EFFICIENT AND PERFECT DOMINATION

ON ARCHIMEDEAN LATTICES

by

Yunfan Zhao

A thesis submitted to The Johns Hopkins University in conformity with the

requirements for the degree of Master of Science in Engineering.

Baltimore, Maryland

December, 2018

© Yunfan Zhao 2018

All rights reserved



Abstract

An Archimedean lattice is an infinite graph constructed from a vertex-
transitive tiling of the plane by regular polygons. A set of vertices S is said
to dominate a graph G = (V, E) if every vertex in V' is either in the set S or
is adjacent to a vertex in set S. A dominating set is a perfect dominating
set if every vertex not in the dominating set is dominated exactly once. The
domination ratio is the minimum proportion of vertices in a dominating set.
The perfect domination ratio is the minimum proportion of vertices in a perfect
dominating set. Dominating sets are provided to establish upper bounds for
the domination ratios of all the Archimedean lattices. A dominating set is an
efficient dominating set if every vertex is dominated exactly once. We show
that seven of the eleven Archimedean lattices are efficiently dominated, which
easily determine their domination ratios and perfect domination ratios. We
prove that the other four Archimedean lattices cannot be efficiently dominated.
For the four Archimedean lattices that cannot be efficiently dominated, we

have determined their exact perfect domination ratios. Integer programming

i1



ABSTRACT

bounds for domination ratios are provided. A perfect domination proportion is
the proportion of vertices in a perfect dominating set that is not necessarily
minimal. We study nonisomorphic perfect dominating sets and possible perfect

domination proportions of Archimedean lattices.

Primary Reader and Advisor: John C. Wierman
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Chapter 1

Introduction

In a simple graph G = (Vg, Eg), a vertex x dominates a vertex y if either
x is adjacent to y or + = y. A subset D C V is a dominating set if every
vertex in V; is dominated by at least one vertex in D. More formally, and to
introduce useful notation and terminology, define the closed neighborhood of
a vertex v € Vg by Njv] = {u € Vi : u = voruis adjacent to v}. Vertices in
N[v] — {v} are neighbors of v. A vertex v is said to dominate itself and all of
its neighbors. A dominating set is a set D C V; such that every vertex in
Ve — D is dominated by a vertex in D. A perfect dominating set is a set D C Vg
such that every vertex in V; — D is dominated by exactly one vertex in D. For a
finite graph G, the domination number v(G) is the minimum number of vertices
in a dominating set in (G. There is an extensive literature on domination in

finite graphs, in which many variants of domination are defined and studied,
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for which the classical comprehensive reference is the two-volume series by
Haynes, Hedetniemi, and Slater [1].

In this thesis, we consider domination on a class of infinite planar graphs
called Archimedean lattices. A regular tiling is a tiling of the plane by regu-
lar polygons. Considering the vertices and edges of a regular tiling to be the
vertices and edges of an infinite graph, an Archimedean lattice is a regular
tiling which is vertex-transitive. Due to the restriction that the sum of the
angles in polygons surrounding a vertex is 27, there are only finitely many pos-
sibilities for regular polygons to surround a vertex, and only eleven of these
can be continued indefinitely to form a vertex-transitive lattice. All eleven of
the Archimedean lattices are illustrated in the figures in this thesis. There
is a naming convention for the Archimedean lattices, in which the numbers
of edges of the polygons incident to a vertex are listed in the order they ap-
pear around the vertex, with exponents indicating the number of successive
polygons of a given size. The most commonly recognized Archimedean lattices
are the square (4*) lattice, the triangular (3°) lattice, and the hexagonal (6°)
lattice. For a complete discussion, see the beautiful monograph by Griinbaum
and Shephard [2, pp. 58—64].

Since the dominating set of an Archimedean lattice must be infinite, we
will consider the domination ratio of an infinite graph, which is essentially the

smallest proportion of vertices that constitute a dominating set. We will also
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consider the perfect domination ratio of an infinite graph, which is essentially
the smallest proportion of vertices that constitute a perfect dominating set.
The goal of this thesis is to exactly determine the domination ratio and the
perfect domination ratio for as many Archimedean lattices as possible, and to
find accurate bounds for those remaining.

A concept that is useful in our proofs is efficient domination. Let |S| denote
the cardinality of set S. A set D C V; is an efficient dominating set if | N [v|ND| =
1 for all v € V. Thus, an efficient dominating set must dominate every vertex
in the graph exactly once.

Each Archimedean lattice is a vertex-transitive graph, and thus is a k-
regular graph, with £ = 3,45, or 6. If it is efficiently dominated, its domi-
nation ratio and perfect domination ratio both equal ﬁ Chapter 3 shows that
seven of the Archimedean lattices are efficiently dominated, determining their
domination ratios and perfect domination ratios.

However, for a given graph, an efficient dominating set may not exist, as is
proved for four of the Archimedean lattices. For those lattices, %ﬂ is a trivial
lower bound, while the proportion of dominating vertices in any dominating
set or perfect dominating set provides an upper bound for domination ratio
and perfect domination ratio respectively. We exhibit examples to establish the

best upper bounds that we have found. We prove that the perfect domination

ratios for four of these graphs, the (3,6, 3,6), (3,4,6,4), (3%,4,3,4), and (4,6, 12)
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lattices, are equal to 3, 1, ; and - respectively. Our results are summarized in

Table 1.1.

| Archimedean Lattice | Efficient Domination | v, |

(3,122) Yes z
(4,6,12) No =
(4,8?) Yes i
(6%) Yes :
(3,4,6,4) No :
(3,6,3,0) No 1
(4% Yes =
(3%,6) Yes 5
(32,4,3,4) No :
(32,42) Yes 5
(39) Yes z

Table 1.1: Results for the eleven Archimedean lat-
tices. The column labeled “Efficient Domination” indicates
whether or not there exists an efficient dominating set for
the lattice. The column labeled v, provides the exact value
of the perfect domination ratio for all of the lattices.

The remainder of the thesis is organized as follows:

In Chapter 2, periodic graphs are defined, then the domination ratio and
the perfect domination ratio are defined for a periodic graph. Definitions, ter-
minology, and lemmas that apply to all Archimedean lattices are provided.

The existence of efficient domination is determined for seven of the
Archimedean lattices in Chapter 3. A proof for each of the seven of the
Archimedean lattices is given in the form of a figure illustrating an efficient
dominating set.

Our results on the (3,6, 3,6) or kagome lattice are discussed in Chapter 4.

4
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The kagome lattice is proved to not have an efficient dominating set. Bounds
for the domination ratio of the kagome lattice are determined. The proof of the
exact value of the perfect domination ratio of kagome lattice is provided. Noni-
somorphic perfect dominating sets and possible perfect domination proportions
are investigated.

Our results on the (3,4,6,4) lattice, the (3%,4, 3,4) lattice, and the (4,6, 12)
lattice are provided in Chapter 5, Chapter 6, and Chapter 7 respectively, orga-
nized in a form similar to Chapter 4.

In Chapter 8, integer programming bounds for the domination ratio and
perfect domination ratio of Archimedean lattices are discussed.

Chapter 9 breifly mentions some ongoing research and open questions.



Chapter 2

Preliminaries

2.1 Applications of Efficient and Per-

fect Domination

The existence of efficient dominating sets is studied in coding theory, since
it is a variant of the classical problem of the existence and non-existence of
perfect codes as a set in a vector space. A perfect e-error-correcting code of
block length n over V is a subset S C V" such that for every v € V" there exists
a unique u € S with d(u,v) < e. A perfect 1-code in a graph is an efficient
dominating set.

Perfect domination in a graph is a model for facility location problems. Con-

sider a city represented by a graph G where vertices represent different lo-
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cations or areas in the city. Every location is a potential site for a facility.
Every pair of vertices representing adjacent locations are joined by an edge.
Consider a company that wants to minimize the number of facilities such that
each location is served by a facility in it or by a unique facility adjacent to it.
The company's goal is to find a minimum perfect dominating set of G. A real
world facility location problem may be of large scale and require a graph the-
ory model with thousands of vertices. Studying perfect domination on infinite

periodic graphs may provide insight into large scale facility location problems.

2.2 Periodicity

A periodic graph G is a locally-finite connected simple graph with a
countably-infinite vertex set, which can be embedded in R? for some d < oo
such that G is invariant under translation by each unit vector in a coordinate
axis direction in R? and each compact set of R? intersects only finitely many
edges and vertices of G. Note that it is actually the embedding which is peri-
odic. For convenience, we will identify a graph with its periodic embedding,
although the properties of a dominating set only depend on the adjacency
structure of the graph. Each of the eleven Archimedean lattices is a periodic
graph in R?. Figures showing periodic embeddings of the Archimedean lattices

are provided in [3] and throughout the thesis.
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2.3 Existence of the Domination Ratio

2.3.1 Definition of the Domination Ratio

For a periodic graph G, denote the subgraph of G induced by the vertices in
the rectangle [m, my) X [n1,n9) C R? by Rg(my, ma;ny, ny), where m; < mgy,ny <
ny and my, mg,ny,ny € Z. Note that all induced subgraphs R (mq,ma;nq,ns)
corresponding to translations of rectangles with the same edge lengths are iso-
morphic. Denote the minimum size of a dominating set for R4 (0,m;0,7n), known
as its domination number, by 7., ,(G), and the number of vertices in R(0, m;0,n)

by Ny,.».(G). Denote N, 1(G) = k. We define the domination ratio of G by
Y (G) _ 1

li f—,4(G).
m,flzgloo Npn(G) 17{18 7”8]67’ (@)

A proof that the limit exists relies on subadditivity. Let G; and G, be vertex-
disjoint induced subgraphs of (G. Since the union of dominating sets for G; and
(G, is a dominating set for G, but there might be a smaller dominating set for
G,

(G U Ga) <4(Gh) +7(Ga),

while

N(Gy U Gy) = N(G1) + N(Gy).
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Together, these imply that, for example, doubling the length or width of the
rectangle cannot increase the domination ratio of the subgraph, and may de-
crease it. Our literature search did not find a proof of the existence of the
limit for deterministic multiparameter subadditive functions, but one may find
a proof for the more difficult stochastic case in [4], which is modified appropri-

ately in the following section.

To discuss bounds for the domination ratio, we need to consider dominat-
ing sets which are not minimum dominating sets. For a finite graph G that
has a dominating set D, let its domination proportion, vp(G), be the number
of vertices in D divided by total number of vertices in G. We extend the notion
of domination proportion to infinite periodic graphs. Given a dominating set,
suppose the vertex set of an infinite graph can be partitioned into finite subsets
such that the subgraph induced by each subset is connected and all these finite
induced subgraphs have the same domination proportion. The domination pro-
portion of the dominating set is defined as the common value of the domination
proportion of the finite induced subgraphs.

For the induced subgraphs, we require the same domination proportion and
connectedness to avoid ambiguity arising from one-to-one or many-to-one cor-
respondences between subgraphs, which can be used to obtain different domi-
nation proportions for all the subgraphs.

If the same domination proportion is not required for the induced sub-
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graphs, we will have the following issue: For simplicity, assume the domina-
tion proportion of induced subgraphs are either ~; or 7,, where v; # .. We can
pair every induced subgraph having domination proportion v; with two induced
subgraphs having domination proportion v, to obtain % as the domination
proportion of the infinite periodic graph. Similarly, we can pair every induced
subgraph having domination proportion ; with three induced subgraphs hav-
ing domination proportion 7, to obtain Vlzﬂ as the domination proportion of
the infinite periodic graph. Therefore, the domination proportion of an infi-
nite periodic graph is not well defined if the same domination proportion is not
required for the induced subgraphs.

If connectedness is not required for the induced subgraphs, we will have the
following issue: For simplicity, assume every induced subgraph is the disjoint
union of two connected components. The two connected components may have
different domination proportions, v; and -, respectively. The same reasoning as
in the previous paragraph can be applied to show that the domination propor-
tion of an infinite periodic graph is not defined if connectedness is not required

for the induced subgraphs.

10
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2.3.2 A Proof that Domination Ratio Exists

Let £ = N, 1(G). Fix positive integers r and s. Any integers m and n suffi-

ciently large may be expressed as
m
m = ar + 3, where a = L—J and0< g <r
T

n = ps + o, where p = {EJ and 0 <o <s
S

When we divide m by r, we obtain « as the quotient and 5 as the remainder.
When we divide n by s, we get p as the quotient and o as the remainder. The
vertex set of the rectangular region R:(0,m;0,n) is the disjoint union of vertex

sets of rectangular regions listed below [4]. Figure 2.1 illustrates the reasoning.
Rij = Ra(((i — )r, (j — 1)s), (ir, js)), where 1 <i < a,1<j<p

S; = Ra(((i — D)r, ps), (ir,ps + o)), where 1 <i < «
T; = Re((ar, (j = 1)s), (ar + B, js)), where 1 <j <p
U= RG((Oﬁn) pS), (OZT‘ + B?ps + U))

The rectangular regions are labeled in Figure 2.1. For simplicity, we do not
label all of R;; in Figure 2.1.

Using subadditivity and the fact that the domination number of a subgraph

11
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R4 Ty
Ry3 T
Rz T

Rll R21 R31 R41 R51 RGI R?l R81 Tl

" B

Figure 2.1: An illustration of the proof that the domination ratio exists.

12
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is no greater than the number of vertices in the subgraph, we deduce that

Y G) <D 4(Ryy) + (aor + pfs + Bo)k.
i=1 j=1

Notice v(R;;) is the same for all R;; from periodicity and the embedding of

the graph. Furthermore, v(R;;) = 7,.+(G).

Ymn(G) < apyrs(G) + (aor + pBs + Bo)k.

'Vm,n<G) < O‘PVT,S(G) (O‘UT + pBs + 60>k
Nin(G) = Npn(G) Nn(G) )

Since N,,,(G) = mnk, we have

Tmn(G) _ aprs(G) L qor+pBs+fo

lim inf M < lim inf OKP’VT,S(G) 1 lim inf aor + pBs + BCT'
m,n—r00 m,n(G) m,n—00 mnk m,n— o0 mn

Because o < m and o, r are fixed, as m,n — oo, we have 2= =

aor _ @y or ),
Because p < n and 3, s are fixed, as m,n — oo, we have % =2 x % — 0.
Because 3, o are fixed, as m,n — oo, we have % — 0.
Adding up all three terms, as m,n — oo, we have %ﬁé’*ﬁ” — 0. Therefore
we have
lim inf Dmn(G) < liminf Oé—pkvm(G).

m,n—00 mm(G) m,n—o0 MN

13
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Since ar < m and ps < n, we have arps < mn, so

1
lim inf a—pkjym(G) < lim inf _k%’S<G)'

m,n—o0 MN m,n—oo 'S

Because —,,:(G) does not depend on m, n, we have

«

.. P 1
1 f rsG S_TSG'
iminf ,(G) < ——5.(C)

m,n—oo 1MN

Because the inequality above holds for any r, s, we have

1
lim inf a—pk”yns(G) <inf —~, 4(G).

m,n—o0 MMN rs sk

lim inf 7—(G) < lim inf Oépk’ym(G) < inf —k'ym(G).
n

m,n—ro0 m,n(G) m,n—o0 1M, s TS

. Ym,n (G)
Since ja— e}

@ = —+.s(G) when r = m, s = n, we have

) o L
>
Npn(G) — nf roge Ve (G

and therefore

T e 1
Lo > J—
ngzlgg mn(G) lv?sf rsk%’S(G)'

14
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Thus, we conclude the limit exists and

Ym n(G) . 1
7 —inf —
m,n—00 mm(G) 17{13 rsk

Yrs(G).

2.3.3 Why This Definition ?

At first glance, one might think our proof that domination ratio exists has
a counterexample, an infinite row of the kagome lattice shown in Figure 2.2.
Even though efficient domination of the kagome lattice is not possible, the in-
fimum definition would yield a ratio of } (the domination ratio of the kagome
lattice if perfect domination were possible). The infinite row of the kagome lat-
tice is not a valid counterexample, because the definition of domination ratio is
restricted to infimum over subgraphs induced by vertices in rectangles, where
a rectangle must be a period of the embedding and it is not in the example.
Recall from Section 2.3.1 that an Archimidean lattice can be embedded in a
plane such that all induced subgraphs corresponding to translations of rectan-
gles with the same edge lengths are isomorphic. The infinite row of the kagome

lattice is not a subgraph induced by vertices in a rectangular region.

15
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VANEVANERVAN

NV

Figure 2.2: An induced row of the kagome lattice can have a domination ratio
of % even though efficient domination of the kagome lattice is not possible.

2.3.4 Generalized Results

Corollary 2.3.1: If a bounded function f(m,n) is subadditive, where m,n are
length and width of a rectangular region in an infinite periodic graph, then

f(m,n) has a limit as m,n — oo, and the limit equals inf, , -1 f(r, s).

Proof: Let f(m,n) be a bounded subadditive function, where m,n are length
and width of a rectangular region in an infinite periodic graph. The proof of the
existence of the domination ratio in Section 2.3.2 can be applied to show that
f(m,n) has a limit as m,n — oco. One may replace 7,,,, in the proof in Section

2.3.2 by f(m,n) and obtain inf, , - f(r, s) as the limit. O

Corollary 2.3.2: If a bounded function f(m,n) is superadditive, where m,n are
length and width of a rectangular region in an infinite periodic graph, then

f(m,n) has a limit as m,n — oo, and the limit equals sup, , — f(r, s).

16
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Proof: Let f(m,n) be a bounded superadditive function, where m, n are length
and width of a rectangular region in an infinite periodic graph. Notice that
—f(m,n) is subadditive. By Corollary 2.3.1, — f(m, n) has a limit as m,n — oo,
and the limit equals inf, ; - { — f(r, s) }. Thus, f(m,n) has a limit as m,n — oo,

and the limit equals sup, , = f(r,s). O

2.3.5 Different Periodic Embeddings Yield the

Same Domination Ratio

Let A and B be two periodic embeddings of an infinite graph G. Let v(G )
and v(Gp) denote the domination ratio of G yielded by A and B respectively.
The two periodic embeddings A and B provide two sets of (z,y) axes that may
have different scales and angles between the x-axis and the y-axis. We can
embed the infinite periodic graph in the plane such that the z-axis and the
y-axis corresponding to periodic embedding A are orthogonal. Let coordinate-
A and coordinate-B denote the coordinate system that correspond to the set
of (z,y) axes provided by periodic embeddings A and B respectively. Recall
that Rg(mq,ms;n1,ns) denotes the subgraph of G induced by the vertices in the
rectangle [m;, msy) X [n1,ny) C R2. For simplicity, we denote R (my,mso;ny,ny)
in coordinate-A and in coordinate-B by R(my, ma;ny, ne) and Rg(mq, ma;ny, no)

respectively.

17
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A rectangular region Rz(0,m;0,n) is a parallelogram in coordinate-A. Fig-
ure 2.3 illustrates the reasoning. Fix positive integers r,s. The origin in
coordinate-B is in a r x s rectangle whose vertices have integer coordinates
in coordinate-A. Let Ra(ar,fBs;ar + r, s + s) denote the rectangular region
that contains the origin in coordinate-B, where «, 8 € Z. Similarly, let points

(m,0), (m,n), (0,n) in coordinate-B be in rectangular regions:

Ra(ar +r, Bs + ds;ar +~r +r,Bs + 0s + )

Ra(ar +~r +0r,Bs + ds + As;ar +~yr + 0r + 1,85 + ds + A\s + s)

Ra(ar +0r,Bs + As;ar +0r +r, Bs + As + s)

respectively, where o, 3,7,6,0, A € Z.

Notice a union of rectangles with length » and width s in coordinate-A has
Rp(0,m;0,n) as a subgraph. Let k£ denote the minimum number of rectangles
with length r and width s in coordinate-A whose union has Rz(0,m;0,n) as a
subgraph. Recall that ~,, ,(G) denotes the domination number of R;(0,m;0,n),
and N,,,(G) denotes the number of vertices in R;(0,m;0,n). For simplicity,
we denote v,,,(G) and N,, ,(G) in coordinate-A by ~,,,(A) and N,,,,(A) respec-
tively. Similarly, we denote v,,,(G) and N,, ,(G) in coordinate-B by v, ,(B) and

Ny (B) respectively.
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CHAPTER 2. PRELIMINARIES

Since a union of k rectangles with length » and width s in coordinate-A has

Rp(0,m;0,n) as a subgraph,

Notice every rectangle in the union contains some vertices in Rz(0,m;0,n),
otherwise a union of less than k rectangles with length r and width s in
coordinate-A has Rp(0,m;0,n) as a subgraph, contradicting that £ is the
minimum number of  x s rectangles required. Since 2(y + 0 + § + \) rectangles
with length » and width s can cover all vertices on the internal boundary of
Rgp(0,m;0,n), at most 2(y + 6 + § + \) rectangles in the union contains vertices

not in Rz(0,m;0,n).

ENys(A) = Npn(B) <2(y+ 60+ 5+ AN, 5(A).

0 < EN,o(A) = Nppn(B) <2(y + 0 +6 + AN, 4(A).

Ninn(B) < ENys(A) < Npn(B) +2(7 + 60 + 0 + ANy (A).

N 207+ 60+ 0+ AN, 5(A)

where N, ,(B) = ©(mn) and v+ 60 + 0 + A = O(m + n). Since 2N, ,(A) is a fixed
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CHAPTER 2. PRELIMINARIES

positive integer, as m,n — oo, we have

27+ 0+ 0+ AN, 5(A)

0.
Non(B) —

Therefore, as m,n — oo,

Using subadditivity and the fact that domination number of a graph is no

smaller than the domination number of its subgraph, we deduce that

EYrs(A) = Y (B).

kN;s(A) % ks (A) > Ymn(B)
Nyn(B) = kN s(A) = Npu(B)

As m,n — oo, fvinggi — 1. Therefore we have
k'Vr,S(A) Vm,n(B)

lim > lim

m,n— 00 kNr,s(A) ~ m,n—o0 Nm,n(B) '
where the existence of the limit is proved in section 2.3.2.

| : > 1 —_—
m,’rlLI—I>100 NT,S(A> - m,?lzgloo Nm,n(B)
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CHAPTER 2. PRELIMINARIES

Since lim,, ;00 % =~(Gp) and X,’:f(i)) is independent of m, n, we have
Vr S(A)
d > ~(G
an(A) - 7( B)
- Trs(A)
f— G
171;15 NT7S(A) - /y( B)
Since inf, X; ((f‘)) =v(G4), we have

1(Ga) 2 v(Gp).

Similarly, we can embed the infinite periodic graph on a plane such that the z-
axis and the y-axis corresponding to the subgraph B are orthogonal. The same

reasoning can be applied to show that v(G4) < ~(Gg). Thus, v(G4) = v(Gp).

2.4 Existence of the Perfect Domina-

tion Ratio

Definition (Internal boundary): Given a graph G with a subgraph H, the
internal boundary of H is the set of vertices in H which are adjacent to some

vertex outside H.

Definition (Dominated for free): Given a graph G = (V, E), a vertex v € V
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ar Or

S

0s

Figure 2.3: A rectangle Rz(0,m;0,n) is a parallelogram in coordinate-A.
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CHAPTER 2. PRELIMINARIES

is dominated for free means that we accept F' as a dominating set for G if F'is
a dominating set for G \ v.

For a periodic graph G, let Rg(mq, ma;ny, ny), where m; < mo,ny < ny, denote
the subgraph of GG induced by the vertices in the rectangle [m;,ms) X [n1,n2) C
R%. Note that all induced subgraphs Rg(m1, ms;ny,ns) with corresponding to
rectangles with the same edge lengths are isomorphic. Denote the minimum
size of a perfect dominating set for R;(0,m;0,n), known as its perfect domina-
tion number, by v, »,(G), and the number of vertices in R(0, m;0,n) by N, .(G).

We define the perfect domination ratio of G by

To prove the limit exists, we consider a variant of the perfect domination ratio.
Assume vertices in the internal boundary of graphs are dominated for free,
and boundary vertices can still dominate other vertices if they are in a perfect
dominating set. Denote the minimum size of a perfect dominating set under the

condition above by 7 (G). We define the variant of the perfect domination

- Yo (G)
m,n—00 Nmm (G) ’

A proof that the limit exists relies on superadditivity. Let G; and G, denote

ratio by

vertex-disjoint induced subgraphs of G. Let S denote the minimum perfect

23



CHAPTER 2. PRELIMINARIES

dominating set of G; U G5 with internal boundary dominated for free. Let S; =
SNV(G,) and Sy = SN V(Gy). Since S; is a perfect dominating set of G, we

have | S| > ~”(Gy). Similarly, |S;| >~ (G2). Therefore,
Vf(cﬁ UGq) > 7£(G1) +7£(G2),

while

N(Gl U Gz) = N(Gl) + N(Gg)

Together, these imply that, for example, doubling the length or width of the
rectangle cannot decrease the variant of the perfect domination ratio of the
subgraph, and may increase it. By Corollary 2.3.2, ’Yf;m,n(G) has a limit as
m,n — oo, and the limit equals sup, , -7 (G).

As the length and width of the rectangle approach infinity, one may apply
the same reasoning as in Section 2.3.2 to show the proportion of vertices on the
internal boundary approaches zero. Therefore, the perfect domination ratio
approaches a limit as m,n — oo, and the limit is

. Vp;m,n(G) . ’YpBim,n(G) 1 B
1 Ipmn )L B b — sup ——ny :
o {N 7 } méllloo{ Nn(G) S,L,lép rsk’yp’r’S(G)

The perfect domination ratio is the same regardless of the choice of the

periodic embedding. One can modify the proof in Section 2.3.4 to obtain de-
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sired result. In particular, let £ denote the maximum number of disjoint r x s
rectangles whose vertices have integer coordinates in coordinate-A that are
subgraphs of Rp(0,m;0,n). In addition, the proof replies on superadditivity

instead of subadditivity, which we used in the domination ratio case.

2.5 Definitions and Preliminaries

We now provide some definitions, terminology, and lemmas that apply to
perfect domination on all the Archimedean lattices.

If a graph G has vertex set V(G) and edge set F(G), for simplicity we will
write v € G rather than v € V(G) and write e € G rather than e € E(G).

In the remainder of this thesis, we will abbreviate perfect dominating set
as “PDS.” As for any graph, given a PDS D in a graph G, the subgraph of
G induced by vertices in D is a disjoint union of connected components. Our
proofs use certain features of the structure of the boundary of the components,

described in the remainder of this section.

Definition (D,): Given a PDS D, let D, denote a connected component of size

n in the subgraph induced by vertices in D.

Note: For a fixed positive integer n, there may exist components D,, which are
not isomorphic. An example of nonisomorphic D, is shown in Figure 5.4. A

Dg in the figure on the left is not isomorphic to a Dg in the figure on the right.
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Fortunately, in our graphs, this does not happen when n is small.

Definition (Graph distance): For two vertices v and « in a graph G, let
dg(v,u) denote the number of edges in the shortest path between v and . For a
vertex v and a subgraph S of G, define d(v, S) = min,es{ds(v,u)}. For brevity,

when the graph G is clear from the context, we omit the subscript G.

Definition (External boundary): Given a subgraph S in a graph G, define

the external boundary as the set of vertices v such that dg (v, S) = 1.

Definition (Double external boundary): Given a subgraph S in a graph G,
define the double external boundary as the set of vertices v such that dg (v, S) =

1 or 2.

Lemma 2.4.1: Given a component D, in a PDS D, no vertex in the double

external boundary of D,, is in D.

Proof: Let v be in the double external boundary of D,,.

If d(v, D,,) = 1, then v is adjacent to a vertex in D,, and thus is in the com-
ponent D,, contradicting d(v,D,) = 1. Therefore, no vertex in the external
boundary is in D.

If d(v, D,)) = 2, there exists a path of length two with vertices v, w, and =,
where w ¢ D, and x € D. If v € D, then vertex w is dominated by both v and =z.
Thus, w € D and thus also in D,,. This implies that v € D,, also, contradicting

that v is in the double external boundary of D,,. O
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Lemma 2.4.2: Given a PDS D, if v ¢ D, u is a neighbor of v, and every other

neighbor of v is not in D, then u € D.

Proof: To deduce a contradiction, suppose u ¢ D. Then v is not dominated by

any vertex in D, contradicting the assumption that D is a dominating set. [

Definition (pulls in): Let v pulls in u indicate that for a PDS D and a vertex
v ¢ D, u is a neighbor of v and every other neighbor of v is not in D, requiring

that © € D by Lemma 3.2.

By the definition of PDS, a vertex that is not in the PDS must be dominated
exactly once. Thus, given a PDS D, if a vertex v has two neighbors v and w in

D, thenv € D.

Definition (double force in): Let u and w double force in v indicate that for

a PDS D, if a vertex v has two neighbors ©« and w in D, then v € D.

Lemma 2.4.3: Given a PDS D, if a vertex v ¢ D has a neighbor u € D, then no

other neighbor of v isin D

Proof: Suppose v has another neighbor w € D. Then v is dominated by both «

and w, contradicting the assumption that D is a PDS. O

Definition (forces out): Let v and u force out w indicate that if vertex v ¢ D

has a neighbor u € D, then another neighbor w of v is not in D.

Note: In each of chapters 4, 5, 6, and 7, we consider a specific Archimedean
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lattice. In each chapter, the notations such as PDS, +,, and D, refer to only

that specific lattice.

2.6 How Our Proof Uses the Definition

of the Perfect Domination Ratio

In the remainder of this thesis, we determine the exact value of the perfect
domination ratio for all of the Archimedean lattices. For each Archimedean
lattice that is efficiently dominated, the perfect domination ratio is 1#1 if it is
a k-regular lattice. Details on efficiently dominated lattices are discussed in
Chapter 3. For an Archimedean lattice G that is not efficient dominated, we
exhibit a PDS D and prove that ,(G) = v,(D) as follows.

To deduce a contradiction, suppose 7,(G) < 7,(D). Then there exists a PDS
D' such that v,(D’") = 7,(G) < 7,(D). We demonstrate that D’ must contain a
certain component D, (typically a D;). This D, forces certain structure around
it, which requires more vertices in D. Therefore, this D, forces the perfect

domination proportion of a large subgraph around it to be above ~,(D). Since

the perfect domination ratio is defined as
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as m,n — oo, the large subgraph around this D, will be included in Ry .0,

contradicting that ,(D’) < v,(D). Therefore, we conclude that ~,(G) = 7,(D).
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Chapter 3

Existence of Efficient

Domination

It is well-known that for finite graphs, efficient domination is optimal dom-
ination, and all efficient dominating sets have the same cardinality [1]. Since
the definition of domination ratio for infinite periodic graphs is in terms of dom-
ination numbers for finite graphs, all efficient dominating sets are optimal and
have the same domination ratio.

Existence of an efficient perfect dominating set was previously proved for
the three most common Archimedean lattices — the square (4%) lattice [5,6], the
triangular (3°) lattice [7], and the hexagonal (6*) lattice [8]. For completeness,
we illustrate the efficient dominating sets in these three lattices in Figures 3.1

—3.3. In Figures 3.4 — 3.7, we illustrate efficient dominating sets for the (3, 12?),
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CHAPTER 3. EXISTENCE OF EFFICIENT DOMINATION

(4,82%), (3%,6), and (32, 4?) lattices, respectively. Each of the figures shows a sub-
graph of the lattice that is sufficiently large to demonstrate a periodic pattern
that can be extended to efficiently dominate the infinite lattice. In each of the
figures, a star with bold edges is centered at each vertex in the dominating set,
with the edges with arrows pointing to vertices that are dominated by the cen-
tral vertex. Notice that every non-central vertex is the endpoint of exactly one
arrow, so every vertex is dominated exactly once.

Since they are vertex-transitive, each of the Archimedean lattices is a reg-
ular graph. Each is k-regular for some k& = 3,4,5 or 6. For each of the seven
Archimedean lattices which can be efficiently dominated, the domination ra-
tio is 1/(k + 1) if it is a k-regular lattice, since each vertex in the dominat-
ing set dominates itself and precisely k& neighbors, and no vertex is dominated
more than once. Notice an efficient dominating set is a perfect dominating set,
since every vertex is dominated exactly once. Therefore, for each of the seven
Archimedean lattices which can be efficiently dominated, the perfect domina-
tion ratio is 1/(k+ 1) if it is a k-regular lattice, since each vertex in the efficient
dominating set dominates itself and precisely & neighbors, and no vertex is

dominated more than once.
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Figure 3.1: An efficient dominating set in the square lattice.

/\ ‘AVA
A‘AVA AV AVAN
JAVAVAVA VAN 6’;‘/ \VAVAV
AVAVWAV‘AV Va ¥ AVAN
VAT AVAVAVAVA Y 4VAY sV
JAVAVAV.Y 2\ OVA‘/VAVV
Wab Vi VA‘V‘AV eV AVAN

AV VAVAVAVAY AVAY s VAV
JAVAVAY 4 VA"‘AV
AVWAV JAVAY4Y LVAVA
N"AVAVAVAVA VAN &A‘V VAV
\WAVAVAVAY s VAVAVS

Figure 3.2: An efficient dominating set in the triangu-
lar lattice.
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Figure 3.3: An efficient dominating set in the hexago-
nal lattice.

Figure 3.4: An efficient dominating set in the (3, 12?)
lattice.
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Figure 3.5: An efficient dominating set in the (4,8?)
lattice.

A
VaWAVATAY

AYAYAVAR VA
\Z\ AVAVAV

Figure 3.6: An efficient dominating set in the (3*,6)
lattice.
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CHAPTER 3. EXISTENCE OF EFFICIENT DOMINATION

Figure 3.7: An efficient dominating set in the (33,42)
lattice. Note that, for convenience, the lattice is drawn
in a periodic rectangular structure, rather than using
regular polygons.
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Chapter 4

The (3,6, 3,6) or Kagome Lattice

4.1 Nonexistence of Efficient Domina-

tion

Lemma 4.1.1: There does not exist an efficient dominating set in the (3,6, 3,6)

lattice.

Proof: The proof is by contradiction. Assume that there exists an efficient
dominating set D. Since D # (), there exists a vertex v; € D. Figure 4.1
illustrates the reasoning. By vertex-transitivity, any vertex may be chosen to
represent v;.

Vertex v, is adjacent to a vertex in N[v,], so v, ¢ D or the adjacent vertex

would be dominated by both v; and v,. Therefore, v, must be dominated by one
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of its neighbors. The only neighbors v for which N[v] N N[v;] = () are v3 and v,.
So if D is to be an efficient dominating set, either v3 € D or v, € D, but not
both.

Consider the case v3 € D. Vertex v; is adjacent to a vertex in N[v,], so
vs ¢ D. However, every neighbor v of v; satisfies either N[v] N N[v;] # 0 or
N[v] N N[vs] # 0, so there does not exist any vertex v € D such that v € NJuvs].
Since there is no v € D which dominates v5, D is not a dominating set, and thus
not an efficient dominating set, contradicting our original assumption.

Consider the case v, € D. Vertex vg is adjacent to a vertex in N[v,], so vs ¢ D.
The only neighbors v for which N[v] N N[v;] = () are vs and vg. So if D is to be an
efficient dominating set, either vs € D or vg € D, but not both.

If vs € D, then vy, is adjacent to a vertex in N|uvg|, so v;yp ¢ D. However,
every neighbor v of vy satisfies either N[v] N N[v;] # 0 or N[v] N N[vs] # 0, so
there does not exist any vertex v € D such that v € N[vyo]. Thus, v;9 cannot be
dominated.

If vg € D, then v; is adjacent to a vertex in Nvg|, so v; ¢ D. However, every
neighbor v of v; satisfies either N[v]N N[vy] # () or N[v]N Nvg] # 0, so there does
not exist any vertex v € D such that v € N[v;]. Thus, v; cannot be dominated.

Thus, every case leads to the contradication that D cannot be a dominating

set. O
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VANEVANEVAN

X X XX
X X XK XX
X KX X

Figure 4.1: An illustration of the proof of non-
existence of an efficient dominating set in the (3,6, 3,6)
lattice.

4.2 Bounds for the Domination Ratio

Lemma 4.2.1: ,(3,6,3,6) < 2.

Proof: Figure 4.2 illustrates a periodic dominating set in the (3,6,3,6)
lattice. There is an infinite connected component of edges in the closed
neighborhoods of dominating vertices. For convenience in counting, delete the
edges with rightward-pointing arrows in the infinite component. The set of
dominating vertices and dominated vertices are unchanged by the deletions.
Now pair in a one-to-one correspondence adjacent connected components
of five vertices and four vertices (as in the figure), and use the pattern to

dominate the entire graph with isomorphic, disjoint, connected subgraphs.
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Considering a representative subgraph which consists of one component of

each type, the dominating proportion of the dominating set illustrated is %

O

VAVAVAV
oo
(N YN N
X N Ko X
AVERAERAY.

Figure 4.2: An induced subgraph of the kagome lat-
tice.

4.3 Perfect Domination Ratio

Definition (a row of D;s): A row of D;s is a sequence (possibly doubly-
infinite) of at least two consecutive D;s such that every two consecutive D;s in

the sequence are distance three apart in a 6-cycle.
Lemma 4.3.1: 7,(3,6,3,6) < :
Proof: A periodic PDS D with ~,(D) =3 is shown in Figure 4.3, establishing 3

as an upper bound. O
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ANEVAN
LR
SO
DS 00I0N:
SO
DSOS IeN:
SO
DS 00IeN:

Figure 4.3: A PDS D of the (3,6, 3, 6) lattice with ~,(D) =3.

Lemma 4.3.2: A D, must appear in an infinite row of D;s.

Proof: Suppose v; € D is a D;. Figure 4.4 (left) illustrates the following rea-
soning. By vertex-transitivity, any vertex may be chosen to represent v,. Notice
that v, and v5 are not in D since they are in the double external boundary of v;.
Thus, v, pulls in either v3 or vy, and v5 pulls in either v, or vg.

Suppose v3 € D. Then v, ¢ D and v3 € D forces out vy. Thus, v; pulls in vg,
and consequently v, is dominated by both v3 and vg, contradicting that D is a
perfect dominating set. Therefore v3 ¢ D. The same reasoning can be applied
to show vg ¢ D.

Next, v, pulls in v4. Notice that v, is a Dy, and the same reasoning regarding
v can be applied to v to show vy is a D;. Thus, one can show by induction that

any vertex v on the line (extending infinitely in both directions) going through
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v; and v, must be a D;. O

/\
XX XX XX XX
XK XXX
X% X XXX
X R
XXX XX XX

Figure 4.4: The figure on the left illustrates the proof of Lemma 4.3.2. The
figure on the right illustrates the proof of Lemma 4.3.3.

Lemma 4.3.3: Two rows of Dis must be parallel.

Proof: To deduce a contradiction, suppose there exist two rows of D;s that are
not parallel. By Lemma 4.3.2, the two rows of D;s must extend infinitely and
therefore must intersect. There are only three possible directions for a row of
D;s, so these two rows of D;s must form an angle of . Figure 4.4 (right) illus-
trates the reasoning. Notice that v; and v, are in a row of D;s, and v3 and v, are
in another row of D;s. Thus, v, and v, are in the same D,,. Then, v, is in a D, or

larger D,,, contradicting that v, is a D;. O
Lemma 4.3.4: A D, cannot exist.
Proof: To deduce a contradiction, suppose there exists a PDS D that contains
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a D,. Let u and v be vertices in this D,. Since any edge in the Kagome lattice
is in a 3-cycle, v and v are in a 3-cycle {u,v,w}. Then w ¢ D is dominated by

both u and v, contradicting that D is a PDS. O

Lemma 4.3.5: If a PDS D of an induced subgraph of the kagome lattice does

not contain a D., then the perfect domination proportion of D is at least %

Proof: Suppose there exists a PDS D that does not contain a D;. By Lemma
4.3.4, any vertex v € D must be in a D; or larger D,,. Observe that a vertex v in
a Ds or larger D, has at least two neighbors in D. Thus, v dominates at most
two vertices not in D, which implies that the perfect domination proportion of
D is greater than or equal to %

The same reasoning can be applied to any induced subgraph to show that
if D is a PDS that does not contain a D;, then any vertex v € D dominates at
most two vertices not in D. Thus, the domination proportion of the induced

subgraph is at least 3. O

Lemma 4.3.6: A PDS D with perfect domination proportion strictly less than %

must include infinitely many rows of D;s.

Proof: Suppose there exists a PDS D that includes only finitely many rows
of Dis. Let W denote the set of vertices that are neither D;s nor dominated
by D;s. Consider the subgraph H induced by W, which by Lemma 4.3.5 has

a perfect domination proportion at least % Since the effect of finitely many
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rows of D;s is negligible, the perfect domination proportion of D is at least %
Thus, any PDS D with a perfect domination proportion strictly less than % must

include infinitely many rows of D;s. O

Lemma 4.3.7: If a D,, U contains a Dy W, then the perfect domination propor-

tion of U is greater than or equal to that of W.

Proof: It is easily verified that all Dys are isomorphic to the Dy formed by v,
Uo7, Vag, Vg, Usg, U31, U3z, U3z, and vy, shown in Figure 4.5.

Let W denote a Dy. Observe that 1/ contains 9 vertices and dominates
21 vertices. Thus, the perfect domination proportion of W equals % Since U
contains I/, we can add vertices to W to obtain U. Each time a vertex v is
added to W, v must have a neighbor « € . There are two possible cases.

Case 1: Suppose that v has exactly one neighbor in 1/. Since any edge is in
a 3-cycle, v and v are in a 3-cycle {u,v,w}, where w ¢ W. Thus, u and v double
force in w, so v actually has two neighbors in W, which is a contradiction.

Case 2: Thus, v has at least 2 neighbors in /. Then v has at most 2 neigh-
bors not in W, so v dominates at most two neighbors not in D that have not
been previously dominated.

Thus, if n > 9, the perfect domination proportion of U is at least

n . n
2(n—9)+21 2n+3

>3 O
-7
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Lemma 4.3.8: 7,(3,6,3,6) > 3.

Proof: The proofis by contradiction. Let VV be the vertex set of the kagome lat-
tice. Assume there exists a PDS D with perfect domination proportion strictly
less than ;. By Lemma 4.3.6, D must contain infinitely many rows of D;s. By
Lemma 4.3.3, the rows of D;s in D must be parallel. Let W be a row of D;s.
Figure 4.5 illustrates the reasoning.

Let v; be a D; in WW. Notice that vy ¢ D since it is in the double external
boundary of v;. Thus, v, pulls in either v; or v,. The two cases are equivalent
by symmetry. Without loss of generality, let v; € D and vy ¢ D. Notice that v
is not a D;, since otherwise by Lemma 4.3.2, v; and v5; form a row of D;s that
intersects 1. This contradicts Lemma 4.3.3. By Lemma 4.3.4, v3 is in a D3 or
larger D,,. Thus, vg and v; are in D.

Notice that vg ¢ D since it is in the double external boundary of v;. Thus
vs ¢ D and vg € D force out vg. Then vg ¢ D and vs € D force out v;y and
v11. A similar argument on v, can be applied to v;5 to show that v12 ¢ D and
U13, V14, and vy5 are in D. Then vy pulls in either v;5 or v;;. The two cases are
equivalent by symmetry. Without loss of generality, let v;s € D, and v; ¢ D.
Then v; and v, double force in v,5. Thus, v; and v5 double force in v, and vy
and v;5 double force in vy.

Next, vy, ¢ D and vz € D force out vy; and vye. Then wvyg ¢ D, since other-

wise v19 and vy3 double force in v, and consequently v,3 and vy, double force in

44



CHAPTER 4. THE (3,6, 3,6) OR KAGOME LATTICE

v91, contradicting our previous argument that vy, ¢ D. Thus, vs; pulls in vy,.
Finally, v94 and v19 in D double force in vys.
The same reasoning can be applied to show that vqg, vo7, Vo5, Va9, V30, V31, V32,

V33, and V34 are in D.

Next, we calculate a lower bound for the perfect domination proportion of
such a PDS D, given the reasoning above. Refer to Figure 3, in which we define
the following subgraphs. Let I/ denote the line of D;s containing v;, and let
H, denote W U N(WW). Let H, denote the set of alternating D3s and D,;s with
n > 9, together with the vertices they dominate, just above W U N(WW). Let
Hj denote the isomorphic subgraph obtained by reflecting H, through the line
corresponding to W. Within H, U H, U H; we can form connected subgraphs
consisting of four D;s, one Ds on each side, and one Dy (or larger) on each side,

and the vertices that they dominate.

Number of Components | D, | Vertices in D | Vertices Dominated
4 Dy 1 5
2 Ds 3 9
2 Dy 9 21

Table 4.1: Data for calculation of the perfect domination proportion.

Denoting the vertex sets of H,, Hy, H3 by Vi, Vi,, Vi, respectively we have

DNV(H UH, UHg)|  4x1+2x3+2x9 7

= =—>
|\V(Hy U HyU Hs) 4x5+2x9+2x21 20

1
3
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In this calculation, we assume that vs, vg, v7, V16, V1g, V19, V20, Vo4, and vy are

a Dy. Otherwise, they are in an even larger D,,, so by Lemma 4.3.7 the perfect

domination proportion is even higher. The same reasoning can be applied to

every row of D;s.

Let G denote the union of all rows of D;s and their corresponding H, H,, Hs.

We have shown above that the perfect domination proportion of G is strictly

larger than % Since '\ V; does not contain any D;, by Lemma 4.3.5, the perfect

domination proportion of the rest of the lattice is greater than or equal to %

Combining these, we conclude that the perfect domination proportion of the

lattice is at least %, contradicting our original assumption.

X XFX X XXX

5 ﬁw@»'o

0
22 U 9 13 Ul

el

Figure 4.5: An illustration of the proof of Lemma 4.3.8.

Theorem 4.3.9: 7,(3,6,3,6) = 1

Proof: The result is immediate from Lemma 4.3.1 and Lemma 4.3.8.
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4.4 Possible Perfect Domination Pro-

portions

Fact: The kagome lattice has infinitely many non-isomorphic PDSs that achieve

distinct perfect domination proportions.

Proof: A periodic PDS D with ~,(D) =1 is shown in Figure 4.3.
A periodic PDS D consisting of only Dgys is shown in Figure 4.6. Because
each Dy has 9 vertices and dominates 21 vertices (including vertices in D),
9

perfect domination proportion =g = %

- /\ VAVAVAV /\ VAV
A
O
LR
(e

AT
[ O.00.0.00
\VARVAR VAR VARV
Figure 4.6: A PDS D with perfect domination proportion %

A periodic PDS D consisting of only D;gs is shown in Figure 4.7. Since each

D1g has 18 vertices and dominates 36 vertices (including the vertices in D;g),
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the perfect domination proportion is %

Similarly, there exists a periodic PDS D consisting of only D, s, where D, is
a triangular arrangement of 3-cycles. For example, we can add a row of three
3-cycles on the top of a Dy and obtain a D5s. We can add a row of four 3-cycles
on the top of a D3 and obtain a Ds,. By repeatedly adding a row of 3-cycles, we
can obtain a D, (k) that has (1 +2+ 3+ ... + k) 3-cycles.

Therefore, for any positive integer k, there exists a periodic PDS D consist-
ing of only D,,)s, where n(k) = 3(1+2+3+ ...+ k) = 3(k*+ k). As k approaches
infinity, 7,(D) approaches 1, because the proportion of vertices on the external

boundary of D, approaches 0. O
VAVAVAV /\ > /N VAVAVAV
0.0.00.00.00.
NS00 e

KX .... .... XX

S
0000 000:
B
[:0.0:0:0:0.0:0!
VAVAVAV /\ > /\ VAVAVAV
90000 000:
\VARVARVERVARVER VARV,

Figure 4.7: A PDS D with perfect domination proportion 3.
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Chapter 5

The (3,4,6,4) Lattice

5.1 Nonexistence of Efficient Domina-

tion

Lemma 5.1.1: There does not exist an efficient dominating set in the (3,4,6,4)

lattice.

Proof: The proof is by contradiction. Assume that there exists an efficient
dominating set D. Since D # (), there exists a vertex v; € D. Figure 5.1
illustrates the reasoning. By vertex-transitivity, any vertex may be chosen to
represent v;.

Vertex v, is adjacent to a vertex in N[v,], so v, ¢ D or the adjacent vertex

would be dominated by both v; and v,. Therefore, v, must be dominated by one
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of its neighbors. The only neighbor v for which N[v] N N[v;] = 0 is v3, so v3 € D
if D is to be an efficient dominating set.

Similarly, v, ¢ D and must be dominated by v; € D.

Continuing, N[vs] N Nvs] # 0 and N[vg] N Nvs] # 0, so v ¢ D. However,
every neighbor v of v satisfies either N[v] N Nvs] # 0 or N[v] N N[vs] # 0, so
there does not exist any vertex v € D such that v € NJug]. Since there is no

v € D which dominates vg, D is not a dominating set, and thus not an efficient

dominating set, contradicting our original assumption. O
Vs V3
Vs (%)
V4

L L

Figure 5.1: An illustration of the proof of non-
existence of an efficient dominating set in the (3,4, 6,4)
lattice.
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5.2 Bounds for the Domination Ratio

Lemma 5.2.1: ,(3,4,6,4) < 2.

Proof: Figure 5.4 illustrates a dominating set D in the (3,4,6,4) lattice. The
set D is periodic, so its dominating proportion may be computed based on
the domination number of a single representative subgraph. Notice that the
edges in the closed neighborhoods of vertices v € D form two types of con-
nected components. One type consists of a single v € D with dominated ver-
tices. The other consists of three vertices in D together with ten dominated
vertices. Pair such adjacent components with a one-to-one correspondence
(as in the figure), and use the pattern to dominate the entire graph with iso-
morphic, disjoint, connected subgraphs. Letting the representative subgraph
be the union of one component of each type, we have a dominating set of
size four for a graph with 18 vertices, and thus a dominating proportion of

n

el )

5.3 Perfect Domination Ratio

Definition (row of D;s): A row of D;s is a sequence (possibly doubly-infinite)
of at least two consecutive D;s such that every two consecutive D;s in the se-

quence are distance three apart in a 6-cycle and lie on a line which bisects
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Figure 5.2: An induced subgraph of the (3,4,6,4) lat-
tice.
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hexagonal faces of the lattice.
Note: In Figure 5.4, the vertices v;, vy, and v; are in a row of D;s.

Lemma 5.3.1: ,(3,4,6,4) <

1
4

Proof: A periodic PDS D with perfect domination proportion %L is shown in

Figure 5.3, establishing % as a upper bound. O

Figure 5.3: A PDS D on the (3,4, 6,4) lattice with ~,(D) =2

Z.
Lemma 5.3.2: If a D, is not in a row of D;s, the perfect domination proportion
of its closed neighborhood is at least }1.

Proof: Suppose there exists a PDS D in which v; is a D; and is not in a row of
D;s. We consider three cases.

Case 1: v, and v5 are not in D.
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Figure 5.4 illustrates the reasoning. Notice that v, vi1, v13, V21,023, and v3,
are not in D since they are in the double external boundary of v;. Consequently,
vy pulls in either v4 or vs, but not both. The two cases are equivalent by symme-
try. Without loss of generality, let v, € D, but v5 ¢ D. Then vs ¢ D and vy € D
force out vg, so v; pulls in vg. As a result, vy ¢ D and vg € D force out vy.

Notice that v;; pulls in v, and that v,3 pulls in v4. Then, together, v;, and
v14 double force in v;5.

Next vip ¢ D and vi5 € D force out v;4. Consequently, a sequence of vertices,

V17, U1, V19, and vy are forced out.

Continuing similar reasoning, vy; pulls in vy, and wvy3 pulls in vyy. Thus,
U9 and vy double force in v,5. Notice that v; pulls in vy, and then v,y and vqg
double force in vy;. The sequence of vertices vqg, V29, V30, and v3; are then double

forced in.

We now calculate the perfect domination proportion of a resulting subgraph.
Let V; denote the set of vertices dominated by v;. Let V; denote vertices domi-
nated by vis, v15, and v14, and let V5 denote the set of vertices dominated by v,
Va4, V25, V26, V27, V28, V29, V30, and v31.

In this calculation, we assume that vq,, Vo4, Va5, Vg, Va7, U2g, U9, U39, and vs;
form a Dy. If not, then they are part of a larger D,, and using similar reasoning

as Lemma 4.7, the perfect domination proportion is even higher. For the same
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reason, assume that there is a D; on the opposite side of vy,. Let V, denote the
set of vertices dominated by this D;.

Then

[DAV(MUVUVUV) - 1434941 7 1 -
VOViuV,uWVsUuVy)|  5+11+194+5 20 4
(Y Vs

Ve
32 U2 U
3
&)
U1 V10
V31
29~ U21 V111
V30 16
Ups Up3 V13 V15
V2 V17
Va4 U1
V2 V18
26~ U3 ™\ U
Vo7 19

Figure 5.4: An illustration of the proof of Lemma 5.3.2.

Case 2: v, € D

Figure 5.5 illustrates the reasoning. Since v, is not in a row of D;s by as-
sumption, v, is not a D; and is in a D, or larger D,,. Note that vy, vg, v7, vg, and
vg are not in D since they are either in external boundary or in double external
boundary of v;. Then vy ¢ D and v, € D force out vs. Consequently, vy pulls in
v10, and v; pulls in v1;. Thus, v;g and v; double force in v;,.

55



CHAPTER 5. THE (3,4, 6,4) LATTICE

The same reasoning can be applied to show w3, v14,v15 in D. Therefor, v,
would not reduce the perfect domination proportion to be below }l, as can easily

be verified by calculation as in Case 1.

V2
Us Ya
2 (% 6 U1 V13
10
11 U7 Uy
V12 15
Us
U3

Figure 5.5: An illustration of the proof of Lemma 5.3.2.

Case 3: v, ¢ D,and vz € D

Figure 5.6 illustrates the reasoning. Since v, is not in a row of D;s by as-
sumption, v3 is not a D; and is in a D, or larger D,,. Notice vy, vs, vg, v7, vg, and
vg are not in D since they are either in external boundary or in double external
boundary of v;. Then v, pulls in either v, or v;;, but not both. The two cases
are equivalent by symmetry. Without loss of generality, let v;o € D, but vy; ¢ D.
Note vis ¢ D, otherwise v, and vy double force in v,3, and therefore v, and v;3
double force in vy, contradicting that v, ¢ D. Consequently, vs pulls in v,4, and
vg pulls in vy5. As a result, v, and v;5 double force in vy4.
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Therefore, v; would not reduce the perfect domination proportion to be be-
low }l, as can easily be verified by calculation as in Case 1.

U1 11
13

V2
4 5
V12
(& 7 U1
V14
15~ Us
V16
Ug
U3

Figure 5.6: An illustration of the proof of Lemma 5.3.2.

Thus, in every case, the perfect domination proportion of the closed neigh-

borhood of v, is at least 1.

Lemma 5.3.3: If there is a row of exactly two Dis which are not on the same
hexagonal face, then the perfect domination proportion of the union of their

closed neighborhoods is at least }L.

Proof: Figure 5.7 illustrates the reasoning. Suppose there exists a PDS D
such that v; and v, in D are two D;s distance 3 apart, but not in the same

hexagon. We assume v3 and v, are not in D. Otherwise v; and v, would not
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reduce the perfect domination proportion to be below }l, as can easily be verified
by reasoning as in Lemma 5.3.2, Case 2.

Note that vs, vy, vg, v11, v17, V18, V24, and vog are not in D since they are either
in double external boundary of v; or in double external boundary of v,. Then w5
pulls in vg, v7 pulls in vg, vy pulls in vy, and vy; pulls in vys.

In additon, v, pulls in either v3 or v;4 but not both. The two cases are
equivalent by symmetry. Without loss of generality let v;, € D, and vy3 ¢ D.
Consequently v;5 ¢ D, since otherwise vy, and v;5 double force in v4, and then
v15 and v double force in v,7, contradicting that vi; ¢ D. Therefore, v,7 pulls in
v16, and vig pulls in v19. This implies that the sequence of vertices vy, v91, and

V99 are double forced in.

V13 V14
Va3 V1g

24NV 15

V25

V2 Vo V19
Va7

8 V7 V11

Vagy 20

V2 Us Vg V21

U30 U1 V22

U3

U3

V33
U32 31

Figure 5.7: An illustration of the proof of Lemma 5.3.3.
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Next we see that vy3 ¢ D, since otherwise v,3 and vy, double force in v3,
contradicting that v;3 ¢ D. Consequently vy, pulls in vy5, 80 v ¢ D and vo; € D
force out v9;. Then the sequence of vertices vqg, 199, and vs, are forced out.

Notice that v; pulls in v3; so v3y ¢ D. Otherwise the same reasoning that
shows v9 € D can be applied to show v3y € D, contradicting the previous
determination. Then the same reasoning that shows that v, and v,5 are in D
can be applied to show that v33 and vs34 are in D.

Next we calculate the perfect domination proportion of a resulting sub-
graph. Let V; denote the set of vertices dominated by v; and v,. Let V; denote
the set of vertices dominated by vyg, v12, v19, V20, V21, and v,;. We assume that
V10, V12, U19, U0, U21 and vyy are a Dg. Otherwise, they are in a larger D,,, and
reasoning similar to that in Lemma 4.7 shows that the perfect domination pro-
portion is even higher. For the same reason, assume there are two other D;s
on the opposite side of v, V19, V19, V20, 21 and vyy. Let V3 denote the set of ver-
tices dominated by these two D;s. Finally, we see that the perfect domination

proportion of the V; U V; U V3 satisfies

DOV(UVBUV)| - 2+6+42 5
V(iul,UV3)|  10+14+10 17

1
4

Lemma 5.3.4: If there exists an infinite row of D:s, there exist two infinite rows

of Dgs or larger D,s along the sides of the row of Ds.
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V4
V12
U1p U3
13 V11
V14
o
(%1 vs
(N U2
v
U1

Figure 5.8: An illustration of the proof of Lemma 5.3.4.

Proof: Figure 5.8 illustrates the reasoning. Let v, v, v3, and v, be in an
infinite row of D;s.

Notice that v5 and vs are not in D since they are in the double external
boundary of vy, and that v; ¢ D since it is in the double external boundary of
v;. Consequently, vg pulls in vg, and v5; pulls in vyg. Then vg and vy double force
in vyg.

Similarly v;; and v, are not in D since they are in the double external
boundary of v3, so v;; pulls in v15. Consequently, v;o and v;3 double force in vy,
and v;3 and vy, double force in v;5.

The same reasoning can be applied inductively to other vertices in the row
of D;s to show that the row of D;s is bordered by two infinite rows of Dgs or

larger D,s. O
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Lemma 5.3.5: If a row of D;s contains two D.s distance 3 apart in a hexagonal

face, it must be either in a row of at least 4 D;s, or end at a D,, n > 2.

Proof: Figure 5.9 illustrates the reasoning. To deduce a contradiction, suppose
there exists a PDS D such that v; and v, in D are two D;s distance 3 apart in a
hexagonal face and v3 ¢ D.

Notice that vy ¢ D since v, is in the double external boundary of v,. Thus,
vy pulls in vs. Similarly, v ¢ D, since vg is in the double external boundary of
v1, S0 vg pulls in vy.

Next, v pulls in vy, since v3 ¢ D by assumption. Thus, v; and v;; double
force v, € D. Consequently, the sequence of vertices vy3, v14, V15, V16, and vy7
are double forced in.

By symmetry, we have the same structure on the opposite side of the row of
Dss, so vy € D. However, v; is then dominated by both v,; and v, contradicting
that D is a PDS.

Therefore, if v; and vy are in D, then v3 € D. Again, by symmetry, the same
reasoning can be applied to show if v; and v, are in D, then v,y € D. Notice that
v19 18 either a D, or in a D,, with n > 2.

Note that if the row of D;s ends with a D,,n > 2, it would not reduce the
perfect domination proportion to be below i We can verify this by reasoning as
in Lemma 5.3.2: In particular, it is still true that vs, vg, and v,3 are in D when

vz isin a D, or larger D,,. O
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Ve V17 V18
U1s U3
1270 U
Ui 11
5
U1 V4
(RN V2
Uz
U vy
V19

Figure 5.9: An illustration of the proof of Lemma 5.3.5.

Lemma 5.3.6: A row of at least 3 consecutive Ds must either be doubly-infinite

orendata D,,n> 2.

Proof: Figure 5.10 illustrates the reasoning. To deduce a contradiction, sup-
pose there exsits a PDS D such that v, v, and v3 in D are a row of D;s and
vy ¢ D.

Notice that v5 and vs are not in D since they are in the double external
boundary of vy. Similarly, v; ¢ D since v; is in the double external boundary of
v1. Thus, vg pulls in vg, and v5 pulls in ve. Together, vs and vy double force in vy,.

Next, v1; and v15 are not in D since they are in the double external boundary
of v3. Then vy; pulls in vy3, in turn v,y and v;3 double force in vy4, and continuing,

vi13 and vy4 double force in vy5. Since v, ¢ D and vi5 € D, they force out vi.
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Therefore, v,; forces in vs.

The same reasoning can be applied to the opposite side of the row of D;s to
show that v,9 € D.

Thus v, pulls in either vy, or vy;. The two cases are equivalent by symmetry.
Without loss of generality, let v50 € D. Then v;9 and vy, double force in vsy;.
Continuing, vy and vy; double force in v,, contradicting our assumption that
vy & D.

Therefore, if v;, vo, and v3 are in D, then v, € D. Notice that v, is either a D,
orina D,,n > 2. Ifthe row of D;s ends with a larger D,,, it would not reduce the
perfect domination proportion to be below 1, as can easily be verified by reason-
ing as in Lemma 5.3.2. (In particular, it is still true that vg, vy, v19, v13, v14, and
v15 are in D when v, is in a D, or larger D,,.) Otherwise, the row of D;s does not
end with a D,,,n > 2, so by Lemma 5.3.5 the row of D;s must extend infinitely

in both directions. U

Theorem 5.3.7: 7,(3,4,6,4) = 1.

Proof: Suppose there exists a PDS D with perfect domination proportion

strictly less than i. We know that D must contain D;s. The only possibili-
ties are that a D; can occur as a D; that is not in a row of D;s (discussed in
Lemma 5.3.2), or is in a row of only two D;s (discussed in Lemma 5.3.3), or is

in a row of more than two D;s (discussed in Lemma 5.3.5 and Lemma 5.3.6),
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V2o V21
U1g V19
170
V16 4
V12
U1s U3
13 1
ULl 11
9
U1 Us
NG V2
v v,

Figure 5.10: An illustration of the proof of Lemma 5.3.6.

or is in an infinite row of D;s (discussed in Lemma 5.3.4). For each possibility,
we have shown that a D; cannot reduce the perfect domination proportion to
be strictly less than ;. Therefore, v,(3,4,6,4) > 1. However, by Lemma 5.3.1,

we have 7,(3,4,6,4) < O

1
1

5.4 Non-isomorphic Perfect Dominat-

ing Sets

Fact: There exist two non-isomorphic PDSs for the (3,4,6,4) lattice with equal

perfect domination proportions.

Proof: Figure 5.4 shows two non-isomorphic PDSs with perfect domination
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proportion 3. O

Figure 5.11: Two non-isomorphic PDSs with v,(D) =

1
3
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Chapter 6

The (32,4, 3,4) Lattice

6.1 Nonexistence of Efficient Domina-

tion

Lemma 6.1.1: There does not exist an efficient dominating set in the (3% 4,3, 4)

lattice.

Proof: The proof is by contradiction. Assume that there exists an efficient
dominating set D. Since D # (), there exists a vertex v; € D. Figure 6.1
illustrates the reasoning. By vertex-transitivity, any vertex may be chosen to
represent v;.

Vertex v, is adjacent to a vertex in N[v,], so v, ¢ D or the adjacent vertex

would be dominated by both v; and v,. Therefore, v, must be dominated by one
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of its neighbors. The only neighbor v for which N[v] N N[v;] = 0 is v3, so v3 € D
if D is to be an efficient dominating set.

Continuing, N[vs N N[vs] # 0, so v4 ¢ D. However, every neighbor v of v,
satisfies either N[v] N N[v;] # 0 or N[v] N N[vs] # 0, so there does not exist any
vertex v € D such that v € N[v,]. Since there is no v € D which dominates vy, D
is not a dominating set, and thus not an efficient dominating set, contradicting

our original assumption. O

(%1

U3

V2

V4

Figure 6.1: An illustration of the proof of non-
existence of an efficient dominating set in the (32,4, 3,4)
lattice.

6.2 Bounds for the Domination Ratio

Lemma 6.2.1: (3% 4,3,4) < 1.
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Proof: The (3% 4,3,4) lattice contains a square lattice, obtained by deleting
the diagonal edges. (See Figure 6.1.) A dominating set for the square lattice is
also a dominating set for the (32, 4, 3,4) lattice. Thus, since the square lattice is

efficiently dominated, ,(3%,4,3,4) < 7,(4%) = £. O

6.3 Perfect Domination Ratio

We first provide a PDS that establishes an upper bound, then prove this PDS

is actually the minimal PDS,; to conclude that +,(3% 4,3,4) = %1.

Lemma 6.3.1: v,(3% 4,3,4) <

i

Proof: Figure 6.2 shows a periodic PDS D on the (32,4, 3,4) lattice. To calcu-
late the domination ratio of this PDS, note that there are pairs of D;s which are
distance three apart. In the figure, there are D,s above and below each such
pair of D;s. These four components of D and their external boundaries induce
a subgraph with 40 vertices which are dominated by 10 vertices, giving a dom-
ination proportion of % The lattice may be decomposed into disjoint isomorphic

connected subgraphs, so v,(D) =1. Thus, ; is an upper bound for +,(3% 4, 3,4).00
Lemma 6.3.2: A PDS of the (3,4, 3,4) lattice cannot contain a D.

Proof: To deduce a contradiction, suppose there exists a PDS D that contains

a D,. Let z and y denote the vertices in this D,. Since every edge is in a 3-
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Figure 6.2: A PDS D on the (3?4, 3,4) lattice with ~,(D) =1.

4

cycle, there exists vertex 2z ¢ D that is a common neighbor of x and y. Then =
is dominated by both x and y, contradicting the assumption that D is a perfect

dominating set. O
Lemma 6.3.3: A PDS of the (32,4, 3,4) lattice cannot contain a Ds.

Proof: To deduce a contradiction, suppose there exists a PDS D that contains
a Ds;. Let z, y and z denote vertices in this D;. There are 2 possible types of
Dss: a 3-path and a 3-cycle.

If the subgraph induced by {z,y, 2z} is a 3-cycle, then the adjacent 3-cycle
must be in D, and therefore {z,y, 2} must be in a D, or a larger D,,.

If the subgraph induced by {z,y, z} is a 3-path, then the subgraph induced

by {x,y, z} includes an edge of a 3-cycle, and the 3-cycle must be in D. Thus,
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{z,y,z} must be in a D, or a larger D,,.

In either case, we reach the contradiction that {z,y, z} is not a D;. O

Lemma 6.3.4: If a PDS D contains a D,, the PDS must be a union of D;s and

Dys. Such a PDS is unique up to isomorphism.

Proof: Figure 6.3 illustrates the reasoning, which is rather long and intricate.
Suppose there exists a PDS D that contains a D;. Let v; denote this D;. The
vertices in the double external boundary of v; are shown in Figure 6.3 as open
circles. Therefore, vy pulls in vs.
We show that vs ¢ D by contradiction: If v, € D, then v; and v, double force
vs € D, and consequently v, and vs double force vs € D. This contradicts the

fact that vs ¢ D because it is in double external boundary of v;.

VUs4,U53 5
Vg3 VsoNUs1 U2

Vga, Vg2 Usg 19 Ups,UB0 Vs, Usa
Vg5 Up1 UsN\Us7 Up2\Up1 V94 URTN\Up2 U3
0 Usg,Upo V19 Vp3 Vpr Vg, Vg
Use Vg7 Upe VieN\V17 V18
Vg, Vg9 1 o U10,V11
Vag\Vluo Uiyt Y2 Y\ Us V12
Ve, Vy2 Vi3 Y6, Y U7 V13

Va5 UaN\Uig 4 V15\V14

Figure 6.3: An illustration of the proof of Lemma 6.3.4.
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Since it is not in D, vg pulls in vs. Then v3 and v5 double force v; € D,
and consequently v; and v; double force vs € D. Since v9 ¢ D and v3 € D, the
vertex v;o cannot double-dominate vy, S0 vy is forced out. Similarly, v; ¢ D and
vg € D forces out v1;, and by repeating this reasoning vi,, v13, v14, and v;5 are
forced out. Thus, vs, v5, v7, and vg form a D,. Furthermore, the double external
boundary of this D, contains v, v17, and v;g, so they are not in D.

By a rotation by 180° around v;, the same reasoning applies to show that
V19, U2, V21, and voy are a Dy, and, being in its double external boundary, vs3, va4,
and vy5 are not in D.

Next, vy pulls in vy7, and we show that vy ¢ D by contradiction: Otherwise
ve7 and wvog would double force v,9 € D, and consequently vys and v,9 would
double force v1; € D, contradicting our previous conclusion that v;7 ¢ D since it
is in the double external boundary of a D,.

Thus, v;7 pulls in v49. Vertices vy; and vy then force in v3; which helps double
force v3, € D. Since vy, ¢ D, it forces out vs. Similarly, in sequence, the vertices
U35, V34, and vs3 are forced out. We conclude that v.7, v99, v31, and vs, are a D;,.

Next we consider vertices in the lower left part of the figure, where the
reasoning proceeds somewhat differently. The double external boundary of the
D, formed by v19, v99, v21 and vyy contains v3; and vsg, and therefore vs; and wvsg
are not in D. Therefore, v39 pulls in vy,.

Reason by contradiction that vy, ¢ D: Otherwise vy, and vy double force
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vy € D, contradicting the fact that vy, ¢ D because it is in double external
boundary of v;.

With no alternative, v,3 pulls in v44. By contradiction vy5 ¢ D: Otherwise vy
and v45 double force vy € D, and consequently v,5 and v, double force vy € D,
contradicting our previous conclusion that vy, ¢ D.

Since vyy ¢ D, it pulls in either vy4 or vy;. The two cases are equivalent by
symmetry. Without loss of generality, let v4; € D and vy ¢ D. Then vyg € D and
vy ¢ D force out vys, and we conclude that vy is a D;. On the other hand, v,;
and vy, double force in two neighbors to form a possible D, and reasoning as
in the previous cases forces out the boundary to confirm that it must be a D,.
(Note that if we had chosen vy € D and vy; ¢ D, the resulting PDS would be
isomorphic, but rotated by 90°.)

In the remainder of the proof, we show that the reasoning above can be
extended to the entire (3% 4, 3,4) lattice. First, the entire argument so far can
be repeated starting from on v,, instead of v, to show that there are four D,s
around vy, as shown in the figure.

Next, notice that the double external boundary of the D, formed by
V19, U20, U21, and wvgy contains vy and vsg, and therefore vy, v590 ¢ D. Conse-
quently, vo5 pulls in vs,. Similarly, the double external boundary of the D,
formed by vy7, v99, v31, and v3, contains vse, and therefore vs, ¢ D. Thus, vs; € D

and vs; ¢ D force out vs3, and then vs; € D and vs3 ¢ D force out vsy. We
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conclude that vs; is a D;.

The same reasoning as starting from v, can be applied to vs; to show that
vss 1s a D;. Similarly, both vg, and vg; can be shown to be D;s. Thus, such an
arrangement of D;s and D,s must extend periodically in all directions, so the

PDS D is a union of only D;s and D;s. O
Theorem 6.3.5: ,(34,3,4) = 1

Proof: Lemma 6.3.4 shows that any PDS that contains a D; must be a
union of D;s and D,s, and there is a unique such PDS. Since D,s and D3s do
not exist by Lemma 6.3.2 and Lemma 6.3.3, any PDS that consists of only
D,s and larger D,s are less efficient than a union of D;s and D;s. Thus,
the PDS given in Lemma 6.3.1 is the minimal PDS, and +,(3%,4,3,4) = 1.

O

6.4 Possible Perfect Domination Pro-

portions

We provide a proof that (32,4, 3, 4) lattice has only two possible perfect dom-

. . . 1
ination proportions, 1 and j.

Definition (1-square): A 1-square is a D, that contains two 3-cycles sharing

an edge.
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Note: A 1-square is shown in Figure 6.4 as vy, v, v3, v4.

Definition ((2k+1)-square): A (2k+1)-square is a (2k + 1) x (2k + 1) square

whose four corners are 1-squares. k is a positive integer and k& > 1.

Note: A 3-square is shown in Figure 6.4 as vy, v9, v3, ..., V5.

Lemma 6.4.1: Any D, with n > 4 must contain a 1-square.

Proof: Let W be a D, with n > 4. Notice that W must contain an edge. Since
any edge is in a 3-cycle, the third vertex in the 3-cycle is forced in. Thus, W
contains a 3-cycle. Since every 3-cycle is in a 1-square, the fourth vertex in the

2-square is forced in. Thus, IV contains a 1-square. OJ

Lemma 6.4.2: If W is a D,, with n > 4, then W must contain a 3-square.

Proof: By Lemma 6.4.1, W must contain a 1-square. Figure 6.4 represents
such reasoning. Let vq,v,,v3,v4; denote the 1-square. Since n > 4, W must
contain a vertex that is adjacent to one of vy, vy, v3, V4.

Consider the case v5; € W. Notice v5 and v; double force in vg. Similarly,
a sequence of vertices, vy, vg, ..., v14 are double forced in. Therefore, vs and vqg
double force in v;5. Similarly, v;3 and v,4 double force in wv14.

The same reasoning can be applied to show no matter which vertex adjacent

to one of vy, vy, v3,v4 1s in W, all of vs, vg, ..., v16 are in W. Vertices vy, vs, ..., U1g
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together form a 3-square in V. O
(%4 (]
Vg V15
Vs Vg
U1 U2
U3
V14 V10
V4
V16 V11
V13 V12

Figure 6.4: An illustration of the proof of Lemma 6.4.2.

Lemma 6.4.3: If W is a D, that contains a (2k+1)-square, where k > 1 is a

positive integer, then W must contain a (2k+3)-square.

Proof: Figure 6.5 represents the reasoning. Let U denote a (2k+1)-square
contained in . Since k£ > 1 and corners of U are l-squares, vertices u; and
uy are in a 3-cycle. Let v; be the third vertex in the 3-cycle. Notice u; and u,
double force in v;. Similarly, a sequence of vertices, vs, vs, ..., vs, 12 are double
forced in. Therefore, vy, 1 and v, double force in v, 3. Similarly, v, and vg. 1
double force in vg,. 4. Vertices vy, vy, ..., vgp14 together form a (2k+3)-square in

w. 0J

Lemma 6.4.4: If a PDS D contains W, a D, with n > 4, then D is the entire

vertex set.

Proof: Let W be a D,, with n > 4. The proof is by induction on the size of V.
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U8k+4

Vel

V6k—1

V4gk43 |

V4k+2

Vak+1

U4k

U6k+1 Uek+2 Vek+3 Usk—2 Usk—1  Usk
‘ .........
......... ‘
U
' ‘ ......... '
: tUg
‘ ......... ‘ :/
‘ .........
......... ‘
us
Uiak—1 Vak—2 V4k—3 UV2k+2 V2k4+1 U2k

Usk+1

U8k+2

U1

%)

: Uok—3

Vok—2

Vok—1

Ugk+3

Figure 6.5: An illustration of the proof of Lemma 6.4.3.

Base case: Since W is a D, with n > 4, by Lemma 6.4.1, W must contain a

3-square.

Induction step: Assume W contains a (2k+1)-square. By Lemma 6.4.3, W

must contain a (2k+3)-square.

Therefore, W must extend infinitely in both directions. Thus, D is the entire

vertex set.

Lemma 6.4.5: A PDS that contains only D, cannot exist.

Proof: Figure 6.6 represents the reasoning. To deduce a contradiction, assume

there exists a PDS D that contains only D,. Let v, vo, v3,v4 denote a D4 in D.
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Notice vs, vg, v7 are not in D since they are in the double external boundary of
the D, formed by vy, vy, v3, v4. To dominate vg, one of vg, vg, v10 must be in D.

If g € D, then we must have vg € D for vg to be in a D,, since vs,vs ¢ D. But
vg, Vg double force in vg, contradicting that vg ¢ D. Thus, vs ¢ D.

A similar argument can be applied to show that vy ¢ D.

Thus, we must have vy € D to dominate vs. For vy to be in a D,, we must
have vy, v12,v13 € D, since vg, v19 ¢ D.

Notice vs ¢ D is not dominated. But every neighbor of v; is either in the
external boundary or in the double external boundary of the two D,s formed by

U1, U2, U3, U4 and vy, v11, V12, v13. Thus, no neighbor of v5 is in D. So v5 cannot be

dominated, contradicting that D is a PDS. O
V11 V12
\0
U13
Us Vs Vg
V10
Vg
112:/l
V3 U7
L 4
(1 V4

Figure 6.6: An illustration of the proof of Lemma 6.4.5.

Theorem 6.4.6: (3% 4,3, 4) lattice has only two possible perfect domination pro-

portions, 1 and 1.
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Proof: The perfect domination proportion of 1 is achieved by taking the entire
vertex set as a perfect dominating set. The perfect domination proportion of }L
is achieved by a minimal perfect dominating set. By Lemma 6.4.4, any PDS
containing a D, with n > 4 is the entire vertex set. Since D, and D3 do not
exist, any PDS that is not the entire vertex set can only contain D; and D,.
But a PDS that contains only D, cannot exist. Therefore, any PDS that is not
the entire vertex set must contain D;. By Lemma 6.3.4, a PDS that contains a
D; must be a union of D; and D,, and such a PDS is unique up to isomprhism.
Therefore, there exist only two nonisomorphic PDS (the minimal PDS and the

entire vertex set). OJ
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The (4,6, 12) Lattice

7.1 Nonexistence of Efficient Domina-

tion

Lemma 7.1.1: There does not exist an efficient dominating set in the (4,6,12)

lattice.

Proof: The proof is by contradiction. Assume that there exists an efficient
dominating set D. Since D # (), there exists a vertex v; € D. Figure 7.1
illustrates the reasoning. By vertex-transitivity, any vertex may be chosen to
represent v;.

Vertex v, is adjacent to a vertex in N[v,], so v, ¢ D or the adjacent vertex

would be dominated by both v; and v,. Therefore, v, must be dominated by one
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of its neighbors. The only neighbor v for which N[v] N N[v;] = 0 is v3, so v3 € D
if D is to be an efficient dominating set.

Similarly, vertex v, is adjacent to a vertex in N|vs], so vy ¢ D or the adjacent
vertex would be dominated by both v, and v;. Therefore, v, must be dominated
by one of its neighbors. The only neighbor v for which N[v] N N[v;] = () and
N[v] N N[vs] = D is vs, so vs € D if D is to be an efficient dominating set.

Continuing, N|uvg] N N[v1] # 0 and N[vg] N N[vy] # 0, so vg ¢ D. However,
every neighbor v of v satisfies N[v] N N[vy] # 0, so there does not exist any
vertex v € D such that v € N[ug]. Since there is no v € D which dominates vg, D
is not a dominating set, and thus not an efficient dominating set, contradicting

our original assumption. O

Us

Vg Vs

U3
(%1 (%)

Figure 7.1: The left figure is a subgraph of the (4,6, 12)
lattice. The right figure is an illustration of the proof
of non-existence of an efficient dominating set in the
(4,6,12) lattice.
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7.2 Domination Ratio

For domination number problems, the generic integer programming method
requires an integral variable for every vertex of the graph. The vertex set of an
infinite periodic graph is infinite. Therefore, the generic integer program will
have infinitely many variables and contraints.

To solve the minimum dominating set problem on the (4,6, 12) lattice, we
introduce a linear programming relaxation on an infinite periodic graph. The
relaxation is a minimization problem on a particular polytope (A polyhedron
is the solution set of a finite system of linear inequalities. A polytope is a
polyhedron that contains no infinite half-line. An inequality w”x < t is valid
for a polyhedron P if P C {x cwle < t}. ). Furthermore, the relaxation has
finitely many constraints and the number of constraints does not depend on
the number of vertices. Therefore, the relaxation can be solved in polynomial
time by any linear programming solver. Formulating the relaxation requires
choosing a subgraph of the infinite periodic graph and examining the properties
of the subgraph.

One can use the relaxation to compute compute a lower bound for the dom-
ination ratio of an infinite periodic graph. One can also use the relaxation to
compute a lower bound for the domination number of a finite subgraph of an

infinite periodic graph.
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Using the relaxation, we computed a lower bound for the domination ratio
of the (4,6,12) lattice. The lower bound equals an upper bound we obtained
from a dominating set. Therefore, we obtain the exact value of the domination

ratio of the (4,6, 12) lattice.
Lemma 7.2.1: 7(4,6,12) < 7,(4,6,12) < &

Proof: A periodic PDS D with v,(D) =% is shown in Figure 7.2, establishing
as a upper bound. The vertex set of the (4,6, 12) lattice can be partitioned into
subsets of size 36 such that the subgraph induced by vertices in every subset
is isomorphic to G’ as shown in Figure 7.2.

To calculate the domination proportion, notice that every subgraph isomor-

phic to G’ has 10 vertices in D. Thus,

10 5

D)= — = —

Since any PDS is a dominating set, we have 7(4,6,12) < 7,(4,6,12) < 2.

Note: The vertex set of the (4,6,12) lattice can be partitioned into disjoint sub-
sets such that the subgraph induced by vertices in every subset is isomorphic

to H, as shown in Figure 7.3.

Note: The internal boundary of H is illustrated by {v7,uvs,ve,vig,v11,012}.

Throughout Section 7.2, we do not consider ends of half-edges to be vertices.
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Figure 7.2: A PDS D of (4,6,12) lattice with ~,(D) = %

83



CHAPTER 7. THE (4,6, 12) LATTICE

V9

U3

(%1

Ve

V10

Us

—
>

V11

Figure 7.3: Left: A subgraph of the (4,6, 12) lattice; right: H
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Definition (H,): An H, is a pair (G, D), where G is a graph isomorphic to H,
and D is a dominating set of G assuming boundary vertices of G are dominated

for free.
Note: The definition of dominated for free is povided in Section 2.4.

Definition (isomorphic [,): Let V) = (G, DW) and H® = (G?, D®) be
two H,s. We create a loop edge in G!) for every vertex in D) and a loop edge
in G® for every vertex in D®. If the resulting G and G® are isomorphic,

then H") and H® are isomorphic.
Definition (#,): For a given n, H, is the set of all non-isomorphic H,,.

Figure 7.4 illustrates the following definitions. Let (G, D) be a H,,, where G is

an induced subgraph of the (4,6, 12) lattice. We have the following definitions:
Definition (V;): Let V; denote the set of vertices in G.

Definition (Cg): Graph G contains a unique 6-cycle, illustrated by
{v1,v2,v3,v4,05,06}. We denote the set of vertices in the unique 6-cycle in

Definition (B;): Graph G has six vertices on its internal boundary, illustrated
by {v7,vs, vg, v10, V11, V12 }. We denote the set of vertices on the internal boundary

of G by Bg.
Definition (lend(G,D)): Let lend(G,D) denote the number of vertices in
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(4,6,12) \ G dominated by a vertex in D.

Definition (borrow(G, D)): Let borrow(G, D) denote the number of vertices in

G not dominated by a vertex in D.

Note: If a vertex v € V; is not dominated by vertices in D, then we must have
v € Bg for D to be a dominating set of G assuming boundary vertices of GG are
dominated for free.

U7

Vg
U1 V3

Vg (Y
Vs

V10
U1
V11

Figure 7.4: An illustration of definitions.

Definition (netiend(H,)): For a fixed n,

netlend(H,) = (G%%(H" (lend(G, D) — borrow(G, D))

Lemma 7.2.2: If (G, D) is a H,, then lend(G, D) = |D N Bg|.

Proof: No vertex in C; could dominate any vertex in (4,6, 12) \ G. Every vertex

in B could dominate one vertex in (4,6,12) \ G. Thus, lend(G, D) = |D N Bg|.
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Lemma 7.2.3: If (G, D) is a H,, then borrow(G,D) > 6—|DNCq|—2x |DN Bg|.

Proof: Every vertex in Cs could dominate one vertex in B;. Every vertex
in Bg could dominate two vertices in Bg;. Since some vertices in B; may be
dominated twice, at most |D N Cg| + 2 x | D N Bg| vertices in B are dominated
by vertices in Vg N D. Thus, at least 6 — | DN Cg| —2 x | DN Bg| vertices in B are

not dominated by vertices in Vi;. Thus, borrow(G, D) > 6—|DNCq|—2x |DNBg].
Fact 7.2.4: If (G, D) isa H,, then |D N Bg| =n— |D N Cg|.

Proof: Since (G,D)is a H,, |D N Bg|+ |DNCq| = |D| =n. Thus, |D N Bg| =

n — ’D N Cg‘
Lemma 7.2.5: If (G, D) is a H,, then |D N Cq| > [%52].

Proof: Every vertex in Cg; could dominate three vertices in C;. Every vertex
in B¢ could dominate one vertex in C;. To dominate all six vertices in Cg, we
must have

3x|DNCq|+|DNBg| > 6.

By Fact 7.2.4, |D N Bg| =n —|D N Cg|. Thus,

3x|DNCq|+ (n—|DNCg|) > 6,
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K1)
6 —
DN Cg| > —.
Since | D N C¢| is an integer, we have
6—n
IDNCq| > T 5 1.

Lemma 7.2.6: netlend(H,) = -4.

Proof: Assume (G, D) is a H,. By Lemma 7.2.5, |[D N Cg| > [%2%] = 2. Since
(G,D) is a H,, by Fact 7.24, |[DN Bg| = 2 — |D N Cg| = 0. By Lemma 7.2.2,

lend(G, D) = |D N Bg| = 0. By Lemma 7.2.3,
borrow(G,D) >6—|DNCql—2%x|DNBg|=6—-2—-0=4.
Thus,
netlend(Hs) = (G%?é%‘[z (lend(G, D) — borrow(G, D)) <0—-4=-4.

Figure 7.5 demonstrates a pair (G', D’) that is a H, such that borrow(G’, D) —

lend(G', D') = —4. Thus, netlend(H,) = —4.

Lemma 7.2.7: netlend(H3) = —1.
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Figure 7.5: An illustration of the proof of Lemma 7.2.6.

Proof: Assume (G, D) is a H;. By Lemma 7.2.5, |[D N Cq| > [52] = 2. We
consider a few cases, depending on the number of vertices of D in (.
Case 1: |[DNCq| = 3. Since (G, D) is a H3, by Fact 7.2.4, |DNBg|=3—|DnN

Cg| = 0. By Lemma 7.2.2, lend(G, D) = |D N Bg| = 0. By Lemma 7.2.3,

borrow(G,D) > 6 — |DNCg| —2%x |DNBg| >6—3=3.

Thus,

lend(G, D) — borrow(G,D) <0 —3 = —3.

Case 2: |[DNCqg| = 2. Since (G, D) is a Hs, by Fact 7.2.4, |DNBg|=3—|DnN

Cg| = 1. By Lemma 7.2.2; lend(G, D) = |D N Bg| = 1. By Lemma 7.2.3,

borrow(G,D) > 6 —|DNCg|—2%x|DNBg| >6—-2—-2=2.
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Thus,

lend(G, D) — borrow(G,D) <1—-2= -1

In every case,

netlend(Hs) Ghax (lend(G,D) borrow(G, D)) < -1

Figure 7.6 demonstrates a pair (G’, D’) that is a H; such that borrow(G’, D’) —

lend(G', D") = —1. Thus, netlend(Hs) = —1.

Figure 7.6: An illustration of the proof of Lemma 7.2.7.

Lemma 7.2.8: netlend(H,) = 2.

Proof: Assume (G, D) is a H,. By Lemma 7.2.5, |D N C¢q| > [52] = 1. We

consider a few cases, depending on the number of vertices of D in (.
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Case 1: |[DNCq| = 1. Since (G,D)is a Hy, by Fact 7.2.4, |DNBg|=4—|DnN
Cq| = 3. Figure 7.7 represents the reasoning. Since |D N Cy| = 1 and choices of
vertex in |D N C¢| are equivalent by symmetry, let v; € |D N Cg|. To dominate

U3, g, U5, We must have vy, v19, v11 € D. Since v; is not dominated by a vertex in

Ve N D, borrow(G, D) = 1. By Lemma 7.2.2, lend(G, D) = |D N Bg| = 3. Thus,

lend(G, D) — borrow(G,D) <3 —1=2.

Vg

V10

Figure 7.7: An illustration of the proof of Lemma 7.2.8.

Case 2: |[DNCqg| = 2. Since (G, D) is a Hy, by Fact 7.2.4, |DNBg|=4—|DnN

Cg| = 2. By Lemma 7.2.2; lend(G, D) = |D N Bg| = 2. By Lemma 7.2.3,

borrow(G,D) >6 —|DNCg| —2%x|DNBg| >6—-2—-4=0.

Thus,

lend(G, D) — borrow(G,D) <2 —0=2.
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Case 3: |[DNCq| = 3. Since (G,D)is a Hy, by Fact 7.2.4, |DNBg|=4—|DnN

Cg| = 1. By Lemma 7.2.2, lend(G, D) = |D N Bg| = 1. By Lemma 7.2.3,
borrow(G,D) >6—|DNCqgl—2x|DNBgl >6—-3—-2=1.

Thus,

lend(G, D) — borrow(G,D) <1—1=0.

Case 4: |[DNCq| =4. Since (G,D)is a Hy, by Fact 7.2.4, |DNBg|=4—|DnN

Cg| = 0. By Lemma 7.2.2; lend(G, D) = |D N Bg| = 0. By Lemma 7.2.3,
borrow(G,D) > 6 —|DNCg| —2%x|DNBg| >6—-4—-0=2.

Thus,

lend(G, D) — borrow(G,D) <0 —2 = —2.

In every case,

netlend(H,) (G%?é(m (lend(G, D) borrow(G,D)) <2
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Figure 7.7 demonstrates a pair (G’, D’) that is a H, such that borrow(G’) —

lend(G") = 2. Thus, netlend(H,) = 2.

Lemma 7.2.9: netlend(Hs) = 4.

Proof: Assume (G, D) is a H;. By Lemma 7.2.5, |[D N Cg| > [%2] = 1. Since
(G,D) is a H;, by Fact 7.24, [DN Bg| = 5 —|D N Cq| < 4. By Lemma 7.2.2,
lend(G, D) = |D N Bg| < 4. Notice borrow(G, D) > 0. Thus,

netlend(Hs) = (Gl,%?é{%g, (lend(G, D) — borrow(G, D)) <4-0=4.

Figure 7.8 demonstrates a pair (G', D’) that is a H; such that borrow(G’, D) —

lend(G', D") = 4. Thus, netlend(Hs) = 4.

1

Figure 7.8: An illustration of the proof of Lemma 7.2.9.

Lemma 7.2.10: For n > 6, netlend(H.,,) = 6.

Proof: Assume (G,D) is a H,, where n > 6. Notice lend(G,D) < 6 and
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borrow(G, D) > 0. Thus,

netlend(H,,) (G%?écﬂn (lend(G, D) — borrow(G, D)) <6

Since n > 6, we can choose all vertices in B¢ to be in D such that D is a dominat-
ing set of G. In this case, lend(G, D) = 6 and borrow(G, D) = 0. Consequently,

lend(G, D) — borrow(G, D) = 6. Thus, netlend(H,,) = 6.

Definition (p,(G), p,): Let D be a dominating set of the (4,6, 12) lattice. Let G
be a subgraph of the (4,6,12) lattice whose vertex set can be partitioned into
disjoint subsets 5, Sy, ..., S, such that for every subset 5;, the pair (G;, D N 5;)
is a H,,, where G, is the subgraph induced by vertices in S;. Forn = 2,3,4, ..., 12,

let p,(G) denote the proportion of H,, in the vertex disjoint subgraphs of G.

Note: We can embed the (4,6, 12) lattice in the plane such that the subgraph
induced by vertices in every unit square with integer coordinates is isomorphic
to H as shown in Figure 7.3. In Lemma 7.2.11 and Theorem 7.2.12, we consider

such embedding.

Lemma 7.2.11: Let R, ,, denote a rectangular region R;(0,1;0,m), where l,m >

0. We have

Z i X netlend(Hy) > —€m,

k=2,...,12

where €, — 0" as [,m — oc.
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Proof: Let D be any dominating set of the (4,6, 12) lattice. The vertex set of
R, ., can be partitioned into disjoint subsets S;, Sy, ..., Si, such that for every
subset S;, the pair (G;, D N S;) is an H,,, where G, is the subgraph induced by
vertices in S;. For any i = 1,...,lm, let D; = DN S;. Let D™ =3

Let Ni(Ry,,) denote the number of H in (G4, D1), (G2, Ds), ..., (Gim, Dim). Let
a, b, c, d denote the number of vertices in the upper, lower, left and right internal
boundary of R, ,, respectively.

Notice that

Therefore,

Nk(Rl,m)

netlend(Hy).
m

3" pu(Rum) x netlend(Hy) =

Since netlend(Hy) = max(,pyen, (lend(G, D) — borrow(G, D)), fori =1,...,m,if

(G;, D;) is a Hy, then netlend(Hy) > lend(G;, D;) — borrow(G;, D;). Therefore,

Ni(Rim) lend(G;, D;) — borrow(G;, D;)
Z Tnetlend(?—[k) > Z =

Y

which can be rewritten as

lend(G;, D;) — borrow(G;, D;)
Im '

Z pe(Rim) X netlend(Hy) > Z
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For D to be a dominating set of the (4,6, 12) lattice, every vertex v € B¢, not
dominated by a vertex in D; must be dominated by a vertex in D \ D;. In
addition, a vertex v € Bg, may be dominated both by a vertex in D; and by a

vertex in D \ D;. Therefore,
| Z (lend(Gi, D;) — borrow(G, DZ)> > lend(Rym, D(l’m)) — borrow(Ry m, D(l’m)).
Since lend(R;,,, D“™) > 0 and borrow(R;,,, D¥™) < a+ b+ ¢ + d, we have
lend(Rym, D™ — borrow(Rym, DY™) > 0 — (a + b+ ¢ + d).
Consequently,
| Z (lend(Gi, D;) — borrow(G;, D2)> > —(a+b+c+d).

Since [, m > 0, we divide both sides by /m and obtain

Z lend(G;, D;) — borrow(G;, D;) S _af b+c+d

Y

Im lm

SO

a+b+c+d
Im '

Z pe(Rim) X netlend(Hy,) > —
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Letting ¢, = 224 we have

Z pk(Rim) % netlend(Hy) > —€pm.

Since a +b = O(l) and ¢+ d = O(m), as m,n — oo, we have

a+b+c+d
_—

0r.
lm

€lom =

Theorem 7.2.12: v(4,6,12) = v,(4,6,12) = 2.

Proof: We prove that both the domination ratio and the perfect domination
ratio of the (4, 6,12) lattice are equal to .

Consider a rectangular region R;,, as above. We formulate the domination
ratio problem in R,,, as a linear program. The set of all feasible solutions is
described by a polytope. Lemma 7.2.11 provides a valid inequality for the poly-
tope, which is a constraint for the LP. We describe the constraints, objective
function, linear program, dual program in parts 1,2,3, and 4 of the proof re-
spectively. The optimal solution to the linear program provides a lower bound
for the domination ratio of R, ,,, as described in part 3.

In part 5, we prove the optimal solution to the linear program is a continu-

ous function of ¢;,,, where ¢, ,,, — 0% as [,m — co. Recall the domination ratio
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is defined as

. ’Ym,n(G>
e Ny ()

Since ¢,,, — 07 as [,m — oo, the optimal objective function value when
é1.m = 0 1s a lower bound for the domination ratio of the (4, 6, 12) lattice.

In part 6, we demonstrate that optimal objective function value when ¢, =
0is . Thus, we have - as a lower bound for the domination ratio. Combined

with Lemma 7.2.1, we conclude that v(4,6,12) = 7,(4,6,12) = .

1. Constraints

Let z = [p27p3ap4ap5apother]Ta where DPother = Zkzﬁ Pk

By Lemma 7.2.11, we have

Z . X netlend(Hy) > —€m,

where ¢, — 07 as [,m — oo.

By Lemma 7.2.10, for n > 6, netlend(H,,) = 6. Therefore,

( Z Dn X netlend(?—[n)> + Dother X 6 > —€m.

n=2,345

For n = 2,3,4,5, netlend(H,) is calculated in Lemma 7.2.6, Lemma 7.2.7,
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Lemma 7.2.8, and Lemma 7.2.9. Thus,
[_47 _17 27 4a 6]1’ 2 [_47 _17 27 4a 6] [p27p37p47p57p0ther]T Z —€lm-

where ¢, — 07 as [,m — oo.

Notice that we also have constraints >, p, = 1 and 0 < p;, < 1 for any py.

2. Objective function
Let ¢ = $5[2,3,4,5,6]”. Notice c is multiplied by - because H, has 12 ver-

tices. For any dominating set D of R ,,,,

k 1
D) = —pp > —[2.3.4 T_ T,
/}/( ) k:223: b 12p/€ - 12[ 73a 7576][792ap3,p4,p5’p0th67‘] c T

3. Linear program (LP)
The linear program below provides a lower bound for the domination ratio
of Rl,m-
min ¢’ z subject to
[_47 _17 27 47 6]$ Z _Gl,m
in =landforanyi, 0 <z; <1

The linear program provides a lower bound for the domination ratio of R, ,,
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because a minimum dominating set D with associated vector z* satisfies the

constraints above and v(D) > ¢''z*.

Writing the LP explicitly in matrix form:

1 . -
min ¢’z = —[2,3,4,5, 6]z subject to 2 > 0 and

12
_—4 -1 2 4 6 - - 0 -
1 1 1 1 1 1
1 -1 -1 -1 -1 1
-1 0 0 0 O —1
Ax = x> =b
0O -1 0 0 0 —1
0O 0 -1 0 0 -1
0O 0 0 -1 0 —1
0o o 0 0 -1 -1

4. Dual program (DP)

The dual program is

max b’y = [0,1,—1,—1,—1,—1,—1, —1]y subject to y > 0 and
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_—4 1 -1 -1 0 0 0 0_ _2_

11 -1 0 -1 0 0 0 3
Afy=192 1 1 0 0 -1 0 0 y_1—12 4| =c

4 1 -1 0 0 0 -1 0 5

6 1 -1 0 0 0 0 -1 6

5. c'z* is a continuous funtion of ¢,

By Lemma 7.2.11,

Z pr X netlend(Hy) > —€m

T Ay

where ¢, — 0" as [,m — cc.

The inequality above is a constraint in the LP. We want to show that ¢’z*
is a continuous funtion of ¢, ,,, where ¢, — 0% and z* is the primal optimal
solution.

Consider the dual objective function value b” y*, where y* is the dual optimal
solution. Notice b; = —¢;,, and other entries of b are fixed real numbers. Thus,
b"y* is a function of ¢;,,. All entries in A and c are fixed real numbers.

Let P = {y : ATy < c} be a polytope. Let v¥),..,v(" denote extreme points

of the polytope P. Since the dual program is linear, the dual optimal objective
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function value is achieved at one of the extreme points. Therefore,

max b’y = max bTo®,

.....

-----

,,,,,

function of ¢;,,,. Thus, b"y* is a continuous function of ¢;,,. By the Strong

Duality Theorem, " z* = b"y*. Therefore, ¢’ z* is a continuous function of ¢ ,,.

6. Optimal solution

By part 5, the optimal objective function value of the LP is a continuous
funtion of ¢ ,,,. Recall the domination ratio is defined as

mn(G
Jim Je

Since ¢,,, — 0" as [,;m — oo, the optimal objective function value when
é1.m = 0 1s a lower bound for the domination ratio of the (4, 6, 12) lattice.

For the linear program, by letting ¢;,, = 0, we obtain z* = [1/3,0,2/3,0,0]"
as an optimal solution with optimal objective function value %

For the dual program, by letting ¢, ,,, = 0, we obtain y* = [5/180,5/18,0,0,0,0,0,0]"
as an optimal solution with optimal objective function value %.

To check that z* is the optimal solution, one can verify that z* is primal
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feasible and y* is dual feasible. One can also verify that the primal objective
function value at 2* and dual objective function value at y* are both equal to
1—58. By Strong Duality Theorem, z* and y* are optimal solutions of primal and
dual respectively.

Therefore, & < ~7(4,6,12). By Lemma 7.2.2, v(4,6,12) < 7,(4,6,12) < 2.

Combining the two inequalities, we get

5

5
15 S 7(4,6,12) < 7,(4,6,12) < 2.

18 —

Therefore, 7(4,6,12) = ,(4,6,12) = .

7.3 Perfect Domination Ratio

In Theorem 7.2.12, we proved that v,(4,6,12) = 1% A periodic PDS D with

Yp(D) =2 is shown in Figure 7.2.
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7.4 Possible Perfect Domination Pro-

portions

Fact: The (4,6, 12) lattice has three non-isomorphic PDS that achieve the perfect

domination proportion of %

Proof: Three non-isomorphic PDS are shown in Figure 7.10, Figure 7.11, and
Figure 7.12 respectively. Notice for each PDS, each dodecagon has 4 vertices in

D. Thus, 7,(D) = 4 = 0

1

12~ 3°

Definition (A row of D;s): A row of D;s is a sequence (possibly doubly-
infinite) of at least two consecutive D;s such that every two consecutive D;s

in the sequence are distance three apart and lie in a line which bisects hexag-

onal faces of the lattice.
Note: A row of D;s is shown in Figure 7.9.

Lemma 7.4.1: The (4,6,12) lattice has infinitely many non-isomorphic PDS
that achieve distinct perfect domination proportions. Furthermore, the perfect

dominination proportion can be any rational number between % and 1.

Proof: A PDS D with ~,(D) = & is shown in Figure 7.9. Let V denote the
entire vertex set of the lattice. Let I/ denote the set of vertices that consists
of vy, vy, v3,v4, and all such vertices in 4-cycles bordered by two parallel rows of
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D;s of minimum distance apart. Let H denote the subgraph induced by .

Let D' = W U D. Notice D’ is a also PDS. Out of three dodecagons, two has

three vertices in D’ and one has eight vertices in D'. Thus, ~,(D') = 55555 =

7

5

Next, consider adding vertices in every other four cycle in H to D. Let
D" denote the resulting set of vertices. Notice D" is still a PDS because adding
vertices in H that are in the same 4-cycle to D does not affect the other vertices.
We calculate 7,(D") = 3 % (& + &) =

Similarly, given any rational number between % and %, we can add a cor-
responding proportion of vertices in H to D and create a PDS D" such that
7 (D") equals the given number.

The same reasoning can be applied to vertices in V' \ W to show that perfect
domination proportion can take any rational number between 15—8 and 1. Be-

cause adding vertices on one side of a row of D;s to D does not affect the other

side. OJ
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7.11: APDS D of (4,6,12) lattice with ~,(D)

Figure
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Figure 7.12: A PDS D of (4,6, 12) lattice with ~,(D) = .

3
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Chapter 8

Integer Programming

We use an integer program to compute an upper bound and a lower bound
for the domination ratio of the kagome lattice, which does not have an efficient
dominating set. First choose a finite subgraph G such that the entire vertex
set of the kagome lattice can be partitioned into subsets and the subgraph
induced by the subsets are connected and isomorphic to G. Let = be a binary
vector representing vertices in S, a subset of the vertex set of G. The closed
neighborhood matrix N of G is the sum of the adjacency matrix of G and the
identity matrix. [1]

An integer program to compute an upper bound for the domination ratio is
as follows:

1,5 -
min —(1)"z s.t. z¢{0,1}" and Nz > 1
n

Notice the constraint No > 1 ensures that S is a dominating set of G. Let «
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be any feasible solution. The objective function value %(T)Tx provides an upper
bound for the domination ratio, because we can obtain a dominating set D of
the entire lattice by taking the minimal dominating set of every subgraph, and
the minimal dominating set of the entire lattice may be smaller than D. One
can find more details of the integer programming method in two-volume series

by Haynes, Hedetniemi, and Slater. [1]

For an integer program to compute a lower bound for the domination ra-
tio, we let b be a binary vector with zero entries corresponding to vertices on
the external boundary and other entries are ones. We replace the constraint
Nz > 1 in the integer program above with Nz > b and keep the rest the same.
An integer program to compute a lower bound for the domination ratio is as
follows:

1 e —
min —(1)”z s.t. z¢{0,1}" and Nx > b
n

Notice the constraint Nz > b ensures that S is a dominating set of G, as-
suming boundary vertices of G are dominated for free. Let the optimal solution
be x*. The optimal objective function value %(T)Tx* provides a lower bound for
the domination ratio, because the domination ratio of the entire lattice can only
decrease when we assume some vertices are dominated for free.

We wrote an integer program for the kagome lattice and obtained the non-

trivial lower bound % > (0.2034632. Note the trivial lower bound is 0.2 and the
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best upper bound we have is 2 < 0.2222223.
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Conclusion

We have shown that seven of the eleven Archimedean lattices are efficiently
dominated and the other four are not efficiently dominated. We have deter-
mined exact perfect domination ratios for all of the eleven Archimedean lat-
tices. Tight bounds for domination ratios are obtained using integer program-
ming.

For some ideas about future research on this problem, one might consider
solving for the exact domination ratio of the (3,6,3,6), (3,4,6,4), and (32,4, 3,4)
lattices. Domination ratios and perfect domination ratios of the other classes of
infinite lattices such as 2-uniform lattices, or three dimensional lattices, such
as the cube, face-centered cube, and body centered cube, may be investigated.

For the kagome lattice, we have shown the number of possible perfect dom-

ination proportion values is infinite. For the (3%, 4,3,4) lattice, we have proved
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there are only two possible perfect domination proportions. It would be in-
teresting to consider nonisomorphic perfect dominating sets of and possible
perfect domination proportions for all Archimedean lattices. In particular,
for each lattice, to determine whether the number of possible perfect domi-
nation proportion values is finite or infinite. Furthermore, it would be interest-
ing to determine whether perfect domination proportions can be irrational for

Archimedean lattices and for infinite periodic graphs in general.
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