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Abstract

We consider a class of spatio-temporal models which extend popular econometric spatial
autoregressive panel data models by allowing the scalar coefficients for each location (or panel)
different from each other. To overcome the innate endogeneity, we propose a generalized
Yule-Walker estimation method which applies the least squares estimation to a Yule-Walker
equation. The asymptotic theory is developed under the setting that both the sample size and
the number of locations (or panels) tend to infinity under a general setting for stationary and
a-mixing processes, which includes spatial autoregressive panel data models driven by i.i.d.
innovations as special cases. The proposed methods are illustrated using both simulated and

real data.
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1 Introduction

The class of spatial autoregressive (SAR) models is introduced to model cross sectional depen-
dence of different economic individuals at different locations (Cliff and Ord, 1973). More recent
developments extend SAR models to spatial dynamic panel data (SDPD) models, i.e. adding time
lagged terms to account for serial correlations across different locations. See, e.g. Lee and Yu
(2010a). Baltagi et al. (2003) considers a static spatial panel model where the error term is a SAR
model. Lin and Lee (2010) shows that in the presence of heteroskedastic disturbances, the maxi-
mum likelihood estimator for the SAR models without taking into account the heteroskedasticity
is generally inconsistent and proposes an alternative GMM estimation method. Computationally
the GMM methods are more efficient than the QML estimation (Lee, 2001). Lee and Yu (2010a)
classifies SDPD models into three categories: stable, spatial cointegration and explosive cases.
As pointed out by Bai and Shi (2011), the cases with a large number of cross sectional units and
a long history are rare. Hence it is pertinent to consider the setting with short time spans in
order to include as many locations as possible. Both estimation method and asymptotic analysis
need to be adapted under this new setting. Yu et al. (2008) and Yu et al. (2012) investigate the
asymptotic properties when both the number of locations and the length of time series tend to
infinity for both the stable case and spatial cointegration case, and show that QMLE is consistent.

Motivated by the evidence in some practical examples, we extend the model in Yu et al. (2008)
and Yu et al. (2012) by allowing the scalar coefficients for each location (or panel) different from
each other. This increase in model capacity comes with the cost of estimating substantially more
parameters. In fact that the number of the parameters in this new setting is in the order of
the number of locations. The model considered in this paper has four additive components: a
pure spatial effect, a pure dynamic effect, a time-lagged spatial effect and a white noise. Due to
the innate endogeneity, the conventional regression estimation methods such as the least squares
method directly based on the model lead to inconsistent estimators. To overcome the difficulties
caused by the endogeneity, we propose a generalized Yule-Walker type estimator for estimating the
parameters in the model, which applies the least squares estimation to a Yule-Walker equation.
The asymptotic normality of the proposed estimators is established under the setting that both
the sample size n and the number of locations (or panels) p tend to infinity. Therefore the number
of parameters to be estimated also diverges to infinity, which is a marked difference from, e.g., Yu
et al. (2012). We develop the asymptotic properties under a general setting for stationary and
a-mixing processes, which includes the spatial autoregressive panel data models driven by i.i.d.
innovations as special cases.

The rest of the paper is organized as follows. Section 2 introduces the new model, its mo-
tivation and the generalized Yule-Walker estimation method. The asymptotic theory for the
proposed estimation method is presented in Section 3. Simulation results and real data analy-

sis are reported, respectively, in Section 4 and 5. All the technical proofs are relegated to an



Appendix.

2 Model and Estimation Method

2.1 Models
The model considered in this paper is of the following form:

yt = D(X)Wyi + D(A1)yi—1 + D(A2)Wyi—1 + &, (1)
where y: = (y14,---,Yps)’ Tepresents the observations from p locations at time ¢, D(\;) =
diag(Ag1, ..., Akp) and Ag; is the unknown coefficient parameter for the j-th location, and W is
the p x p spatial weight matrix which measures the dependence among different locations. All the
main diagonal elements of W are zero. It is a common practice in spatial econometrics to assume
W known. For example, we may let w;; = 1/(1 + d;;), for i # j, where d;; > 0 is an appropriate
distance between the i-th and the j-th location. It can simply be the geographical distance between
the two locations or the distance reflecting the correlation or association between the variables
at the two locations. In the above model, D(Ag) captures the pure spatial effect, D(A1) captures
the pure dynamic effect, and D(Ay) captures the time-lagged spatial effect. We also assume that
the error term e; = (e1¢,€24,...,6p¢). in (1) satisfies the condition Cov (y;—1,e¢) = 0. When
Akt = -+ = Agp for k = 0,1,2, (1) reduces to the model of Yu et al. (2008), in which there
are only 3 unknown regressive coefficient parameters. In general the regression function in (1)
contains 3p unknown parameters.

The extension to use different scalar coefficients for different locations is motivated by practical
needs. For example, we analyze the monthly change rates of the consumer price index (CPI) for
the EU member states over the years 2003-2010. The detailed analysis for this data set will
be presented in section 5. Figure 1 presents the scatter-plots of the observed data y;; versus
the spatial regressor wiTyt and y;¢—1, for some of the EU member states, where WZT is the ¢-th
row vector of the weight matrix W which is taken as the sample correlation matrix with all
the elements on the main diagonal set to be 0. The superimposed straight lines are the simple
regression lines estimated using the newly proposed method in Section 2.2 below. It is clear from
Figure 1 that at least Greece and Belgium should have a different slope from those of France or

Iceland.

2.2 Generalized Yule-Walker estimation

As y; occurs on both sides of (1), Wy; and &; are correlated with each other. Applying least
squares method directly based on regressing y; on (Wyy,yi—1, Wy;_1) leads to inconsistent es-
timators. On the other hand, applying the maximum likelihood estimation requires to profile a
p X p nuisance parameter matrix Xe¢ = Var(e;), which leads to a complex nonlinear optimization

problem. Furthermore when p is large in relation to n, the numerical stability is of concern.
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Figure 1: Plots of the monthly change rates y; ; of CPI against the spatial regressor WiTyt (on the
top) and the dynamic regressor y;;—1 (on the bottom) for four EU member states in 2003-2010.

The superimposed straight lines were estimated by the newly proposed method in Section 2.2.

We propose below a new estimation method which applies the least squares method to each
individual row of a Yule-Walker equation. To this end, let X} = Cov(yitk,y:) for any k& > 0.
Note that we always assume that y; is stationary, see condition A2 and Remark 1 in Section 3

below. Then the Yule-Walker equation below follows from (1) directly.
(I=D(A)W)Z1 = (D(A1) + D(A2) W)X,
where I is a p X p identity matrix. The i-th row of the above equation is
(e = Xoiw] )Z1 = (A€} + AW )Zo, i=1,...,p, (2)

where w; is the i-th row vector of W, and e; is the unit vector with the i-th element equal to 1.
Note that (2) is a system of p linear equations with three unknown parameters \g;, A\1; and Ag;.
Since Fy; = 0, we replace X; and 3 by the sample (auto)covariance matrices

n n
A N 1
Y= E yiyi, and Xo= - E yiyi -
=1

t=1

S

We estimate (Ao;, A4, A2;)T by the least squares method, i.e. to solve the minimization problem
. a7 s 2
min Hzl (ei — )\Oiwi) — 20(/\1@‘6@‘ + AQZ‘WZ‘)HQ.
A0isA1isA2i
The resulting estimators are called generalized Yule-Walker estimators which admits the explicit

expression:
(Xou i, X?i)T = (X?Xz)_lif?u (3)



where

~

Xi= (ﬁfwia ioei, iowi) and ?l = i?ei.

More explicitly,

n
( ZYt 1 W yt), ZYt 1Yit—1, — ZYt 1 W Yt— 1)) ?i:%ZYt—lyi,t-
t=1

Then it holds that for i =1,--- ,p,

Aoi Aoi I vl (wWly) x 250 ey
~ ST -1

Al - ALi = (X; Xi) % 2?21 y1£1yi,t—1 X % Z?zl EitYt—1
A2i A2i Y Vi (W) X 2 30 iy

2.3 A root-n consistent estimator for large p

When p/y/n — oo, the estimator (3) admits non-standard convergence rates (i.e. the rates
different from +/n); see Theorems 2 and 4 in Section 3 below. Note that there are p equations
with only 3 parameters in (2). Hence (3) can be viewed as a GMME for an over-determined
scenario. The estimation may suffer when the number of estimation equations increases. See, for
example, a similar result in Theorem 1 of Chang, Chen and Chen (2015). A further compounding
factor is that the estimation for the covariance matrices 3, 31 using their sample counterparts
leads to non-negligible errors even when n — oco. Below we propose an alternative estimator which
restricts the number of the estimation equations to be used in order to restore the y/n-consistency
and the asymptotic normality.

Fori=1,---,p, put X; = (Zripwi,2oei,20wi) Note that the k-th row of X; is (ek 21 w5,

e{Eoei, e}onwi) which is the covariance between y;;—; and (Wlye, yit—1, Wlyi—1). Let

o) = lef STwi| + |ef Soei| + |ef Dowi|, k=1, ,p. )

Then pg) may be viewed as a measure for the correlation between y;, ;1 and (WiTyt, Yit—1, wiTyt_l)T.

When p,(j) is small, say, close to 0, the k-th equation in (2) carries little information on (Ag;, A1i, A2i).
Therefore as far as the estimation for (Ag;, A4, A2;) is concerned, we only keep the k-th equation

n (2) for large pl(j).

Let zi ; be the d; x 1 vector consisting of those Yi,t—1 corresponding to the d; largest ﬁg)

(1 < k <p), where ﬁg) is defined as in (4) but with (21, %) replaced by (£1, ). The new

estimator is defined as
Kois Miiy Aai)' = (ZFZ) 2Ty, i=1,---,p. (5)

where

:( Zzt 1/ W yt), Zzt 1¥i,t—1, Zzifl(WiTYt—l)» (6)
t=1



and

Now it holds that

1 «—n ;
Aoi Aoi % Dt EitZi_q
< 5T \-15T | 1 <= ;
Mi | = A | =ZZ2)7Z | Y ez
Y 1 n i
A2 A2 2Dt EitZy 1

Theorem 3 in Section 3 below shows the asymptotic normality of the above estimator provided

that the number of estimation equations used satisfies condition d; = o(y/n).

3 Theoretical properties

We introduce some notations first. For a p x 1 vector v = (v, -+ ,v,)7, |[v|l2 = /D5, v? is the
Euclidean norm, ||v|jy = >-%_; |v;| is the Ly norm. For a matrix H = (h;;), |H||p = /tr(HTH)
is the Frobenius norm, ||H||2 = \/Amax(HTH) is the operator norm, where Apax(+) is the largest
eigenvalue of a matrix. We denote by |H| the matrix (|h;;|) which is a matrix of the same size as
H but with the (7, j)-th element h;; replaced by |h;;|. Note the determinant of H is denoted by
det(H). A strictly stationary process {y;} is a-mixing if

alk) = sup |P(A)P(B) — P(AB)| — 0, as k— oo, (7)

AeFO _ BeFge

where fz-j denotes the o-algebra generated by {y;,i <t < j}. See, e.g., Section 2.6 of Fan and

Yao (2003) for a compact review of a-mixing processes.
Let S(Ag) =1 — D(Xo)W be invertible. It follows from (1) that

yi = Ayi_1+ S (Xo)ey,
where A = S71(X)(D(A1) + D(A2)W). Some regularity conditions are now in order.
A1. The spatial weight matrix W is known with zero main diagonal elements; S(Ag) is invertible.

A2. (a) The disturbance &; satisfies
Cov(yt_l, Et) =0.

(b) The process {y:} in model (1) is strictly stationary and a-mixing with a(k), defined in
(7), satisfying

> e N

Z a(k)* < oo,

k=1



for some constant v > 0.
(c) For v > 0 specified in (b) above,

supE \w;fzoyt\“” < oo, supE ‘W;‘FElytrlﬂ < oo, supE |e?20yt‘4+7
p P P

sup E }wiTytrHv < oo, supkE ‘e?ytrl—w < 00,
p p

< 00,

where w; denotes the i-th row of W. The diagonal elements of V; defined in (8) are bounded

uniformly in p.

A3. The rank of matrix (27w, Zoe;, Zow;) is equal to 3.

Remark 1. Condition A1l is standard for spatial econometric models. Condition A3 ensures that

Aoi, A1; and Ag; are identifiable in (2). Condition A2(c) limits the dependence across different

spatial locations. It is implied by, for example, the conditions imposed in Yu et al.

(2008).

Lemma 1 in the Appendix shows that Condition A2 holds with v = 4 under conditions Al and

B1 — B3 below. Note that conditions B1-B3 are often directly imposed in the spatial econometrics

literature including, for example, Lee and Yu (2010a), and Yu et al. (2008).

B1. The errors ; are i.i.d across i and t with E(g;+) = 0, Var(e;;) = 03, and E \Ei’t|4+7 < 0.

The density function of €;; exists.
B2. The row and column sums of |W| and ’S_l()\o)’ are bounded uniformly in p.

B3. The row and column sums of Z?io ‘Aj‘ are bounded uniformly in p.

Now we are ready to present the asymptotic properties for (XO,-,XM,X%)T, 1=1,...

fixed p and n — oo first, and then p — oo and n — oo.

3.1 Asymptotics for fixed p

Fori=1,...,p, let

z]y,Ei (]) = Cov(yt*1+j€i,t+j7 thl&',t), ] = 07 17 27 Tty
o
Yyei = 2}’751(0) + Z [Ey,ei (J) + 25& (J)] )
j=1

T T T T
W, 2121 w; W, ElEoei W, 2120wi
V,; — W?Elzoez‘ efzozoei eZTZOEOWi 5
T T T
Ww; Elﬁowi €; onowi w; Eozowi

and
T T T T
wi 23y B wy owy XXy o Yoe; wy XXy o Yow;
J— T T T
U'L - W, 212y75i20ei €; Eozyﬁizoei €; Eozyﬁizowi

T T T
w; 212y75i20wi €; Eozyygizowi w; EOEyﬁiZgwi

, D, with



Theorem 1 Let conditions A1 — A8 hold and p > 1 be fired. Then as n — oo, it holds that

Noi Aoi
V| N |- o || SN0 VUV, i=1p,
Aoi A2i

where V; and U; are given in (8) and (9).

3.2 Asymptotics with diverging p

VI

When p diverges together with n, U;, V; in (9) and (8) are no longer constant matrices. Let U,
_1
be a matrix such that (U; 2)? = U; ',

Theorem 2 Let condition A1 — A8 hold.

(i) Asn — oo, p— o0 and p = o(y/n),

. Xoi Aoi
\/ﬁUZ—EVZ /):11' — >\1Z' i>]\[(0,I3), = 1,...,p.
A2 A2

(ii)) Asn — 0o, p— 00, /n=0(p) and p = o(n),

Xoi Aoi

Mio |- :Op(£>, i=1,...,p.
N n

A2 A2

2

Theorem 2 indicates that the standard root-n convergence rate prevails as long as p = o(y/n).
However the convergence rate may be slower when p is of higher orders than /n. Theorem 2
presents the convergence rates for the Ly norm of the estimation errors. The rates also hold for
the L1 norm of the errors as well. Corollary 1 consider the estimation errors over p locations

together, for which we have established the result for L; norm only.

Corollary 1 Let condition A1 hold, and condition A2 and A8 hold for alli=1,--- ,p. Then as

n — oo and p — oo, it holds that

Xoi Aoi .
p 1 P _ 1
E E Xu = Au = Op(\/ﬁ) ! vn o)
P s Ao Op(1) if % — 00 and £ =o(1).

1

To derive the asymptotic properties of the estimators defined in (5), we introduce some new

notation. For i =1,...,p, let

26 - COV(Yt,Zi)» 27'1 = COV(yt, Zi—l)’



Ezi,ai (j) = COV(Zi—l—i-jgi,t-&-jv Zi—lgii)? J=0,12---,

and .

Saie = a0+ Y [T, () + L. )

j=1

Let .

w1 (2w Wi (30) e wi B (2) W

Vi=| wIsi(Z)Te; elZi(Zi)Te; el SH(ZH)Tw; |, (10)

WSS Wi el SH(S) Wi WSS W

and

WTzliEzi,ei(Eli)TWi WTElizzi,si(zé)Tei W‘Tzilzzi,ei(zé)’rwi
U;k = W'Tzilzzﬁai(zé))Tei ezrzg)zzi,ai(zé)Tei efzézzi7ai(26)TWi : (11)

Wszll Ezi,si(EB)TWi ezrzézzi,si(zé)crwi Wgzgzzi,si(zé)TWi
Theorem 3 below indicates that the estimators defined in (5) are asymptotically normal with
the standard /n-rate as long as d; = o(y/n). Note that it does not impose any conditions directly

on the size of p.
A4. (a) For v > 0 specified in A2(Db),
supE [w! Shai|"" < oo, supE |wlsizl|"7 < oo, supElel iz < o0,
P » .

sup E }W?yt‘4+v < oo, supE ’eiTytrHv < 00.
p P

and the diagonal elements of V defined in (10) are bounded uniformly in p.

(b) The rank of matrix E{Z;} is equal to 3, where Z; is defined in (6).

Theorem 3 Let conditions A1, A2(a,b) and AJ hold. Asn — oo, p — oo and d; = o(\/n), it
holds that

Xoi Aoi
Vo) Vil S = o [ SN0, =1,
Xai A2

where V¥ and U are given in (10) and (11).

The key assumption of Theorem 2 is A2(c), which decides the fact that the effect of the dimen-
sionality p only comes from F; in equation (13) in the Appendix. We can relax this assumption
by allowing Fs to be affected by p as well. Under the new relaxed assumption, we may obtain a
better convergent rate of estimator (3) by making use of the fact that (3) is invariant if we divide
both the numerator and denominator by the same number, for example, a number relating to p.

This will be presented in Theorem 4. We propose the new relaxed assumption:



A5. For v > 0 specified in A2(b),

+v

4 4+ A+
max { supE ‘W?Eoyt‘ , supE ‘w?Elyt} 7 supE ‘e?Eoyt‘ 7 } = O(so(p)).
P P P

44 A+
max { supE [wly,[""", supElely|" | = O(s1(0).
p P
and the diagonal elements of V; defined in (8) is in the order of sa(p), where so(p), s1(p)

and sa(p) are numbers relating to p.

Denote C' as a constant. When the number of nonzero elements (or elements bounded away
from zero) in w; increases with p but is o(p), we may have s1(p) = o(min{s(p), s2(p)}). Simulation
scenario 2 is under this case. When there are only finite number of nonzero elements (or elements
bounded away from zero) in w;, we might have s;(p) =< C, which is the case of simulation scenario
1. The reason we assume the diagonal elements of V; defined in (8) are in the order of sa(p) is
because we can treat w; 2121 Wi, €; I'sooe;, w; 'y 3 ow; as the second moments of three random
variables Tzlx, eTZOX and WTEOX respectively, where the p x 1 random vector x has mean 0

and covariance matrix I,,.

Theorem 4 Let conditions A1, A2(a,b), A8 and A5 hold. Asn — oo, p — o0, if psl(p) = o(n)
and 50/2( ) = O(psl/ (p)s2(p)), it holds that

/):Oi )\Oi 3/4 1/4
iu Al ] Op<max{ nsa(p) ~ v/nsa(p) })
)\22' )\22‘

2

Let us consider some examples. (1) When so(p) < p, s1(p) < C and sa(p) =< p, the convergence

rate is max{%,m}. (2) When so(p) < p, s1(p) < /p and sz(p) < p, if p = o(n?), the

convergence rate is max{z%/g,ﬁ}. (3) When so(p) < C, s1(p) < C and s3(p) < C, if

n’ ﬁ
4 indicates that under different situations of so(p), si(p) and s2(p), we may obtain different

p = o(n), the convergence rate is max {2 1 }, which corresponds with Theorem 2. Theorem

convergence rates. These observations are illustrated by simulation examples in section 4.

4 Simulation study

To examine the finite sample performance of the proposed estimation methods, we conduct some

simulation under different scenarios.

4.1 Scenario 1

Aoi, A1; and Ag; are generated from U(—0.6,0.6). The spatial weight matrix W used is a block
diagonal matrix formed by a ,/p x /p row-normalized matrix W*. We construct W* such that the

10



first four sub-diagonal elements are all 1 and the rest elements are all 0 before normalizing. This
kind of W corresponds to the pooling of |/p separate districts with similar neighboring structures
in each district, see Lee and Yu (2013). The error ¢, are independently generated from N (0, 02),
where we generate each o; from U(0.5,1.5).

For all scenarios, we generate data from (2.1) with different settings for n and p. We apply
the proposed estimation method (2.3) and (2.5) (with d; = min (p, n'%?!)) and report the mean

absolute errors:

2 p
ISR ol MAE =S MAE()

j=0 p i=1

MAE(:

cmr—*

We replicate each setting 500 times.
Figure 2 depicts two boxplots of MAE with p equals to, respectively, 25 and 100. As the
sample size n increases from 100, 250, 500, 750 to 1000, MAE decreases for both methods.

left:estimator (2.3) and right: estimator (2.5), p=25

5 ] H
o | o .

y 1 = =

= §4 =2 = s
© 1 “‘EE-@_@_*E_&-@_@_
3 T e T =
o T T T T T T T T T T

100 250 500 750 1000 100 250 500 750 1000

n

left:estimator (2.3) and right: estimator (2.5), p=100

< 8

g :
Y S g
Ef\!_; ==

c - o &> &

o . S —
g -o-%% —o—%
T T

T T T T T T T T
100 250 500 750 1000 100 250 500 750 1000

n

Figure 2: Boxplots of MAE for estimator (2.3) (left panels) and estimator (2.5) (right panels)
with p = 25 (top panels) and 100 (bottom panels), n = 100, 250, 500, 750, 1000 for scenario 1.

Figure 3 depicts the boxplots of the MAE for the original estimator (2.3), the root n consistent
estimator (2.5), and the estimator (2.5) with the ridge penalty, where we choose the ridge tuning
parameter to be C' x £ in order to avoid the nearly singularity problem of 2?21, and C' is chosen
via cross validation. With n = 500, the dimension p is set at 25,49,64,81,100,169,324 and 529

11



respectively. The MAE for (2.3) remains about the same level as p increases; see the panel on
the left in Figure 3. This is in line with the asymptotic result of Theorem 4 when, for example,
s1(p) < C, so(p) < p and s2(p) < p. In contrast, the MAE for estimator (2.5) increases sharply
when p increases; see the panel in the middle. This is due to the fact that ZZTZ is nearly singular
for large p. Adding a ridge in the estimator certainly mitigates the deterioration when p increases;

see the panel on the right in Figure 3.

estimator (2.3), n=500 estimator (2.5), n=500 ridge estimator of (2.5), n=500

0.18
I
0.18
I
0.18

0.16
I
0.16
0.16

2o *
18,04, 18
TEOTITHL
me
b8
'
i

4 0w

Herese: | HHB

0.14
I
0.14
I

T T TN 8 8
< = < 9 L 94 T
= o = o = o - T*Tg#
T
=
“EE\
i +
g [ S ‘ s | BBE¢
S N g T
'

11r

8
8

. S -+

0.08
I

0.
I

0.

0.06
I
0.06
I
0.06
I

T T T T r T r T T T 1 1T T T 1 T 1 1 1T T T 1
25 64 100 324 25 64 100 324 25 64 100 324

Figure 3: Boxplots of MAE of the original estimator (2.3) (the left panel), the root n consistent
estimator (2.5) (the middle panel), and the estimator (2.5) after adding ridge penalty (the right
panel) with n = 500 and p = 25,49, 64,81, 100, 169, 324, 529 for scenario 1.

4.2 Scenario 2

Aoi, A1 and Ag; are generated from U(—0.6,0.6). The spatial weight matrix W is constructed as
follows. First, we construct a /p x \/p row-normalized matrix W*, where W* is chosen such that
the first two sub-diagonal elements are all 1 and the rest elements are all 0 before normalizing.
Then we treat W as a /p X /p block matrix and put W* into the main diagonal, 2nd, 4th,
6th and etc. sub-diagonal block positions. This kind of W corresponds to the pooling of |/p
districts (each district has ,/p locations) which the evenly numbered districts are connected and
the oddly numbered districts are connected but evenly numbered districts and oddly number
districts are separated. Each district has similar neighboring structures. As p increases, the
number of the locations influencing one specific location increases in the order of /p. The error
git are independently generated from N (0,0?), where we generate each o; from U(0.5,1.5).
Figure 4 depicts two boxplots of MAE with p equals to, respectively, 25 and 100. As the
sample size n increases from 100, 250, 500, 750 to 1000, MAE decreases for both methods.
Figure 5 depicts three boxplots as Figure 3. The MAE for (2.3) increases steadily as p increases,
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Figure 4: Boxplots of MAE for estimator (2.3) (left panels) and estimator (2.5) (right panels)
with p = 25 (top panels) and 100 (bottom panels), n = 100, 250, 500, 750, 1000 for scenario 2.

which matches the result of Theorem 4 when, for instance, s1(p) < /p, so(p) < p and s2(p) < p.
The MAE for (2.5) after adding ridge penalty is slowly increasing as well. This might be caused
by the fact that, similar to A2(c), quantities in condition A4(a) is also influenced by p since the

number of nonzero elements in w; is in the order of ,/p.

5 Real data analysis

5.1 European Consumer Price Indices

We analyze the monthly change rates of the consumer price index (CPI) for the EU member states,
over the years 2003-2010. We use the national harmonized index of consumer prices calculated
by Eurostat, the statistical office of the European Union. For this data set, n = 96 and p = 31.
Figure 6 presents the time series plots of the monthly change rates of CPI for the 31 states.
To line up the curves together, each series is centered at its mean value in Figure 6. There exist
clearly synchronizes on the fluctuations across different states, indicating the spatial (i.e. cross-
state) correlations among different states. Also noticeable is the varying degrees of the fluctuation

over the different states.
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Figure 5: Boxplots of MAE of the original estimator (2.3) (the left panel), the root n consistent
estimator (2.5) (the middle panel), and the estimator (2.5) after adding ridge penalty (the right
panel) with n = 500 and p = 25,49, 64,81, 100, 169, 324, 529 for scenario 2.
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Figure 6: Time series plots of the monthly change rates of CPI for the 31 EU member states. Each series

is subtracted by its mean value.

Let y; consist of the monthly change rates of CPI for the 31 states. We fit the proposed
spatial-temporal model (1) to this data set with the parameters estimated by (3). We take a
normalized sample correlation matrix of y; as the spatial weight matrix W = (w;;), i.e. we let
wj; be the absolute value of the sample correlation between the i-th and j-th states for ¢ # j, and
w;; = 0, and then replace w;; by w;;/ >, W«

Figure 7 presents the scatter plots of y;; against, respectively, the 3 regressors in model
(1), i.e. w?yt, Yit—1, w?yt_l, for four selected states Belgium, Greece, France and Iceland. We
superimpose the straight line y = in x in each of those 3 scatter plots with, respectively, j = 0,1, 2.
It is clear that the estimated slopes are very different for those 4 states. Figure 8 plots the true

monthly change rates of the CPI for those 4 states together with the fitted values

Uit = MNoiW, Yt + MiYii—1 + AoiW] yi1. (12)
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Figure 7: The scatter plots of y;; against w!y; (panels on the top), y;+—1 (panels in the middle),
and WiTyt_l (panels on the bottom) for four selected countries Belgium, Greece, France and

Iceland. The straight lines y = Aj;x are superimposed in the panels on the top with j = 0, those
in the middle with j = 1, and those on the bottom with j = 2.

Overall y; ; tracks its truth value reasonably well. Figure 9 shows the out-of-sample forecasting
performance of our model. For the sake of comparison, predictions are made using our model and
the proposed generalized Yule-Walker estimator, and using the (constant) SDPD model of Yu et
al. (2008) and their Quasi-Maximum Likelihood estimator. In particular, for each location, we
leave out from the sample the last six observations and we compute the (out-of-sample) forecasts
with 1,2,....6 step ahead forecasting horizon; then, we compute the average prediction error over
time (i.e. the mean of the 6 prediction errors). On the left panel of Figure 9, the two box-plots
summarize the average prediction error for the 31 locations obtained with our YW estimator and
the QML estimator of Yu et al. (2008), respectively. It is evident that our estimator produces
unbiased predictions while the QML estimator appears to be biased. This advantage also reflects
on the forecasting average square errors, reported on the right panel of Figure 9. In conclusion,
the SDPD model of Yu et al. (2008) has a satisfying forecasting performance because several

locations have similar spatial structure and for those locations a model with constant parameters
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is sufficient. Anyway, a marginal improvement is observed for our estimator because several
locations have quite different structures and our model is able to capture this difference. Finally,

it is worthwhile to notice that the variability of the two predictors appears to be the same.
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Figure 8: The monthly change rates of CPI (thin lines) of Belgium, Greece, France and Iceland, and their
estimated values (thick lines) by model (1).
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Figure 9: Prediction errors generated in the out-of-sample forecasting, leaving out 6 observations from
the sample, using our model with the Generalized Yule-Walker estimator and using the constant SDPD
model of Yu et al. (2008) with the Quasi-Maximum Likelihood estimator.

To further vindicate the necessity to use different coefficients for different states, we consider

a statistical test for hypothesis
HO:)\jlz"':Ajpa ]ZO, 1,2

for model (1). Then the residuals resulting from the fitted model under Hy will be greater than

16



the residuals without Hy. However if Hy is true, the difference between the two sets of residuals
should not be significant. We apply a bootstrap method to test this significance. Let Xo,Xl,Xz
be the estimates under hypothesis Hy. Define the test statistic

1 < ~ -~ ~ ~
U= Z lye =yl Yt =AWyt + Aiyi—1 + AWy 1.
=1

We reject Hy for large values of U. To assess how large is large, we generate a bootstrap data

from

i = AWy + Ayt + oWy + €],

where {e}} are drawn independently from the residuals
/E\t:}’t_%? tzl,“-,n,

and y; consists of the components defined in (12). Now the bootstrap statistic is defined as

1 n

U= =" llyr = MWyt + Ayie1 + AWy )|,

[

where (Aj, AT, A5) is the estimated coefficients for the regression model
Yi = AWy + Ayi-1 + AWy + &y, t=1,---,n.

The P-value for testing hypothesis Hy is defined as

P(U* > U|Y17 aYn)v

which is approximated by the relative frequency of the event (U* > U) in a repeated bootstrap
sampling with a large number of replications. By repeating bootstrap sampling 1000 times, the
estimated P-value is 0, exhibiting strong evidence against the null hypothesis Hy. Therefore the
model with the equal slope parameters across different locations is inadequate for this particular

data set.

5.2 Modeling mortality rates

Now we analyze the annual Italian male and female mortality rates for different ages (between 0
and 104) in the period of 1950 — 2009 based on the proposed model (1). The data were downloaded
from the Human Mortality Database (see the website http://www.mortality.org/). Let m;; be the
log mortality rate of female or male at age ¢ and in Year ¢t. Those data are plotted in Figure 10.
Two panels on the left plot are the female and male mortality against different age in each year.
More precisely the curves {m;, i =1,---,21} for t < 1970 are plotted in red, those for ¢ > 1990
are in blue, those with 1970 < t < 1989 are in grey. Those curves show clearly that the mortality

rate decreases over the years for almost all age groups (except a few outliers at the top end). Two
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Figure 10: Log mortality rates of Italian female (3 top panels) and male (3 bottom panels) are plotted
against age from each year in 1950-2009 (2 left panels), against year for each age group between 0 and 104

(2 middle panels). Differenced log mortality rates are plotted against year for each age in 2 right panels.

panels in the middle of Figure 10 plot the log mortality for each age group against time with the
following color code: black for ages not great than 10, grey for ages between 11 and 100, and
green for ages greater than 100. They indicate that the mortality for all age groups decreases over
time, the most significant decreases occur at the young age groups. Furthermore, the fluctuation
of the mortality rates for the top age groups reduces significantly over the years, while the mean
mortality rates for those groups remain about the same. This can be seen more clearly in the two
panels on the right which plot differenced log mortality rates {y;;, t = 1951, --- ,2009}, using the
same colour code, where y;; = m;; — m; 1.

We fit the differenced log mortality data with model (1) with the parameters estimated by
(5) and d; = 20. Note that now p = 104 and n = 59. Let the off-diagonal elements of the spatial

weight matrix W be
1

Tl

We then replace w;; by w;;/ ", wi;. Moreover, we can also fix a threshold 7 and set to zero all

the elements of matrix W such that |x — w| > 7 (for simplicity, we fix 7 = 5 in this application,
but the results are substantially invariant for different values of 7).
The results of the estimation are shown in table 1, for a selection of cohorts of different ages.

Figure 11 shows the fitted series for ages ¢ = 60, 80, 100.
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age XO@' Xli Xzi age /):Oi Xli //\\21'
5 | 041 -0.52 0.06 | 55 | 0.19 -0.88 0.28
10 | 0.20 -0.42 0.05 | 60 | -0.09 -0.72 0.01
15 | 0.44 -0.65 0.18 | 65 | 0.22 -0.63 0.21
20 | 0.64 -0.78 0.40 | 70 | 0.21 -0.69 0.08
25 [-0.04 -043 0.03 | 75 | 0.33 -0.59 0.22
30 | 078 -0.80 0.55 | 80 | 0.33 -0.89 0.27
35 | 0.11 -0.55 0.29 | 8 | 0.37 -0.76 0.18
40 | -0.04 -0.66 -0.01| 90 | 0.29 -0.62 0.16
45 | 0.29 -046 0.12 | 95 | 0.27 -0.77 0.26
50 | -0.10 -0.45 -0.05 | 100 | 0.44 -0.69 -0.03

Table 1: Estimated coefficients for a selection of cohorts of different ages. The left column is the estimated
pure spatial coefficients :\\01;; The middle column is the estimated pure dynamic coefficient :\\11; ; The right

column is the estimated spatial-dynamic coefficients Xgi.

Age 60

Age 80

Age 100

Cf L I O B O I
1961 1965 1969 1973 1977 1981 1985 1989 1993 1997 2001 2005 2009

Figure 11: Observed time series (thin line) and fitted time series (bold line), for female mortality rate for
ages ¢ = 60, 80, 100.

6 Final remark

We propose in this paper a generalized Yule-Walker estimation method for spatio-temporal models
with diagonal coefficients. The setting enlarges the capacity of the popular spatial dynamic panel
data models. Both the asymptotic results and numerical illustration show that the proposed
estimation method works well, although the number of the estimation equations utilized should
be of the order o(y/n).
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Appendix: Proofs

We present the proofs for Theorems 2, Corollary 1 and Theorem 4 in this appendix. The proofs
for Theorem 1 and 3 are similar and simpler than that of Theorem 2, and they are therefore
omitted. We also present a lemma (i.e. Lemma 1) at the end of this appendix, which shows that
condition A2 is implied by conditions Al and B1 — B3; see Remark 1. We use C' to denote a

generic positive constant, which may be different at different places.

Proof of Theorem 2. We first prove (i) of Theorem 2. We only need to prove the assertions

(1) and (2) below, as then the required conclusion follows from (1) and (2) immediately.

(1)
. % >t ytTfl(WzTyt)% Dot EitYi-1
x I Y Wi > gy L N(0,13).
% >t y?fl(wiTYt—l)% Dot EitYt-1

To prove (1), it suffices to show that for any nonzero vector a = (ay,az,a3)’, the linear
combination
1 n T T 1 n
7 2te1 Vi1 (Wi Ye) 3 2o EitYi—1
1 n T 1 n
a n Zt:1 Yi—1Yit-15, Zt:l €itYt—1
LSy (W) Y
n 2ot=1Yt—1\W; Yt—-1)3, 2_1—1 EitYt—1
is asymptotic normal.

Let us take out the dominant term in 2 >3 |y (wly)2 370 | &y first.

1 & 1 &
T T )
E ; yt_1(Wi Yt)g ; Eityt—1

1 n
S IRV I D oERREE ML) SRt »
t=1 t=1

1 — 1 —
T
— E Eityt—1+ — E W; 21yi-1€it
n n
t=1 t=1

1 n
Sy s,
=1

=F + Es.
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For term E; and k= 1,2,--- ,p, by Proposition 2.5 of Fan and Yao (2003), we have

n 2

1
E ﬁz(ekyt 1W; Yt_ekzlwz)

t=1
_iiv (e7 T )+LZC ©yr 1wTyr elys 1wTys)
_n2 ar kytflwi N4 ’I’L2 ov kytfl i Yi, kYSfl i Vs
t=1 ts (14)
c P L1
<n +728a t_3|)4+”’ [E|ekYt 1W; yt|2+ } |:E|ekYS W] s |2+§ -
t#s
<—+—= t— 4y < — + — ity = O(—),
<+ ol =) < T4 50l -0

where C' is independent of p. Then it holds that
1 o 1
T T T T
— E Wiy — e N1 wy) = Op(—).
n t:1(ek: Yi-1W; Yyt — € 2 w’b) p(\/ﬁ)

Therefore

n

Z ekYt 1W Yyt — € 21 w;)
t=1

= Op(

S|
3

5

1 n

T T
- E Yi—1W; Yyt — X W;
2 k=1

t=1

Similarly,
1 n
n Z: EitYt—1

Since B < H% Yoy yt,lwfyt ¥ WZH2 H L Zt 1EitYi— 1H2, it holds that Ey = Oy(2). Similar
o (14), we have Var(y/nE3) = O(1). Given = = o(1), it holds that \/nE; = op(1). Hence if

vn
p=o(y/n),

v Op( %)

1 1 ¢ I
Vn x o ZYtTfl(WzTYt)ﬁ Z%M—l = % ZwiTzlw—lEi,t + op(1).
t=1 t=1 t=1

Similarly, given p = o(y/n), we have

1 — 1 & 1 &
Vn % 5 ;Yﬂ1yi,t1n ;&',t}’tl = Tn ;efzoytlgi,t +0,(1),

1 — 1 — 1 —
Vi x " ZytT_ﬂW,;r.Yt—ﬂg Z€i,t}’t—1 =7 ZwiTzoyt—l&‘,t + 0p(1).
=1 =1

t=1
Now it suffices to prove
S n,p — al

ZW X1yi-1€it + a2—= ZW Xoyi-1€i4

ftl Vi &

is asymptotic normal.

Ze oy 151t+a3\/>

21



Note that it holds that
¥ 1 1
Elw] S1yi_164*72 < [Blw] S1y-1|")2[Elei )2 < 0.

Now we calculate the variance of S, ;,. It holds that

1 n
Var | — I'Syiae
ar (\/ﬁng 1Yt 151,t>
n—1 .
=w] 218y, (0 wi + > (1 — i) w B [Bye, () + 21, 06)] BT wi,
and it follows from 7 ; o j)ﬁ < oo that
oo
sup Z ‘Wszl [Eyuei (J) + 25,51- (J)] E{Wl’
p =
7=1
> 2 2

<C SllpZOé(j)ﬁ {Elw] 1y |7} {Elei 7} < oo

Similarly,

1 1 &
Cov | — I'Syi1eis, — IS0y 16
ov (\/ﬁ;Wl 1Yt 1€z,t,\/ﬁ;el 0Yt 15z,t>
n—1 j
BB 0o+ 3 (121 whS: By () + 2. ()] Zoes,
j=1

and sup, 377, wls 2y .. ()Zoei| < co. Caleulating all the variance and covariance and sum-

ming up them, it follows from dominate convergence theorem that

S,
Var [ —2_ | — 1.
valU;a
To prove the asymptotic normality of S, ;,, we employ the small-block and large-block argu-

ments. We partition the set {1,2,-- ,n} into 2k,, + 1 subsets with large blocks of size [,,, small

blocks of size s, and the last remaining set of size n — k, (I, + s,). Put

I, = [v/n/logn], s, =[vnlogn]®, k,=[n/(ln+ sn)l,
where ﬁ < x < 1. Hence

ln/vVn —0, s,/l, =0, k,=0(/nlogn).

Note that l,/4/n — 0 is important when we derive the Lindeberg condition of the truncated
partial sum 7 defined in (16).

a4y

Since » 22, a(j)# < 00, we have a(s,) = o(s, 7 ). It then holds that

44y

knc(sn) = o(kn/sn” ) = o(v/mlogn/[Valogn]® ») = o(1).
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Then we can partition S, ;, in the following way
LN LN (3)
1 3
Snp :al\/ﬁ; §j +a2% Eﬁ fj +a3— E §

kn
1 (1) (3)
+a1— n; + as n, +as n
SO UL SULRAE o

1
M —c® —®
+ay \/HC + az \/ﬁC + a3 \/ﬁC ;
where
jl’lL+(j_1)8TL j(l’lL+S’lL)
1 1
53( )= > W] Z1yi-1it, ?73(- )= > W Sy 10,
t=(—1)(Intsn)+1 t=jln+(i—1)sn+1
Jlnt(G—1)sn J(ln+sn)
2 2
§J(' )= > €] Zoyi-1€it; nj(- )= > e Toyi-1€it,
t=(—1) (In+sn)+1 t=jln+(G—1)sn+1
Jln+(G—1)sn J(In+sn)
3 3
fj( )= > W, S0yt 1€, 773( ) 8 > W, S0yt 1€i1,
t:(j_l)(ln"rsn)"f‘l t:jln+(j_1)5n+l
n n n
¢ = Z w! Siyi1eis, (P = Z e] Doyi15i, (P = Z W Zoyi-1€i¢-
kn(ln+5n)+1 kn(ln+5n)+1 kn(ln+3n)+]~

__(24~/2)2
Note that a(n) = o(n 2(2+3/2*2)) and kps,/n — 0, (I, + s,)/n — 0, by applying proposition 2.7
of Fan and Yao (2003), it holds that

k
Ly, 0 2 Lo _ _
\/ﬁ;% =o0,(1), and %C =o0,(1), 1=1,2,3.
Therefore
IR (@) &
Sn,p:al\/ﬁjglfj + as 725 +as 72 —|—0p Tn,p+0p(1)-

We calculate the variance of T}, ,,. Similar to (15), it holds that

t=1

k l
1 e kn kn -
Var alﬁ E §J(.1) = CL%;V&I‘ < %1)> {I1+0(1)} = a%;\/ar ( E W?Elyt_15i1t> {1+0(1)}
i=1

ln—1
knln g .
=aj - w!'S2, .. (0) 21wz+z< ) WIS [Bye () + 22 (5)] STwi | {1+0(1)}.

Calculating all the variance and covariance and summing up them, by dominated convergence

theorem and % — 1, it holds that

T,
Var | —=£_ | — 1.
v/aTU;a
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Now it suffices to prove the asymptotic normality of T;, ,. We partition T}, , into two parts via

truncation. Specifically, we define

Jln+(G—1)sn

nL _ T
&= Z Wi 21Yi-1€itlwT sy, 1e,0<L)
t:(j_l)(l7L+57L)+1

and
Jln+(G—1)sn
MR _ T ,
é.j - Z wi Elyt—lgl,tj{\wiTElyt,1ei7t\>L}'
b= (1)l sm) +1

Similarly, we have £, ¢ and V" €. Then

=1 1 j=1
k kn k (16)
(LR 1 (2R (3)R
o= e e =N P e =Y e
R IR DICEES DI
S R
:Tmp""Tn,p

Ly_ 2 L e PTEh)s L_ 2kn ()L L
Var(T,,) = ajVar Zﬁ- + Q% =aj - Var ( 1 ) {1+o(1)}+Q

I

k n

:@%;nval" (Z WiT21Yt_1€z',tI{|wiTzlyt1si,t|gL}) {I1+o(1)} +0Q"
t=1

o kil
1

T
Var (VVZ 21}’1&7151‘,15[{‘WiTz;lyt_lgm|§L})

ln—1 .
J T T
+2 Z <1 - ln> Cov <WZ 21yt*lJrjgi’tJrjI{\WiT21y1sf1+j€i,t+jISL}’Wi Ely“1€ivtl{\WiT21yt—1Ei,t\SL}) ]
=1

{1+0(1)} +QF,

where QF is the sum of all the rest variance and covariance except Var (al ﬁ Z?Zl 5](1)L>. There-

Var(TF
Var (W) Y

fore

oL
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where we denote a% as the asymptotic variance of T, nLJ,. Similarly, we have

Var(T,fp)
o knln

:al

T
Var (WZ Elyt_1€i’tl{\WiT21Yt—1€i,t|>L}>

In—1 .

J T T

+2 Z <1 — l) Cov (Wi 21Yt—1+j5i,t+jI{\wiTE1y1571+j€i,t+j|>L}7Wi 21yt—1€i,t1{\w?21yt_lai,t\>L}> ]
j=1 "

{1+o0(1)} + 0O~

Define

)

My, =

itT, t2
Eexp e ) exp (—)
v/aTU;a 2
where ¢ = v/—1 now. We bound M, ; as follows
itTr, itTH, .
aTU;a vaTU;a

. 1)L 2)L 3)L
( itTk, )—ﬁEexp it (a1 =€ + asdo6?" + as eV’

M, , <E

+ |Eexp

N 2 o2 t2
exp 5 alUsa exp 5 .

Following the same arguments as part 2.7.7 of Fan and Yao (2003), for any € > 0, it holds that

M, , < € as n,p — oo. Hence
% E?:l ytT—1(WiTYt)% 2?21 €itYt—1
d
Vi x al Y VY13 Yo EitY i1 /va'Uia = N(0,1).
% Z?:l ygf—l (W?thl)% Z?:l Eityt—1
_1
Substituting a by (U, ?)Ta, it holds that
. % doiet ytTfl(W;‘Tyt)% Dot EitYi-1
a’ \/ﬁUi : % Z?:l yip_lyz‘,til% Z?:l €ityt—1 —a’ N(0,1I3),
% Do ygll(szYt—l)% Dot EitYi-1
which leads to the fact that
% Z?:1 ytT—l(WZTYt)% Z?;l €itYt—1

1
1 d
; % doie ytT—lyi,t—I% Yoty EitYi—1 — N(0,1I3).

% D1 yﬁl (Wz‘TYt—l)% Dot EitYi-1
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To prove (2), let us look at the (1,1)-th element of XZX;. We have

1 — 1 «
- Zy;‘FA(WZTYt)E > yia(wlyi)
t=1 t=1

1 — 1™
= (n ZYtT—1(WiTYt) - WiT21> (n ZYt—l(WZ'TYt) — ElTwi) (17)
t=1 t=1
T 1 ¢ T T T T
+2w; 2y - ZYt—l(Wi yi) = Ziwi | +w; 312w
t=1

Using the same arguments as (14), the first term is O,(2) and the second term is O, (-

P 7 ). Hence

given p = o(n), it holds that

% Z?:l YtT—1(W¢T}’t)% 2?21 Yt—l(WiTYt)

— 1.
W?Elz{wi

Applying the same arguments to the other elements of )A(leiz, it holds that

STS v—1 P
Vi(XTX) ™ S 1.

To prove (ii) in Theorem 2, the required asymptotic result follows from (13) and (17) imme-

diately when p = o(n) and y/n = O(p). The proof is completed. O

Proof of Corollary 1. By Theorem 2, it holds that

/)\\Oi )\02' 1 ]
3 Op(—=) if £==0(1),
Ali - Al = Py Vvn
b\ B if 2 p_
Ao; A2 . Op(n) if n oo and = o(1).
for all 7. The required asymptotic result follows from the above result directly. O

Proof of Theorem 4. Let us look at term E; and E» in (13) first under the new condition (A5).
Similar to the proof of (14), it holds that

3/4 1/4
E]_ — Op(psl (p))’ E2 — Op(so (p)

n vn

Hence

n n 3/4 1/4
1 T 7.1 , _ psi’ (p) | s (p)
n ;Yt—l(wi yt)n ;::lfmfylfl = Op( n + NG )-

Similarly, we have

1~ 7 IEN psi () | s ()
ﬁ ;Yt—ﬂﬁ,t—ln ;61',%—1 = Op( + )a

I~ 7 1. I+ psi o) syt (p)
n;yt_1(wi Ytl)n;‘gi,thlep( L + 20 )
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For the first diagonal element of ifﬁl, it follows from considering the three terms in (17)

separately that

1 " psip) | so '@ ). | re er
*Zytlww ZytA(wiyt):Op( L ) e
tl

Similarly,

INoyr o Ly psi(p) | s @) (1)) | gy ot
Ezyt—lyi,t—lﬁZYt—lyi,t—l:Op( " + n )+ e; XX e,

RN T T 1 T psi(p) 3(1)/4(27) }/4(2?) T T
n ZYt—1(Wi thl)g Zthl(Wi yi-1) = Op( + )+ wi XX, w;.

1/2
Given pss;((pp)) = o(n) and % = O(1), we have

S st/ (p)si/t
ps1(p) = o(s2(p)) 0 (p) 1 (p) = o(s2(p)).

n ’ N

Divide both the numerator and denominator of estimator (3) by s2(p), it holds that

XOZ‘ Aoi 3/4 1/4
Wl I I I (psl/ OB ) )
. . "\nsa(p)  Vinsa(p)/
A2; A2i ) |,
The required result then follows directly. O

Lemma 1 Under conditions A1 and B1 — B3, condition A2 holds with v = 4.

Proof. It is apparent that part (a) of A2 is satisfied under Al and Bl — B3. y; is strictly
stationary because €;; are 7.i.d across ¢ and ¢ and condition B3. Since the density function of €;;
exists, a(n) decays exponentially fast, see Pham and Tran (1985). Therefore 3 72, a(j )4+7 < 00.
Now we prove A2(c) when v = 4.

We present a more general result first: for any p x 1 vector a satisfying sup,, [|all1 < oo, it
holds that

supE ‘aTyt‘g < 00.
P

Note that

ZAh }\0 Et h_ZBhet h-

h=0

27



Then

o 8
_ T
E}a yt = E a'Bne,_p| =E E bj e,
h=0
oo
_ T T T T T T T T
=B E (Etth bhl bhzst*hQ)(stfhgbhiibhzget*hzl)(€t7h5bh5bh68t*h6>(€t7h7bh7bh8€t*h8)
hi,h2,h3,ha,hs5,he,h7,hg=0
00 p p
=K [br, b} Jijci £j [br,b} Jiyici £j
- h1 holt1J1 i1,t—h1<j1,t—ha hs3 halt272 i2,t—h3Cja,t—hy
hi,ha,hg,ha,hs,he,h7,hs=0 i1,j1=1 ig,j2=1
p p
T T
X ( E [bh5bhﬁ]i3j35i37t—h5€j37t—h6)( E [bh7bh8]i4j45i4,t—h7€j47t—h8)
13,J3=1 i4,J4=1
oo V4
=E E E [bh1 bhg]llﬂ [bhg bh4]22j2 [bh5bh6]13J3 [bh7 bh8}14j4
hi,h2,h3,ha,hs,heh7,hs=0  i1,J1,i2,52,13,J3,04,54=1

X Ei1,t—h1€j1,t—ho€is,t—h3€ja,t—ha€is,t—h5€js,t—hGEis,t—h7E5s,t—hg

00 p

T T T T
< § E ‘ [bhl bhg]i1j1 [bhgbh4]i2j2 [bhs bh6]i3j3 [bh7bh8]i4j4
hi,h2,h3,ha,hs,he,h7,hs=0  i1,51,i2,52,13,53,%4,J4=1
X E‘gil,tfhl6j1,tfhggig,tfhggjg,t7h462'3,1‘/*]15Ejs,t*h6€i47t*h76j4»t7h8‘

[e%¢) p

<C Z Z ‘bh1b |Z1J1|bh3b |12]2|bh5b |23j3|bh7bhg|l4j4

hi,h2,h3,ha,hs5,he,h7,hg=0  %1,j1,92,j2,13,]3,44,J4=1
o oo P

e[Sy bl

h=0g=0 i=1 j=1

(18)
And

IR BBILAEIN DR ALY AN

h=0 g=0 i=1 j=1 —0g=0 i=1 j=1 i=1 j=1  h=0g=0 K
=22 (Xl wil) = ZZ(Dbhl) (X 1ml), (19)

i=1 j=1 h=0 g=0 =1 j=1
=22 (X tbul) 2o (1)

i=1  h=0 j=1 " g=0

where (ZZO:O \bh]) _is the i-th element of the column vector Y32 |bp|.
Since (32520 [Bnl);; = >hso (‘Ahsfl()\g)‘)ij < (352, |AM ‘Sfl()\o)‘)ij where the row and
column sums of > 7, ’Ah’ !S_l()\o)| are bounded uniformly in p, it holds that the row and

column sums of ;7 |By| are bounded uniformly in p. Note that

(i\bh\)i - (gfrB%Ca\)i < (Bl lal) .

h=0 =0 h=0
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where the row and column sums of 7% |B}| and |a| are bounded uniformly in p. Hence the
row and column sums of Y 7% |BT||a| are bounded uniformly in p. It follows from (18) and (19)

that

s [a”y|” < O] pl (hi\bh\)i pl(fforbgr)j}“:ou).
i= =0 j=l g=

It is easy to prove that
sup ||20W1||1 < 00, Sup HElTlel < 00, Sup HZ()eiHl < 00.
P P P

Thus sup,, [[w;Zoy¢|1 < oo and ete.

The row and column sums of 3y and ¥; are bounded uniformly in p. Then

supw? 21357 w; = O(1).
P

Similarly, we can prove the other diagonal elements of V; and U; are bounded uniformly in p.

The proof is completed. U
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