(r,0) is

By (r, 6) = % f°° Re{®: (d + it, 0)r4-i*} d. (3.71)
0
We know that

2p+2H;(p+1)
3 p sin pm

D5 (p,0) = Qo(p)cos p(0 — 1) = cos p(0 - 7). (3.72)

From the definition of H; (p) given by (3.62), we know that H; (p) has a simple pole at
p =3/2 and a simple zero at p = 1, but is finite and non-zero for all other p in the strip
1 < Re p < 3/2. Then by (3.72), ®;(p, 6) has simple poles at p = 0 and p = 1/2, so we
must take 0 < d < 1/2 in (3.71).

To evaluate the double Gamma functions in (3.62) we use the integral expression from

Billingham and King [1997], which converges for § > 0 and Rez > 0.

oo e—éu _ e e—éu
G(z,0) = / _
(2:9) eXp( 0 {(1-e—u)(1-e—6u) e

D (E q) o, e du
+(z 1)(28 l)e +1—e‘“}u)'

The range of integration in both (3.70) and (3.73) must be truncated in order to

(3.73)

calculate the integrals numerically. The integrand in (3.73) decays exponentially as x — oo
if § > 0 and Rez > 0. However, the integrand in (3.70) decays only algebraically as t — oo,
as given by (3.61) and shown in figure 3.7. To improve the numerical convergence of this
integral, it is helpful to deform the inversion contour in (3.45) to reduce the real part of p.
Such a deformation must take into account the poles in H; (p).

Figure 3.8 compares Hj and @ calculated via a boundary integral discretisation of
(3.43a) to the exact solution given by (3.45). Figure 3.8 also shows ®,(r, 0) for various 6.

This shows that the capillary waves are only noticeable very near the surface 6 = 0.

3.6 Conclusion

This chapter has been concerned with finding asymptotic solutions to the linear system
(3.4) for large A and for |A - 1| < 1, and numerical solutions when A = O(1). In both
cases we obtained good agreement between numerical and asymptotic results. For large A

we obtained a solution using matched asymptotic expansions, with the main detail of the
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Figure 3.9: Comparison of numerical solutions to the linear problem (3.4) to solutions to the full
nonlinear problem given by (3.1a) to (3.1d), (3.1g), (3.2) and (3.3) fore = 0.1°, ¢ = 0.3°
and € = 0.5°. Each line stops when the free surface touches the rigid wall.

flow determined by the dock problem in the inner region, and the relationship between A
and x. found by matching to the outer region. For small |A — 1|, the solution of the leading
order problem was found using Mellin transforms.

The linear equations (3.4c) and (3.4d) imply that @, is discontinuous at the origin
if Ax; # 0, and so the first derivative of ® has a logarithmic singularity at the origin.
As a result, the linearisation given in section 3.2.3 fails when elogr = O(1). The same
singularity is seen in the leading order approximation of flow past a thin sharp aerofoil
(see Van Dyke [1975], pp 68-70). The size of the nonuniform region is exponentially small,
and so unlikely to have any serious effect on the solution.

We can use the numerical method given by Billingham and King [2005] to compare the
solution to the linear system (3.4) to the full problem given by (3.1a) to (3.1d), (3.1g), (3.2)
and (3.3). Figure 3.9 shows good agreement with A(x,) resulting from such a comparison.

As ) increases, the amplitude of the capillary waves in our solution grows. For suffi-
ciently large A, as shown in figure 3.5, the amplitude becomes so large that the capillary

waves intersect with the position of the rigid wall, thus invalidating the solution. If the
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<

void’ in figure 3.1 was replaced by a low density inviscid fluid, then mass conservation
would be violated if the free surface touched the wall. Furthermore, if the free surface was
close to the rigid wall, there would be a very fast flow in the slender low density region,
which would influence the flow in the fat wedge.

King [1991] and Billingham [2006] considered the complementary problem to figure
3.1, with fluid occupying only the slender wedge. As € — 0, they obtained a system that
could be described by coupled nonlinear ODEs. For large A, Billingham [2006] solved
this system using Kuzmak’s method for a nonlinear oscillator.

For the two fluid problem, with fluid of density p; inside the slender wedge and density
p2 in the fat wedge, a balance is obtained between the nonlinear system studied by King
[1991], and the linear 2D problem in this chapter, when p;/p, = O(€). At leading order,
this gives another half plane problem, but with the free surface equations (3.4b) and (3.4¢)
replaced by three coupled nonlinear ODE:s for the free surface position H and the velocity

potentials in the two fluids, which we will study in the next chapter.
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Figure 3.10: For x, > 3.01, or A > 30, the large-A asymptotic solution for H for p; = 0
becomes non-physical, with the linearised interface height intersecting the rigid
wall. The solutions shown here are for A = 10, 20, 30, 40, 50, which correspond to
xc = 2.1050,2.6508, 2.9686, 3.1878, 3.3791 respectively. In chapter 4 we consider the
effect of allowing fluid 1 to have finite but low density. We find that this prevents
pinch-oft for finite A.
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Chapter 4

Two-fluid half-plane problem

For a fat wedge of inviscid fluid recoiling around a slender void, self-similar solutions are
only available for a limited range of contact angle and wedge angle, due to large-amplitude
capillary waves which causes the free surface to touch itself, pinching off immediately in
the self-similar case. If the slender void is filled with a low density inviscid fluid, a rapid
flow is driven in ‘neck’ regions as the free surface approaches pinch-off. In this chapter,
we consider the same contact and wedge angle limits as in chapter 3, so that the flow
domain for the fluid in the fat wedge can again be approximated by a half-plane, but seek
solutions for a distinguished density ratio which maximises the interaction between flows
in the slender and fat wedge. We find a rapidly-varying solution to this two-fluid problem
by use of the method of multiple scales. On a fast scale, free surface deformations are
determined by solutions to a nonlinear, nonlocal set of periodic oscillator equations. We
also calculate secularity equations to determine how the oscillator equation parameters
vary on the slow scale. These secularity equations are coupled to a non-homogenisable
region near the contact point, where the non-periodic effects of the rigid wall must be

taken fully into account.

4.1 Introduction

In chapter 3, we considered the case of a single inviscid fluid recoiling around a slender
void. The initial contact angle m — € was suddenly changed to m — Ae, and the fluid
recoils accordingly. We found an asymptotic solution to this problem for the double
limit 1 << A < e7!. However, we found that these asymptotic solutions for the interface

position would intersect with the position of the rigid wall for A larger than about 30.
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Figure 4.1: We consider the case ¢ << 1, so that fluid 1 occupies a slender wedge, and fluid 2
occupies a fat wedge. We choose a distinguished density ratio, so that the flow in both
fluids features in the leading order problem for € — 0. We find that this corresponds to
fluid 1 having a much smaller density than fluid 2, with p;/p, = O(€). We limit our
analysis to moderate A, so that e «< 1.

We now consider filling the slender void with a low density inviscid fluid. As the
interface starts to form necks near the rigid wall, then a flow occurs between the interface
and the wall to satisfy mass conservation and self-similarity. The flow through these
narrow necks is much faster than the two-dimensional flow in the fat wedge, and so the
fluid in the slender wedge can have a significant effect on the interface with a much lower
density than the fluid in the fat wedge.

For the case where the fluid in the fat wedge has zero density, Billingham [2006] has
shown that solutions exist for all 1 in 1 << A < €71. In the previous chapter, we showed
that if the fluid in the slender wedge has zero density, pinchoft occurs at finite A. In this
chapter, we identify a distinguished density ratio, where p,/p, = O(A¢), in which the
velocity potential in each fluid has a leading order effect on the interface position, and
find that the highly oscillatory large-A asymptotic solutions are valid for A — oo for this
distinguished density ratio.

The two-fluid recoiling inviscid wedge problem can be uniquely described by the
contact angle 3 = A¢, the wedge angle € and the density ratio p;/p,. Here we are interested
in the case with € << 1, p;/p, = O(€) and A = O(1). Fluid 1 occupies an initially slender
wedge of angle € and has density p; (see figure 4.1). Fluid 2 occupies an initially fat wedge
of angle 7 — € and has density p,. As € — 0, we find on kinematic grounds that u; = O(1)

and u, = O(e), so that a distinguished limit is obtained in the Bernoulli equation when

101



CHAPTER 4: TWO-FLUID HALF-PLANE PROBLEM

pi/p2 = O(e).

In section 4.2, we derive self-similar equations for the nonlinear two-fluid problem.
In section 4.3, we examine this system of equations in the limit € - 0 with A = O(1)
and derive a leading order system for the distinguished density ratio p;/p, = O(¢). The
leading order system consists of two nonlinear ODEs coupled to a linear PDE for the flow
in the fat wedge, rather than a fully nonlinear free boundary problem. This system can be
solved numerically, with the PDE reduced to an integral equation which can be solved
numerically using a similar method to the previous chapter. We discuss the numerical
solutions in section 4.4. The nonlinear ODE:s are solved using a relaxation method, with
parameter continuation used to obtain solutions to the more nonlinear parameter regimes.
For large A, necks appear in the solutions, which correspond to large gradients in the
potential in the slender wedge.

We next consider the double limit e — 0, A — oo with Ae << 1, in section 4.5. A scaling
analysis of the leading order system for small ¢, looking for a balance for large A, suggested
that the distinguished density ratio is p;/p, = O(A¢) in this double limit, i.e. when the
density ratio is of the same order as the contact angle.

We use Kuzmak’s method to find a solution to the leading order system arising from
this double-distinguished density ratio. In section 4.5 we derive equations for the leading-
order nonlinear nonlocal oscillator and secularity equations that describe the slow vari-
ation of the oscillator parameters. In section 4.6 we explore various properties of the
oscillator equation solutions. In section 4.7 we find solutions to the secularity equations
for different values of the distinguished density ratio . We find that Kuzmak’s method
fails in an inner region near the contact point, where the free surface takes several wave-
lengths to adjust to the discontinuous imposition of the rigid wall boundary conditions.
As the contact angle condition is given at the contact point, we find that we must solve a
PDE to interpret the contact angle conditions as boundary conditions for the secularity

equations. The numerical solution of this PDE is discussed in appendix A.
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4.2 Full governing equations

4.2.1 Nonlinear interface equations

Surface tension provides a pressure difference across the interface proportional to curva-
ture. By integrating the Euler equations, we obtain the Bernoulli equation, which holds

along the interface y = Y(x, t):

p1 (%+—| V| ) (—+ = |V, )= oK = (1 Y;};)3/2 (4.1)

Here ¢; and ¢, are the velocity potentials in the two fluids. Fluid 1 occupies the slender
wedge and fluid 2 occupies the fat wedge, as shown in figure 4.1. In the bulk of the fluid,
mass conservation gives V2¢, , = 0 in fluids 1 and 2 respectively.

The kinematic condition is that the normal velocity of a point R = (x, Y(x, t)) on the
boundary is equal to the normal velocity of the fluid on either side of the boundary. The

unit normal directed into fluid 2 is

(_Yx> 1)
= — 2 7 4.2
(L+Y2)1/2 “2)
so the kinematic condition can be written as
t
n'thmzn.V(pl:n.V(bz’ (43)
or
oY _9¢ _9d¢oY (4.4)
ot dy OJx ox
At the contact point, we have
Y =0, Y,=tan(le), (4.5)
while
Y ~xtane as x — oo. (4.6)
There is no normal flow through the rigid wall, so
a(pl ( ,0)=0, for x> x,, (4.7)
and
8(/)2( ,0)=0, for x<x,. (4.8)

The far field conditions on ¢, , are that ¢; — 0 as |x| - oo for x in fluid 1, and ¢, — 0 as

|x| = oo for x in fluid 2.
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4.2.2 Similarity solution

The only dimensional parameters in the problem are the surface tension coefficient o
and the fluid densities p; and p,. We cannot construct a lengthscale from these two
parameters alone. Instead, we must invoke time ¢ since coalescence in order to obtain a

lengthscale, hence the only solutions are similarity solutions.

We define
1/3
)
p

where p is some reference density to be chosen later. We nondimensionalise all lengths

according to L, and so define the barred variables:
x=x/L, y=y/L, Y=Y/L, % =x.]L. (4.9)

The velocity potential ¢ has dimensions L?/t, so we define

_ p2/3
(/51,2 = Wﬂbl,z- (410)

We choose axes so that the contact point is at x = 0, y = 0, so that the contact point

equations (4.5) become

Y(0) =0, Y¢(0) = tan(Ae), (4.11)
while the far-field equation (4.6) becomes

Y ~ (k+%/)tane as x — oo (4.12)

and the rigid wall conditions (4.7) and (4.8) become

a(_)—gi_/l(fc,O) =0, for x>0 (4.13)
and

aa—gby_z(az,o) =0, for <0 (4.14)
respectively.
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In similarity variables, the Bernoulli equation becomes

P1 —1 < 2(,. a¢1 a¢1 8¢_>1 ’ 1 aﬁz’l d
" §¢1_§((x c) ay) (g) +§(a_)-,)

P2 lg 2(0 a¢2 - 96, 99, 06, (4.15)
¢2 (( T ay) (ax)+ (ay)

_ Yiz
- (1+Y2)32

and the kinematic boundary conditions become

- 0p by o 9¢y I,
= CY-——Y Yi —=Yi=—— - =, 4.16
(x %) 3 ox  dy ox  dy (416)

which both hold on the free surface, so (%, 7) = (%, Y(%)).

4.3 Leading order half-plane problem for ¢ << 1
4.3.1 Distinguished density ratio

The flows in the two fluids behave differently as e — 0. This can be observed in the
interpretation of the kinematic condition in the two fluids at the contact point itself. In
the slender wedge, the angle between the wall and the free surface is very small, so the

flow is predominantly in the x-direction, and we require

2
9 —1(0,0) =0, a¢1 (0 0) = (4.17)
9y
In the fat wedge, ¢,; and ¢,; are of strictly comparable size, while Y; = O(e) at the contact
point, thus
0 2 0
¢2 22(0,0)= -3xande = 0(s0), %(0,0) _ 0(%.€). (418)

Regardless of the scalings for x. and the lengthscale for variations in x, we find the
horizontal velocities in the slender wedge are O(e~!) times larger than in the fat wedge as
€ - 0 with A fixed.

The relative contributions to the Bernoulli equation (4.15) at the contact point X = 0

from ¢, and ¢, respectively have magnitude

pig1 = O(p1x2), paths = O(paex?). (4.19)

and so the distinguished density ratio as € - 0 with A = O(1) is p1/p2 = O(e).
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4.3.2 Derivation of leading order problem
We now define
p1=€kp, pr=p, (4.20)

where p is the reference density used in nondimensionalisation. Then the Bernoulli and

kinematic conditions become

1 a¢>1 AV ANRYEIAY
|sh -3 (@05t i(a—)*a(a—y)
: y

1. 2f,. _.9¢, _9¢,\ 1[0¢, ’ a¢2 (4.21)
32 ((x )%t 8)7)+2(892) "2\ %5
_ Yxx
C(1+Y2)32
and ) B} B B}
2,0 o 2. 04 O0p - 0P, 09,
by NYie-Y=Yi—-—— =Y - ——, 4.22
3(x+x) 3 ox  dy ox  dy ( )

both of which apply on j = Y ().

The condition Y;(0) = tan Ae gives Y = O(ex.). Then (4.22), evaluated at the contact
point, gives ¢; = O(x2) and ¢, = O(ex2). Finally, (4.21) evaluated at the contact point
gives X, = O(1) ase — 0.

We therefore rescale Y and ¢, and ¢, according to
Y=eH, ¢1=¢1, ¢,=ed. (4.23)
The scales for x and y variation are unchanged as € — 0, so welet X = x, y = y and X, = x,.

At leading order we can reduce the equations on ¢, (x, y) to ODEs. We currently have

V2 =0 in 0<y<eH(x) for x>0,

4.24
%=0 on y=0 for x>0. (4.24)

We now rescale to the height of the wedge by writing y = €j. Then ¢, satisfies
?¢, . 10°¢,
ox? € 9j?

¢,
9y

=0 in 0<y<H(x) for x>0,
(4.25)

A

=0 on y=0 for x>0.
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Expanding ¢; in powers of €, we find that

52
61 = P(x) + eB(x) + € [C(x) - %P”(x)] +0(&), (4.26)
so that at leading order,
$1(x,eH(x)) = P(x), %—(il(x, €eH(x)) = —eH(x)P"(x). (4.27)
Substituting (4.27) and (4.23) into (4.21) and (4.22), we obtain the leading order
equations
k [lP - %(x +x.)P, + lpi] - [lCD - g(x + xC)CDX] =H,, (4.28)
3 3 2 3 3
and
2 2
g(x + xC)Hx - EH = (HPx)x = —(D),, (429)

to be applied on the half line x > 0, y = 0.

4.3.3 Summary of two-fluid half-plane problem

Atleading order in € we have a half plane problem, with the equations (4.28) and (4.29) to
be applied on the half line x > 0, y = 0. We want to find solutions for given values of the
contact angle parameter A and the density ratio k. The functions to be determined are the
velocity potential in the fat wedge, @ (x, y), for —oo < x < oo, y > 0, the interface height
H(x) for x > 0, and the leading-order velocity potential in the slender wedge P(x) for
x > 0. We must also solve for the eigenvalue x., which is the contact point displacement.

This problem can be summarised as follows:

V20 =0 for y>O0, (4.30)

tH-2%(x+x)H, onx>0,

®,(x,0) = ’ (4.31)
0 on x <0,
with
1 2 1,7 11 2
k|=P-=(x+x)P.+ =P |- |=D(x,0) - =(x + x.)D,(x,0) | = Hyx (4.32)
3 3 2 3 3
and
2 2
g(x + XC)Hx - gH = (HPx)x (433)
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Equations (4.32) and (4.33) each hold on x > 0, y = 0.

The boundary conditions at the contact point are that
H(0)=0, and H,(0) =21 (4.34)
while in the far field,
H-x+x.,, P->0, ®—>0 as x — oo. (4.35)
As shown in section 3.3.1, equations (4.30) and (4.31) are equivalent to
D(x,0) = i /Ooo log|x — x"[{H(x") = (x" + x.)H,(x") }dx'. (4.36)

We can also derive the kinematic equation for P(x) (4.33) and the integral equation (4.36)
from the integral equations for the nonlinear free-boundary problem. This derivation is

discussed in appendix B.

4.4 Numerical solution to half-plane problem

We need to solve for H(x), P(x) and @(x) for x > 0, and for the eigenvalue x,. These

are related by two ODEs:
1 2 1 1 2
k [—P ~Z(x+x)Py + —Pf] - [—cD ~Z(x+ xC)CDx] - H,, (4.37)
3 3 2 3 3
and
2 2
3 (0 x)Hy = 2H = (HP:)s, (4.38)
and the integral equation
2 [ee]
D(x) = . f log|x — x"[{H(x") = (x" + x.)H,(x") }dx'. (4.39)
0

These are subject to the boundary conditions (4.34) and (4.35).

This is a nonlinear system with two independent parameters: the density parameter k
and the contact angle parameter A. In chapter 3, we had k = 0, and found that by fixing
x. and allowing A to vary, we obtained a linear system that could be solved using one
Newton iteration. However, if k # 0, the system is always nonlinear, and so there is no
advantage in fixing x, rather than A. In the next section, we find that a distinguished

density ratio occurs if k = O(1) as A — oo, and so we obtain solutions comparable to
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the asymptotic solutions by continuation in the independent parameters y and A, where
k = uA. Equation (4.39), which describes @, is nonlocal. Since (4.37) depends on @, this
nonlocal coupling means we cannot solve the ODE boundary value problem in (4.37)
and (4.38) by shooting forward from x = 0. Instead we use finite difference formulae to
rewrite the ODEs and integral equation as nonlinear algebraic equations involving H, P
and @ at fixed grid points. We then solve this using Newton iteration.

To obtain a numerically tractable BVP, we truncate the upper limit of the integral
in (4.39) to x’ = x7, and also apply the boundary conditions (4.35) at x = x7. Use of
non-uniform grid spacing allows us to obtain good resolution in regions of high curvature,
while also reaching a reasonable truncation point given constraints on the total number
of grid points.

We use three-point centered finite difference formulae to discretise (4.37) and (4.38),
and so the discretisation error for these ODEs is O(h?). The integral equation (4.39) is
discretised by assuming that the term H - (x +x.) H, in (4.39) varies linearly between grid
points and then calculating the logarithmic integrals analytically, thus avoiding numerical
errors due to the logarithmic singularity in kernel of the integral. We note that (4.39)
gives @ as a linear function of H and x., and so we can reduce the size of the matrix
equation by replacing ® in (4.37) by M - H, where M is a dense matrix that depends on
the grid for x and varies linearly on x,, but is independent of H. We must recalculate M
whenever a new grid is chosen.

Once we have formulated the discretised boundary value problem, we obtain solutions
by continuation in A, starting from the configuration with A = 1 and x, = 0, where H = x
and P = ® = 0 is a solution. We note (e.g. in figure 4.2(a)) that as A increases, the
solutions for H start to form neck regions in which the curvature H,, is large. We
therefore concentrate grid points in these neck regions, but the need to recalculate the
dense matrix M represents a significant penalty for grid redistribution.

There are two main sources of error for this numerical solution; the use of finite grid
spacing h in formulating the discretised version of the ODEs and integral equation, and
the use of a finite truncation point x7. We can check the rate of solution convergence
with respect to these discretisation parameters. For both uniform and non-uniform grids,

we find that the eigenvalue x, and the scalar solution measures P(0) and ®(0) converge
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as O(N~) as the total number of points N is varied, where a ~ 1.9, which is consistent
with the prediction of O(h?) accuracy for a fixed value of x7.

In order to test the solution sensitivity to the truncation value x7, we can add extra
points to the end of an existing grid. Solutions to the two versions of the single fluid
problem feature capillary waves which grow in frequency and decay in amplitude as x
increases. We expect similar behaviour here, and so cannot resolve waves out to infinity.
If waves are resolved to our truncation point, the position of the truncation point within
a wavelength will have a significant effect on our results. Instead we suppress the effect
of the capillary waves for large x by taking increasing grid spacing as x increases. This
forces the numerical calculated waves to decay more rapidly in amplitude for large x, as
shown in figure 3.5 for the single-fluid problem studied in chapter 3. For the two-fluid
problem, we find numerically that when k = 5 and A = 5, the solution eigenvalue x,
converges as O (x;>?). The velocity potential values P(0) and ®(0) are found to converge
as O(x;>*°). The Bernoulli equation is unaffected by adding a constant to P and ® if
the linear combination kP — ® is preserved. As the values of P and ® otherwise only
occur in the boundary conditions (4.35), the convergence rate of P(0) and ©(0) may be
slower than other solution measures. The solutions shown in the following figures are for
xr = 50.

Figures 4.2(a) and 4.2(b) show solutions for the interface position H(x) for k = 1 and
k = A respectively. Both these solutions and the solutions for k = 0, shown in figure 3.10,
feature large amplitude capillary waves. As A increases, the amplitude of these capillary
waves increases. However, the solutions for k = 0 become negative and intersect with the
rigid wall for large A, while the solutions for k = 1 and k = yA never make contact with
the wall, but instead approach the wall in a number of neck regions, where the interface
is highly curved. Figure 4.3(a) shows the height of the first neck region as a function of A
for a selection of density ratios. We see that k = 0 is the only density ratio for which the
interface intersects the rigid wall. Figure 4.3(b) shows the magnitude of H as a function
of A.

Figure 4.4 shows the velocity potential functions P(x) and ®(x,0) corresponding
to the solution for A = 50 shown in figure 4.2(b). We observe that ®(x,0) shows large

amplitude capillary waves, as do the solutions for k = 0 shown in figure 3.3. There is an
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upward shift in the mean of ® near x = 0, which will also emerge in the composite solution
for @ for large A. The numerical solution for P(x) shows small amplitude oscillations
about a slowly varying mean. We find that P, becomes large and negative as the interface
height H(x) approaches zero.

Figure 4.5 shows the contact point position x, as a function of A for various density
ratios. We find that solutions for k = O(1) and k = O(1) exhibit a different scaling for
A — oo than the solution for k = 0 does. We found in chapter 3 that x, = O(1%*°) for
large A when k = 0. In section 4.5 we analyse the two-fluid problem for large-A and find
x. = O(A1/?) for finite density ratio.

Finally, figure 4.6 shows 1/x? and P(0)/x2 for various A as a function of the parameter
1, defined by A/n = p1/p,. The values A/x? and P(0)/x? are eigenvalues for the large
A asymptotic analysis, and should tend to a constant, which depends on 7, as A - co.

Figure 4.6 also shows these eigenvalues as predicted by the large A solution.
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(b) Interface positions H(x) for A = 10, 20, 30,40, 50, with k = pA, y = 1.

Figure 4.2: Solutions to the two-fluid half-plane-problem. In both cases, x. is a strictly increasing
function of A. Comparing these plots to figure 3.10, we see that for both cases the low
density fluid in the slender wedge prevents the free surface position pinching-off for
finite A. The contact-point position and the height of the first maximum of H in (a) is
similar to figure 3.10 for k = 0, but the solution for k = A shown in (b) appears to have
a different scaling.
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(b) Height of first maximum of H

Figure 4.3: The heights of the first local maxima and minima for H as a function of A. The density
ratios shown are: k = 0 (black dashed line), k = 1 (black solid line), and k = yA with
¢ = 0.1 (blue), u = 1 (green) and y = 2 (red). Specific interface shapes can be seen for
k = 0 in figure 3.10, for k = 1 in figure 4.2(a) and for y = 1 in figure 4.2(b).
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Figure 4.4: The velocity potential in fluid 1is P(x) and in fluid 2 is e®(x,0), where P and @ are
found by solving the system (4.37) to (4.39). The solutions shown are for k = A, A = 50,
which corresponds to the magenta plot of H in figure 4.2(b).
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0 10 20 30 40 50 60
A

Figure 4.5: The contact point position x, as a function of A for various density ratios in the two-
fluid problem. The density ratios shown are: k = 0 (black dashed line), k = 1 (black
solid line), and k = pA with p = 0.1 (blue), y = 1 (green) and y = 2 (red).
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Figure 4.6: The eigenvalues A* and P(0) are shown with black crosses for secularity solutions,
using the ‘gold’ function from figure 4.13 for @(¢) The sequence blue to gold shows
solutions to the two-fluid half-plane problem for A = 10, 20, 30, 40, 50, 60. The asymp-
totic solution for large A in section 4.5 predicts that A = O(x>) and P(0) = O(x?)
as A — oco. The expansion is in whole powers of the small parameter € = x>, so we
expect A/x2 - A*(7) + O(A7!), and P(0)/x> - P(0,7) + O(A7'), both as A — oo.
Richardson extrapolation confirms the error of these quantities as O(A™!). The black
line shows the extrapolation for A = oo based on the half-plane-problem calculations
for A =50 and A = 60.
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4.5 Asymptotic solution for large x. using Kuzmak’s method

4.5.1 Scaling and trial expansions

We would like to find an asymptotic solution to the system described in section 4.3.3, for
large A and for general density ratio k. We already have asymptotic solutions for k = 0
(chapter 3) and for k = oo [Billingham, 2006]. In this chapter, we seek an asymptotic
solution for a distinguished ratio k which maximises the interaction between the two
fluids in the limit 1 «< A < el

The numerical solutions to the half-plane-problem indicate that as A increases, H,
P and O exhibit large-amplitude, high-frequency oscillations on the free surface, with
a slowly varying mean and amplitude of these waves. We therefore look for a multiple-
scales solution, with variation over a slow and fast lengthscale. This is consistent with
the analysis of Billingham [2006] and also of chapter 3, where we found wavelength
x = O(x:2) and slow variation on the lengthscale x = O(x,).

From the kinematic condition (4.33) evaluated at x = 0, we know P, = O(x,) and
®, = O(x.A). In order for P, and @, to balance in (4.32) at the contact point, we need
k = O(1). We therefore redefine the density ratio:

k=pl, (4.40)

and consider solutions with 4 = O(1) as A - oo.
As in the analysis for k = 0, we choose € = x_3 as our small parameter. We rescale the

system given in section 4.3.3 by writing

A
x¢

. A . .
H, ®=—-0, P=x’P. (4.41)
X

H =

This scaling corresponds to oscillations in H, P and ® having wavelength O(x;?) near
x = 0. This gives the short lengthscale for the solution. The leading order equations are
nonlinear, so the wavelength of each capillary wave may depend on its amplitude. We
therefore use an analysis based on Kuzmak’s method, which is a variation of the method
of multiple scales for nonlinear oscillators, where the wavelength is scaled to 1 by use of a
free parameter. We also expect variation on a slower lengthscale, where x = O(x.). To

use Kuzmak’s method, we define two lengthscales in the x direction,
X=x/x, £=€¢'0/(X,Y)+p(X,Y), (4.42)
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and corresponding lengthscales in the y direction,
Y=y/x, §=¢"6,(X,Y)+q(X,Y). (4.43)

The functions 6, and 0, should be chosen so that the wavelength of the oscillations in x
and y is exactly 1.

We now consider how the functions 6; and 60, are related. In chapter 3, the equations
were linear, so we could consider capillary waves in @ as the real part of a function of
X + 1Y, with analytic continuation used to determine ® away from the positive X-axis
where it was initially calculated. The equations here are nonlinear, so we cannot simply
take real parts, but would like to take advantage of the algebraic simplifications offered by
considering @ as a function of a single variable X + iY.

For this large-A analysis, we will assume that the map (X, Y) — (%, ) is conformal.
Then there are no cross derivative terms between x and y in the expansion of Laplace’s
equation in X, y, X and Y. Under the assumption of conformal mapping, the functions
0, + i0, and p + iq are both analytic functions of X + iY, and hence obey the Cauchy-

Riemann equations:

O1x = Oy = w(X, Y), Orx = =01y = Q(X, Y), (4.44)

Px =4y, Py = —9gx. (4.45)

We gain a further constraint by requiring that Y = 0 coincides with j = 0, so that the free
surface occupies the positive x-axis and positive X-axis. We therefore have 6,(X,0) = 0
and q(X,0) = 0, and so on the free surface, where X > 0 and y = 0, we find that Q = 0
and py = —gx = 0.

We treat ® as a function of the four independent variables X, Y, £, §, and H and P as
functions of % and X, though we will shortly find that P is independent of £ at leading
order. The term x + x, which appears in (4.31), (4.32), (4.33) and (4.35) is written in terms

of the slow variable X, so x + x, = (1 + X)x,.. We expand in integer powers of ¢, writing

H = Hy(%, X) + éH, (%, X) + 0(&?), (4.46)
P=DP(X, %) +éPy(%,X) + &P, (%, X) + O(&), (4.47)
b = bo(%, 5, X, Y) + by (%5, X, Y) + O(&). (4.48)
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Derivatives with respect to x and y become

o 1[o R 9

2.2 Q 4.4

ox xclax+(€ w+px)az+(é +qx>ayl (4.49)
and

0 1] 0 ) 0 0

—_— = | — ) ¢! 4,

5 xC[8Y+( € +py)a£+(e “”‘”)ayl (4.50)

respectively. On the free surface, we have ) = 0 and py = gx = 0, so the derivatives (4.49)

and (4.50) become:

> 119 3
g = x—c [ﬁ + (6 w +px)$:| (451)
and
> 1[a 3
a_y_x_c[ﬁ—’—(e (U+qy)a—j>‘| (452)

4.5.2 Kinematic conditions

Slender wedge

We begin with the rescaled kinematic equation for P:

2 A \ 2.
5(1 + X)(Hz+(é 'w + px)Hy) — gH

(4.53)
= (aX + (6w + pX)a,g) (Pe + (67w + px)P;)
We expand Hand P using (4.46) and (4.47). At O(é72?), (4.53) gives
w?P;; = 0. (4.54)

However, each term in the expansions (4.46), (4.47) and (4.48) is required to be periodic
in x with period 1, and so P must be independent of £. We henceforth consider P to be a
function of the slow variable X only.

At O(é1!), we find from (4.53) that
2 \ S " s ,
5w(l + X)Ho; = w*HoPos; + wHoz [ Px + wBy ] . (4.55)

This can be integrated once in X to give:

] ) A(X
Py+ 0Py = S(1+X) - I({ ). (4.56)
0
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Here A(X) is a constant of integration. We require that By is strictly periodic, so integrat-

ing (4.56) over one period gives our first secularity condition:

-2 11
Py = 2(1+X) - A(X) f —di. (4.57)
3 0 H,
Equation (4.53) at O(1) gives:
2 A A A 2 A
3 (1+X) [@Hue + pxcHos + Hox] = SHo
= HO [wzpl,g,; + 2pr150,;;C + Zwﬁ)o,gx + wXﬁ)o,g + PXX] + sz:IIIE’O,g,; (4‘58)

+ CUH();C [(UIA)UC + PXpO,g + 130)(] + [6()1:115( + pXI:IOﬁ + ﬁox] [px + wlsofc] .

Rearranging and integrating, with the aid of (4.56), gives

. Y (0:9): A 4 r¢.. \ B(X)
C()Pl,g +pXPOJ2+POX: H(Z) + wHO (XAx(X)—g-/; H()dX)+ I:IO , (459)

where B(X) is another constant of integration. We know that Py, Hy, P,; and H, are
periodic, so by comparing (4.59) evaluated at X = 0 and * = 1 we obtain a second secularity
condition:

4 rt.
0

Fat wedge

Along the free surface, the kinematic equation on the fat wedge can be written as
. - . 2. 2 \ - .
Oy + (6 w + qy)q)); = gH— 5(1 + X)(H,‘c + (6 w +px)H,g) (461)
We expand H and 0 using (4.46) and (4.48). At O(é™!), (4.61) gives
A 2 A
CDO}; = —3(1 + X)HQ;C (462)
and at O(1), after applying (4.62), we obtain
A 2 A 1(2. 2 A s
q)l}*,:—g(l-i-X)Hlfc-i-—(5H0—§(1+X)H0X—q)0y), (463)
w

as px = qy on the free surface X >0, Y = 0.
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4.5.3 Laplace’s equation
In the bulk of the fluid, we have Laplace’s equation:

0 =[x+ (&' w+px)as + (6'Q +qx)0;]  d ot
+ [ay+(—é’IQ+py)a,e+(é’1w+qy)8y]2 o. .
After expansion using (4.48) and some algebra, making use of the relations px = gy and
Py = —qx, we find
0 =(w? + Q?)(Dosz + Dogy)

+é(w? + Q2)(Dr35 + Dyyp)

+28(wDoex + QDgyx — QDoiy + wDojy) (4.65)

+é(wpx — Qpy) (Dozs + Dogy)

+O(é%).

At leading order, (4.65) gives
(@? + Q) (Dogs + Doy) =0, (4.66)

and so at next order we have
(0 + Q) (D + D1yy) = 20 (Dosx + dADOyY) +20(Dosy — dADOyX). (4.67)

We want to use (4.67) as the basis for a secularity condition on éDO and its derivatives.
To do so we use the divergence theorem and a form of Green’s theorem on the semi-
infinite rectangle R in (%, §) space given by 0 < £ < 1,0 < § < co. We know that &, and
®, are periodic in £ with period 1.
We use a Fourier series expansion to determine the y dependence of ®,, and write
Do(%,9,X,Y) = Wo(X,Y) + i b,(X,Y)sin(2nnk)e ™. (4.68)
n=1

The corresponding Fourier series for H is

A

Hy=H, - ;) Z b, cos(2mnx). (4.69)
n=1

2(1+ X

The Fourier series expansions for Hy and @, satisfy the leading order kinematic and mass

conservation equations on @.
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From the divergence theorem and the periodicity conditions, we can write
0o r R 1,
f f (Bras + Dyy)didy = —f by;(,0)d4. (4.70)
o Jo 0

Substituting (4.68) into (4.70), we find that the right-hand-side of (4.70) is zero and so

1 A
0= [ &y (4.71)
0
We have a kinematic equation involving ®, 5 from (4.63), so as H, is periodic in %, we
obtain
2 1 A 2 1 A
Wor (X,0) = / Flodi = S(1+X) f Hoxds, (4.72)
0 0
which gives a third secularity condition. We know that
4 rt .,
Ax=3 [ Fodz, (4.73)
3 Jo
SO we can rewrite (4.72) as
1 1
%Y(X,O) = EAX_E(I—FX)AXX. (474)

This gives us a condition on W, but does not provide any information about the leading
order oscillator as W, does not appear in the oscillator equations. However, W, (X, Y)
will turn out to be important in assembling the composite solution for ®.

We still need another secularity condition. We observe that, according to the diver-

gence theorem and periodicity,
/Ow /01 Boi (Dyis + b1 yy)did = /01 b Dogs — Do by, (4.75)
We can use (4.67) to write
(0 +0?) fO“ /01 Dos (Brzs + Dy )didf = - 20 fom /01 Dos (Bosy + Dojy)didy

) 1, R R
+2Q0) / f q)Ofc(q)Och - CDO),X)dfcd/'f/
0 0
(4.76)

From the Fourier series expansion (4.68), it follows that

[ duboydidi-o. (4.77)
0
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On Y =0, we have Q) = 0, and (4.76) becomes
o 1 A A A
e / f Bos (Dyss + b yy)didy = —w— / f b2, dzdy, (4.78)
o Jo
which we substitute into (4.75) to yield

1 A A _ 1 2 A A A .
w(X,0) dX(f / Pipdidy )_/0 O3 oy + Doy 0. (479)

We can eliminate the y derivatives in (4.79) using the kinematic boundary conditions

on the fat wedge, given by (4.62) and (4.63), so that (4.79) can be rewritten as

2 1, . )
(l)dX(/ ,[ (D(z)xd dj ) _5(1+X)—/(; (DmHo,e+CD0,gH1,gdx

+ 2 /lcb (2191 =~ 2014 X)Hpy - & )da% 8
o J, Pou{3to—3 ox = Doy | dx.
On parity grounds we find that from the Fourier series (4.68) that
1 A A 1 A A
[ duitidi =0 and [ bybyyds o, (4.81)
0 0
so we can simplify (4.80) to
d ) 1, 2 1, A A A
—X(f f CD(zmdﬁdj/) :—gw(1+X)/ b1 Hos + Do Frgd
o0 ° (4.82)

L. (2. 2 \ .
+/ CDQ;@(—HO——(1+X)H0)() dx.
0 3 3

Equation (4.82) is the main result from the analysis of Laplace’s equation, and will
lead to an important secularity condition. We will need to use the Bernoulli equation to

evaluate the term
/(;l(d)mﬁo;c + Oz Hiz)d%,
and to provide another equation to complete the set of oscillator equations.
4.5.4 Bernoulli’s equation
The rescaled Bernoulli equation is
E[ox+ (6 w+px)a:| H
— [lp S X)(Ber (o pr)B) + 5 Bk (0w pr)Bo) ] (4.83)

—176[ CD—§(1+X)(G)X+(6 Lo+ py )y )]
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We have added a second density parameter #, which is the density of the fluid in the
fat wedge relative to the density used for nondimensionalisation. If we put # = 0 we
recover a scaled version of the problem of recoil of a slender wedge of fluid considered by
Billingham [2006].

We expand H, Pand ® using (4.46), (4.47) and (4.48). We recall that as a result of
(4.54), P in (4.47) is now a function of the slow variable X only, so p; = O(é). At leading
order, (4.83) gives

W Hlozs =p [11) -2+ X (B wbi) + 3 (B + 0|

(4.84)
+ 3;7(1 + X)wCDO;C

However, we know from the kinematic equation on the slender wedge (4.56) that

- A 2 A(X
Py+why = S(1+X) - (X (4.85)
0
Substituting (4.85) into (4.84) gives
2F 2 A(X)?
w Hozz = p P(X)——(1+X) —;7(1+X)wCD0x, (4.86)

2 B2
which is a further equation involving the leading order nonlinear oscillator. We also have
(4.56) and (4.62). However, we need a further condition in order to specify the amplitude
of oscillations in H.

Examining (4.83) at O(¢é), we obtain
CL)ZI_AID‘C;C + 2prI:I0,g;c + ZCL)HO);X + (A)Xplo,g
1 A A A A A
=u|zPo— = (me + pxPoz + Pox) (4.87)
370 A,
1 A 2 A A A
- ECDO - 5(1 + X) (C()CDI;C +chD05c + CD()x) .
We substitute for P, from (4.59), so that we may rewrite (4.87) as
A*(X)H, 2 N N
- (H3) 1 +§’7(1+X)w®1fc—w2Hme=Fo(fC,X) (4.88)
0

where
Fo()e, X) EszwI:IO)})‘C + 2(4)13102)( + (A)XI:IO)}

Lo AX) (., 4 (" .. AX)B(X)
—ylgpo— wHé (XAX—g—/(; Hodx)_ﬁ—g] (4.89)

;1[ o, - —(1 +X) (deADO,AC + ﬁ)ox)] .
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Now, using (4.86) and (4.88), we find
2 L . A oA 1,
“no(1+X) [(GuHo + Guli)di = [ FuFo(2. X)di.  (4.90)
0 0
The secularity condition (4.82) from the analysis of Laplace’s equation now becomes
d [ 1, 1 r
& (/ f d)ﬁ,edfcdj/) S f FosFo(%, X)d%
X\Jo Jo nJo
1 (4.91)
. (2. 2 . )
+/ CDO;C(—HO——(I +X)H0X)dx,
0 3 3

which involves only properties of the leading order oscillator. Using the definition of F,

from (4.89), we have
' FosFo(#, X)ds =2 '02.di
_/(; 0% o(X, ) x_d_X (w/; 0% x)
1 L, . 2 L, N
+7’]|:—/ CD()H();CdJe——(]."FX)/ cD()xH(),gd)e] (492)

—Eﬂ(l—/ Hodx/ Hldx)

We can use the Fourier series expansion of <i>0 and H, from (4.68) and (4.69) to write
2 r . . o0 oo 1,
Z(1+X) f Hyboedz = - Y b2n = -2 f f &2.dsdy (4.93)
0 b 0 0

and so (4.91) becomes

d U Lo
d_X(w./ Hﬁﬁdx+—(1+X)r1/ Hoq)ofcdx)

(4.94)
A
2 #(l—f Hodx/ H; 1dx)+ 11/ Hy®o:dx.
T3 w
For ease of notation, we define an ‘energy’ by
LA 1 L,
E(X)=w f Fids + 5 (1+ X0 f Hobosdst (4.95)
0 0
so that the secularity condition (4.94) becomes
dE 5A
=3 w”(1—f Hodx/ H; 1dx)+ 11/ Hybosds. (4.96)

Finally, we can show that E is always positive. Integrating the oscillator Bernoulli
equation (4.86) over one period gives
1. 2 A2 11
—PX——1+X2]+—/ —dx=0 4.97
3P0 -Saxp]e S o (4.97)

0
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and multiplying (4.86) by H, and integrating gives

1- 2 L, Az 11
M[gp(x)—g(ux)Z]f Ayt + 5 [0 —a
) 4 X Hy (4.98)
+§;1(1+X)w/ IQIOGA)O,;dJ%:—wZ/ B2, d.
0 0

We can therefore rewrite E as

I A2 1, 11 11
E(X)=9f B2dx+ EZ f Hodfc/ ; dfc—f —dz|. (4.99)
2 Jo 4w 0 0 Hg o H

0

As H, is positive, the term in square brackets is greater than or equal to zero by the
Cauchy-Schwarz inequality, and we want w > 0, so E(X) > 0 for all X. E(X) is zero if

and only if H, is constant.

4.5.5 Summary: Oscillator equation and secularity conditions

Oscillator equations

The nonlinear oscillator can be described by the leading order equations:

1. 2 1A2] 2 . )
—P-Z(1+X)+=—=|+Zn(1+X)wDy; = w*Hpz, 4.100
H 3 9( ) ZH(Z] 3’7( JwDo = 0 Hog ( )
A 2 A
(Do)‘, = —g(l + X)Hojc, (4101)
Dozs + Dojy =0 for §>0 (4.102)
and
. 1 r, .
E(X):w/ Hgfcdmg(nx)qf HyDyzdx. (4.103)
0 0

with ) bounded as  — oo. The slowly varying parameters A(X), P(X) and E(X) are
fixed for each oscillation. w(X) is a free parameter to ensure periodicity with period 1. A

selection of numerical solutions to these oscillator equations are shown in figure 4.7.

Secularity conditions

We need three secularity conditions to determine how A, P and E vary with X. Two come
from the kinematic condition on the thin wedge:
dp 2 1l
—=-(1+X —AX/ —dx 4.104
o300 -A) [ (4104)
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and
dA 4 ! .
—— == Hydx. 4.105
dx 3Jo 7 ( )
The third secularity condition incorporates terms from all the equations:
dE 5Apu 1, L, 5 1, .
— = l—fHdA/H_ldA)Jr— /Hq);ch. 4.106
dX3w( o 0E Jy o X TRI J HoTesdx ( )

This analysis has also uncovered the further secularity condition (4.72), which gives
us Wyy on the free surface. The function W, describes the two-dimensional variation of
the mean of ®. This is uncoupled from the oscillator equations and the other secularity
conditions. Although we do not need to know W to solve the secularity equations, we
find that W, is important in determining the correct composite solution for ®. The

equations for W are discussed further in section 4.7.5.

4.6 Oscillator solution properties

For a given set of parameters A, P, E and X, and the density parameters y and 7, we want
to find a solution Hy (%), ®o (%, §) to the system of oscillator equations (4.100) to (4.103).
We must also determine w, which is a free parameter to ensure periodicity with period 1.

For notational convenience, we define two new parameters:
4 , 2 4 )
Q(X) = 5 (1+X)* = ZP(X),  B(X) = gn(1+X)?, (4.107)
and rescale Ci)oz
A 2
b, = 5(1 +X)Y, (4.108)

and drop all hats and subscripts for this section.
Given positive values for the parameters A, Q, B and E, we seek a solution w, H(x),

¥(x, y) to

A(X)?
g [ g{z) - Q(X)] +wB(X)¥, = w*H,, ony=0, (4.109)
¥,=-H, ony=0, (4.110)
Ve + ¥y, =0 fory>0 (4.111)
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and
1 B 1
E(X)=w/ Hﬁdx+5/ HY,dx. (4.112)
0 0

To make use of the secularity conditions, we need to calculate three integrals of H(x):

1 1 1 1
/OH(x)dx, .[)H(x)dx’ /OH(x)‘I’x(x,O)dx, (4.113)

as well as the eigenvalue w.

The system (4.109) to (4.112) is translationally invariant in x. If E > 0, we know that
H(x) is non-constant, and so we can specify that H(x) has a local maximum at x = 0.
We have been unable to find any solutions to the oscillator equations that have a local
maximum at x = 0 but that do not have H even in x and ¥ odd in x. Suitable solutions
with these symmetries appear to be available for all positive values of A, Q, Band E. In
the rest of this chapter, we will assume that all oscillator solutions have H(x) symmetric

and ¥(x, y) antisymmetric in x, which simplifies the analysis of these equations.

4.6.1 Numerical solution with spectral derivatives

Given an even periodic trial solution H(x), we can find Fourier coefficients a, so that

H(x) can be written as
H(x) =ag+ ) a,cos(2mnx). (4.114)
n=1

Then by solving (4.110) and (4.111), we find

Y(x,y)=- i a,sin(2mnx)e ™ (4.115)
n=1
with
¥, (x,0) = - i(ZHn)an cos(2nnx) (4.116)
=1
and
Hy=— i(Zﬂn)zan cos(2mnx). (4.117)
n=l

We truncate these sums at n = N/2. We can find matrices M; and M,, such that
M,-H=Y,, M,-H=H,,. (4.118)
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The matrices M; and M, depend only on the discretisation of x, and are dense if calculated
using spectral derivatives. Both M; and M, will be symmetric if we assume H(x) is even
and periodic. As ¥, has been expressed as a Fourier series above, it seems natural to
also use spectral derivatives for H,, for this problem. Alternatively, we could use a finite
difference scheme to determine H,,, in which case M, would be sparse. We use N evenly-
spaced points in discretising this system, with x,, = (n — 1/2)/N. We seek a solution that

is even in x, so there are N/2 independent values of H to be found.
The residual vector is composed of the following function evaluated at x;,i = 1,.., N/2:
Fy = 0*(My)sjH; - B(My)H; + & l - 2—22] . (4.119)

The final equation comes from E, which fixes the free parameter w:

1 B 1
Fypan=E+ow ./o HH,,dx - 5 /; HY,dx

=E- %H,.Hj (—w(Mz)ij + g(Ml)ij) . (4.120)

The N/2 independent values of H and the eigenvalue w are to be determined in order
to ensure F = 0. We use Newton iteration to find numerical solutions to the nonlinear
system, coupled to continuation in A, Q, B and E to provide the initial guesses. The code
uses an exact Jacobian, which can be expressed concisely in terms of the matrices M, and
M,. As the points x,, are uniformly spaced, we calculate the integrals in (4.113) simply by
taking the mean of the relevant quantities across the independent values of H.

The oscillator solutions shown in figure 4.7 were calculated numerically, with N = 200,
using finite difference derivatives for H,, and spectral derivatives for ¥,. Convergence
testing shows that for moderate values of A, Q, B and E and H,, calculated using second
order centred finite difference formulae, the eigenvalue w and the integral solution mea-
sures given in (4.113) converge as O(N—2) as N — oo. If H,, is calculated using a spectral
scheme, the convergence of these solution measures is much faster. However, as A — 0,
we find that the minimum of H approaches zero, with rapid variation in H, in a region
of width O(A?) near this minimum. As a result, the solution becomes increasingly less
smooth as A — 0, and O(A~2) uniformly-spaced grid points are needed in order that the
neck region is sufficiently resolved. For general 7, we find that A = O(X) as X — 0, and

so direct numerical solution of the oscillator equations becomes infeasible for small X.
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When 7 = 0, the oscillator equations reduce to ODEs that can be solved exactly in
terms of elliptic integrals. We discuss this exact oscillator solution and the solution to the
resulting secularity equations, in section 4.6.2. For finite values of #, there is no analytical
solution to the oscillator equations. In section 4.6.3, we derive asymptotic solutions to the
oscillator equations for small A that are valid for finite 7. We expect to find that E — 0 as

X — o0, and so derive asymptotic solutions for small E in section 4.6.4.

4.6.2 Solution in terms of elliptic integrals for = 0

For n = 0, u = 1, we need to solve the ODE:

1T A2
2[ﬁ_Q

] = 0 Hyy, (4.121)
with the eigenvalue w chosen so that the solution has period 1. The value of E is fixed,

giving the integral constraint
1
E(X)=w / H2dx. (4.122)
0

Following Billingham [2006], we find that we can solve these equations exactly for
general values of the parameters A, Q and E in terms of elliptic integrals (B is zero here).
We then rewrite the secularity equations in terms of complete elliptic integrals; we find
that one of the secularity equations decouples from the other two. By redefining our
independent variable, we can write the two coupled secularity equations as an autonomous
system, and so we reduce the system to a single first-order ODE. We choose suitable
boundary conditions, and integrate in X to find P(0) and A*, and find the resulting
envelope of oscillations. However, for finite non-zero # and y, the three equations do not
decouple and there is no autonomous system. We must instead find P(0), and hence A*
by explicit shooting in X.

For 1 = 0, we begin by integrating (4.121) after multiplying by H, to obtain

1 2H2
- [— + QH] =YL onst. (4.123)
21 H 2

H, is zero at the maximum and minimum values of H, which we denote H,; and H,

respectively, so we can write (4.123) as

w*H? = [A2 (HLM - %) + Q(Hy - H)] . (4.124)
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Figure 4.7: Solutions to the oscillator equations can be found using a spectral method to calculate
®y; from Hy coupled to a Newton solver to deal with the nonlinearities. The upper
plot shows solutions for B=1,Q =1, E = 1and A = 0.1, 0.2, .., 1, with the height of H
increasing with A. The lower plot shows solutions for A=0.5,Q=1,E=1and B=0
(blue), B =1 (green) and B = 10 (red).
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We define an aspect ratio & = Hy/H); which by (4.124) also satisfies

AZ
a= . (4.125)
QH;3,
We can now write (4.124) as
H H
2H? = QH [1——+ (1——M)]. 4126
w QHy TR H ( )

We can integrate (4.126) to find the energy E as a function of &, A and Q:

A3/2
a3/4Q1/4/ -y+a I—E)dy (4.127)

Here the integration variable y = H/H,,. Equation (4.127) allows us to determine « as a

function of E. Having chosen «, we can calculate the other solution properties by direct

integration:
. -1/2 -1
w=1 &(f (1_y+a(1_l)) dy) , (4.128)
2 Hy, « y
20w ( ( 1))‘1/2
Hdx = f 1-yraf1-=]] 4 (4.129)
f /a J y y y Y
and

1 1 —1/2
/ Hldy = 2% y‘l(l—y+(x(1—l)) dy. (4.130)
0 VHuQ Ja y

The integrals in (4.127) to (4.130) can be rewritten in terms of complete elliptic integrals
of the first and second kind, denoted K and E respectively. We use the definition from

MaATLAB, for which
1
K(m)z/ (1-3)"V2(1 - mt?)"\2dt (4.131)
0

and
1
E(m)=f (1-2)712(1 - mt?)'dt. (4.132)
0

These functions can be evaluated in MATLAB using the command [K, E] = ellipke(m).

Using Maple to perform the algebraic manipulation, we find

fl l-y+a 1—l d :%(1+a)E(1—a)—iLaK(l—a) (4.133)
) ’ y)7 73 3 ’ '
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) ] -1/2
/ (1—y+(x(1—;)) dy =2E(1 - a), (4.134)

1 W\, 4 2
'[y(l—y+oc(1—;)) dy=§(1+oc)E(1—oc)—§ocK(1—oc) (4.135)

and
) 1 -1/2
f yl(l—y+(x(1—;)) dy =2K(1 - «a). (4.136)
In terms of these elliptic integrals, the secularity equations become
A 4 A
;lX 5 \/_[2(1 +a) - ak], (4.137)
dp 2 1/20y1/2
d—X=§(1+X)—a/Q/K (4.138)

and
dE 20 A3/2E(1 -a)
dX 3 al/2Q3/4

where x = x(a) = K(1 - a)/E(1 - a).

- g(z(l fa)- om)] (4.139)

We can now make the system autonomous by letting S = log(1 + X) and writing

~ p

4 2 - .
=—(1+X)>*-2P=(1+X)%Q, pP= 4.14
so Q is defined as
4 2.
O=-- 5~ 5P (4.141)
The first two secularity equations, (4.137) and (4.138), become
dA 4 A
<% G [2(1+a) — ak] (4.142)
and
dp .
<" Y 3 —al2Q k. (4.143)

The final secularity condition, (4.139) can be used together with the definition of E:

2432 12
E- 1/4Q1/4[ (1+)E(1 - @) - SaK(1 - ) (4.144)

and the observation that

< |50+ 0B( - a) - JaK(1 - a) |- B(1 - @) - K(1 - ) (4.145)
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to derive an ODE for «:

do 2o |
dX 3 (1-a)Ql?

20w - om))

1
o (12w (2(1+ @) - ax) (4.146)
2 o 2
_ §m(l +a-2ak) (3(1 +X)+ (XQK),
and its autonomous counterpart:
da 4 o
05" 27—(1_“) {1+a-2ax}
5 12 (4.147)
- §m {(X(l + OC)K - 2(4062 -7« +4)} ,

which is consistent with Billingham [2006].

The two equations (4.143) and (4.147) decouple from (4.142) to give an autonomous
system with two variables (recall that « is a function of a only and Q is a function of P
only). Rather than integrate these equations with respect to S, we can consider P as a
function of & by using (4.143) and (4.147) to write

dp 4P (doc -

(%) s (4.148)

We now consider boundary conditions on « and P. At X = 0, we want to apply the
boundary condition H,(0, X) = 0, while H, remains bounded, so the aspect ratio a — 0.
The amplitude of oscillations in Hy tends to zero as X — oo, s0 & — 1 as X — oo. The
leading order velocity potential P is bounded as X — 0 and tends to zero as X — co. We
integrate from & = 0 to & = 1, seeking a solution P(«) that is bounded as a — 0 and that
has P = (1+X)2P - 0asa — 1.

The limit & — 0 is an integrable singularity for P(a). We can expand « for small & to

find
K(l o)

E(1-a)
If P(0) < 0, as suggested by our numerical solutions, then Q tends to a non-zero constant

as S — 0, and we find from (4.143) that

k(a) = ~log(4) - —— 2. O(alog’ ). (4.149)

dp

IS =0(1) as S—-0 (4.150)
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At leading order for small «, (4.147) gives

da 16 a'/?
% ~ ? QI/Z + O((X) (4151)
which has solution
8 S
a2 2= (4.152)
9 QI/Z
so a = O(S8?) for small S. Combining (4.150) and (4.151) we see that
dp
Zxa? for a1, (4.153)
da

which is consistent with P tending to a finite value as & — 0.

To find the initial value P(0), we must link to the far-field behaviour of P. As X — oo,
we seek a solution with & — 1 and P — 0. The equivalent condition on P is P = o((1 +
X)2)as X - oo, or P = 0(e™25) as S - oo. As discussed by Billingham [2006], this
means we have to approach the stable node at P = 0, a = 1 in the direction parallel to
the « axis in the (&, P) plane. This is because, for 1 — a < 1 and P « 1, the linearised
version of (4.143) is i

ap ~ _313, (4.154)
as 2
which has solution P = O(e~3$/2), which decays too slowly for P — 0. The linearisation
holds for (1 — &) and P being of the same order. To achieve faster decay, P must approach
0 much faster than « approaches 1, which means the correct trajectory should reach the
node while travelling parallel to the a-axis.

The derivative dP/dS is not finite at « = 0, and the functions (4.143) and (4.147) are
not defined at « = 0, so we integrate from (&, P) = (1 - b,0) to & = b, where b < 1. We
integrate the ODE (4.148) using the ‘ode45’ routine in MATLAB, with small tolerances
and evaluate the elliptic integrals using the ‘ellipke’ function in MATLAB. We can also
perform this numerical calculation in Maple. Both Maple and MATLAB show convincing
convergence towards the value P(0) = —0.2031 as b — 0. This is in disagreement with the
value P(0) = —0.1939 obtained by Billingham [2006]; Billingham does not have details of
his calculation.

We should also solve the equation for A. If « and Q are known functions of S, then
(4.142) gives a separable equation for A(s), which we solve to find

A(S1)\ 4 % 1
log(A(Sz)) =3 /;1 NI [2(1 + &) — ak]dS. (4.155)
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For large X, we expect to find
12
A~ —=(1+X)% 4.156
/\x— 3( B ) ( )
so it is helpful to rescale by defining A = A/(1 + X)?2, which satisfies

dA—A 4 1
ds | 9«22

[2(1+a) - ak] - 2} : (4.157)

The term in braces in this equation is finite for all «, and tends to zero as o — 1.

In order to apply the boundary condition Hy = 0 at £ = 0, X = 0, we must have
A(0) = 0 for consistency with the leading order Bernoulli equation (4.100). For small X,
we want A - Ax(0) - X. For a < 1:

A 1
A ql8_ 1,1 (4.158)
S 9 q12Q1/2
so now we have ;
dA (1
—=A{=--2 4.159
ds {S } ( )
which is consistent with A = O(S) as S — 0.
We find
4 1
. 12 ——~[2(1+a)—0m]—2}
2 1 {9 1/20)1/2
A = lirr})g (QOEO)) exp —f «’Q da|. (4.160)
o= 1 o

. da ~
E(%Q)

As this calculation requires the path Q(«), it can be combined with the integration of
dP/da to find P(0). We find A* = 1.8071 for b = le — 7 in comparison to the value
0.823173 = 1.7993 obtained by Billingham [2006]. Figure 4.8 shows the solution P(«),
A(a) for the correctly bounded solution, and also the solution envelope for Hy in terms

of X.

4.6.3 Asymptotic solution for A < 1

An important limit of the oscillator solutions is the case A - 0, which we will find is
applicable to the limit X — 0, where A = O(X). Figure 4.7 shows a sequence of numerical
oscillator solutions for various A with Q, B and E fixed. As A — 0 we find that the
solution H approaches 0 in a highly curved neck region near x = 1/2, which requires a

large number of uniformly-spaced points in the spectral solution to resolve accurately.
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Figure 4.8: The solution to the secularity equations for # = 0 that has P — 0 as X — oo. For this
density ratio, the oscillator equations can be solved exactly in terms of elliptic integrals.
The top two plots show the solution P(«) and A(«) that satisfy P(X) — 0 as X — oo.
The lower plot shows the envelope for I:IO (solid black lines) and the mean value of Ho
(dashed blue line). This solution is calculated by integrating from & = 10~ to 1 — 107,
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We therefore want to find an asymptotic solution to the system (4.109) to (4.112) in
the limit A — 0. We choose a coordinate system so that the minimum of H occurs at
x = 0. The solution is symmetric about x = 1/2, so we can focus our attention on the
interval 0 < x < 1/2. We find an outer region where x > A?, in which H tends towards a
constant, parabola-like shape as A — 0. This outer solution satisfies a linear PDE, and is
dependent on the density in both fluids. We then rescale to an inner region of size A2,
where the linearisation fails. Here the leading order equation is a nonlinear ODE, which
we solve exactly and match to the outer solution.

We then calculate the integrals necessary for the secularity conditions. In particular,
the integral of H™! requires both the inner and outer solutions, and is shown to depend

logarithmically on A at leading order.

Outer solution

In the outer region, we can write H ~ Hy + 0o(1) and ¥ ~ ¥, + 0o(1), where H, and ¥,

satisfy the Bernoulli equation

w’Hy,, = wBY,, — g (4.161)

We integrate this once to reach

w?Hy, = wBY, ? (x - %) (4.162)

for 0 < x < 1, and by periodicity elsewhere. The constant of integration in (4.162) has
been chosen so that Hy(0) = Hy(1) if ¥, is antisymmetric about the line x = 1/2.

If B = 0, we can integrate (4.162) again to reach
Hj = kx(1-x) (4.163)

for 0 < x < 1 and by periodicity elsewhere, where

(1

== (4.164)

Thus H, has a discontinuous first derivative at x = 0. Assuming that H is symmetric and
YV antisymmetric, we find from (4.162) that for any value of B, H, is discontinuous at

x = 0, with H, (0+) = +k, with k given by (4.164). We must use Fourier series to calculate
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¥, from H,, to satisfy the condition ¥y, = —H,,. We write

Ho(x) =kx(1-x)+ i ca(cos(2mnx) - 1) (4.165)
n=1
and
¥, = - Z a, sin(2nnx). (4.166)
n=1

Given that ¥y, = —H), we find from (4.162) that

uQ BuQ

f >1 4.167
(2nnw)? ’ (2nnw)?(B-2nnw) orn= ( )

a, =—

and

BuQ

= forn > 1. 4.168
n (2nnw)?*(B - 2nnw) o ( )

We find from (4.168) that the Fourier series component of (4.165) converges sufficiently
rapidly to have a continuous first derivative everywhere, and so the discontinuities are
contained in the term kx(1 - x).

Figure 4.9 shows two outer solutions H, calculated using (4.165) for different values
of B. The leading order expansion for small x is H ~ kx, which we will use as a matching

condition for the neck region analysis.

Solution in neck region

The repeated outer solution shown in figure 4.9 is “V’ shaped near x = 0 and touches H = 0.
The neglected term A?/H? in the nonlinear Bernoulli equation (4.109) can be balanced
by curvature at leading order in a region of width x = O(A?) in which H = O(A?).

We rescale into this region by letting x = A2%, y = A2j, H = A2H, ¥ = A2V. Then the
Bernoulli equation becomes

- - 1
CUZH;C;C = Asz“P;C + ﬁ |:~— - AZQ:I . (4169)
2 L H?

Now let H = H, + O(A?). At leading order in A% we have:

- 1
0 Hyzz = £—. 4.170
0x 7 Hg ( )
We can integrate this once to get
2R R (4.171)
H()(l)z
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Figure 4.9: The interface position Hy for the outer solution for A < 1, defined by (4.165). Here
P = -0.2029, which is the value of P(0) that satisfies P(X) — 0 as X — 0 for the
elliptic integral solution for # = 0 in section 4.6.2. The value of w is chosen for this
calculation so that wk = 1 at X = 0, which is the correct boundary condition at X = 0
for # = 0. The black line shows Hy for i = 1, # = 0. The blue line shows H, defined by
(4.165) for y =1, =1,s0 B =4/9.

where the constant of integration has been chosen so that Hyz — k as Hy — o0, to match

the inner limit of the outer solution. At % = 0, we have Hy; = 0, so

Hy(0) = wsz. (4.172)

We define a rescaled variable Y = H, / HO(O). We can rewrite (4.171) in terms of Y to give

Y: = ﬂL\ /1- L (4.173)
H,(0) Y

This separable equation can be integrated to give X as a function of Y, yielding

L£=\/Y(Y—1)+%log(2Y—l+2 Y(Y-1)). (4.174)

—92=Y+%logY—%+log2+O(Y‘l), (4.175)
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Figure 4.10: The leading order solution for H in the inner (neck) region, given by (4.174), and the
matching conditions with the outer region.

and so the outer limit of the inner solution is

~ k% + Hy(0) [——log( (:(0)) + % - logZ] + O(H,(0)*/Hy). (4.176)

Matching

We match the inner and outer solutions by the value of H,. We know H,, — kasx — 0,

where
_HQ

402

By choosing the same k in the inner solution, we can match the solution in the inner and

(4.177)

outer regions, with the matching term given by H ~ kx.

The current matching condition only involves the first term: we choose k to be the
same as derived from the inner limit of the outer solution. For fixed A, the unmatched
term in square brackets in (4.176) grows as X — co. However, the error caused by this
unmatched term goes to zero as A — 0. The inner solution and its outer limit are plotted

in figure 4.10.
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The leading order composite solution is given by

H(x) ~ Ho(x) + A%H, (%) — kx, (4.178)

in the interval 0 < x < 1/2, by reflection in 1/2 < x < 1, and periodicity elsewhere.
Calculation of integrals

To implement the secularity conditions, we need to calculate a number of integral func-
tions of the composite solution. The analysis so far has assumed that w is fixed. In fact, w

is determined by the value of E, and so must satisfy the equation
1 B 1
E=w / Hidx o+ f HY,dx. (4.179)
0 0
As A — 0 with w fixed, we find

1 B 1
E~w f Héxdx + — / Ho\yoxdx
0 2 Jo

> nna?
=), S (4n7mw - B) (4.180)
n=1

_ (pQ)? ~ B(puQ)? i B-3nnw
48w®  8mtw? ‘= n*(B-2mnw)?

This leading order expression for E(w) is independent of A, so at leading order in A we
take w = wy(E) by solving (4.180) for w.

To find Ay and Ex, we also need to evaluate

/01 H(x)dx ~ /01 Ho(x)dx + O(A%)

e i BuQ (4.181)
240* = (2nnw)?*(B-2nnw)
and
1 1
f H(x)¥,(x)dx ~ / Ho(x)Wox(x)dx + O(A?)

’ " (4.182)

=-m) naj.

n=1
The remaining integral that we require for the secularity equations is
1 1 d

. 4.183
/0 H(x) * ( )
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The calculation of this integral is more interesting, because it has O(1) contributions from
the inner and outer regions. Neither the inner nor outer integral converges separately,
as H — kx in the matching region and the integral of x~! does not converge as x - 0 or
x — oo. However, for a given value of A, the composite solution is smooth, bounded below
by a non-zero constant and is only integrated over a finite x interval, so the composite

integral should converge. We can write

1/2
/ H'dx=2 [ H'dx

1/2 1 § 1
"2 f(S ot /O YT ETO L (4.184)

1/2 1 5/A? 1
=2 dx+2/ iz

We choose the intermediate lengthscale § to satisfy A* << § <« 1. We can explicitly

subtract the singularity from the outer integral by writing

1/2 1 1/2 1 1 1/2
dx=/ dx+/ —dx
s  Hp(x) s \Ho(x) kx s kx

iy 2o st

where we have replaced the limit of integration as § — 0 by 0. We can do the integral

(4.185)

involving Hy in (4.185) exactly, and then expand for A> < § «< 1:

/«6/A2 1 iz fHo(a/Az)/Ho(O) dy
= X=— o
0 Hy(%) k Ja Y\/1-1/Y
Ho(8/A%)/Hy(0
[log(\/—1+ \/_)] (L (4.186)

210g2 1 ké
~ +—log| ———|.
k k °\ A2H,(0)

Combining the expression for the outer integral from (4.185) and the expression for the

inner integral from (4.186), we obtain

! 2( 1 1 2 2k
Hl'dx ~2 - — —1 — |, 4.1
fo dx fo (Ho(x) kx)dx+ - og(AZHO(O)) (4.187)

which is independent of §, as it should be, but does have a logarithmic dependence on A.

We can calculate these integrals exactly for B = 0. We know that Hy = kx(1 - x), so

Y 1
2/; (Ho(x) - H) dx = +log2, (4.188)
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For any density ratio, the constants k and Hy(0) which appear in (4.187) are given by
HQ

k = m, H()(O) = W’ (4189)
and so when B = 0 we find
1 2 2N3
f Hldx ~ 3¢ log( wQ ) . (4.190)
0 uQ 24wt A2

For # > 0, we have B > 0 and must resort to the Fourier series expression for Hy(x) in

(4.165) to evaluate the outer integral in (4.187). The integral

v —1 ! d 4.191
fo (Ho(x)‘a) g (415)

should converge for any truncation of the sum in (4.165).

Figures 4.11 compares various properties, including these integrals, for oscillator
solutions with A < 1, for the numerical solutions, the small-A asymptotic solution, and
the exact solution for B = 0. We find that there is good agreement between the exact
solution and the small-A asymptotic solution when A < 0.1, and between the exact
solution and numerical solution for N = 200 when A > 0.1. Figure 4.12 shows solution
properties for B = 1, where there is no exact solution, but the asymptotic and numerical

solutions again agree when A ~ 0.1.

4.6.4 Asymptotic solution for E <« 1

For large X, we expect the amplitude of oscillation in H, and ®, to tend to zero, with
the mean of H, given by Hy = O(1 + X). The parameter E is always positive and strictly
decreasing, so for large X we expect solutions with small E.

If E « 1, we can obtain an approximate solution by linearising about constant H. We

let
H(x) = Hy + Kcos(2nx), ¥ =-Ksin(2nx)e ™", (4.192)
where Hj and K are constants. Then by linearising the Bernoulli equation, we find that

4uA?
Hy = 2, 2HAT

3
0

, 4nw=B++| B (4.193)

3>
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Figure 4.11: Solution outputs for Q = 3, E = 1.3 and B = 0 for A < 1. Here the equations are ODEs
that can be solved exactly. Exact solutions are plotted with red plusses, numerical
solutions with black crosses, and the small A asymptotic results with solid blue lines.
The numerical solutions have N = 200, and H,, calculated using two-point centred
finite difference formulae. The exact solution tracks the numerical solution for A > 0.1.
For A < 0.1, the small-A asymptotic solution is much closer to the exact solution than
the numerical solution is. The quantity G is defined as fol HY,dx.
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Figure 4.12: Solution outputs for Q = 3, E = 1.3 and B = 1 for A < 1. Numerical solutions are
plotted with black crosses, and asymptotic results with solid blue lines. The numerical
solutions have N = 200, and H,, calculated using two-point centred finite difference
formulae. We no longer have an exact solution for comparison. The asymptotic and
numerical solutions are in rough agreement at A = 0.1. Above this, we expect the
numerical solution to be more accurate, while the asymptotic solution should be more
accurate for A < 0.1. The deviation at A = 0.1 is consistent with the comparison to
the exact result in figure 4.11
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The amplitude of the oscillation, K, is determined by the value of E. We can evaluate E
using (4.112) to reach

E =2nK* (nw - B/4) = - B>+ ———. (4.194)

Recall B = 47(1 + X)?/9, while
- 1+X A 2(1+X)?
DT 31+
According to (4.193), the flow in the slender wedge has negligible influence on the deter-

as X — oo, (4.195)

mination of w once

(1+X) > 9—‘[:A*. (4.196)
n
with H, given by (4.192), the derivative Ex from (4.106) becomes
E A 1 1 1
dE _SAu 1—[ ——dx ——07111(1+X)K2, (4.197)
dX 3 w o 1+acos(2mx) 9

where the small parameter « = K/H,. We therefore require the expansion for small & of

the function

! 1
= —  _di=(1-a?) 4.198
/(@) [) 1 + acos(27x) $=(1-a) ( )

Expanding this for small «, we find
fla)~1+a?/2+0(a*) as a—0. (4.199)

So now we have

== —n(1+X)n|, 4.200
dx 6 wH? g 11+ X)m (4200

which is always negative. For large X, or for all X if y = 0, we find that w o< (1 + X)?,
Ko (1+X)7?and E o< (1+X)%. If n =0, we find w o< (1 + X)V2, E oc (1 + X)~%/2
and K o< (1 + X)~3/2,

For large X, we expect to find A = O((1 + X)?), P - 0 and E — 0. In this limit,

dE _KZFAF 10

the secularity equations are not particularly sensitive to small changes in A or P, but
for small E, an integration error might mean a negative value of E is requested by a
numerical BVP or ODE solver. We can reduce the sensitivity of the numerical integration
of the secularity equations to small errors by solving for R(X) rather than E(X), where
R(X) = -log(E(X)). By considering R instead, we can ensure solution parameters
are only requested for positive values of E. Under this change of variables, we have

RX = —Ex/E.
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4.7 Solution of secularity equations

4.71 Boundary conditions as X — 0: An inner problem

In section 4.5 we derived an asymptotically homogenised description for capillary waves
along the free surface on the positive X-axis. Here ‘asymptotically homogenised’ or
‘method of multiple scales’ means that for any given value of X, the free surface displace-
ment tends to a strictly periodic function as the small parameter é — 0, which is the limit
in which the short wavelength of individual oscillations separate from slow variation of
the oscillator parameters.

In our system, the point (£, ) = (0,0) corresponds to a discontinuous change in
boundary condition along the line y = 0. We have a free surface along y = 0, X > 0, in
which the oscillator equations can support oscillations indefinitely, but a rigid wall on
$ =0, % < 0 where ® must decay monotonically as £ - —oo. The free surface displacement
and velocity potential take an O(1) number of oscillations to adjust to the imposition of
the rigid wall conditions. On the X-scale, the adjustment length L depends on the density
ratio between the two fluids, but is independent of the small parameter ¢, so does not
vanish even in the limit é — 0.

The result is that the inner region, a region of size a few wavelengths centred around
the contact point, is non-homogenisable, and we must explicitly solve a non-periodic

half-plane-problem in order to interpret the contact angle condition
wHo(£=0,X=0) =1 (4.201)

as a boundary condition for the multiple scales analysis. We now consider the form this
inner problem should take.

The original, non-multiple scale, kinematic equation (4.33) for P(x) is
2 2
S+ x)H, ~ SH = (HP,), (4.202)

which can be integrated once to give

B z_}fox H(x")dx'

Px:_ + X
(%) = 371w

> (4.203)

where we have used the boundary condition H(0) = 0. Now compare this to the secularity
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equations for P and A:

dp 2 1]
—=—(1+X)-A(X —dx 4.204
e+ X) ()foHde (4.204)
and
dA 4 ! .
d_X = 5 . Hodx, (4205)

and we can see that A(X) measures the area slowly accumulated between the contact
point and X. In particular, we must have A(0) = 0 for consistency with the boundary
condition H,(0,0) = 0.
With A(0) = 0, at X = 0, the leading order kinematic condition for the thin wedge
(4.56) gives
Py(0) + wPy;(%,0) = % (4.206)
At X = 0 the leading order Bernoulli equation (4.100) is

1. 2, A 1,- A 2 . .
U |:§P - E(PX + CL)POx) + E(PX + CL)P(),Q)Z] + 51’]60@0,6 = CUZH();C;C. (4207)

Substituting for P, from (4.206), this becomes
1- 2 2 A A

The kinematic condition on the fat wedge gives
A 2 A
Dy = —5Ho,e, (4.209)
on j = 0 for X > 0. This must be considered along with the rigid wall condition

dy; =0, (4.210)

on § = 0 for % < 0, and that requirement that &, must be harmonic in § > 0.

There are three unknown parameters in the oscillator equations: A(X), P(X) and
E(X), with w(X) determined as an eigenvalue from the leading order oscillator equations.
If A(0) = 0 and H is finite as X — 0, we have A = O(X). The initial value P(0) is
unknown, but Px = O(1) as A - 0, s0 P = O(1) as X — 0. The initial value of E(X) is
also unknown, with E(X) strictly decreasing and Ex(0) = O(Alog A + 7). We therefore
expect E(0) = O(1). This indicates that the inner limit of the secularity equations is
A=0(X),P=0(1)and E = O(1) as X - 0.
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We discussed solutions to the oscillator equations for A << 1, P = O(1) and E = O(1)
in section 4.6.3. We found that for small A, the solution Hy(%) tends towards a constant
parabola-like shape in an outer region, shown in figure 4.9. For A > 0, these parabola-like
shapes are connected by thin neck regions, of width and height O(A2). Hy; changes
sign but not magnitude as it passes through a neck region. We therefore expect that the
limit of the oscillator solutions as X — 0 should consist of a sequence of these parabola-
like regions, with Hy; discontinuous, changing sign but not magnitude, at points where
H, =0.

When 7 = 0, Billingham [2006] showed that the solution at X = 0 is Hy o< (1 - %)
in 0 < & < 1, repeated periodically for x > 1, so that Ho;e is discontinuous whenever
H, = 0. However if 5 > 0, a strictly periodic solution of this form, where Hj is periodic
with period 1 for all £ > 0, cannot satisfy the equations derived above for X = 0. This is
because any non-constant periodic function Hy(%) fed into the half-plane-problem for
®, (%, §) gives a solution that is non-periodic along £ > 0, § = 0, providing an unbalanced
non-periodic term in (4.208).

For 7 # 0, we must instead look for a solution in which Hy(%) and ®,(%,0) are not
periodic but tend towards a periodic solution as X — oco. Inspired by Billingham [2006]
and the small A (hence small X) two-fluid oscillator results from section 4.6.3, we seek a
solution that has Hy(%) continuous and always non-negative, with Hyz (%) changing sign
discontinuously whenever H, = 0.

For integration of the secularity conditions, we are interested in the limit as X — 0 of
Ay, P and E. This limit as X — 0 should be equivalent to the limit as £ — oo of the new
inner problem solution. The outer limit of the inner solution is periodic with period 1,
and can be expressed in terms of Fourier coeflicients:

Hy; = i a,(cos(2nn(x +¢)) - 1),

n=1

- (4.211)
Dy (%, 9) = 3 > a,sin(2nn(% + ¢)) exp(-27np)
n=1
where
a - HQ Bos Qo (4.212)

(2nnw)? ’ (2nnw)*(By - 2nnw)’
Here Qq = 4/9 — 2P(0)/3, By = 47/9 and ¢ is a constant phase shift that must be deter-

mined as part of the inner problem solution.
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The Fourier coefficients given by (4.212) still contain two unknown parameters: the
eigenvalue w and the secularity variable Q, which is a function of P(0). We expect that
P(0) will eventually be determined by the condition P - 0 as X — oo. However, the
calculation of w as a function of P(0), # and u requires the solution of the full inner
half-plane problem in order to make use of the boundary condition wHo;(0,0) = 1.

We can rescale the inner problem so that the resulting half-plane problem has only
one independent variable. We do so by letting
KQ 81

2 9uQy

and then we find that @ depends only on o, and is independent of Q,. We discuss the

W= Wel, Wy= (4.213)

resulting single-parameter inner problem in more detail in appendix A.

In terms of these variables, the Fourier coefficients (4.212) become

1 1 o
a, = . ——1). (4.214)
pQo m*n?@? \ o - 2nna

We can use this Fourier series to write the initial conditions for the other two secularity

variables given by

Ax(0) = -g San  E0)=Y ””2“% (47nw - By), (4.215)
n=1 n=1
as
1 . 1 -
A =—A R E =——FE .216
x(0) e (o) (0) Qs (o) (4.216)
where
~ 1 (2 40 & 1
Ao =Z (5 "3 X (o - 2mmd) zm)) (4.217)
and )
B(o) = — 3 nne - o (4.218)

n@? Zn(o-2nnd)?
If @(o) is known, it is straightforward to evaluate A(o) and E(¢) using (4.217) and
(4.218).

In appendix A, we discuss the numerical calculation of @(c¢). There is some un-
certainty as to whether the resulting function @ (o) is correct, especially as there is a
discretisation-related branch structure for this function. However, we do have two con-

straints on @( o). Firstly, we know that @(0) = 1/2. Secondly, we expect that @(o) should
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w-0a/2n

0 2 4 6 8 10

Figure 4.13: The boundary conditions at X = 0 can be written in terms of the functions A(¢) and
E(0) defined by (4.217) and (4.218). However, these function definitions also involve
the eigenvalue @( ), which is calculated by solving the inner problem discussed in
appendix A. This figure shows A(0) and E(¢) for some candidates for the function
@(0). The blue line shows a numerical solution to the inner half-plane-problem, and
corresponds to the red line (complete with kink) in figure A.4. The gold line here is
identical to the blue line for ¢ < 6 and ¢ > 8, but uses a cubic spline for 6 < 0 < 8,
thus smoothing over the kink. The other functions shown are @ — /27 = 1/2
(green), @ — o /27 = (1+ 0)~/4/2 (magenta), @ — o/27 = (1 + ¢)~"/2/2 (cyan) and
@—-c/2m=(1+0)"1/2 (red).
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be continuous, and @(o) > 0/27 for all ¢ to avoid the singularity in the denominator of
(4.217) and (4.218). Figure 4.13 shows A(c) and E(0) calculated for various candidate

functions @( o) that meet these conditions.

4.7.2 Boundary conditions as X — oo

The boundary conditions for X — co are much simpler than those at X = 0. As X — oo

we require:

. 14X - )
Ho(a%,X)e%, P>0, d-o, (4.219)

where 1* = é\,. In terms of A, P and E, these are equivalent to
12 , -
AX) ~ 731+ X)% P(X) >0, E(X) -0 (4.220)

as X — oo. We find that solutions to the secularity equations starting from reasonable
values of A, P and E at X = 0 nearly always satisfy E - 0 as X — co. If E = 0, Hy is a
constant with respect to X, and we also obtain A = O(1 + X)2. However, the boundary
condition P — 0 is non-trivial, and closes the system by providing a third boundary
condition, in addition to knowing A/X and E at X = 0 in terms of 0. We must use

shooting or a relaxation scheme to relate o at X = 0 to P as X — oo.

4.7.3 Secularity solutions for finite density ratio

We integrate the secularity equations given in section 4.5.5 with boundary conditions
from sections 4.71 and 4.7.2, using values for @(o) calculated by the numerical method
discussed in appendix A, and shown by the gold line in figure 4.13. For very small X, we
use the asymptotic oscillator solutions for small A discussed in section 4.6.3, and then
use the spectral method discussed in section 4.6.1 to find numerical oscillator solutions
for larger X. We use the solution for E << 1 derived in section 4.6.4 as an initial guess for
the nonlinear oscillator solver when X is large. We use a shooting scheme to choose P(0)
so that P(X B ND) = 0, where Xgyp is the truncation point of our integration.

For n = 0, u = 1, we found an exact solution to the oscillator equations using elliptic
integrals, and used this to obtain a numerical solution to the secularity equations. This
solution is discussed in section 4.6.2 and plotted in figure 4.8. The unique solution to the

secularity equations and boundary conditions has P(0) = —0.2031. We use a continuation
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Figure 4.14: The eigenvalue A* = A/x? resulting from the large-1 asymptotic analysis with 5 = 1
and u varying. This is a rescaling of the result for # varying and y = 1 shown by the
black crosses in figure 4.6.

scheme starting from this solution for # = 0 to obtain solutions to the secularity BVP for
5 > 0. The values of A* and P(0) obtained from the numerical integration of this BVP,
with shooting for P(0), are shown in figure 4.6 for y = 1 and # varying.

We can rescale these results to give solutions for 7 = 1 and y varying, so that the
density of the fluid in the fat wedge is fixed. We denote the eigenvalue A* corresponding
to density parameters # and y by A*(#, u). By rescaling the half-plane problem given in

section 4.3.3, we find

V(1) = 2D (4.221)

n
The function A*(1, ) obtained by rescaling the solution shown in figure 4.6 is plotted in

figure 4.14. These numerical solutions suggest that A*(1, 4) - A} as g — 0, where A} isa
constant. If this is true, then we should also find that x? ~ A3 A for solutions with k = O(1),
where p;/p; = ke. Our analysis in chapter 3 showed that x, = O(1%°) as A — oo when
k = 0. The numerical solutions to the two-fluid half-plane problem discussed in section
4.4 showed qualitatively different behaviour for k = 0 and k = O(1), with H pinching off

for large A when k = 0, but forming narrow necks which do not pinch off when k = O(1).
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We now investigate the behaviour of the secularity equations for large #, which is
applicable to the limit g — 0. In this limit, we find a simpler relationship between the
eigenvalue 1* and the inner problem solution @ (), which does not require the explicit

solution of the secularity equations for individual values of #.

4.7.4 Large 1 solution behaviour

In section 4.6.4, we discussed oscillator solution behaviour as E — 0. We found that the
solution was primarily determined by the linear terms corresponding to the fluid in the
fat wedge, once (1 + X)? > 9uA* /5% As 1 increases, the range of X for which flow in the
slender wedge has a significant effect on the oscillator solution diminishes. However, a
significant effect due to the nonlinear terms remains, which is the requirement that by

averaging the oscillator Bernoulli equation (4.109) over one period, the solution H(x)

L
/ L-2 (4.222)
0 H(Z) A?

independently of the value of y, provided that y > 0.

must satisfy

We can write an approximate solution to the oscillator equations defined in section

4.6 as

. - B nK?B
Hy~H+Kcos(2nx), w=—, E=
2 2

where H is a constant to be determined. This is similar to the analysis for small E discussed

> (4.223)

in section 4.6.4. However, here we allow the amplitude K to be of the same order as H.
The value of H is determined by the constraint (4.222). If H is given by (4.223), we can
calculate the left-hand-side of (4.222) as

1 K

1] 1 /! 3 5 2\ -3/2
-/;Hgdxzﬁ-/; (1+(K/H)cos(2ﬂx)) dx:ﬁ(l_(l—__l)) ,  (4.224)

so H can be found by solution of

(Hz )3/2 K2 A2

e = (4.225)

H?  QK*

This cubic equation has a unique solution with H/K > 1 if A2/QK? > 0.

As found in section 4.6.4, if y = 0, the equation for Ex gives

dE 5E

X (4.226)
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so we can replace E and K by
E=E(1+X)?, K=Ky(1+X)72 (4.227)

The secularity equations for A and P can be written as

4
and

) 1

PX=—(1+X)—A/ —dx
3 0 H,
2 A K2\

:-u+xyu7@_fﬂ (4.229)

3 H H?
2 AQ\'?
3 H

In order to be able to meet the boundary condition Hy at £ = X = 0, we must have

min(H,) — 0as X — 0, then H(0) = Ky, so the initial condition for A is

4. 4
AX = gH ~ gK() as X —0. (4230)
For large X, we expect
- 1+X
ST A=0(1+X) (4.231)
A*(n, 1)

We can rescale to remove most of the dependence on K by defining A = Kya and

H = Kyh, so that the equations become
ax = —h (4.232)

and
PX _( + )_( h )1/ Q_ 9( ) 3_ (4233)
= | X = 5 1+X l) .

where / is the unique solution with i1 > (1 + X)~7/2 of

2 1+ x)7 @
] A . (4.234)
(1+X)” h Q(1+X)”
The boundary conditions become
4
a-= §X as X—-0 (4.235)
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and
- 1+ X

KoA*(n, 1)
Once again, P(0) is found by shooting so that P — 0 as X — co. We find that P(0) =
~0.1090 and KoA*(#, 1) = 3.3535. Figure 4.15 shows the solution envelope for the a, i, P

(4.236)

system.

The value of the constant K varies with ¢ and #, and is related to Ax(0) by
4

We know that Ax(0) = A(0)/uQo, where A is defined by the infinite sum (4.217). We can
estimate the leading order behaviour of K as # — oo by assuming that we can approximate

A(0) by the first term in the sum in (4.217), so that

A() 16 1 1
o)~ ——
302nw-o0

as g — oo, (4.238)

Then recalling the definition of ¢ from (4.213), we find

9 1
Ky~ ——— asn — oo (4.239)
2n2nw — 0
so we predict that
. 21 5
A*(n,1) ~3.3535 x ?(27'[60 -0) as n - . (4.240)

We can rescale this result to give A*(u, 1) as 4 — 0. We find that 1*(y, 1) tends to a
non-zero constant as 4 — 0 if 2@ — ¢ tends to a constant as ¢ — oco. Figure 4.16 shows
the behaviour of 1* and P(0) as 4 — 0 with # = 1. Figure 4.17 shows the behaviour of @

as 0 — 00,
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Figure 4.15: The large-# asymptotic solution envelope. This figure should be compared to figure

4.8 on page 137, which shows a similar plot for the # = 0 secularity solution. For
comparison with figure 4.8, we plot P = P/(1+X)*and d = a/(1+X)* = A/Ko(1+X)?
against the aspect ratio & = (H — K)/(H + K). The lower plot shows the maximum,
minimum and mean of H/Kj = H against X. Note that the solution envelope here
decays much more quickly with respect to X than the solution shown in figure 4.8.
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Figure 4.16: Comparison of secularity solution eigenvalues for # = 1 as a function of y (solid blue
line) and large 7 asymptotic solution (dashed black line) from section 4.7.4. Both are
calculated using @ (o) from the ‘gold’ curve in figure 4.13.
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Figure 4.17: The behaviour of the eigenvalue A* (1, ) for small y is related to the value of @ — o'/27

as 0 — oo by (4.240). We find that A* (1, 4) tends to a non-zero constant as g — 0 if
@ — 0/2m tends to a non-zero constant as ¢ — co.
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4.7.5 Composite solutions

Once appropriate boundary conditions have been determined, integration of the secularity
equations readily gives the secularity variables A, P and E as functions of the slow variable
X. To find a composite solution for a particular value of € = x_3, we must refer to particular
values of the oscillator solution Hy(%, X). We know that % and X are related by

% =é'w(X). (4.241)
We therefore need to integrate w(X) to find % as a function of X and é. This can be
calculated as a further secularity equation, where we integrate w to find 6,(X,0), where
X =€160,(X,0)+O(1).

The oscillator solutions plotted so far in this chapter all have minima for H at £ = 1/2.
This is an arbitrary choice of phase, as the periodic oscillator equations are invariant
under translation in X. The inner problem solutions calculated in appendix A for 7 > 0
have a phase shift z between the application of the contact point at x = 0 and the contact
points for the periodic far-field solution for H. There is therefore a constant phase shift
at X = 0 to be determined. In addition, we also have an undetermined O(1) phase shift
p(X,Y) which allows a slow drift in phase for X > 0.

Once we have chosen a phase for X = 0, we can calculate X at leading order in é
and obtain Hy(%, X) by interpolating against the periodic solution. The leading order
composite solution for H becomes

A~ H, Mn—l,x ~H, ww—l,o L2 h 61({{’0) , (4.242)
é 2 2 $#Qo

where the calculation of H, is discussed in section 4.6 and the inner solution function 4
is discussed in appendix A. Figure 4.18 shows an outer composite solution for H, which
uses only the first term in (4.242). This inherits a phase shift from the inner problem, and
should be correct for X > e. However, this outer composite solution does not satisfy the
condition A = 0 at X = X = 0, as the adjustment of phase necessary for this condition
occurs in the inner region.

Figure 4.19 shows the interface shape H for a numerical solution to the half-plane
problem (4.3.3) for 4 = 1 and # = 1 with A = 50 and é = 0.535. We find that the shape

of this finite-A solution agrees reasonably well with the large-A envelope, but the two
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Figure 4.18: A composite outer solution and solution envelope for H with 5 = 1, 4 = 1. Here
é = x> = 0.05. The ‘outer’ composite solution has a phase such that H does not
reach 0 at X = 0. The inner problem should cause an adjustment on the lengthscale
X = O(e) such that H does touch down at # = X = 0. However, it is difficult to
match these components together numerically to calculate composite solutions, as
the phase of inner and outer solutions are not entirely in synch, and subtracting
slightly out-of-phase oscillatory solutions gives a resulting solution with erroneous

discontinuities.
51 ]
|
. i
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Figure 4.19: Rescaled interface position H for the same numerical solution as shown in figures
4.2(b) and 4.24, with A = 50, u = 1, n = 1. There is a discrepancy between values of
A* for the numerical and asymptotic solutions which causes the deviation shown in
the upper figure. The lower figure scales both solutions by plotting A* H so that they
must coincide for large X.
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Figure 4.20: A composite solution for P (blue), with 7 = 1, 4 = 1,é = x3 = 0.05. As é — 0, we find
P(%,X) - P(X), with oscillations about the slow mean (red) P of amplitude O(e).
The solution envelope (black) here is for € = 0.05. Note that the wave amplitude for
Py tends to zero as X — 0.

solutions have different values of A* = 1/x3, and so we obtain much better agreement by
rescaling the two solutions so that they coincide for X — oo.

The velocity potential in the slender wedge is given by P = P(X) + éP(%, X), where

Py AX) (/1 Lga 1 ) (4.243)
0

o) \Jo B, A,

P, satisfies

and

(4.244)

A

P~P(x)+éﬁo(w+z—l,x).

Figure 4.20 shows a composite solution for P(X) and the solution envelope, which

depends on €.

Along the free surface X > 0, Y = 0, the velocity potential in the fat wedge, ®, is given

at leading order by
(i) ~ ci)osc (61({(’0) +2_ %’X) - Ci)osc (91({(,0) +2— %)0)
€ é
4 (6/(X.0) (4.245)
+W0(X,0)+ ¢( " ,0)+C1,
3uQ é
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where C, is a constant. Here CiDOSC is CiDO from section 4.6 and ¢ is the velocity potential
for the rescaled inner problem discussed in appendix A. The first two components of this
composite expression are Wy(X, Y = 0), which contains the slow variation of the mean of
® that is independent of % and the purely oscillatory term ®,,. (£, X) which is obtained
by solving the oscillator equations. We subtract the term ®,,c(%,0), as this is the outer
limit of the inner solution and also the inner limit of é)osc (%, X). The inner solution itself
is given by 4¢(x, ¥)/3uQo. All the secularity and oscillator equations derived so far are
independent of an additive constant in ® or W, and so we can choose C; so that b0
as | X| - oo. For X > 0, we can calculate @, by interpolating against known solutions
to the oscillator equations. The calculation of the inner solution ¢ (X, y) is discussed in
appendix A.
Along the rigid wall given by X <0, Y = 0, we can write

d ~ Wy(X,0) + ¢(%,0) + Cy. (4.246)

3,UQ0

Here the relationship between X and % is less clear, as there are no periodic oscillations to
use to determine w. If X << 1, we can say x = 0,(X, Y)/é ~ w(0)X/é, which will suffice

for matching purposes, so we reach

\ 4 w(0)X
b WO(X,O)+3#QO¢( ' ,o)+cl. (4.247)

In order to construct the composite solution for ®, we must define the function
Wo(X,Y). On the free surface, we know from equation (4.74) that

oW, d 1
0 ——(A—E(1+X)AX)EVX onX>0,Y =0. (4.248)

oY dX
Although we have not analysed Laplace’s equation to sufficient order, it seems likely that

as the lowest order non-oscillatory component of ®, the slow function Wy(X, Y) will

also obey

Woxx + Woyy =0 for Y >0 (4.249)
and

aav;/o =0 onX<0,Y=0. (4.250)
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Figure 4.21: The function Wy(X,0) (black) defined by (4.252) for # = 1, u = 1 and its leading
order, logarithmic, behaviour as X — oo (blue) given by -V (0) log|X|/7, where
V(X) is defined by (4.248).

We would also like to find W,(R, 0) — 0 as R - oo for 0 < 6 < 7. Unfortunately, Wj as

just defined has a logarithmic source at X = 0, as
i 1
/ Wode = _EAX(O) (4251)
0

which is non-zero (we also have V' — 0 as X — o0). The version of W, that is regular at

X =0 has

1 o]
Wo(X,0) = ;f log | X - X'|Vx(X')dX'
0
1 1 o V(X)
= —— log | X| - — dx'. 4.252
—V(0)log|X|-— | 7 (4.252)

Figure 4.21 shows W, (X, 0) for n = 1 and its leading order logarithmic behaviour for large
X. Fortunately, the logarithmic term in (4.252) is exactly cancelled by a logarithmic term
with equal magnitude but opposite sign emerging from the far-field of the inner problem,
so that with suitable choice of the constant C;, the composite solutions for & defined
in (4.245) and (4.247), and plotted in figures 4.22 and 4.23 vanish as | X| > oo and are
bounded everywhere. Figure 4.24 shows that half-plane solution for @ for A = 50 fits the

shape of this envelope, and shows a deviation of the mean of ® on the scale X = O(1).
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Figure 4.22: The composite solution envelope for ® for # = 1, 4 = 1. The red line shows the
mean value of ® over a single oscillation. The black lines indicate the maximum
and minimum values of ® in each oscillation. The black and red lines here represent
the solution at fixed X as € — 0. For finite ¢, this ‘outer’ envelope is inaccurate for
X = O(e), where the inner problem smooths over the singular behaviour at X = 0.
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Figure 4.23: An outer composite solution and solution envelope for ® with 7 = 1, u = 1. Here
A_ 3
€=x."=0.05
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Figure 4.24: A finite-A solution calculated using the numerical discretisation from section 4.4.
This has 4 = 1, # = 1 as in figure 4.23, but with A = 50 and é = x® = 0.535. The
rapid decay of the numerical solution compared to the asymptotic envelope is due to
discretisation errors.
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4.8 Conclusion

In this chapter we have sought distinguished density ratios for the two fluid problem
corresponding to a small change in contact angle for a fat wedge, with far-field wedge
angle 7 — € and contact angle 7 — Ae where € << 1. For density ratio p;/p, = O(¢), we
found that for ¢ - 0 with A = O(1) we obtained a leading order problem where the
equations for p; = 0, p, = 1 and for p; = 0, p, = 0 were directly coupled in the Bernoulli
equation. This leading order system featured linear PDE:s for the velocity potential in fluid
2 coupled to nonlinear ODEs for the velocity potential in fluid 1. We solved the leading
order system numerically using a boundary integral method to reduce the equations for
®, to a one-dimensional integro-differential equation, and used parameter continuation
to obtain nonlinear solutions.

The numerical solutions to the half-plane problem indicated that pinch-off does not
occur for finite A if the density ratio k, where p;/p, = ke, is finite as A — 0. Solutions for
k =1 shown in figure 4.2(a) have a similar magnitude and frequency to those for k = 0
shown in figure 3.10. However, unlike for the solutions for k = 0, the solutions for k = 1
have local minima approaching but not intersecting the wall as A increases. A scaling
argument suggested that a distinguished limit is obtained for large A when the density
ratio k = O(1), so p1/p, = O(Ae). Numerical solutions for k = yA with g = 1 shown in
figure 4.2(b) have a smaller contact point displacement x, and also interface height H for
fixed values of A compared to the k = 0 and k = 1 solutions.

In section 4.5, we derived equations for a large-A asymptotic solution with density
ratio p;/p, = ule with g = O(1). The free surface equations featured both nonlinear
and nonlocal terms, and were able to support rapidly oscillating capillary waves, with
slowly varying amplitude and phase. Due to the nonlinearity, the wavelength of the
oscillations may depend on the solution amplitude, and had to be determined as part
of the solution. The resulting leading order periodic oscillator solutions could not be
solved analytically for finite density ratio, but we were able to find numerical solutions to
a discretised scheme with a spectral term for the nonlocal effects and continuation for
nonlinear elements. We also derived secularity equations for the slow variation of the
oscillator equation parameters.

Given reasonable constraints on the behaviour of the oscillator equation parameters
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near the contact point, we found that the oscillator solutions became progressively sharper
as we approached the contact point along the free surface. For small X, we found that the
solution resembled a sequence of upturned parabolas, with ‘V’ shaped regions connected
by highly curved neck regions (figure 4.9). In order to reconcile this periodic solution
with a two-dimensional flow in the region of the contact point, we matched to an inner
region where the periodicity that defines the oscillator solutions was slightly relaxed in
favour of solving a new half-plane problem. We attempted to solve this half-plane problem
numerically in appendix A, but were thwarted by evidence of a discretisation-related
branch structure, and so cannot be confident that we have found a solution that has a
well-behaved non-discretised counterpart. The appearance of this non-periodic inner
problem is consistent with the phenomenon of non-homogenisable regions in the vicinity
of cracks.

We used a set of inner problem numerical solutions obtained in appendix A to supply
the necessary boundary conditions for integration of the secularity conditions. This
allowed us to calculate solution envelopes and composite solutions for the interface
position and velocity potentials along the free surface. We found that the composite
solution for @, the velocity potential in fluid 2, features a non-trivial slowly varying
mean which arises from a fourth secularity equation that is uncoupled from the oscillator
equations. The composite solutions agreed surprisingly well with the numerical solutions
to the full finite-A half-plane-problem, given the uncertainty over the inner problem
solutions.

Finally, we note that for finite density ratio y/#, the capillary wave decay is determined
primarily by the flow in fluid 2 once x is large enough. As the density ratio p;/p, decreases,
the critical distance from the contact point decreases, so for large # or small y, we expect
the solution envelope to be largely controlled by fluid 2. However, we find that the terms
in the Bernoulli equation corresponding to fluid 1 have a significant effect on the interface
position even as g — 0, due to a constraint on the average of 1/H?, and this constraint is
independent of density ratio. We therefore are able to find a large-# asymptotic solution
to the secularity equations, with the solution envelope amplitude determined by fluid 2,
but its slowly varying mean determined by fluid 1. We rescaled this to provide a solution

for y «< 1.
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The limit 4 — 0 seems very likely to be a singular limit. In chapter 3, we found that the
outer limit of the inner problem, solved exactly in terms of the dock problem, involved H
oscillating with fixed amplitude about a mean of O(x~!/2). The decay of this mean forced
the eventual scaling A = O(x.*), rather than O(x?) as expected from the initial scaling,
and as in the problems for finite /% and for y < 1 that we investigated in this chapter.
Here, our inner problem is constructed such that the mean of H must tend towards a
finite constant as x — oo, so we must have a different solution to that for k = 0.

The strong dependence of the asymptotic results on the solution of this inner problem
means that this chapter has a less triumphant conclusion than chapter 3. However, in
retrospect, we could have anticipated the crucial role of the inner problem for this two-

fluid problem, due to the pivotal role of the dock problem solution in the chapter 3

analysis.
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Chapter 5

Conclusion

5.1 Thesis results

In this thesis, we have analysed the surface tension driven recoil of inviscid fluid wedges.
We focused on the case where one wedge is very fat, with initial wedge angle 7 — € where
€ < 1. A second inviscid fluid occupies the slender wedge with angle € between the first
wedge and a rigid wall. At time ¢ = 0, the tip angle € is suddenly changed to A¢, and the
fluid recoils. We must determine the subsequent position of the wedge tip, the interface
position and the velocity within each fluid.

For this inviscid recoil problem, with all boundary conditions expressed in angles,
the solution must be self similar, with all lengthscales proportional to t2/. This removes
the time dependence from the problem. For general A and €, we must solve the Bernoulli
equation, which is an ODE involving the interface position and velocity potentials, coupled
to kinematic equations for the velocity potentials in the two fluids, which we can write as
nonlinear integral equations.

In chapters 3 and 4, we considered recoil problems with A = O(1) as € - 0, so that
the domain for the fluid in the fat wedge becomes a half plane at leading order, while the
domain for the other fluid remains slender. As € — 0, the kinematic equations become a
linear PDE for the fluid in the fat wedge, while the flow in the slender wedge is described
by nonlinear ODEs.

We began our analysis of this linearised problem by considering the case when the fluid
in the slender wedge has zero density. The leading order system as e — 0 and A = O(1)
is then a linear partial differential equation with a single independent parameter, A.

We solved this system numerically using a boundary integral method. We found that
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the amplitude of capillary waves increased with A, and the free surface became self
intersecting for A > 37.8. In order to improve our understanding of the solution structure,
we investigated the behaviour of the linear PDE system for A — oo.

We found a solution using matched asymptotic expansions, with an inner region where
x = O(x7?) and an outer region where x = O(x,). In the inner region the equations
reduced to the dock problem, which is a PDE describing constant amplitude surface
waves incident on a rigid dock. We discussed the calculation of the exact solution of the
dock problem by complex variable methods in chapter 2. The dock problem solution gave
the amplitude and phase of the free surface waves explicitly, and also a bounded mean
velocity potential that decays to zero as r — oo. We related the dock problem solution to
the interface position for the wedge recoil problem. We found that in the outer region,
the capillary waves in H have amplitude O(1/x?), while the slowly varying mean of H
has magnitude O(A/ x! %), and so as x, increases, the interface position H will eventually
become negative and hence self intersecting. The slow variation of the mean of @ in the
far field, coupled to the kinematic equation for @, gave us an ODE for the mean of H,
which we solved to find A = O(x?/ %).

We also considered the recoil of a fat wedge with |A — 1] < 1 and € < 1, so that
the contact and wedge angles are both close and small and so we were able to neglect
terms corresponding to the contact point displacement in the Bernoulli and kinematic
equations. The leading order system was a parameter-free linear PDE. We solved this PDE
using Mellin transforms in chapter 3; the method was very similar to the dock problem
solution by Mellin transforms in chapter 2. We found that, as for the dock problem, there
was a unique bounded solution for the velocity potential that vanishes as r — oo.

We can calculate the flow induced in the slender wedge for a given interface position
H(x). We find that a rapid flow is driven in the negative-x direction in regions where
the interface position approaches the rigid wall, which may have a significant effect on
whether the solution pinches off or remains valid as A - oo for two-fluid problems.
The velocity in the slender wedge is O(1) as € — 0 with A = O(1), while the velocity
in the fat wedge is O(€) in this limit, and so a distinguished density ratio occurs when
p1/p2 = ke where k = O(1). We investigated the resulting leading order problem in

chapter 4 and obtained non-intersecting numerical solutions for all A with k > 0. The
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solution is again dominated by capillary waves, which have a high curvature in regions
where they approach the wall, and so the solutions became harder to resolve as A — oo.

We then considered the behaviour of this two-fluid half-plane problem in the double
limit 1 «< A < e7!. We found that maximum coupling between the two fluids occurs
if p1/p2 = O(Ae). The leading order equations were nonlinear ODEs for the interface
position H and the velocity potential in the slender wedge P(x), coupled to a linear
PDE for the velocity potential in the fat wedge ®(x, y). The asymptotic analysis of this
system via Kuzmak’s method featured elements of the p; = 0 solution derived in chapter
3 and the p, = 0 solution found by Billingham [2006]. We derived periodic oscillator
equations for capillary waves on the free surface in the two-fluid problem. We solved
these equations numerically using a spectral method, and used the solutions to evaluate
and solve secularity equations for the slow variation of oscillator parameters.

The determination of the boundary conditions at the contact point for the secularity
equations required the solution of another integral equation problem. This two-fluid
inner problem incorporated both the discontinuous interface derivative H, required by
Billingham [2006] for the recoil of a slender wedge of fluid, and equations for the half-plane
problem that we solved in chapter 3. The resulting PDE is nonlinear in the semi-infinite
sequence of ‘contact points’ at which H, is discontinuous, which we must determine as
part of the solution. We attempted to solve the inner problem numerically in appendix
B; however we found that this nonlinearity, together with the inevitable truncation of
the contact point sequence, led to the numerical solutions having a discretization related
branch structure. We did obtain some plausible solutions to the inner problem, which
led to reasonable composite solutions to the large-A problem, however it is far from clear
whether suitable inner problem solutions exist for all density ratios, in the semi-infinite,
non-truncated limit.

Assuming that suitable inner problem solutions do exist, we find that the composite
solutions for 1 << A «< e~ ! and p;/p, = O(Ae) do not pinch off or intersect the wall as
A — o0, and that the contact point displacement x. = O(A!/?). This is in contrast to the
zero density surrounding fluid solution where solutions are self-intersecting for A g 30,

and x. = O(A*°) as A — oo.
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Tm

Figure 5.1: To compare coalescence of wedges and spheres, we must relate the tangent angle €
to r,,/R. The tangent to the circle at x = r,,, makes an angle ¢; = arcsin(r,,/R) with
the x-axis. The tangent to the circle that goes through (x,y) = (r,0) has angle
€, = 2arctan(r,,/R). Asr,, /R - 0, we find ¢; ~ r,,/R and €, ~ 27, /R.

5.2 Further work

The relationship between ¢ and x, for self similar solutions with 8 = /2 governs the
time dependence of spherical coalescence. Similarity solutions for the inviscid recoil of a
wedge have L oc 12/, while experiments and numerics for spherical coalescence of drops
and bubbles agree that r,, = O(t'/?). The far field angle ¢ slowly increases throughout
coalescence, and we find that if x. = O(e~/?) as € — 0 for the self similar solution, we
recover the t!/2 time dependence for spherical coalescence.

We suppose that at meniscus radius r,,, the far field angle € is zr,,/R, where z is a
constant (figure 5.1). We also suppose that the asymptotic solution for ¢ - 0 with § = /2

gives x. ~ x.,€”?. The self similar solution then relates r,, and x, by

1/3 1/3 . 1/3
T =xc(z) 1213 ~xcoe‘”(z) 23 = x., (i) (Z) 23, (5.1)
p p zrn) \p

Solving this equation for r,,, we find r,, o< t*, where b = 2/(3(1 + a)). To obtain b = 1/2

we must have a = 1/3, in which case we find

1/4
R
ro = xfé4z—1/4 ()/?) £, (5.2)
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which has the same dependence on R, y, p and t as equation (1.9). The asymptotic result
x. = O(e17?) is exactly that found by Billingham [2006] for a recoiling slender fluid
wedge, which is applicable to the coalescence of bubbles surrounded by an inviscid fluid.

In order to compare the prefactor of (1.9) and (5.2), we need to choose the constant z
which relates € to r,,/R. Some obvious choices are z = 1, which gives the original angle
of the sphere at horizontal displacement r,,, and z = 2, which gives the angle of the line
tangent to the sphere passing through r,,. These tangents and angles are illustrated in
figure 5.1. Billingham’s calculations suggest xy ~ 1.11, which gives a prefactor of 1.08 if
z =1and 0.909 if z = 2, which should be compared to the prefactor 1.39 calculated by
Thoroddsen et al. [2005] from experimental observations of the coalescence of bubbles.
There is no asymptotic solution for € — 0 applicable to the coalescence of drops with zero
density surrounding fluid, as the similarity solutions do not exist in this limit. It would
be interesting to compare asymptotic solutions for other density ratios to experimental
observations of coalescence with a surrounding fluid.

Calculation of self similar solutions for the coalescence problem requires solving
the recoil problem with 8 = 7/2. In this case, the problem for € — 0 becomes a fully
nonlinear free boundary problem. The interface height need not be a monotonic function
of x, so should be parameterised with respect to arc length. The kinematic conditions on
the velocity potential can be written as integral equations that depend linearly on @, ,
and nonlinearly on the interface position (X(s), Y(s)). We derive the equations for this
nonlinear free boundary problem in appendix B and show that as € — 0 the nonlinear
integral equations reduce to the kinematic equations for P and @ found in chapter 4. The
integral equations become harder to resolve numerically as the interface approaches the
wall, and we again expect to find that the slender wedge velocity and interface curvature
increase in neck regions.

Another consideration for coalescence of spherical and cylindrical drops is the influ-
ence of the reflected interface (figure 5.2) and of the axisymmetric component of curvature.
Both of these effects would be significant if x. << 1, but we expect to find that x. > 1 for
€ — 0. The reflection in x = 0, and the axisymmetric curvature, do not have a strong effect
in neck regions where Y — 0 away from the contact point, and so these extra terms are

unlikely to affect the leading order behaviour as € — 0. In section B.3 we discuss the effect
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-5 0 5
x

Figure 5.2: The problems analysed in chapters 3 and 4 have a rigid wall along the x-axis but are
not symmetric about the x-axis. For the coalescence of cylinders, we should consider
the effect of the other half of interface, reflected in the y-axis, as in was implemented
by Keller et al. [2002]. Investigation of the integral equations for Ae << 1 shows that
the effect of the reflected free-surface diminishes as the contact-point displacement
X, increases, and so the asymptotic solutions we found for large A are essentially
unchanged.

of the second reflected interface on the asymptotic solutions calculated in this thesis.
The asymptotic analysis of the two-fluid small angle problem led to a distinguished
density ratio p;/p, = O(Ae) for 1 < A « €71, If this density ratio is still distinguished
when Ae = O(1), then we should find a new balance when p;/p, = O(1) in the nonlinear
free boundary problem. Extrapolating from the structure of the two-fluid solution for
large A here, we would expect asymptotic solutions of the nonlinear problem for e — 0
to require the solution of an integral equation that is also a free-boundary problem, and
also to require matching to capillary waves, also described by nonlinear free-boundary
problems. For the linearised problem we considered in chapter 4, these elements in the
two-fluid problem are considerably more complicated than in the two separate one-fluid
problems, and we may expect a further increase in complexity for the two-fluid free

boundary problem.

175



Appendix A

Two-fluid inner problem

For the two-fluid inner problem in chapter 4, we wish to find a solution, in the limit

A — 0, of

1. 2 142] 2 . X
u [EP 5" EHZ] + ngcl)o);(x,O) = w*Hozz, (A1)
0
and
. 2.
CDoj/(X,O) = —gHo;e, (A2)

both for x > 0, with
Dy (%,0) =0 (A.3)

on x < 0. The eigenvalue w will eventually be determined by the new boundary condition
wH;(0,0) = 0. (A.4)

For all X and J, we have
Doss + Dojy =0 for §>0. (A.5)
We seek a solution with Hy(%) tending to a periodic functions with period 1 as & — oo.

We expect &, to grow no faster than logarithmically as # — oo (section 4.7.5).

A.1 Behaviour of Bernoulli equation as X — 0

As A — 0, the term
AZ

- (A.6)
Hj

in (A.1) behaves like a 8-function if H, approaches zero. The oscillator equation solutions

for small non-zero A show a solution that looks like a parabola, with a rapid sign change in
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Hy; near the minimum of H,. For A — 0, we obtain a 8-function in Hoz; at any X, where
Hy(%,) = 0. The magnitude of this delta function should be determined by the constraint
that Ho; changes sign at X = %,. The small-A behaviour of the oscillator solutions is
discussed further in section 4.6.3.
So now we replace (A.1) by
u [%P - S] + %nw(bo;c()%,O) = w?Hysz, (A7)
which holds for x > 0, x # z,. The z, are points where Hy(%) = 0, and the derivative H;

changes sign.

A.2  Reduction to the single independent parameter o

We currently have an eigenvalue problem for w, with three independent parameters,
which are the density ratios 7 and u, and also the value of P(0). We can rescale our
discontinuous inner problem to give only one independent parameter rather than three
in the eigenvalue problem. We leave x unchanged to keep the far-field period fixed at 1.
We let:

A A 2
w=wy®, Hy=ws'h, = 5w51¢, (A.8)
where
1. 2
woz—y[gp—g], X=x, y=y. (A.9)
The new density parameter o is defined as
4n
0=———">. (A.10)
ou[3P-3]

The problem for o = 0 corresponds to # = 0. We expect to find P(0) < 0, so that we seek
solutions for ¢ > 0.

The rescaled Bernoulli equation is
@*hyy = 0o, — 1 (A.11)
onx >0, y =0, for x # z,. This is coupled to the kinematic boundary conditions

-h, forx>0,
¢,(x,0) = (A.12)
0 for x <0,
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with
Gxx + @yy =0, for y>0, (A.13)
with the crucial new pointwise boundary condition
wh,=1 at x=0. (A.14)
At the ‘contact points’ at x = z,,, we have
h(z,) =0,  &h(z,+) = -0h(z,-) = a,. (A.15)

We want z,, — z,_; — 1, and «,, to tend to a non-zero constant, as n — co. As the whole
system is unchanged by the addition of an arbitrary constant to ¢, we choose to normalise
so that ¢(0,0) = 0. For large x, we want /(x) to tend to a periodic function with period
1. We find that ¢ must grow logarithmically as r — oo.

A.3 Logarithmic growth of velocity potential

We begin by considering the velocity potential y,,(x, ¥) driven by h in the single oscillation
Zy < X < z,41 We assume that h(x) is finite and differentiable in this region. This velocity
potential is bounded, and up to a constant, can be written as
1 Zn+1 1 Zn+1
Va(x,0) = — / log|x — x'|¢,(x',0)dx" = —= / log|x — x'|h,(x")dx". (A.16)
T J2z, T Jz,
The potential y,,(x,0) as defined by (A.16) is bounded everywhere and decays as O(|x —
z,|7!) as |x| > oo with n fixed, which is the decay rate of a dipole. In order to assemble ¢,
we need to add together a half-line of these dipoles. However, as the far field of each one

decays as O(|x — n|™1), we find that this sum does not converge for any fixed value of x.

For example, with x = —a, a > 0, we would like to write

1
¢(-a,0) ~ const. x ).

>
—a+n

(A.17)

This sum does not converge for any finite a, but in some sense ‘tends to zero’ as a — oo.

By renormalising the flow from an individual oscillation, we can exchange decay at
infinity for boundedness for finite x. We do this by choosing the additive constant for v,
so that y,(0,0) = 0 for all n. The new expression for ¢ converges for finite x, and grows

logarithmically for large |x|.
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We now write the contribution ¢, to ¢ from the region 0 < z, < x < 2,4 as

1 Zn+1 1 Zn+1
$n(x,0) - / log|x — x'|¢p,(x',0)dx" - - / log|x'|¢,(x",0)dx’

n

1 Zn+1 1 Zn+1
- / log |x — x'|h,(x")dx" + p / log |x'|h,(x")dx'

_ 1 /zm de, 21 /Z"“ de_ (A.18)

nJz, x'—x T Jz, x'

The cumulative function ¢ can then be expressed as

6(x,0) = L3 ( f R G f L’f')dx). (A.19)

1
Tiso\Jz X' —x " X
We want to determine the behaviour of (A.19) as |x| — co. Now suppose that x = —a
with a > 0, so that |x — z,,| >> 1 for all n. If |x — z,| > 1 and z, > 1, we can estimate ¢, as

1 x -
(x,0) e L~ x| > 0. A.20
$n(x,0) ey P as |z, —x| - o (A.20)

where
h, = f " h(xydx, (A21)

We know that i, > 0 for n > 0, and h, > h., as n > oo. In order to determine the leading
order behaviour of ¢ as r - oo, we can take z,, = n and h, = he for n > 0. Corrections to
this do not affect the logarithmic growth of ¢ but would alter the constant term.

At leading order for |x| > 1, we find

1. & x
Now, it happens that
i 1 l(—)’—1//0(1—96)) (A.23)

—n(n-x) T

where y is the Euler-Mascheroni constant, and y is the digamma function [NIST, 2011],
defined by

d
= —IlogI'(z). A24
wo(2) = - logT(2) (A.29
If z does not lie on the negative real axis, we find
Vo(z) ~logz + O(1/z), (A.25)
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Figure A.1: ¢(x, y) calculated for o = 0, in which case h is a sequence of parabolas, all of width
1. This plot tests the Gaussian quadrature rule. We should get perfect agreement for
o = 0, as in this case H is a parabola for each oscillation and H, varies linearly between
grid points. The solutions shown here are for N = 10, k = 100, M = 100 (black solid
line), N = 10, k = 10, M = 100, (blue crosses) and N = 100, k = 10, M = 100 (red
plusses).

so that

é(x,0) ~ —hflogx +0(1), (A.26)

for |x| > 1 with x < 0, and by analytic continuation we find

¢~—hflogr+0(1) (A.27)

for all r > 1. This logarithmic growth does not appear in the composite solution for &
in the secularity calculations of chapter 4, as it is exactly cancelled by a singularity as
R — 0 in the slow variation of the velocity potential W(X, Y). The composite solution is

discussed in section 4.7.5.
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A.4 Piecewise integration of Bernoulli equation
We can integrate (A.11) to reach
@*hy =@+ @0¢(x,0) —x+ > B0(x —2zy), (A.28)
m=1

where 6 is the Heaviside step function. We know ¢(x,0) is continuous at x = z,, and

@hy(z,%) = +@a,. Evaluating (A.28) at x = z,+, we find

@*hye(z,+) = Oy = @ + @0P(2,,0) + > By, (A.29)
m=1
and
n—1
@*hy(z,—) = @, = @ + @0¢(2,,0) + Y. By (A.30)
m=1

Subtracting (A.30) from (A.29), we find that B, = 2@«, for n > 1, and so we can write
(A.28) as
@*he =@+ 00p(x,0) —x +20 Y ap0(x = 2z). (A.31)

m=1

We can rearrange (A.31) to give ¢(z,,):
00P(2,,0) = DAy — D+ 2, =20 Y Ay (A.32)
m=1
We know from the previous section that ¢(x, 0) should grow no faster than logarithmically
with x for large x. We can use this to find a constraint on the behaviour of @ as n — co.

For large n, we require z,, — z,-; - 1 and « to tend to a constant, so suppose

zp=n+z+o0(1), an:&+%+o(nl). (A.33)
Then (A.32) becomes
"1
@od(z,) =n(l-20a) -2dby Y —+ O(1). (A.34)
=1

Here the O(1) term includes anything that is bounded as n - oo. Kinematically, we
expect ¢, to grow logarithmically as x - co. However, linear growth in # is not permitted,
$O

(A.35)

)
S

a=lima, =

n—oo
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A.5 Formulation of integral equation

Given a trial solution h, 0, @, «, and z, for 1 < n < N, we want to find a harmonic

function ¢(x, y) with ¢(0,0) = 0 such that

-h,, forO<x<zy
¢,(x,0) = (A.36)
0, forx <0

and
_ o : —27mmy G 2 2
¢(x,y) == > ansin(2am(x - zy))e + 7log(x +y°)+ C, (A.37)
m=1
for x > zy = X. In terms of ¢ and @, the Fourier coefficients are

1

) mm@(o -2nma)’ (8.38)

am

For the integral equation, we use the Green’s function G(x,x’) = log|x - x|/27, on

the semicircle of radius R = X, centred at the origin. We know that
f d(xX)V?G(x,x')dx' = /; ¢(x')n"-V'G(x,x")dx'-G(x,x")n’-V'¢(x")dx’, (A.39)
v v

where n is outwards-pointing unit normal. For x = (x,0), with the normalisation

$(0,0) = 0, this becomes

xl
/

29(x,0) = [ 5 log| =4, (x,0)

+ -/| ox ¢(x)n’ - V'G(x,x)dx' - G(x,x')n’ - V' $(x')dx’ (A.40)

X —
X

- -[|x'|:x ¢(x)n’ - V'G(0,x")dx - G(0,x)n’ - V'¢(x')dx’.

There are two components of the far field contribution to the velocity potential ¢. The
sequence of oscillations corresponding to a,, gives a flux across the line x = R. Also, the
slow, smooth decay of ¢ could give a contribution across the whole semicircle arc r = R.

On this semicircle, we have
1
G(x,x') = yp log [R2 —2xRcos @ + xz] (A.41)
T

and

n’ = (cos6,sin 9), (A.42)
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sO
0G 1 R - xcos0
/. IG , / - - . A43
n'-V'Glx) OR  2mR?>-2xRcos0 + x?2 ( )
We begin by considering the slow growth of ¢ as r — co. Suppose that for large r, we
have

¢ = Cilogr + C; (A.44)
where C; and C, are constants. Then

¢outer(x) = ¢(X’)n, . VIG(X, X,)dX’ - G(X, x')n’ . VI¢(X,)dX’

[x/|=R

= [ SO TGO.X)dx - GO T p(x )

—fﬂ{(mo R+c)i( R~ xcos6 _l) (h4)
o 1108 27 \R2 - 2xRcosO +x> R
1
_CIE (log [R* - 2xRcos 6 + x*] - 210gR)} Rd0.
Let u = x/R. Then
1 n 1-ucosb
outer =(C;logR +C _/ ( —l)dG
Pouter(x) =(Crlog R + 2)271 0 \1-2ucos0O +u? (A.46)

1 /4
—CIE '/; log[1-2ucos 6 +u?]do.

However we find that

T  1-ucosf n .
-/o 1—2uc059+u2d6_ﬂ’ /0 10g[1—2uc059+u]d9_0 (A.47)

SO

¢outer(x) =0 (A48)

So with the normalisation ¢(0,0) = 0, the slow growth from ¢ ~ C; logr + C, gives no
contribution to the boundary integral expression for ¢.

However, we do obtain a non-trivial contribution from the oscillations for x > X. In
the far field,

Rose = i ap[cos {2mm(x - X)} - 1], (A.49)
$0
a;b;sc (x,0) = —hy(x) = > an2mamsin {2mm(x - X)}, (A.50)
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and

Bosc(x,y) = — i an,sin {2mm(x — X)} e ™, (A.51)

m=1

Along the line x = X, the Fourier expansion (A.51) gives ¢,s.(X, ) = 0, but

a(!)OSC(X y) ==Y 2nma,e ™. (A.52)

m=1

Substituting (A.51) for ¢ in the integrals over X’ = X in (A.40), we obtain

o (x, o)—-—f log
(X_‘x)2+y2 —2mm
+Emz1am2ﬂmf0 log(Xz—er2 e M dy.

We can transform the variable of integration, letting Y = 27my. Then

"dx'
(A.53)

(/)(xO)———/ log |h L(x")dx'
+_71 Z amfo log((Zﬂm(X_x))2+Y2)eYdY.

(2mmX)? + Y?

(A.54)

For the numerical evaluation, we define a function:
S(Z) = / log(Z* + Y*)e ¥dY. (A.55)
0

S(Z) is defined for all real Z, with S(0) = -2y, where y = 0.577... is the Euler-Mascheroni
constant. For large Z, S(Z) ~ 2log Z. Plots of S(Z) against Z and log(1 + Z) are shown
in figures A.2 and A.3.

We can rewrite (A.54) in terms of S as

(x,0) =-— / log "dx’
+;Tm§:1am [S2am(X -x)) - S(2nrmX)] (A.56)
+% mzi;:ﬂam [210g(X);x)].

Here we evaluate S(Z) explicitly for the first M Fourier modes, and use the large-Z
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Figure A.2: A semi-logarithmic plot of the function S(Z) defined by (A.55). The blue line shows
S(Z) calculated using Matlab’s quadgk routine. The green line shows the leading-
order large Z approximation S ~ 2log(Z). The red line shows the next correction:
S ~2log(Z) +2/Z?. This correction improves convergence for large Z, but has a large
deviation for small Z.
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Figure A.3: For the purposes of interpolating S, we use linear interpolation based on S(Z) vs.
log(1 + Z), which gives a close-to-linear plot, compared to figure A.2.
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approximation S(Z) ~ 2log(Z) for m > M. This simplifies to become

xO)———/ log h(x’)dx

+g S an[S(2am(X - x)) - S2amX)] (A.57)

m=1

1 X—-x el
+—log( )( am).
T X m§4:+1

The use of the large Z expansion for the higher terms of S(Z) should be a good approxi-

mation provided 27M (X — x) > 1.

Clearly this approximation will fail when x = X, in which case we can make use of

the exact result S(0) = —2y. Then we can write

(Xo)—-—fl 'X |h(x’)dx

+— Z an [-2y - S2nmX)] (A.58)
2m m=1

+i Y am[-2y-2log(2nmX)],
2n m=M+1

or

(XO)———/I 'X |h(x’)dx

+— Z an[-2y - S(2mmX)]

1 _ (A.59)
+— [-2y-2log(27X)] > ams

T m=M+1

L 5 1
ey m;ﬂ a,logm.

In order to evaluate the integrals involving h, in (A.57) and (A.59) we use Gaussian
quadrature with a logarithmic weight function, and a single collocation point, so that
the integrals are exact if h, varies linearly between grid points. The Gaussian weight
functions and abscissa will be different for every subinterval and value of x’.

We want to find weight functions W and collocation points g so that:

[ FG)loglx ~ ¥ldx’ = Wiaf(a) + (1~ q)f(5)) (A.60)

186



APPENDIX A: TWO-FLUID INNER PROBLEM

where W and g are constants, that give exact results for f(x) = Ax + B, for arbitrary

values of the constants A and B. Then

b
f (Ax"+ B)log|x — x'|dx" = W[q(Aa + B) + (1 - q)(Ab+ B)], (A.61)
SO
b
F, = / x'log|x — x'|dx" = W[qa + (1 - q)b]. (A.62)
and
b
F, = / log|x — x'|dx" = W. (A.63)
Thus
1-F/F
=, = F . A. 4
q b-a w 2 ( 6 )

F) and F, both depend on g, b and x’. We use integration by parts to find exact expressions
for F, and F,.

When ¢ = 0, the solution for h is a sequence of parabolas, so h, varies exactly linearly
between grid points. We find that for o = 0, the grid points for ¢(x,0) for using k = 10
points per subinterval lie directly on top of those calculated using k = 80 points per
subinterval (figure A.1). As o increases, the solution will deviate from the initial sequence

of parabolas, and so discretisation errors will be introduced.

A.6 Numerical continuation scheme

We discretise x with k points per oscillation and a total of N free oscillations. The grid
points are equally spaced within each oscillation. We use finite difference formulae to
discretise the Bernoulli equation (A.31), taking care that difference formulae do not cross
the points x = z, where h, is discontinuous. We interpolate S for the first M Fourier
modes in (A.57) and (A.59). We would like to solve for the eigenvalue @(o) as the
discretisation parameters N, k and M tend to infinity.

For given values of z,,, the problem is linear in 4, ¢ and «,,, and depends nonlinearly
on @. We also need to find z,, as part of the solution, which provides a significant source of
nonlinearity. The integral equation can be expressed as a dense matrix equation linking ¢
and h. However, the coefficients of this matrix depend on the x distribution and hence the

choice of z,,, so whenever z, is altered, the matrix must be recalculated. The Jacobian for
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the relationship between the integral equation and z, is determined by finite differencing,

which is the most time consuming component of the computation.

A.7 Solutions for general o

We use Newton iteration and continuation in ¢ to obtain solutions, starting from the
known solution at ¢ = 0, @ = 1/2. The system is linear in «,,, h and ¢, but nonlinear in @
and z,,. Discretised solutions of this problem show a branch structure, illustrated in A.4
for some attainable values of N, k and M. We are interested in the solution in the limit of
each of these three discretisation parameters tending to infinity.

We expect the ‘true’ branch to be connected to 0 = 0, @ = 1/2, and to satisfy @ > o/27,
as crossing this line would give a singularity in the Fourier coefficients (A.38). In figure
A.4, we note that as N increases, the two branches above this line move closer together,
and are almost touching when N = 30, however there is still a small kink near o = 6.86.
It is not clear whether for o > 6.86, the true solution should follow the upper branch
(passing through o = 20, @ ~ 4) or the lower branch (passing through o = 20, @ » 3.5),
or some other path.

Figures A.5 and A.6 show individual solutions on the upper and lower branches that
are above the line @ = g/27. It seems the upper branch is the correct one for ¢ < 6.86 and
the lower branch is correct for o > 6.86. This path corresponds to the one taken by the
red line (for N = 30, k = 30, M = 100) in figure A.4, though this red line cannot represent
the true behaviour in the kink area itself. We use the red branch, smoothing over the

kink, to calculate boundary conditions for the multiple scales analysis in section 4.7.1.

A.8 Conclusion

In this appendix, we discussed numerical solutions to the two-fluid inner problem. This
is a half-plane problem, corresponding to two-dimensional flow around a sequence of
constant pressure regions. The length and position of these regions is unknown, which
causes significant nonlinearities in the discretised equations, and the solutions to the
eigenvalue problem for @ (o) show a complicated branch structure which seems to be
related to the discretisation parameters. We can choose a path of plausible branches

through this branch structure in order to calculate boundary conditions for the secularity
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integration in section 4.71, however it is not clear whether this path corresponds to valid

solutions of the non-discretised problem.
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—— N =20,k=20,M =50
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Figure A.4: The dependence of the eigenvalue @ as calculated by solution of the discretised problem
shows a complicated branch structure with respect to density parameter 0. We are
looking for a branch connected to o = 0, @ = 1/2. There is a singularity in the far-field
Fourier coefficients if 0 = 2rn® for any integer 7, and so we expect the true eigenvalue
to remain above the dashed line which indicates @ = o/27. Figures A.5 and A.6 shows
solutions for 0 = 4 and o = 12 for the two branches above this line. An examination
of the behaviour of these solutions near x = zy suggests that we should choose the
upper of the two branches for ¢ = 4 and the lower of the two branches for o = 12.
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(a) Upper branch solution: @ = 0.9500
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(b) Lower branch solution: @ = 0.8046

Figure A.5: Two solutions for N = 20, k = 20, M = 100 at ¢ = 4. The upper branch solution appears
to be periodic for x > 5. The lower branch solution has non-periodic behaviour in h
for the last oscillation, and O(1) growth in ¢; this solution is probably invalid. The

crosses mark the value ¢(z,,0).
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(a) Upper branch solution: @ = 2.3858
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Figure A.6: Two solutions for N = 20, k = 20, M = 100 at ¢ = 12. The difference between these
two solutions is much more subtle than for those in figure A.5. The crosses mark the
values of ¢(z,,0). Neither sequence ¢(z,) is completely smooth near n = N, but the
upper branch solution shows a much larger kink. For this value of ¢ it seem that the
lower branch solution is better converged to a periodic solution as x — oo, and so we
take the lower branch of this pair for the secularity calculations in section 4.7.1.
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Nonlinear free-boundary problem

B.1 Nonlinear free-boundary problem

In chapters 3 and 4 we analysed wedge recoil problems with wedge angle € and contact
angle Ae in the limit 1 << A « e7!. The interface height tends to zero as ¢ — 0, and
we can write the interface position as (x, y) = (x,eH(x)), where H is a single-valued
differentiable function of x. However, for coalescence problems with 8 = 7/2, H, is
not defined at the contact point, and the interface height y need not be a single-valued
function of x. It is therefore sensible to parametrize the interface with respect to arc-length
for problems which have O(1) contact angles.

The interface is located at (x, y) = (X(s), Y(s)) = R, where s is arc-length and so
X?+Y?=1. (B.1)

where a’ to indicate d/ds. We need to solve for X(s), Y(s), @;(s) = ©;(X(s), Y(s)) and
D,(s) = D,(X(s), Y(s)).
The nonlinear, dimensional Bernoulli equation can be written as

0 1 0 1
P1 (% + E|V¢1|2) ~p2 (% + §|V‘/’2|2) = 0K, (B.2)

where ¢, and ¢, are the dimensional velocity potentials, and « is the dimensional curva-
ture. In similarity variables this becomes

1 2 1 1 2 1
A1 (gq)l -ZR- VO, + §|V®1|2) _P2 (gq)z -=R-VOD, + E|V®2|2) =X'Y'"-Y'X",
p

P 3 3
(B.3)
where p is the reference density used in the nondimensionalisation, and the expression

for curvature has been simplified using the arc-length equation.
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The kinematic boundary condition is that the normal velocities of the interface and

the fluid on either side match, so dimensionally we have

JR
n~—=n'V(/)1=n'V(/52, (B4)
dt
which becomes
2
gn'R=n-V®1=n-VCD2 (BS)

in similarity variables, where n and t are unit normal and tangential vectors to the interface
respectively.

The Bernoulli equation currently involves derivatives of @, , with respect to both x
and y. However, the kinematic boundary condition gave the normal components of VO
at the boundary in terms of the interface position directly, and so it is helpful to write

VO in (B.3) as
2
VCDI,Z = t(t . Vq)l,z) + n(n . V(DI,Z) = (Di)zt + g(n . R)n (B6)

As the interface is parametrized by arc-length, the normal and tangential vectors can
be written asn = (-Y’, X’) and t = (X', Y'), where n points into fluid 2. The Bernoulli
equation (B.3) now becomes
2 1 4
P [ D - Z(X'Y - XY')2 4~ ( - 2(XX'+ YY’))]
pL3 9 2 3

2 1 4
pz[ O, - =(X'Y-XY')*+ = CD’( ——(XX’+YY’))] (B.7)
p L3 9 2 3

=X'Y"-Y'X",
which requires only tangential derivatives of @, and @,.

We would also like to write the kinematic boundary conditions in terms of ®; and ®,
and their tangential derivatives. We do this by using a boundary integral method, with
the Green’s function G(x,x’) = log|x — x’|/27. In order to avoid explicit contributions
from the line of symmetry at y = 0, we reflect the interface in this line, so the integral is
over both parts of the interface. The vector n is an outwards pointing normal to fluid 1,

and so we obtain
~01(s0) - fo " n(s)R(s) {10g |R() - R(so)| + log R () ~ R(so)[} s

1 )- (R(s) ~R() | n(5) - (R(so) ~R ()]
e { R(s) — R(s)P R(s0) R ()P }d'

(B.8)
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n is an inwards pointing normal to fluid 2, and so the integral equation for fluid 2 differs

only by a sign from (B.8), specifically

®2(5) == [ n(9)R(s) {1og|R(s) ~ R(s0)| +log R (5) = R(so)]} ds

(B.9)
Lo [0 (R) RE) | a9 (R(s) R ()]
foq’z”{ R(s0) - RGP R(0) - R ()P }d'

s
HereR=(X,Y),R.=(X,-Y),n=(-Y', X')and n_ = (-Y’,-X’). R_ is the position

of the reflected part of the interface, and n_ is the reflected normal.

B.2 Recovery of linearised kinematic equations

We can obtain the leading order kinematic conditions on @, and ®,, that is (4.28) and
(4.29), by manipulating the boundary integral equations (B.8) and (B.9)
We begin by scaling X and Y as € - 0. We write

X(s)=X.+s+0(€*), Y(s)=eH(s) + O(?). (B.10)
We find

% fow n(s) - R(s) {log|R(s) = R(sy)| + log|R_(s) = R(so)|} ds
4e o0

"3 o

(B.11)
[H(s) — (X, +s)H'(s)]log|s — so|ds + O(€?).

The kernel integral coming from the non-reflected part of the interface gives a term
which is O(e®; ;) respectively as € -~ 0. We have

1o (o] 006) (R(so) ~R(s)) | o
nfo (D“(){ IR(s0) — R(s)]? }d

SLYE {H(S") )= ‘S)H'}dH o)

(B.12)

|so —s]2

The integrand in (B.12) is finite at s = s, taking the value

Determining the behaviour of the kernel integral coming from the reflected free

surface as € — 0 is more problematic. The approximation

1 B 1 1
[R(s0) ~R_(s)P ~ [X(s) = X(s0)> +[H(s) + H(s0)P s =50l

>+ 0(e) (B.13)
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fails when |s — so| = O(€). We therefore split this integral into regions for |s — so| > € and
|s — so| = O(€), writing

Lo n_(s) - (R(so) ~R(s))
;-/(‘) @1,2(5){ R(s0) —R_(5)] }ds

_ P.V.% fo°° 1a(s) {—H(SO) - H|(SZ)__5|(2$O —$)H'(s) } ds  (B14)

N E so+e S _H(SO) — H(s) — (50 - S)H’(S) s
- . @1,2( ){ |50—s|2+€2|H(S)+H(50)|2 }d

The final integral in (B.14) may be approximated by

2 oo 1
_;ECDI’Z(SO)H(SO) /_oo {|so — s> + 4e2H(sp)? } 48 = =Bualso). (519

This term exactly cancels the left-hand-side of (B.8), and has the opposite sign to the

left-hand-side of (B.9), and so we reach very different leading order equations from the
two integral equations.
Rearranging the integral equation (B.8) for @, (s) gives an equation which is indepen-

dent of €:

34ﬂf (H(s) - (X, +s)H'(s)) log|s — so|ds

_ © o [HE) + (50— H(S) (B.16)
= PV;[/(; CDl(s){ }ds,

|so — s[?

while the leading order version of (B.9) gives @, explicitly as
2 oS}
@, (50) = i / (H(s) - (X, + s)H'(s)) log]s - solds, (B.17)
0

which is the desired leading order equation for @, (s).
We can rearrange (B.16) to give an ODE for ®;. We observe that
H(s)+(so=s)H'(s) _ d (@)
|so — s|? ds\sy—s)’
We then differentiate (B.16) with respect to sy, and make use of the identity

= g(s) 5o _80) = g(s),
ds = [ ] 7 S, (B.19)

o -5 t—s t—s

(B.18)

so that the integral equation (B.16) becomes

1

0=pv. [ [266) - e 9m (o) + i)Y |

ds (B.20)
s
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and hence

2 [H()@}(5)] = 2[A(s) (X +5)A'(5)] (B.21)

which is the desired leading order equation for @ (s).

B.3 Influence of reflected interface

Figure 5.2 shows a coalescence problem with fluid 2 bounded by two free-surfaces, with
the interface for x > X, reflected in the line x = 0. This interface does not affect the
integral equation for fluid 1, as it does not change the boundary for this fluid, but will
change the integral equation for fluid 2. In terms of the interface position (X(s), Y(s)),
where X(0) = X, Y(0) =Y, the integral equation for @, with only the free-surface for

x > 0 can be written as
@, (s0) :i fOOO(X’Y ~Y'X) {log |(X = Xo)* + (Y = Yp)?| +log|(X — Xo)* + (Y + Yp)?|} ds

1 oo Y'(Xo-X) + X' (Yo Y) ~Y'(Xo-X) - X'(Yy+Y)
+}fo CDZ(S){ (X— X2+ (Y-Yo)2 | (X—Xo)2+ (Y +Y,)? }d

(B.22)

With two free-surfaces, the integral equation becomes

D5 (50) =$ /;OO(X’Y “Y'x){
log[(X — Xo)* + (Y - Yp)*] +log[(X - Xo)* + (Y + Yy)?]
+1og[(X + Xo)? + (Y - Y5)?] +log[ (X + Xo)* + (Y + Yp)?] } ds

1 oo Y(Xo-X)+ X' (Yo Y) ~Y'(Xo-X)-X'(Yy+Y)
+}fo ®2(S){ (XX 2+ (Y-Y0)?  (X-Xo)+ (Y +Y,) }d

+l/‘wq)z(s){Y’(X0+X)+X’(Y0—Y) N Y’(X0+X)—X’(Y0+Y)}

(X+X0)2+ (Y -Yp)? (X+X0)2+(Y+Yp)?
(B.23)
At leading order as € — 0, we reach
D,(sg) = ;—Z AW(H(S) — (X +s)H'(s))[log|s — so| + log|s + so + 2X |]ds.  (B.24)
However, there is no source in the flow, so we can write this as
Oy (s0) = 32—; / T (H(s) - (X, + s)H'(s)) [log|s—50| log|1+ —S— ]ds. (B.25)
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and the effect of the new reflected term on @, diminishes as X, increases.

We can consider the effect of this new term on the asymptotic solutions we found
in chapters 3 and 4. A new line of symmetry at x = 0 would change the leading order
problem for [A — 1| << 1 with p; = 0, which is sensible as x. <« 1 for this solution. The
reflected interface would not change the leading order capillary wave equations for the
two large-A analyses, as these are derived for a lengthscale x = O(x;2). However, the
next order equations are for variation on the lengthscale x = x., which is exactly the
separation of the two interfaces. The reflected interface significantly changes the leading
order problem for @ outer problem for p; = 0. The far-field solution for ® was important
in determining the mean of H in the far-field, and hence the contact-point displacement.
However, for the two-fluid problem, the slow variation of @ in W, has no effect on the
interface. The new terms do not affect the short-lengthscale inner region near the contact
point.

It is important to note that for any contact angle, the new terms in (B.23) compared to
(B.9) add no extra sensitivity to interfacial neck formation, and so the reflected interface

will not have an effect on the leading order flow in the neck regions.
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