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Abstract

A matching in a graph is a set of pairwise nonadjacent edges, a k-factor is a

k-regular spanning subgraph, and a cycle is a closed path.

This thesis has two parts. In Part I (by far the larger part) we study sufficient
conditions for structures involving matchings, factors and cycles. The three main
types of conditions involve: the minimum degree; the degree sum of pairs of non-
adjacent vertices (Ore-type conditions); and the neighbourhoods of independent
sets of vertices. We show that most of our theorems are best possible by giving

appropriate extremal graphs.

We study Ore-type conditions for a graph to have a Hamilton cycle or 2-factor
containing a given matching or path-system, and for any matching and single
vertex to be contained in a cycle. We give Ore-type and neighbourhood conditions
for a matching L of [ edges to be contained in a matching of k edges (I < k). We
generalise two different aspects of this result: the [ = 0 case with an Ore-type
condition for a heavy matching in an edge-weighted graph; and the conditions for
a perfect matching containing L with degree and neighbourhood conditions for a
k-factor (k > 2) containing a given set of edges. We also establish neighbourhood

conditions for the existence of a cycle of length at least k.

A list-edge-colouring of a graph is an assignment of a colour to each edge from its
own list of colours. In Part IT we study edge colourings of powers of cycles, and

prove the List-Edge-Colouring Conjecture for squares of cycles of odd length.
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Part 1

Degree and neighbourhood
conditions for matchings, factors

and cycles in graphs



Chapter 1

Introduction to Part 1

Section 1.1 contains most of the graph-theoretic definitions used in Part I. More
specialised terminology is given in the introduction to each chapter. In Section

1.2 we give some background to each chapter in Part I.

1.1 Terminology and notation

Throughout Part I, G will denote a simple graph (without loops or multiple edges).
Write V(G) and E(G) for the vertex-set and edge-set of G, and n = |V (G)| for the
order of G. Two vertices u,v are adjacent if there exists an edge e = uv joining
them, and the vertices u, v are incident with the edge e. Two edges are adjacent

if they share an incident vertex.

The degree d(v) = dg(v) of a vertex v € V(G) is the number of vertices adjacent

to v in G. We use §(G) to denote the minimum degree of G. Define
02(G) = min{d(u) + d(v) :u,v € V(G), u # v, w ¢ E(G)}

(interpreted as +oo if G is complete). Clearly 02(G) > 20(G). If X C V(G), the
neighbourhood of X in G is N(X) = Ng(X) := U,cx N(v), where N(v) is the set
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of vertices adjacent to v. A set X C V/(G) is independent if there are no edges
of GG incident with two vertices in X. The independence number of X, denoted
by a(X), is the number of vertices in a largest independent set contained in X.

Write Z(G) for the family of nonempty independent subsets of V(G).

Our conditions in Part I mostly involve lower bounds on §(G), 02(G), or |N(X)|
whenever X € Z(G). In the latter case, we often need to assume a bound on the
minimum degree that is just slightly stronger than would be obtained by putting

|X| =1 in the neighbourhood condition.

A subgraph H of G is a graph whose vertex-set V(H) and edge-set F(H) are
subsets of V(G) and E(G) respectively. If v € V(H), we write dy(v) for the
degree of v in H. If V(H) = V(G) then H is a spanning subgraph of G. If
X C V(G), we write G — X for the subgraph of G obtained by removing the
vertices of X and their incident edges; if H is a subgraph of GG, we write G — H
for G —V(H). If X and Y are sets or lists of vertices in G, we write e(X : Y) for

the number of edges of GG incident with a vertex in X and a vertex in Y.

Let f: V(G) — NU{0} be a function. An f-factor of G is a spanning subgraph H
of G such that dy(v) = f(v) for all v € V(H) = V(G). A k-factor is an f-factor

such that f(v) = k for all v € V(G) (that is, a k-regular spanning subgraph of G).

A matching is a set of pairwise nonadjacent edges, a perfect matching is the edge-
set of a 1-factor, and a k-matching is a matching with k& edges. Abusing the
notation slightly, we write V(M) for the set of vertices incident with the edges of

a matching M.

A path P : ujusy ... u,, is the graph with vertex-set {uj,us,...,u,} (no repeated
vertices) and edge-set {ujug, ugus, . .., Up_1Uy}. The end vertices of P are u; and
U, and all other vertices of P are interior vertices. A cycle C' : vgvy ... v,_1vg 1S
a graph with vertex set {vo, ..., v,_1} in which two vertices v; and v; are adjacent

if and only if j € {i — 1,7+ 1} (modulo n). The length of a path or cycle is the



number of edges it contains. A path is nontrivial if it has length at least one. A
graph G is Hamiltonian if it contains a Hamilton cycle, which is a cycle of length

n = |V(G)|; a Hamilton path has length n — 1.

A graph G is connected if there exists a path between every pair of its vertices; it
is t-connected if connected and there does not exist a set of ¢ — 1 vertices whose
removal disconnects G. The components of a graph are the maximal connected
subgraphs. An odd (even) component is a component with an odd (even) number
of vertices. A path-system in G is a subgraph F' of GG in which every component

of F'is a nontrivial path.

The union GU H of two graphs G and H is the graph whose components are those
of G and H. The join G+ H is the graph obtained from GU H by adding an edge

between every vertex in (G and every vertex in H.

We use K, to denote the complete graph on n vertices, and K, s to denote the
complete bipartite graph with partite sets with r and s vertices. The cycle power
C? is the graph with vertex set {vy,...,v,—1} in which two vertices v; and v; are

adjacent if and only if j € {i —p,...,i—1,i+1,...,i+ p} (modulo n).

1.2 Background

Chapter 2 : Ore-type conditions for a Hamilton cycle or 2-factor con-

taining a given matching

A well-known result of Ore [34] states that if 05(G) > n then a graph G of order n
is Hamiltonian. In Chapter 2 we establish sharp Ore-type conditions for a graph
to have a Hamilton cycle or 2-factor containing all the edges of a given matching or
path-system. Our results, summarised in Table 1.1, improve upon those of Kronk
[30] and Haggkvist [21]; see Section 2.1 for more details. Generalising a result of
Berman [6], we also prove that if o5(G) > n + 1 then any matching and single

vertex are contained in a cycle in G.



Table 1.1: Sharp lower bounds on oy(G) for a matching or path-system with &
edges and ¢ components to be contained in a 2-factor with at most two cycles.

Range of k,n, and ¢ 2-factor Hamilton cycle
Matching:
n =2k (k even) or n = 2k + 1 (k odd) n n+1
n =2k (k odd) or n = 2k + 1 (k even) n+1 n+1
2k+2<n<3k+1 2n—2k—1| 2n—2k—1
Matching or path-system:
n=>k+2c+1, n+kodd n+k n—+k
n=>k+2c+2, n+keven, c>2 n+k-—1 n+k-—1
c=1,n=k+2 n+k—1 n+k—1
c=1n=k+4 n+k n+k
c=1,n>k+6 n+k—1 n+k

Chapter 3 : Extension of matchings to larger matchings

In 1947, Tutte [41] characterised graphs without a 1-factor by showing that such
graphs never contain a set S of vertices whose removal results in more than |S|
odd components. This result has the following useful generalisation. (A matching

of defect d is one in which the edges cover all except d of the vertices of the graph.)
Theorem 1.1. (Defect form of Tutte’s theorem, Berge [5]) If S C V(G), let o(S)
denote the number of odd components of G — S. Then the maximum size of a
matching in G is exactly

in 1(n —
SIQHVI?G)Q(H o(S) +15]). O

A matching L extends to a matching M if M contains L. In particular, a graph
is [-extendable if it has an [-matching and every such matching can be extended
to a 1-factor. Plummer [35] showed that if 6(G) > in + [ then a graph G of even

order n is [-extendable.

In Chapter 3 we consider a defect form of [-extendability, giving conditions which

suffice to ensure that an [-matching extends to a k-matching, where [ < k; the
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defect here is n — 2k. Our main result generalises both Plummer’s result, and the
following result of Robertshaw and Woodall, which gives sharp neighbourhood
conditions for a graph to have a 1-factor. A graph G is sesquiconnected if it is

connected and, for each vertex v € V(G), G — {v} has at most two components.

Theorem 1.2. (Robertshaw and Woodall [40]) Let G be a sesquiconnected graph

with even order n and minimum degree 0(G) > z—lln + 1. Suppose that
either (i)

IN(X)I > 121X +n—4)

whenever X € Z(G) and 5 < |X| < jn+1,
or (ii)

IN(X)| = 3 (41 X[ —n —4)

1
2

for every set X C V(G) such that a(X) 2 n—|X|+2 and n+1 < |X| < 3n—1.

Then G has a 1-factor. U

Chapter 4 : Ore-type conditions for a heavy matching

A weighted graph is a graph G in which every edge e is assigned a nonnegative
number w(e), called the weight of e. The weighted degree of a vertex v € V(G) is
the sum of the weights of the edges incident with v. The weight of a matching,

cycle or path is the sum of the weights of its edges.

Bondy and Fan [8] gave weighted degree conditions for heavy cycles and paths
in weighted graphs. Bondy et al. [7] gave an Ore-type theorem for heavy cycles,
and Enomoto, Fujisawa and Ota [16] proved a similar result about heavy paths
between specified vertices (these two results are stated in Section 4.1). In Chapter
4 we an give an Ore-type condition for heavy matchings in weighted graphs. We

also consider the case when all edge-weights are integers.
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Chapter 5 : k-factors containing a given set of edges

Let £ > 2 be an integer and G a graph of order n, where kn is even. (If kn
is odd, then G cannot have a k-factor H, since each edge of H contributes 2 to
> wev(c) dr(v) = kn.) In 1985, Katerinis [25] showed that if n > 4k — 5 and
d(G) = n/2, then G has a k-factor. Woodall then established neighbourhood

conditions for k-factors:

Theorem 1.3. (Woodall [47]) Let k > 2 be an integer. Let G be a graph of order

n, and suppose that, if k is odd, then n is even and G is connected. Suppose that

IN(X)| > (| X+ (k—1)n—1) whenever X € Z(G),

2k — 1
and G has minimum degree

(k—1)(n+2)

=
A T

Suppose further that if n < 4k — 6 then §(G) > n + 2k — 2vkn + 2.
Then G has a k-factor.

In Chapter 5 we generalise these results of Katerinis and Woodall, giving degree
and neighbourhood conditions for a set of [ edges (not necessarily a matching) to
be contained in a k-factor (k > 2). Poole [36] gave neighbourhood conditions for

a k-factor containing a set of [ edges in a bipartite graph.

Chapter 6 : Circumference

The circumference of a graph G is the length of a longest cycle in G. In 1978,
Woodall [46, 47] proved that if G is a 2-connected graph of order n such that
6(G) = 3(n+2), and |[N(X)| > 3(|X| 4+ n — 1) whenever X € Z(G), then
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G is Hamiltonian. This result is sharp, and contains Dirac’s result [13] that if

6(G) = 3n then G is Hamiltonian.

In Chapter 6 we generalise Woodall’s result, giving neighbourhood conditions for
a graph to have circumference at least k. On a similar theme, Robertshaw and
Woodall [39] showed that if |[N(X)| > (n + |X]|) whenever X € Z(G), then

G contains a triangle; and, if we also assume that G is 2-connected, then G is

pancyclic (that is, G' contains cycles of all lengths between 3 and |V (G)|).

Variants of Woodall’s Hopping Lemma [45] have been used to prove many results
about long cycles: for example, see [3, 10, 27]. In Section 6.2 we prove a version

of the Hopping Lemma, using a similar result of Min Aung [3].
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Chapter 2

Ore-type conditions for a
Hamilton cycle or 2-factor

containing a given matching

2.1 Introduction

Recall that a 2-factor in a graph G is a 2-regular spanning subgraph, that is, a
union of vertex-disjoint cycles spanning V(G). A connected 2-factor is therefore
a Hamilton cycle. A k-matching is a set of k pairwise nonadjacent edges, and a
path-system is a subgraph F' of G in which every component of F' is a nontrivial

path.

In this chapter we establish sharp Ore-type conditions for a graph G to have
a Hamilton cycle or 2-factor containing all the edges of a given path-system or
matching. Our results are summarised in Table 1.1 (see section 1.2). We also
show that if o5(G) > n + 1 then any matching and single vertex are contained in

a cycle in G.
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Let F be a path system of k£ > 1 edges in a graph G of order n. In 1963, Pésa [37]
proved that if 6(G) > 3(n + k) then G has a Hamilton cycle containing F. Then
Kronk [30] showed that the same conclusion holds if oo(G) = n + k; this is sharp
when n + k is odd. Our first result, proved in Section 2.2, shows that the bound

on 09(G) can, in most cases, be weakened to n + k — 1 when n + k is even.

Theorem 2.1. Let G be a graph of order n and let F' be a path-system with k

edges in total. Suppose that

02(G) = 2[5(n+ k)] — 1. (2.1)

Then G has a Hamilton cycle containing F, except possibly when F' is a single
path, n = k + 4 and 0o(G) = n+k — 1 (so that n + k is even), in which case G

has a 2-factor of at most two cycles containing F if n > k + 6.

Now suppose that F' has ¢ components. In Section 2.5 we show that Theorem 2.1 is
sharp whenever n > k+2c+1, and when ¢ = 1 and n = k+2. If n = k+1 then the
Theorem is vacuous, since (2.1) then becomes o2(G) > 2n— 1, which is impossible.
For completeness, note that if n = k+ 1 then the condition o2(G) > 2n — 3, which
forces G to be complete, is sufficient and sharp. We also show that oo(G) > n+k
is needed to force a Hamilton cycle containing F' when ¢ =1 and n > k + 4. If
¢ =k and F'is a matching, then Theorem 2.1 is only sharp when n > 3k + 1. The
case n < 3k was investigated by Haggkvist [21], who proved the following result

about perfect matchings, and deduced Theorem 2.3 using an inductive argument.

Theorem 2.2. (Héggkvist [21]) Let G be a graph of even order n such that
0o(G) = n+ 1, and let M be a perfect matching in G. Then G has a Hamil-

ton cycle containing M.
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Theorem 2.3. (Haggkvist [21]) Let G be a graph of order n, and let M be a
k-matching in G. Suppose that oo(G) > min{n + k,2n — 2k + 1}. Then G has a

Hamulton cycle containing M .

Héaggkvist also conjectured the following result, which contains Theorem 2.2.

Theorem 2.4. (Berman [6]) Let G be a graph of order n such that oo(G) > n+1.

Then every matching in G lies in a cycle.

Berman’s proof of Theorem 2.4 uses a counting argument involving a theta-graph,
that is, two vertices of degree three joined by three paths which share no interior

vertices. In Section 2.7 we adopt the same approach to prove the following result.

Theorem 2.5. Let G be a graph of order n such that o5(G) > n+ 1. Let M be
a matching in G, and let v € V(G). Then there exists a cycle in G containing M

and v.

In Section 2.3 we use Theorem 2.5 in a similar way to Haggkvist’s use of Theorem

2.2 to obtain Theorem 2.6, an improvement on Theorem 2.3 when 2k+1 < n < 3k.

Theorem 2.6. Let G be a graph of ordern and let M be k-matching in G. Suppose
that 09(G) > max{n + 1,2n — 2k — 1}. Then G has a Hamilton cycle containing
M.

It is easy to check that if (n,k) = (3,1) or (4,2), then the weaker condition
09(G) = n suffices to ensure the existence of a Hamilton cycle containing M. In
Section 2.6 we give examples to demonstrate that, except in these cases, Theorem
2.6 is sharp for n < 3k + 1. Moreover, for such values of n and k, Theorem 2.6 is
also sharp for the existence of a 2-factor containing M, except in the cases given

by the following result.

Theorem 2.7. Let G be a graph of order n = 2k, where k is even, or order
n =2k + 1, where k is odd, and suppose that o2(G) = n. Then any k-matching in

G s contained in a 2-factor consisting of at most two cycles.

16



Theorem 2.7 is proved, by an extension of Berman’s method, in Section 2.8. Since
the proof is quite long, in Section 2.4 we also give a short proof, using Tutte’s
Theorem [41], of this result stated without the requirement “consisting of at most
two cycles”. Jackson and Wormald [23] gave the extremal graphs to Theorems 2.2
and 2.4. Their results imply Theorem 2.7 in the case when n = 2k and k is even;
in fact, they also show that if 6(G) > $n and n =0 (mod 4) then any 1-factor is

contained in a Hamilton cycle in G.

2.2 Path-systems - proof of Theorem 2.1

Suppose that there is no Hamilton cycle containing F'. Clearly G is not complete;
but we may assume that the number of edges in G is maximal, so that the addition
of any further edge would create such a Hamilton cycle. Thus if u; and u,, are
two nonadjacent vertices of GG then there exists a Hamilton path P : ujusy. .. u,
that contains F. [Note that the following three claims rely upon the existence of

the Hamilton path P; they do not use the edge-maximality of G.]

Claim 2.8. d(u1) + d(u,) = 02(G) =n+k—1 (so that n+ k is even). Moreover,
E(F) = {ui—1u; : wyu; and ui—qu, € E(G)}, and if uj_yu; ¢ E(F) then exactly

one of wu; and uj_iu, s an edge of G.

Proof. If u;_qu; ¢ E(F) then uju; and u;_ju, are not both edges of G, since
otherwise

UUWUj41 - - - UpUj—1Uj—2 ... U

is a Hamilton cycle containing F'. Since |[E(F)| = k and |E(P)\E(F)|=n—k—1,

17



it follows that

3

n+k—1<02(G) <dur) +d(u,) <Y [e(ur ruy) +e(uj—g:uy)

[\

j=
<2k+(n—k—-1)

=n+k—-1 (2.2)

Thus equality holds throughout (2.2), and the claim follows. [

This proves that if 03(G) > n + k then G has a Hamilton cycle containing F. In
particular this holds when n + k is odd, by (2.1); so suppose that n + k is even.

Note that Claim 2.8 applies to every Hamilton path containing F'.

Claim 2.9. FEvery end vertex of a path in F is adjacent to both uy and u,,.

Proof. Let w,...us (r < s) be any path in F. Since us_jus € E(F), Claim
2.8 implies that wyus € F(G); hence s < n. Suppose that usu, ¢ F(G). Then

w sy € F(G) by Claim 2.8, since ususy1 ¢ E(F). Hence
P gty . U U Ugpn - . Uy,

is a Hamilton path which contains F' and has nonadjacent end vertices. Since
usus_1 € F(F), applying Claim 2.8 to P’ implies usu,, € E(G), a contradiction.

Thus u, is adjacent to both u; and u,,, and by symmetry u, is too. [J

Claim 2.10. There does not exist v (2 < r < n — 1) such that neither uyu, nor

Uy, 1S an edge of G.

Proof. Suppose that such an r exists. Then Claim 2.8 implies that uju,,1 and

Uy_1Uy, are both edges of G. Hence there are Hamilton paths

Prupte e g U Uy - Uy and Py g s . U U Uy - Uy

18



where each path contains F' and has nonadjacent end vertices. Applying Claim 2.8
to P, and P, implies that d(u,) +d(u,) =n+k—1and d(uy) +d(u,) =n+k—1.
Hence

2(d(uy) + d(u,) + d(uy)) = 3(n+ k — 1),

contradicting the supposition that n + k is even. [

Suppose that I has at least two components and let us_jus, uuirq (s < t) be edges
of F' such that u;_ju; ¢ E(F) for j =s+1,...,t. By Claim 2.9, wyu; € E(G) and
ust, € E(G). Since ususyq ¢ E(F), Claim 2.8 implies that ujus; ¢ F(G); hence
t > s+ 2. Let r be minimal such that s+2 < r+1 <t and uju,+1 € E(G). Then
wu, ¢ F(G) by minimality, and u,u, ¢ E(G) by Claim 2.8, since u,u,+1 ¢ E(F).

This contradicts Claim 2.10.

So suppose that F is a single path of length k. If n = k+2 then d(u;)+d(u,) < 2k,
but this contradicts the fact that 0o(G) =n +k — 1 = 2k + 1; so we may assume
that n > k + 4. In this case we cannot prove the existence of a Hamilton cycle
containing F', so suppose instead that F' is not contained in any 2-factor with at

most two cycles.

Define G’ := G+ K. Then (2.1) gives 02(G") = 02(G)+2 > n+k+1 = |V(G')|+k.
The remark after Claim 2.8 shows that G’ has a Hamilton cycle containing F;
hence G has a Hamilton path P : wjus...u, containing F. By supposition there

is no Hamilton cycle in G containing F', hence uju,, ¢ E(G). Also, by the existence

of P, Claims 2.8 to 2.10 hold as before.

Let us_j and ug be the end vertices of the path F', and suppose that s < n — 3.
Claim 2.9 implies that ujus and ugu, € E(G). Since ususyq ¢ E(F), Claim 2.8
implies that ujus11 ¢ F(G). It follows by Claim 2.10 that usyu, € E(G), hence
the cycles

Ch :ugugg_q ... uyp and Ch : UplUgiiUsyo - - - Uy
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form a 2-factor containing F', which is a contradiction. Hence s > n — 2, and
by symmetry s — k < 3. Combining these inequalities we see that if there is no
2-factor with at most two cycles which contains F', then n < k+5. This completes

the proof of Theorem 2.1. [

2.3 Matchings - proof of Theorem 2.6

We prove the result by induction on n — 2k, assuming the truth of Theorem 2.5,

which we will prove in section 2.7. There are four cases to consider.
Case 1 :n = 2k. Then the result is just Theorem 2.2 (Haggkvist [21]).

Case 2 :n =2k + 1. Then G — V(M) is a single vertex, and the result follows

from Theorem 2.5.

Case 3 : n = 2k + 2. Let v and w be the two vertices outside V (M), where
d(v) < d(w). If vw € E(G) then Theorem 2.4 gives a Hamilton cycle containing

M U {vw}. So we may assume vw ¢ E(G), hence
d(v) +d(w) =2 02(G) Z2n+1=2k+3,

which implies d(w) > k + 2.

By Theorem 2.5 there exists a cycle C' containing M and v; we may assume that
w ¢ V(C) and C has length n — 1 = 2k 4+ 1. Since there are k + 1 edges in
E(C)— M, and d(w) > k + 2, w must be adjacent to both end vertices of some
such edge; hence we can add w to C' giving a Hamilton cycle containing M, as

required.

Case 4 : n > 2k+3. Then, by hypothesis, 0o(G) > 2n—2k—1. Since G is connected
by Ore’s Theorem, and n > 2k, there exists a path zyz in G for which xy € M

and z is a vertex outside V(M). Let G’ denote the graph obtained from G — y by
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adding the edge xz if it is not already present, and define M’ := (M \ {zy})U{zz}.

Then M’ is a k-matching in G’, and
02(G') 2 09(G) —222n—2k -3 =2|V(G)| -2k —-1>2n=|V(G)| + 1.

By the inductive hypothesis, it follows that G’ has a Hamilton cycle C” containing
M’. Replacing the edge zz in C' by the path xyz gives a Hamilton cycle in G

containing M. [J

2.4 2-factor containing a perfect or near-perfect

matching

In this section we prove the following weaker version of Theorem 2.7.

Theorem 2.11. Let G be a graph of order n = 2k, where k is even, or of order
n = 2k + 1, where k is odd, and let M be a k-matching in G. Suppose that

09(G) = n. Then G has a 2-factor containing M.

Proof. Suppose first that n = 2k + 1, where k is odd, and let k' = k 4+ 1. Let v
be the vertex of G that is outside V(M ), and form a graph G’ from G by adding
a vertex w that is adjacent to v and all G-neighbours of v. Let M’ := M U {vw}.
Then M’ is a perfect matching in G’, which has order 2k’', where k' is even.
Moreover, G’ has a 2-factor containing M’ if and only if G has a 2-factor containing

M. Thus both parts of Theorem 2.11 will follow from the following Lemma.

Lemma 2.12. Let G be a graph of order n = 2k, where k is even, and let M be a
perfect matching in G. Suppose that oo(G) = n—1, and that there exists v € V(G)

such that if either x = v or zv € E(G) then

d(z)+d(y) = n for ally € V(G) such that xy ¢ E(G). (2.3)
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Then G has a 2-factor containing M.

Proof. Suppose that G has no 2-factor containing M. Then there is no 1-factor
in G — M, and so by Tutte’s Theorem [41] there exists S C V(G) such that
o(S) = |S| + 2, where o(S) is the number of odd components (components of odd
order) of G — M — S. Choose |S| + 2 such odd components Cy,Cy, ..., Cjg42 in
such a way that there exist vertices u; € C and uy € Cy such that uyuy ¢ E(G).
(This is possible since the only edges of G between components of G — M — S are
in M: if we choose any vertex u; in a smallest component C, then there must
be at least two vertices in G — S — V(C), because if 0(S) = 2 and S = () then

[V (Cy)| = 3, since n = 2k > 4 as k is even.) Then
dg(ui) < |S[+ [V(C)] (i =1,2).

Since 09(G) > n — 1, it follows that

[S]+2
1S1+ > V(O =1 <n—1 < dglu) + de(un)
j=1

<218+ [V(CY)| + [V (Cy)l. (2.4)

At least one of the last two inequalities in (2.4) must be strict, because n and
2|S| + |V (Ch)| + |V (Cy)| are both even; hence
|S]+2

S|+ Z V(Cy) < n <28+ [V(C)| + [V(Ca)l. (2.5)

Since |V(C;)| = 1 for each i (3 < i < |S| + 2), it follows that equality holds
throughout (2.5). Hence each component C; (3 < j < |S| + 2) consists of a single

vertex, o(S) = |S| + 2 and

n=2[S|+[V(C)] + [V(Cy)]. (2.6)
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We now show that we can choose u; so that it is matched by an edge of M to a
vertex z € S UV/(Cy). This is clear if o(S) is odd, since then there must be an
edge ujx € M, where u; € Cy, say, and = € S. If o(S) > 4 then two applications
of the above argument shows that every component C; (1 < j < |S| 4 2) must
consist of a single vertex. Then by (2.6) it follows that |S| = 4(n —2) =k —1
and o(S) = k + 1, which is odd by hypothesis. The only remaining case is that
S = () and o(S) = 2; then let C be the larger odd component. Since k is even,

|[V(CY)| = k + 1; hence there exists an edge uyz € M with u; and z € V().

In all cases, choose uy to be any vertex in Cy; then ujus ¢ E(G), and (2.6) gives
dg(ur) + dg(uz) < (IS|+ [V(C)| = 1) + (IS]+ [V(Co)]) =n — 1. (2.7)

Since 02(G) > n—1, equality holds throughout (2.7); hence u; is adjacent to every
other vertex in SUV/(Cy). Thus if v € SUV(Cy) then (2.7) contradicts (2.3). So
we may assume that v ¢ S UV/(Cy). But now we can rechoose uy if necessary so
that v = wug, and then (2.7) again contradicts (2.3). This completes the proof of

Lemma 2.12, and also that of Theorem 2.11. [J [

2.5 Sharpness of Theorem 2.1

First let G be the complete graph K} o with an edge uv removed, and let P be a
path of length k in G — v with u as one end vertex. Then 05(G) = 2k =n+k — 2,
but P is not contained in any Hamilton cycle in G. Hence (2.1) is sharp when F'

is a single path and n = k + 2. From now on we assume that n > k 4 3.

Givenc> 1, k>c,andn > k+2c+1,let n =k+2(c+7)+ (, where r > 0 and
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¢ € {1,2}. Define G := A+ B, where A := K. 1., and B := (¢ +r+ ()K;. Then

02(G) =2(c+k+r)=n+k—(=2[3(n+k)] -2,

since ( = k+n (mod 2). Let F be a path-system with ¢ components and k edges
inside A, and suppose that G has a 2-factor containing F, with ¢ of its edges
between A and B. Since there are ¢ + r + ¢ components in B, and k edges of F

in A we obtain

2|V(A)| =2(c+r+¢) =q<2|V(B)—2k=2(c+r),

which is impossible, since ¢ > 0. Thus G has no 2-factor containing F'. It follows
that (2.1) is sharp when n > k + 2¢ + 1. Thus if F' is (the path-system induced

by) a k-matching (i.e., kK = ¢) then (2.1) is sharp when n > 3k + 1.

Lastly, consider the graph G of order n = k + 2s + 4 (s > 0) consisting of two

complete graphs Ky, 9 and K} s 3 sharing exactly k + 1 vertices. Then

02(G)=(k+s+1)+(k+s+2)=n+k—1,

but a single path P of length k within the intersection of the two complete graphs is
not contained in a Hamilton cycle, since G—V'(P) has two components and a cycle
containing P can only pass through one of them. Hence we need o9(G) > n + k
to force a Hamilton cycle containing F' in the case when ¢ = 1, n + k is even and
n>k+4. If n=k+4 (ie, s =0) then P is not contained in any 2-factor, since
neither component of G — V(P) contains enough vertices to form a cycle. Thus

the condition n > k£ 4 6 in the last sentence of Theorem 2.1 is sharp.
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2.6 Sharpness of Theorems 2.6 and 2.7

Let G be a graph of order n (2k < n < 2k+2) consisting of two complete graphs,
each of order at least 3, sharing exactly two vertices and the edge e joining them.
Then o5(G1) = n. Let M be a matching of k edges in G; which includes e. Then
M is not contained in a Hamilton cycle, since G; — V(e) has two components
and a cycle containing e can only pass through one of them. Thus the condition
09(G) =2 n+ 1 in Theorem 2.6 is sharp if n > 5, or if n = 4 and k = 1. Later
we will consider the cases in which this condition is needed to force a 2-factor

containing M.

Suppose that 2k <n < 3k+1,and let k =m+ s, where m=n—-2k—12> —1
and s = 3k+1—n > 0. Consider the graph of order n = 2k+m+1=3m+2s+1
defined by

Go = Komis + ((s — ) Ko U (m 4+t + 1)Ky),

where t € {0,1} and t = s (mod 2). Let A := Ky,,1s and B := Gy — A. Let M
be a k-matching consisting of £(2m + s — t) edges inside A, (s — ¢) edges inside
B and, if s is odd, one edge from the unmatched vertex in A to a copy of K in
B. Suppose that G5 has a 2-factor containing M, with ¢ of its edges between A
and B. Then ¢ < 2m + s +t, because M contains a matching of %(Qm +s—t)

edges inside A. On the other hand, since B has m +t+ 1+ %(s — t) components,
g=22(m+t+1)+(s—t)>2m+s+t.

This contradiction shows that Go has no Hamilton cycle, or even 2-factor, con-

taining M.

Ifn>2k+2(ie,2n—2k—1>n+1) then m > 1. Then G5 has at least two
nonadjacent vertices of degree 2m + s, and 09(G2) = 2(2m +s) = 2(n — k — 1).

This proves that the condition o9(G) > 2n — 2k — 1 in Theorem 2.6 is sharp even
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for the existence of a 2-factor containing M.

If n = 2k and k is odd then m = —1 and s is even; then it follows that ¢ = 0 and
02(Ga) =2(s — 1) =n. If n =2k + 1 and k is even then m = 0 and s is even, so
t =0 and 02(Gs) = 2s + 1 = n. Thus if n = 2k, where k odd, or if n = 2k + 1,
where k even, then the condition o3(G2) > n + 1 in Theorem 2.6 is also sharp for

2-factors.

Lastly, we use the same example to show that Theorem 2.7 is sharp. If n = 2k
and k is even then m = —1 and sis odd, so t = 1 and 05(Gy) =2s—3 =n—1. If
n = 2k+1 and k is odd then m = 0 and s is odd, so t = 1 and 09(G3) = 2s = n—1.

Thus the condition o9(G) = n in Theorem 2.7 is sharp.

2.7 Cycle containing a matching and a vertex -

proof of Theorem 2.5

Suppose that there is no cycle in GG containing M and v. By Theorem 2.4 there
exists a cycle C' containing M, and we may suppose that v lies outside C' (in
particular, v ¢ V(M)). Also, v cannot be adjacent to any vertex w outside V' (M),
else Theorem 2.4 gives a cycle containing M U {vw}. Let k denote the number
of edges in M. If d(v) > k then it follows that we can add v to C' giving a cycle

containing M and v; hence
dv) <k <i(n+1). (2.8)

By Ore’s Theorem, G is connected. Hence v is adjacent to some vertex of C, and
there exists a path containing M and v. Theorem 2.5 will follow from the next

lemma, which is also used in the proof of Theorem 2.7.
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Lemma 2.13. Let G be a graph of order n such that oo(G) > n. Let M, consist
of a k-matching M in G and, if n > 2k, also a vertex v outside V(M). Suppose

that there is a path containing M, but no cycle containing M,. Then

(a) there ezists a theta-graph containing M, in G, © say, such that every edge of

M incident with a vertex of degree three in © lies in the same path, R say.

(b) Among all theta-graphs satisfying the conditions of (a), choose © so that R

has greatest length. Denote the paths of © as follows (see Figure 2.1);

P :xpips...pay, Q:xqiq2...q5y, R:xrry.. STy
Then
d(p1) + d(pa) + d(q1) + d(gs) < 2n + €, + €, (2.9)
where

1 ifn>2k veR, vp ¢ E(G) and vp, ¢ E(G),

0 otherwise,

and €, 1s defined similarly, but with py and p, replaced by q1 and gg.

P1 N q1
P2
P Q
D, q
y g
Figure 2.1

We now return to the proof of Theorem 2.5, assuming the truth of Lemma 2.13.
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Applying Lemma 2.13(a) shows G has a theta-graph containing M and v, and if
we choose O as in 2.13(b) then (2.9) holds. It is easy to see (and will be shown
in the proof of Lemma 2.13(b)) that p;gs ¢ FE(G); similarly p,q1 ¢ E(G). Since

02(G) = n+ 1 by assumption in Theorem 2.5, it follows that

d(p1) + d(pa) + d(q1) + d(gs) = 2n + 2, (2.10)

which contradicts (2.9) unless €, = ¢, = 1. In this case, since 05(G) > n+ 1 and

v is not adjacent to any of py, pa, q1, and gg, (2.8) implies

d(p1) + d(pa) + d(q1) + d(gs) > 4(5(n+ 1)) = 2n + 2, (2.11)

again contradicting (2.9). This proves Theorem 2.5. [J

Proof of Lemma 2.13(a). Let IT : ujus ... u, be a longest path among those
containing M,. Then the vertices u; and u,, are only adjacent to vertices in II.
Also uju,, ¢ E(G), since there is no cycle containing M, by hypothesis. Now
there exists i (3 < ¢ < m — 1) such that both uju; and w;_ju,, are edges in G,

since otherwise

contradicting the hypothesis that o9(G) > n. If u;_ju; ¢ M then

ULU;Uit1 - o - U Ui—1Uj—2 - . . UL

is a cycle containing M,,, which is a contradiction. Therefore u;_ju; € M, and the
three paths

Ui—1Uj—2 . . . UTUjy Uj—1 U, Umpm—1 - - - Uj and Ui—1U;
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together form a theta-graph with the required properties. [

Proof of Lemma 2.13(b). Since there is no cycle containing M, paths P and
() must each contain either an edge of M or the vertex v. Vertices p; and ¢z are

not adjacent since otherwise

Pl---DalyTy---T1Tq1 - . . G3P1 (2.12)

is a cycle containing M,, a contradiction. Let (1,2, ..., Q¢ be the sequence of
paths in Q — M, with z € V(Q1) and y € V(Q¢). Suppose that 1 < [ < ¢ and
V(Qi) = {4s,ss1s---Gsset- Then pig; ¢ E(G) fori =s,s+1,...,s+t—1, since

otherwise the paths

P qpipa...pay, Q :qiGiv1...qpy and R':qigiq...quary... Ty

form a theta-graph satisfying the conditions of Lemma 2.13(a), contradicting the
choice of © with R longest. Now if p1gsy+ € F(G) then ¢sqsit—1 ¢ E(G) since

otherwise

P1gs+t - - - 48qs4+t—1 - - - Q1XT1 . . . TAYPe - - - P1

is a cycle containing M,,, again a contradiction. It follows that

e(proas: VIQ)) < IV(Q) 1 <1< €. (2.13)

If £ > 1 then the same argument applies to the path Q1 except that pyz € E(G),

and to Q¢ — y except that p1gs ¢ E(G) and e(qs : gg) = 0. Thus

e(prgs = V(Q1)) < [V(Q)[ +1, (2.14)

e(p1,qs - V(Qe) —y) < [V(Qe)| — 2. (2.15)
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If € > 1 then V(Q) —y is the disjoint union of V/(Q1), ..., V(Q¢—1) and V(Q¢) — v,

and so inequalities (2.13)—(2.15) give

e(p1,qs:V(Q)—y) < |V(Q)|—-1=p+1 (2.16)

If £ =1thenv € Q and Q = Q1 = Q¢. Then the same reasoning implies that

(2.16) holds. Similarly

e(q,pa 1 V(Q) —2) < B+1, (2.17)
e(q1,pa s V(P) —y) <a+1, (2.18)
e(p1,q3: V(P) —x) < a+ 1. (2.19)

Now define R” := V(R) — {r1,7ry,z,y}. Consider the sequence of subpaths in
R—x—y—M. If n > 2k and v = r, € R", then replace the subpath r;...7,...7;
by the two paths 7741 ... 75 and 747541 ... 7. (Here ¢ < s < j, since v lies outside
V(M).) Label the resulting paths Ry, Rs,..., R, and let R = {Rs,...,R,}. Each
path in R has length at least one except possibly R; or R,, which consist of a

single vertex if rry € M or r,_11, € M respectively.

Claim 2.14. Let r;, rj be any two distinct vertices of a path Ry € R. Then at

most one of pir; and p,r;, and at most one of qir; and qgr;, s an edge of G.

Proof. Since p1x ¢ M and p,y ¢ M by Lemma 2.13(a), the two paths P —xz —y
and (QUR) —{r;...r;} together contain M,. Hence if p;r; and p,r; € E(G) then
there is a cycle containing M,, which is a contradiction. A similar argument holds

if ¢ir; and ggr; are both edges of G. [J

If path R; is the single vertex r; then ryry € M and xry ¢ M. Then p,ri ¢ E(G)

since otherwise

Pall---TAYqB - - - Q1TP1 - - - Pa (2.20)
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is a cycle containing M,,, a contradiction. Similarly, if R, is a single vertex r, then
piry ¢ E(G). Suppose first that o > 2. Then it follows from Claim 2.14 and the

the above observations that

e(p1,pa : V(R))) < |V(Ry)| for all R, € R. (2.21)

If ve R sayv=r, =R, N R, 1, then it follows from Claim 2.14 that the only

way in which e(p1, pa : V(R; U R;41)) can exceed |V (R, U R;41)| is if

V(RT U R7-+1> = {T8717 v, Terl}

and

e(phpoc : Ts—lavvrs—‘rl) =4 = |{T‘S_1,U,T5+1}| + 1.

In this case neither p; nor p, is adjacent to v, so that ¢, = 1. Thus

e(p1,pa : V(R UR-11)) < |[V(R-UR11)| + €. (2.22)

Since V(R) —z —y =U_, V(R;), (2.21) and (2.22) give

e(p1,pa : V(R)—z—y) <v+e ifa>2 (2.23)

Similarly,

e(qr.q8: V(R) —x—y) <y+eif B2>2. (2.24)

Now let S be the set of vertices of G not belonging to O, and let 6 = |S|. Then

a+fB+y+i+2=n. (2.25)

If w € S then p; and gg cannot both be adjacent to w, since otherwise there is a

cycle containing M, (obtained from the cycle in (2.12) by inserting the vertex w).
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Therefore

e(p1,q3:5) <. (2.26)

Similarly,

e(q1,pa = S) < 4. (2.27)

If a, 8 > 2 then by (2.16)—(2.19) and (2.23)—(2.27) we obtain

d(p1) + d(pa) + d(q1) + d(gs)
= e(p1,q5: V(Q) —y) + elqr,pa : V(Q) — ) + e(q1,pa : V(P) = y)
+e(p1,qs - V(P) —x) +e(prpa - V(R) —2 —y) +e(qr, g : V(R) —z —y)
+e(p1,qs = 5) + e(qr, pa : 5)
SPB+D)+B+D)+(a+l)+(a+)+(v+e)+(y+e)+d+0

K2+ PB+7+0+2)+e+e,=2n+¢, + ¢, (2.28)

Thus (2.9) holds when «, 5 > 2. Now suppose that n > 2k and without loss of
generality that o =1 (i.e., v = p; = pa, so that €, = ¢, = 0. Then v is adjacent to
at most one vertex of each path R; € R, else v can be added to the cycle Q U R.
For the same reason, if Ry or R, is a single vertex then v is not adjacent to this

vertex. Hence

2¢e(v:V(R)—x—y) <. (2.29)

Applying the above calculation (2.28) with 2e(v : V(R) — x — y) in place of
e(p1,pa : V(R) —x — y), we see that (2.9) holds in this case. This completes the
proof of Lemma 2.13(b). O

We note for future reference that if there is strict inequality in any of (2.13)-(2.19),
or in any of (2.21)-(2.24) when «, 5 > 2, or in (2.29) when a = 1, then there is

strict inequality in (2.9) as well.
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2.8 2-factor with at most two cycles - proof of

Theorem 2.7

Suppose that some k-matching M is not contained in any 2-factor consisting of at

most two cycles, and define G’ := G + K;. Then
02(G') = 02(G) +22n+2=|V(C)]+ 1,

and so G’ has a Hamilton cycle containing M by Theorem 2.6. Hence G has a
Hamilton path containing M. By Lemma 2.13(a) it follows that there exists a
theta-graph © spanning G and containing M. Choose © so that the length of
R is longest, then (2.9) holds by Lemma 2.13(b). Adopt the same notation as
in Lemma 2.13 and its proof (see Figure 2.1). In particular, if n = 2k + 1 let
v denote the vertex of G which lies outside V(M). Note that v ¢ {ry,r,} by
Lemma 2.13(a), since if v = ry, say, then x is not covered by M U {v}, and so
n > 2k + 1, a contradiction. It is easy to see (as in the proof of Lemma 2.13(b))

that p1gs ¢ E(G); similarly p,g1 ¢ E(G). Since 02(G) = n it follows that
d(p1) + d(pa) + d(q1) + d(gs) > 2n. (2.30)

Hence equality holds in (2.9) when €, = ¢, = 0. To show that equality holds in
general, we now prove three claims, using the assumption that M is not contained
in a 2-factor with one or two cycles. Define the set R = {Ri,...,R,} as in the
proof of Lemma 2.13(b). Since © has order n = 2k or 2k + 1, each path in R has

length exactly one, except possibly R; if v =2, or R, if v = y.

Claim 2.15. Let R; € R be a nontrivial path with V(R;) = {r;,r;}. Then at most

one of pir; and qgr;j, and at most one of par; and qir;, is an edge of G.
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Proof. Suppose that p;r; and ggr; are both edges of G. Note that the two paths

Pl -PaYT - Tmax{ij} and Tminfij}---T12q1 - .. qg

together contain M, and span V(G). Hence if i < j then there is a Hamilton cycle
containing M, while if ¢ > j there are two cycles forming a 2-factor containing M

a contradiction in either case. A similar argument holds if p,r; and ¢;7; are both

edges of G. U

Claim 2.16. ¢, = ¢, =: €, say.

Proof. Suppose without loss of generality that ¢, = 1 and ¢, = 0, so that
PV, Pov ¢ E(G) and either gyv € E(G) or ggv € E(G). Let v =71, = R, N R 11,
and recall that v ¢ {ry,7,}. Applying Claim 2.15 to R, and R4, it follows that
e(p1,Pa : Ts—1,0,Ts41) < 2. This is 2 less than the upper bound obtained in (2.22);

hence (2.23) becomes

e(pr,pa: V(R) =2 —y) <v—1,

and (2.28) becomes

d(p1) +d(pa) +d(q1) + d(gs) < 2n — 1, (2.31)

contradicting (2.30). O
Claim 2.17. Ife =1, or if p1 = po = v, then d(v) < k.
Proof. First suppose that ¢ = 1 and let v = r; € R”. (Recall that v ¢ {ry,r,}).

If e(p1,q1,P0sq3 * Ts—1,0,7s+1) < 5, which is 3 less than the total upper bound

obtained from (2.22) and its analogue for ¢1, gg, then

e(p1,q1,Parqs - V(R) —z —y) < 2y — 1.
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Then (2.28) becomes (2.31), contradicting (2.30) as before. Thus we may assume
without loss of generality that e(pi,pa : Ts—1,7s11) = 3. Since the two paths
P —x—yand QU R — v together contain M, it follows that there is a cycle C' of
length 2k containing M. The same holds if p; = p, = v, when C' := Q U R is a
cycle of length 2k containing M. Now v cannot be adjacent to both end vertices of
any edge of C'— E(M), else G has a Hamilton cycle containing M; hence d(v) < k.
O

If e = 1, then Claim 2.17 and the fact that 02(G) > n = 2k + 1 imply that

d(p1) + d(pa) +d(q1) +d(qs) = 4(k+1) =2n+ 2. (2.32)

Hence equality holds in (2.9) if € = 1. Recall from (2.30) that equality holds in
(2.9) if e = 0. It follows (by the remark at the end of section 2.7) that equality
must hold in (2.13)-(2.19), and in (2.21)-(2.24) if o, > 2, or in (2.29) when

« = 1. This allows us to make the following claim about the structure of ©.

Claim 2.18. a <2 and 3 < 2.

Proof. Since equality holds in (2.14), the argument preceding (2.14) implies
q19s € E(G). If 8 > 3 then (Q —x—y)U{q1qs} and PU R are two cycles forming

a 2-factor containing M, a contradiction. Hence g < 2; similarly a < 2. [J

Assume without loss of generality that 8 = 2, and either & = 1 (when n = 2k + 1
and v = p; = pa) or a = 2. We now examine the neighbourhoods in G of the

vertices p1, Pa,q1 and gs.

First consider P U Q. By equality in (2.16)—(2.19) we obtain

e(p1,q2 1 V(Q) —y) = e(qu, pa : V(Q) — ) = 3, (2.33)

e(qi,pa: V(P)—y)=e(p1,q2: V(P) —z) = a+ 1. (2.34)

35



Since V(Q)—y = {z,q1, ¢}, p1z and q1¢2 € E(G), and p1g2 ¢ E(G), (2.33) implies
that exactly one of p;q; and ¢ox is an edge of G. From this and similar observations
it follows that there are essentially three possibilities for the neighbours of py, pa, 1
and ¢ in P U@ (see Figure 2.2). If @ =1 (i.e., v = p; = p,) then we must be in

Case 2, since if vg; or vgy € E(G) then G has a Hamilton cycle containing M,,.

x x x x
P q D1 } { q1 Q1 D1 q1
v ( |
P2 v q2 P2 q2 q2 P2 q2
Y Y Y Y
Case 1 Case 2 (= 2) Case 2 (¢ =1) Case 3
Figure 2.2

Now consider V(R) — z — y. Recall that R = {R1,...,R,}, as in the proof of
Lemma 2.13(b), and let n = 2k + ¢ (¢ € {0,1}). Since there is no Hamilton cycle
containing M, and «,( < 2, there must be exactly one element of M, in the
interior of each of P and @), and at least one element of M, in R. Hence there are
k+t— 2 elements of M, inside R, and p = k+t—3 > 0. Since p is always odd by
hypothesis, it follows that R # (). By Claims 2.14 and 2.15 and equality in (2.21)

when o > 2, or equality in (2.29) when a = 1, we obtain

N@)NR=N(G)NR (i=1,2) ifa=2, (2.35)

N(pl)ﬂR:N(ql)ﬂR:N(qg)ﬂR if a=1. (236)

In particular, the paths R; € R of length one can be partitioned into four sets,

A, B, C and D, defined as follows. (See Figure 2.3 for the case where a = 2 and

36



v & {rj-1,7}.)

A:={R;: V(R)) ={rj_1,7;} and p1, ps, ¢ and go are all adjacent to r;_},
B :={R,: V(R) = {rj_1,r;} and p1,pa, q1 and ¢, are all adjacent to r;},
C :=A{R,:V(R) ={rj_1,r;} and p; and ¢, are both adjacent to r;_; and r;},

D :={R;: V(R)) ={rj_1,7;} and p, and g» are both adjacent to r;_; and r;}.

drrdrrins
i y

Figure 2.3

Suppose that n = 2k + 1. If v = p; = p,, then (2.36) implies that each path
R, € R must either be in A or B. If v = z then p,r1 ¢ E(G), else G has a
Hamilton cycle containing M; hence equality in (2.21) forces both pyr and g7y
to be edges of G. If v € R”, say v = R, N R.;1, then equality in (2.22) gives three

possibilities for the neighbours of p;, ¢; (i € {1,2}) in R, U R,41. (See Figure 2.4.)

P2 a2 Q2 P2 el q2
%

Y Y
Ri=mr R, € A RT+1 €eB RT7RT+1 eC RT7R’T+1 eD
(a) (b) (c) (d)

Figure 2.4
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We now consider each of the cases shown in Figure 2.2.

Case 1: a = 2 and psqa, pox and gx are all edges of G. If R, € C for some [
(1<1<p)and V(R)) = {rj_1,r;} then

ITY .. Tj_1D1P2YT - - T1G2T (2.37)

is a Hamilton cycle containing M; this contradiction shows that C' = ) in this

case. Since p = k +t — 3, it follows that

d(p1) +d(q1) = Ze(ph(h 1 Ry) +elp,qr: PUQ)
I=1

<2p+4=2k+2—2<2k+t=n,

contradicting the fact that pyq1 ¢ F(G) and 05(G) > n. Thus Case 1 is impossible.

The next lemma, examining consecutive sets Ry, Rs11 € R, is a key step towards

proving that Cases 2 and 3 of Figure 2.2 are impossible.

Lemma 2.19. If R, € A then 1 < s < p and Rsy1 € B. Moreover, if A # ) then

C=D=0and, ifn=2k+1,v ¢ {z,y}.

Proof. Let V(Rs) = {r;_1,r;}. Since Ry € A (Figure 2.3), both r;_1¢; and
ri—1q2 € E(G). Note that e(r; : V(Rs)) = 1. Consider any nontrivial subpath
R, € R (I # s)and let V(R) = {rj_1,7;}. If r;r; € E(G) then there exist

Hamilton paths

Tj—1...7475...Yp2p1x ... 7Ti—14142 if 4 < j,

Ti—1...ZP1P2Y ... Tir5 ... 1i—141G2 if 7> j,

and the same with ¢, ¢» interchanged; and all these Hamilton paths contain M. By
assumption, G' has no Hamilton cycle containing M, and so 7;_1¢q1,7j_1¢2 ¢ E(G).

Thus if r;r; € E(G) then R; € B. Now suppose that [ # s+ 1 and r;7;_; € E(G).

38



If r;¢1 € E(G) then there are two cycles,

TiTip1...Tj—1r; and ... 1r_1qaqiry ... ypeprx if @ < 7,

Ti...ypapi®...7j—1r; and v, .. ri_iqequry if 1> g,

which form a 2-factor containing M. Hence r;jq; ¢ E(G). Similarly r;q ¢ E(G);
thus if [ # s+ 1 and r;rj_; € E(G) then R; € A. It follows that

e(ri :R) <1 if l#s+1and R € AUB, (2.38)
e(ri:R)=01if l#s+1and R,e CUD, (2.39)
e(r;: Rsy1) =1 if s<pand Ry.1 ¢ B. (2.40)

By (2.38)—(2.40), and since Ry, € A and p = k +t — 3, we obtain

p
d(ri) = e(ri: Ri)+e(ri:z,y) +e(ri : pr,p2, 1, ¢2)
=1
<k—4+t+e(r;: Ry1)+2+0

<k+t, (2.41)

with strict inequality if s = p, since then e(r; : R;) < 1 for all [. There are now

six cases to consider in the proof of Lemma 2.19. First we prove a simple claim.

Claim 2.20. Ifr € R and e(r : p1,p2,q1,q2) = 0 then d(r) > k.

Proof. Suppose d(r) < k — 1. Then, since 09(G) > n = 2k + ¢,
d(p) +d(p2) + d(q) + d(q2) > 4(k+1+1t) = 2n + 4+ 21,

which contradicts (2.9). O

Case 2.19(a) : n = 2k (i.e., t = 0). By Claim 2.20, d(r;) > k, hence equality must

hold in (2.41). By the calculation that gave rise to (2.41) it follows that s < p,
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e(r; : Rsy1) =2, and e(r; : R;) = 1for all [ # s+ 1. Hence (2.40) implies Ry;; € B
and (2.39) implies C U D = (), as required. So we may suppose that n = 2k + 1

(e, t=1).

Case 2.19(b) : v = r;. Then Ryyy € B since Ry € A (Figure 2.4(b)). Also € =1,
and so Claims 2.17 and 2.20 together imply d(v) = k. Since e(r; : Rsy1) = 1, the
calculation that gave rise to (2.41) implies e(v : R;) = 1 for all { (1 <1< p). Then

(2.39) implies C' = D = () as required. So we may suppose that v # ;.

Case 2.19(¢c) : v =R, NR,y1 € R" and e = 0. Then R,,R,;; € C U D (Figure
2.4(c), (d)). Then e(r; : R;) = e(r; : Ry4+1) = 0 by (2.39), and so (2.41) becomes
d(r;) < k — 1, contradicting Claim 2.20.

Case 2.19(d) : Fithere =1 ora=1. If e=1,let v =R, N R,y; € R" (Figure
2.4(b)). Then R, ¢ B, and the argument at the start of the proof of Lemma 2.19
(with r; = v) shows that r,v ¢ E(G). The same holds if « =1 (i.e., v = p1 = pa)
since Ry € A. In both cases, Claim 2.17 implies d(v) < k. Since 02(G) > n = 2k+1
and r;v ¢ E(G), we obtain d(r;) > k + 1; hence equality must hold in (2.41). As

in Case 2.19(a), it follows that s < p, Rsy1 € B and C' = D = () as required.

Case 2.19(e) : v = z. Then pyr; € E(G) (Figure 2.4(a)) and there exist Hamilton

paths

i . TyYP2P1T1 .. - T—1Q21T and 7 .. CTi—1QQ1TPIP2YT - - T,

each containing M. Hence r;z, rr; ¢ E(G), else G has a Hamilton cycle containing
M. Thus e(r; : x,y) < 1 and e(r; : Ry) = 0, and it follows that (2.41) becomes

d(r;) < k — 1, contradicting Claim 2.20. Hence v # z.

Case 2.19(f) : v =y. Then R, =1, (so s < p) and por, € E(G). Hence

TiTit1 - . - TyP2P12T1 - . . Ti—1G1G2Y

is a Hamilton path containing M. Also, if s < p— 1 and r;7, € E(G) then two
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cycles

Tilig1 - - - TyT4 and Ip1P2Yqaq1Ti—1...7MT

form a 2-factor containing M. Hence r;y,7;r, ¢ E(G). Thus e(r; : z,y) < 1, and
either e(r; : R,) =0, or s = p—1 and e(r; : Rs41) = 1. As before it follows that

(2.41) becomes d(r;) < k — 1, contradicting Claim 2.20. Hence v # y.
Thus if A # () then v ¢ {x,y}. This completes the proof of Lemma 2.19. O

By symmetry we obtain:

Lemma 2.21. If R, € B then 1 < s < p and R,_1 € A. Moreover, if B # ) then

C=D=0andifn=2k+1 thenv ¢ {z,y}. O

The following Corollary will enable us to rule out Case 2 of Figure 2.2. Recall
that R # 0, by the remarks preceding (2.35).

Corollary 2.22. AU B = (; hence e = 0.

Proof. Suppose AU B # (). Then Lemmas 2.19 and 2.21 imply that C' = D = 0,
and if n = 2k 4+ 1 then v ¢ {x,y}; thus all paths R, € R have length one. By
Lemma 2.21, R; ¢ B; hence R; € A. Now Lemma 2.19 implies Ry € B, and then
Lemma 2.21 gives R3 € A (since if Ry € B then Ry € A.) Continuing in this way,
since p = k +t — 3 is odd by hypothesis, we obtain R, € A, which contradicts
Lemma 2.19. U

Case 2: o € {1,2} and p1y, 1y, pax and gx are all edges of G. If v = z then
mr1 € E(G) (Figure 2.4(a)) and the two cycles zqi1gox and ypopiry ... 7y form
a 2-factor containing M, which is a contradiction; thus v # z. Similarly, v # y.
It follows that all paths in R have length one; let R; € R. Since AU B = () by
Corollary 2.22, Ry € C' U D. As noted after Figure 2.3, this is impossible if a = 1;
so suppose a = 2. If R; € C and V(R;) = {r;_1,r;} then, since pox, o € E(G)

(as in Case 1), the Hamilton cycle in (2.37) contains M, which is a contradiction.
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By symmetry, since p1y,q1y € E(G), a similar contradiction occurs if R; € D.

Thus Case 2 is impossible.

Case 3: a = 2 and p1q; and paqs are both edges of G. In this case we may assume
that xy ¢ E(G), since otherwise the cycles pipagaqipr and a7y ...7r,yx form a

2-factor containing M. Hence

d(x)+d(y) = 02(G) > n =2k +t. (2.42)

Consider any nontrivial path R, € R, and let V(R;) = {rj_1,7;}. Note that
R, € CUD by Corollary 2.22. If zr; and pyrj_; are both edges of G then there is

a Hamilton cycle

ITj ... TyYqaqip1pP2Tj—1 ... 7T

containing M. If [ > 1 and xr;_y, por; € E(G) then the two cycles

xrry ... rj_lx and yQqup1p2Tj N T’fyy

form a 2-factor containing M. It follows that

e(z,pr: Ry) <2 if 1 <1< p, (2.43)

e(z,pe s Ry) < 3. (2.44)
Similarly,

e(y,p1 : RB) <2 if 1<l <p, (2.45)

e(y,p1: R,) < 3. (2.46)

Since e(p1, pe : R;) = 2 for all subpaths R, € C'U D (Figure 2.3), it follows from
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(2.43)-(2.46) that

e(r,y: R) <2 if 1<l <p, (2.47)

e(z,y: R) <3 ifl=1or p. (2.48)
By (2.47)-(2.48) and since p = k +t — 3,

p
d(CB) + d(y) = 26(3?,?/ : Rl) + 6(3:7?/ : p17p27q17q2)
=1
<2k+t—3)+2+4=2k+2t (2.49)

There are now three subcases to consider.

Case 3(a): n = 2k (i.e,,t = 0). By (2.42), equality holds in (2.49). Hence
equality also holds in (2.43)—(2.48). Since AU B = 0, it follows by equality in

(2.44) and (2.46) respectively that
RieD and R,cC. (2.50)

Claim 2.23. If R, € D then1 < s < p and Ry, € C.

Proof. Let V(Rg) = {ri—1,7;}. Since Rs € D, e(p; : Rs) = 0 (Figure 2.3). Thus

equality in (2.45) implies yr;_1 € E(G), and the paths
P':apipari, Q' :axquger; and R xri_qyr.,...1;

form a theta-graph satisfying the conditions of Lemma 2.13(a), and R’ has the
same length as R. Since the path R, is in the same position in R’ as that of R,

in R, it follows from (2.50) that Ry, € C. O

By symmetry we also obtain:
Claim 2.24. [f Ry, € C thenl <s<pand Ry € D. U
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Claims 2.23 and 2.24 imply that, moving from = to y along R, the sets R; must
alternate between C' and D. Since p is odd, this contradicts (2.50), and so Case

3(a) is impossible.

So we may suppose that n = 2k + 1 (i.e., t = 1). Since a = 2 by assumption in

Case 3, v € R; recall that v ¢ {ry,7,}.

Case 3(b): v € {z,y}. If v = x then R, is the single vertex ry. Then riy ¢ E(G),
else the two cycles zp1p2g2qix and 7y . .. r,yry form a 2-factor containing M. Hence
e(z,y : Ry) = 1, which is 2 less than the bound given in (2.48). It follows by the
calculation that gave rise to (2.49) that d(z) + d(y) < 2k, contradicting (2.42);
thus v # x. Similarly v # y; thus Case 3(b) is impossible.

Case 3(c): v € R". Let v =71y, = R, N R;y1. Note that p > 3, since p is
odd by hypothesis, and p > 2 here. Also, since ¢ = 0 by Corollary 2.22, either
vpy or vpy is an edge of G. Suppose without loss of generality that vp; € E(G)
(i.e., R, R,y € C; Figure 2.4(c)). Then e(p; : R, U R4 1) = 3, and so (2.45)
and (2.46) imply that e(y : R, U R,y1) = 0, unless 7 = p — 1, in which case
e(y: R UR;+1) = 1. (In particular, vy ¢ E(G).) Hence

e(r,y : RrUR; 1) <3 if1<7<p—1, (2.51)

e(r,y : RrUR; 1) <4 ifT=p—1. (2.52)

Since these upper bounds are 1 less than the totals for R,, R, given by (2.47)
and (2.48), it follows that (2.49) becomes d(z) 4+ d(y) < 2k + 1. Then equality
holds in (2.42) and, by the calculation that gave rise to (2.49), equality also holds

in (2.43)—(2.48).

Since equality holds in (2.43) and (2.44), xr,11 € E(G), and the paths

P ropipay, Q' :vqigey and R :org_q...rarsi ... Ty
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form a theta-graph, ©' say, which satisfies the conditions of Lemma 2.13(a). Since
R’ has the same length as R, the existence of ©’ leads to a contradiction as in

Case 3(b). Thus Case 3(c) is impossible.

Hence all of the cases in Figure 2.2 are impossible. This completes the proof of

Theorem 2.7. O
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Chapter 3

Extension of matchings to larger

matchings

3.1 Introduction

A k-matching is a set of k pairwise nonadjacent edges, and a perfect matching is
the edge set of a 1-factor. A matching L extends to a matching M if M contains
L. In this chapter we give conditions which suffice to ensure that an /[-matching

extends to a k-matching in a graph of order n (0 <1 < k < %n)

Say that a graph G is suitable for a 1-factor if every component of GG is even. Say
that G is very suitable for a 1-factor if G is suitable for a 1-factor and G' — v has
exactly one odd component, for each vertex v € V(G). (Note that it makes no
difference in this context if we replace ‘exactly one odd component’ by ‘at most
two odd components’, since if G is suitable for a 1-factor then every component of
G is even and so the number of odd components of G — v is odd.) Clearly if G has
a perfect matching containing and l-matching L, then G — V(L) is very suitable
for a 1-factor, and if G has a %(n — 1)-matching containing L, then G — V(L) has

exactly one odd component.
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Recall that Z(G) denotes the family of nonempty independent subsets of V(G),
and if X C V(G) then the independence number of X, denoted by «(X), is the
number of vertices in a largest independent set contained in X. We can now state
the main result of this chapter; we will prove it in Section 3.2, and give examples

to demonstrate that the bounds are sharp in Section 3.3.

Theorem 3.1. Suppose that 0 < I < k < %n, and let L be an [-matching in a

graph G of order n. Then each of the following conditions suffices to ensure that

L can be extended to a k-matching in G.

(a) 02(G) =2 2(k+1) — 1.
(b) 1 =3k —n —2 and either

(i)
INX)| 2 5(1X[+3(k+1) —n—2) (3.1)

whenever X € Z(G) andn —3k+1+3 < | X|<n—k—1+1, or

(i)
IN(X)| > 2/X| +3(k+1) —2n—2 (3.2)

whenever X CV(G), a(X) 22(n—k—1+4+1)—|X| and

n—k—1+1<|X|<n-2

(¢) G—=V(L) is very suitable for a 1-factor if k = %n, G — V(L) has ezactly one
odd component if k = 1(n — 1), 6(G) = 3(3(k +1) —n) + 1 and either

(i) (3.1) holds whenever X € Z(G) and 5 < |X|<n—k—1+1, or
(ii) (3.2) holds whenever X CV(G), a(X) =22(n—k —1+1) — |X]| and
n—k—1+1<|X|<3(n—-k-1)—1.
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The case k = %n of Theorem 3.1 yields sufficient conditions for a 1-factor contain-
ing a given [-matching; see Theorem 5.1 in Section 5.1. In particular, Theorem
5.1(a) improves slightly upon Plummer’s result [35] that if §(G) > n + 1 then a

graph G of even order n is [-extendable.

Theorem 3.1(c) contains Robertshaw and Woodall’s result on 1-factors (stated as
Theorem 1.2 in Section 1.2) since the degree and neighbourhood conditions agree
when [ = 0 and k£ = %n, and any sesquiconnected graph of even order is clearly
suitable for a 1-factor. (Recall that a graph G is sesquiconnected if it is connected

and, for each vertex v in G, G — {v} has at most two components.)

Restating Theorem 3.1 with [ = 0 yields the following defect form of Theorem 1.2.

Theorem 3.2. Let G of even order n. If 0 < k < %n then each of the following

conditions suffices to ensure that G has a k-matching.
(a) 02(G) =2k — 1.

(b) k< 3(n+2) and

IN(X)| = 1(2|X| +n+ 6l —4) whenever X € Z(G). (3.3)

(¢) G is very suitable for a 1-factor if k = %n, G has exactly one odd component

ifk=3(n—1),8(G) > 13k — n+2) and (3.3) holds.
In section 3.4 we establish further sufficient conditions for matching extension,
generalising Theorem 2.2 of [40].
3.2 Extending matchings - proof of Theorem 3.1

Our proof of (a) is straightforward, exploring the consequences of choosing a

longest path in G — V(L). Next we prove (b) and (c) together, using Berge’s
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defect form of Tutte’s criterion (stated as Theorem 1.1 in Section 1.2); this proof
generalises Robertshaw and Woodall’s proof of Theorem 1.2. We also give an al-
ternative proof of Theorem 3.1(c), showing that this result is essentially a corollary

of Theorem 1.2.

Let H := G—V(L), and for convenience write k' :== k—l and h := |V(H)| = n—2L.

Note for future reference that

n—2k=h-—2k, (3.4)
n—k—l=h—F, (3.5)
and n — 3k +1=h—3k. (3.6)

In each case (a), (b) and (c) we will prove that H contains a k’-matching.

Proof of Theorem 3.1(a). First note that
02(H) 2 09(G) =4l 2 2(k+1) —1— 41 =2k — 1. (3.7)

If ¥ =1 then (3.7) clearly forces H to contain an edge; so suppose k' > 2, and
h > 2k > 4. Let P : ujus...u, be a longest path in H. Note that m > 3,
since otherwise there must be two nonadjacent vertices in H, whose degree sum
is at most 2, contradicting (3.7). If the length of P is at least 2k’ — 1 then P
contains a k’-matching; so we may suppose that P has length at most 2k’ — 2, i.e.,
m < 2k' — 1. We now show that there is a cycle C' with V(C') = V(P). This is

clear if uyu,, € E(G), so suppose that uju,, ¢ E(H). Then (3.7) gives

d(w) + d(um) =Y [e(ur s w;) + ey < um)] > 2K — 1. (3.8)

=2

Since m < 2k" — 1, there exists ¢ (3 < m — 1) such that u;u; and u;_yu,, are both
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edges in H. Then

C: ULU;WUj41 - - - UpUj—1 - . - UL

is a cycle with V(C') = V(P). Since P is maximal, the vertices of P form a
component, C say, of H. Since h > 2k’ > m, it follows that H is disconnected.
Consider any other component Cy of H, and let ¢; := |V(C;)| (i = 1,2). If u € C

and v € Cy then d(u) 4+ d(v) > 2k — 1 by (3.7); hence

c1 + ¢y > 2]’6/ + 1. (39)

Also, since d(u) < m—1 < 2k’ —2, it follows that d(v) > 1 for all v € V(C3). Thus
either Cy, = K5 or applying the above argument to Cy shows that it must have
a spanning cycle. It follows that C} U C; contains a matching with [ ] + [ %]
edges. If ¢; and ¢y are both odd then (3.9) implies ¢; + co > 2k + 2, and so
12] + (2] = (a1 + ) — 1 > K. Otherwise, |£|+ (2] 2 a4+ —-1) 2K,
again by (3.9). This completes the proof of Theorem 3.1(a). O

Proof of Theorem 3.1(b) and (c). Suppose that H does not contain a
k'-matching. Then by the defect form of Tutte’s theorem (stated as Theorem 1.1
in Section 1.2), H contains a set S of vertices such that (h — o(S) + |S|) < ¥/,
where o(S) denotes the number of odd components of H —S. Since h—o(S) + | S|

is even, it follows that

o(S) > |S|+h — 2K +2. (3.10)

Choose |S| + h — 2k’ + 2 of the odd components of H — S, let x of the chosen
components consist of a single vertex, and let X; be the set of these vertices. Each

odd component of H — S which is not in X; has at least three vertices; hence

h =S| +x+3(S|+h—2K+2—21),
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which implies

S| < L(BK — h+x — 3). (3.11)
Since |S| > 0, (3.11) and (3.6) imply
r>h—3kK+3=n-3k+1+3. (3.12)
Claim 3.3. X is nonempty (i.e., x > 0); hence X; € Z(G).

Proof. If (b) holds then I > 3k —n — 2, and so (3.12) implies > 0 as required.

So suppose (c) holds. Then

S(H)>6(G)— 20> LBk +1)—n)+1-2 =18k —h+2), (3.13)

by (3.6). It follows that each of the chosen odd components must have at least

1(3K' — h +2) + 1 — | S| vertices, and so

h =S|+ (S| +h—2K+2)(:(3K —h+4) —|5]).

1
2
Hence

(IS1 = (2K = h+2))(IS] = 33K — h+4)) > S| = h = 4(|S| = 53K — h+4))

= 6K’ — 3h — 3|5] +8,

so that

(1S] = (2K — h +2))(|S| — 33K — h — 2)) > 6k" — 3h — 3|S| + 8

+3(9] — (2K —h+2))=2. (3.14)
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Note that (3.14) is impossible if

2k —h+2 < [S] < 33K — h —2).

1
2
To show that X is nonempty in (c) it remains to show that |S| > 2k — h + 2,
since then (3.14) implies |S| > £(3k" — h — 2), and then (3.11) implies z > 0 as

required.

First suppose k = in, so that ¥’ = £h by (3.4), and (3.10) gives o(S) > |S| + 2.
Then since H is very suitable for a 1-factor by hypothesis in (c), it follows that
S| > 2 =2 —-h+2 Ifk=3n-—1) then ¥ = ;(h — 1) by (3.4), and
(3.10) gives o(S) > |S| + 3. Then S must be nonempty, since H has exactly
one odd component by hypothesis in (c); thus |S| > 1 = 2k" — h + 2. Finally, if
k < 3(n—2) then &' < 3(h —2) by (3.4), and so |S] > 0 > 2k’ — h + 2. Thus in

all cases |S| > 2k" — h + 2; this completes the proof of Claim 3.3. [

Now h > [S|+0o(S) = |S| + (|S| + h — 2K + 2) by (3.10), and so

S| <K — 1. (3.15)

Since z < |S| + h — 2k’ + 2 (the number of odd components chosen), (3.15) and
(3.5) imply
r=1Xg|<h—K+1=n—-k—-1+1. (3.16)

If (c) holds then by (3.13), since X; is nonempty, we obtain

S| = 6(H) > (3K — h) + 1. (3.17)
Together with (3.11), this gives
r=|X1| = 2|S|+h—3K+3=5. (3.18)
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Hence, by (3.12) and (3.16) if (b)(i) holds, or by (3.18) and (3.16) if (c)(i) holds,

we can apply (3.1) to X; € Z(G); thus

S| = |[Nu(X1)| = |Ne(X1)| — 20 > L(| X[+ 3(k+1) —n—2) — 21

(z+ 3K — h—2)

N |

by (3.6), which contradicts (3.11).

If (b)(ii) or (c)(ii) holds, define X5 := V(H) \ S. Then by (3.5) and (3.15), and

since Xy C H, we obtain

n—k—l+l=h—kK+1<h—|S=|Xs] <h=n-2L

Also, since taking one vertex from each odd componnent of H — S gives an inde-

pendent set, (3.10) and (3.5) imply

a(Xo) = S| +h—2K +2=2h—Fk)—|Xs| +2

—2(n—k—1) — | Xa| +2. (3.19)

If (c)(ii) holds then (3.17) and (3.5) give

X <Eh—K)—1=3(n—k—1)—1.

Hence in both (b)(ii) and c(ii) we can apply (3.2) to Xs; thus

h—x > |Ny(Xs)| = [Na(Xy)| — 21 > 2|Xs| +3(k +1) —2n —2 — 21
= 2| Xy + 3k' — 2h — 2

= 3k — 2|5 — 2,

which rearranges to |S| > 3(z + 3k’ — h — 2), contradicting (3.11) as before. This
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completes the proof of Theorem 3.1(b) and (c). O

Alternative proof of Theorem 3.1(c). Recall that the join Gy + Gy of two
graphs GG; and G5 is the graph obtained from their disjoint union by adding an
edge between every vertex in G; and every vertex in Gs. Define J := H + K,,_o
so that

V()| =h4n—2k=20n—Fk—1).

Then H has k’-matching if and only if J has a 1-factor. We want to apply Theorem

1.2 (see Section 1.2) to J. Firstly, J has minimum degree

6(J) =2 0(H)+n—2k>13(k+1)—n)+1—2l+n—2k

m—k—-10)+1

D=

=:V(J)|+1.

If (¢)(i) holds then

IN(X)| = 3(IX[+3(k+1) —n—2) =2l +n—2k
(IX|+n—k—1-2)

= 12X+ V()] —4)

for every set X € Z(J) such that 5 < |X| < 5|V (J)| + 1. If (c)(ii) holds then

INJ(X)| = 2|X|4+3(k+1)—2n—2—2l4+n—2k
=2|X|+k+1l—-—n—-2

= 34X = [V(7)] - 4)

for every set X C V(J) such that o(X) > |V(J)| — |X| + 2 and

SVDI+ 1< X <3V - 1.
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If n — 2k > 2, then J is 2-connected. Thus J satisfies the hypotheses of Theorem
1.2, except perhaps sesquiconnectedness when n — 2k € {0,1}. The only place
where the fact that the graph G is sesquiconnected is used in the proof of Theorem
1.2 is to make the following deduction: if S C V(G) and G — S has at least |S|+ 2
odd components, then |S| > 2. The same deduction also follows here (with J in
place of G) when n — 2k € {0, 1}: since if n = 2k then J = H is very suitable for
a 1-factor by hypothesis in (c), and if n = 2k 4+ 1 then J = H + K7, and H has

exactly one odd component by hypothesis in (c).

Hence a slight modification of the proof of Theorem 1.2 shows that J has a 1-factor

in all cases, and so L extends to a k-matching in G, as required. [J

3.3 Sharpness of Theorem 3.1

We now give examples to demonstrate the sharpness of the bounds in Theorem
3.1. Our examples take the general form Ko+ H. If L is an [-matching inside the

Ky, then L extends to a k-matching in G if and only if H has a (k — [)-matching.

To see that the bound on 05(G) in (a) is sharp, let ¢ > 0 and define the graph
G1 = Kgl -+ Kk‘*l*l,k*H»t- Then O'Q(Gl) = Z(k -+ [ — 1) = 2(]€ + l) — 2, but the

largest matching in H = Kj_j_j 14+ has K — [ — 1 edges.

We now show that conditions (3.1) and (3.2) are best possible in parts (b) and (c)
of Theorem 3.1. Given k, [ and n such that 0 <[ < k < %n, let b be an integer
satisfying b > 0 and
k—1—1 if (b) holds,
s(k—1) if (c) holds.
Define
a=n—20—k—1+1. (3.20)
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If (b) holds then [ > 3k — n — 2 by hypothesis, and so

a>n—3k+1+3>1, (3.21)

and if (c¢) holds then a > n — 2k + 1 > 1, since 2k < n. Consider the graph

GQ = Kgl + ((CLKl U ng) + Kk—l—b—l);

which has order n = a+2b+k+1—1. Let S = V(Ky_;_p—1) C V(H), so that
H — S has o(S) =a+b=|S|+n—2k+ 2 odd components. Then by Theorem

1.1, the largest matching in H has at most

tn=20—o(S)+|S)=k—-1-1

edges. Set X7 :=V(aK;) and X, := V(aK; UbK3) = V(H)\ S. Then

a(Xg)=a+b=2(a+20) —(a+3b) =2(n—k—1+1) —| Xy, (3.22)

by (3.20), and

|Ng,(X1)| =20+ (k—1—b—1)=1(X1|+3(k+1) —n—3), (3.23)

INey(Xo)| = 20+ (k—1+2b—1) = 2| Xo| + 3(k +1) — 20— 3. (3.24)

(The right term of (3.23) is obtained by adding 3y to the middle term, where

y=a+2b+k+l—-n—-1=0, (3.25)

and the right term of (3.24) is obtained by adding 2y to the middle term.)

By (3.23), X, only just fails to satisfy (3.1). However, if X € Z(G3) and X # Xj,
then |N(X)| > |N(X;)| and X satisfies (3.1): if |X| < |X;| then this follows
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directly from (3.23); while if | X| > |X;| and X includes any vertices from outside
X then clearly |[N(X)| — |N(X;)| exceeds 1(|X| — | X1).

By (3.24), X, only just fails to satisfy (3.2). Let X C V(Gz) with X # X,.
If | X] < | X3, then a(X) < a(X2), and (3.22) implies that X does not satisfy
a(X)=22(n—k—1+1)—|X|. If | X| > |X;3] and X includes any vertices from
outside Xy, then |N(X)| — |[N(X2)| = a. Hence, by (3.24), X satisfies (3.2) if
a > 2(]X| —|Xs]). If (b) holds then I > 3k —n — 3 and | X| < n — 2[, and so by

(3.20) we obtain

a=n—-2b—k—1+1>2k—1—-b—1)
= 2(n— 21— a— 3b)

> 2(|X] = [Xal),

as required. If (c) holds and |X| < 2(n—k — 1) — 1, then (3.20) gives

2(X| — [ Xa|) < 3(n—k —1) — 2 —2(a + 3b)
—3(n—k—1—2b)—2a—2

=3a—-1)—2a—2=a—-5<a,

as required. It remains to check that G5 satisfies the other hypotheses of Theorem

3.1(c). By (3.23), G5 has minimum degree

6(Go) =20+ (k—1-b—-1)=13Bk+1)—n)+1+3i(a—25).

Thus if @ > 5 then the bound on §(G) in Theorem 3.1(c) is satisfied. Also, if a > 5

then 0 < 2b<n—k—1—4by (3.20). It follows that n — 1 > k + 4, and

k—l—b—1>k—l—tn—k—1—-4)—1=1@k—n—0)+1  (3.26)

2
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Hence if k > £(n — 1) then n — [ > $(n — 1) + 4, which implies n — 2] > 7. Then

by (3.26) with k& > 1(n — 1) we obtain

k—1l—b—1>[;(n—21-6)]+1>2

Therefore H = G5 — V(L) is 2-connected if k > 1(n — 1). Hence if k = In then
H is very suitable for a 1-factor (since n is then even), and if k = 1(n — 1) then
H has exactly one odd component. Thus all of the hypotheses of Theorem 3.1(b)
and (c) are satisfied in Go, except that (3.1) fails when X = X, and (3.2) fails

when X = X,. Hence the bounds given in (3.1) and (3.2) are sharp.

We now consider the ranges of | X| in Theorem 3.1. For (c), note that

n—k—l+1l=a+20>2a=|Xq| 25

and

n—k—l+l=a+2b<a+3b=|Xs|<3a+30-3=3(n—k—1)—1,

with equality on the left in each case if b = 0 and on the right if a = 5. If (b)
holds, then b < k—1—1 and so |X;| = a > n— 3k + 1+ 3 by (3.21); also
| Xo| < |V(H)| = n — 2. It follows that the ranges of values of |X| in Theorem

3.1(b) and (c) cannot be reduced.

When k& = %n, the assumption in (c) that H is very suitable for a 1-factor is
needed to eliminate the graphs Ky + (K, U K,) and Ky + (K; + (K, U K, U K3)),
where p+q¢=n—2land r+s+t=n—2l—1; also p,q,r,s and t are all odd
(thus in both graphs H has no perfect matching) and, to ensure that the bound

on §(G) holds, 2(n—2) +2<p<gand {(n—2)+1<r <s <t

When k = 1(n—1), the assumption in (c) that H has at most one odd component
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is needed is needed to eliminate graphs such as Ky + (K, U K, U K,) where
p+q+r =mn-—2l; also p,q and r are all odd (so that H does not contain a
(k — 1)-matching), and $(n — 20 4+ 5) < p < ¢ < r, so that the bound on §(G)

holds.

If 3k — 1l —n < 2 then we know from (b) that the neighbourhood conditions suffice,
without assuming an additional bound on 6(G). We now prove that the bound
6(G) = 2(3(k+1)—n)+1in (c) is sharp when 3k—l—n > 3, except if k > L(n—1)
then it is sharp when 3k — 1 —n > 7. Given k, [ and n satisfying these bounds,

let 7 € {0,1} such that n 4+ k+ 1+ 1 =7 (mod 2), and define

p=1iBk—1l—-n—-r—3)>0 (3.27)

and qg=k—1l—p—2r—1.

Adding 2p — 3k + 1+ n+r+ 3 = 0 to the definition of ¢ gives

g=n—-2k+p—r+22=>1, (3.28)

since 2k < n and r € {0,1}. Consider the graph

G3 = KQ[ + (Kp + (QKg U T'K5)), (329)

which has order

n=2+p+3q+5r=3k—1—2p—1r—3.

Let S = V(K,) C V(H). Then H — S has o(S) = ¢+ r = |S| +n — 2k + 2 odd
components by (3.28). Hence, by Theorem 1.1, the largest matching in H has at
most

tn=20—0o(S)+|S)=k—-1-1
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edges. Note that G3 does not satisfy the bound on §(G) in (c), since (3.27) gives

§(Gs)=20+p+2=3Bk+1)—n—r+1),

and r € {0,1}. It remains to check that G3 satisfies the other hypotheses of
Theorem 3.1(c). If 3k — 1 —n > 7 then p > 2, hence H is 2-connected. Thus H
is very suitable for a 1-factor if £ = %n, and H has exactly one odd component if
k=1i(n—1). If X € Z(Gs) with |X| > 5 then X C H — S = ¢K3 UrK;, and

(3.27) gives

[Ny (X)| = 2|1X|+2l+p=2|X|+2B(k+1) —n—r—3)

=X +3(k+1)—n—2)+13|X|-r—1).

Hence X satisfies (3.1), since |X| > 1 and r € {0,1}. Lastly, if X C V(G3) with
| X| < 3(n—k—1)—1, then

2m—k—1+1)—|X|>i(n—k—1)+3.

But X does not satisfy the bound on «(X) in (¢)(ii), since

o X)<a(V(Gs) =q+r=3(n—k—1—r+1),

by (3.28) and (3.27). Thus G35 satisfies all of the other hypotheses of Theorem
3.1(c), and the bound on §(G) in (c) is sharp.
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3.4 Further conditions for extending matchings

In this section we prove Theorem 3.4, generalising Theorem 2.2 of [40]. By defining
J = H+K, o, as in the alternative proof of Theorem 3.1(c), it is possible to show
that Theorem 3.4 follows from Theorem 2.2 of [40]. Instead, we adapt Robertshaw
and Woodall’s proof of Theorem 2.2 of [40] to show that Theorem 3.4 is a corollary

of Theorem 3.1(c).

Theorem 3.4. Let L be an l-matching in a graph G of order n, and suppose that

0<I<k< %n Each of the following conditions suffices to ensure that L extends

to a k-matching in G.
(i) INX)| = 3(X]|+3(k+1) —n) for every set X C V(G) such that
1 < |X| < n—k—1, with strict inequality when | X| =1 orn —k — 1.

(i) |IN(X)| = 2|X| +3(k+ 1) — 2n for every set X C V(G) such that
n—k—-1<|X|<i(n—-k-1),

with strict inequality when |X|=n—k—1or3(n—k—1) — 1.
(iil) G — V(L) 2 tK) + 3Ks or tK, +3K; ifn—2k =1t (t € {0,1}), and if
X C V(Q) then |[N(X)| >
(a) 58k +1)—n+1)  if|X|=1,
(b) 3(|X|+3(k+1)—n—3) if n—k—1>4 and
5<|X| <max{i(n—k—1)+2,n—k—1-2},

() | X|+2(k+1)—n ifn—k—1>4 and

\ max{3(n—k—10)+2,n—k—1—-2} < |X| < n—k—L.

(iv) G = V(L) 2 tK, +3K5 or tK; + 3K, if n —2k =1 —1t (t € {0,1}), and if
X C V(G) then |[N(X)| >
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(o) | X|+2(k+1)—n ifn—k—101>4 and
n—k—1 <|X| < min{n—k—1+2,2(n—k—1)—2},

(b) 2| X|+3(k+1)—2n—3 ifn—k—1>4 and
min{n—k—1+2,3(n—k—1)—2} <|X|<3(n—k—-1)—1,

a)n—1 if2n—k—-0)-1<|X|<3(n-k-1).
2 2 2

\

Theorem 3.4 contains Theorem 2.2 of [40], since the degree and neighbourhood

conditions agree when [ = 0 and k = %n

Proof of Theorem 3.4. First we show the following.
Claim 3.5. (i)=-(iii) and (ii)=(iv)

Proof. Note that
SUX]+3(k+1) —n) > | X[ +2k+1)—n if |X|<n—Fk-—I,

and  2[X|+3(k+0)—2n> |X[+20k+1)—n if |X]|>n—k—L.

Also, if 2k =n+t—1(t€{0,1}) and G — V(L) =2 tK, + 3K, (r € {5,7}), then

2k = 2l + 3r + 2t — 1, so that
k+1=204+303r—1)+t
If X =V(K,) then |[N(X)| <2+ r+1t, and we get a contradiction to (i), since
T(5+3@214+T7+t)— 21+ 15+1¢) > 20+ 5+,

and LT+320+10+¢) — (2 +21+1) > 20+ 7+

If X = V(2K,) then |N(X)| < 20+ 2r+t, and we get a contradiction to (ii), since

2x10+3(204+7+1t) =221+ 15+1t) > 20+ 10+ ¢,
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and 2x14+3204+10+1¢) —2(201+21+¢) > 20+ 14+t O

Thus it suffices to prove the results for (iii) and (iv), which we do together. Suppose

that G satisfies (iii) or (iv).

Claim 3.6. 0(G) > 1(3(k+1) —n) + 1.

Proof. This is clear if (iii)(a) holds; so suppose that (iv)(a) holds. If v is a vertex
with degree less than $(3(k+1) —n) + 1, let X be aset of 3(n —k —1) — 1 or
3(n—k—1) vertices that are not adjacent to v. Then |[N(X)| < n—1, contradicting

(iv)(a). O

Thus H := G — V(L) has minimum degree

S(H) = LBk +1)—n)+1—20 > LBK — h) +1, (3.30)

by (3.6) (where h and k' are defined as in Section 3.2). To show that H is very
suitable for a 1-factor if k = %n, and that H has exactly one odd component if
k= %(n — 1), we prove something stronger:

1

Claim 3.7. H is sesquiconnected if k = 5

n, and H has at most two components

ifk=3(n—1).

Proof. First let & = %n, so that k¥ = %h by (3.4), and suppose that H is

not connected. Let X7 be the vertex-set of a smallest component of H, and let
X, :=V(H)\ X;. Since §(H) > $h+1 by (3.30), we obtain ;h + 2 < |X;| < 3h,
which implies A > 8. Moreover, if h = 8 and &’ = 4 then (3.30) forces H = 2K},

in which case H has a 1-factor. So we may assume h > 10, so that

5< [1h+2] <X <

Also |N(X;)| < |X1] and |N(X3)| < | Xz|. We get an immediate contradiction to

ces . . 1 1 . . 1
1| = 5/t X 9 ) . X o/t
(iii)(c) or (iv)(c) if | X1]| = 5h—2or | X3| < 5h+2, respectively. But if | X;| < 5n—3
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or | X, > h+ 3 then
NI 1X0] < 3@IXT+h—6)

and

IN(Xo)| < | Xo| < 2(4|X| — h —6),

so we get a contradiction from (iii)(b) or (iv)(b) instead. Thus we may assume
that H is connected if k = in.

1

;n and H is not sesquiconnected. Let v be a vertex such

Suppose that k£ =
that H — v has at least three components, let Y; be the vertex-set of a smallest
component of H — v, and let Y5 := V(H) \ (Y1 U {v}). Since §(H) > h+1,

;11h +1< |7 < %(h —1). This implies n > 16, so that

5<th+1< < g5(h—1) and F(h—1) <Y < Gh—2.

NI

Also |[N(Y1)| < |Yi|+1 and |N(Y2)| < |Yao|+1. Thus |Yi| > 5h—4 if (iii)(b) holds,

1
2
since

Vil 4+ 1< J@Yi|+h—6) if Y] < 3h 5,

1
4

and |Ya| > 1h — 3 if (iv)(b) holds, since

Ya| + 1 < 3(4]Ys| — h = 6) if [Ya| < $h+ 4.

Therefore,

max{1h+1,1h -4} < V1| < 1(h —1)

and

< |Ya| < min{3h + 3,20 — 2}

wino

These inequalities force (h,|Yi|,|Y2]) = (16,5,10), (20,6,13) or (22,7,14). In
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these three cases, the components of H — v have orders (5,5,5), (6,6,7) and
(7,7,7) respectively, and the lower bound on §(H) ensures that all components
are complete except possibly for the component of order 7 when A = 20, which
however is certainly Hamiltonian. Thus if H is not sesquiconnected then either
H =2 K1+ 3K5 or K1+ 3K, which are ruled out by the hypotheses of the theorem,
or else h = 20 and it is easy to see that H has a 1-factor. So we may assume that

H is sesquiconnected if k = %n

If k=1(n—1) then ¥ = 1(h — 1) by (3.4). Define H* := H + {v}; then H™ is

connected and (3.30) implies

S(HY)=6(H)+1=(h+1)+1=23V(H")|+1.

By the preceding argument, it follows that if H* is not sesquiconnected then either
H = 3K, (r € 5,7), which is ruled out by hypothesis, or H = 2K U K7, in which
case H clearly has a k’-matching (k' = 9). It follows that H has at most two

components if k = 1(n — 1). This completes the proof of Claim 3.7. O

If n —k—1 < 3 then (3.4) and (3.5) give 2" < h < k' + 3. It follows that
(h,k")=(6,3), (5,2), (4,2), (4,1), (3,1) or (2,1). In these cases it is easy to
check that (3.30) ensures that H contains a k’-matching. (For example, in the
case when h = 6, (3.30) implies that 6(H) > 3 and so H is Hamiltonian by
Dirac’s theorem.) So we may assume n — k — [ > 4. Note that, in both (iii) and
(iv), condition (c) is stronger than (b) in the range of values of |X| in which (c)
applies. Hence if (iv) holds then condition (c)(ii) of Theorem 3.1 holds, and if (iii)
holds then condition (c)(i) of Theorem 3.1 holds; the only case where this is not

obvious is if | X| =n —k -1+ 11in (3.1). But then we can choose X’ C X with
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X'|=n—k—1>3(n—k—1)+2, and it follows from (iii)(c) that

INX)| = IN(X)[ > [X]+2(k+1) —n
=k+1
> 2(2(k+1) —2)

= 3(X|+3(k+1) —n—3).

Thus in all cases the hypotheses of Theorem 3.1(c) are satisfied; hence L extends

to a k-matching in G. This completes the proof of Theorem 3.4. [
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Chapter 4

Ore-type conditions for a heavy

matching

4.1 Introduction

A weighted graph is a simple graph GG in which every edge e is assigned a nonnega-
tive number w(e), called the weight of e. If uv ¢ E(G), we define w(uv) = 0. The
weighted degree of a vertex v € V(G), denoted by d*(v), is the sum of the weights

of the edges incident with v. For a matching M, the weight of M is defined by

w(M) =" w(e).

eeM

The weight of a cycle or path is defined similarly. Bondy and Fan [8] gave weighted
degree conditions for heavy cycles and paths in weighted graphs. Bondy et al. [7]

gave an Ore-type theorem for heavy cycles:

Theorem 4.1. (Bondy et al. [7]) Let G be a 2-connected weighted graph and let
d > 0 be a real number. If d¥(u)+d"¥(v) > 2d for every pair of nonadjacent vertices

u and v, then G contains either a cycle of weight at least 2d or a Hamilton cycle.
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Enomoto, Fujisawa and Ota [16] proved a similar result about heavy paths between

specified vertices. An (z,y)-path is a path with end vertices x and y.

Theorem 4.2. (Enomoto et al. [16]) Let G be a 2-connected weighted graph and
let d be a real number. Let x andy be distinct vertices in G. If d*(u)+d"(v) > 2d
for every pair of nonadjacent vertices u and v in V(G) \ {x,y}, then G contains

an (z,y)-path of weight at least d or a Hamilton (x,y)-path.

We will prove the following analogous result for heavy matchings. A near-perfect

matching in a graph of odd order n is a matching with %(n — 1) vertices.

Theorem 4.3. Let G be a weighted graph in which d*(u) + d*(v) = 2d for every
pair of nonadjacent vertices w and v. Then either G contains a matching of weight
at least d or every heaviest matching in G is contained in a perfect or near-perfect

matching.

We also prove a version of this result for integer edge-weights, Theorem 4.4. This
generalises our result on k-matchings (Theorem 3.2(a)); since if all edges have
weight 1 then a matching of weight d is a d-matching, and the weighted degree

sum condition in Theorem 4.4 becomes o9(G) > 2d — 1.

Theorem 4.4. Let G be an weighted graph in which all of the edge-weights are
nonnegative integers. If d¥(u) + d*(v) = 2d — 1 for every pair of nonadjacent
vertices u and v, then either G' contains a matching of weight at least d or every

heaviest matching in G is contained in a perfect or near-perfect matching.

4.2 Proof and sharpness of Theorems 4.3 and 4.4

Proof. We prove both theorems simultaneously. Let M be a heaviest matching
in G, so that w(e) = 0 for all edges e in G — V(M). Suppose that w(M) < d,

and choose a matching M™ with as many edges as possible among matchings
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containing M. If M™ is not a perfect or near-perfect matching then there exist
distinct vertices,  and y say, in V(G) \ V(M™"). Since there are no edges in
G —V(M?"), zy ¢ E(G); thus by hypothesis
2d  in Theorem 4.3,
d*(x) + d*(y) > (4.1)
2d —1 in Theorem 4.4.
Denote the edges of M by ujvy, ugvs, ..., wve. If w(u;z) +w(vjy) > w(u;v,) for
some j then (M — {u;v;}) U {u;x, vy} (with a nonedge omitted if necessary) is a

heavier matching than M, which is a contradiction. It follows that

w(wz) +wvy) < w(uv) (1<i<t). (4.2)
Similarly,

w(uy) + w(vie) < wluww) (1< <t). (4.3)

Since M is a heaviest matching, any edges of nonzero weight incident with = or y

must be incident with V' (M). Hence by (4.2) and (4.3) we obtain

t

d°(x) + d°(y) = Y _[w(wz) + wvy) + wluy) + wlvw)]

=1

t
< QZw(uivi) =2w(M) < 2d,
i=1
and if all weights are integers, then w(M) < d implies
d¥(z) +d"(y) <2w(M) < 2(d—1) <2d—1.

In either case we obtain a contradiction to (4.1). Hence either w(M) > d, or M+

is a perfect or near-perfect matching. This completes the proof of Theorems 4.3

and 4.4. O
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If all edge-weights in G are strictly positive, then e(G—V (M)) = 0 for any heaviest
matching M, hence M™ = M:; thus in this case the words “contained in” can be

removed from the statements of Theorems 4.3 and 4.4.
Sharpness of Theorems 4.3 and 4.4.

To see that the condition d*(u) + d*(v) > 2d (or 2d — 1) is sharp, consider the
complete bipartite graph G = K, ,, where 1 < r < s — 2. Clearly GG; has no

perfect or near-perfect matching.

First, assign the same weight w to all edges of G;. Then d¥(u) + d¥(v) > 2rw
for all pairs u, v of nonadjacent vertices in G, with equality if v and v are in the
larger partite set of (G;. The heaviest matching in G; has weight rw. Thus, for
a given d, if 2rw < 2d then the heaviest matching in GG; has weight strictly less
than d.

Next, we show that the weighted degree sum condition is still sharp if we allow
edges to have different weights. Let vy, ..., v,_; denote the r vertices in the
smaller partite set of G, and assign weight w + ¢ to each edge incident with the

vertex v; (0 < i <7 —1). Then the heaviest matching in G has weight

r—1
a:Z(w+i) =rw+ 3r(r —1).
i=0

Note that

d¥(u) +d*(v) =2rw+r(r—1) =2a

for every pair u, v of vertices in the larger partite set, and

d¥(vg) +d*(vy) = sw+ s(w+1) = s(2w + 1)

> (r+2)2w+1)=2rw+4w+r+2.

Thus if dw+7r+2 > r(r—1) then d¥(u)+d"(v) > 2a for all pairs u, v of nonadjacent
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vertices in ;. If 2a < 2d then the heaviest matching in (G; has weight strictly

less than d; so again the bound on d*(u) 4+ d*(v) is sharp.

Finally, we give two graphs to demonstrate that the clause about perfect or near-
perfect matchings is required in Theorems 4.3 and 4.4. Let G5 := K, and, for
n = 5, let G := K, — {zy}. In each graph, assign the same weight w to every
edge. Then in both Gy and G5 the heaviest matching has weight | 5 ]w. However,

(G5 satisfies the condition of Theorem 4.3 for all positive d, while in G3,

d"(z) +d"(y) =2(n = 2)w > 2|5 ]w,

since n > 5. So neither graph has a heavy enough matching. But any heaviest
matching M in G5 or G3 must be a perfect or near-perfect matching: if there were
at least two vertices outside V(M) then any edge of M could be replaced by two

independent edges (giving a matching heavier than M, a contradiction).
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Chapter 5

k-factors containing a given set of

edges

5.1 Introduction

The main result of Chapter 3 (Theorem 3.1) contains the following sharp condi-

tions for an [-matching to be contained in a 1-factor.

Theorem 5.1. Let L be an l-matching in a graph G of even order n, where
0<Il< %n Then each of the following conditions suffices to ensure that L is

contained in a 1-factor in G.
(a) 02(G) =2 n+20—1.

(b) 1 >3n—2 and

IN(X)| = 1(2|X|+n+6l —4) whenever X € Z(G). (5.1)

(¢) G — V(L) is very suitable for a 1-factor, §(G) = +(n + 6l) + 1, and (5.1)
holds.
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In this chapter we give degree and neighbourhood conditions for a set of edges to
be contained in a k-factor (i.e., a k-regular spanning subgraph of G) when k > 2.
We need to make some assumptions about the suitability of a set of edges to
be contained in a k-factor, analogous to the assumption in Theorem 5.1(c) that

G — V(L) is very suitable for a 1-factor.

Let L C E(G), and write dr(v) for the number of edges in L that are incident
with a vertex v of G. We say that L is weakly k-good if it satisfies condition (L1)

below, and strongly k-good if it satisfies (L1) and (L2):

(L1) dp(v) < k for every vertex v € V(G);

(L2) if Z:={v e V(G) : dp(v) =k}, then > (o (k — di(v)) is even for every

component C' of G — L — Z.

It is not difficult to see that if G' has a k-factor that includes all edges in L, then
L must be strongly k-good. Say that G is suitable for a k-factor if k is even, or
if £ is odd and every component of GG is even. It is also not difficult to see that
if there exists a strongly k-good set of edges in (G, then G must be suitable for a

k-factor.

In Section 5.3 we will prove the main result of this chapter, Theorem 5.2, and
in Section 5.4 we discuss its sharpness. Theorem 5.2(a) generalises the result of
Katerinis [25] mentioned in Section 1.2; parts (b) and (c) generalise Woodall’s

result on k-factors [47], stated as Theorem 1.3 in Section 1.2.

[When L = () and k is odd, the assumption that L is strongly k-good implies that
every component of GG is even. This replaces the assumption in Theorem 1.3 that
G is connected when k is odd, and eliminates the possibility that G is the disjoint
union of two odd complete graphs. When L = () the remaining hypotheses of
Theorem 5.2(b) and (c) are the same as those of Theorem 1.3; thus (b) and (c)

together contain Theorem 1.3.]
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Recall that Z(G) denotes the family of nonempty independent subsets of V(G).

Theorem 5.2. Let k > 2. Let G be a graph of order n such that kn is even, and
let L be a weakly k-good set of | edges in G. Then each of the following conditions

suffices to ensure that G has a k-factor that contains all the edges of L.

(a) 20 < kn —4k* + 6k and 6(G) > in+1/k.

(b) 8(G) > n+2k—2vkn — 20+ 2, and if 21 > kn—4k* + 6k then L is strongly
k-good.

(c) L is strongly k-good, 21 < kn — 4k* + 6k,

(k—1)(n+2)+2]

>
9G) 2 2k — 1 ’

(5.2)

and

| X+ (k—1)n+20—2
2k —1

IN(X)| > whenever X € I(G). (5.3)

In section 5.2 we prove a technical lemma, generalising to f-factors a result of
Katerinis and Woodall [26] about k-factors. This will be useful in the proof of

Theorem 5.2.

5.2 A lemma about f-factors

Let G be a graph of order n and let f: V(G) — NU {0} be a function. If A and
B are disjoint subsets of V(G), let H := G — (AU B) and write w(A, B; f) for the

number of components C' of H such that e(B : C) + > (¢ f(v) is odd.
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Lemma 5.3. Using the notation of the previous paragraph, suppose ZUeV(G) fw)

is even, and there exist disjoint subsets A, B of V(G) such that

WA, Bi )+ > _(f(v) = dg-a(v)) = Y f(v)

veEB vEA

Let w e V(H). If |AU B| is maximal with respect to (5.4), then
(i) dg-a(u) > f(u) + 1;
(i) |N(u) N B| < f(u) —1;

(iii) |V(C)| = 3 for every component C' of H.

Proof. We will need the following observation of Tutte [42]:

w(A,B;f)—l—Z(f( —dg-a(v Zf = Z f(v) (mod 2).

vEB vEA veV (G

(i) Suppose dg_a(u) < f(u), and define B = BU {u}. Then

D (f) =dg-a(v)) = Y _(f(v) = dg-a(v)),
and w(A, B'; f) > w(A, B; f) — 1, so that (5.4) implies

w(A,B'; f Z —dg_a(v Zf

vEB’ vEA

(5.4)

(5.6)

By (5.5), using the fact that }_ .y g f(v) is even, it follows from (5.6) that (5.4)

holds with B’ in place of B, which contradicts the maximality of |A U B|. Thus

dg-a(u) = f(u) +1.
(ii) Now suppose |N(u) N B| > f(u), and define A’ = AU {u}. Then

> (f(v) = do-a(v) =D (f(v) = dg-a(v)) + f(u),

veEB veEB
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and w(A', B; f) > w(A, B; f) — 1, so that (5.4) implies

WA B )+ D) = da () 2 3 (@) + 1,

veB veA’

By (5.5), again using the fact that > . f(v) is even, it follows that (5.4) holds
with A’ in place of A, contradicting the maximality of |A U B| as before. Thus
|IN(u) N B| < f(u) — 1.

(iii) Let C' be any component of H. If u € V(C') then by (i) and (ii) we obtain
N() NV(C)] = doa(u) — |N(u) N B > 2

hence |[V(C)| > 14 |[N(u)NV(C)| = 3, as required. [

5.3 Proof of Theorem 5.2

We prove parts (a), (b) and (c) of the theorem simultaneously.

Claim 5.4. The hypotheses of Theorem 5.2 are related as follows:

(i) If (a) holds then (5.2) holds.
(i) If (b) holds then §(G) > in +1/k.

2

(iii) If (b) holds then (5.2) holds.

Proof. (i) Suppose (a) holds. If

kn + 21
2k

k—1)(n+2)+20—1
2k —1

<56) < |

then

(2k — 1)(kn + 20) < 2k(k — 1)(n + 2) + 2k(20 — 1),
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which implies 21 > kn — 4k* + 6k, a contradiction.

(ii) Write € = kn — 20 + 2. If

kn+ 20 — 2

n+ 2k —2ye < 0(G) < oF

then multiplying through by 2k and rearranging gives
kn — 21 4 2 — 4k+/e + 4k* = (2k — \/€)? < 0,

a contradiction. Since kn is even by hypothesis, this implies (ii).

(iii) Suppose that

(k—1)(n+2)+2—1

— <
n+ 2k —2ye < §(G) < T

Then

(2k — D)n + (2k — 1)2k — 2(2k — 1)v/e < (k — 1)n + 20 + 2k — 3,

and so

kn — 20 + 2+ 4k* — 4k + 1 —2(2k — 1)y/e = (2k — 1 — /6)? < 0,

a contradiction. [J

Suppose now that G satisfies (a), (b) or (c).

Claim 5.5. L is strongly k-good.

Proof. Since L is weakly k-good (i.e., (L.1) holds) by hypothesis, it is enough to
show that (L2) holds if either (a) holds, or (b) holds and 2 < kn — 4k? + 6k. By

Claim 5.4(ii), we may assume that 6(G) > sn+1/k and 21 < kn—4k?+6k. Recall
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that Z = {v € V(G) : dp.(v) = k}. If G — L — Z is connected, then

Yo (k—di() = Y (k—dpy(v)) =kn -2, (5.7)

veV(G—L—-Z) veV(G)

which is even since kn is even by hypothesis. Then (L2) holds, and L is strongly
k-good. So suppose G — L — Z is not connected. Let C' be the smallest component
of G — L —Z, so that |V(C)| < 5(n—|Z]), and let v € V(C). Then

de_r-7(v) < tn—1|Z)) - 1. (5.8)

Let D := V(G — Z) and write e (v : D) for the number of edges of L incident

with v and a vertex in D. Then

do—r1-7z(v) =dg_z(v) —er(v: D) = in+1/k—|Z| —eL(v: D). (5.9)

Comparing (5.8) and (5.9) gives

er(v:D) = 1/k—3|Z|+ 1. (5.10)
Now define
(G —Z) = dy(v) =2l —k|Z|.
veD
Then (5.10) implies
er(v:D) > M—i—l. (5.11)

2k

Since (5.11) applies to any vertex in C, it follows that

di(G—2)>2 Y eg(u:D)—2e(C)
ueV (C)
> 2|V (0)] (M

T 1) —2e.(C), (5.12)
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where e (C') denotes number of edges of L with both incident vertices in C. Since
[V(C)|—er(C) > 0, it follows from (5.12) that d;,(G — Z) > 0, so that |Z| < 2l/k;
and |V(C)| < k, so that

de—r-z(v) <|V(C)| —1< k-2
Comparing this with (5.9), we obtain

k—2>in+1/k—|Z|—eL(v:D)

> in+1/k—2l/k—(k—-1),

since |Z| < 2l/k, and since ep(v : D) < dp(v) < k — 1, by (L2) and because
v ¢ Z. Multiplying through by 2k gives 21 > kn — 2k(2k — 3), contradicting our

assumption that 2/ < kn — 4k? + 6k. This completes the proof of Claim 5.5. [J

The structure of the proof now follows that of Theorem 1.3, although the details
are much more complicated. Suppose that G has no k-factor containing L. Then
G — L does not have an f-factor, where f(v) := k — dp(v) for all v € V(G). Tt
follows by Tutte’s criterion [42] that there exist disjoint sets A, B C V(G) such

that
WA B f) 2 ) f0)+ ) [do-r-a(v) = f(0)] +2, (5.13)

vEA vEB

where w(A, B; f) is the number of components C' in G — L — (AU B) such that

eG—1(B: C)+ > cv(o f(v) is odd. Since f(v) =k — dr(v) and
dG—L—A(U) = dG_A(’U) — dL(’U) for all v € B,
it follows from (5.13) that

W(A, B; f) = k|Al = k|B| + ) da_a(v) =Y dp(v) +2. (5.14)

veEB veEA
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Note that

Z f(v) =kn— Z dp(v) =0 (mod 2),

veV(G-L) veV(G)
since kn is even by hypothesis and V(G — L) = V(G). Thus if A and B are chosen
such that |AU B| is maximal subject to (5.13), then G — L satisfies the hypotheses
of Lemma 5.3; it follows that every component of H — L has at least three vertices,

where H := G — (AU B).

Write w for the number of components of H — L; clearly w > w(A, B; f). Let
a:=|A|,b:=|Bland h := |V (H)|. If w > 0 (i.e., H is nonempty), let ¢ > 3 be the
order of the smallest component of H—L. If B # () let § := min{dg_a(v) : v € B},
and if § =0 let

X :={veB:dg_a(v) =0} € Z(G).

Note the following:
6(G) < B+a if B #0; (5.15)

cw<h=n—a—-b<n; (5.16)
and, writing dr(H) := >_ cy g dr(v),
D diw) < Y dp(v) =20 dy(H). (5.17)
vEA vEAUB
Since Y, g da—a(v) = (b, it follows from (5.14) and (5.17) that

ka+ (B—k)b—2l+2<w—d,(H), (5.18)

interpreting (5 — k)b as 0 if b = 0, when 3 is not defined. If 5 < k then since

b<n—a—wby (5.16), and d.(H) > 0, we obtain

ka+ (B —k)(n—a—w)—2l4+2 < w.
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Since w > 0, this implies

ka+ (B—k)(n—a)—204+2<0 if<k—1. (5.19)

If 3=0then ) _pdg_a(v) > b—|X]|; hence (5.18) becomes

ka+ (1 —Fk)b—|X|—-204+2<w—d,(H);

and since k > 2, a similar argument to that preceding (5.19) implies

ka+(1—k)(n—a)—|X|-21+2<0 ifpg=0. (5.20)

There are now five cases to consider.

Case 1: B # () and = 0. Equations (5.15) and (5.19) give

kn + 20 — 2

21
— (5.21)

6(G) <a<

which gives an immediate contadiction if (a) holds, or if (b) holds by Claim 5.4(ii).

If (c) holds then equation (5.20) gives

a <

o7 (X1 + (k= n + 20 - 2),

which contradicts (5.3) since X € Z(G) and N(X) C A. Thus Case 1 is impossible.

Case 2: B# () and 1 < 3 < k — 1. Equations (5.15) and (5.19) give

(k=0B)n+20—-2
2k -3 '

5(G)<B+a< B+ (5.22)

Denote the right-hand side of (5.22) by R(f). By differentiating R(/3), it is easy

to check that in the range 3 < 2k it is a concave function with a unique maximum
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value of n + 2k — 2vkn — 2l + 2 when 8 = 2k — v/kn — 2l + 2. This gives an
immediate contradiction if (b) holds. If 21 < kn — 4k? + 6k then R(1) > R(2), and

so the largest value of R(3) for integral 3 satisfying 1 < f < k — 1 occurs when

[ =1, so that

(k—=1n+20-2 (k—1)(n+2)+20-1
2% — 1 N 2%k — 1 '

5(G) <1+ (5.23)

If (a) or (c) holds then (5.2) holds by Claim 5.4(i), which contradicts (5.23). Thus

Case 2 is impossible.

Case 3: B # () and 3 = k. In this case we first claim that
dg-a(v) = k for every vertex v € V(G — A). (5.24)

For, suppose that there exists v € V(H) with dg_4(v) < k — 1. By (5.18) and
(5.16) we obtain

ka<w+20—2<n—a—b+2l—2,
which implies that a(k + 1) < n + 2] — 2, since b > 0. It follows that

n—+2—2

< < k-
5(G)\dG_A(v)+a\k; 1—|— ]{j—|—1

This is the same as equation (5.22) with 8 = k — 1, which we have already seen

to be impossible; hence (5.24) holds as claimed.

We now observe a constraint imposed on the order of L by the minimum degree
conditions, namely that

20 < kn — k* — k. (5.25)

To show this, suppose 21 > kn — k* — k. Then 2 > kn — k* — k + 2, since kn is

even by hypothesis. First suppose that either (a) or (c) holds, so that (5.2) holds
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by Claim 5.4(i), and 2] < kn — 4k* + 6k. Comparing the bounds for 2 gives
3k =Tk +2=(3k—1)(k—2) <0,

which is impossible for k > 3. If k = 2 then 2] > 2n — 4 by supposition, and (5.2)
implies

§(G)=itm+2+2)>in+2+2m—4)=n—%

a contradiction. If (b) holds then the supposition that 2/ > kn — k?* — k+ 2 implies
S(G)=n—+2k—2VE2+k>n+2k—2y/(k+3)2=n—1,

another contradiction. Hence (5.25) must hold. Now for convenience of notation
write

e=kn—2l+2. (5.26)
By (5.16), (5.18) and (5.26) we obtain

ka—kn+e:ka—2l+2<w—dL(H)<n%H—dL(H), (5.27)

interpreting (n —a —b)/c as 0 if w = 0, when c¢ is not defined. We now use (5.27)

to show that Case 3 is impossible.

First suppose that either (a) or (c¢) holds, so that (5.2) holds by Claim 5.4(i), and

21 < kn — 4k? + 6k, so that

€>4k* — 6k +2=2(k—1)(2k —1). (5.28)

Since dr,(H) > 0,b>1and ¢ > 3 if w > 0, (5.27) gives
ka —kn+e€ < 3(n—a).
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(If w = 0 this clearly holds, since then n —a = b > 1). Rearranging this yields

a<mn-— ¢
3k+1
Hence by (5.15) with § = k we obtain
3€
) k— :
(G) <n—+ SE 1

On the other hand, by (5.2) and the definition of € (see (5.26)),

2k — €

5(G) = (2k — D) —kn+2(k—1) +21) = n +

2k —1

Comparing these two bounds for §(G) gives

2k — € ek e
2k —1 3k+1’

and so (3k + 1)(2k —¢€) < (k(3k + 1) — 3¢)(2k — 1), which implies

€(3k — 4) < k(3k + 1)(2k — 3).

Since € > 2(k — 1)(2k — 1) by (5.28), we obtain

2k — 1)(2k — 1)(3k — 4) < k(3k + 1)(2k — 3).

2k — 1

(5.29)

(5.30)

If £ =2 or 3 this gives 12 < 10 or 100 < 90 respectively, a contradiction. If k > 4

then k + (3k — 1)(k — 4) > 0, which is equivalent to (2k — 1)(3k —4) > k(3k + 1).

Since 2(k—1) > 2k—3, it follows that (5.30) is impossible; thus Case 3 is impossible

if either (a) or (c) holds.

Now suppose that (b) holds. If w = 0 then (5.27) gives ka < kn — ¢, and by (5.15)

with § = k it follows that §(G) < n+ k — €/k. Comparing this with the lower
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bound for §(G) in (b) gives
n+2k—2ve<n+k—elk,

which implies that (k — \/€)?> < 0, a contradiction. So we may assume that w > 1.

If v is a vertex in a smallest component of H — L then
de—a(v) <dp(v) +dy_p(v) +dp(v) <b+c—1+di(v).
By (5.24), and since di(H) = 3~ ey ) dr(u) = di(v), it follows that
bz2k—c+1—dr(v) =2k—c+1—d.(H).
Substituting for b in the right-hand side of (5.27) gives
ka—kn+e<%[n—a—k+c—1+dL(H)]—dL(H). (5.31)

Since

n—a—k+c—1+d(H)2Zn—a—b>c>3,

repeated use of the fact the that % > g if x > y > 1 shows that the right-hand
side of (5.31) is largest when ¢ = 3. We can then replace dr(H) by 0, since it has

negative coefficient on the right-hand side of (5.31). Hence
ka <kn—e+3(n—a—k+2),

and (5.15) with § = k implies

MG <k+a<k+n-— (3e+k —2). (5.32)

1
3k +1
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Writing 6(G) =n — d, (5.32) becomes 3¢ + k — 2 < (k + d)(3k + 1), and so
e <K +dk+ i(d+2).
On the other hand, the assumption in (b) that §(G) > n + 2k — 2,/€ becomes
> 1(d+2k)? = k* + dk + 1d°.

Since d, k and € are integers, comparing these bounds for € gives L%(d+2)J > %dz,
a contradiction if d > 2. We may assume that d # 1, since a complete graph (with
d(G) = n — 1) clearly has a k-factor containing L when kn is even. Thus Case 3

is impossible.
The contradictions obtained in Cases 1-3 show:

Claim 5.6. If B£ 0 then > k+1. O

Before tackling the remaining two cases in the proof of Theorem 5.2, we establish
four more claims, leading to an upper bound on w. Our next claim gives a lower
bound for dr(H) = > ey dr(v). For compactness of notation, write oy :=
0(H). If v e V(H) then dy(v) < dy_r(v) + dr(v). Since dp(v) < k for all
v € V(G) by (L1), and ¢ is the order of the smallest component of H — L, it
follows that

og+1<c+k. (533)
Claim 5.7. d;(H) > clw(éy + 1) — h).

Proof. Choose an ordering C,Cs, ..., C, of the components of H — L so that
c=0c < ¢ < ... < ¢, where ¢; = |V(C;)]. Write w; := [{i : ¢; = j}|.

v € V(C;) then di(v) > 0y + 1 — ¢;. Hence

Z dr(v ¢i(0g+1—¢) foreachi (1 <i<w).
veV(Cy)
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It follows that

dr(H) =37 > dr(v) >3 glc), (5.34)

where the function g is defined by

r(dg+1—2x) ife<e<og+1,
g(x) :=
0 if x>0y +1.

Suppose that ¢ < ¢, < ¢; < oy + 1 for some p, ¢ such that 1 < p < ¢ < w. Since
g(x) is a concave function for ¢ < x < dy + 1, we may replace the values of ¢, and
¢q by ¢, — 1 and ¢, + 1, so that (5.34) still holds. Continuing in this way we may
assume that there is at most one j with ¢ < ¢; < dy +1. We can replace such a ¢;
by two fractional parts whose sum is ¢; (dropping the requirement that they are
integers), namely

(SH—f—l—Cj

5H+1—C<C) and

Cj—C
F— _C(5H+1).

Then (5.34) still holds by the concavity of g(x), and Y | ¢; = h still holds at this
point. Finally, if ¢; > 0y + 1 then g(c¢;) = 0, so we may replace any such ¢; by

dm + 1, thereby reducing > | ¢; and leaving (5.34) unchanged. Then
We + Wsy+1 = w and cwe + (0 + Dwsy,+1 < h. (5.35)
It follows from (5.34) and (5.35) that

dp(H) > wee(0g +1—¢) = (0 + 1)(w — wspy41) — CCwe

> (0 + 1)w — ch,

as required. [J
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By Claim 5.6, if B # () then ) _pdg_a(v) > 8b > (k+ 1)b. Hence (5.14) implies
(trivially if B = ) that

dk—di)+b<w—2. (5.36)

vEA

Since ) . plk —dr(v)] < kb and k > 1, and then by (5.36), we obtain

> [k —du()] < [k —dy(v)] + kb

veAUB vEA

<k (Z[k —dy(v)] + b) < k(w—2). (5.37)

vEA

This is quite small, because w < (2k — 1)/3 by (5.43) with ¢ > 3. Since

> [k —dp(v)] = kn— 21,
veV(Q)

and V(G) = V(H) U AU B (disjoint union), (5.37) gives the lower bound

kh—dp(H)= Y [k—dp(v)] > kn -2l — k(w — 2). (5.38)

veV(H)

Substituting for dy(H) using Claim 5.7 gives
kh > clw(dg +1) — h] + kn — 2] — k(w — 2). (5.39)

Claim 5.8. (i) n — §(G) = h — dy.

(ii) If (5.2) holds then
(2k —1)oy > 2k = 1)h +2(k — 1) — kn+ 21, (5.40)

and 2k —1—cw)(dy+1) = (k—c—1)h+ 6k — 3 — kw. (5.41)
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Proof.(i) This is true since the maximum degree in the complement of G, i.e.,

A(G) =n — §(G) — 1, is greater than or equal to A(H) = h — 0y — 1.

(ii) By Claim 5.8(i) and (5.2),

1
2k -1

n = (E=1)(n+2)+20)+h—0ipu. (5.42)

Multiplying through by (2k — 1) and rearranging yields

(2k —1)dy > (2k — 1)h 4+ 2(k — 1) — kn + 21,

which is the same as (5.40). Now replacing kh using (5.39) gives

(2k—=1)0g 2 (k—c—1Dh+cw(dy + 1) + 4k — 2 — kw,

so that (5.41) holds as claimed. O

Claim 5.9. The following two inequalities cannot hold simultaneously:

2k—1>cw and w > 3. (5.43)

Proof. Suppose that (5.43) holds. Then 2k > 3c+ 1 =2(c+ 1) +c¢— 1, and so
c 2 3 implies

k> 6, (5.44)

and

k—c—1>0. (5.45)

First suppose that either (a) or (c) holds, so that (5.2) holds by Claim 5.4(i),
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and 2] < kn — 4k* + 6k. Then (5.41) holds by Claim 5.8(ii). By supposition,
2k —1 —cw > 0 by (5.43), and so (5.33) and (5.41) imply

2k —1—cw)(c+ k)= (k—c—1)h+ 6k —3 — kw.

Since 21 < kn — 4k* + 6k by assumption in (a) or (c), and dp(H) > 0, (5.38)

implies that h > 4k —4 — w. Since k —c¢ —1 > 0 by (5.45), it follows that

2k —1—cw)(c+ k)= (k—c—1)4k — 4 —w) + 6k — 3 — kw,

which rearranges to

0>2k*—6ck —k+5c+1+w(ck—2k+c*+c+1).

Since w > 3 by (5.43), and the coefficient of w is positive since ¢ > 3,

0> 2k* —6ck —k+5c+1+3(ck+c+c+1—2k)
= 2k* — 3ck — Tk + 3¢ + 8c + 4

> 2k* + 3c(c — k) — Tk + 28.

Regarding 3c(c—k) as a quadratic in ¢, we see that the minimum occurs at ¢ = k/2;
hence

0> 2k* — 2k? — Tk + 28,
and so 0 > 5k? — 28k +112. This is clearly impossible, since & > 6 by (5.44). This
proves Claim 5.9 if either (a) or (c) holds.

Now suppose (b) holds, so that §(G) > n + 2k — 2v/kn — 2] + 2. Rearranging
squaring gives

4(kn — 21 +2) > (n — 0(G) + 2k)%;

90



thus Claim 5.8(i) implies

4(kn — 21 +2) > (h — 8y + 2k)*. (5.46)

On the other hand, rearranging (5.39) yields

kn—204+2<kh—cw(dyg +1)+ch+k(w—2)+2.

Substituting this into (5.46) gives

4(kh — cw(0p + 1) +ch+ k(w —2) +2) > (h — dg + 2k)?,

which implies

0> (h—0g)*+4[k* + 2k —2 — kéy + cw(0g + 1) — ch — kuw]. (5.47)

Consider the terms involving ¢ and w. Recall that ¢ > 3, ¢ > dg +1 — k by
(5.33), and w > 3 and certainly cw < 2k by (5.43). We claim that the minimum
of cw(dy + 1) — ch — kw, subject to the inequalities of the previous sentence, must

occur in one of the following three cases:
(i) c=w =23,
(i) w=3and 3 <c=dyg+1—k,
(iii) cw = 2k.
If ¢c(6g +1) < k (or w(dg + 1) < h) then the coefficient of w (respectively ¢) in
(5.47) must be non-positive, so the minimum occurs when w (or ¢) is maximised,
and (iii) holds. Otherwise we must have ¢(dg + 1) > k and w(dg + 1) > h, and so

the minimum occurs when ¢ and w are as small as possible, and either (i) or (ii)

holds.
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Fix ¢ and w so that the minimum occurs (i.e., either (i), (ii) or (iii) holds). Dif-
ferentiating the RHS of (5.47) with respect to h shows that the minimum occurs

when h = 2¢ + dy ; thus (5.47) implies, after cancelling a factor of 4,

0>k +2k—2—kég +cw(dg +1) - —cdg — kw. (5.48)

We now consider each of the three possibilities.

(i) w = ¢ = 3. Then (5.48) becomes

0> k*+2k —2—kdg +9(00x + 1) —9 — 30y — 3k

=k —k—2+0u(6—k).

Since 0y < k+ 2 by (5.33), and k > 6 by (5.44), it follows that

0>k*—k—2+(k+2)(6—k)=3k+10>0,

a contradiction.

(ii) w=3 and 3 < ¢ =0y + 1 — k. Substituting into (5.48) gives

0>k —k—2—kdg+20g(0g+1—k)+3(0g+1—k)— (0 +1—k)?
=k —k—2—kég+ (0g +2+k)(6g +1—k)

:6H(5H+1—k)+2(5[{—k5)>0,

another contradiction.

(iii) cw = 2k. First suppose that ¢ = 3. Then (5.48) gives

0> k>+4k — 11+ kéy — 36y — kw

= k(k — w) + 0 (k — 3) + 4k — 11,
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a contradiction since k > w, and k > 6 by (5.44). Thus we may assume that ¢ > 4.

Note that 2k > 3¢ (since w > 3) and so k > ¢ and k? > 2¢*. Hence (5.48) implies

0>k?+4k —2 —kw — 2+ (k- ¢)

since ¢ > 4. This contradiction shows that (5.43) is impossible when (b) holds;

this completes the proof of Claim 5.9. [

Claim 5.10. w < 2.

Proof. We prove this claim for (a), (b) and (c) together, since (5.2) holds by
Claim 5.4(i) and (iii). Suppose w > 3, so that cw > 2k — 1 by Claim 5.9. First
suppose that

o +1< —. (5.49)

IS~

Since (5.2) holds, Claim 5.8(ii) implies that (5.40) holds, and we can rewrite this
as

0> (2k — 1)h — (2k — 1)y + 21 — kn + 2k — 2. (5.50)

Relacing kh using (5.38) and dr(H) > 0 gives

0> (k—1)h— (2k — 10 + 2k — 2 — k(w — 2)

=(k—1)h—(2k—-1)(0g + 1) + 6k — 3 — kw,
and so by (5.49) we obtain

02(kw—w—2k+1)ﬁ+6k—3—kw. (5.51)
w
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Note that kw —w —2k+1=(k—1)(w—2)—1 > 0, since k > 2 and w > 3. Thus

(5.51) and h > cw imply

0> clhw—w—2k+1)4+6k—3—kw

= (2k—1)(3—c¢)+w(ck—c—k).
Now ck—c—k=(c—1)(k—1)—1> 0, since ¢ > 3 and k > 2. Hence w > 3 gives

0> (2k—-1)(3—c¢)+3(ck—c—k)

=3(k—1)4+c(k—2)>0.
This contradiction shows that (5.49) cannot hold here, so we may assume

h
og+1>—. (552)
w

This time we note that (5.2) and Claim 5.8(ii) imply (5.41), which rearranges to
0> (k—c—1)h+[cw—2k+1](0y + 1)+ 6k — 3 — kw.

Recall that cw > 2k — 1 by Claim 5.9, since we are assuming w > 3. Thus (5.52)

implies

02(k—c—l)h—i—[cw—2k+1]ﬁ+6k—3—k:w
w

:(kw—w—2k+1)h

— + 6k — 3 — kw,
w

which is the same as (5.51), and leads to a contradiction as before. This completes

the proof of Claim 5.10. [J
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Together with (5.14), Claims 5.6 and 5.10 imply

ka+b+2-Y dy(v) Sw(Ad B f) Sw<2 (5.53)

vEA
We can now deal with the remaining two cases in the proof of Theorem 5.2.
Case4: B # 0 and >k + 1. Since b > 1, (5.53) implies that

Zd,;(v) > ka+ 1.

veEA

Hence some vertex v € A must have d(v) > k, contradicting (L1), the assumption

that L is weakly k-good.

Case 5: B =1. Since b =0, if w(A,0; f) < 1 then we obtain a contradiction from
(5.53) as in Case 4. Hence w(A,0; f) =w =2and ), _,dr(v) > ka. By (L1) it

follows that . dr(v) = ka and so
ACZ={veV(G):dy(v) =k}

Hence any component of H — L = G — L — A is the union of some components of
G — L — Z, together with vertices in Z — A. Since L is strongly k-good by Claim
5.5, it follows by (L2) that }_, <y ) (k — dr(v)) is even for every component C' of
H — L. This implies that w(A, 0; f), the number of components of H — L such that
> vevicy(k — dr(v)) is odd, is zero; but we have just shown that w(A,0; f) = 2.

This contradiction completes the proof of Theorem 5.2. [J

5.4 Sharpness of Theorem 5.2

The examples are adapted from those given in [14] and [47], and take the general
form G = K, + H. (Recall that the join G + H of two graphs G and H is the
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graph obtained from their disjoint union by adding an edge between every vertex
in G and every vertex in H.) Note that if ka > 2] and a > k+1 then it is possible
to fit a weakly k-good set L of | edges inside K,. Also, if ka > 2] and kn is even,

then such a set L is strongly k-good, since then G — L — Z is connected, and so

(L2) holds (see (5.7)).

If G has a k-factor K containing L, let ex (K, : H) denote the number of edges
of K between the K, and H. Then ex(K, : H) =2 >, cyy)(k — du(v)), and

ex (K, : H) < ka — 2l. Thus if G has a k-factor containing L then

ka—21— Y (k—dy(v)) > 0. (5.54)

veV (H)

First we show that the bound §(G) > in + /k in (a) is sharp when k divides 21.

Let m > 2k — 4, and consider the graph Gy := K,,40/x + (m + 2) K5, which has

order n = 2(m +{/k + 1). Then kn is even,
20 = kn — 2k(m + 1) < kn — 4k* + 6k

and

6(Gi)=m+2/k=3n+1/k—1.

But if L is a weakly k-good set of | edges inside the K, 9/, then since
k(m+20/k) =2l — k(m+2) <0,

it follows by (5.54) that G has no k-factor containing L.

Our next two examples show that the bound 2/ < kn — 4k? + 6k in (a) is sharp
when £ divides 2[. Let

G = Kop—siok + Cop—1 and G = Kop_aqoyi + (k — 1) K.
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Then both graphs have order n = 4k — 6 + 21 /k, so that 2] = kn — 4k? + 6k and

kn is even. Also,
§(Gs) = 0(G3) =2k —3+2l/k = %n—l— l/k.

But if L is a weakly k-good set of [ edges inside the Ko_yi01 (t € {4,5}), then
since

k(2k — 5+ 21/k) — 21 — (k — 2)(2k — 1) = —2

and

k(2k — 4+ 21/k) — 20 — 2(k — 1)(k — 1) = —2,

it follows by (5.54) that neither G, nor G5 has a k-factor containing L.

We now examine the sharpness of the bound 6(G) > n+2k —2v/n — 2l + 2 in (b).
Recall by Claim 5.4(ii) that if (b) holds then 6(G) > in + I/k; we have already
seen that this is sharp when 21 < kn — 4k* 4+ 6k. Given k, [, and n such that kn

is even and

kn —4k* + 6k < 20 < kn — k* — k,

let b:= 2(%\/(11% — 204 2)]. Then b < n (since k <n—1),

k< Vi2+E+2<Vkn—2+2<b, (5.55)
and
< 2[3\/(4K? — 6k +2)] < 2[3,/(2k — 3)?] = 2[k — 3] = 2k. (5.56)

Thus we can define the graph G4 := K, + C}, where a :=n —b and t := k — %b,
so that 0 <t < £k < 3b by (5.55) and (5.56). Then

6(Ga) = a+2t =n+2k—2b=n+2k—4[3/(kn—20+2)].
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But if L is a set of [ edges inside the K, then G4 has no k-factor containing L by
(5.54) since

ka — 21 —b(k —2t) = k(n —b) — 2l — b(b — k) = kn — 2l — b* < —2.

Thus, provided it is possible to fit a strongly k-good set L of [-edges inside the K,
(which is the case whenever a > k + 1 and a > 2I, since kn is even), the bound
§(G) > n + 2k — 2v/kn — 21 + 2 is roughly best possible, and it is exact whenever
kn—2[+2 is an even square. For example, it is best possible for an infinite number
of triples (k,1,n) where k is odd, n is even, kn — 2l +2 = (k+1)? and 2k +2 < n;
thenb=k+1,s0a > k+1, and ka = kn— k(k+1) > 2[, so we can fit a strongly

k-good set L of [ edges inside the K.

Our last example demonstrates the sharpness of (5.2) and (5.3). Given k, [ and n
such that n is even and 21 < kn — 4k? + 6k, let r be an integer such that 2(2k—1)
divides n — 2r — 41 + 4, and 2kr < kn — 2] 4+ 2. [Such an r almost always exists:

let r satisfy 0 < r < 2k — 2 and %n—r—QH—QEO (mod 2k — 1); then either
2kr < 2k(2k — 3) < 4k® — 6k +2 < kn — 21 + 2,

or r = 2k — 2, in which case we need to suppose that 21 < kn — 4k* + 4k + 2].

Define the integer
1

Now define the graph
G5 = Ka + (TKl U bKQ),

where

a:=2k—-1Ds+r+20—2=

(k= 1n+r+20-2), (5.57)
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and

b::ks+l—1:2 (kn — 2kr — 20 4 2).

1
2k — 1)

Then G5 has order
n=a+2b+r=22k—1)s+2r+4 — 4.
Note that b > 0 since 2kr < kn — 20 + 2. Also, (5.57) implies

ka(2k — 1) = (k — 1)kn + kr + 2kl — 2k
> (k — 1)(2kr + 20 — 2) + kr + 2kl — 2k

= (2k — 1) (kr + 21 — 2).

Since a — r is even, it follows that ka > kr 4+ 20. If r = 0 and 2 > k(k + 1), or if
r > 2k, then a > k + 1 and ka > 2l; then it is possible to have a weakly k-good
set L of | edges inside the K,. Let L be such a set. In fact, L must be strongly
k-good: this is true if ka > 2l since kn is even; and if »r = 0 and ka = 2I, then
every component C' of G — L — Z = bK5 has }_ .y (k — dr(v)) = 2k which is

even, so (L2) holds. Also, since

ka — 20 — kr + 2(k — 1)b

=k@2k—-1)s+r+20—-2)—20—-2(k—1)(ks+1—-1) = -2,

it follows by (5.54) that G5 does not have a k-factor containing L.

If » = 0 then (5.57) gives

0(G5)=a+1= (E=1)(n+2)+20—1);

thus (5.2) is sharp when k(k + 1) < 21 < kn — 4k* + 6k and 2(2k — 1) divides

99



n—4l + 4.

If > 2k and X := V(rK;) then

1

(k= Dn+r+20—2), (5.58)

so that (5.3) just fails to hold. Also, G satisfies (5.2), since §(G5) = a and r > 2k.
Moreover, any other set Y € Z(G5) has [N(Y)| > |N(X)| and satisfies (5.3): if
Y| < |X]| then this follows directly from (5.58), while if |Y| > |X| and Y includes
any vertices from outside X, then clearly [N (Y)|—|N(X)| exceeds 57— (|Y|—|X]).

Thus (5.3) is sharp.
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Chapter 6

Circumference

6.1 Introduction

The circumference ¢(G) of a graph G is the length of a longest cycle in G. In this
chapter we give neighbourhood conditions which suffice to ensure that ¢(G) > k.
We generalise Woodall’s result on Hamiltonicity [46, 47] (see Section 1.2) with
Theorem 6.1, which is proved in Section 6.3 and shown to be sharp in Section
6.4. A graph is t-connected if it is connected and there does not exist a set of
t — 1 vertices whose removal disconnects the graph. Recall that Z(G) denotes the

family of nonempty independent subsets of V (G).

Theorem 6.1. Let G be a graph of order n and let k be an integer, with 3 < k < n.
If k > 5 suppose that G is 2-connected, and if k =9 or 11 < k < n — 2, suppose

further that G is 3-connected. Suppose that G has minimum degree
k41, (6.1)

and if k =9 or k > 11 suppose that

IN(X)| = 3(|X|+ 2k —n —1) whenever X € Z(G). (6.2)

Then ¢(G) > k.
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In Section 6.2 we consider some lemmas to be used in the proof of Theorem 6.1. In
particular, using a result of Min Aung [3], we prove Lemma 6.6, a generalisation
of Woodall’s Hopping Lemma [45]. Examples to demonstrate the sharpness of

Lemma 6.6 are given in Section 6.4.

If H is a subgraph of G, write e(H) for |E(H)|. If C : ajay...ayna, is a cycle in
G, where the suffices of the a; are reduced modulo m, write C[a;, a;] for the path

iQiyq - .. Qj.

6.2 Preliminary Lemmas

The proof of Lemma 4 of [33] implies the following lemma, which we will use in
our proof of Theorem 6.1 in the case when k is close to n.
Lemma 6.2. (Nash-Williams [33]) Let G be a 2-connected graph of order n, with

0(G) = 3(n+2). If C is a cycle of mazimum length in G then e(G — C) = 0. O

If H is a subgraph of G, the average degree of H in G is

1
v 2= el

z€V(H)

Now let C' be a cycle and let H be a component of G —C. We say that C'is locally
longest with respect to H in G if we cannot obtain a cycle longer longer than C'
by replacing a segment C|u, v] by a (u,v)-path all of whose interior vertices lie in
H. Ifz € V(G- C), an (x,C)-path is a path connecting x to some vertex v € C'
such that v is the only vertex of C' on the path. Two (z, C')-paths are said to be
disjoint if they have only the vertex z in common. A component H of G — C' is
locally 3-connected to C'in G if for every vertex € V(H), there are three pairwise

disjoint (z, C')-paths in G.
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The following lemma is a special case of a theorem of Fan ([18], Theorem 2);

Nagayama remedied a gap in the proof of this theorem in [32].

Lemma 6.3. (Fan [18]) Let C be a cycle of length ¢ in G, and let H be a component
of G — C with |V(H)| > 2. Suppose that C' is locally longest with respect to H,

and H s locally 3-connected to C. Suppose further that the average degree of H

in G is at least r. Then ¢ > 3(r —1). O

The following corollary of Lemma 6.3 will be used in the proof of Theorem 6.1.

Corollary 6.4. Let G be a 3-connected graph with minimum degree 6(G) > %k:—i— 1.
If there exists a cycle C' of maximal length in G such that e(G — C) > 0, then
c(G) = k.

Proof. Choose a component H of G — C such that |V(H)| > 2. Clearly the
average degree of H in G is at least as large as 6(G); C is locally longest with
respect to H since it has maximal length in G; and H is locally 3-connected to C,

since GG is 3-connected. Hence we can apply Lemma 6.3 to obtain

o(G) = 3(r—1) = 3(8(G) — 1) > k. O

Next we state a lemma of Woodall [45].

Lemma 6.5. (Woodall [45]) Let C be a cycle of length m. Let X be a set of
vertices of C' that contains no two consecutive vertices of C'. Let Y be the set of
vertices of C' whose two neighbours round C are both in X. Then |Y| = 3| X| —m.

O

The remainder of this section concerns the proof of Lemma 6.6, a generalisation
of Woodall’s Hopping Lemma [45]. The application of Lemmas 6.5 and 6.6 (in the
same fashion as the original Hopping Lemma was used in [46]) will be a key step

in the proof of Theorem 6.1.
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Lemma 6.6. (Adapted Hopping Lemma) Let G be a graph of order n, and let
C:ayay...anay be a cycle of mazimum length in G. Suppose that e(G — C) =0
for every cycle of length m in G. If n > m + 2, suppose that §(G) > im + 1. Let

Yy := 0 and, for j > 1, define

and

Y :={a; € C:a;_1 € X; and a;11 € X;}.

(SoNV(G-0)=X1CXoC ... and 0=Y, CY, CY,C....) Then, for all
j =1, X; CC and X; does not contain two consecutive vertices of C. (Hence the

same is true for Y, and X; NY; = 0.) Also, Y; is an independent set for each j.

[We first proved a weaker version of Lemma 6.6, with minimum degree condition
6(G) = 3(m + 2), by showing that the the vertices in C' cannot be arranged to
form any path P : byby...b,, with both end vertices in X; = V(G — C). This

weaker lemma was enough for the purposes of proving Theorem 6.1.

While trying to obtain a sharp bound on §(G) for the Lemma, we found examples
showing that §(G) > 1m + 1 is best possible (see Section 6.4), but we had not
quite proved that this bound on §(G) is sufficient. We then discovered that, under
the same hypotheses, a similar hopping lemma had already been proved by Min
Aung [3], using Claim 6.7 below, and the observation that it is enough to consider
just the good paths. Say that an edge of C' is bad if it is incident with two vertices
in N(v) for some v € V(G) \ V(C); a path P is good if V(P) = V(C) and it

contains no bad edge.|

Proof of Lemma 6.6. The result is obvious when G — C' = (), so suppose that
n > m+ 1. We follow the proof of the original Hopping Lemma [45]. Since

e(G—C) =0, X; C C by definition. To prove the rest of the Lemma, we establish
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that the following statement A(j) holds for j > 1.

A(j). There is no good path P; : biby...b,, with both end vertices in X; such
that, if b, € Y, for some j' < j—1, and b; ¢ {b1,b,,,}, then b;_; € X, and

bi+1 S Xj/ .

It follows from A(j) that X, does not contain two consecutive vertices of C. For,
if a; and a;41 € X, then the path Cla;11,a;] is good, since the length of C' is
maximal in G, and it contradicts A(j). Hence Y; does not contain two consecutive

vertices of C' and X; NY; = 0.

Clearly N(Y;) C CUV(G — C). But if a € N(Yj) for some a € V(G — C) then
N(a)NY; # 0; whereas in fact N(a) NY; C X; NY;, which we have just shown to
be empty. Hence N(Y;) C C and so X;; C C.

It also follows from A(j) that Y; is an independent set (j = 1,2,...), since if
a; € Y; N N(Y;) then

a; €Y;NX; CYNXjpm =0,

a contradiction.

We prove A(j) by induction on j. If n = m + 1, then A(1) clearly holds: since if
the path P existed, with both end vertices in X; = N(v), then we could add v to
Py to form a cycle of length m + 1, contradicting the fact that C' has maximum

length. If n > m + 2 then 6(G) > 3m + 1, and A(1) follows from the next claim.

Claim 6.7. (Min Aung, [3]) If G satisfies the hypotheses of Lemma 6.6, with

6(G) = ym + 1, then there is no good path with both end vertices in X;. O

The inductive step follows [45], with the modification that paths are good. Let
J = 2, and suppose that P; : biby ... by, is a good path as described in A(j), with

by and b,, € X;. Then we must have one of the following situations:
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(a) by and by, are both in X, _;: this contradicts A(j — 1) directly.

(b) by is in X;_y but by, is not (or vice versa): then b,, € N(b,) for some b, in
Y;-1\Yj—2. Thend, ¢ N(G—C) since X;_1NY;_; = 0 by the induction hypothesis;
hence the edge b.b,, is not bad. Also b, # by (again since X; 1 NY;_; = @) and

clearly b, # b,,. By the hypothesis of A(j), b,11 € X;_1, and so the good path

P blbg e brbmbm—l e br+1

connects two vertices in X;_;. This contradicts A(j — 1) since the only vertices
whose neighbours have altered from what they were in P; are b,, b,41 and by,
none of which is in Y} for any j' < j — 2 (since b, € Y;_1\Yj_2; b1 ¢ Y1, since
b1 € Xjpand X5, NY;_ = 0; and b, ¢ Y;_o, since, if it were, b, would be in
X;_1 (since b, and b, are adjacent), and b, € Y;_4, not X;_4).

(¢) Neither by or b, is in X;_;, but by € N(b,) and b,, € N(bs) where b, and
bs € Y;_1\Y;_2; hence b,,b; ¢ N(G — C) since X;_; NY;_; = (. Note that when
we dismissed case (b) we completed the proof of the non-existence of the path P;

with b; in X;_;. It follows that no two vertices in Y;_; are adjacent: for, if

a; €Y, 1NN(Y;1) CY;o1NXj,

then a,41 € X;_; by the definition of Y;_;, and so C[a;41, a;] would be such a good
path P;. In particular, b, and by are non-adjacent, thus b; # b and b, # b,,. So

there are two possibilities to consider:

(cl) 1 <r < s<m. In this case the path

Dy_1bys .. Dibybrgt - bbbt - . ber1

connects two vertices in X;_;. It is a good path since b,,b, ¢ N(G — C); and it
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contradicts A(j — 1) for the same reasons as in case (b).

(c2) 1< s <r < m. In this case the good path
bs—1bs—o ... b1bybr—1 .. . bsby b1 .. briq

contradicts A(j — 1) as before. This completes the proof of Lemma 6.6. O

6.3 Proof of Theorem 6.1

There are two main cases to consider.

Case 1 : 3 < k < 8 or k = 10. In this case, we will use the following three
statements, proved by Dirac [13], about the circumference of a graph G of order

n > 3.

(D1) If 6(G) > t then ¢(G) >t + 1.

(D2) If 6(G) = n/2 then G is Hamiltonian.

(D3) If G is 2-connected and 0(G) > t, where n > 2t, then ¢(G) > 2t.

If k € {3,4} then 6(G) > [5k+1] = k—1 by (6.1); then Theorem 6.1 follows from
(D1). If k € {5,6,7,8,10} then G is 2-connected by hypothesis, and (6.1) implies
0(G) = [$k + 1] > k/2; then Theorem 6.1 follows from (D3) if n > 2[sk + 1],
and from (D2) otherwise.

Case2: k=9 or11 <k < n. If E <n— 2 then G is 3-connected by hypothesis.
Then if there exists a cycle C' of maximal length in G such that e(G—C') > 0, then
G satisfies the hypotheses of Corollary 6.4, and so ¢(G) > k. If k € {n—1,n} then
G satisfies the hypotheses of Lemma 6.2. Thus we may assume that e(G —C) =0

for every cycle C of maximal length in G.

Since n > k > 9 in Case 2, (6.1) and (D1) imply ¢(G) > 5. Let C : ajas ... anaq

be a cycle of maximum length in G, so that e(G — C') = 0. Define Y; = ) and X
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and Y; (j =1,2,...) as in Lemma 6.6. Suppose that m < k — 1, so that
0(G) = 3(k+1)>5(m+2)>im+1,

by (6.1) since m > 5. Then Lemma 6.6 implies that the vertices of X, are non-

consecutive in C. Hence Lemma 6.5 implies

Yl 280X -m (j=12...). (6.3)

Also, each set Y; U V(G — C) is nonempty (since m < k—1 < n — 1) and

independent, by Lemma 6.6 and since e(G — C') = 0. Hence (6.2) implies

X, = NV UV(G = ) 2 5((Yjoa| +n—m) + 2k —n — 1)

(Vjor| + 2k —m—1) (=12...).

1
3
Substituting this into (6.3) yields

By induction, it follows that |Y;| > j (j = 0,1,...). In particular, |Y, 1| > n+1,

a contradiction since G has order n. This completes the proof of Theorem 6.1. [J

6.4 Sharpness of Lemma 6.6 and Theorem 6.1

We first show that the minimum degree condition §(G) > 3m + 1 in Lemma 6.6

is sharp when n > m + 2. Define the graph G of order n =m + 2+t (t > 0) as

follows. If m € {3,4}, let G; consist of a cycle a; . .. a,a1, with a vertex w adjacent
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to ag, and vertices v, vy, ..., v; each adjacent to as. If m > 5, let a := Li(m —1)]

and v:=m — 1 — 4a, so that v € {0, 1,2,3}. Then define
G1 = OéKl + (H U (C( — 1)K1’2),
where H is the graph of order 6 + ¢ 4 7 consisting of the path

102G304 . . . Q44~,

with a vertex w adjacent to ao, and vertices v, vy, ..., v; each adjacent to az. The
longest cycle in Gy has length 2a + 2(av — 1) + 3 + v = m, and any cycle C' of
length m in G; must contain the (o — 1) paths K; 5 and a path of length 3 + ~
(with 4 4 v vertices) inside H, and so e(G; — C') = 0. Thus G satisfies all of the
hypotheses of Lemma 6.6 except that §(G1) = a+1 = [3(m+ 3)]; but if C'is a
cycle of length m in G; then X; = Ng, (G — C) contains two consecutive vertices

of C'; namely ay and as.
Sharpness of Theorem 6.1.

In the case k = n, the bound §(G) > 3(n + 2) in place of (6.1) is sufficient and
sharp, as shown by Woodall [46]. The graphs aK, and bKj3 (a,b > 2) show that
(6.1) is sharp when k € {3,4}. The bipartite graph K, s, with r = [k/3] and s > r
has circumference 2r, and is r-connected; thus (6.1) is sharp when 5 < k£ < 8 or
k =10. (We have not found a suitable example when k£ =9.) To see that (6.1) is
sharp whenever 11 < k < n — 1, define p := [k/3] — 1 and consider the graph
. pKi + 3(n —p)K, if n— [k/3] is odd,
2 =
pKi 4+ (K3Ui(n—p—3)Ky) if n— [k/3] is even.
Since n > k > max{2p + 1,3p}, we obtain n — p > max{p + 1,2p}. It follows

that 6(G2) = p+ 1 < £(k + 2); and a longest cycle in G5 must contain the pKj.
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Thus if n — [k/3] is odd then ¢(Gy) = 3p < k, and if n — [k/3] is even then
¢(Gs) = 3p + 1, which is less than k unless £ = 1 (mod 3). In this case, redefine
p = [k/3] —2so that §(G3) = p+1=3(k—1) and ¢(G2) =3p+1 =k — 3.
It remains to check that G, satisfies all of the other hypotheses of Theorem 6.1.
Firstly, G is 3-connected, since p > 3. Now let X := V(pK}), and let Y € Z(G>)
consist of 7 vertices (2 < r < §(n — p)), each from a different copy of Kj (or Kj)
in Gy. Then [Ng,(X)| =n —p and [Ng,(Y)| = p+r. So to see that X and Y

satisfy (6.2), we need to check that
n—pzilp+2k—n—1) and p+r = 3(r+2k—n—1),

that is, 4n > 4p + 2k — 1 and n + 3p + 2r > 2k — 1. Both of these inequalities

hold, since n > k > 3p, 3p > k — 4 and r > 2.

Next we show that (6.2) is best possible. Given n and k with & < n and either

k=9 or k > 11, choose b satisfying 0 < b < %k —3and b=k + 1 (mod 2); then
E+12>4. (6.4)

Deﬁnea::n—%(?)b—i—k—l). Thena)n—%(Zk—lO) > 5, since b < 2k — 3 and

1
3

n > k. Also, since 3b+1 < kand k <n+1=a+ 5(3b+k+ 1), it follows that

b<lk—b—1)<a+b. (6.5)

2
Consider the graph
Gg = (CLKl U bKQ) + %(k’ —b-— 1)K1,

which has order n = a + %(Bb + k — 1). Note that G5 is certainly 3-connected,

by (6.4) and since a > 5. By (6.5), the longest cycle in G5 contains the K, and
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the $(k — b — 1)Ky; thus ¢(Gy) = (k—b—1) + b=k — 1. Also, it follows from
(6.5) and (6.4) that 6(G3) = 3(k —b—1) > 3k + 1; hence Gj satisfies (6.1). If
X = V((lKl) € Z(Gg) then

INey(X)| =2k —b—-1) =13k =30 —3) = L(|X| +2k —n—2).  (6.6)

Thus X just fails to satisfy (6.2). If Y € Z(G3) and Y # X then (6.5) implies
IN(Y)| > |[N(X)|, and Y satisfies (6.2): if |Y| < |X| then this follows directly
from (6.6); if |Y| > |X| and Y C V(aK; UbK,), then clearly |N(Y)| — |N(X)|
exceeds 3(|Y| — |X|); and if Y = V(5(k — b —1)K1) then (6.5) implies

INY)|=a+2b>3(k—b—1)+b> |[N(X)|+ 3b

> |INX)|+ 2L (k—b—1) —a),

and it follows from (6.6) that Y satisfies (6.2). Hence (6.2) is sharp.

We now show that 2-connectedness is required. Suppose k > 5, and let G4 be a
connected graph consisting of at least two copies of Kj_; connected in a tree-like
structure, that is: any two copies of Kj_; share at most one vertex (a cut-vertez);
any vertex lies in at most two copies of Kj;_1; and any cycle in (G4 lies inside one
copy of Kj_1. [Then each copy of K} ;1 corresponds to a vertex of a tree, with
two such vertices joined by an edge if and only if the two corresponding copies of

K} share a cut-vertex. Note that a tree of order ¢ has ¢t — 1 edges.]

Then §(Gy) =k —2 > tk+ 1, since k > 5. Let X € I(Gy4). Bach vertex z € X
has degree at least k — 2, and no two members of X lie in the same copy of Kj_;.
Also, | X| copies of Kj_; can share at most at most |X| — 1 cut-vertices between

them. Hence |Ng,(X)| > (k — 3)|X| + 1; and X satisfies (6.2) if

(k=3)|X|+1>=%(|X|+2k—n—-1),

1
3
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that is, (3k — 10)|X| +n — 2k + 4 > 0. This is true, since | X| > 1, n > k and
k > 5. Thus G4 satisfies all of the other hypotheses of Theorem 6.1, but G4 is not

2-connected and ¢(Gy) =k — 1.

Lastly, we consider 3-connectedness. Given n and k with k& < n — 2 and either
k=9 or k> 11, let ¢ be an integer satisfying %k’ <qg< %(k — 3). Consider the
graph G5 := 2K, + tK,, where t > 3; then G5 has order n = gt + 2. Also, Gj is
2-connected, and §(G5) =g+ 1 > %k + 1. Let X; = V(2K)), and let Xy € Z(G5)

consist of r (2 < r < t) vertices, each from a different copy of K,. Then

|NG5(X1)| =qt > (q - 1)T +2= |NG5(X2>|a

since t > r and ¢ > %k > 3; and | X| =2 < r =|X3|. So to see that both X; and

X, satisfy (6.2) it suffices to check that

(q—Dr+2>3(r+2k—n-1),

that is, n+3qr—4r —2k+7 > 0. Since n = qt +2 > 3¢+ 2 and 3¢ > k we obtain

n+3qr—4r —2k+7 > 6qg—2k+3q(r—1) —4r+9

z B¢—4)(r—1)+1,

which is positive since ¢ > 3 and r > 2. Thus G5 satisfies all of the hypothesis
of Theorem 6.1 except 3-connectedness, but ¢(Gs) = 2¢ + 2 < k. So something
stronger than 2-connectedness is needed, but this counter example does suggest a

possible refinement of Theorem 6.1:

Conjecture 6.8. The assumption ‘G is 3-connected’ in Theorem 6.1 can be re-

placed by ‘G —v—w has at most two components for any two vertices v, w € V(G)’.

112



Part 11

Edge colourings of powers of

cycles
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Chapter 7

Introduction to Part 11

7.1 Terminology and notation

In Part II we work with simple graphs, but we also refer to the more general
notion of multigraphs, in which there can be multiple edges between vertices, and
loops (edges with both ends incident with the same vertex). [The graph colouring

definitions in this section apply to any multigraph, not just simple graphs.]

If n > 3 and p > 1, the cycle power C? is the graph with vertex-set {vo,...,v,_1}

in which two vertices v; and v; are adjacent if and only if
je{i—-p,...,i—1,i+1,...,i+ p} (modulo n).

Note that if p > 1(n — 1) then C? = K,,, the complete graph of order n.

A wertex colouring, or just colouring, is an assignment of a colour to each vertex
of a graph G. A colouring is proper if no two adjacent vertices are given the same
colour. If G has a proper colouring using at most k colours, then G is k-colourable.
The smallest integer k such that GG is k-colourable is called the chromatic number

X(G) of G.
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A proper edge colouring of G is an assignment of a colour to each edge of G such
that adjacent edges always get different colours. A graph is edge-k-colourable if it
has a proper edge colouring using at most k-colours. The edge chromatic number

X'(G) of G is the smallest number k such that G is edge-k-colourable.

A list-assignment L to (the vertices of) G is the assignment of a set L(v) of colours
to every vertex v of G. If L is a list-assignment to G, then an L-colouring of G
is a colouring (not necessarily proper) in which each vertex receives a colour from
its own list. The graph G is k-choosable if it is properly L-colourable for every
list-assignment L such that |L(v)| > k for all v € V(G). The choosability ch(G)

of GG is the smallest integer k such that G is k-choosable.

The edge choosability ch’(G) of G is the smallest integer k such that whenever
every edge of (G is given a list of at least k colours, there exists a proper-edge

colouring of GG in which every edge receives a colour from its lists.

A total colouring of a graph G is an assignment of a colour to every vertex and
every edge of G in such a way that no two adjacent or incident objects (edges
or vertices) have the same colour. The total chromatic number x"(G) of G is the

smallest integer £ such that G has a total colouring using k colours.

The line graph L(G) of a graph G has a vertex corresponding to every edge of G,
with an edge joining two vertices of L(G) whenever the corresponding edges of G
are adjacent. Sometimes it is easier to regard a list-edge-colouring of G as a list-
vertex-colouring of L(G). We will make use of the fact that ch’(G) = ch(L(G)) in
Chapter 9. Note that the line graphs of a simple graph is the edge-disjoint union
of the cliques (complete subgraphs) corresponding to the vertices of the original
graph, and every vertex in the line graph belongs to exactly two cliques in the

clique decomposition.
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7.2 Background

Chapter 8 : Edge chromatic number of C?

Write A = A(G) for the maximum degree of a simple graph G. By Vizing’s
Theorem [43], X'(G) < A+1. Since clearly \'(G) > A(G), it follows that for every
simple graph G, either x'(G) = A(G) (G is of class one) or X'(G) = A(G) + 1
(G is of class two). A graph G is said to be overfull if |[E(G)| > A(G) 5]V (G)|].
An overfull graph must be of class two, since each colour can be used on at most

L%]V(G)H edges.

For cycles, it is easy to see that x/(C,) = 2 if and only if n is even. Now consider
the complete graph K, (n > 3), and let V(K,,) = {vo,...,v,_1}. Assigning colour
i+ j (mod n) to every edge v;v; gives a proper edge-n-colouring of K,,. If n is
odd then K, is overfull; thus x/'(K,) = n if n is odd. If n is even then we can
edge-(n — 1)-colour K,, — v,_1 by the above method. Then colouring each edge
v;U,—1 with colour 2i (mod n — 1) gives a proper edge-(n — 1)-colouring of K,.

Thus Y/ (K,) =n — 1if n is even.

A circulant graph G is a graph with vertex-set {vg,v1,...,v,_1} such that two
vertices v; and v; are adjacent if and only if [i—j| € K, where K C {1,2,...,n—1}
has the property that k € K if and only if n — k € K. Sun Liang [31] proved that
connected circulant graphs of even order have a 1-factorisation (that is, a partition
of the edges into perfect matchings). This proves that x'(C?) = A = 2p if n is
evenand 1 < p < %n — 1. Before coming across Sun Liang’s paper, we determined
X' (C?) when 1 < p < %n — 1 by finding edge-2p-colourings of C? when n is even.

We have included our proof in Chapter 8.
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Chapter 9 : Edge choosability of C?

The following conjecture was proposed independently by Vizing, by Gupta, and by
Albertson and Collins. It was previously known as the List Colouring Conjecture

[1], but is now known as the List-Edge-Colouring Conjecture (LECC) [28, 48].

Conjecture 7.1. (The LECC) For every multigraph G, ch'(G) = x/'(G).

Several previous results, for example, [19, 9, 24], verify the LECC for different
classes of graphs. We focus here on results relating to powers of cycles. Both
Vizing [44] and Erdés, Rubin and Taylor [17] proved that ch(G) = x(G) =2 if G
is an even cycle, and it is easy to see that ch(G) = x(G) = 3 if G is in odd cycle.
Since L(C,,) = C,, this also proves the LECC for cycles.

In 1996, Ellingham and Goddyn [15] proved the LECC for all d-regular edge-
d-colourable planar multigraphs. In particular, this result proves the LECC for
squares of even cycles. (The result of Sun Liang [31] mentioned above shows such
graphs have a 1-factorisation, and hence an edge 4-colouring; in Chapter 8 we
give explicit edge-4-colourings.) In 1997, Haggkvist and Janssen [22] showed that
ch’'(K,) < n for every n. This proves the LECC for K,, when n is odd, since then
X' (K,) = n.

Both [15] and [22] use the method of Alon and Tarsi [1, 2]. In Section 9.2.1 we give
an outline of this important method. Then in Section 9.2.2 we use it to prove that
ch’'(C?) < 5 for every n > 3, which proves the LECC for squares of odd cycles.
This completes the proof of the LECC for squares of cycles. In Section 9.3 we
suggest ways in which this result might extend to C? when 3 < p < %n — 1, and

prove that ch’'(Cg) < 7.

An equivalent formulation of the LECC is that ch(G) = x(G) for every graph G
that is the line graph of a multigraph. Since every line graph is claw-free (that is,

it does not have K, 3 as an induced subgraph), the following conjecture, due to

Gravier and Maffray [20], would imply the LECC.
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Conjecture 7.2. (The List-Colouring Conjecture for Claw-Free Graphs) For
every claw-free graph G, ch(G) = x(G).

Kostochka and Woodall [28] conjectured that squares of graphs are another class

of graphs for which choosablility equals chromatic number:

Conjecture 7.3. (The List-Square-Colouring Conjecture) For every graph G,
ch(G?) = x(G?).

In 2003, Prowse and Woodall [38] used the Alon-Tarsi method to prove that
X(CP) = ch(CP). Since C? is claw-free, this proves the List-Colouring Conjec-
ture for Claw-Free Graphs for CP; and since C?! = (C?)?, it also proves the

List-Square-Colouring Conjecture when G is a cycle power.

For total colourings, clearly x”(G) > A(G) + 1. The Total-Colouring Conjecture
(TCC) states that x"(G) < A(G)+2, where A(G) denotes the maximum degree of
a (finite simple) graph G. In 2007, Campos and de Mello [12] proved the TCC for
C? when n is even and 2 < p < n/2. For cycles, Yap [49] proved that x"(C,,) = 3
if n =0 (mod 3) and x”(C,,) = 4 otherwise. For squares of cycles, Campos and
de Mello [11] proved that x”(C?) = 4 if n # 7, and x”"(C?) = 5. Finally, Behzad

et al. [4] proved that x"(K,) = n if n is odd and x"(K,) =n + 1 if n is even.
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Chapter 8

Edge chromatic number of C?,

Write A(G) for the maximum degree of a simple graph G. Recall by Vizing’s
Theorem [43] that, for any simple graph G, x/(G) is either A(G) or A(G) + 1.
In this chapter we establish the edge chromatic number of powers of cycles. Sun

Liang [31] proved a more general result; see Section 7.2.

Theorem 8.1. Supose that 1 < p < in —1. Then x/'(C?) = A(CE) = 2p if and

only if n is even.

Before proving Theorem 8.1, we need an easy lemma. The d-prism II; (d > 3)
is the graph with 2d vertices consisting of two cycles ujus ... ug and wiws . .. wy
with a matching {u;w; : 1 < i < d} of d edges between them. Lemma 8.2 is a
special case of a result of Kotzig (Theorem 5 of [29]), since II; can be regarded as

the Cartesian product Cy x K5, and K, clearly has a 1-factorisation.

Lemma 8.2. \/(II;) = A(Il) = 3.

Proof. Assign identical edge-3-colourings v to the two cycles of length d, so that
Y(ujuiyr) = y(wiw;y1) (modulo d) for 1 < i < d. Then, for each i, the same two
colours have been used on edges meeting at u; as those meeting at w;, and we can

colour u;w; with the remaining colour. [J
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In the following proof, we write (n, r) for the highest common factor of two integers

n and r.
Proof of Theorem 8.1.

Since 1 < p < 3n — 1, C? is (2p)-regular, and |E(C?)| = np. If n is odd, then

n] = p(n — 1); thus C? is overfull and x'(C?) = A(CE) +1 = 2p + 1.

N[

np > 2p|

So suppose n is even. We will examine the structure of C? to find an edge-
(2p)-colouring. For each i (1 < < p), C? contains a 2-regular spanning subgraph
consisting of (n, 7) cycles, each of length n/(n, ). Label these subgraphs S, ..., .S,.
If p is odd, so that n/(n,p) is even, then S, is the disjoint union of even cycles,
and so S, can be edge-2-coloured. Then there are 2(p — 1) colours remaining to
colour the edges of G — E(S,) = C2~!; thus it is sufficient to consider the case
when p is even. We will show that the subgraph S, U .S, is edge-4-colourable;

the result follows by induction.

Note that n/(n,p—1) is always even, since n and p are even. If n/(n, p) is also even,
then we can edge-2-colour S,_;, and then edge-2-colour .S, with 2 new colours, and

we are done. So suppose n = 2dr, where d is odd, and (n,p) = 2r, so that

(d2)=(22)=1 (8.1)

Since p is a multiple of 2r, dp is a multiple of n and

{p,2p,...,dp} C{2r,4r,...,2dr =n} (mod n).

Moreover, if n divides gp then d = 3- divides ¢35, and so d divides ¢ by (8.1). Thus
dp is the smallest multiple of p that is a multiple of n, and p,2p,...,dp are the

same as 2r,4r,...,2dr =n (mod n). Thus S, is the union of 2r vertex-disjoint
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d-cycles:

Q- V1Up41 - - - V(d—1)p+1

Q2 : V2Upy2 .- - V(d—1)p+2

Q2T L V2rUpg2r - - - U(d—1)p+2r-

Note that if v; € Q); then i = j (mod 2). For 1 <k < r, let

My, := {0vigp—1 1 V; € Qar}.

Then My C E(Sp-1), and M := Uj_; M is a perfect matching of S,_; (and of
CP), since every vertex v; (i even) is in exactly one set Qo (1 < k < 7). Thus
Sp—1U S, is the union of a 1-factor S,_; \ M and r disjoint copies of I, namely
Qaor-1 U Qo UM, (1 < k < r). Hence we can use one colour for the edges of
the 1-factor, then (by Lemma 8.2) we can edge-colour each copy of II; with the
remaining 3 colours, giving an edge-4-colouring of S,_; U S,,. This completes the

proof of Theorem 8.1. [
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Chapter 9

Edge choosability of C?

9.1 Introduction

The List-Edge-Colouring Conjecture (LECC) states that for every multigraph H,
ch’(H) = x/(H). In this chapter, we prove the LECC for squares of odd cycles,
by giving an upper bound on the edge choosability ch’(C?) of C?. Recall that
C? is the graph with vertex-set {vy,...,v,_1} in which two vertices v; and v; are

adjacent if and only if j € {i —2,i — 1,7+ 1,7 4+ 2} (modulo n).

Theorem 9.1. For alln > 3, ch'(C?) < 5.

When n is odd, x'(C?) = 5, and so Theorem 9.1 proves the LECC for squares of
odd cycles. As mentioned in Section 7.2, a result of Ellingham and Goddyn [15]

proves the LECC for even cycles.

Héggkvist and Janssen [22] used the method of Alon and Tarsi [1, 2] to prove that
ch'(K,) < n for every n. In Section 9.2 we adopt a similar approach to prove

Theorem 9.1; the Alon-Tarsi method is outlined in Section 9.2.1.

In Section 9.3 we suggest ways in which Theorem 9.1 might extend to C? when

3 <p < 3n—1, and prove that ch'(C$) < 7.
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9.2 Edge choosability of C?

9.2.1 Outline of the Alon-Tarsi method

Since we are interested in list-edge-colourings of the graph C?, we will be working
with list-vertex-colourings of G := L(C?). We shall use the method of Alon and
Tarsi [1, 2], with the additional technique of ‘blocking out’ introduced by Héggkvist

and Janssen [22]. First we summarise the general method.

An orientation D of a graph is an assignment of exactly one direction to each of its
edges. The outdegree d*(v) of a vertex v is the number of edges directed out of v
in D. A directed cycle of D is one in which all the edges have the same orientation.
An orientation D is acyclic on a subgraph H of G if there are no directed cycles

of D within H.

Let Dy be an arbitrary orientation of an undirected graph G, and let p : V(G) — N
satisfy p(v) = d*(v) for all v € V(G). If D is any other orientation of G, let a(D)
be the number of edges that have opposite orientations in D and Dy, and define
sign(D) to be 1 or —1 according as a(D) is even or odd. An orientation of G is
said to obey p if d™(v) = p(v) for all v € V(G). Let O denote the set of all such
orientations, and let o(Dy) := > . sign(D). Suppose that every vertex v of G
is given a list L(v) of at least p(v) + 1 colours. The main result of Alon and Tarsi

is that, if o(Dy) # 0, then the vertices of G can be coloured from these lists.

Recall that G = L(C?) is the edge-disjoint union of cliques Qy, ..., Q,_1 corre-
sponding to the vertices vy, . .., v,_1 of C2. Let O’ denote the set of all orientations
in O that are acyclic on every clique ;. We say that such orientations are clique-
transitive; note that clique-transitive orientations need not be acyclic on cliques
other than Qo,...,Q,_1. A refinement of the basic method (see [1, 22]) is to
observe that o(Dy) = ) e sign(D); that is, in calculating o (D), we need only

consider clique-transitive orientations.
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To further reduce the number of orientations which we need to consider (in fact, to
reduce this number to 1), we use the additional refinement of blocking out certain
values b; of the possible outdegrees in a clique. This method is described in [22].
The following theorem, a rephrasing of a special case of Proposition 2.4 in [22],

encapsulates our use of this technique.

Theorem 9.2. (Héggkvist and Janssen [22]) Let G be the edge-disjoint union of
cliques Qo, . .., Qn_1, and let by, ..., b, be integers. Let p: V(G) — N and let L
be a list assignment to V(G) such that |L(v)| > p(v) for allv € V(G). Extend each
clique Q; by a new vertex w;, and let G be the edge-disjoint union of the extended

cliques @07 . ,@n_l. Suppose there exists a unique clique-transitive orientation

D of G in which

(i) for each i, w; has outdegree b; in D, and

(ii) D obeys p(v) at all v € V(G).
Then G is properly L-colourable. [

To use Theorem 9.2 to prove Theorem 9.1, we first define the map p (so that
p(v) < 4 for all v € V(G)) and the blocking-out values by, . .., b,_1. Then we give
an algorithm which assigns the outdegrees of an orientation D of G, satisfying (i)
and (ii). Working through the cases n = 8 and 9 as examples, we then show that
D is unique. This will prove that G = L(C?) is properly L-colourable for any list
assignment L satisfying |L(v)| > 5 for all v € V(G). Thus ch’(C?) = ch(G) < 5.
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9.2.2 Proof of Theorem 9.1

For 3 < n <5, C? = K,, and the result is already known (see [22]), so suppose

n > 6. By definition, V(C?) = {vg, vy, ..

the vertex-set of G = L(C?) by

V(G) = {(i,i+1),(i,i+2):0<i<n—1}

With this notation, vertices (i, 7) and (¢’, 5) are joined by an edge in G precisely
wheni=17,i=j,j=1dorj=j". Also, G is the edge-disjoint union of the cliques
Qo, - .., Qn_1, where each ); = K, is the clique corresponding to the vertex v; of

C?  and each vertex (i,7) of G belongs to @; and @;. Define p : V(G) — N as

follows:

3 ifi+j<n—1 orif niseven and (i,5) = (§ — 1,

p(i, j) =

4 otherwise.

We now define blocking-out values b;, 0 <7 < n. If n =6, let

For n > 7, define

Define the graph G as in Theorem 9.2. It is not difficult to see by induction that

if the outedges of a clique K, are a permutation of {0, 1,...

2

\

(b07 bla b2) b37 b47 b5> = (4a 3) 27 47 37 2)

f0<i< |5 —20ri=n—1,

if |5 -1<i<[3],
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corresponds to an acyclic orientation of K,.. If this holds in every clique Q; & Kj
of G, then the corresponding orientation of G is clique-transitive. Since we have
already specified the outdegrees by, ..., b, 1 of the vertices wy, ..., w,_1, we will
show that, for each i (0 < i@ < n — 1) there exists a unique assignment of the

outdegrees {0, 1,2,3,4} — {b;} within clique @Q;.

To prove this, we will describe two algorithms (one for n = 6, the other for n > 7)
which assign two outdegrees to each vertex v € V(G), one for each clique that
contains the vertex. To assign outdegree pair {x,y} to vertex (i,7) means that
this vertex has outdegree x in clique @, and outdegree y in clique @j. Since the
orientation D obeys p, the outdegree pair must satisfy z +y = p(i,7); we say
that y is the complementary degree to x at vertex (i,7). To show that there is no
conflict with the blocked out values, after each assignment at vertex (i, 7) we will
specify the values [b;,b;], as given by the above definition. One can easily check
to confirm that x # b, and y # b; at all steps of the algorithms. We also give
one of three reasons — outlined below, denoted by (A1), (A2) and (A3) — for the
uniqueness of the assignment of {z,y} = {x, p(i,j) — x} at vertex (i,5) € V(G).

Note that some assignments may satisfy more than one of (A1)-(A3).

(A1) : No other outdegree pair is possible at vertex (i,7). That is, for each z # .,
0 < z < p(i,j), either z has already been assigned at another vertex in Q; or

p(i,7) — z has already been assigned at another vertex in @j.

(A2) : Vertex (i,j) is the only verter in clique Q; at which outdegree x can be
assigned. That is, for each k # j such that either (i,k) € V(G) or (k,i) € V(G),

it is not possible to assign outdegree x at this vertez in clique Q;.

(A3) : Vertex (i,7) is the only vertex in clique @j at which outdegree y can be
assigned. That is, for each k # i such that either (k,j) € V(G) or (j, k) € V(G),

it 18 not possible to assign outdegree y at this vertex in clique @j.
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Algorithm 1 (for n = 6).

O NSO WD

— = = O
o= o

Assign {4,0} to vertex (
Assign {0,4} to vertex (
Assign {0,4} to vertex (
Assign {4,0} to vertex (
Assign {3,1} to vertex (
Assign {1,3} to vertex (
Assign {2,1} to vertex (
(
(
(
(
(

27
57
37
57
3,
47
4

Assign {3,0} to vertex (0
Assign {0,3} to vertex (1
Assign {2,1} to vertex (0
Assign {2,1} to vertex (1
Assign {1,2} to vertex (2

I

I

?

?

Y

Algorithm 2 (for n > 7).

4).

)
1)
4)
0)
5)
5).

,0).
2)
2)
1)
3)
3)

Blocked-out Uniqueness

O RENT
)

DO W W W Wk NN
e WD DN DD DN s LW

PO S Pt S N Wt Wi S i Wi

(A2)

AN AN AN AN AN AN N N N N
> > B > > > > >
o= =W W W W W
N N N N N e e e e e

Blocked-out  Uniqueness

1. Assign {4,0} to vertex (|5] — 1, 5] +1). [1,3] (A2)
2. Assign {4,0} to vertex ([ 5], [5] +2). [1,3] (A2)
3. Assign {2,2} to vertex (5] +1,[5] +2). 3,3] (A1)
4. Fori=|5|—-2,[5]—3,...,0:

Assign {1,2} to vertex (i,i + 2). [4,1 or 4] (A3)
5. Assign {2,2} to vertex (n —1,1). [4,4] (A3)
6. Assign {1,2} to vertex (n —2,0). [2,4] (A3)
7. Assign {1,3} to vertex (n —1,0). [4,4] (A1)
8. Fori=0,1,...,[5]—1:

Assign {0,3} to vertex (i,7 + 1). [4 or 1,4 or 1] (A1)
9. Assign {0,4} to vertex (5], 5] +1). [1,2] (A1)
10. Fori=[%]+3,...,n—1:

(a) Assign {1, 3} to vertex (i — 2,1), [3 or 2,2 or 4] (A1)

(b) Assign {4,0} to vertex (i — 1,1). [3 or 2,2 or 4] (A1)

Whilst proving that each assignment in Algorithm 2 is unique, we will demonstrate
the cases n = 8 and n = 9 as examples. [The case n = 7 would not adequately
illustrate step 10 of Algorithm 2.] Afterwards, we will show the orientation D of

G when n = 6.
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We represent the graph G as an n x n matrix M. By cell (,5) we mean the
1 x 1 submatrix in row i and column j of M (regarding the top row as row 0 and

leftmost column as column 0). Recall that G has vertex-set

V(G)={(i,i+1),(i,i+2):0<i<n}U{wy,wi,..., w1}

For each vertex (i,j) € V(G), cells (i, j) and (j,7) of M are identified to represent
this vertex. Furthermore, each vertex w; is represented by cell (i,7). Thus the
vertices of G correspond to the cells of M which are distance at most 2 along any
row or column from the leading diagonal (working modulo n); any remaining cells
of M are marked with a grey square, “BM”, and can be ignored. Hence both row
i and column 7 represent clique @;, and vertices of G are connected exactly when
the corresponding cells lie in the same row or column. For each 7, the blocked-out
value b; is shown, encircled, in cell (i,7), and corresponds to the outdegree in D

of the vertex w;. This vertex lies only in clique Q;.

In the following two matrices, representing the cases n = 8 and n = 9, the blocked-

out values b; are given on the leading diagonal. Also, for each vertex (i, ) € V(G),

the value of p(i, j) is represented in cells (,7) and (j,4) by “---” if p(i,j) = 3 or
by «:: 7 if p(i,7) = 4.
Qo Q, Q, Q3 Q, Qs Qs Q- . Qy Q1 @ Q3 Qy Qs Qs Q7 Qs

Q@ - - L7 Q[@ EEEE ]
%o @ o . : : . Q|- @ EEEE -
@1 SO I . 92 """ @ - EEE
@2 ... . @ EE 93 R - - @ s I B |
=3 Q) m m - - O = = MmN
Q) m ® .. @ o B D - .

X Q.| WM W m D ® = O
QE) . . . - @ - B _5 . . . . .o .o ..
0) EEN ® = | SO

@6 . B EE e Qr EEEE::Q®

L Gl s mEEE @ |
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Next, we give matrices showing the outdegrees in the final orientations D for n = 8
and n = 9. As before, the blocked-out values b; are given on the leading diagonal.
At each cell (7, 7) representing a vertex of G (either (i,7) or (j,7)), the entry xy
means that this vertex has outdegree z in clique Q;, and outdegree y in clique
@j. For consistency, the entry at cell (j,7) must be yx. For example, in step 1
of Algorithm 2 for n = 8, we assign {4,0} to vertex (3,5): this corresponds to
entering 40 in cell (3,5) and also 04 in cell (5,3). Thus the assigned outdegrees
within a clique @, can be found as the first integer in the entries of row i, or as
the last integer in the entries of column ¢ (with the encircled value b; acting in
both row ¢ and column 7). One can check that the set of outdegrees in each clique
is some permutation of the set {0,1,2,3,4}, thus each of these orientations D is

clique-transitive. It is also easy to check that this also holds for general n > 7.

%0 %0, 00 0,0 @@ @000 Q Qr Qs

Q[@® 0312 m m m W 21 31]
Q[ @ 03 12 W W M 21 31 30 @03 12 m m m w2

Q Q

%23(1]3@03(1)51.2::2.2 Q2130 03 12 @ W m =
Qs M 2130 ®o0340 m m Q;| ™ 2030 D034 W W m
Glmm2 30 @otsom| Gi|TW20D04EE
O mmmouaE 23 Q| ™ m o440 @® 2213 m
Qg 12 M W W 0422 3 40 Qe M W W W 04223 40 13
O 1322 m m W3 04Q@ Q12 W W = = 31 04@ 40

) I Ql132mmmE E310@

Uniqueness of Algorithm 2

We now explain why each assignment in Algorithm 2 is unique (and thus the
orientation D of G is unique). To clarify the explanations, we give matrices for
n = 8 and n = 9, showing the assigned outdegrees at various points. As before,
we use dots in unassigned cells to represent the value of p at the corresponding

vertex.
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1. Assign {4,0} to vertex (|5] —1,[5] + 1).
(A2) : This is the only vertex in clique @L%J—l at which p =4, and bjn|_; # 4.
2. Assign {4,0} to vertex (5], 5] +2).

(A2) : Outdegree pair {4,0} cannot be assigned at vertex (| %], 5] 4+ 1) since
outdegree 0 has already been assigned in clique @L% j4+1- The remaining vertices
in clique @L%J have p = 3.

3. Assign {2,2} to vertex (|5] +1,[5] +2).

(A1) : In both cliques QL% |41 and @L% |42, outdegree 0 has already been as-

signed, and outdegree 3 is blocked-out.

Q0 QB 0, Qs Qs O @%@@%@%%@%_
ar . o[@ - - E B EE - -
%(1) @ @ - . : : B Ql e @ e e E B EE
Qy| - oo @ - o E N B Qo v o @ - - H R RN
@3 ... .. Q) O m m 93 " - - @ - 40 W m m
o, mm .. . @ = 40 m Q) u & . @O = 40 m m
O mmmu @ 2 Q| W m W02 W
Ol - mEmunE | LEEEEURZE
@6 SORETE BN BN BTN ) Q- M EEE Qo

™ 1 Gl s mEEE @

4. Fori= %] —2,[%] —3,...,0: Assign {1,2} to vertex (i,i + 2).

(A3) : In all cases, vertex {i + 2,7 + 4} has already had outdegrees assigned.
It is not possible to assign {1,2} at vertex (7 + 1,7+ 2), since if i = | 5| — 2 then

bi+1 = 1, and otherwise outdegree 1 has already been assigned in clique @, 41

If i = [ %] — 2 then it is not possible to assign {2,2} at vertex (i + 2,4 + 3), since
outdegree 2 has already been defined in clique Q; 5. If 0 < i < [2] — 2 then it
is not possible to assign {2, 1} at vertex (i + 2,4 + 3) since outdegree 1 is either

blocked-out, or has already been assigned, in clique Q, 13-
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000 0, 0 04 T T T G Q1 Gz Qg Qi Qs Gy Q1 Qs

Qul 1 @of 120 B H B

%S@@ul.g::. le@mlzl---;:
@2 21 - @ -~ 12 W W W 92 21 - @ - 12 @ B B m
Olm2 -~ @ - omm| WA O 4 EEE
@3ll21-~-@:;4()l Q) W W21 .- @D = 40 W =
@4lllo4::@22-- Q; | W W W04 ®22 :: W
@5 EE g | GERERMURZE o
@6::::III::::@ Q7 EEEE @ =
” 4 Qe oz M EEE @D

5. Assign {2,2} to vertex (n — 1,1).

(A3) : Since outdegree 1 has already been assigned in cliques @, and Q,, it
is not possible to assign outdegree pair {1,2} at vertex (0,1), or {2,1} at (1,2).
Also, vertex (1, 3) has already been assigned an outdegree pair (in step 4).
6. Assign {1,2} to vertex (n —2,0).

(A3) : It is not possible to assign outdegree pair {2,1} at vertex (0,1), since
outdegree 1 has already been assigned in clique @,. Also, it is not possible to
assign {2,2} at vertex (n — 1,0) since outdegree 2 has already been assigned in

clique Q,,_; (in step 5).
7. Assign {1,3} to vertex (n —1,0).

(A1) : Outdegrees 1 and 2 have been assigned in clique Q,, and by = b,_; = 4.

20 00AG NG 4 o e .
O, o
%O@@m;::ilg; Qi -+ @ - 12 W W B 2
1o e e m| &L @ 2EE
o lmo2 @ o mm| W20 -4 8=
Olmma @ :aom| QfEE2 @408
@;‘...04::@22'_ Q.M Wm0 ®2 ™
Q128 B B U2 - %61'2:::%22@@
Q7_1322... S @_ @;_1322.... o @-

8. Fori=0,1,...,[5] —1: Assign {0,3} to vertex (i,i+1).
(A1) : Every other vertex in clique @, has already had an outdegree assigned.

131



50,000,806 _ @0 @000

Q[ @ 03 12 W m m 21 31 Q@ 03 12 @ W W W 21 31]
O30 @03 12mmmo| QNGO L2EEEE 2
Q2030 @0312 m W m Q2030 @03 12 M W W ™
Q. m 2130 ® 03 40 m m Qs| W 2130 D 0340 W W ™
@3ll2130@;:4()l Qu W W 2130 @O = 40 W
@z...04::@22;; Q; | @ W m 042 P2 B
Q12mmmou2E@ : %61'2:::0.422@@
QL1322 m m ® : = D) Sluzemmm: o)

9. Assign {0,4} to vertex (5], 5] +1).
(A1) : Every other vertex in clique GL% | has already had an outdegree assigned.
10. Fori= 3] +3,...,n—1:
(a) Assign {1,3} to vertex (i — 2,1).
(A1) : Every other vertex in clique Q;_, has already had an outdegree assigned.
(b) Assign {4,0} to vertex (i — 1,1).

(A1) : If i < n — 1 then all outdegrees except 0 and 4 have already been
assigned in clique Q;, and 0 has already been assigned in clique @, ,, thus {4,0}
is the only possible assignment at (i — 1,4). If i = n — 1 then every other vertex

in clique @, has already had an outdegree assigned.

Thus Algorithm 2 gives a unique clique-transtive orientation D of G for n > 7.

Finally, we give matrices showing p(i, j), and the final orientation D of G when

n = 6.

Qo Q) Qy Q3 Qy Q Qo @ Qy Q3 Qp Q
[ANO) L Qo[ @ 21 30 W 12 04 ]
Q| ® - - W oz Q,| 12 ® 03 21 m 40
Q| @ - oM Q,1 03 30 @ 12 40 m
Q, |l m - @ = = Q.| m 12 21 @® 04 31
Q| - W = = B = Q,| 21 W 04 40 @ 13
Qs =+ = W o o Q] Qs 40 04 W 13 31 @ |

In the same manner as with Algorithm 2 in the n > 7 case, one can easily verify
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that Algorithm 1 gives this unique clique-transitive orientation. This completes

the proof of Theorem 9.1. [

9.3 Possible generalisations to C?

The method used for C? (outlined in Section 9.2.1) could in principle be adapted
to show that ch’'(C?) < 2p + 1 whenever 2 < p < %n — 1. This would verify the
LECC for all powers of odd cycles. We have had some limited success in this
direction, but it is felt that a deeper understanding is required to make further

progress. We now give some properties which such a generalisation should possess.

Let G = L(C?). Then G is the disjoint union of cliques Qy, . . . , Q,—1 corresponding
to the vertices of C?, and each such clique is isomorphic to Ky,. Extend each clique

Q; by a new vertex w;, and let G be the edge-disjoint union of the extended cliques

Qo,---,Q, ;. Then
V(G)={(,i+1),...,(6,i+p):0<i<n}U{wo,..., we 1}

To use Theorem 9.2, we need to define two things: the function p : V(G) — N
so that max{p(v) : v € V(G)} < 2p, and the blocking-out values by,..., b, 1,
giving the outdegrees of wy,...,w,_ 1. The number of edges between V(G) and
{wog, ..., w,_1} is 2np. Counting the number of such edges directed in and out of

V(G), we see that the b; and p must satisfy

n—1
D bi+ > p(v) —np(2p — 1) = 2np,
=1

veV(Q)

since the number of edges inside each clique @; is p(2p — 1). As before, one can
represent an orientation of G with an n x n matrix. The vertices of G correspond

to the cells of M which are distance at most p along any row or column from the
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leading diagonal (working modulo n).

As an example, we show that ch’'(C3) < 7. The following two matrices represent
G = L(C?). In the first matrix, the blocking-out values b; are given along the
leading diagonal. Also, for each vertex (i,7) € V(G), the value of p(i,j) is rep-
resented in cells (7, 7) and (j,7) by “:: 7 if p(z,5) = 5 or by “ ::: 7 if p(i,7) = 6.
The second matrix gives the outdegree pairs in an orientation D of G} it is easy
to verify that D is clique-transitive. After these matrices, we give Algorithm 3, a

list of assignments of outdegree pairs which produce this orientation.

0. 0.0,0,0, 0. 0, 0. Qo 0 @ Qs Qs Qs @y Qs
Q[ @ w0 vt =0 Mo o] Qo[ @ 50 05 23 W 32 14 60 |
Qi = @ = oo Moo Q105 @ 14 32 43 W 60 51
Q| i v ® oo W Q,| 50 41 ® 14 32 06 W 23
Qs v o o ® o W Q,] 32 23 41 ® 60 14 06 ™
Q) m o ® oo Q,| M 32 23 06 ® 60 15 42
Qs =+ M oo @ o Q5|23 M 60 41 06 @ 51 15
Qg » v M oo B Qs | 41 06 W 60 51 15 3 24
QL o Moo O] Q.06 15 32 W 24 51 42 ©® |

Algorithm 3 (for n =8, p = 3)

Assign {0,6} at vertex (7,0); {0,6} at (6,1); {6,0} at (3,4); {6,0} at (4,5); {0,6} at
(2,5); {0,6} at (3,6); {5,0} at (0,1); {1,5} at (7,1); {0,5} at (0,2); {5,1} at (5,6);
{1,5} at (4,6); {1,5} at (5,7); {2,3} at (0,3); {1,4} at (3,5); {2,3} at (5,0); {4,1} at
(6,0); {2,4} at (6,7); {1,4} at (1,2); {3,2} at (1,3); {1,4} at (2,3); {2,3} at (1,4);
{3,2} at (2,4); {4,2} at (4,7); {3,2} at (7,2).

One can check that these assignments uniquely determine the clique-transitive
orientation D of G. By Theorem 9.2, this proves that ch’'(C2) < 7. However, we
have not found any definitions of p which work for n > 9 when p = 3, or when

p > 3.
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