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Abstract

Evaluating anatomical variations in structures like the nasal passage and sinuses is

challenging because their complexity can often make it difficult to differentiate normal

and abnormal anatomy. By statistically modeling these variations and estimating

individual patient anatomy using these models, quantitative estimates of similarity

or dissimilarity between the patient and the sample population can be made. In

order to do this, a spatial alignment, or registration, between patient anatomy and

the statistical model must first be computed.

In this dissertation, a deformable most likely point paradigm is introduced that

incorporates statistical variations into probabilistic feature-based registration algo-

rithms. This paradigm is a variant of the most likely point paradigm, which incorpo-

rates feature uncertainty into the registration process. The deformable registration

algorithms optimize the probability of feature alignment as well as the probability of

model deformation allowing statistical models of anatomy to estimate, for instance,

structures seen in endoscopic video without the need for patient specific computed

tomography (CT) scans. The probabilistic framework also enables the algorithms to
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assess the quality of registrations produced, allowing users to know when an alignment

can be trusted. This dissertation covers three algorithms built within this paradigm

and evaluated in simulation and in-vivo experiments.
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Chapter1

Introduction

Understandingtherangenormalanatomyisakeysteptowardsidentifyingab-

normalities,associatingdeviationsfromnormaltodisease,anddeterminingthebest

courseoftreatmenttoimprovequalityoflife.Forsomepartsofanatomy,understand-

ingthisnormalrangecanbedifficult. Thenasalcavityandtheparanasalsinuses

belongtothisclassofcomplexanatomicalstructureswhereaccuratelylocatingde-

viationfromnormalandidentifyingtheexactcauseofdiscomfortinpatientscanbe

challenging.Therefore,althoughanatomicalvariationsareunderstoodbeassociated

withanincreasedlikelihoodofnasaldiseasessuchrhinosinusitis,4alargepercentage

ofpopulationcontinuestosufferfromthesediseases.Inthefollowingsection,the

anatomicalstructureofthenasalcavityandsinuseswillbedescribedandtheclini-

calconditionknownasrhinosinusitiswillbeexplained,includinghowitaffectsthe

populationandthechallengesitpresentstomodernmedicine.Thiswillbefollowed
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byareviewofthetechnicalmethodsthathavebeenintroducedinthepastinor-

dertoaddresstheproblemsinvolvedinvarioussurgicaltreatments,especiallythose

thatcanbeappliedtothetreatmentofrhinosinusitis,andwherethesemethodsfall

short.Thefollowingchapterswillpresentnewmethodsthatfacilitateabetterunder-

standingofthesinonasalanatomy,aswellasmethodsthatcanexploitthisimproved

understandingtoenhanceendoscopicnavigationduringminimallyinvasivesurgeries

thatareperformedtotreatsinonasaldiseases.

1.1 Clinicalbackground

Thetermrhinosinusitisdescribesthegeneralco-occurrenceandcoexistenceof

theconditionsrhinitis,whichaffectsthenasalcavity,andsinusitis,whichaffectsthe

paranasalsinuses.4 Thenasalcavityextendsfromthenostrilstothenasopharynx

(Fig.1.1)intheantero-posteriordirection,andisdividedintoleftandrightbythe

nasalseptum.Bothsideshavearoof,afloor,amedialwallornasalseptum,anda

lateralwall.5Eachnasalpassage,ormeatus,lyingbetweentheseboundariescontains

threenasalconchae,orturbinates. Theinferiorturbinateisoneofseveralbones

thatmakeuptheunevenandcomplicatedlateralwall,whilethemiddleandsuperior

turbinatesareprojectionsoftheethmoidbone.5 Theturbinatesarecoveredbya

thickandhighlyvascularmucousmembrane,ormucosa,thatwarmsandhumidifies

incomingairasittravelsthroughthenasalcavity.5Theturbinatesundergoperiodic

2
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Figure1.1: Anatomyofthenasalcavity.LicensedundertheCreativeCommons
Attribution3.0Unportedlicense(https://commons.wikimedia.org/wiki/File:
714_Bone_of_Nasal_Cavity.jpg)
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alternatingcontractionandexpansion,knownasthenasalcycle.6Thedecongested

sideofthenasalcavityfacilitateshumidificationofincomingair,andalternatingis

thoughttoshifttheworkloadbackandforth.6

Thenasalcavitypresentsopenings,orostia,forthefourparanasalsinuseswhich

arecavitieswithinthemaxillaandthefrontal,ethmoid,andsphenoidbones.5 Ac-

cordingly,theyarenamedthemaxillary,frontal,ethmoid,andsphenoidsinuses,re-

spectively(Fig.1.2).Notallofthesesinusesarefullydevelopedatbirth.Theprocess

ofpneumatization,orcavitiesformingwithinbones,occursoverseveralyears.The

maxillaryandethmoidsinusesarepresentatbirth,butcontinuetogrowuntilthe

ageof15-16years.7,8Themaxillarysinusturnsintothelargestofthesinuses,while

theethmoidsinusendsupbeingcomprisedofnumeroussmallcellsthatmakeupthe

ethmoidallabyrinth.5 Thefrontalsinusesarenotdistinguishablefromtheanterior

ethmoidcellsatbirth,butbegingrowingaroundthefourthyearandcontinueto

growuntiladultsizeisattainedataround19years.7,8Similarly,thesphenoidsinuses

areextremelysmallatbirth,butexperienceagrowthspurtaround6-10yearsofage,

andcompletetheirgrowthby15years.7,8

Rhinosinusitisisdefinedinslightlydifferentwaysdependingonseveralfactors.

Themaindifferencedependsonthepurposeofdiagnosis.Diagnosesmadeinaclini-

calsettingrequireaclearlydefinedprotocoltoaccuratelydescribepatientpopulation

(phenotypes)inordertoprovidestandardtreatmenttopatientswithsimilarsymp-

toms,aswellastomaintainconsistencyinclinicalstudiesrelatingtodiagnosisand

4
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Figure1.2:Anatomyofthesinuses.LicensedundertheCreativeCommonsAttri-
bution-ShareAlike3.0Unportedlicense(https://commons.wikimedia.org/wiki/
File:724_Paranasal_Sinuses.jpg)

treatment.4Therefore,rhinosinusitisinadultsisclinicallydefinedastheinflamma-

tionofthenoseandparanasalsinusescharacterizedbytwoormoresymptoms:4

•Oneofthesymptomsshouldbeeithernasalobstruction/congestionornasal

dischargeintheformofanteriororposteriornasaldripoftenaccompaniedby

–facialpainorpressure,and/or

–reductionorlossofsmell.4

•Theothersymptomshouldbeendoscopicsignsof

–nasalpolyps,and/or

–mucopurulentdischargeprimarilyfromthemiddlemeatus,and/or

–oedema/mucosalobstructionprimarilyinthemiddlemeatus,
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and/ormusocalchangeswithintheosteomeatalcomplexand/orsinusesob-

servedincomputedtomography(CT)scans.4

Thedefinitionofrhinosinusitisinchildrenvariesonlyslightly.Inpediatriccare,one

oftheaccompanyingsymptomsiscough,insteadofreductionorlossofsmell.4The

durationoftheconditiondictateswhethertheconditionshouldbetermedacuteor

chronic.Ifthesymptomsdescribedabovearecompletelyresolvedwithin12weeks,

thentheconditionistermedacute.4 Ifthesymptomspersistbeyond12without

completeresolution,thentheconditionistermedchronic.4

Theepidemiologicaldefinitionofrhinosinusitisimposesfewerrestrictionsinorder

tofacilitatethestudyoflargerpopulations.4Therefore,theepidemiologicaldefinition

ofacuterhinosinusitis(ARS)inadultsissimplythesuddenonsetoftwoormore

symptoms,oneofwhichshouldbeeithernasalblockage/obstruction/congestionor

nasaldischarge,asdescribedabove,oftenaccompaniedbyfacialpainorpressure,

and/orreductionorlossofsmelllastingfewerthan12weeks.4 Inchildren,this

definitionisfurthersimplifiedtothesuddenonsetoftwoormoreofthefollowing

symptomslastingfewerthan12weeks:

•nasalblockage/obstruction/congestion,and/or

•discolorednasaldischarge,and/or

•coughduringthenightorday.4

Thepresenceorabsenceofsymptomsneedonlybevalidatedoverthetelephoneor

6
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inaninterview.4 Theepidemiologicaldefinitionofchronicrhinosinusitis(CRS)in

adultsissimilartothatofARS,withsymptomslasting12weeksormore,andin

children,thereductionorlossofsmellisreplacedbythepresenceofcough,asin

theclinicaldefinition.4 Forresearchpurposes,ARSisdiagnosedaccordingtothe

epidemiologicaldefinition,withbacteriologicaland/orradiologicaltestsadvisedbut

notrequired.4However,forthemoreseriousCRS,thediagnosisismadeasperthe

clinicaldefinition.

StudiesshowthatARSaffectsabout6-15%ofthepopulationintheUnited

States,9,10whileCRSaffectsabout2-4%.11–13Rhinosinusitiscanbecausedbyboth

virusesandbacteria. Theepithelialcellsoftheairwayserveasthefirstlineof

defenseagainsttheinfectiousagents.4Thesereleasemucoustotrapthemicroorgan-

isms,whicharethenmechanicallyremovedfromthebodybyciliatedcells.14Further,

theecosysteminthenasalcavityisdeterminedbyspecificparametersliketemper-

ature,pH,etc.,andonlymicroorganismsthatrequireasimilarecosystemareable

tosurvive.14Themicroorganismsthatareabletobreachthesebarriersdisruptthe

epithelialcellsanddecreasesthenumberofciliatedcells15obstructingthesinusostia

inthenasalcavity.16Thechangeinpressurecausedbymucusretentioninthesinuses

duetothisobstructionchangestheecosysteminthenasalcavity,worsescongestion,

andfurtherimpedestheremovalofthemicroorganisms.15–19 Thesechangesform

anidealenvironmentforthegrowthofinfectiousmicroorganisms.20 Thiscreatesa

viciouscycleofinflammationandblockageleadingtoobstructednasalpassageand

7
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difficultyinbreathingfortheaffectedpopulation.

Inmostcases,suchinfectionsareresolvedwithoutantibiotictreatment.21–23Al-

thoughantibiotictreatmenthasbeenshowntonotbeusefulintreatingmildand

uncomplicatedARSandisnotrecommendedbyclinicalguidelines,rhinosinusitisis

thefifthmostcommondiagnosisforwhichantibioticsareprescribed.21–24Long-term

antibacterialtreatmentcanleadtotheemergenceofresistantbacterialstrains.Other

treatmentsthatareemployedincludeoralantihistamines,nasaldecongestants,nasal

irrigation,etc. Whentheseothertreatmentsareunabletorelievesymptoms,surgical

treatmentsareemployedtoalleviatesymptoms. Thesecouldincludewideningof

thesinusostiainordertoimprovedrainagefromthesinuses,turbinatereductionto

reducenasalobstruction,septoplastyincasesofseverelydeviatedseptum,etc. Most

suchsurgicaltreatmentstodayareperformedminimallyinvasivelyviaendoscopicsi-

nussurgery(ESS).ESSinvolvesaccessingthenasalcavitythroughthenostrilsand

visualizingtheanatomyusinganendoscope.Inordertoenhancethelimitedfield

ofviewofendoscopes,patientsaregenerallyrequiredtoobtainapreoperativeCT

scansinceithashighcontrastbetweenbone,softtissue,andairmakingiteasyto

differentiatebetweenthesinonasalcavityandthesurroundingboneandmucosa.The

purposeoftheCTscanistoinformthesurgeonabouttheareasurroundingthesite

ofsurgeryinordertopreventaccidentaldamagetocriticalstructuresthatsurround

thesinonasalcavity.Theaccuracyofthemethodsperformingthealignmentbetween

endoscopicvideoandpreoperativeCTscancanhaveaneffectontheoutcomeofthe

8
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treatment.Studieshaveshownthatoverconfidenceintechnologycanhavedetrimen-

taleffectsonsurgicaloutcomes.25Therefore,highaccuracyinsuchsystemsandan

awarenessofwhenthisisnotattainediscritical.

Studieshavealsoshownthatalthoughbothmedicalandsurgicaltreatmentsim-

provesymptomsofrhinosinusitis,significantdifferenceisnotseenbetweenthemedical

andsurgicalgroups.26Itmustbenoted,however,thatmanyofthesestudiesdonot

includeresultsfrommedicaltreatmentforthosewhoproceededtoESShavingfailed

medicaltreatment.Surgeriesthatincreasedthepatencyofthenasalcavityshowed

thatincreasedpatencywasmaintainedafterseveralmonths,althoughthisdidnot

improvesubjectiveoutcomes.27,28Patientsundergoingseptoplastyonlyshowedim-

provedqualityoflife(QoL)whenseptaldeviationwasaccompaniedwithmoderate

orseverenasalsymptoms,whereasthosewithmildnasalsymptomsdidnot.29QoL

wasevenshowedtodegradeinthosemildnasalsymptoms,especiallyamongolder

patients.29 Althoughinsomecasesitmaybeclearthatseptoplastywillimprove

QoL,thereisafinelinebetweencaseswheresurgicalinterventionwillorwillnot

improveQoL.29Moststudiesthathaveevaluatednasalpatencyamongnormalpop-

ulationonlypresentedapproximations.30–32Thismaycontributetothedifficultyin

findingcorrelationbetweenpatencyandimprovednasalobstructionamongpatients.

Improvingthesemeasurementstogainabetterunderstandingofnormalanatomy

hasthepotentialnotonlytobetterinformwhensurgicaltreatmentisnecessary,but

alsotoimprovepatientoutcome

9
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1.2 Technicalbackground

Asmentionedearlier,inordertomakeupforthelimitedfieldofviewofendo-

scopes,mostendoscopicsinussurgeriesareaccompaniedbyapreoperativeCTscan

inordertobetterinformthesurgeonofcriticalstructuresintheareasurrounding

thesurgicalsite.TheviewintheCTscancorrespondingtotheviewseenbythesur-

geoninendoscopicvideoiscomputedthroughaprocessknownasregistration,which

findsthespatialtransformationbetweendataintwodifferentcoordinatesframesthat

mapsthemintoacommoncoordinateframe.Inadditiontoguidanceornavigation

duringendoscopy,registrationishasseveralotherapplicationsinmodernmedical

practice,suchasfusionofimagesfordiagnosis,postoperativeevaluation,ortime-

varyingchangedetection.33Theseimagesmaybeofdifferentmodalitieslikemagnetic

resonance(MR)orultrasound(US)scans.Registrationalsohasseveralapplications

inotherfieldslikeroboticsandcomputervision.Imageregistrationmethodscanbe

dividedintotwobroadclassesbasedonthetypeofinformationusedtocomputethe

alignment:intensity-basedregistrationandfeature-basedregistration.34 Intensity-

basedregistrationmethodscompareinformationdefinedonthepixelsoftheimages

beingregistered,likeintensityorgradients.34 Feature-basedregistrationmethods

comparegeometricinformationextractedfromimages,likepointclouds,contours,

curves,ortriangularmeshmodels,thatdescribepositionsofsalientlandmarks.34

Informationfromtheimagesarecomparedusingsomesimilaritymetricthatallows

correspondingpixelsorfeaturestobematchedcorrectly. Metricsusedinintensity-
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basedregistrationmethodsincludesumofsquaredifferences(SSD),sumofabso-

lutedifferences(SAD),correlationcoefficient(CC),normalizedcorrelationcoefficient

(NCC),mutualinformation(MI),etc.Someofthesemetrics,likeSSDandSAD,are

suitableforcomparingimagesbelongingtothesamemodality,whileCCandNCC

aresuitablewhentheintensitiesoftheimagesbeingregisteredarelinearlyrelated.

MIisusefulforcomparingimagesfromdifferentmodalities,whenthetwoimagesin-

tensitieshaveconsiderabledifferencesbetweenthemwithoutasimplerelationtomap

onetotheother.34Feature-basedregistrationmethodsusemetricsthatcomparege-

ometricdistancesbetweenshapedescriptorslikepoints,35surfacenormals,36surface

curvature,37color,38etc. Basedonthemetricused,differentoptimizationschemes

canbeusedtocomputethealignmentbetweenimages.Theseincludegradient-based

methodslikegradientdescent,Levenberg-Marquardt,quasi-Newtonmethods,etc.,

andgradient-freemethodslikerandomsearchmethods,geneticalgorithms,etc.39

Theremainderofthissectionwilldiscussfeature-basedmethodssincethefocusof

thisdissertationisonfeature-baseddeformableregistrationtechniques.

Theseoptimizationmethodsareusedtosolvefordifferenttypesoftransformations

thatarerequiredtoaligndataintoacommoncoordinateframe. Transformations

canbebroadlyclassifiedasrigidandnon-rigid(ordeformable). Rigidregistration

methodsproducerigid-bodytransformationslikeglobalrotationsandtranslations

torepositionthetransformeddatawhilemaintainingtherelativedistancebetween

pointsineachdataset.40Inmedicalapplications,suchmethodsareusefulwhenreg-
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istrationiscomputedbetweenthesameobjectatdifferenttimesorusingdifferent

imagingmodalitieswiththeknowledgethattheobjecthasnotundergoneanystruc-

turalchanges. Oneofthemostpopularregistrationalgorithmsisafeature-based

rigidregistrationalgorithmcalledtheiterativeclosestpoint(ICP)algorithm35which

findsanalignmentbetweenafixedsetofpointsorshape(modelshape)andamoving

setofpoints(datapoints).ICPisaniterativealgorithmthatiteratesbetweentwo

phases:acorrespondencephaseandaregistrationphase.Duringthecorrespondence

phase,theclosestpointonthemodelshapeisfoundforeachdatapointbyminimizing

Euclidieandistances,whereasduringtheregistrationphase,aspatialtransformation

iscomputedtoalignthecorrespondingpoints.35 PriortoICP,aspecializedregis-

trationmethodforregistering3Dimagesofthehumanheadwasintroducedwhich

foundcorrespondencesbyfindingintersectionswiththemodelshapeofraysextend-

ingfromthecentroidofthedatapointsthroughthedatapointsbeingmatched,and

computedaregistrationinaderivative-freemanner.41Champlebouxetal.presented

amoregeneralregistrationmethodthatwasabletoquicklycomputeclosestpointto

surfacedistancesbyrepresentingthemodelshapeusingahierarchicaldistancemap,

knownasanoctree-spline,anddirectlyminimizethesumofsquaredistancesusing

anonlinearleast-squaresoptimization.42

AftertheintroductionofICP,severalvariantswereintroducedtocompensatefor

thedisadvantagesofstandardICP.Forinstance,arobustICPvariantwasintro-

ducedtohandleoutliersandocclusioninthecorrespondencephasebyincorporating
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robuststatisticsandadaptivethresholding.43 Inordertoperformoutlierrejection

intheregistrationphase,weightedpointpairswereusedbyMaureretal.,44which

alsoenablednormalizationfornon-uniformlypointdensities.Inordertoeliminate

ambiguitiesstemmingfrommatchingonlypointfeaturesusingEuclideandistances,

severalmethodshaveaugmentedthematchmetricusingadditionalfeatureslikesur-

facenormals45andcurvature.37Surfacenormalsarecriticalindisambiguatingpoint

setsfacingdifferentdirections. Alternatemetric-baseddistancefunctionshavealso

beenintroducetotakeintoaccountbothtranslationandrotationerrorsproduced

bysensorsin2D46and3D47scan-matchingproblems.Severalmethodshavebeen

introducedthatperformasoftmatchingbetweeneachdatapointandeachmodel

pointwithvaryingweightorprobabilityassignedtoeachmatch.48–50Morerecently,

aseriesofalgorithmsbasedonthemost-likely-pointparadigm(IMLP,IMLOP,and

G-IMLOP)werepresentedthatcomputeregistrationsbyincorporatingnoisemod-

elsassociatedwiththemodelshapeanddatafeaturesintoboththecorrespondence

andregistrationphasesmakingthemmorerobust.51–53 Severalofthesemethods

havebeenemployedfortheapplicationofimageguidednavigationduringendo-

scopicsurgery.OthermethodsthatuseopticalorEMtrackinghavealsobeenused.

However,changesthatmightoccurinpatientanatomybetweenpreoperativeimage

acquisitionandthetimeofsurgeryduetobreathingandothernaturalfunctionsas

wellasduetotheinsertionofsurgicalinstrumentsmakerigidregistrationmethods

inadequateforaccuratesurgicalnavigation.
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Non-rigidregistrationmethods,ontheotherhand,deformthedatainsomeway

inadditiontorepositioningthem. Thesimplestdeformableregistrationmethods

computeaglobalscaleinadditiontorotationandtranslationproducingasimilarity

transformation,54–56oragenerallinearmappingproducinganaffinetransformation.

SeveralextensionsofICPthatadditionallycomputescalehavebeenpresented.54,55,57

Morecomplexdeformableregistrationmethodscomputelocaltransformationslike

displacementordeformationfields.40 Theselocaltransformationparameterscould

bedefinedateachpixelina2Dimage,eachvoxelina3Dimageoreachpointina

pointcloudortriangularmesh.Sincethenumberofparameterstosolveforismuch

largerthantheamountofavailableinformation,theproblemoffindingthebestdis-

placementfieldisill-posed.Therefore,inordertocompensatefortheill-posednessof

theproblem,mostdeformableregistrationmethodsincorporatearegularizationterm

orsmoothnessconstraintwithintheregistrationcostfunctionthatisoptimized.For

instance,deformationssmoothedusingthin-platesplineshavebeenusedtocompute

deformableregistrations.58AdeformableextensionofEM-ICPwhichusesGaussian

mixturemodels(GMMs)optimizedwithinanexpectationmaximization(EM)frame-

work49enforcedcoherencybetweenbackwardandforwarddeformationstoproduce

asymmetricandconsistentregistrationframework.59Coherentpointdrift(CPD)is

anotherEM-basedmethodwhichcomputesaclosedformM-stepsolutionforrigid

registrationandusesGaussianradialbasisfunctionsfordeformableregistrationcom-

putation.50However,CPDonlydeformsthepartofthemodelshapethatdatapoints
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arematchedto,whichmightnotbeidealforsurgicalnavigationwhereonlyalimited

portionofanatomyisvisibleatatimeand,therefore,datapointsextractedfromthese

regionsmightcausesuddenandunrealisticdeformationsinthemodelshape.Further,

noiseinthedatacanresultindeformationsnotanatomicallyplausible.Severalvaria-

tionsofCPDhavealsobeenexplored.Onemethodtreatsboththemodelshapeand

datapointsaskerneldensitiesformedfromGaussiankernelfunctionscenteredateach

pointandcomputesregistrationbymaximizingakernelcorrelation(KC)metricbe-

tweenthetwodensities.60AnotherformsGMMsfromboththemodelshapeanddata

pointsandminimizesL2distancebetweentheGMMstocomputeregistration.61Al-

thoughCPDanditsvariantscanachievehighaccuracy,theexhaustivepointpairings

makethesemethodslessefficientthanmethodsthatperformsingle-pointmatching.

Thedeformableregistrationmethodsdescribedinthisdissertationareextensionsof

themost-likely-pointalgorithmswhichcomputesingle-pointmatching. Morethor-

oughdetailsofthesemost-likely-pointalgorithmswillbeexplainedinthechapters

correspondingtothedeformableregistrationmethods.Thesedeformablealgorithms

inherittheadvantageofthemost-likely-pointalgorithmsinthattheirformulation

seamlesslyincorporatesmeasurementnoiseassociatedwithboththemodelshape

anddatapointsintothecorrespondenceandregistrationphasesmakingitrobustto

noiseinthedata.Thisiscriticalsincedataextractedfromrealworldapplications

generallycontainssomeamountofnoise. Further,thedeformationscomputedare

basedinstatisticslearnedfromvariationsseeninanatomy.Therefore,regardlessof
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theamountofnoiseinthedata,deformationscomputedusingthesemethodsshould

beanatomicallyplausible.

Uptothispoint,ithasbeenassumedthatfeaturescanbeextractedfrommedical

images. However,thisisoftenadifficulttask.Forendoscopicnavigation,features

mustbeextractedfrombothpreoperativeCTscansandintraoperativevideoframes.

Severaltechniqueshavebeenintroducedtoautomaticallyextractthesefeatures.In

manytypesofimages,featurescanbeextractedbysegmentingorpartitioningthe

imageintononoverlappingconstituentregionsthatarecharacterizedbyhomogeneity

insomecharacteristiclikeintensityortexture.62Segmentationcanbeobtainedsim-

plybythresholdingimageintensities.63However,suchmethodsaresensitivetonoise

andintensityinhomogeneities. Regiongrowingisanothersegmentationtechnique

basedonintensityinformation. Thistechniquerequiresaninitialseedpointand

segmentsallpixelsconnectedtotheseedundersomecriteria,forinstance,allpixels

withsimilarintensities.64 Thismethodisalsosensitivetonoiseandcanresultin

segmentationswithholesordisconnectedcomponents,andrequiresuserinteraction

intheselectionoftheseedpoint.Clusteringbasedmethodsalleviatetheproblemof

userinteractionbyiterativelyalternatingbetweensegmentingtheimageandcharac-

terizingthepropertiesofeachcluster.62ClusteringmethodslikeK-meansiteratively

computethemeanintensityineachclusterandclassifyeachpixelintheclusterwith

theclosestmean.65Suchmethods,again,sufferfromsensitivitytonoise,andmaynot

directlyincorporatespatialfeaturesresultinginmisclassifications.62Othermethods
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usedeformablemodelstodelineateobjectboundariesbyplacingaclosedcurveinside

theobjectofinterest,andallowingthecurvetoevolveusingcueslikeimagegradi-

ents.66,67 However,again,thisrequiresuserinteractioninplacingtheinitialcurve

withintheobjectofinterest.Atlas-guidedapproachesrequiretheexistenceofanatlas

withsegmentations.Giventhisrequirement,anytargetimagerequiringsegmentation

simplyneedstobealignedwiththeatlasusingaone-to-onetransformation.39Dueto

anatomicalvariability,thetransformationmustbedeformable.68–71Ideally,inorder

toavoidunnaturaldeformationsinanatomicalstructures,thedeformationshouldbe

adifferentiableone-to-onefunctionwithadifferentiableinverse. Oncealigned,the

segmentationsfromtheatlascansimplybedeformedtothetargetimage.Further,

triangularmeshescanbeextractedfromthepre-segmentedatlas,andthesecanalso

bedeformedtothetargetimage. Oneimportantadvantageofthismethodisthat

allsegmentedmeshesproducedareincorrespondencewitheachother.Thesecorre-

spondencescanbeexploitedtobuildstatisticalshapemodels(SSMs)usingstandard

methodslikeprincipalcomponentanalysis(PCA).1TheseSSMsexplainthevariance

inthedata,andarealsoabletoestimateanyshapethatisincorrespondencewith

thoseusedtobuildtheSSM.

Thesesegmentationmethodsareabletoextract3Dshapesfromvolumedatalike

CTscans. However,thesemethodsarenotsufficienttoextract3Dstructurefrom

videoduetothemotionbetweenframes.Inordertoextract3Dfeaturesfroma

sequenceofvideoframes,astructurefrommotion(SfM)frameworkwasdeveloped
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thatusedfeaturesextractedfromeachframetotriangulateto3Dpoints.72Several

improvementstothisinitialmethodusingimprovedfeatureextractionmethodslike

SIFTorSURFthatproviderichfeatureshavebeenmade.54 Further,methodsto

jointlyproduceoptimalstructureandrelativecameramotionusingbundleadjust-

menthavealsobeenpresented.73However,duetothepaucityoftextureinendoscopic

images,thesemethodsareonlyabletoproducesparse3Dstructures.Newermeth-

odsbasedonmachinelearningtechniquesareabletoproducedense3Dstructures

fromsinglevideoframes3,74andprovidereconstructionsthatcanbeusedtocompute

reliableregistrationstofeaturesextractedfrompreoperativeimages.

1.3 ThesisStatement

Deformablefeature-basedregistrationalgorithmsthatincorporatestatisticalshape

models(SSMs)demonstrateaccurateregistrationtofeaturesnotseenbeforebythe

SSMaswellasaccuratereconstructionoftheshapedescribedbythesefeatures.

1.4 Thesisoutline

ThisdissertationpresentsamethodtobuildimprovedSSMs,andafamilyof

feature-baseddeformableregistrationmethodsbelongingtothedeformablemost-

likely-pointparadigmthatusetheseSSMstoestimateshapesthatarenotincorre-

spondencewiththeSSM(Table1.1). Forinstance,givendensefeaturesextracted
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Table1.1: Summaryofthedeformableregistrationalgorithmspresentedinthis
dissertation.

Algorithm Featuretype Noisemodel

D-IMLP 3Dpositions anisotropic

D-IMLOP
3D positions,
3Dorientations

anisotropicforposition
features,isotropicfor
orientationfeatures

GD-IMLOP
3D positions,
3Dorientations

anisotropicforposition
and orientationfea-
tures

fromvideosequencescontainingastructure,theregistrationalgorithmsdeveloped

withinthedeformablemost-likely-pointparadigmenableanSSMcontainingthesame

structuretoestimatetheshaperepresentedbythevideofeaturesdespitealackof

correspondencebetweenthetwo.Thispropertycanbeharnessedduringendoscopic

examinationstoestimatepatientanatomyandmakequantitativemeasurementswith-

outtheneedforpatientspecificCTscans.

Chapter2outlinesestablishedmethodsforautomaticsegmentation75andstatis-
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ticalmodeling1ofanatomicalstructures.Italsocoversestablishedmethodstoim-

provesegmentation66,67andcorrespondences2betweenshapesinanefforttoimprove

SSMs.However,previousmethods2,66,67treatsegmentationandcorrespondenceim-

provementasseparatetasksresultinginsegmentationimprovementmethodsthat

allowcorrespondencestodeteriorateandcorrespondenceimprovementmethodsthat

assumeperfectsegmentation.Inthischapter,asimultaneoussegmentationandcor-

respondenceimprovementmethodisintroduced.76Thisnewmethodsimultaneously

improvessegmentationbymovingtheverticesinameshclosertoedgesinthecor-

respondingCTimageandimprovescorrespondencesbetweenshapesusingSSMsto

constrainthemotionofverticesalongthesurfaceoftheimprovedmesh.

Chapter3introducesthedeformablemost-likely-pointparadigm77whichdescribes

howSSMscanbeusedincombinationwithprobabilisticrigidregistrationalgorithms

toincludestatisticallyinformeddeformationsintheregistrationcomputation.The

algorithmsdevelopedinChapters4–6followthealgorithmdesignprocessdescribed

inthischapter.ThisparadigmwasfirstintroducedbyBillings,78andwasimproved

andimplementedduringthecourseofthisdissertationwork.Chapter4presentsthe

deformableiterativemostlikelypoint(D-IMLP)algorithm,77whichregisterssam-

plepointswithpositionalcomponentscharacterizedbyanisotropicuncertaintyto

ameanshapeand,simultaneously,deformsthemeanshapeaccordingtothecor-

respondingSSMtofitthesamplepoints. Chapter5presentsthedeformableit-

erativemostlikelyorientedpoint(D-IMLOP)algorithm,77whichregisterssample
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pointswithpositionalcomponentscharacterizedbyanisotropicuncertaintyandori-

entationcomponentscharacterizedbyisotropicuncertaintytoameanshape. The

meanshape,again,deformsaccordingtothecorrespondingSSMtofitthesample

points.Theadditionalorientationcomponentsallowthealgorithmtodisambiguate

pointssamplesfromsurfacesfacingdifferentdirections.Finally,Chapter6presents

thegeneralizeddeformableiterativemostlikelyorientedpoint(GD-IMLOP)algo-

rithm,77whichregisterssamplepointswithpositionalandorientationcomponents

characterizedanisotropicuncertaintytoameanshapeand,again,deformsthemean

shapeaccordingtothecorrespondingSSMtofitthesamplepoints. Mechanismsfor

autonomouslyassessingtheoutcomeofaregistrationinordertoassignconfidenceto

theresultisalsopresentedforeachofthethreealgorithms.79 Allthreealgorithms

arethoroughlyevaluatedonseveraldifferentdatasets.

Chapter7evaluatestheefficacyofthesealgorithmsinaclinicalsettingusing

in-vivodata.77,79 Densepointcloudsareextractedfromsingleframesofsinonasal

endoscopyvideodata3,74anddeformablyregisteredtoSSMsbuiltfrompopulation

data.Further,confidenceisassignedtoeachregistrationbasedontheautonomous

assessmentmechanismdesignedforeachdeformableregistrationalgorithm. Chap-

ter8presentsseveralotherapplicationsofSSMsandregistrationalgorithmsusing

SSMsinclinicaluse,forinstance,understandingthetypesandextentsofvariabil-

itypresentindifferentanatomicalstructures,75showingthatpopulationdataisable

tocompensateforindividualvariationsuchasthatresultingfromthenasalcycle,75
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andestimatingmeasurementsofcrosssectionalareasofthenasalcavityatdifferent

landmarkstoquantitativelyevaluatethepatencyofapatient’snasalpassage.Chap-

ter9discussestheconclusionsofthisdissertationaswellasfuturedirectionssuch

aswaystoimproveandextendmethodsdiscussedinthisdissertationanddifferent

applicationsthatcouldbenefitfromthiswork.

1.5 Contributions

Thisdissertationpresentsseveralcontributionswiththemostnotablecontribu-

tionbeingthedevelopmentofthedeformablemost-likely-pointparadigmwhichin-

corporatesSSMsintoaprobabilisticregistrationframework.Thisparadigmenables

statisticallyinformedmodeldeformationduringfeature-basedregistrationcomputa-

tion. ThisdissertationalsopresentsmethodstobuildimprovedSSMsaswellas

clinicalapplicationsofSSMsandregistrationalgorithmsbuiltwithinthedeformable

most-likely-pointparadigm.Adetailedoutlineofthecontributionofthisdissertation

ispresentedbelow:

1.Annovelmethodforsimultaneousimprovementofsegmentationandcorrespon-

dencesamongasetofshapesinordertobuildbetterSSMs(Chapter2)76

2.Animplementationofthedeformable most-likely-pointparadigm,ageneral

probabilisticparadigmforincorporatingdeformableshapetransformationswithin

aprobabilisticregistrationframeworkthatwasfirstintroducedconceptuallyby
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Billings.78Thisframework,anextensiontothesoftwarearchitecturedeveloped

byBillings,78enablesthedevelopmentofdeformableregistrationalgorithmsfor

registeringsamplepointstoadeformablemodelshapethatischaracterizedby

anSSM,wheretheshapedeformationscomputedbytheregistrationaredriven

bythemodesoftheSSM(Chapter3)77,78

3.Auserfriendlycommandlineinterfacetoperformregistrationswithdifferent

datasetsusingseveralalgorithmsincludingbutnotlimitedtoICP,directional

ICP,thedeformableregistrationalgorithmspresentedinthisdissertation,and

theircorrespondingrigidcounterparts.

4.Theimprovement,implementationandevaluationofthedeformableiterative

mostlikelypoint(D-IMLP)algorithm(Chapter4)77

(a)aprobabilisticalgorithmthatcomputesdeformableregistrationbetween

anSSMandpointfeatureswithunconstrainedoranisotropicnoise

(b)anefficientimplementationofPD-treeupdatetoaccommodateadeform-

ingmodelshape

(c)agradient-basedsolutiontotheoptimizationproblemwhichiscomputed

usinganoff-the-shelfnonlinearbox-constrainedBFGSquasi-Newtonopti-

mizer80

(d)amechanismforautonomouslyevaluatingaregistrationinordertoassign

confidencetotheresultingalignment
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5.Thedevelopment,implementationandevaluationofthedeformableiterative

mostlikelyorientedpoint(D-IMLOP)algorithm(Chapter5)77

(a)aprobabilisticalgorithmthatcomputesdeformableregistrationbetween

anSSMandfeatureswithpositionandorientationcomponents,whereun-

constrainednoiseisassociatedwiththepositionfeaturesandconstrained

orisotropicnoiseisassociatedwithorientationfeatures

(b)anefficientimplementationofPD-treeupdatetoaccommodateadeform-

ingmodelshape

(c)agradient-basedsolutiontotheoptimizationproblemwhichiscomputed

usinganoff-the-shelfnonlinearbox-constrainedBFGSquasi-Newtonopti-

mizer80

(d)amechanismforautonomouslyevaluatingaregistrationinordertoassign

confidencetotheresultingalignment

6.Thedevelopment,implementationandevaluationofthegeneralizeddeformable

iterativemostlikelyorientedpoint(GD-IMLOP)algorithm(Chapter6)77

(a)aprobabilisticalgorithmthatcomputesdeformableregistrationbetween

anSSMandfeatureswithpositionandorientationcomponents,whereun-

constrainednoiseisassociatedwithbothpositionandorientationfeatures

(b)anefficientimplementationofPD-treeupdatetoaccommodateadeform-

ingmodelshape
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(c)agradient-basedsolutiontotheoptimizationproblemwhichiscomputed

usinganoff-the-shelfnonlinearbox-constrainedBFGSquasi-Newtonopti-

mizer80

(d)amechanismforautonomouslyevaluatingaregistrationinordertoassign

confidencetotheresultingalignment79

7.AnevaluationofthealgorithmspresentedinChapters4–6inaclinicalset-

tingthroughdeformableregistrationbetweenSSMsanddensereconstructions

fromin-vivoendoscopicvideoframesalongwithconfidenceestimatesforeach

registration(Chapter7)77,79

8.Asetofclinicalapplications(Chapter8)including

(a)evaluationofanatomicalvariationinthemaxillarysinuses,inferiorand

middleturbinates,rightandleftnasalcavitiesinanormalpopulation75

(b)demonstrationofthenasalcycleinonepatientwithpreoperativeand

postoperativeCTscans75

(c)automaticandexactmeasurementofthecross-sectionalareaattheinternal

andexternalnasalvalves

1.6 Published Work

Materialfromthisdissertationappearsinthefollowingpublications:

1.A.Sinha,S.Leonard,A.Reiter,M.Ishii,R.H.Taylor,G.D.Hager,“Automatic
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segmentation and statistical shape modeling of the paranasal sinuses to estimate

natural variations,” Proc. SPIE 9784, Medical Imaging 2016: Image Processing,

97840D (2016)

2. S. D. Billings, A. Sinha, A. Reiter, S. Leonard, M. Ishii, G. D. Hager, R. H.

Taylor, “Anatomically Constrained Video-CT Registration via the V-IMLOP

Algorithm,” In: Ourselin S., Joskowicz L., Sabuncu M., Unal G., Wells W.

(eds) Medical Image Computing and Computer-Assisted Intervention – MIC-

CAI 2016. MICCAI 2016. Lecture Notes in Computer Science, vol 9902.

Springer, Cham (2016)

3. A. Sinha, A. Reiter, S. Leonard, M. Ishii, G. D. Hager, R. H. Taylor, “Simulta-

neous segmentation and correspondence improvement using statistical modes,”

Proc. SPIE 10133, Medical Imaging 2017: Image Processing, 101331B (2017)

4. A. Sinha, S. D. Billings, A. Reiter, X. Liu, M. Ishii, G. D. Hager, R. H. Tay-

lor, “The deformable most-likely-point paradigm,” submitted to Medical Image

Analysis (2018)

5. A. Sinha, X. Liu, A. Reiter, M. Ishii, G. D. Hager, R. H. Taylor, “Endoscopic

navigation in the absence of CT imaging,” submitted to MICCAI (2018)

6. X. Liu, A. Sinha, M. Ishii, G. D. Hager, R. H. Taylor, A. Reiter, “Depth Map

Estimation from Endoscopic Video using Deep Network,” submitted to MICCAI

(2018)
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Segmentation and statistical

modeling of CT data

Computed tomography (CT) scans are 3D volumes containing grayscale intensity

values at each voxel. These intensity values indicate the Hounsfield units (HU) which

comprise a quantitative scale used to describe radiointensity. Since different materials

exhibit different amounts of x-ray attenuation, they are associated with different HU.

Different tissue types have different material makeup, and therefore HU can be used

to differentiate them. CT scans allow for clear distinction between air, soft tissue, and

bone. This makes is relatively easy to automatically segment the airway and sinuses.

Although bones are generally also easy to segment in CT scans due to high contrast,

the bones surrounding the sinuses tend to be extremely thin making segmentation

more difficult.
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AutomaticsegmentationofCTscansandothermedicalimageshasbecomein-

creasinglymoreimportantastheuseofnon-invasivemedicalimagingtechniquesbe-

camemoreprevalentinthemedicalcommunitymakingmanuallabelingtootimecon-

sumingandimpractical.Severaldifferentmethodshavebeenexploredthatattempt

toaccuratelysegmentCTscans.81 Manyearlymethodspresentedsemi-automatic

waystosegmentCTscansorimages,forinstance,regiongrowingmethodsthatre-

quiremanualseedplacement,82intensitythresholding,orerrorcorrection.83 More

complexautomatedwaysofassigninglabelstoeachvoxelhavealsobeenpresented.

Automatedregiongrowingtechniqueshavebeenexplored,likeadaptiveregiongrow-

ing.84 Otherevolutionbasedmethodsincludegradientvectorflowsnakes,66which

requireaninitialcurveorsegmentationthatcanbeevolvedusinggradientsinthe

imagetoconvergetotheboundariesofobjectsbeingsegmented. Clusteringand

majorityvotingbasedmulti-atlassegmentationmethodshavealsobeenexplored.

Severalofthesemethodsrequirearigidregistrationtotransformgivenimagesinto

thecoordinateframeofimageswithpredefinedlandmarksorsegmentations. How-

ever,rigidimageregistrationmaynotbesufficientduetothevariabilityindifferent

anatomicalstructuresbetweenindividuals.

Deformableregistrationtechniqueshavebeenexploredtoproducedeformationor

displacementfieldsthatindicatehoweachvoxelinoneimageshouldbedisplaced

inordertobestmatchthetargetimage. Differentapplicationshavedifferentcon-

straintrequirementsforthedeformablemodel,forinstance,topologypreservationor
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diffeomorphism,butalmostallmethodshaveasmoothingorregularizationterm.85

Bothtopologypreservinganddiffeomorphicdeformabletransformationsfulfillthe

desirablepropertyofthetransformationbeinginvertible. Thispropertyhasbeen

exploitedbyseveralsegmentationtechniquesthatdeformablyregisteranimage,I,

tosomestandardtemplatewithpresegmentedlabels,whichcanthenbetransformed

backtoIusingtheinversedeformationfield.

2.1 Automaticsegmentation

Theautomaticsegmentationmethoddescribedhereassemblesdifferenttoolspre-

sentedinthepastintoonepipelinethatenablesaccurateautomaticsegmentationof

particularstructuresorregionsofinterest(ROIs).Thismethodreliesontheexistence

ofatemplateCTimagewithlabelsforrelevantstructuresorROIs. Thetemplate

CTimageisbuiltusingonetargetCTimage,andnCTotherCTimagesofthesame

dimensionsandresolutionasthetargetimage. ThesenCT imagesaredeformably

registeredtothetargetimageusingadiffeomorphicdeformableregistrationalgo-

rithm,liketheANTsregistrationsoftware,86resultingindeformationfieldsthatcan

transformeachofthenCT CTimagestothetargetimage.Sincethedeformations

computedareinvertible,thetargetimagecanalsobetransformedtoeachofthenCT

CTimagecoordinateframes.Themeanofthesedeformationfieldscanbecomputed

andusedtodeformthetargetimage,movingthetargetimagetowardsthespaceof
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themeanofnCTCTimages.
87Thetransformedtargetimagethenbecomesthenew

targetimage,andtheprocesscanberepeated. Eachiterationfurtherreducesthe

individualvariationoftheinitialtargetimage,andmovesthetargetimagecloserto

thepopulationmean.TheresultingimageisahighlysymmetricCTimage,andwill

bereferredtoasthetemplateCTimageinthefollowingdiscussion(Fig2.1).

RelevantanatomicalstructuresandROIscanbesemi-automaticallysegmented

inthetemplateCTimageunderthesupervisionofandwithconsultationfroman

otolaryngologist.Thesemi-automaticsegmentationinvolvesselectingseedpointsin

regionsthatneedtobesegmentedandperforming3Dregiongrowingtosegment

theregions.Thefinalsegmentationsaremanuallycleaneduptoeliminateerrorsin

segmentation.Thissemi-automaticsegmentationofthetemplateisaone-timetask

foreachsegmentedstructureorROI.Itisimportanttocreatethesesegmentationsin

atemplateCTimagethatrepresentsthemeanofapopulationratherthaninaCT

imageofanindividualinordertoreducebiasfromindividualvariation.Triangular

surfacemeshesareextractedfromthesesegmentationsusingmarchingcubes.88Once

alabeledtemplateCTimageisestablished,anyCTimagethatcoversthesame

anatomicalextentasthetemplatecanbedeformablyregisteredtothetemplate.If

thedeformableregistrationissuccessful,theresultingdeformationfieldcanbeused

todeformthetemplatemeshestotheCTimage. Thismethodisnotonlyableto

automaticallysegmentCTscans,butalsoensuresthatforeachsegmentedstructure,

meshessegmentedfromdifferentCTscansinthismannerareincorrespondencewith
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Figure2.1: Templatecreationpipeline:allinputimagesaredeformablyregistered
toonetargetimage,whichisthendeformedbythemeanofthedeformationfields
resultingfromtheregistrations. Thecolorsinthedeformationfieldsrepresentthe
directionofthedeformationvectors,whereastheintensityofthecolorsindicatesthe
magnitudeofthevectors.Deformingthetargetimagebythemeandeformationfield
takesthetargetimagetowardsthemeanoftheinputimages.Thisprocessisiterated
withtheoutputimageasthenewtargetimage.Individualvariationfromtheinitial
targetimagedecreaseswitheveryiteration,andtheresultingoutputmovescloserto
themeanoftheinputsetofimages.
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eachother.

Sincedeformableregistrationmaycontainsomeerrors,asegmentedmeshobtained

usingdeformableregistrationmayalsocontainerrors.Inordertoreduceerrorsin

thisinitialsegmentation,gradientbasedenergies,likegradientvectorflow(GVF),

inthecorrespondingCTimagecanbeusedtopullverticesinthemeshtowards

edgesintheCTimage.66Theverticesinthemesharetreatedascontrolpointson

a3Dsnakespline,whichisevolvedusingGVF.67In2D,verticesonacurvecan

besequentiallyorderedtodefinecontrolpointsonasnakespline. However,itis

nottrivialtosequentiallyorderverticesin3D.Adjacencymatricesthatstoreper

vertexneighborhoodinformationareoftenused,butthesecanhavelargememory

requirements.Simpleblob-likestructureshavebeenapproximatedwithhighaccuracy

usingparametrizedellipsoids,whichcanthenbeevolved.89 However,structuresin

thesinusesareoftentoocomplextobeapproximatedusingparametrizedellipsoids.

Instead,asimpleandefficientsamplingtechniqueisintroducedtoselectvertices

thatcanserveascontrolpointsona3Dsnakespline.Pointsaresampledinaspiral

aroundeachvertex(Fig.2.2),asexplainedinAlgorithms2.1and2.2,sothatpoints

onthiscurvecanbestoredinasequentialorderintoavector.Theseorderedvertices,

servingascontrolpointsonasnakesplinedefinedbythespiralcurve,canbeevolved

usingsimplevector-matrixoperations.Thenumberofpointstobesampledateach

iteration,whichdefinesthelengthofthecurve,canbeuserspecified.Thesecurves

haveconsistentinternalandexternaldirectionsmakingiteasytodefineinternaland

32



CHAPTER2. SEGMENTATIONANDSTATISTICALMODELING

externalenergies67whicharerequiredfortheevolutionofthesplineusinggradientsin

theimage(Fig.2.2).Theonlypointsofconcernwiththissamplingtechniquearethe

sourceandendpointsonthecurve.Duetotheclosed-loopsnakesplineformulation,

thesetwopointsareattractedtoeachotherdespitebeingspatiallydistantfromeach

other. Thisisresolvedbyupdatingallpointsexceptthesourceandendpointsat

eachiteration.Thesepointsareupdatedinothersamplingiterationswhentheyare

notsourceorendpoints(Fig.2.3).GVFguidesthesecontrolpointstowardedgesin

thecorrespondingCTimageproducinghighlyaccuratesegmentations67(Table2.1).

Finedetailsthatarenotcapturedbydeformableregistrationcanbecapturedusing

GVF(Fig.2.8),resultinginlowersegmentationerrors(Fig.2.9).

Algorithm2.1:Clockwiseorderverticesinone-ringneighborhood

Input:Modelshape:Ψ

Output:Listoforderedneighborsforallvertices:O

1foreachvertexiinΨdo

2 Findfacesincidentonvertexi,orderedclockwise:90

f←findfaces(i)

4 forj←0tof.size()do

5 Oij← vertexatfarendofhalf-edge
90incidentonvertexi

end

end
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Algorithm 2.2: Sample vertices

Input : Model shape: Ψ

List of ordered neighbors for all vertices: O

Number of vertices to sample: nsamples

Source vertex for spiral sampling: i

Output: Vector of sampled vertices: S

1 Initialize k ← 0, x← 0

2 Initialize S.resize()← nsamples

3 Initialize S0 ← i

for j ← 1 to nsamples do

5 Visit all neighboring vertices around current source vertex, i:

if k < Oi.size() then

7 if current neighbor k is unvisited then

8 Add unvisited vertex in one-ring neighborhood of i to list of

sampled vertices:

Sj ← Oik

10 Mark Oik as visited

11 Increment k:

k ← k + 1
13 Once all neighbors of current source vertex have been visited,

update current source vertex:

else

16 k ← 0

17 x← x+ 1

18 i← Sx

end

end
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Figure2.2: Samplingscheme(bluedotsrepresentsampledvertices,bluelines
indicateadjacency;dottedlinesimplythatconnectedpointsshouldnotbeattracted
toeachother;translucentlinescutthroughtheshape): Randomsampling(top)
causesinconsistentinternalandexternaldirections.Themiddlesphereshowsavertex
(circled)withexternalenergypointinginwardsintothesphere,andtherightsphere
showsone(circled)withinternalenergypointingoutwards. Thespiralsampling
schememaintainsinternalandexternaldirectionconsistency.

Figure2.3: Segmentationimprovementillustratedin2D:fromlefttoright,vertices
inthesnakespline(orange)movetowardstheedgeintheimage.Sincecornerpoints
mustnotbedrawninwardtowardeachother,cornerpointsarenotallowedtomove.
However,thesepointsareupdatedduringotheriterationswhentheyarenotcorner
points.Afterseveraliterationsallverticesconvergetotheclosestedge.
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2.2 Statisticalshape modeling

ThesegmentationpipelinedescribedinSec.2.1notonlyproduceshighquality

segmentations,butalsoensuresthatthemeshesrepresentingthesesegmentations

areincorrespondence.Segmentingimagesofseveralhealthyindividualsusingthis

methodenablesthestatisticalanalysisofeachsegmentedstructureinthispopulation.

Onestandardwayofperformingstatisticalanalysisontheseshapesisbyusingprin-

cipalcomponentanalysis(PCA).1Inordertocomputeshapestatistics,themeshes

arefirstalignedandcentered,andtheverticesineachmesharrangedintoacolumn

vectorcalledtheshapevector,

V=















v1

v2

...

vnv















,

wherenvisthenumberofverticesinthemesh.Sincetheshapesarehomologous,

thatis,incorrespondencewitheachother,themeanshape,V̄,canbecomputedby

simplyaveragingtheshapevectors,

V̄=
1

ns

ns

i=1

Vi ,
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whereViistheshapevectorfortheithmesh,andnsisthenumberofmeshes.

Similarly,theshapecovariancematrixcanbecomputedas

Σ=
1

ns

ns

i=1

(Vi−V̄)(Vi−V̄)
T .

Eigendecompositionofthismatrix,Σ,resultsinthemodesandmodeweightsof

shapevariation:

Σ=[m1...mns]











λ1

...

λns











[m1...mns]
T ,

wheremiaretheorthonormalsetofeigenvectorsthatrepresentthemodesofvari-

ation,andλiaretheeigenvalues,ormodeweights,thatrepresenttheamountof

variationalongthedirectionofeachmode(Fig.2.4,Alg.2.3). TheseSSMsare

abletoshowhowdifferentstructuresvaryacrossthesamplepopulation.Forsome

structures,SSMscanalsoreflectnaturalvariationsthatoccurperiodicallyinallin-

dividuals.TheseobservationsarediscussedinmoredetailinChapter8.

Usingthemeanshapeandthemodesofvariation,anyhomologousshape,V∗,

canbeestimatedas

Ṽ∗=V̄+
nm

i=1

bimi , (2.1)

wherenm <nsisauserselectednumberofmodes,andbiarethemodeweightsor
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shapeparameters,whichcanbecomputedas

bi=mi
T(V∗−V̄) . (2.2)

IfV∗wasoneoftheshapesusedtoconstructtheSSM,thenitcanbeestimated

perfectlyusingallnon-zeromodesofvariation.However,generallysomenumberof

modes,nm <ns,isusedtoestimateshapesaslongastheerrorinestimationis

belowsomeacceptablethreshold.Thisreducestheamountofcomputationalaswell

asstorageoverhead.

SSMsbuiltusingthedescribedmethodrequirehighlyaccuratesegmentationsin

ordertocapturecorrectandmeaningfulvariationinthesamplepopulation. The

segmentationpipelinedescribedinSec.2.1computeshighlyaccuratesegmentations.

However,thesegmentationimprovementusingGVFmovesverticesineachshapein-

dependentofothershapesinthedatasetresultinginerrorsinpointcorrespondences

betweentheshapes. Methodshavebeenpresentedthatareabletoimprovecorre-

spondencesbetweenshapes.Seshamanietal.2usetheinitialpointcorrespondences

tobuildanSSMusingns−1shapes,andestimatetheleft-outshapeusingEqs.2.1

and2.2. Theverticesontheleft-outshapecanthenbemovedalongthesurface

towardsthecorrespondingverticesontheestimatedmesh2(Fig.2.6).Thisprocess

isrepeatedforeachshape,andonceverticesonalltheshapesareupdated,anew

SSMiscomputedusingthesetofshapeswithupdatedvertices(Fig.2.5,Alg.2.4).
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Figure2.4: Givencorrespondencesbetweenshapesinadataset,PCAcanbeused
tounderstandthemeanandvarianceinthedataset.1

Algorithm2.3:BuildSSM

Input:TemplateCTimage
Meshrepresentinghand-segmentedROIintemplateCTimage

Output:SSM
1foreachpatientCTimagedo
2 DeformablyregisterpatientCTimagetothetemplateCTimage
3 Useresultingdeformationfieldtodeformmeshintemplatecoordinate

frametopatientcoordinateframe
end

5UsePCAonthesetofpatientshapesobtainedtobuildSSM1
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Figure2.5: CorrespondenceimprovementalgorithmpresentedbySeshamanietal.2

usingthemiddleturbinateasanexampleshape.

Algorithm2.4:Correspondenceimprovement

Input:Setofshapeswithcorrespondences
Output:Setofshapeswithimprovedcorrespondences

1whilenotconvergeddo
2 fori←1tonsdo
3 BuildanSSMusingns−1shapesleavingoutpatienti
4 EstimateleftoutshapeusingtheSSM(Eqs.2.1,2.2)
5 Movetheverticesontheleft-outshapealongthesurfaceinthe

directionofthecorrespondingverticesontheestimatedshape2

end

end
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Thisprocesscanberepeatedseveraltimesuntiladesiredqualityofvertexcorrespon-

denceisachieved. Thiscanbemeasuredbycomputingthepervertexdistanceor

theresidualsurfaceerrorbetweentheleft-outandestimatedshapesateachiteration,

averagingoverallleftoutshapes,andtestingtocheckifthemeanvertexerroror

meanresidualerrorisbelowsomespecifiedthreshold.

2.3 Simultaneoussegmentationandcor-

respondenceimprovement

Insteadoffirstimprovingsegmentationandallowingthecorrespondencestode-

teriorate,andthentryingtorecoverthecorrespondences,perhapsthetwo,segmen-

tationandcorrespondences,couldbeimprovedsimultaneously. Thatis,segmenta-

tionimprovementcouldbeperformedwithoutcompromisingthecorrespondences.

ThiscanbeachievedusingaconstrainedGVFalgorithmpresentedhere.76Inorder

tomaintaincorrespondence,theGVFalgorithmismodifiedinordertoconstrain

themovementofverticesusinganSSM.TheoriginalSSMisbuiltusingthesetof

shapesobtainedfromautomaticsegmentationviadeformableregistration(Sec.2.1).

Althoughthissetofshapescontainsinaccuratesegmentation,theshapesareincor-

respondence.Therefore,althoughtheSSMbuiltfromthissetofshapescannotac-

curatelyexplainthevariabilityinthepopulation,theSSMisabletoestimatethe

shapesinthecurrentsetwithsmallerrors.Thisinitialsetofshapesisfirstevolved
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usingGVF,andthenewevolvedshapesarethenestimatedusingthecurrentSSM.

Theverticesoneachevolvedshapearemovedalongthesurfaceinthedirection

ofthecorrespondingverticesontheestimatedshape(Fig.2.6). Thenewshapes

producedusingthisconstrainedGVFmethodexhibitimprovedsegmentations,and

retainsomeamountofcorrespondence,whichcanbefurtherimprovedusingthecorre-

spondenceimprovementalgorithmdescribedabove2

Estimated 
Shape

Shape 
after GVF

Initial 
Shape

(Fig.2.7,Alg.2.5).Constrained

GVFfollowedbycorrespondenceimprovementcanbeiteratedseveraltimesuntila

satisfactorysetofsegmentationsisobtained.

Figure2.6: 2DexampleillustratingtheconstrainedGVFalgorithm:Initialshape
(graycurve)isevolvedtonewupdatedshape(blackcurve),whichisthenestimated
usinganSSM(dashedcurve).Vertices(blackdots)ontheupdatedshapearemoved
alongthesurfacetowardcorrespondingverticesontheestimatedshapetoobtain
newvertexpositions(yellowdots)thatpreservecorrespondencebetweentheupdate
shapeandSSM.
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Figure2.7: Simultaneoussegmentationandcorrespondenceimprovementusing
themiddleturbinateasanexampleshape. Themiddle(green)sectionperforms
theconstrainedsegmentationimprovementwhichisfollowedbythecorrespondence
improvementmethodpresentedbySeshamanietal.2

Algorithm2.5:Simultaneoussegmentationandcorrespondenceimprovement

Input:Setofshapeswithcorrespondences
NumberofGVFiterations:P (default:5)
Numberofcorrespondenceimprovementiterations:Q (default:3)

Output:Setofshapeswithimprovedsegmentationandcorrespondences
1BuildSSMusinginputsetofshapes
2whilenotconvergeddo
3 foreachshapedo
4 UseGVFtomoveverticestowardsedgesinthecorrespondingimagefor

Piterations.
5 EstimateupdatedshapeusingthecurrentSSM(Eqs.2.1,2.2)
6 Moveverticesonupdatedshapealongthesurfaceinthedirectionofthe

correspondingverticesontheestimatedshape2(Fig.2.6)
end

8 BuildSSMusingupdatedsetofshapes
9 ImprovecorrespondencesforQiterations

end
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2.4 Experimentalresultsanddiscussion

ApubliclyavailableheadCTimagedataset91–94containing52CTimagesand

thetemplateCTimagebuiltusingthisdatasetwereusedtobuildSSMsforvarious

structuresandROIsinthenasalcavityandsinuses.TheresolutionofallCTscans

was1×1×1mm3andthedimensionswere308×210×272mm3(axial×sagittal

×coronal).ThealgorithmswereimplementedinC++andsegmentationandshape

modelingresultswereevaluatedusingthemaxillarysinus(Fig.1.2),oneofthefour

paranasalsinuses.

2.4.1 GVFexperiment

InordertoassesstheefficacyofthesamplingtechniquepresentedinSec.2.1,

segmentationimprovementusingGVFisevaluatedfirst.Inordertoevaluatethe

improvementbetweensegmentationsobtainedautomaticallyusingdeformablereg-

istrationandsegmentationsimprovedusingGVF,thesegmentationsproducedare

comparedtocorrespondingmanualsegmentationsin6CTscansusingtheHausdorff

distancemetric.95 ResultsshowthatGVFimprovestheoriginalsegmentationsob-

tainedusingdeformableregistration(Table2.1).Deformableregistrationisunableto

capturefinedetails,butthesedetailsarecapturedusingGVF(Fig.2.8)resultingin

lowersegmentationerrors(Fig.2.9).Theimprovementinsegmentationerrorsshows

thatthespiralsamplingtechniquecanbeusedtoefficientlyconstructsnakesplines
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Figure2.8: Left:contoursofhand-segmented(blue)anddeformablyregistered
(red)leftandrightmaxillarysinuses. Right:contoursafterGVF(green)overlap
almostperfectlywiththehand-segmentedcontours.

Figure2.9: Top:errorsfromdeformableregistrationvisualizedontherightmax-
illarysinusmeshwithlighting(left)toshowstructureandwithoutlighting(right)
tofocusonerrorswithoutdistractionsfromspecularitiesorshadows.Bottom:errors
afterGVF,visualizedsimilarlyasabove.
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thatcanbeusedalongwithGVFtoevolvemeshes.

2.4.2 ConstrainedGVFexperiment

Inthisexperiment,theconstrainedGVFalgorithmisevaluatedtoassessthesi-

multaneousimprovementinsegmentationandcorrespondencesbetweenthesegmen-

tations. TheconstrainedGVFalgorithmwasiterated5timesbeforetermination.

Withineachiteration,GVFwasrepeatedfor5iterationsfollowedbycorrespondence

improvementfor3iterations.Eachiterationtookabout10secondspershape,with

themajorityofthetimespentincomputingGVFintheCTvolumes.Asbefore,in

ordertoevaluatetheimprovementbetweensegmentationsobtainedusingdeformable

registrationandsegmentationsimprovedusingconstrainedGVF,thesegmentations

producedarecomparedtocorrespondingmanualsegmentationsin6CTscansus-

ingtheHausdorffdistancemetric.95 ResultsshowthatconstrainedGVFimproves

theoriginalsegmentationsobtainedviadeformableregistration.Further,constrained

GVFisabletomatchorimprovethesegmentationsproducedbytraditionalGVF

(Fig.2.10).Table2.1showscumulativeerrorsinsegmentationoveralltrails.

Next,inordertoevaluatetheimprovementincorrespondencebetweenshapes,

aleave-one-outanalysiswasperformedusingSSMsbuiltfromshapesobtainedfrom

deformableregistration,shapesaftertraditionalGVF,andshapesafterconstrained

GVF.Theleft-outshapewasestimatedusinganincreasingnumberofmodesand

errorsbetweentheleft-outandestimatedshapeswerecomputedusingtheHaus-
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dorffdistancemetric.95Meanerrorsoverallleft-outshapesareshowninFig.2.11.

ResidualerrorsareseentodeterioratewhenGVFisusedtoimprovesegmentation.

Interestingly,withfewerthan30modes,segmentationsproducedusingconstrained

GVFshowsimilarsomedeteriorationinresidualerrorcomparedtotheoriginalseg-

mentationsfromdeformableregistration.Thisoccursbecausetheoriginalsegmenta-

tionsdonotcapturefinedetailsresultinginasmoothedapproximationofthecorrect

shape. Therefore,althoughSSMsbuiltusingtheseshapesmayestimateleft-out

shapesmoreaccuratelyusingfewmodes,theshapesbeingestimateddonotcapture

therealanatomyaccurately. Byimprovingthesegmentations,highfrequencyde-

tailsintheobjectsbeingsegmentedarecapturedreducingsegmentationerror,but

alsorequiringmoremodestoaccuratelyestimatethesedetails. Withmorethan30

modes,theresidualerrorsusingconstrainedGVFintheleave-one-outanalysisshow

Table2.1: SegmentationerrorscomputedusingtheHausdorffdistance metric:
GVFandconstrainedGVF(C-GVF)bothproducecomparableimprovementover
deformableregistration(DR).C-GVFhastheaddedadvantageofmaintainingcor-
respondences(Figure2.11).

Meanerror±std.dev.(mm) Maxerror(mm)

DR 0.333±0.315 2.338

GVF 0.113±0.132 1.155

C-GVF 0.099±0.128 1.036
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CHAPTER2. SEGMENTATIONANDSTATISTICALMODELING

Figure2.10: Left:Initialsegmentation(red)ofthemaxillarysinususingdeformable
registrationdoesnotcapturedetailssuchassharpcorners,thereforeintroducing
errorswhencomparedwithhand-segmentedgoldstandard(blue).Right:Constrained
GVFisabletocapturethesedetails(green).
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CHAPTER2. SEGMENTATIONANDSTATISTICALMODELING

Figure2.11: Residualsurfaceerrorsfromleave-one-outanalysis:sincetheshapes
producedbyconstrainedGVF(C-GVF)containmoredetailthanthoseproduced
bydeformableregistration(DR)(Figure2.10),itishardtoestimateshapeswith
fewmodes.However,withmorethanroughly30modes,shapeestimationerrorsfor
segmentationsimprovedusingC-GVFshowimprovement(green)overtheoriginal
shapesobtainedusingDR(red).Ontheotherhand,segmentationsimprovedusing
traditionalGVF(purple)donotmaintaincorrespondencebetweenshapes,asreflected
inthedeterioratingmeanresidualerrors.
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improvementoverboththeoriginalshapesobtainedfromdeformableregistrationand

theshapesafterGVF.TheseresultsshowthatconstrainedGVFisabletoimprove

bothsegmentationandcorrespondences.

Additionally,byrestrictingthemovementofverticesduringsegmentationim-

provementusingconstrainedGVF,theresultingshapesrepresentedastriangular

meshesexhibitbettertrianglequalitythanwhentraditionalGVFisused. Meshes

obtainedusingGVFcancausehighconcentrationofverticesatcornersandregions

withstronggradients,creatingskinnytriangleswhichleadtopinchingartifactsin

meshes.However,byrestrictingthemovementofverticesusingSSMs,thisconcen-

trationofverticesandproblemsarisingfromit,likepinchingartifactsandtriangle

flipping,areavoidedproducingmorestablemeshes(Fig.2.12).

2.5 ConcludingRemarks

Anovelmethodforsimultaneousimprovementofsegmentationpershapeandcor-

respondencesbetweenasetofshapesispresented.Thismethodleveragestheadvan-

tagespresentedbyGVFandSSMstosegmentstructuresaccuratelywhilemaintaining

correspondencesbetweenshapesinadataset,whichothersegmentationmethodsfail

todo. Bymaintainingcorrespondences,moreaccurateSSMsthatbetterrepresent

themeanandvarianceinthedatasetcanbebuilt. TheseSSMsareabletoesti-

mateshapeswithhigherfidelitythanbotha)modelsconstructedusinginitialshapes
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Figure2.12: MeshesobtainedusingGVF(left)cancontainskinnytrianglesnear
cornerscausingpinchingartifactsandflippedtriangles,whereasmeshesobtained
usingconstrainedGVF(right)avoidtheseproblemsproducingmorestablemeshes.

obtainedfromdeformableregistrationthatdonotcapturetheanatomyaccurately,

andb)modelsconstructedusingshapesaftersegmentationimprovementusingtradi-

tionalGVFbecausethequalityofcorrespondencesdeterioratesduringthisprocess.

ConstrainedGVFisabletoovercomebothoftheseproblems,andalsoproducemore

stabletriangularmesheswithfewerskinnytriangles.Bettermeshqualityreducesthe

chancesofpinchingartifactsandtriangleflipping.

HighqualitySSMsofsinonasalanatomyhaveseveraladvantages. TheseSSMs

enableaclearandquantitativeunderstandingofthetypesandextentsofvariation

inanatomicalstructures. Periodicchangesinanatomy,forinstanceinthenasal
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turbinates,andotherchangesbetweenpreoperativeandintraoperativeimagingcanbe

compensatedforusingthesemodels.Further,SSMsbuiltfromanormalpopulation

canbeexploitedtoquantitativelymeasuretheextentofdiseasebycomputingits

deviationfromthenormalrangeofvariation.

2.6 Contributions

Thecontributionsofthischapterinclude:

1.Anovelmethodforsimultaneousimprovementofsegmentationandcorrespon-

dencesamongasetofshapesinordertobuildbetterstatisticalshapemodels.76

2.7 Published Work

Materialfromthischapterappearedinthefollowingpublications:

1.A.Sinha,S.Leonard,A.Reiter,M.Ishii,R.H.Taylor,G.D.Hager,“Automatic

segmentationandstatisticalshapemodelingoftheparanasalsinusestoestimate

naturalvariations,”Proc.SPIE9784,MedicalImaging2016:ImageProcessing,

97840D(2016)

2.A.Sinha,A.Reiter,S.Leonard,M.Ishii,G.D.Hager,R.H.Taylor,“Simulta-

neoussegmentationandcorrespondenceimprovementusingstatisticalmodes,”

Proc.SPIE10133,MedicalImaging2017:ImageProcessing,101331B(2017)
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Chapter 3

The deformable most-likely-point

paradigm

Statistical shape models (SSMs) not only facilitate a better understanding of the

variation present in a given population, but can also be used to inform how different

shapes may be allowed to deform. Since PCA-based models are generative models,

new instances of shapes can be estimated using PCA-based SSMs, making these mod-

els extremely powerful tools. One area that can benefit tremendously from generative

models is the field of medicine. Ease of access to medical imaging technologies has

created an abundance of medical images in many different modalities, including CT

scans, making it possible to build large scale SSMs of various structures. This begs

the question of whether these existing images can be used to build a framework that

can be used to estimate the anatomy of new patients.
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Inthischapter,anewdeformableregistrationparadigm,knownhereonasthe

deformablemost-likely-pointparadigm,isintroduced.Thisframeworkcomputesde-

formationsbasedonSSMsbyrestrictingdeformationstothestatisticalmodesof

variation. Thepurposeofthisparadigmistoenableregistrationbetweenapoint

cloudandastatisticallyderivedtargetshapewhiledeformingthetargetshapeusing

statisticalmodestoreflecttheshaperepresentedbythepointcloud.Thisparadigm

isbuiltuponthemost-likely-pointparadigm,51andextendsittoincludedeformations

basedonstatisticsintheoptimizationinadditiontotransformationparameters.

Thisparadigmisexplainedhereatahighlevelwhichwillenablethedevelopment

ofseveraldifferentdeformableregistrationalgorithmsusingdifferentfeatures,noise

models,andstatisticalshapemodels.

Deformableregistrationisanactiveareaofresearch,andalargeamountofprior

workhasbeenpresentedinthisarea. Crumetal.33 presentanoverviewofthe

variousdifferentdeformableregistrationmethods.Deformableregistrationmethods

canvarysignificantlybasedonthetypeoftransformationappliedtodeformagiven

shape. Thesimilarityandaffinetransformation,whichapplyaglobalscalingor

generallinearmappingtoashape,respectively,aretwoofthesimplestdeformations

thatcanbeapplied.Severallessconstrainedandmorecomplexformsofdeformation

thatapplylocalvariationsandallowdifferentregionsoftheshapetovarydifferently

havebeenstudied.96Manyofthesemethodstypicallycomputetransformationswith

severalparameters,likedeformationfields,andattempttorestrictthedeformations
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tobelocallysmoothbyembeddingaregularizationterminthecostfunction,for

instance.

Someimportantdeformableregistrationmethodsincludedeformableversionsof

theiterativeclosestpoint(ICP)algorithm35.97 Coherentpointdriftisastandard

deformableregistrationalgorithmandtakesamaximumlikelihoodapproachtoreg-

istration.50 Itusesexpectationmaximization(EM)tofindthebestdeformationto

aligntwopointsets. Thethinplatesplinerobustpointmatching(TPS-RPM)al-

gorithmcomputesajointestimateofposeandcorrespondencetoregistertwopoint

sets.98 Deformableregistrationhasseveralimportantclinicalapplicationsaswell,

andmethodsforcomputingdeformableregistrationbetweenCTvolumesandvideo

features,forinstance,havebeenstudiedforvariousapplications.99

Deformableregistrationcanplayacriticalroleinimprovingsurgicalnavigation

duringFESS.Asexplainedearlier,minimallyinvasiveprocedureslikeFESSrequire

highresolutionpreoperativeCTscansduetothethinnessandpseudostochastic

growthpatternoftheethmoidbones.100 However,CTimageacquisitionexposes

patientstohighdosesofionizingradiationandcanhaveadverseeffects.Thehead

containsseveralimportantorgans,andminimizingradiationtotheseorgansisvital.

Therefore,reducingoreliminatingtheuseofCTimagesisanimportantgoal.In-

stead,theparadigmdevelopedbelowemploysdeformableregistrationbetweenSSMs

oftargetanatomicalstructuresalongwithpointsextractedfromintraoperativeen-

doscopicvideoofcorrespondingstructurestoaccuratelyestimatepatientanatomy.
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Thisisareasonableapproachsincetherearealimitednumberofgenesthatgovern

bonegrowth. Therefore,althoughthenumberofdimensionsinbonedevelopment

maybelargeenoughtoappearpseudostochastictoahuman,theyarelikelynotto

anSSM.

Theparadigmdevelopedhereisageneralparadigmthatcanbeusedinseveral

applications.Forinstance,statisticalshapemodelscanbeusedtoidentifythemodes

thataccountfordeformationsresultingfromthenaturalnasalcycle,6anddeformable

registrationcanbeusedtoaccountforchangescausedbythesedeformationsbetween

preoperativeandintraoperativeimageacquisitions.Further,deformationsthatoccur

duringproceduressuchasthosecausedbyinsufflationoftheabdomen,breathing

activity,cuttingorpressingfromsurgicaltoolscanalsobecompensatedforviade-

formableregistrationinordertoprovideaccuratesurgicalnavigation.

Otherprocedureslikeorthopedicinterventionscanalsotakeadvantageofthis

paradigm. MostorthopedicproceduresrequirepreoperativeCTscansbecausethe

highcontrastbetweenboneandsofttissueexhibitedbyCTimagesallowsforeasy

bonesegmentationandsurfaceextraction,whichcanthenbeusedforpreoperative

planningandintraoperativesurgicalnavigation.Orthopedicproceduresinvolvingthe

hiporfemoralheadoftenrequireafullpelvicCTscan,whichisdetrimentaltothere-

productivehealthofpatients,especiallywomenofreproductiveage.101Oftenpartial

CTscansofhipsareacquiredtoprotectreproductiveorgans.Therefore,theability

toestimatefullpatientshapefrompartialdatawithoutexposingvitalorganstoion-
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izingradiationiscritical.Othermedicalapplicationsincluderegisteringanatomical

structuresfromdifferentpatientstoestablishcorrespondences,orregisteringstruc-

turesfromthesamepatientextractedfromCTimagestakenovertimetomonitor

changes.

Thisparadigmhasapplicationsoutsidethemedicalfieldaswell. Forinstance,

SSMscanbeusedtolearntherangeofhumanexpressionandpose.Sincethereare

limitednumberofexpressionsandposesthathumanscanachieve,SSMsareexpected

tolearntherangefacialexpressionsandhumanposeswithenoughshapesandthe

righttypeofstatisticalmodeling. Therefore,althoughitmaybehardtovisualize

thesewhenrepresentedaspointclouds,theemotionoractionedbeingrenderedcan

beinferredbydeformablyregisteringastatisticallyderivedshapetothepointcloud

andreconstructingtheexpressionsimultaneously.

Inthefollowingsections,thegeneralprobabilisticmodelsforshapedeformation

anddeformableregistrationusingaPCA-basedSSMaredeveloped,andthede-

formablecorrespondenceandregistrationphasesareexplained. Theseideaswere

firstdevelopedbyBillings,78andarerepeatedhereforeaseofreferencesincethey

serveasfoundationsfortheideasdevelopedinthefollowingchapters.
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3.1 Probabilistic model

SSMscanbeusedtodescribeshapedeformationbyestablishingsomestatistically

derivedshape,likethemeanshape,asthestatisticallymostlikelyshape,thatcan

bedeformedaccordingtothestatisticalmodesofvariation.Theprobabilisticmodels

developedbelowusePCA-basedSSMs,whichareexplainedearlier.Asareminder,

theseSSMsarebuiltfromdifferentshapesthatrepresentdifferentinstancesofsome

object(e.g.,ananatomicalstructurelikethemiddleturbinateorthefemur),have

thesametopology,andarehomologous(i.e.,incorrespondencewitheachother).

TheprocessforbuildinganSSMisdescribedinChapter2. PCA-basedSSMsare

generativemodelsand,foreaseofreference,theequationthatallowsanestimateof

ahomologousshape,V∗,tobeconstructedusingsuchSSMsisrepeatedhere:

Ṽ∗=V̄+
nm

i=1

bimi, (3.1)

whereV̄isthemeanshape,miaretheorthonormalsetofeigenvectorsthatrepresent

themodesofvariation,nm <nsisauserselectednumberofmodes,andbiarethe

modeweightsorshapeparameters,whichcanbecomputedas

bi=m
T
i(V

∗−V̄). (3.2)

Inthefollowingdiscussions,theshapeparametersareconvertedtounitsofstan-
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darddeviationrelativetotheSSMcovariancebyrewritingEq.2.1as

Ṽ∗=V̄+
nm

i=1

siwi, (3.3)

wherewi=
√
λimiaretheweightedmodesofvariation,andsiaretheshapeparam-

etersinunitsofstandarddeviation,whichcanbecomputedbyprojectingthemean

subtractedV∗ontotheweightedmodes:

si=w
T
i(V

∗−V̄). (3.4)

3.1.1 Probabilistic modelforshapedeformation

Usingthesesi,anexpressionisformulatedinthissectionforassumingaproba-

bilityonaninstanceofamodelshapegeneratedfromanSSM.Thisallowstheshape

deformationparameterstobeoptimizeddirectlywithintheprobabilisticframework

ofthealgorithmsdevelopedunderthemost-likely-pointparadigm.78

AssumingaGaussiandistributiononthedeformationfromthemeanshape,the

likelihoodofadeformedvertexisdefinedby

fvertex(v;s)=
nm

i=1

1

(2π)3/2
.e
||si||

2
2

2 . (3.5)

Since,theweightedshapeparameters,s={si},arealreadyinunitsofstandarddevi-
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ation,avarianceparameterisnotrequiredfortheGaussiandistributioninEq.3.5.In

otherwords,thevariationissimplyequaltoone.Anotherpointtonoteisthatonly

theshapeparameters,s,arerequiredinthecalculationofthevertexprobability,the

vertexposition,v,isnotrequired.However,visincludedinfvertex(v;s)inorderto

signifythattheexpressionrepresentstheprobabilityofthevertexgivenparameters

fromanSSM-baseddeformationmodelforthatvertex.78

Assumingthatthedeformationateachvertexcomprisingashapeisindependent,

thelikelihoodofacompleteshapecanbedefinedbythefollowingshapelikelihood

function:

fshape(V;s)=
nv

i=1

fvertex(vi;s). (3.6)

Although,thisassumptionisnotentirelyaccurate,sincethereislikelysomelocalde-

pendencebetweenthedeformationsofverticesrepresentingaparticularshape,this

assumptionallowsforatractableformulationoftheshapedeformationprobability.78

Further,thisassumptionbecomesmorevalidasthesparsityoftheverticesrepre-

sentingtheshapeincreases.78 Thisassumptionmayalsobecomemorevalidwhen

usedwithinthecontextofthefullprobabilisticmodelfordeformableregistration,78

aspresentedinthefollowingsection.
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3.1.2 Probabilistic modelfordeformableregistra-

tion

GiventheshapedeformationprobabilitymodelderivedinSec.3.1.1,aprobability

modelthatcombinestheshapelikelihoodwiththematchlikelihoodsofregistration

algorithmscannowbederived.78Assumingindependencebetweenthematchesfound

betweendatapoints,x,andmodelshape,y,andthedeformationofthemodelshape,

thefollowingdeformablematchlikelihoodfunctioncanbeformulated:77

fmatchdeformable(x,y;θ,s,̄V,W)=fmatch(x;Tssm(y,s),θ)·fshape(Tssm(y,s);s),(3.7)

wherefmatch isanypointtopointorpointtoshapematchlikelihoodfunctionwith

θrepresentingthedistributionparametersofaparticularmatchlikelihoodfunction,

whichvarybyalgorithm,fshapedependsonthetypeofmodelusedtocomputeshape

statistics,andsrepresentstheshapeparametersthatdefineaninstanceoftheSSM.

Theexpressionfortheprobabilityofavertex,andconsequentlyforfshape,couldalso

beadaptedtoothernon-SSM-basedshapedeformationsbyappropriatelychanging

thedefinitionofs.

TheexpressionforTssm(y,s)alsodependsonthetypeofstatisticalmodelbeing

used.Since,thestatisticsinconsiderationherearecomputedonshapesrepresented

bytriangularmeshes,eachmatchedpoint,y,canbeassumedtoresidewithinthe

convexhullofthetrianglefaceitismatchedto.Therefore,itcanberepresentedas
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the weighted sum of the triangle vertices,

y =
3∑
j=1

µ(j)v(j) subject to
3∑
j=1

µ(j) = 1, (3.8)

where {v(1),v(2),v(3)} are the three triangle vertices. µ(j) can be computed as the

barycentric coordinates of y. If statistics are computed directly on a point cloud,

then each matched point would simply equal a vertex in the point cloud, y = v.

Each matched point, yi, can be defined to be the point on the mean shape, V̄,

and homologous to the actual point of correspondence, Tssm(yi, s), on the deformed

shape. Every time the model shape is deformed using the current shape parameters

during optimization, the deformed matched point can be estimated using the vertex

weights, µ(j), along with the current vertex positions:

Tssm(yi, s) =
3∑
j=1

µ
(j)
i Tssm(v

(j)
i , s), (3.9)

where v
(j)
i is the ith vertex of the mesh triangle on which the ith matched point, yi,

is located, and µ
(j)
i are the corresponding vertex weights. Again, if statistics were

computed on a point cloud, then the deformed matched point could be computed

directly as Tssm(yi, s) = Tssm(vi, s). Other representations of model shapes can also

be accommodated with appropriate assumptions.

How the vertices are deformed is dependent on the shape model being used to esti-

mate the deformation. Using a generative PCA model, the deformed vertex positions
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arecomputedas

Tssm(vi,s)=̄vi+

nm

j=1

sjw
(i)
j, (3.10)

wherew
(i)
j isthecomponentoftheweightedmode,wj=[w

(1)
j ...w

(nv)
j ]T,thatcor-

respondstotheithvertex,vi. Asbefore,theexpressionforthedeformedvertex

positioncanbeadaptedtootherSSM-basedornon-SSM-basedshapedeformations.

Takingaproductoverallthedatapoints,thetotaldeformablematchlikelihood

functioncanbeformulatedas

fmatchdeformable(X,Y;θ,s,̄V,W)=

ndata

i=1

fmatch(xi;Tssm(yi,s),θi)·

fshape(Tssm(Y,s);s),

(3.11)

wherethematrixofweightedmodes,W,andthemeanshape,̄V,representtheSSM.

UnlikeEq.3.5,Eqs.3.11and3.11definethelikelihoodofshapedeformation

basedonthecurrentsetofmatches,Y,ratherthanallthevertices,V,inthemodel

shape.Thisformulationfortheshapedeformationprobabilityhastheadvantageof

normalizingtheinfluenceoftheshapelikelihoodcomponentcomparedtotheinfluence

ofthematchlikelihoodcomponentofthefeaturesbeingregistered.78Ifallthevertices

ofthemodelshapewereused,thentheinfluenceoftheshapelikelihoodcomponent

withintheregistrationcouldbeeasilyincreasedbysimplyincreasingthesampling

densityoftheverticescomprisingthemodelshape.Thisisnotadesiredoutcome.

Further,ifthedatapointsaremoresparselysampledthanthemodelshape,whichis
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oftenthecase,then,again,theassumptionofindependencebetweenthedeformations

oftheverticescomprisingthemodelshapebecomesmorevalid.78

3.2 Correspondencephase

Withtheprobabilisticmodelssetup,thediscussioncannowmovetothetwo

phasesoftheregistrationframework:correspondencephaseandregistrationphase.

Inthissection,theimplementationofthecorrespondencephaseofthedeformable

most-likely-pointparadigmisdiscussed.Thefeaturematchesbetweenthedatapoints

andthecurrentmodelshapearecomputedduringthecorrespondencephasebymax-

imizingthematchlikelihoodfunction. Thiscomputationisrepresentedbythede-

formablemostlikelypointcorrespondenceoperator:

y=CDMLP(x,Ψ)=argmax
y∈Ψ

fmatch(x,y). (3.12)

Thisresultsinthecomputationofamatchedpointonthecurrentdeformedmodel

shapeforeverydatapoint. Thedeformableversionofthecorrespondencephaseis

similartothecorrespondencephaseinthecorrespondingrigidregistrationalgorithms,

exceptthatateachiteration,matchedpointsarecomputedonthcurrentdeformed

shaperatherthantheinitialshape. Thedetailsofthecorrespondencephasefor

thesealgorithmswillnotberepeatedhere,withthefocusstrictlyontheadditional

detailsrequiredinthedeformablesetting.Thecorrespondingrigidalgorithmforeach
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deformablealgorithmwedevelopinthefollowingchapterswillbereferenced.

Therigidalgorithmsuseprincipaldirection(PD)trees51toefficientlysearchfor

themostlikelymatch,andthePDtreeconstructionandsearchtechniquesremain

thesameforthedeformablealgorithms.ThePDtreecanbeconstructedusingthe

modelshapeverticesdefinedbyaninitialsetofvaluesfortheshapeparameters,s,

whichareinitializedbytheuser. Thedefaultshapeparameters,s,canbesetto

0,whichresultsinsimplythestatisticallymeanshape. However,atthebeginning

ofeachcorrespondencephase,thepositionsoftheverticesofthemodelshapeare

recomputedbasedonthecurrents.Therefore,sincetheverticesofthemodelshape

movefromtheirpriorlocationsateachiteration,thePDtreemustalsobeupdated

ateveryiteration.

Sincethetopologyofthemodelshapedoesnotchangewithdeformation,thePD-

treedoesnotneedtobereconstructedateveryiteration.Instead,onlythepositions

oftheverticesofthemodelshapewithinthePD-treeandtheextentsofthebounding

boxesthatboundtheseverticeswithineachPD-treenodeneedtobeupdated.This

updateisperformedrecursively,startingattheverticesandprogressingupthePD-

tree,updatingtheextentsoftheboundingboxesateachnodeuntiltheextentsofthe

boundingboxattherootnodeareupdated.Inordertooptimizetheupdates,onlythe

extentsoftheboundingboxesneedtobeupdatedevenfororientedboundingboxes,

leavingtheorientationsoftheboundingboxesunchanged,sincesmalldeformations

ofthemodelshapeshouldnotdrasticallyaffecttheboundingboxorientations.In
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casethedeformationsarelargeenough,thentheboundingboxorientationscould

beupdatediftheaccumulateddeformationoverseveraliterationsresultsinchanges

thataregreaterthansomeuser-definedthreshold.78

3.3 Registrationphase

Oncematchedpointsarefound,atransformationtoaligncorrespondingpointsis

computedduringtheregistrationphase.Inthissection,thedetailsofthisregistration

phaseofthedeformableregistrationparadigmarediscussed.Duringthisphase,the

totaldeformablematchlikelihoodofEq.3.11ismaximizedoverallcorresponding

pointswithrespecttoboththedatatransformationparametersandthedeformable

shapeparameters. Thisisdifferentfromrigidregistrationalgorithmsinthatrigid

registrationalgorithmswouldmaximizesometotalmatchlikelihoodfunctiononly

withrespecttothedatatransformationparameters.

MaximizingthetotaldeformationmatchlikelihoodfunctionofEq.3.11isequiva-

lenttominimizingitsnegativelog,reducingtheminimizationtothetotaldeformable

matcherrorfunction:

Ematchdeformable(X,Y;θ,s)=

ndata

i=1

Ematch(T(xi);Tssm(yi,s),θi,s)+
1

2

nm

j=1

sj
2
2,

(3.13)

whereEmatch(·)isthenegativelogofthecorrespondingmatchlikelihoodfunctionof

therigidregistrationalgorithmservingasthefoundationforthedeformableregistra-
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tionalgorithm.Eachoftheserigidregistrationalgorithmswillbereviewedbrieflyas

thecorrespondingdeformableregistrationalgorithmsaredevelopedinthefollowing

chapters.T(xi)representsthestandardtransformationappliedtothedatapoints,xi,

whichmaybearigidtransformationorasimilaritytransformation,etc.Tssm(yi,s)

istheSSM-baseddeformabletransformationappliedtothematchedpoint,yi,asde-

finedearlierinEq.3.9.Finally,asexplainedearlier,θarethedistributionparameters

ofaparticularmatchlikelihoodfunction,whichdepend,again,ontherigidregistra-

tionalgorithm,andsj∈sarethedeformableshapeparametersthatcontrolhowthe

modelshapedeforms.

ForPCA-basedSSMs,theunderlyingdistributionthatthedatausedtobuild

theSSMisdrawnfromisassumedtobeGaussian.Therefore,whenoptimizingover

thedeformableshapeparameters,s,eachshapeparametermaybeconstrainedto

somerealisticrange,forinstance,±3standarddeviationsfromthemeanshapesince

thisintervalcovers99.7%ofvariations.Inthefollowingchapters,threedeformable

registrationalgorithmsaredevelopeduponthesefoundations. Foreachofthese

algorithms,sisinitializedto0,meaningtheregistrationstartswiththemeanshape.

However,smaybeinitializeddifferently.
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3.4 Concludingremarks

Inthischapter,ageneralapproachforincorporatinganSSM-baseddeformable

registrationcomponentwithinanyprobabilisticregistrationalgorithmisdeveloped,

aswasinBillings.78Implementationdetailsforthreedifferentalgorithmsarecovered

inthefollowingthreechaptersofthisdissertation.Itispossibletoincorporatenon-

SSM-baseddeformationmodelsintothisframeworkaswell. Thegeneralapproach

remainsthesame. Whatchangesisthemethodforassumingalikelihoodonthe

shapebeingdeformedbasedonsomedeformationparameters.Oncethislikelihoodis

defined,itcansimplybepluggedintothetotaldeformablematchlikelihoodfunction

ofEq.3.11.77

Further,itispossibletoincorporatedeformablemodelsintoboththedatapoints

aswellasmodelshapes.78 Suchaformulationwouldbeuseful,forinstance,ifthe

deformationsinthetwofeaturesetsfollowdifferentstatisticaldistributionsthatcould

bemodeledusingtwoindependentSSMs,orifthedeformationscouldbemodeledina

differentway,notlimitedtoSSMs.Ifitpossibletoalsoformulatethisparadigmasan

expectationmaximization(EM)problem. Thecurrentformulationwouldtranslate

toahardEMproblem,whereanSSMisalreadybuiltandbeingutilizedtoalign

newobjectswiththeSSMviadeformableregistration.Thisformulationcouldalso

bemodifiedandextendedintoasoftEMproblem,whereanSSMisnotnecessarily

given,buttheregistrationframeworkoptimizesoverbothaligningasetofshapes

andalsobuildingorimprovingSSMsusingthealignedshapes’correspondencesby
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minimizingtheerrorproducedbytheSSMinestimatingcorrespondences.

3.5 Contributions

Thecontributionsofthischapterinclude:

1.Theimprovementandimplementationofthedeformablemost-likely-pointparadigm,

ageneralprobabilisticparadigmforincorporatingdeformableshapetransfor-

mationswithinaprobabilisticregistrationframeworkthatwasfirstintroduced

conceptuallybyBillings.78 Thisframeworkenablesthedevelopmentofde-

formableregistrationalgorithmsforregisteringsamplepointstoadeformable

modelshapethatischaracterizedbyanSSM,wheretheshapedeformations

computedbytheregistrationaredrivenbythemodesoftheSSM77,78

2.AnextensiontothesoftwarearchitecturedevelopedbyBillings78toincorporate

deformableprobabilisticregistrationalgorithms

3.Auserfriendlycommandlineinterfacetoperformregistrationswithdifferent

datasetsusingseveralalgorithmsincludingbutnotlimitedtoICP,directional

ICP,thedeformableregistrationalgorithmspresentedinthisdissertation,and

theircorrespondingrigidcounterparts.
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3.6 Published work

Material from this chapter appeared in the following publication:

1. A. Sinha, S. D. Billings, A. Reiter, X. Liu, M. Ishii, G. D. Hager, R. H. Tay-

lor, “The deformable most-likely-point paradigm,” submitted to Medical Image

Analysis (2018)
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Chapter4

Deformableiterative mostlikely

point(D-IMLP)algorithm

Thischapterpresentsthedeformableextensionoftheiterativemostlikelypoint

(IMLP)algorithm,whichisanalgorithmthatcanregisterpositionaldatacharac-

terizedbyunconstraineduncertainty,thatis,uncertaintythatcouldbeisotropicor

anisotropic.51 Thedeformablealgorithm,calledthedeformablemostlikelypoint

(D-IMLP)algorithm,isbuiltupontheparadigmexplainedinthepreviouschapter,

andcandeformablyregisterpositionalshapedatacharacterizedbyunconstrained

uncertainty.

Allowingthenoisemodeltobeanisotropicismotivatedbyanisotropicmeasure-

mentuncertainties,whicharecommoninseveralrealworldapplications,especiallyin

medicalapplications.Forexample,intra-sliceresolutionofCTimagesisoftenlower
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thaninter-slicespacing,whichcauseanisotropicpositionuncertaintyinmodelsseg-

mentedfromCTimages.Similarly,pointsreconstructionfrom2Dimages,likeframes

fromendoscopicvideo,willproducehigheruncertaintyinthedepthdirectionbecause

depthishardertoestimate.Thisisalsotrueforothernon-medicalstereo-visionbased

reconstructions.Otherapplicationsoutsidethemedicalfieldincludepointsobtained

fromrangeimaging,whicharealsocharacterizedbyanisotropicmeasurementerror.

Muchresearchhasbeenconductedtoinvestigateprobabilisticregistrationmeth-

odstoimproveuponthebasicICPalgorithm,whichisnotbuilttohandlenoisein

measurements.Severaloftheseregistrationalgorithmscomputerigidorsimilarity

transformations.Someofthedeformableregistrationalgorithmsarereviewedinthe

previouschapter.Here,IMLPwillbebrieflyreviewed,anditsdeformableextension,

D-IMLP,willthenbedeveloped.

4.1 Probabilistic model

Asareminder,theprobabilisticmodelofIMLPincorporatesageneralizedGaus-

siannoisemodelthatisabletoaccountforanisotropicnoiseinboththedatapoints

andthemodelshape.51 Assumingtheerrorsinthemeasurementsofthesepoints

tobeindependent,zero-mean,multivariateGaussiandistributedwithunconstrained

covariance,thematchlikelihoodfunctionforeachdatapoint,x,transformedbya
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currentrigidregistrationestimate,[R,t],isdefinedas

fmatch(x;y,Σx,Σy,R,t)=

1

(2π)3|RΣxRT+Σy|
·e−

1
2
(y−Rx−t)T(RΣxRT+Σy)−1(y−Rx−t),

(4.1)

whereyisthepointonthemodelshape,Ψ,assumedtobeincorrespondencewith

datapoint,x∈X,andΣxandΣyaremeasurementerrorcovariancesforxandy,

respectively.51 Thisisthematchlikelihoodfunctionthatismaximizedduringthe

correspondencephaseoftheIMLPalgorithminordertofindthematchedpoints,y.

Thesamelikelihoodfunctionismaximizedduringthecorrespondencephaseofthe

D-IMLPalgorithm. TheonlydifferenceinthecorrespondencephaseofD-IMLPis

thatthematchedpointsarefoundonthecurrentdeformedshape.

Similarly,thematchlikelihoodfunctionforeachxtransformedbyasimilarity

registrationestimate,[a,R,t],isdefinedas

fmatch(x;y,Σx,Σy,a,R,t)=

1

(2π)3|RΣxRT+Σy|
·e−

1
2
(y−aRx−t)T(RΣxRT+Σy)−1(y−aRx−t),

(4.2)

whereaisthescalevariable.Sincethetworegistrationproblemsaresimilar,thefocus

ofthederivationswillremainonderivationsfromEq.4.1,withtechnicaldifferences

betweenthetwopointedoutwhereverneeded. MaximizingthelikelihoodofEq.4.1is

equivalenttominimizingitsnegativeloglikelihood,resultinginthefollowingmatch
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errorfunction:51

EIMLP(x,y,Σx,Σy,R,t)=

logRΣxR
T+Σy +(y−Rx−t)

T(RΣxR
T+Σy)

−1(y−Rx−t).

(4.3)

Theregistrationphaseofthisalgorithmiswherethetransformationthatmaxi-

mizesthetotalmatchlikelihoodfunctionissolvedfor.51 Thiscanalsobeachieved

byminimizingthetotalmatcherrorfunctionwithrespecttothetransformationpa-

rameters:51

T=argmin
[R,t]

ndata

i=1

log|RΣxiR
T+Σyi|

+(yi−Rxi−t)
T(RΣxiR

T+Σyi)
−1(yi−Rxi−t),

(4.4)

whichcanbesimplifiedbydroppingthelogtermtotheregistrationcostfunction:51

T=argmin
[R,t]

ndata

i=1

(yi−Rxi−t)
T(RΣxiR

T+Σyi)
−1(yi−Rxi−t). (4.5)

SubstitutingfmatchfromEq.4.1intothetotaldeformablematchlikelihoodfunc-

tionofEq.3.11enablesthederivationofthedeformableregistrationcostfunctionfor
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theD-IMLPalgorithm:

T=argmin
[R,t],s

1

2

ndata

i=1

(Tssm(yi,s)−Rxi−t)
T(RΣxiR

T)−1(Tssm(yi,s)−Rxi−t)

+
1

2

nm

j=1

sj
2
2 ,

(4.6)

whereafactorof 1
2
,whichwasexcludedfromEIMLPinEq.4.3forsimplification,

isaddedback,andthemodelshapecovariances,Σyi,areassumedtobezerosince

thefocushereisonthederivativesintroducedbytheshapedeformationsduring

optimization.

4.2 Algorithmoverview

Inthissection,ahighleveloverviewwithpseudocodeexplainingtheregistration

pipelineisdescribed.SeveraldetailsthatweredevelopedalongwiththeIMLPal-

gorithmwillbereferencedandnotrepeated,maintainingthefocusondifferences

duetotheadditionaldeformableaspectoftheregistration.Algorithm4.1providesa

summaryoftheD-IMLPalgorithminthesamestyleasthatofIMLPinBillingset

al.,51andwillbereferencedthroughoutthissection.UnderlinedvariablesinAlg.4.1

indicateoptionalvariablesthatwouldbeneededwhensolvingadditionallyforscale.

Theinputstothealgorithmarestraightforwardandincludedatapoints,X,and
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Algorithm4.1:DeformableIterativeMostLikelyPoint(D-IMLP)

Input:Datapointsasapointcloud:X={xi}
Statisticallymeanmodelshape,Ψ0,andassociatedSSM
Measurement-errorcovariances: ΣX={Σxi},ΣΨ
Surface-modelcovariances:ΣSX={ΣSxi},ΣSΨ
Upperboundonmatchuncertainty:σ2max (default:∞)
Chi-squarethresholdvalueforoutliers:χ2thresh (default:7.81)
Outliervarianceexpansionfactor:ϕexp (default:9)
Initialtransformationestimate:[a0,R0,t0],s0

Output:Finaldatatransformation,[R,t],andshapeparameters,s,thatalign
XwithdeformedΨ

1Initializetransformation:[a,R,t],s←[a0,R0,t0],s0
2Initializenoisemodel:σ2match←0
3whilenotconvergeddo
4 ifiter==1then
5 Computeinitialcorrespondencesonthemeanshape(Eq.3.12):

[yi,Σyi,ΣSyi]←CMLP(xi,Ψ0,I,I,a,R,t)

else
6 Computemostlikelycorrespondencesonthecurrentshape(Eq.3.12):

[yi,Σyi,ΣSyi]←CMLP(xi,Ψiter,Σxi+ΣSxi+σ
2
matchI,ΣΨ+ΣSΨ,a,R,t)

end
7 Updatethematch-uncertaintynoise-modelterm(Eq.4.7):

σ2match←min
1

ninlier i∈inliers||yi−aRxi−t||
2
2,σ

2
max

8 Identifyoutliersusingachi-squaretest(Eq.4.8):

(xi,yi)isanoutlierifESqrMahalDist(xi,yi,Σxi,Σyi+σ
2
matchI,a,R,t)>χ

2
thresh

9 Updatetheoutliernoise-modelterms(Eq.4.10):

ϕi←
ϕexp||yi−aRxi−t||

2
2 if(xi,yi)isanoutlier,

0 otherwise.

10 Setthenoise-modelcovariancesfortheregistrationphase:

Σx
∗
i←Σxi+ΣSxi+

ϕi
2
I,Σy

∗
i←Σyi+ΣSyi+

ϕi
2
I+σ2matchI
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Algorithm4.1:D-IMLP(continued...)

11 Updatethetransformationandshapetoalignthepointcloudandthe
correspondingpointsontheshape(Eq.4.6or4.14):

[a,R,t],s←argmin
[a,R,t],s

1
2

ndata
i=1 (Tssm(yi,s)−aRxi−t)

T(RΣxiR
T)−1

(Tssm(yi,s)−aRxi−t)+
1
2

nm
j=1 sj

2
2

12 Basedoncomputeds,updatetheverticesofthemodelshape(Eq.3.10):

Ψiter←Tssm(vi,s)

13 UpdateextentsofPD-treeboundingboxesbasedonΨiter(Sec.3.2)
14 iter++

end
15Detectregistrationfailureusingachi-squaretest(Eq.4.11):

Registrationisunsuccessfulif

Ep=

ndata

i=1

ESqrMahalDist(xi,yi,Σxi,Σyi+σ
2
matchI,a,R,t)>χ

2
threshfinal

modelshape,Ψ.Forthisimplementation,Ψisthestatisticallymeanshapewiths

initializedto0,butcanbechangedtoadifferentinitialshapewithadifferentinitial

s. TheSSMassociatedwiththemodelshapeisrepresentedbytheverticesofthe

meanshape,V̄∈Ψ,andthecorrespondingweightedmodesofvariation,w,andis

usedtoupdatethemodelshapeateachiterationassisupdated(Eqs.3.9,3.10).

Themeasurement-errorcovariances associatedwithboththedatapointsandthe

initialshapearerepresentedbyΣXandΣΨ.ΣY={Σyi}associatedwithmatched

points,Y={yi},aredrawnfromthislargersetofcovariances,ΣΨ,whichisdefined

overalltheverticesinthemodelshape,ratherthanonlyatthematchedpoints.51
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Further,itwouldbeimpossibletospecifyΣYasinputsincethematchedpointsare

unknownuntilthecorrespondencephaseineveryiteration.Bydefault,ΣXandΣΨ

areassumedtobegeneratedfromanisotropicGaussiandistributionwithstandard

deviationof1×1mm2inplaneand1mmoutofplane.However,thiscanbemodified

bytheuserdependingonthenoisemodelthatisappropriateforthedata.

Additionally,surface-modelcovariances,ΣSXandΣSΨ,arealsospecifiedinorder

toobtainthecompletenoisemodelforeachpointbymodelingthelocally-linear

surfaceregionssurroundingeachpoint.51Introducedasthebasisforthegeneralized

ICP(GICP)algorithm,102thesesurface-modelcovariancesaremotivatedbytheaim

toincreasethevariancesinthedirectionsparalleltothesurfacesothatmatcherrors

distributealongthesurfaceratherthanperpendiculartoit.51Thishelpsachievecloser

alignmentoftheunderlyingsurfacespresentedbythepointcloud.51 Thisconcept

hassincebeenincorporatedinseveralalgorithms,includinganisotropicICP103and

IMLP.51IMLPkeepsthemeasurement-errorcovariancesseparatefromthesurface-

modelcovariancessothatthesurface-modelcovariancescanbeexcludedfromthe

outlierdetectedphase,whichimprovedthealgorithm’soutlierdetection.51

Finally,aninitialtransformationisspecifiedwithaguessforaninitialrotation,

translation,and,optionally,scalewhichwillbeappliedtothedatapoints,andan

initialsetofshapeparameterstodefinetheinitialshape,whichissetto0orthemean

shape,asmentionedearlier.Theremaininginputparameterswillbediscussedbriefly

astheyareencounteredinequationsseeninthealgorithmoutline(Alg.4.1). The
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discussionswillremainbriefsincemanyofthesetermsalsoappearinBillingsetal.,51

andthereaderisdirectedthereforamorethoroughexplanation.Theoutputofthe

algorithmisafinaltransformationthatalignsthedatapointstothefinaldeformed

shape,definedbyafinalsetofshapeparameters.

Theconvergencecriteriausedtoterminatethisalgorithmaredependentonsev-

eralfactors.Thesefactorscanbechangedbytheuser,buthavesomedefaultvalues.

Inorderforthealgorithmtoconverge,thedifferencebetweenthevaluesattainedby

therotation,translation,scale,andshapeparametersinthepreviousiterationand

thecurrentiterationmustbesmallerthan0.01twiceinarow.Thisthresholdaswell

asthenumberoftimesthethresholdmustbemetinarowcanbemodifiedbythe

user. Whetherornotscaleisbeingoptimizedoverdoesnotaffectthetermination

conditionssinceifscaleisnotbeingoptimizedoverthenthevalueofscaledoesnot

changebetweeniterations.Therefore,scalealwayssatisfiestheterminationcondition,

andconvergencebecomessolelydependentontheremainingparameters,asdesired.

Further,acyclingdetectionisaddedasasadditionalterminationcondition.51 Cy-

clingoccurswhentheminimalvalueofthecostfunctionbeingminimizedinthe

registrationphaseincreasestwicewithinfouriterationsandifthecostfollowingthe

secondincreaseinwithinasmalltoleranceofthefirstincrease.51Thisisdetectedby

monitoringthevalueofthecostfunction.Ifdetected,thealgorithmterminatesand

returnstheregistrationcorrespondingtothelastiterationwherethecostfunction

decreased. Thisenforcescomputationalefficiencysinceacyclingconditionwould
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otherwisecauseterminationatthemaximumiterationcount,whichissetto10051

butcanalsobemodifiedbytheuser.Therefore,ifnoneoftheseconditionsaremetin

100iterations,thenthealgorithmisforcedtoterminateandreturntheregistration

atthelastiteration.

Untilconvergenceisachieved,everyiterationcomputesthecorrespondencesbe-

tweenthedatapointsandthecurrentmodelshape.Oncecorrespondencesarefound,

thematch-uncertaintyterm,σ2match,isupdatedtoattempttoaccountforuncertainty

inthematchingprocess.51Thisisachievedbyaddingisotropicvariancetothenoise

modelswithamagnitudeequaltotheestimatedamountofmisalignmentbetween

thecorrespondences.51Themisalignmentiscomputedastheaveragesquareresidual

distanceoverallinlyingcorrespondingpoints:

σ2match=
1

ninlier
i∈inliers

||yi−aRxi−t||
2
2, (4.7)

whereninlierdenotesthenumberofinliersinthecurrentsetofmatches. Amore

detailedanalysisofthismodelforestimatingmatchuncertaintyisexploredinSharp

etal.37Sincethematch-uncertaintytermisisotropic,ithasthesameeffectonthe

outcomeregardlessofwhetheritisaddedtothedatapointsorthemodelshape.51

However,forcomputationalefficiency,thematch-uncertaintytermisaddedtothe

covariancesofthedatapointsinthecorrespondencephaseinStep6ofAlg.4.1.51

AfullyisotropicnoisemodelisusedtoinitializecorrespondencesinStep5,since
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computingσ2match requiresasetofcorrespondences.Fortheregistrationphase,the

match-uncertaintytermisaddedtothecovariancesofthematchedpointsonthe

modelshapeinStep10sincethistermintuitivelyaffectsthechoiceofcorrespon-

dences.51

Thematch-uncertaintytermalsoplaysanimportantroleinthechi-squareoutlier

detectiontestinSteps8and9byenablingthealgorithmtoaccountforlargeinitial

misalignmentsinthenoisemodel,and,therefore,avoidflaggingseveralmatchesas

outliersbasedonthemeasurement-errorcovariancesalone.51However,incaseshapes

withpartialoverlaparebeingregistered,theaveragesquarematchdistancecould

remainlargeevenwhenthecorrectalignmentisachieved.51Thematch-uncertainty

termiskeptfromgrowingtoolargebydefiningamatch-uncertaintymaximumthresh-

old,σ2max.Bydefault,themaximumthresholdisdisabledbysettingσ
2
max=∞.

51

Thechi-squaretestisusedtoidentifyoutliersundertheassumptionofcorre-

spondencesandgeneralizedGaussiannoise,sothatthesquareMahalanobisdistance

betweenthematchedpointsin3Dspacecanbeassumedtodistributedasthesumof

squaresofthreeindependentGaussiandistributions,eachrepresentingadistribution

alongadifferenteigen-vectorofthenoisecovariancematrix.51Undertheseassump-

tions,thesquare Mahalanobismatchdistancehasachi-squaredistributionwith3

degreesoffreedom(DOF),allowingoutlierstobedetectedbycomparingthesquare
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Mahalanobisdistanceforeachcorrespondingpairofpoints

ESqrMahalDist(x,y,Σx,Σy,a,R,t)=(y−aRxi−t)
T(RΣxR

T+Σy)
−1(y−aRxi−t)

(4.8)

tothevalueoftheinversecumulativedensityfunction(CDF)ofachi-squaredis-

tributionwith3DOFevaluatedatsomeprobability,p,51denotedbychi2inv(p,3).

Asareminder,hereydenotesapointonthecurrentdeformedshapematchedtoa

datapoint,x.IfthesquareMahalanobisdistanceforacorrespondenceexceedsthe

chi-squareinverseCDFvalue,χ2thresh,

ESqrMahalDist(x,y,Σx,Σy,a,R,t)>chi2inv(p,3)=χ
2
thresh, (4.9)

thenthatmatchedpointpair(x,y),withcorrespondingnoisecovariances,Σxand

Σy,respectively,isconsideredanoutlier.
51 Bydefault,χ2threshissetto7.81,which

correspondstoachi-squareinverseCDFprobabilityofp=0.95.51However,thisvalue

canbemodifiedbytheusertoaccommodatedifferentpercentagesofoutliers.Afew

differentvaluesofχ2threshdependingondifferentpvaluesarespecifiedinTable4.1.

Outlierdetectioncanbeeffectivelydisabledbysettingχ2threshtoaverylargevalue.
51

Inordertoreducetheinfluenceofoutliersonthecomputedregistration,asetof

outliernoise-modelterms,{ϕi},areusedtofurtheraddisotropicvarianceintothe

noiseofthematchesthatareidentifiedasoutliers.51 Thisreducestheinfluenceof

outliersintheregistrationphase(Step11).{ϕi}aresetbyusingthefollowingrule:
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ϕi=
ϕexp||yi−aRxi−t||

2
2 if(xi,yi)isanoutlier,

0 otherwise.
(4.10)

Thedefaultvalueforthevarianceexpansionfactor,ϕexpissetto9,whichpulls

theoutliermatcherrorswithinapproximately1/3standarddeviationrelativetotheir

noisemodels.51 Inordertogivemoreorlessweighttotheoutliers,thisvaluecan

bedecreasedorincreased,respectively,bytheuser. Alternatively,theregistration

inStep11maybecomputedusingonlymatchesidentifiedasinlierstocompletely

removetheinfluencefromoutliers.51

Oncethealgorithmhasconvergedorterminatedandaregistrationcomputed,a

chi-squaretestsimilartothatinEq.4.9isusedtoclassifytheregistrationassuccessful

orunsuccessful.Thetwotestsdifferinthatforfailuredetection,thetestisperformed

Table4.1:Differentχ2threshvaluesbasedondifferentvaluesofpfor3DOF.

p χ2thresh

0.95 7.81

0.975 9.35

0.99 11.34

0.9973 14.16
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overthesumofsquareMahalanobisdistancescomputedoverallcorrespondingpairs,

(xi,yi).Thatis,aregistrationisrejectedifthissumbecomesgreaterthanthevalue

ofachi-squareinverseCDFwith3ndataDOFatsomeprobability,p:

Ep=

ndata

i=1

ESqrMahalDist(xi,yi,Σxi,Σyi,a,R,t)>chi2inv(p,3ndata)=χ
2
threshfinal,

(4.11)

wherepisagainsetto0.95.ThistestisusedbecausethesquareMahalanobisdis-

tancenormalizeseachmatchresidualbyitsvariancealongeachdimension,therefore

accountingfortheanisotropyofthenoisemodelusedbyD-IMLP.51Thismeansthat

thesumisdistributedasachi-squaredistributionwith3ndataDOF.
51

4.3 Correspondencephase

ThissectionbrieflydescribesthecorrespondencephaseoftheD-IMLPalgorithm,

whichisverysimilartothecorrespondencesphaseoftheIMLPalgorithm.Therefore,

formostofthedetails,thereaderisreferredtoBillingsetal.,51whilethissectionwill

solelyfocusonthedifferencesintroducedbythedeformablealgorithm.Asmentioned

before,thecorrespondencephasecomputesthemostlikelymatchesbetweenthedata

pointsandthecurrentmodelshapeateachiterationbyminimizingthematcherror
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functionofEq.4.3,repeatedhereforeaseofreference:

EIMLP(x,y,Σx,Σy,R,t)=

logRΣxR
T+Σy +(y−Rx−t)

T(RΣxR
T+Σy)

−1(y−Rx−t).

(4.12)

AsisclearfromthetermEIMLP,thisexpressionisthesameasthatminimized

tocomputecorrespondencesintheIMLPalgorithm.51 Themaindifferencehere

isthatthematchedpoints,y,arecomputedonashapethatischangingateach

iteration.ThePD-treesearchforthemostlikelycorrespondenceonthemodelshape

isidenticaltothatintheIMLPalgorithm.51However,sincethemodelshapedeforms

accordingtothetheshapeparameters,s,ateveryiteration,thealgorithmmust

ensurethatthecorrespondencesarecomputedonthecorrectshape.Thisisachieved

byupdatingthepositionoftheverticesofthedeformedshapeinthePD-treeafter

themodelshapeisupdatedandbeforecorrespondencesarefoundateachiteration.

Additionally,theboundsofeachPD-treenodearealsoupdatedtomakesureeachof

thenewvertexpositionsarestillaccommodatedforbythePD-tree.Thisisarecursive

processbecauseinadditiontoincludingthenewvertexpositionswithintheleafnode

bounds,theboundsofeachparentnodemustalsobeupdatedtoaccommodatethe

newboundsofitschildnodes. Theprocessiscompletedwhentheboundsofthe

rootnodeboundingboxareupdated.Forfurtherdetails,includingthebuildingand

traversalofthePD-tree,thereaderisreferredtoBillingsetal.51
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4.4 Registrationphase

Oncematchedpointsarefoundonthecurrentshapeinthecorrespondencephase,

thedeformableregistrationcostfunctionfortheD-IMLPalgorithm(Eq.4.6)ismini-

mizedwithrespecttoboththedatatransformationparametersandthemodelshape

parameters.Thiscostfunctionisrepeatedhereforeaseofreference:

T=argmin
[R,t],s

1

2

ndata

i=1

(Tssm(yi,s)−Rxi−t)
T(RΣxiR

T)−1(Tssm(yi,s)−Rxi−t)

+
1

2

nm

j=1

sj
2
2 .

(4.13)

If,insteadofcomputingarigidtransformationbetweenthedatapointsandthecor-

respondingmatchedpointsonthemodelshape,asimilaritytransformiscomputed,

thenthecostfunctionchangesslightlytoincorporateascalefactor,a:

T=argmin
[a,R,t],s

1

2

ndata

i=1

(Tssm(yi,s)−aRxi−t)
T(RΣxiR

T)−1(Tssm(yi,s)−aRxi−t)

+
1

2

nm

j=1

sj
2
2

(4.14)

Beforethisminimizationisperformed,barycentriccoordinatesofthematchedpoints

arecomputedinordertofindthevertexweights,µ(j),forj=1,2,3,asseeninEq.3.9,

foreachmatchedpoint.Theseµ(j)willbeusedduringoptimizationtocomputethe
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deformedmatchedpoint,Tssm(yi,s),astheshapeisrecomputedbasedondifferent

valuesofs.

Boththeseobjectivefunctionscanbeoptimizedbycomputingthegradientswith

respecttotheoptimizationparameters,andapplyinganonlinearquasi-Newtonbased

optimizer.Fortheimplementationdescribedhere,theboxconstrainedBFGSquasi-

Newtonsolveravailableinthedlibopen-sourceC++softwarelibrary80wasused.

Inordertoapplyaquasi-Newtonsolvertominimizeeitheroftheseequations,the

variablesbeingoptimizedneedtobereparametrizedtoenforcethealgebraiccon-

straintsoftherotationmatrix,thatis,RTR=Ianddet(R)=1.51 Thisisac-

complishedbyusingRodrigues’parametrization,whichrepresentsarotationasa

3-vector,r=[rx,ry,rz],whosedirectionandmagnitudesignifytheaxisandangular

extentofrotation,respectively.

Additionally,thetransformationT(xi)isre-expressedinthereferenceframeof

YasT(yi)inordertokeepalltransformationinthesamespace. Thedeformable

registrationcostfunctionofEq.4.6canthenbere-writtenas

T=argmin
[r,t],s

ndata

i=1

Cmatchi+Cshape , (4.15)
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where

Cmatchi=zi
TΣ−1xizi and Cshape=s

Ts,

zi=R(r)
T(Tssm(yi,s)−R(r)xi−t)

=R(r)T(Tssm(yi,s)−t)−xi.

(4.16)

R(r)isthe3×3rotationmatrixcorrespondingtotheRodrigues’vector,r,andis

definedas

R(r)=I+sin(θ)skew(α)+(1−cos(θ))skew(α)2,

whereθ= r2isthemagnitudeofr,representingtheangleofrotation,α=
r
r
is

theunitvectorinthedirectionofr,representingtheaxisofrotation,andskew(α)is

theskewsymmetricmatrixformedusingtheelementsofα.

Similarly,Eq.4.14canbere-writtenas

T=argmin
[a,r,t],s

ndata

i=1

Cmatchi+Cshape , (4.17)

withaslightmodificationintheCmatchiterminEq.4.16,sothat

Cmatchi=zi
TΣ−1xizi and Cshape=s

Ts,

zi=R(r)
T(Tssm(yi,s)−t)−axi.

(4.18)

Thegradient,∇C,ofthedeformableregistrationcostfunctionofEq.4.15with

respecttothetransformationparameters[r,t]andthedeformableshapeparameters,
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s, is discussed next. ∇C is a stacked vector with the data transformation parameters

located on top of the deformable shape parameters. The notation Ja,b is used to

express the Jacobian of an expression, a, with respect to variable, b. With the notation

established, ∇C is expressed as:

∇C =

ndata∑
i=1

∇Cmatchi +∇Cshape (4.19)

∇Cmatchi = [JCmatchi,ziJzi,r , JCmatchi,ziJzi,t , JCmatchi,ziJzi,s]
T, where

JCmatchi,zi = 2zi
TΣx

−1
i

Jzi,r =

[
∂R(r)T

∂rx
(Tssm(yi, s)− t) ,

∂R(r)T

∂ry
(Tssm(yi, s)− t) ,

∂R(r)T

∂rz
(Tssm(yi, s)− t)

]

Jzi,t = −R(r)T (4.20)

Jzi,s = Jzi,Tssm(yi,s)JTssm(yi,s),s

Jzi,Tssm(yi,s) = R(r)T

JTssm(yi,s),s =
3∑
j=1

µ
(j)
i J

Tssm(v
(j)
i ,s),s

J
Tssm(v

(j)
i ,s),s

=
[
wp

1 wp
2 · · · wp

nm

]

89



CHAPTER4. D-IMLPALGORITHM

and

∇Cshape= 0,0,2s
T T (4.21)

Here,eachof∂R(r)
T

∂rx
,∂R(r)

T

∂ry
,and∂R(r)

T

∂rz
denotethe3×3matrixofpartialderivativesof

R(r)withrespecttothex,y,andzcomponentsofr=[rx,ry,rz]
T,respectively.

TheJacobian,J
Tssm(v

(j)
i ,s),s

,ofadeformedvertex,Tssm(v
(j)
i,s),withrespecttothe

shapeparameters,s,isformedbypositioningtheweightedmodecomponent,wpi,at

theithcolumnofa3×nm matrix,whereprepresentstheglobalvertexindexv
(j)
i.

Thegradient,∇C,ofthedeformablecostfunctionofEq.4.17withrespecttothe

transformationparameters[a,r,t]andthedeformableshapeparameters,s,isalmost

thesameas∇CdefinedinEqs.4.19,4.20,4.21,withanadditionalcomponentin

∇Cmatchisothat

∇Cmatchi=[JCmatchi,ziJzi,r,JCmatchi,ziJzi,t,JCmatchi,ziJzi,a,JCmatchi,ziJzi,s]
T,

(4.22)

wherethenewtermissimply

Jzi,a=−xi. (4.23)

The∇Cshapetermsimplygainsanadditionalzerocomponentsothat

∇Cshape= 0,0,0,2s
T T. (4.24)

90



CHAPTER4. D-IMLPALGORITHM

Thedimensionsof∇Cisdependentonthenumberofshapeparametersbeing

usedtoestimatetheshape. Thesizesoftherotation,translationandscale(when

beingused)componentsarefixedat3,3and1,respectively.Sothetotalsizeof

∇Cis6+numberofshapeparameters,or7+numberofshapeparameters,when

additionallyoptimizingoverscale.Oncetheoptimizationhascomputedthecurrent

transformationandshapeparameters,thedatapointsaretransformedbythecom-

putedR,tand,optionally,a,andthemodelshapeisdeformedbythecomputeds

(Eq.3.10).

4.5 Experimentalresultsanddiscussion

Severaldifferentexperimentswereperformedinordertoevaluatetherobustness

ofD-IMLP.Theseexperimentswereperformedusingseveraldifferentdatasets:

1.42meshpelvisdataset104

2.53meshsinusdataset91–94

3.385meshhumanexpressiondataset105

4.100meshhumanposedataset106

Whengroundtruthisavailable,registrationresultscanbeevaluatedbasedonhow

wellthetransformationandshapeparametersarerecovered.Errorsinrotationand

translationcanbeevaluatedbycomparingtheinitialoffsetappliedandthefinal
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Figure4.1: Registrationmetrics:TSE(top)measurestheHausdorffdistancebe-
tweenthegroundtruthshape(green)andtheshapeestimatedbyouralgorithm
inshapespace(blue),nottakingthefinaltransformationcomputedbythealgo-
rithmintoconsideration. TRE(bottom)measurestheHausdorffdistancebetween
thegroundtruthshape(green)andtheestimatedshape(blue)transformedtosam-
plepointspace,thereforealsoaddingthetransformationcomputedbyouralgorithms
intotheerrormetric.
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transformationproduced.Theerrorsinshapeparameterrecoverycanbemeasuredby

computingthedifferencebetweentheknownshapeparametersandthoseestimatedby

D-IMLP,orbycomputingtheHausdorffdistancebetweentheshapefromwhichpoints

weresampledandtheshaperecoveredbyD-IMLP(Fig.4.1,top).Thismetriciscalled

thetotalshapeerror(TSE).Anothermetricthatcanbeusedisthetotalregistration

error(TRE),whichistheHausdorffdistancebetweentheshapefromwhichsample

pointsaregeneratedandtheshaperecoveredbyouralgorithmstransformedinto

samplepointspace(Fig.4.1,bottom).

4.5.1 Samplesizeexperiment

ThisexperimentwasperformedinordertoevaluatetheperformanceofD-IMLP

withincreasingnumberofsamplepoints.Asyntheticdatasetwasgeneratedusingthe

meanshapeandSSMfromthepelvisdataset.Themeanpelvisshapewasdeformedby

knownshapeparameterssampledwithin±3standarddeviations(SD),andoriented

pointsweresampledfromthedeformedshapes. Althoughthisalgorithmdoesnot

makeuseoforientation,orientedpointsweresampledsothatotheralgorithmsthat

useorientation(presentedinthefollowingchapters)canusethesamedataduring

experimentsforfaircomparison. Knowntransformationswithinrealisticintervals

wereappliedtothesampledpoints.

Experimentswererunwith1000,1500and2000samplepoints.Foreachsetof

samplepoints,3setsofexperimentswererunwith0,5and10modesusedtodeform
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the mean shape. In this experiment, the same number of modes were used by D-

IMLP to estimate the deformed shape as were used to generate the deformed shape

from which points were sampled. This was done in order to evaluate the performance

of D-IMLP with different number modes without bias since it can be assumed that

if fewer modes are used to estimate the shape from which points are sampled, the

performance will be worse than if that same number of modes are used. However,

how the performance of D-IMLP will be affected as the number of parameters to

optimize over increases in not known. When 0 modes are used, D-IMLP is effectively

IMLP, performing registration between the mean shape and points sampled from it.

10 registrations were performed in each set with known transformations sampled from

the intervals [0, 15] mm and [0, 9]◦ for translational and rotational offsets, respectively,

and applied to points sampled from the deformed shapes. Noise was added to both the

position and orientation of the sampled points, and two experiments were designed

based on different noise models. In this experiment, the noise assumptions made by

D-IMLP are identical to the noise in the generated data. In this chapter, the focus

will be on positional noise, and details of orientation noise added will be covered in

later chapters, where they are relevant.

4.5.1.1 Experiment 1: Isotropic position noise

For the first experiment, an isotropic noise model with SD of 1 mm in each direc-

tion in plane and 1 mm out of plane (1 × 1 × 1 mm3) for positional noise was used.
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D-IMLPproducedsmallerrorsinrecoveringtheshapeandregisteringthesampled

pointstotherecoveredshapeforthedifferentnumberofsamples(Fig.4.2).Italso

showedanincreaseinsuccessfulregistrationswithincreasingnumberofsamplepoints

(Fig.4.3,Table.4.2),wheresuccessisdefinedasregistrationsproducingTREless

than1mm.Amajorityoftheregistrationsperformedweresuccessful.Further,cues

fromthealgorithm,liketheobjectivefunction(totalmatcherror)ortheresidualerror

(Mahalanobisdistance),showcorrelationwiththeTRE(Fig.4.5,left). Therefore,

empiricallychosenthresholdscanbeusedtodeterminewhichtrialssucceededand

whichdidnotusingtheresidualerror.Thisisdoneretrospectivelyinthesimulated

experimentsbecauseofavailabilityofgroundtruthandtolearnhowtoassociate

residualserrorswithmeasuresofconfidenceorsuccessinclinicalorotherexperi-

mentswheregroundtruthinnotavailable.Usingempiricallyfoundthresholdssuch

thattherewerenofalsepositives,D-IMLPwasabletocorrectlydetectsuccessful

registrationswithhighpercentages(Table.4.2).

4.5.1.2 Experiment2: Anisotropicpositionnoise

Second,ananisotropicnoisemodelwith1mmSDineachdirectioninplaneand

2mmoutofplanewasusedforpositionalnoise(or,1×1×2mm3).Usinganisotropic

positionalnoise,D-IMLPproducedhighererrorsthanwithisotropicnoiseduetothe

increaseduncertaintyalongoneofthedimensions(Fig.4.4). Onlyabouthalfthe

trialsproducedsuccessfulregistrations(Table.4.2). However,again,theobjective
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Figure4.2: Samplesizeexperiment:translation(left)androtation(right)errors
producedusing,fromtoptobottom,1000,1500and2000datapointssampledfrom
thepelvismodelinExp.1(Sec.4.5.1.1)
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Figure4.3:Samplesizeexperiment:increasingTSE(top)andTRE(bottom)with
increasingnumberofsamplepointsinExp.1(Sec.4.5.1.1). Notethaterrorsare
increasingwithincreasingmodesbecauseforthisexperimentthenumberofmodes
usedtoestimatetheshapesequalsthenumberofmodesusedtosimulateanewshape
fromwhichpointsweresampled.
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Table4.2: Samplesizeexperiment:percentsuccessfulregistrationruns,i.e.,runs
producingTREslessthan1mmand,inparentheses,percentsuccessfulrunscorrectly
detectedassuccessfulusingresidualerrors.

#samples D-IMLP(%)

Experiment1 1000 73.33(100.00)
1500 76.67(86.96)
2000 80.00(100.00)

Experiment2 1000 56.67(100.00)
1500 46.67(100.00)
2000 56.67(100.00)

functionandresidualerrorshowedcorrelationwithTRE(Fig.4.5,right),andusing

empiricallyfoundthresholdsontheresidualerrors,D-IMLPwasabletoautomatically

classifyalmostallsuccessfulregistrationsassuccessful(Table.4.2).

4.5.2 Regularizationtermexperiment

ThecostfunctionthatisminimizedtocomputearegistrationusingD-IMLP

(Eq.4.6)containsanL2regularizationterm,1
2

nm
j=1 sj

2
2,thatcomesfromthe

assumptionthattheshapesusedtobuildtheSSMusedtotodrivethedeformationsin

theregistrationaresampledfromaGaussiandistribution(Eq.3.5).Theeffectofthis

regularizationtermcanbeevaluatedbycomputingregistrationswithandwithoutthis

term.Therefore,experimentsusingthesamedatageneratedforExp.4.5.1.1using
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Figure4.4: Samplesizeexperiment:translation(left)androtation(right)errors
producedusing,fromtoptobottom,1000,1500and2000datapointssampledfrom
thepelvismodelinExp.2(Sec.4.5.1.2)
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Figure 4.5: Sample size experiment: residual errors compared against TRE using
2000 sample points in Exp. 1 (left) and Exp. 2 (right). The two measures exhibit
correlation in both experiments 1 and 2 with correlation coefficients of 0.95 and 0.88,
respectively.
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Figure4.6:Regularizationtermexperiment:registrationsproducedbyD-IMLPin
thepresenceofsmallnoisewereunaffectedbytheabsenceoftheregularizationterm.

1500samplepointswererepeatedwithouttheregularizationterm. Resultsshowed

thatremovingtheregularizationtermhadnoeffectonresultsproducedbyD-IMLP

(Fig.4.6).Thenoiseinthesedatasampleswassmall(1×1×1mm3)and,therefore,

thealgorithmdidnotsufferfromfittingtonoiseintheabsenceoftheregularization

term.However,withmorenoiseinthedata,performancecoulddeterioratewithout

thisterm.

101



CHAPTER4. D-IMLPALGORITHM

4.5.3 Noise modelexperiment

ThisexperimentwasdesignedtoevaluatethestabilityofD-IMLPwithdifferent

noisemodels.Asyntheticdatasetwasgeneratedusingthepelvisdatainasimilarway

asdescribedinSec.4.5.1.Thedifferencesarethatexperimentsinthissectionwere

runwithafixedsamplesizeof500,andforeachalgorithm,11setsof25experiments

eachwererunwithincreasingnumberofmodesusedtodeformthemeanshapein

eachset,startingat0andgoingupto10modes.Again,thesamenumberofmodes

areusedbyD-IMLPtorecoverthedeformedshapeaswereusedtogeneratethe

deformedshape.Differentnoisemodelswereusedtoaddnoisetoboththeposition

andorientationofthesampledpoints,andthesamenoisemodelswereassumedby

ouralgorithms.Again,focusingonpositionalnoise,threeexperimentsweredesigned

basedonhowthenoisemodelswerevaried.

4.5.3.1 Experiment1: Varyingisotropicpositionnoise

Forthefirstexperiment,5isotropicnoisemodelswithSDsof1×1×1mm3,

2×2×2mm3,3×3×3mm3,4×4×4mm3,and5×5×5mm3forpositional

noisewereused.D-IMLPshowedageneraltrendofincreasingTREwithincreasing

noiseSD(Fig.4.7)duetotheincreaseinuncertaintyinthesamplepoints. The

objectivefunctionandtheresidualerrorsareagainfoundtobestronglycorrelated

withtheTRE,whichcanbeusedtodistinguishbetweensuccessfulandunsuccessful

registrations(Fig.4.8).
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Figure4.7: Noisemodelexperiment:ageneraltrendofincreasingTREasthe
uncertaintyinthesamplepointsincreases. Notethaterrorsareincreasingwith
increasingmodesbecauseforthisexperimentthenumberofmodesusedtoestimate
theshapesequalsthenumberofmodesusedtosimulateanewshapefromwhich
pointsweresampled.

Figure4.8:Noisemodelexperiment:residualerrorscomparedagainstTREusing
500samplepointswith2×2×2mm3SDpositionalnoiseand2◦SDangularnoise
inExp.1ofthenoisemodelexperiment(Sec.4.5.3.1). Thetwomeasuresexhibit
correlationwithcorrelationcoefficientof0.86.
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4.5.3.2 Experiment2: Varyinganisotropicpositionnoise

Forthesecondexperiment,anisotropicnoisemodelswithSDsof1×1×2mm3,

2×2×3mm3,3×3×4mm3,3×3×5mm3,and4×4×5mm3forpositionalnoisewere

used.ErrorsproducedbyD-IMLPshowedthesametrendaswithvaryingisotropic

noise.Thatis,theTREshowedanincreasingtrendastheuncertaintyinthesample

pointsincreased(Fig.4.9). Again,boththeobjectivefunctionandresidualerrors

againshowedcorrelationwiththeTRE,whichcanbeusedtoassignconfidenceto

theresultingregistrations(Fig.4.10).

4.5.3.3 Experiment3: Noiseparametersweep

Inthefinalexperiment,thesamplepointsweregeneratedwithaparticularnoise

model.However,itwasassumedthatthisnoisemodelisunknowntoD-IMLP.Sample

pointsweregeneratedwithanisotropicpositionnoisewithSD2×2×4mm3.Then,

ahyper-parametersweepwasperformedandtheD-IMLPalgorithmwasdeployed

withdifferentisotropicandanisotropicpositionnoiseassumptionstoevaluatehow

wellD-IMLPperformswithinaccuratenoisemodelassumptions.

TheresultsshowthatD-IMLPisunaffectedbychangingorientationnoise,which

isexpectedsinceD-IMLPdoesnottakeorientationintoaccount. TREsusingD-

IMLPareeitherstableorshowagradualtrenddownwardaspositionnoisebecomes

moreconservative.AnothernoticeabletrendisthatD-IMLPperformsslightlyworse

astheanisotropyinthenoiseestimatesincreases(Fig.4.11).
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Figure4.9: Noisemodelexperiment:ageneraltrendofincreasingTREasthe
uncertaintyinthesamplepointsincreases. Notethaterrorsareincreasingwith
increasingmodesbecauseforthisexperimentthenumberofmodesusedtoestimate
theshapesequalsthenumberofmodesusedtosimulateanewshapefromwhich
pointsweresampled.

Figure4.10:Noisemodelexperiment:residualerrorscomparedagainstTREusing
500samplepointswith2×2×3mm3SDpositionalnoiseand2◦SDangularnoise
inExp.2ofthenoisemodelexperiment(Sec.4.5.3.2). Thetwomeasuresexhibit
correlationwithcorrelationcoefficientof0.87.
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Figure 4.11: Noise model experiment: parameter sweep results show that D-IMLP
is unaffected by changing angular noise assumptions since orientations are not taken
into account by D-IMLP. Therefore, only the last plot (20◦) is visible since the plots
overlap almost perfectly. Errors are also stable (top) or gradually decreasing (bottom)
under changing position noise assumptions, although increasing anisotropy tends to
increase TRE (bottom).
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4.5.4 Outlierexperiment

Usingasyntheticdatasetgeneratedusingtherightnasalcavitymodelfromthe

sinusdataset,therobustnessofD-IMLPtooutliersisevaluated.Thisdatasetwas,

again,generatedsimilarlyasdescribedinSec.4.5.1;thedifferencebeingthathere6

setsof10experimentseachareperformed.Thenumberofmodesusedtodeformthe

meanshapeincreasesby2ineachset,startingat0andgoingupto10modes.Again,

thesamenumberofmodesareusedtoestimatethedeformedshapeusingD-IMLP

aswereusedtogeneratethedeformedshape.Allsamplepointsweregeneratedwith

isotropicnoiseinpositiondatawith1×1×1mm3SD.Experimentswereconducted

with0%,10%,and20%outliersinthegeneratedpointsamples.Outliersweregen-

eratedbyperturbingthepositionofaspecifiednumberofsamplesrandomlyinthe

range[2,5]mm.

Outlierswereidentifiedandrejectedusingthechi-squaretestasdescribedin

Sec.4.2. Asareminder,forpositiondata,amatchisrejectedifthesquareMaha-

lanobisdistanceisgreaterthanthevalueofthechi-squareinverseCDFwith3DOF

atp=0.95.SincethesquareMahalanobisdistancenormalizeseachmatchresidual

errorbyitsvariancealongeachdimension,thesumofthesquareMahalanobisdis-

tanceoveralldatapoints,ndata,isdistributedasachi-squaredistributionwith3ndata

DOF.107Thisknowledgeisusedtorejectaregistrationoutcomeifthissumexceeds

thevalueofachi-squareinverseCDFwith3ndataDOFatp=0.95.Usingthisoutlier

rejectioncriterium,D-IMLPisabletoproducesubmillimeterregistrationsevenin
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Figure 4.12: Outlier experiment: mean TRE with different number of outliers
using D-IMLP. Note that errors are increasing with increasing modes because for this
experiment the number of modes used to estimate the shapes equals the number of
modes used to simulate the deformed shape from which points were sampled.

Figure 4.13: Residual errors compared against TRE using the right nasal cavity
meshes in the outlier experiment with 0% outliers. The two measures exhibit corre-
lation with a correlation coefficient of 0.88.
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Figure 4.14: Residual errors compared against TRE using the right nasal cavity
meshes in the outlier experiment with 10% (top) and 20% (bottom) outliers. The
two measures exhibit high correlation when the sample points contain 10% outliers
with a correlation coefficient of 0.81, and weak correlation with the sample points
contain 20% outliers with a correlation coefficient of 0.59.
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thepresenceofoutliersinthesamplepoints(Fig.4.12).Althoughtheperformance

isslightlyworseasthepercentageofoutliersinthesamplepointsincreases,D-IMLP

isabletodetectthem,asexplainedinSec.4.2,andlimittheireffectonerrors.Even

with20%outliersinthesamplepoints,themeanTREproducedbyD-IMLPremains

below1mm. Further,althoughthecorrelationbetweentheTREandresidualer-

rorsdegradeswithincreasingnumberofoutliers,theresidualerrorsarestillableto

discriminatebetweensuccessfulandunsuccessfulregistrations(Figs.4.13,4.14).

4.5.5 Scaleexperiment

Inthisexperiment,theabilityofD-IMLPtorecoverscaleinadditiontorotation,

translation,andshapeparametersisevaluated.ThedatasetgeneratedinSec.4.5.4

with0%outlierswasreusedforthisexperiment. However,thesamplepointswere

scaledbysomeamountintherange[0.7,1.3]. D-IMLPwasexecutedwithscale

optimizationenabled,andtheoutputscalewascomparedtotheinitialscaleapplied

tothesamplepoints. D-IMLPwasabletoestimatescaleinadditiontorotation,

translation,andshapeparameterswell,butitperformsbetterwhenoptimization

overscaleisnotrequired(Fig.4.15).Thisisduetothelackofsufficientinformation

inpositionfeatures,causingambiguityinmatchesandleadingtoconvergenceatlocal

minima.However,errorsinscaleestimationandTREsremainroughlystableasthe

numberofshapeparameterstooptimizeoverincreases(Fig.4.16).
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Figure 4.15: Scale experiment: additional scale optimization increases TRE as
compared to when scale optimization is not required.

Figure 4.16: Scale experiment: errors in scale estimation using D-IMLP with in-
creasing number of modes remain stable.
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4.5.6 Leave-one-outexperiment

Theleave-one-outexperimentwasdesignedbybuildingnsSSMsinansmesh

dataset,withadifferentshapeinthedatasetleftoutforeachSSMconstruction.

Thisresultedin53differentSSMsforthesinusdataset.Theleftoutshapewasthen

estimatedintwoways:

1.byprojectingtheleftoutshapeontotheSSMtoobtainmodeweights,andthen

usingdifferentnumbersofmodesalongwiththemodeweightsinEq.2.1,and

2.byusingD-IMLPwithdifferentnumbersofmodes.

Theleftoutshapeswereestimatedusing11differentnumberofmodes,startingat

0andincreasingatincrementsof5upto50modes,producingatotalof1749runs.

ThisexperimentenabledtheevaluationalofD-IMLPinthepresenceofshapesnot

seenbeforebytheshapemodel.TheerrorsproducedbyD-IMLPinestimatingthe

leftoutshapeswerecomparedtogroundtruthsincetheleftoutshapesareknown,

andalsotoerrorsproducedbytheSSMestimatesoftheleftoutshapes.TheSSM

estimatesoftheleftoutshapesrepresenttheupperboundforhowwellD-IMLPcan

perform.ThisexperimentenablesustorelatetheerrorsproducedbyD-IMLPtohow

representativetheSSMusedwasoftheshapesbeingestimated.1000samplepoints

weregeneratedforeachexperimentbyuniformlysamplingfromtheleftoutshape.

AnisotropicpositionalnoisemodelwithaSDof1×1×1mm3wasused,sincethe

CTvolumesusedtosegmentthesinusstructureshadaresolutionof1×1×1mm3.
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D-IMLPassumedthesamenoisemodelaswasusedtogeneratethesamplepoints.

4.5.6.1 Experiment1: Middleturbinates

Inthefirstexperiment,themiddleturbinatemodelsfromthesinusdatasetwere

usedtogeneratesamplepoints. Registrationsarealsocomputedusingdeformable

coherentpointdrift(CPD),astandarddeformableregistrationalgorithm,50forcom-

parison.SincedeformableCPDproducesadeformationfieldthatmovesthevertices

fromthemeanshapetowardstothesamplepointstofitthesamplesanddoesnot

produceatransformationmatrix,aTREcannotbecomputed. However,sincethe

originaloffsettransformationappliedtothesamplepointsisknown,thefinalmesh

producedbyCPDcanbetransformedbytheinverseoftheoriginaltransformationto

computetheTSE.Inordertoproduceatransformationmatrix,rigidoraffineCPD

canbeperformedfirst,followedbydeformableCPD.However,thisisnotastime

efficient.NotethatsinceCPDdoesnotusedifferentnumbersofmodestocompute

itsregistration,resultsfromCPDareshownasabaseline

Ofthe1749registrations,D-IMLPwasabletorecovertheleftoutshapeandthe

transformationoffsetappliedsuccessfully(withmeanTRElessthan1mm)76.39%of

thetime.However,asthenumberofshapeparametersincreased,theperformanceof

D-IMLPdeterioratedsincethepositioncomponentofthesamplepointsisinsufficient

informationasthenumberofparameterstooptimizeoverincreases(Fig.4.17).This

leadstoslowerconvergencewithincreasingshapeparameters. Therefore,whenD-

113



CHAPTER 4. D-IMLP ALGORITHM

Figure 4.17: Leave-one-out experiment: TSE (top) and TRE (bottom) produced
by D-IMLP compared against that produced by CPD and SSM using the middle
turbinate meshes in the leave-one-out experiment.
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Figure4.18: Leave-one-outexperiment:runtimecomparisonbetweenCPDand
D-IMLP.

IMLPterminatesatthemaximumnumberofiterationsallowed,thefinalalignment

isworsewithincreasingnumberofshapeparameters.D-IMLPwasoutperformedby

CPDandthecomputationtimeforbothwerecomparable.Theaveragetimerequired

byCPDtoperformregistrationswas40.55s,ascomparedto47.69srequiredbyD-

IMLPwhenusing50modes(Fig.4.18).Asbefore,theerrormetricsproducedbyD-

IMLPshowcorrelationwiththeTRE,allowingittoacceptorrejecttheregistrations

produced(Fig.4.20),whileerrorsproducedbyCPDdoesnotshowcorrelationwith
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theTSE(Fig.6.18). Therefore,errorsproducedbyCPDcannotbeusedtoassign

confidencetoordetectsuccessorfailureoftheproducedregistration.

4.5.6.2 Experiment2: Rightnasalairway

Sincebothturbinateswouldgenerallynotbevisibleatthesametimeduringan

endoscopicprocedure,inthesecondexperiment,therightnasalairwaymodelswere

usedtogeneratesamplepoints.Apartfromthisdifference,theexperimentissetup

andevaluatedidenticallytothepreviousexperiment(Sec.4.5.6.1).Theperformance

ofD-IMLPinthisexperimentwassimilartotheonebeforewithresultsdeteriorating

asthenumberofparameterstooptimizeoverbecomestoolargeforthelimited

informationprovidedbythepositioncomponents(Fig.4.19). Asexplainedbefore,

lackofsufficientinformationcausesslowerrateofconvergence,meaningthatD-IMLP

terminatesatanearlierstageintheregistrationasthenumberofshapeparameters

increases.However,ofthe1749runs,82.39%oftheD-IMLPrunswerestillableto

recovertheleftoutmeshwithmeanTRElessthan1mm. Theseresultswerenot

comparedtoCPDbecausethemachineusedforthesecomputationswasunableto

handlethememoryrequirementsofCPDwithlargermeshes.CPDcomputesanv×nv

matrix,wherenvisthenumberofverticesinthedeformablemesh.Thisresultsin

extremelylargememoryoverheadevenformediumsizedmeshes,adrawbackthat

D-IMLPdoesnotsufferfrom.Again,theresidualerrorsproducedbyD-IMLPwere

incorrelationwiththeTRE(Fig.4.21).
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Figure 4.19: Leave-one-out experiment: TSE (top) and TRE (bottom) produced
by D-IMLP compared against that produced by the SSM estimate using the right
nasal cavity meshes in the leave-one-out experiment.
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Figure 4.20: Leave-one-out experiment: residual errors compared against TRE
using the middle turbinate meshes in the leave-one-out experiment. The two measures
exhibit correlation with correlation coefficients of 0.91.

Figure 4.21: Leave-one-out experiment: residual errors compared against TRE
using the right nasal cavity meshes in the leave-one-out experiment. The two measures
exhibit correlation with correlation coefficients of 0.95.
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Figure4.22:Leave-one-outexperiment:TREproducedbyD-IMLPwith0%,10%
and20%outliersinthedatapointssampledfromtherightnasalcavitymeshesin
theleave-one-outexperiment.

4.5.6.3 Experiment3: Rightnasalairwaywithoutliers

Sincerealdatawillmostlikelycontainseveraloutliers,thepreviousexperiment

usingtherightnasalcavitydatawasmodifiedslightlytointroduceoutliersinthe

sampleddatapoints.TheexperimentwassetupidenticallytothatinSec.4.5.6.2,

withthesamenumberofdatapointssampledandthesameoffsetappliedtothe

sampledpoints.However,10%and20%ofthesampleswereperturbedtosimulate

outliersinthegenerateddata.Theperturbationwassimilartothatexplainedinthe
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previousoutlierexperiment(Sec.4.5.4)andoutliersweredetectedasexplainedin

Sec.4.2.ResultsshowthattheTREsproducedwhenthereare10%outliersinthe

datasamplesisalmostidenticaltothoseproducedwhentherearenooutliers,and

TREsareslighlyworsewith20%outliersinthedatasamples(Fig.4.22).

4.5.7 Partialdataexperiment

Thisexperimentwassetupsimilarlytotheleave-one-outexperiments.However,

inordertosimulatemorerealisticscenarios,thepelvisandrightnasalcavitySSMs

wereusedtogeneratepointsamplesfrompartoftheleftoutshape,ratherthan

uniformlyfromtheentiremesh,foreachregistration(Fig4.23). Thepartofthe

meshesthatpointsweregeneratedfromwasdependentontheprocedurebeingsim-

ulated. Wedesignedtwoexperimentssimulatingtwodifferentprocedures.Forboth

experiments,2000pointsweresampledfromthecandidateregionsofthemesheswith

appropriateamountsofnoiseaddedtothesampledpoints. Althoughresultsusing

CPDarenotcomputedforthisexperimentduetocomputationallimitationsofCPD

withrelativelylargemeshes,itcanbeassumedthatitwillnotperformaswellin

recoveringtheshapebecauseonlythepartsofthemeshthatthesamplepointsare

matchedtowillbedeformedbyCPD.
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Figure 4.23: Partial data experiment: An example of data generated for the partial
data experiment: (top) points are sampled only from the ilium and ischium on the
pelvis mesh, and (bottom) points are sampled from the front section of the right
nostril which include parts of the septum and middle and inferior turbinates.
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4.5.7.1 Experiment1:Pelvis

SimulatingasituationinwhichonlyapartialCTscanofthepelvisisobtained

topreventradiationexposuretoreproductiveorgans,pointsweresampledonlyfrom

theiliumandischium(Fig4.23,top)regionsofthepelvismodel.Anisotropicnoise

withSD1×1×2mm3wasaddedtopositiondata. Aninstanceofthepelvisis

thenestimatedbyD-IMLPusingthesesampledpointsandagenerousnoiseassump-

tionwithSD2×2×3mm3forpositiondata. Resultsfromthisexperimentshow

abigimprovementinbothtransformationparametersandTSEfrom0to10modes

(Fig.4.24). However,withover10modes,theimprovementintransformationpa-

rametersstabilizes,andonlyagradualimprovementinTSEisobserved,although

thetrendfollowedbytheTSEissimilartothatfollowedbytheerrorbetweentheleft

outshapeandtheSSMinstanceoftheleftoutshape(Fig.4.24).Theresultingmean

TREfallsbelow2mmwithonly10modes(Fig.4.24),whichisthedesiredaccuracy

forpelvisregistrations.TheimprovementintheTREisalsoreflectedintheresidual

errorsproducedbyD-IMLP(Fig.4.26,top),althoughthecorrelationisweakerthan

inthepreviousexperiments.

4.5.7.2 Experiment2: Rightnasalairway

Inordertosimulatenasalendoscopy,pointsweresampledonlyfrompartsofthe

nasalcavitythatwouldbevisibletotheendoscopewheninsertedintotherightnostril

(Fig4.23,bottom).AnisotropicnoisewithSD0.5×0.5×1mm3wasaddedtoposition
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Figure 4.24: Partial data experiment: TSE (top) and TRE (bottom) produced
by D-IMLP compared against that produced by the SSM estimate using the pelvis
meshes.
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datasincethisproducedpointcloudsthatresembledreconstructionsobtainedfromin

vivodatausingthemethoddescribedinthechapter7.Positionnoiseinthegenerated

sampleshasalargerstandarddeviationinthez-directionsincedepthisharderto

estimatefromvideodata.Theleftoutnasalcavitywasthenestimatedusingthese

sampledpointsandanoisemodelassumptionwithSD1×1×2mm3forpositiondata.

Thisexperimentyieldedslightlydifferentresultsduetotheincreasedcomplexityof

therightnasalairwaymodels. Althoughthetransformationerrorseitherremained

stableorshowedslightimprovementwithincreasingnumberof modes,theTSE

increasedfrom0to10modesandstabilizedorshowedslightimprovementbeyond

that.Although,themeanTSEremainedbelow1mm,themeanTREforallmodes

remainedabove1mm(Fig.4.25). Theresultsindicatethatforcomplexstructures

likethenasalcavity,positioninformationisnotsufficienttoaccuratelyestimateboth

theregistrationandshapeparameters. TheTREandresidualerrors,again,show

weakcorrelation(Fig.4.26,bottom).

4.5.8 Failuredetectionexperiment

Inthisexperiment,thesuccessorfailureoftheregistrationsproducedarecom-

paredtotheoutcomepredictedbyD-IMLPusingthechi-squareinversetestexplained

inSec.4.2. AregistrationisconsideredsuccessfuliftheTREisbelow1mm.Two

experimentsaredesignedbasedonwhetherornotthealgorithmhasknowledgeof

thenoisemodelusedtogeneratethedatasamples.
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Figure 4.25: Partial data experiment: TSE (top) and TRE (bottom) produced by
D-IMLP compared against that produced by the SSM estimate using the right nasal
airway meshes.
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Figure 4.26: Partial data experiment: residual errors compared against TRE using
the pelvis (top) and right nasal airway (bottom) meshes. The two measures exhibit
weak correlation in both experiments 1 and 2 with correlation coefficients of 0.52 and
0.56, respectively.
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4.5.8.1 Experiment1: Knownnoise

Thissetupforthisexperimentisthesameasthesetupfortheleave-one-outexper-

imentwithrightnasalairwaydata(Sec.4.5.6.2).AsinSec.4.5.6.2,thisexperiment

assumesthesamepositionnoiseSDaswasusedtogeneratethedatasamples.Re-

sultsfromthechi-squaretestatp=0.95showthatalthoughthetestissuccessfully

abletodetectregistrationsthatweresuccessfulbytheTRE<1mmcriterium,the

testisnotassuccessfulatrejectingunsuccessfulregistrations(Fig.4.27,top).This

isbecauseregistrationsthatonlyusepositiondatacanoftenfindgoodincorrectsets

ofcorrespondences.Thisleadstosmallresidualerrorsalthoughtheregisteredposeis

incorrect.SinceEpissimplythesumovertheresidualerrorsfromallcorresponding

pointpairs,thissummayremainbelowtheχ2threshfinalthresholdforregistrationspro-

ducingTREs>1mm.However,justlikethemeanresidualerror,thetotalresidual

error,Ep,isfoundtobecorrelatedwiththeTRE(Fig.4.27,bottom). Therefore,

althoughtheχ2threshfinalthresholdmaynotbeabletodiscriminatebetweensuccessful

andunsuccessfulregistrations,adifferentthresholdcanbefoundthatisbetterable

torejectunsuccessfulregistrationorassigndegradingconfidencetotheregistrations

basedonEp.

4.5.8.2 Experiment2: Unknownnoise

Thesetupforthisexperimentissimilartothepartialdataexperimentsetupfor

therightnasalairwaydata(Sec.4.5.7.2)withsomedifferencestosimulateamore
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Figure 4.27: Failure detection experiment: Confusion matrix (top) and correlation
between Ep and TRE (bottom) with a correlation coefficient of 0.90 when the noise
in the data is known.
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realisticscenario.3000pointsweresampledfromthenasalcavityregionoftheleft

outshape,andanisotropicnoisewithSD0.5×0.5×0.75mm3wasaddedtothe

positioncomponentofthesampledpoints. Arotation,translationandscaleare

appliedtothesesampledpointsintheinterval[0,10]mm,[0,10]◦and[0.95,1.05],

respectively.2offsetsareproducedinthisintervalforeachleftoutshape. This

experimentassumesthatitdoesnothaveknowledgeofthenoisemodelusedto

generatethedatasamples.Therefore,D-IMLPmakesslightlymoregenerousnoise

assumptionswithSD1×1×2mm3forpositionnoise,andrestrictsscaleoptimization

towithin[0.9,1.1].Inthismorerealisticscenario,theperformanceofthechi-square

testatp=0.95isworsethaninthepreviousexperiment.Thisisexpectedsinceinthis

experiment,amorelimitedamountofdataisavailabletotheregistrationalgorithmas

comparedtothepreviousexperiment(Sec.4.5.8.1). Withonlypositioninformation,

itislikelythattheoptimizationwillgettrappedinlocalminimaleadingtolowEpfor

incorrectregistrations.Inaddition,sincethesquareMahalanobisdistancenormalizes

eachmatchresidualbyitsvariancealongeachdimension,assumingalargernoiseSD

thantheactualnoiseSDfurtherlowersEp. Therefore,theχ
2
threshfinalthresholdis

unabletodetectanyfailedregistrationproducedinthisexperiment(Fig.4.28,top).

Further,EpandTREonlyshowweakcorrelationmakingithardforthealgorithm

tomakedecisionsonthesuccessorfailureoftheproducedregistration(Fig.4.28,

bottom).
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Figure 4.28: Failure detection experiment: Confusion matrix (top) and weak corre-
lation between Ep and TRE (bottom) with a correlation coefficient of 0.46 when the
noise in the data is unknown.
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4.5.9 Non-medicaldataexperiment

ThepreviousexperimentsevaluatethegeneralizabilityofD-IMLPwithinthemed-

icalfield.ThefollowingexperimentsevaluateD-IMLPonsomenon-medicaldatato

testitsgeneralizabilitybeyondthemedicalfield. Weusedhumanexpressionand

humanposedatasetsinseparateleave-n-outexperimentsbydividingthedatasets

intotrainingandtestsets. Weusedthetrainingsettobuildashapemodel,and

estimatedthemeshesinthetestsetusingthetwomethodsdescribedinSec.4.5.6.

This,andotherregistrationalgorithmspresentedinthisthesis,arenotexpected

toperformwellonthisdatasetbecausetheassumptionthatfacialexpressionor

humanposeareGaussiandistributedislikelyanincorrectassumptiondependingon

thedataset.108 Further,thelimitednumberofdatapointsinourdatasetwasnot

enoughtoexplainwellthecomplexvariationsthatcanexistinhumanexpression

andpose.Thedeformableregistrationparadigmpresentedinthisdissertationshould

still,however,beapplicabletothistypeofdataaslongasenoughshapesareusedto

buildtheSSMandanappropriatestatisticalmodelisusedtoexplainthevariation

presentinthedataset.

4.5.9.1 Experiment1: Humanexpression

Forthehumanexpressiondataset,300mesheswereusedinthetrainingsetto

buildanSSMforexpressionsfromasingleindividual.Theremaining86meshes,also

fromthesameindividual,werereservedforthetestset.1000pointsweresampled
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frommeshesinthetestsetwithanisotropicpositionalnoisewithSD1×1×2mm3.

Thissimulatesarealisticsituationinwhichascanofaheadisobtainedusinga

depthcamera,whereerrorislargerinthedepthdirection. D-IMLPwasexecuted

withaslightlymorerelaxednoiseassumption,assumingthatthepositionnoisemodel

hasaSDof2×2×4mm3. D-IMLPperformedrelativelywellonthischallenging

dataset.Itwasabletodeformablyregisterthemeanfacemeshtopointssampled

fromtestfacestoproducelowTSEs,althoughimprovementwithincreasingnumber

ofmodesstabilizedquickly(Fig.4.29,top). TREsshowedagradualtrendupbut

meanTREsremainedbelow2mm(Fig.4.29,bottom).Again,theseresultsindicate

thatforhigheraccuracy,moreinformationintheformoflargernumberofsamples

ororientationcomponentsmightberequired. Theresidualerrorsproducedbyour

algorithmscorrelatewiththeTRE,indicatingthatD-IMLPhastheabilitytohandle

suchdata(Fig.4.31,left).

4.5.9.2 Experiment2: Humanpose

Forthehumanposedataset,80mesheswereusedinthetrainingsettobuildan

SSMofposes.Theremaining20mesheswerereservedforthetestset.Aswiththe

previousexperimentsetup,inordertosimulatearealisticposecapturesystem,1000

pointsweresampledwiththesameanisotropicpositionnoisemodelasbefore. D-

IMLPwasdeployedwithamorerelaxednoiseassumptionwheretheSDoftheposition

noisemodelwasassumedtobe2×2×4mm.Thesearchspaceforshapeparameters,
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Figure 4.29: Leave-n-out experiment: TSE (top) and TRE (bottom) produced by
D-IMLP.

133



CHAPTER4. D-IMLPALGORITHM

s,inthiscasewasrestrictedto±1SD.Thehumanposedatasetprovedtobethe

failurecaseforD-IMLP,asisclearfromthehighTREsandTSEs(Fig.4.30).Thiswas

expectedsincethelimiteddataavailableandperhapsthelinearityassumptionsmade

byPCA-basedmodelsarenotsufficienttoexplainthecomplexvariationsobserved

indifferentposes.ThefailureofD-IMLPtoaccommodatethisdatasetisalsoclear

fromtheabsenceofcorrelationbetweenresidualerrorsandTREs(Fig.4.31).

4.6 Concludingremarks

AnoveldeformablevariantofIMLP,knownasthedeformableiterativemost

likelypoint(D-IMLP)algorithm,ispresentedinthischapter.Thismethodisable

tocomputeanalignmentbetweenameanshapeanddatasamplesandsimultane-

ouslydeformthemeanshapetofitthedatasamples.Theaccuracyofthismethod

increaseswithdatasamples,butisnotsignificantlyaffectedbyinaccuratenoiseas-

sumptions.Further,theperformanceshowsonlyslightdegradationinthepresence

ofoutliers. Thesefeaturesareadvantageousforrealworldapplicationswheredata

willlikelycontainbothoutliersandnoise,andonlyanestimateofthenoisecanbe

made.AlthoughCPDoutperformsD-IMLPintermsoferrors,D-IMLPisfasterthan

CPDwithfewerthan∼35modesandcomparablewithmoremodes. Thebiggest

advantageD-IMLPhasoverCPDisthatD-IMLPhasalowermemoryrequirement

thanCPD,allowingD-IMLPtocomputeregistrationsusinglargemeshesandseveral
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Figure 4.30: Leave-n-out experiment: TSE (top) and TRE (bottom) produced by
D-IMLP.
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Figure 4.31: Leave-n-out experiment: residual errors compared against TRE show
that the two measures exhibit high correlation using the facial expression data with
a correlation coefficient of 0.81 (top), and no correlation using the human pose data
with a correlation coefficient of 0.03 (bottom).
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datasamples.Further,unlikeCPD,residualerrorsproducedbyD-IMLPcorrelate

withtheTSEsandTREscomputedallowingsomeassignmentofconfidencetothe

registrationsproducedbasedontheresidualerrors.

However,sinceD-IMLPonlymakesuseofpositioninformation,itdoessufferfrom

convergencetolocalminimathatdonotrepresenttheoptimalsolutionduetothe

lackofsufficientinformationtopreventsuchconvergence.Additionalinformationlike

orientation,forinstance,canhelprejectmatcheswherepositioncomponentsproduce

goodalignmentbutthecorrespondingnormalsdonot.

4.7 Contributions

Thecontributionsofthischapterinclude:

1.Theimprovement,implementationandevaluationofthedeformableiterative

mostlikelypoint(D-IMLP)algorithm77,78which

(a)incorporatesdeformableshapetransformationsusingSSMswithinaprob-

abilisticregistrationalgorithmthatusespointfeatureswithassociated

unconstrainedoranisotropicnoise

(b)performsanefficientimplementationofPD-treeupdatetoaccommodate

adeformingmodelshape

(c)computesagradient-basedsolutiontotheoptimizationproblemusingan

off-the-shelfnonlinearbox-constrainedBFGSquasi-Newtonoptimizer80
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(d)incorporatesamechanismforautonomouslyevaluatingaregistrationin

ordertoassignconfidencetotheresultingalignment

AlthoughmanyoftheseideaswereintroducedbyBillings,78theywererefined

duringimplementationtoaccuratelycomputethegradientsduringoptimization

andtoincludescaleasanoptionaloptimizationparameter.

4.8 Publishedwork

Materialfromthischapterappearedinthefollowingpublication:

1.A.Sinha,S.D.Billings,A.Reiter,X.Liu,M.Ishii,G.D.Hager,R.H.Tay-

lor,“Thedeformablemost-likely-pointparadigm,”submittedtoMedicalImage

Analysis(2018)
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Deformableiterative mostlikely

orientedpoint(D-IMLOP)

algorithm

ThischapterpresentsanextensiontotheD-IMLPalgorithmwhichisinspired

bytheiterativemostlikelyorientedpoint(IMLOP)algorithm.52 IMLOPisanal-

gorithmthatcanregisterorienteddatacharacterizedbyisotropicuncertaintynot

onlyinpositiondata,butalsoinorientationdata.52Thedeformablealgorithmpre-

sentedhere,calledthedeformablemostlikelyorientedpoint(D-IMLOP)algorithm,

isbuiltupontheparadigmpresentedinChapter3,andincorporatesaprobabilistic

frameworktocombinethepositionandorientationinformationoffeaturesandde-

formablyregistersthesefeatures. D-IMLOPcanincorporatefeaturescharacterized
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byunconstraineduncertaintyinthepositionalelementsandconstrained,orisotropic,

uncertaintyintheorientationelements.

Algorithmsthatareabletousebothpositionandorientationdataarebeneficial

fordatasamplesthathaveorientationcomponentsalongwithpositioncomponents.

Inthemedicalfield,surfacenormalscanbecomputedonsurfacemodelsextracted

from3DvolumeslikeCTorMRIscanstoestimatethesurfaceorientationpervertex

and/orpertriangle.Inothermodalities,likevideosfromendoscopyorlaparoscopy,

extractingsurfacemodelsisnottrivial. However,alargeamountofresearchhas

beendedicatedtoestimatingstructurefromsuchdata. Structurefrommotion109

algorithmsofseveralvarietiesareabletocomputesparsepointcloudsrepresenting

structureseeninasequenceofvideoframes. Asurfacethatfitsthisstructurecan

beapproximatedandsurfacenormalscanbecomputedforeveryvertexinthepoint

cloud.110Proceduresthatallowforphysicalprobingliketotalhipreplacement(THR)

surgerycancomputenormalsdirectlyonthesurfaceusingtrackedprobeswithforce

ortorquesensors,forinstance111.112 Whenphysicalprobingisnotpossible,range-

imagingtechniquescanbeusedtoreconstructasurfaceandnormals.36 Range-

imaginghasseveralapplicationsoutsidethemedicalfieldaswellduetoitsaccuracy

incapturingsurfacesandorientations.Theyareoftenusedtocapturehumanmotion

andfacialexpression,andalsotodigitizehistoricalartifactslikestatuesbyaccurately

measuringsurfacesandorientationsusingrange-imaging.113

ICPbasedmethodsthatuseorientationinadditiontopositiondatahavebeen
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developedbefore.36However,severaloftheapplicationsdescribedabovealsorequire

theregistrationtobedeformable.Forinstance,medicaldatafromdifferentmodal-

itiescapturedatsometimeintervalwillexhibitsomeamountofdifferences.These

differencescanbeduetobreathingmovementormovementoftissuesduetopres-

surefromtoolsduringsurgery,etc. Outsidethemedicalfield,registrationmaybe

requiredbetweenhumansintwodifferentposesorfaceswithdifferentexpressions,

etc.Somedeformableregistrationalgorithmsthathavebeendevelopedarereviewed

inChapter.3.Inthischapter,IMLOPwillbebrieflyreviewed,anditsdeformable

extension,D-IMLOP,willbedeveloped.

5.1 Probabilistic model

Foreaseofreference,abriefdescriptionoftheprobabilisticmodelforIMLOP

isdescribedhere. As mentionedearlier,IMLOPincorporatesisotropicGaussian

andFisherdistributions114tomodelmeasurementerrorsinpositionandorientation

data,respectively,intoitsprobabilisticframework. TheFisherdistributionisthe

analogoftheGaussiandistributiononthesphere.114Therefore,combiningthesetwo

distributionstomodeloriented-pointmeasurementerrorinanalyticallyconvenient.78

Asbefore,assumingzero-mean,independent,identicallydistributed(iid)errorfor

bothpositionandorientationdata,thematchlikelihoodfunctionforanorienteddata

point,x=(xp,̂xn),transformedbyacurrentregistrationestimate,[R,t],isdefined
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as52

fmatch(x;y,σ
2,κ,R,t)=

κ

(2πσ2)3·2π(eκ−e−κ)
·eκ̂ynRx̂n−

1
2σ2
||yp−Rxp−t||22,(5.1)

wherey=(yp,yn)isanorientedpointontheshapemodelthatisassumedtobein

correspondencewiththeorienteddatapoint,x,σ2isthevarianceofthepositional

noisemodel,andκistheconcentrationparameteroftheorientationnoisemodel.52

Theorientedmodelpoint,y∈Ψ,isalsoaparameterofthejointdistributionfrom

whichtheorientationnoiseisdrawn,whereŷnisthecentraldirectionandypisthe

meanposition.52Thisisthematchlikelihoodfunctionthatismaximizedduringthe

correspondencephaseoftheIMLOPalgorithminordertofindtheorientedmatched

points,y,onthemodelshape,Ψ.

Thereareafewdifferencesbetweenthisformulationandtheformulationinthe

deformableversionofthisalgorithm. First,D-IMLOPincorporatesageneralized

Gaussiannoisethatisabletoaccountforbothisotropicandanisotropicnoisetomodel

measurementerrorsinpositiondata.Therefore,theformulationforthedeformable

matchlikelihoodfunctionisslightlydifferentfromEq.5.1:

fmatch(x;y,Σx,Σy,κ,R,t)=

κ

(2π)3|RΣxRT+Σy|·2π(eκ−e−κ)
·eκ̂ynRx̂n−

1
2
(yp−Rxp−t)T(RΣxRT+Σy)−1(yp−Rxp−t),

(5.2)
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wheremeasurementerrorcovariances,ΣxandΣy,areusedtodescribethepositional

noisemodelforxandy,respectively,insteadofσ2. AsinD-IMLP,theoriented

matchedpointsinD-IMLOParealsofoundonthecurrentdeformedshape.

Similarly,thedeformablematchlikelihoodfunctionforanorientedpoint,x,trans-

formedbyasimilarityregistrationestimate,[a,R,t],isdefinedas

fmatch(x;y,Σx,Σy,κ,a,R,t)=

κ

(2π)3|RΣxRT+Σy|·2π(eκ−e−κ)
·eκ̂ynRx̂n−

1
2
(yp−aRxp−t)T(RΣxRT+Σy)−1(yp−aRxp−t),

(5.3)

whereaisthescalevariable.Since,thetworegistrationproblemsaresimilar,the

focusofthischapterwillbeonderivationsfromEq.5.2,withdifferencesbetweenthe

twopointedoutwheneverrequired. MaximizingthelikelihoodofEq.5.2isequivalent

tominimizingitsnegativeloglikelihood,resultinginthefollowingdeformablematch

errorfunction:

ED−IMLOP(x,y,Σx,Σy,κ,R,t)=

1

2
(y−Rx−t)T(RΣxR

T+Σy)
−1(y−Rx−t)−κ̂ynRx̂n.

(5.4)

Intheregistrationphase,IMLOPsolvesfortherigidtransformationthatmax-

imizesthetotalmatchlikelihoodfunctionderivedfromEq.5.1. Thissimplifiesto

minimizingthetotalmatcherrorfunctionwithrespecttothetransformationparam-
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eters:52

T=argmin
[R,t]

1

2σ2

ndata

i=1

||ypi−Rxpi−t||
2
2−κ

ndata

i=1

ŷniRx̂ni , (5.5)

whichistheregistrationcostfunctionforIMLOP.

Pluggingfmatch fromEq.5.2intothetotaldeformablematchlikelihoodfunction

ofEq.3.11,thedeformableregistrationcostfunctionforD-IMLOPcanbederivedas:

T=argmin
[R,t],s

1

2

ndata

i=1

(Tssm(ypi,s)−Rxpi−t)
T(RΣxR

T)−1(Tssm(ypi,s)−Rxpi−t)

−κ

ndata

i=1

ŷniRx̂ni+
1

2

nm

j=1

sj
2
2 ,

(5.6)

wherethemodelshapecovariances,Σyi,areagainassumedtobezerosincethefocus

hereisonthederivativesintroducedbytheshapedeformationsduringoptimization.

5.2 Algorithmoverview

Inthissection,ahighleveloverviewofD-IMLOPispresentedalongwithpseu-

docodeexplainingtheregistrationpipeline.Asbefore,inordertomaintainfocuson

thenewdevelopmentsmadefortheD-IMLOPalgorithm,in-depthdetailsdeveloped

alongwiththeIMLOPalgorithmwillnotberepeatedhere,butwillbereferenced

whenevernecessary.Similarly,detailsalreadyexplainedduringthedevelopmentof
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Algorithm5.1:DeformableIterativeMostLikelyOrientedPoint(D-IMLOP)

Input:Datapointsasapointcloud:X={xi}={(xpi,̂xni)}
Statisticallymeanmodelshape,Ψ0,andassociatedSSM
Measurement-errorcovariances: ΣX={Σxi},ΣΨ
Surface-modelcovariances:ΣSX={ΣSxi},ΣSΨ
CircularSDofsampleorientations:σcircdeg (default:2◦)
Weightrepresentingrelativeimportanceoffeatures: ω (default:0.5)
Upperboundonmatchuncertainty:σ2max (default:∞)
Chi-squarethresholdvalueforpositionoutliers:χ2thresh(default:7.81)
Outliervarianceexpansionfactor:ϕexp (default:9)
Initialtransformationestimate:[a0,R0,t0],s0
Initialorientationnoiseparameter:κ0

Output:Finaldatatransformation,[R,t],andshapeparameters,s,thatalign
XwithdeformedΨ

1Initializetransformation:[a,R,t],s←[a0,R0,t0],s0
2Initializenoisemodelparameters:κ←κ0,σ

2
match←0

3whilenotconvergeddo
4 ifiter==1then
5 Computeinitialcorrespondencesonthemeanshape(Eq.3.12):

[ypi,Σyi,ΣSyi]←CMLP(xpi,Ψ0,I,I,κ,a,R,t)

else
6 Computemostlikelycorrespondencesonthecurrentshape(Eq.3.12):

[ypi,Σyi,ΣSyi]←CMLP(xpi,Ψiter,Σxi+ΣSxi+σ
2
matchI,ΣΨ+ΣSΨ,κ,a,R,t)

end
7 Updatethematch-uncertaintynoise-modelterm(Eq.4.7):

σ2match←min
1

ninlier i∈inliers||ypi−aRxpi−t||
2
2,σ

2
max

8 Computemeananglebetweenmatchednormals:

ρ← 1
ninlier i∈inlierŝyni

TR̂xni

9 Computecircularstandarddeviationandupdateangularthreshold:

θσcirc← −2lnρ,θthresh←
√
ϕexp·θσcirc

10 Identifyoutliers(Eq.4.8,5.8):

(xi,yi)isanoutlierif

ESqrMahalDist(xpi,ypi,Σxi,Σyi+σ
2
matchI,a,R,t)>χ

2
thresh

OR ŷni
Tx̂ni<cos(θthresh)
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Algorithm5.1:D-IMLOP(continued...)

11 Updatetheoutliernoise-modelterms(Eq.4.10):

ϕi←
ϕexp||ypi−aRxpi−t||

2
2 if(xi,yi)isanoutlier,

0 otherwise.

12 Setthenoise-modelcovariancesfortheregistrationphase:

Σx
∗
i←Σxi+ΣSxi+

ϕi
2
I,Σy

∗
i←Σyi+ΣSyi+

ϕi
2
I+σ2matchI

13 Updatethetransformationandshapetoalignthepointcloudandthe
correspondingpointsontheshape(Eq.5.15or5.16):

[a,R,t],s←argmin
[a,R,t],s

1
2

ndata
i=1 (Tssm(ypi,s)−aRxpi−t)

T(RΣxiR
T)−1

(Tssm(ypi,s)−aRxpi−t)+κ
ndata
i=1 (1−ŷniRx̂ni)+

1
2

nm
j=1 sj

2
2

14 Basedoncomputeds,updatetheverticesofthemodelshape(Eq.3.10):

Ψiter←Tssm(vi,s)

15 UpdateextentsofPD-treeboundingboxesbasedonΨiter(Sec.3.2)
16 Updateorientationnoise-modelparameters:

κ=
R̄(3−R̄2)

1−R̄2

17 iter++

end
18 Detectregistrationfailureusingachi-squaretest(Eqs.4.11,5.13):

Registrationisunsuccessfulif
ndata

i=1

ESqrMahalDist(xpi,ypi,Σxi,Σyi+σ
2
matchI,a,R,t)≥χ

2
posthreshfinal

OR

ndata

i=1

ESqrIsoAngRes(̂xni,̂yni,κ,R)≥χ
2
angthreshfinal
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theD-IMLPalgorithmwillbereferencedandnotrepeatedhere.Algorithm5.1sum-

marizestheD-IMLOPalgorithm,andwillbereferencedthroughoutthissection.

UnderlinedvariablesinAlg.5.1indicateoptionalvariablesthatarerequiredwhen

solvingadditionallyforscale.

TheinputstothisalgorithmaresimilartotheinputstotheD-IMLPalgorithm.

XandΨrepresentthedatapointsandthestatisticallymeanmodelshape,respec-

tively,exceptthatnowthesefeaturesmusthaveanorientationcomponentassociated

witheachpositioncomponent. w,asbefore,arethemodeweightsthatrepresent

thestatisticsassociatedwiththemodelshape.Themeasurement-errorcovariances

associatedwiththedatapointsandmodelshapearerepresentedbyΣxandΣΨ,

respectively,andsurface-modelcovariancesforthedatapointsandmodelshapeare

representedbyΣSxandΣSΨ,respectively.AswithD-IMLP,ΣxandΣΨareassumed

tobegeneratedfromanisotropicGaussianwithSD1×1×1mm3.Thisdefaultvalue

canbemodifiedbytheuserbasedonrequirement.Theorientationnoiseisassumed

tobedrawnfromanisotropicFisherdistributionwithadefaultcircularSD,σcircdeg,

of2◦.Thisvaluecanalsobemodifiedbytheuserbasedontheapplication.

Aninitialtransformationconsistingofanestimatedrotation,translation,and,

optionally,scale,andaninitialsetofshapeparameterstodefinetheinitialshape,

whichwesetto0orthe meanshape, mustbespecified. Theorientationnoise
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concentrationparameter,κ,isinitializedbasedonσcircdeginradians:

σcircrad=σcircdeg
π

180

κ0=
1

σ2circrad

(5.7)

Theremaininginputparameterswillbediscussedastheyareencounteredinthe

equationsseeninthealgorithm(Alg.5.1)withtheexceptionofthosethathave

alreadybeencoveredinAlg.4.1. Theoutputofthealgorithmisafinaltransform

thatalignsthedatapointstothefinaldeformedshape,definedbythefinalsetof

shapeparameters.

TheconvergencecriteriaforD-IMLOPareidenticaltothoseofD-IMLP.Until

convergence,everyiterationofD-IMLOPcomputesthecorrespondencesbetweenthe

orienteddatapointsandthecurrentorientatedmodelshape.Aftercorrespondences

arefound,thematchuncertaintytermforthepositioncomponentofthematched

pointsisupdatedasdescribedinAlg.4.1.Inaddition,athreshold,θthresh,forthe

orientationcomponentofthematchedpointsisupdatedusingtheSDofϕexpandthe

circularSD,θσcirc,oftheaverageorientationerrorbetweeninlyingmatchedpoints.

ŷni
Tx̂ni<cos(θthresh) (5.8)

isusedinadditiontoχ2threshtoidentifyoutliersintheorientationandpositioncom-

ponentsofthematchedpoints,respectively. First,correspondencesaretestedfor
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outliersinthepositioncomponent,andcorrespondencesthatareidentifiedasinliers

areadditionallytestedforoutliersintheorientationcomponent.Thisisreasonable

sincepointssampledfromsurfacesfacingoppositedirectionscanhavelowmatcherror

inthepositioncomponent,butwouldhaveanextremelyhigherrorintheorientation

component.Pointsthatpassboththesetestsaremarkedasinliers.

Theremainingnoise-modelupdatesbeforeregistrationareidenticaltothosein

Alg.4.1.Anadditionalupdateismadeismadepostregistrationinordertoupdate

theconcentrationoforientationerror,κ,whichisestimatedusinganapproximation

toitsmaximumlikelihoodestimate:52

κ≈
R̄(3−R̄2)

1−R̄2
,

where R̄=
1−ω

ndata

ndata

i=1

ŷni
TR̂xni+

ω

α

ndata

i=1

ypi
TRxpi,

α=

ndata

i=1

ypi ·Rxpi ,

xpi=xpi−
1

ndata

ndata

i=1

xpi,ypi=ypi−
1

ndata

ndata

i=1

ypi,

(5.9)

whereωweightstherelativeimportanceoftheorientationandpositiondataterms

usedtoestimateκ.52Bothpositiondataandorientationdataareusedtoestimate

thedistributionoforientationmatcherrorsbecauseitisoftenpossibletofindgood

orientationmatchesforanygivenorientationforaclosedshapemodel.52Anextreme

caseexampleisasphere,whereanyorientationoftheshapewouldresultinnearly

perfectorientationmatches. Therefore,estimatingκbasedonlyontheorientation
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componentofmatcheswouldprogressivelyover-estimateκbyallowingittogrow

extremelylarge.52Thiscanresultingeometricallyinconsistentmatches,andtopre-

ventthis,rotationalmisalignmentisrepresentedinboththeorientationandposition

componentsofthematchedpointswhencomputingR̄. Bydefault,theorientation

andpositioncomponentsareequallyweightedusingω=0.5.Theusercan,however,

increaseordecreasethisvalueintheinterval[0,1]basedonwhethertheapplication

allowsforloworhighconfidenceintheorientationcomponent,respectively.Itmay

alsobedesirabletouseanalternateformulationforR̄thatrestrictstheeffectof

positionerrorstoonlydecreaseorientationconfidence:52

R̄=min
1

ndata

ndata

i=1

ŷni
TR̂xni,

1−ω

ndata

ndata

i=1

ŷni
TR̂xni+

ω

α

ndata

i=1

ypi
TRxpi .(5.10)

Onceconvergenceorterminationhasbeenreachedandafinalregistrationcom-

puted,twochi-squaretestsareusedtodeterminewhethertheregistrationproduced

issuccessfulorunsuccessful.Thefirsttest,showninStep18ofAlg5.1,isidenticalto

thetestusedinD-IMLP(Eq.4.11).However,thistestonlyevaluatesthequalityof

matchesbasedonthepositionalcomponents.Sincethereisanadditionalorientation

componentinD-IMLOP,anadditionaltestisperformedtoevaluatethequalityof

matchesbasedontheorientationcomponentsiftheregistrationisnotrejectedbased

onpositionalcomponents. Toevaluatewhethertheorientationsofcorresponding

pointsareconsistent,a2Dwrapped-GaussianapproximationtotheFisherdistribu-
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tion is used to convert the noise model for the orientation residuals to Gaussian form

in order to leverage the chi-square test with 2ndata DOF.

A wrapped-Gaussian with zero mean has the form

1

σ
√

2π

∞∑
k=−∞

e−
(θn+2πk)2

2σ2 , (5.11)

and in its approximation of the Fisher distribution, θn = cos−1 (ŷnRx̂n) is the angular

residual between x̂n and ŷn and σ2 ≈ 1
κ

is the variance of the Fisher noise model.

Under the assumption of correspondence and a wrapped-Gaussian approximation of

Fisher noise, the sum of square angular residual errors between the orientations of

matched points can be assumed to be distributed as the sum of squares of 2ndata

independent wrapped-Gaussian distributions. Therefore, the sum of square angular

residual has a chi-square distribution with 2ndata DOF and a registration can be

rejected by comparing the sum of square angular residual errors over all corresponding

pairs, (xi,yi),

ndata∑
i=1

ESqrIsoAngRes(x̂ni , ŷni , κ,R) =

ndata∑
i=1

κ
(
cos−1 (ŷni

TRx̂ni)
)2

(5.12)

to the value of the chi-square inverse CDF with 2ndata DOF at some probability, p,

denoted by chi2inv(p, 2ndata). If a registration is not already rejected based on the

sum of square Mahalanobis distances computed over all (xi,yi), then the registration
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canberejectedif

ndata

i=1

ESqrIsoAngRes(̂xni,̂yni,κ,R)>chi2inv(p,2ndata)=χ
2
angthreshfinal, (5.13)

ensuringthattheangularresidualremainswithin[0,2π).Iftheregistrationpasses

bothtests,thentheregistrationissuccessful.

5.3 Correspondencephase

Inthissection,theimplementationofthecorrespondencephaseoftheD-IMLOP

algorithmisexplained.Inthecorrespondencephase,D-IMLOPcomputesthemost

likelyorientedmatchonthecurrentmodelshapeforeachdatapointbyminimizing

thematcherrorfunctionofEq.5.4.FortheimplementationofD-IMLOP,Eq.5.4

isrewrittenwiththeadditionofanextraκtermtoensurethatED−IMLOPisalways

positive(see78forjustification):

ED−IMLOP(x,y,Σx,Σy,R,t)=

(y−Rx−t)T(RΣxR
T+Σy)

−1(y−Rx−t)+κ(1−ŷnRx̂n).

(5.14)

AsinthecorrespondencephaseofD-IMLP,themaindifferenceherefromIMLOP

isthattheorientedmatchedpoints,y,lieonashapethatchangesateveryitera-

tion.ThePD-treeconstructionandsearchstrategiesarealsosimilartothatofIMLP,
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withdifferencesstemmingfromtheadditionalorientationcomponentofthefeatures.

Therefore,directionalPD-treesareusedforD-IMLOPwhichcontainadditionalpa-

rameterswithineachnodefororientationinformation.ThisPD-treeisidenticalto

thePD-treeusedintheimplementationofIMLOP,52andtherefore,detailsofits

constructionandsearchstrategieswillnotberepeatedhere. Thedifference,asin

D-IMLP,isthatthePD-treeisupdatedateachiteration,asdescribedinSec.4.3,in

ordertoincorporatethedeformationsinthemodelshapeateachiteration.

5.4 Registrationphase

Oncecorrespondencesonthecurrentmodelshapearefound,thedeformablereg-

istrationcostfunctionforD-IMLOP(Eq.5.6)isminimizedwithrespecttothedata

transformationparametersaswellasthemodelshapeparameterstocomputethe

transformationandshapeparametersthatbestalignthecorrespondences.Aswith

thematcherrorfunction,thedeformableregistrationcostfunctionisrewrittento

ensurethatitisalwayspositive:

T=argmin
[R,t],s

1

2

ndata

i=1

(Tssm(ypi,s)−Rxpi−t)
T(RΣxR

T)−1(Tssm(ypi,s)−Rxpi−t)

+κ

ndata

i=1

(1−ŷniRx̂ni)+
1

2

nm

j=1

sj
2
2 .

(5.15)
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If,instead,asimilaritytransformiscomputedbetweenthedatapointsandthe

correspondingorientedmatchedpointsonthecurrentmodelshape,thenthecost

functionchangesslightlytoincorporatethescalefactor,a:

T=argmin
[a,R,t],s

1

2

ndata

i=1

(Tssm(ypi,s)−aRxpi−t)
T(RΣxR

T)−1

(Tssm(ypi,s)−aRxpi−t)+κ

ndata

i=1

(1−ŷniRx̂ni)+
1

2

nm

j=1

sj
2
2 .

(5.16)

AsintheregistrationphaseofD-IMLP,beforethisminimizationisperformed,barycen-

triccoordinatesofthematchedpointsarecomputedtofindthevertexweights,µ(j),

forj=1,2,3,foreachmatchedpoint(Eq.3.9). Theseµ(j)arerequiredduring

optimizationtocomputethedeformedmatchedpoint,Tssm(ypi,s),astheshapeis

recomputedfordifferentvaluesofs.

Boththeseobjectivefunctionscanbeoptimizedbycomputinggradientswithre-

specttotheoptimizationparameters,andapplyinganonlinearquasi-Newtonbased

optimizer.Inordertodothis,thevariablesbeingoptimizedneedtobereparametrized

asintheoptimizationforD-IMLP.Specifically,theconstraintsoftherotationmatrix,

thatis,RTR=Ianddet(R)=1,areenforcedusingRodrigues’parameterization,

whichrepresentsrotationasa3-vector,r=[rx,ry,rz].
51 Thedirectionandmagni-

tudeofrsignifytheaxisandangularextentofrotation,respectively.Further,the

transformationT(xpi)isre-expressedinthereferenceframeofYasT(ypi)inorderto
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keepalltransformationinthesamespace.Thedeformableregistrationcostfunction

ofEq.5.15canthenbere-writtenas

T=argmin
[r,t],s

ndata

i=1

Cpi+Cni+Cshape , (5.17)

where

Cpi=zi
TΣ−1xizi , Cni=κ(1−ŷ

T
ni
R̂xni) and Cshape=s

Ts,

zi=R(r)
T(Tssm(ypi,s)−R(r)xpi−t)

=R(r)T(Tssm(ypi,s)−t)−xpi.

(5.18)

R(r)isthe3×3rotationmatrixcorrespondingtotheRodrigues’vector,r(defined

previouslyinSec.4.4).Similarly,Eq.5.16canbere-writtenas

T=argmin
[a,r,t],s

ndata

i=1

Cpi+Cni+Cshape , (5.19)

withaslightmodificationintheCpiterminEq.5.18,sothat

Cpi=zi
TΣ−1xizi , Cni=κ(1−ŷ

T
ni
R̂xni) and Cshape=s

Ts,

zi=R(r)
T(Tssm(ypi,s)−t)−axpi.

(5.20)

Next,thegradient,∇C,ofthedeformableregistrationcostfunctionofEq.5.17

withrespecttothetransformationparameters[r,t]andthedeformableshapepa-
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rameters, s, is discussed. As for D-IMLP, ∇C is a stacked vector with the data

transformation parameters located on top of the deformable shape parameters, and

Ja,b is used to express the Jacobian of an expression, a, with respect to variable, b.

Using these notations, ∇C is expressed as:

∇C =

ndata∑
i=1

(∇Cpi +∇Cni) +∇Cshape (5.21)

∇Cpi =
[
JCpi,ziJzi,r , JCpi,ziJzi,t , JCpi,ziJzi,s

]
T, where

JCpi,zi = 2zi
TΣx

−1
i

Jzi,r =

[
∂R(r)T

∂rx
(Tssm(ypi , s)− t) ,

∂R(r)T

∂ry
(Tssm(ypi , s)− t) ,

∂R(r)T

∂rz
(Tssm(ypi , s)− t)

]

Jzi,t = −R(r)T (5.22)

Jzi,s = Jzi,Tssm(ypi ,s)JTssm(ypi ,s),s

Jzi,Tssm(ypi ,s) = R(r)T

JTssm(ypi ,s),s =
3∑
j=1

µ
(j)
i J

Tssm(v
(j)
i ,s),s

J
Tssm(v

(j)
i ,s),s

=
[
wp

1 wp
2 · · · wp

nm

]
,

∇Cni = [JCni,r , 0 , 0] T (5.23)
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JCni,r= −κ̂yTni
∂R(r)T

∂rx
x̂ni,−κ̂y

T
ni

∂R(r)T

∂ry
x̂ni,−κ̂y

T
ni

∂R(r)T

∂rz
x̂ni

and

∇Cshape= 0,0,2s
T T (5.24)

ThepartialderivativesandJacobiansintroducedhereareidenticaltothoseintro-

ducedinEqs.4.19and4.20.Thegradient,∇C,ofthedeformablecostfunctionof

Eq.5.19withrespecttothetransformationparameters[a,r,t]andthedeformable

shapeparameters,s,isalmostthesameas∇CdefinedinEqs.5.21,5.22,5.23,and

5.24,withanadditionalcomponentin∇Cpisothat

∇Cpi= JCpi,ziJzi,r,JCpi,ziJzi,t,JCpi,ziJzi,a,JCpi,ziJzi,s
T, (5.25)

wherethenewtermJzi,aturnsouttobe

Jzi,a=−xpi. (5.26)

The∇Cniand∇Cshapetermssimplygainadditionalzerocomponentssothat

∇Cni=[JCni,r,0,0,0]
T (5.27)
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and

∇Cshape= 0,0,0,2s
T T. (5.28)

Aswith∇CcomputedforthedeformableregistrationcostfunctionofD-IMLP,

∇Ccomputedhereisalsodependentonboththenumberofcomponentsinthedata

transformationparametersandthenumberofshapeparameters.Therefore,thetotal

sizeof∇Ciseither6+numberofshapeparameterswhenthedatatransformation

isarigidtransformation,or7+numberofshapeparameterswhenthedatatrans-

formationparametersalsoincludescaleinthecaseofasimilaritytransformation.

5.5 Experimentalresultsanddiscussion

TheexperimentaldesignforD-IMLOPwasidenticaltothatofD-IMLP.Therefore,

thereaderisdirectedtoSec.4.5fordetailsabouttheexperimentdesignandthe

motivationforeachexperiment. However,additionaldetailsintroducedduetothe

addedfeaturesofD-IMLOPwillbespecifiedhere.Forinstance,thenoisemodelused

togeneratenoisyorientationdata,whichwasnotdescribedinthepreviouschapter

sinceD-IMLPdoesnotmakeuseoforientationinformation,willbedescribedfor

eachexperiment.
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5.5.1 Samplesizeexperiment

Thesamesetupusedanddatageneratedfortheexperimentdesignedtoevaluate

D-IMLP(Sec.4.5.1isusedheretoevaluateD-IMLOP.

5.5.1.1 Experiment1:Isotropicpositionnoise

Asinthepreviouschapter,thenoisemodelforpositionaldatainthisexperiment

isisotropicwithSDof1×1×1mm3.Fororientationnoise,anisotropicnoisemodel

withSDof2◦wasused. D-IMLOPproducedsmallererrorscomparedtoD-IMLP

inrecoveringtheshapeandregisteringthesampledpointstotherecoveredshape

forthedifferentnumberofsamplesduetotheaddedinformationprovidedbythe

orientationcomponentofthesamplepoints(Figs.5.1).Infact,allregistrationtrials

resultedinTREslessthan1mm(Table.5.1),withTREsdecreasingfurtherwith

increasingnumberofsamplepoints(Fig.5.2)AswithD-IMLP,theresidualerror

producedbyD-IMLOPshowedcorrelationwiththeTRE(Fig.5.4).Therefore,using

empiricallychosenthresholdssuchthattherewerenofalsepositives,D-IMLOPwas

abletodetectcorrectregistrationswithsomesuccess(Table.5.1).

5.5.1.2 Experiment2: Anisotropicpositionnoise

AnanisotropicnoisemodelwithSD1×1×2mm3wasusedforpositionalnoise.For

orientationnoise,theparameterswerethesameasinExp.5.5.1.1.Asintheresults

fromD-IMLP,errorsforanisotropicpositionalnoisewereslightlyhigherthanthose
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Figure5.1: Samplesizeexperiment:translation(left)androtation(right)errors
producedusing,fromtoptobottom,1000,1500and2000datapointssampledfrom
thepelvismodelinExp.1(Sec.5.5.1.1)
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Figure 5.2: Sample size experiment: increasing TSE (top) and TRE (bottom) with
increasing number of sample points in Exp. 1.
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Figure5.3: Samplesizeexperiment:translation(left)androtation(right)errors
producedusing,fromtoptobottom,1000,1500and2000datapointssampledfrom
thepelvismodelinExp.2(Sec.5.5.1.2)
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Figure 5.4: Sample size experiment: residual errors compared against TRE using
2000 sample points in Exp. 1 (left) and Exp. 2 (right). The two measures exhibit
correlation in both experiments 1 and 2 with correlation coefficients of 0.96 and 0.94,
respectively.
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Table5.1: Samplesizeexperiment:percentsuccessfulregistrationruns,i.e.,runs
producingTREslessthan1mmand,inparentheses,percentsuccessfulrunscorrectly
detectedassuccessfulusingresidualerrors.

#samples D-IMLP(%) D-IMLOP(%)

Experiment1 1000 73.33(100.00) 100.00(66.67)
1500 76.67(86.96) 100.00(63.33)
2000 80.00(100.00) 100.00(66.67)

Experiment2 1000 56.67(100.00) 86.67(100.00)
1500 46.67(100.00) 96.67(100.00)
2000 56.67(100.00) 83.33(88.00)

withisotropicnoise(Fig.5.3). However,amajorityoftheregistrationsperformed

wereabletoproducesuccessfulregistrations(Table.5.1). Usingempiricallyfound

thresholds,D-IMLOPismoresuccessfullyabletousetheresidualerrorsproducedto

correctlyclassifysuccessfulregistrationsthaninthepreviousexperiment(Table.5.1).

5.5.2 Regularizationtermexperiment

AswithD-IMLP,thecostfunctionthatisminimizedtocomputearegistration

usingD-IMLOP(Eq.5.6)containsanL2regularizationterm,1
2

nm
j=1 sj

2
2. The

effectofthisregularizationtermisagainevaluatedbycomputingregistrationswithout

thistermonthedatageneratedforExp.5.5.1.1using1500samplepoints.Results

showedthatremovingtheregularizationtermstartedtoshowadeterioratingeffecton
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Figure5.5:Regularizationtermexperiment:registrationsproducedbyD-IMLOP
withouttheregularizationtermshoweddeteriorationwithincreasingshapeparame-
ters.

resultsproducedbyD-IMLOPasthenumberofshapeparametersincreased(Fig.5.5).

Therefore,astheoptimizationbecomesharder,theregularizationtermallowsD-

IMLOPtogeneralizebetter.

5.5.3 Noise modelexperiment

5.5.3.1 Experiment1: Varyingisotropicpositionnoise

AsinD-IMLP,5isotropicnoisemodelswithSDsof1×1×1mm3,2×2×2mm3,

3×3×3mm3,4×4×4mm3,and5×5×5mm3forpositionnoisewereused.
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Figure5.6: Noisemodelexperiment:ageneraltrendofincreasingTREasthe
uncertaintyinthesamplepointsincreases. Notethaterrorsareincreasingwith
increasingmodesbecauseforthisexperimentthenumberofmodesusedtoestimate
theshapesequalsthenumberofmodesusedtosimulateanewshapefromwhich
pointsweresampled.

Figure5.7:Noisemodelexperiment:residualerrorscomparedagainstTREusing
500samplepointswith2×2×2mm3SDpositionalnoiseand2◦SDangularnoise
inExp.1ofthenoisemodelexperiment(Sec.5.5.3.1). Thetwomeasuresexhibit
correlationwithcorrelationcoefficientof0.87.
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AnisotropicnoisemodelwithSDof2◦fororientationnoisewasused. Aswith

D-IMLP,D-IMLOPshowedageneraltrendofincreasingTREastheSDofnoise

increases(Fig.5.6). However,theTREsproducedbyD-IMLOPwerelowerthan

thoseproducedbyD-IMLP.Theresidualerrorswereagainfoundtobestrongly

correlatedwiththeTRE,whichagaincanbeusedtodistinguishbetweensuccessful

andunsuccessfulregistrations(Fig.5.7).

5.5.3.2 Experiment2: Varyinganisotropicpositionnoise

AnisotropicnoisemodelswithSDsof1×1×2mm3,2×2×3mm3,3×3×4mm3,

3×3×5mm3,and4×4×5mm3forpositionalnoisewereused.Fororientationnoise,

theparameterswerethesameasinExp.1.Resultsfromthisexperimentshowthe

sametrendsasthoseforisotropicnoise(Fig.5.8),withresidualerrorsagainshowing

strongcorrelationwiththeTRE(Fig.5.9).

5.5.3.3 Experiment3: Varyingorientationnoise

Inthethirdexperiment,oneisotropicnoisemodelandoneanisotropicnoisemodel

withSDsof1×1×1mm3and1×1×2mm3,respectively,forpositionalnoisewereused,

andorientationnoisemodelswithSDsof2◦,4◦,6◦,8◦and10◦foreachpositional

noisemodelwereused. Resultsshowthatchangingangularnoisedoesnotaffect

registrationresultsusingD-IMLOPsignificantlysincethelargenumberofsamples

overwhelmsthesmallchangeinthenoisemodel(Fig.5.10).D-IMLOPwasalsocom-
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Figure5.8: Noisemodelexperiment:ageneraltrendofincreasingTREasthe
uncertaintyinthesamplepointsincreases. Notethaterrorsareincreasingwith
increasingmodesbecauseforthisexperimentthenumberofmodesusedtoestimate
theshapesequalsthenumberofmodesusedtosimulateanewshapefromwhich
pointsweresampled.

Figure5.9:Noisemodelexperiment:residualerrorscomparedagainstTREusing
500samplepointswith2×2×3mm3SDpositionalnoiseand2◦SDangularnoise
inExp.2ofthenoisemodelexperiment(Sec.5.5.3.2). Thetwomeasuresexhibit
correlationwithcorrelationcoefficientof0.88.
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Figure 5.10: Noise model experiment: mean TREs produced by D-IMLP (top)
and D-IMLOP (bottom) in Exp. 3 show that small changes in orientation noise do
not have large influence on registration result. Note that the errors are increasing
with increasing modes only because for this experiment the number of modes used to
estimate the shapes equals the number of modes used to simulate a new shape from
which points were sampled.
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Figure 5.11: Noise model experiment: residual errors compared against TRE using
500 sample points with 1× 1× 1 mm3 SD positional noise, 4◦ SD angular noise (top),
and 1×1×2 mm3 SD positional noise, 8◦ SD angular noise (bottom) in Exp. 3 of the
noise model experiment. The two measures exhibit correlation for both isotropic and
anisotropic position noise with correlation coefficient of 0.91 and 0.92, respectively.
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Figure 5.12: Noise model experiment: residual errors compared against TRE using
500 sample points with 1× 1× 1 mm3 SD positional noise, 4◦ SD angular noise (top),
and 1×1×2 mm3 SD positional noise, 8◦ SD angular noise (bottom) in Exp. 3 of the
noise model experiment. The two measures exhibit correlation for both isotropic and
anisotropic position noise with correlation coefficient of 0.72 and 0.78, respectively.
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paredtoD-IMLP,whichwasalsounaffectedbythechangingorientationnoisemodels

sincedoesnottakeorientationinformationintoconsideration.However,D-IMLPreg-

istrationtrialswithisotropicpositionalnoiseproduceslightlylowerTREsthanthose

withanisotropicnoise,aswasseeninthepreviouschapter(Sections4.5.3.1,4.5.3.2).

ErrorsproducedbyD-IMLOPweresmallerthanthoseproducedbyD-IMLPdue

totheaddedorientationinformation.However,errorsproducedbybothalgorithms

werecorrelatedwiththeTRE(Figures5.11,5.12).

5.5.3.4 Experiment4: Noiseparametersweep

Inthefinalexperiment,thesamplepointsweregeneratedwithafixednoisemodel

forbothpositionandorientationcomponentswithSDs2×2×4mm3and10◦,respec-

tively.However,itwasassumedthatthisnoisemodelisunknowntoD-IMLOP.How

theanisotropyisaddedtotheorientationnoiseiscoveredinthenextchapter(Ch.6)

sinceD-IMLOPcannotmakeanisotropicorientationnoiseassumptions. Ahyper-

parametersweepwasthenperformedandtheD-IMLOPalgorithmwasdeployedwith

differentisotropicandanisotropicpositionandisotropicorientationnoiseassump-

tionstoevaluatehowwellD-IMLOPperformswithinaccuratenoiseassumptions.

ThisexperimentshowsthatD-IMLOPperformsbetterwhenthenoiseassumption

isoptimistic,butasthenoiseassumptionbecomesmorepessimistic,itsperformance

degrades.Therefore,TREsforD-IMLOPdonotshowstabilizationwithincreasingly

conservativenoiseestimates(Fig.5.13).
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Figure 5.13: Noise model experiment: parameter sweep results show that D-IMLOP
produces lower errors when the noise assumptions are optimistic, and errors increase
as noise assumptions become more pessimistic.
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5.5.4 Outlierexperiment

Samplepointsforthisexperimentweregeneratedwithisotropicnoiseinposition

datawithSD1×1×1mm3andanisotropicnoiseinorientationdatawith2◦SD.

Outliersweregeneratedbyperturbingthepositionandorientationcomponentsof

differentamountofsamplesintherange[2,5]mmand[2,5]◦,respectively. Three

experimentsweredesignedwheredifferentnumbersofsamples,0%,10%,and20%,

wereperturbed. Outlierswereidentifiedandrejectedusingthechi-squaretest,as

describedearlierinSec.5.2,aswellasinBillingsetal.51,53 Forpositiondata,a

matchisrejectedifthesquareMahalanobisdistanceisgreaterthanthevalueofthe

chi-squareinverseCDFwith3DOFatp=0.95. Sincethesquare Mahalanobis

distancenormalizeseachmatchresidualerrorbyitsvariancealongeachdimension,

thesumofthesquareMahalanobisdistanceoveralldatapoints,ndata,isdistributed

asachi-squaredistributionwith3ndataDOF.
107Similarly,fororientationdata,achi-

squaretestwith2ndataDOFisappliedbyconvertingtheFishernoisemodelforthe

orientationmatchresidualintoGaussianform.114

AswithD-IMLP,D-IMLOPisabletoperformwelleveninthepresenceofoutliers.

Althoughtheperformanceisslightlyworseinthepresenceofoutliers,D-IMLOPis

abletodetectthem,asexplainedinSec.5.2,andlimittheireffectonerrors. As

showninFig.5.14,theerrorsfrom10%and20%outliersinthesampledpointsare

comparable. Further,despiteincreasingnumberofoutliers,theresidualerrorsare

stillcorrelatedwiththeTREsand,therefore,abletodiscriminatebetweensuccessful
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Figure 5.14: Outlier experiment: mean TRE with different number of outliers
using D-IMLOP. Note that errors are increasing with increasing modes because for
this experiment the number of modes used to estimate the shapes equals the number
of modes used to simulate the deformed shape from which points were sampled.

Figure 5.15: Outlier experiment: residual errors compared against TRE using the
right nasal cavity meshes with 0% outliers. The two measures exhibit correlation
with a correlation coefficient of 0.93.
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Figure 5.16: Outlier experiment: residual errors compared against TRE using the
right nasal cavity meshes with 10% (top) and 20% (bottom) outliers. The two mea-
sures exhibit high correlation in both experiments with correlation coefficients of 0.95
and 0.92, respectively.
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andunsuccessfulregistrations(Figs.5.15,5.16).

5.5.5 Scaleexperiment

ThedatasetgeneratedinSec.5.5.4with0%outlierswasreusedforthisexperi-

ment.Thesamplepointswerescaledbysomeknownamountintherange[0.7,1.3],

asmentionedinSec.4.5.5.D-IMLOPisableestimatescaleinadditiontorotation,

translation,andshapeparameterswell,outperformingD-IMLP.D-IMLOPalsoper-

formsbetterwhenthereisonefewerparametertooptimizeover(Fig.5.17). The

errorsproducedbyD-IMLOP,however,aremoreirregularthanthoseproducedby

D-IMLP.Thiscouldpossiblybeduetoafewoutliersintheregistrationsproducedby

D-IMLOPduetoitsinaccuratenoiseassumptions,ascanbeseeninthehistogram

(Fig.5.18)showingthedistributionoferrorsproducedbyourmethods.Theseoutliers

canbedetectedandrejectedbyD-IMLOP.

5.5.6 Leave-one-outexperiment

Forthisexperiment,anisotropicpositionalnoisemodelwithaSDof1×1×1mm3

wasusedtogeneratedatasamples,sincetheCTvolumesusedtosegmentthesinus

structureshadaresolutionof1×1×1mm3.Further,ananisotropicorientationnoise

modelwith20◦SDwasused.D-IMLOPassumedthesamenoisemodelaswasused

togeneratethedata.
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Figure 5.17: Scale experiment: additional scale optimization increases TRE as
compared to when scale optimization is not required.

Figure 5.18: Scale experiment: errors in scale estimation using D-IMLOP with
increasing number of modes remain stable, and are lower than those produced using
D-IMLP.
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5.5.6.1 Experiment1: Middleturbinates

Themiddleturbinatemodelsfromthesinusdatasetwereusedtogeneratesample

pointsforthisexperiment.D-IMLOPwasabletorecovertheleftoutshapeandthe

transformationoffsetappliedsuccessfully(withmeanTRElessthan1mm)in88.85%

ofthe1749registrationsperformed.Asthenumberofshapeparametersincreased,

shapeestimationerrorsusingD-IMLOPquicklystabilized(Fig.5.19,top)around15

modes,whileregistrationparameterseitherremainedstableordeterioratedslightly

leadingtoslowlydegradingTREs(Fig.5.19,bottom). Thisislikelybecausethe

incorrectnoiseassumptionscauseslowerconvergenceratewithincreasingnumberof

shapeparameters.Although,D-IMLOPwasoutperformedbyCPDinrecoveringthe

leftoutshape,D-IMLOPwasconsiderablyfasterthanCPD.D-IMLOPrequiredonly

8.96saveragetimetoconvergeatitsslowest(using50modes),whileCPDrequired

40.55s(Fig.5.20). Again,unlikeCPD(Fig.6.18),errormetricsproducedbyD-

IMLOPshowcorrelationwiththeTRE,allowingittoacceptorrejectorassignsome

confidencetotheregistrationsproduced(Fig.5.22).

5.5.6.2 Experiment2: Rightnasalairway

Therightnasalairwaymodels,alsofromthesinusdataset,wereusedtogener-

atesamplepointsforthisexperiment. Ofthe1749runs,94.57%oftheD-IMLOP

runsrecoveredtheleftoutmeshwithmeanTRElessthan1mm.Aswiththemiddle

turbinateexperiment,shapeestimationerrorsshowgradualimprovementuptoabout
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Figure 5.19: Leave-one-out experiment: TSE (top) and TRE (bottom) produced
by D-IMLOP compared against that produced by CPD and SSM using the middle
turbinate meshes in the leave-one-out experiment.
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Figure5.20: Leave-one-outexperiment:runtimecomparisonbetweenCPD,D-
IMLPandD-IMLOP.

15modesandstabilizationbeyond15modes(Fig.5.21,top),whileregistrationpa-

rameterseitherremainstableordeteriorateslightlyleadingtoslowlydegradingTREs

withincreasingmodes(Fig.5.21,bottom). Thereasonforthis,asintheprevious

experiment,isslowerconvergenceratewithincreasingnumberofshapeparameters

likelyduetoincorrectnoiseassumptions. Asbefore,theresidualerrorsproduced

showedcorrelationwiththeTRE(Fig.5.23).
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Figure 5.21: Leave-one-out experiment: TSE (top) and TRE (bottom) produced
by D-IMLOP compared against that produced by the SSM estimate using the right
nasal cavity meshes in the leave-one-out experiment.
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Figure 5.22: Leave-one-out experiment: residual errors compared against TRE
using the middle turbinate meshes in the leave-one-out experiment. The two measures
exhibit correlation with correlation coefficients of 0.65.

Figure 5.23: Leave-one-out experiment: residual errors compared against TRE
using the right nasal cavity meshes in the leave-one-out experiment. The two measures
exhibit correlation with correlation coefficients of 0.75.
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5.5.6.3 Experiment3: Rightnasalairwaywithoutliers

AsinSec.4.5.6.3,D-IMLOPisevaluatedonmorerealisticdatacontainingoutliers.

Thisexperimentissetupsimilarlyasthepreviousexperiment(Sec.5.5.6.2),butwith

10%and20%ofthesamplepointsperturbedtosimulateoutliers.Theperturbationis

similartothatinSec.5.5.4,andoutliersaredetectedusingthetechniquesdescribedin

Sec.5.2.Resultsshowthataddingoutliersdidnothavealargeeffectonregistration.

Resultswerecomparablewith10%outliersandonlyslighlyworsewith20%outliers

inthesamplepoints. Despiteupto20%outliersinthedata,meanTREsforall

modesremainedbelow1mm(Fig.5.24).

5.5.7 Partialdataexperiment

5.5.7.1 Experiment1:Pelvis

AnisotropicnoisewithSD1×1×2mm3and10◦wasusedtogeneratesampled

positionandorientationdata,respectively,fromapartialCTscanofthepelvis.An

instanceofthefullpelvisisthenestimatedbyD-IMLOPusingthesesampledpoints

andagenerousnoiseassumptionwithSD2×2×3mm3and30◦forpositiondata

andorientationdata,respectively.D-IMLOPresultsfollowsimilartrendsasD-IMLP,

showingbigimprovementinbothtransformationparametersandTSEfrom0to10

modes(Fig.5.25),butstabilizingoronlyshowinggradualimprovementinerrors

beyond10modesduetoslowerconvergenceratewithincreasingnumberofshape
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Figure5.24:Leave-one-outexperiment:TREproducedbyD-IMLOPwith0%,10%
and20%outliersinthedatapointssampledfromtherightnasalcavitymeshesin
theleave-one-outexperiment.

parameters.ThetrendfollowedbytheTSEissimilartothatfollowedbytheerror

betweentheleftoutshapeandtheSSMinstanceoftheleftoutshape(Fig.5.25),

withthemeanTREfallingbelow2mmwithonly10modes(Fig.5.25),whichis

thedesiredaccuracyforpelvisregistrations.Theimprovementintheseerrorsisalso

reflectedintheresidualerrorsproducedbyD-IMLOP(Fig.5.27,top),althoughthe

correlationbetweentheseerrorsisweakerthaninpreviousexperiments.
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Figure 5.25: Partial data experiment: TSE (top) and TRE (bottom) produced by
D-IMLOP compared against that produced by the SSM estimate using the pelvis
meshes.
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5.5.7.2 Experiment2: Rightnasalairway

AnisotropicnoisewithSD0.5×0.5×1mm3and10◦wasaddedtopositiondata

andorientationdata,respectively,sincethisproducedpointcloudsthatresembledre-

constructionsobtainedfromin-vivodatausingthemethoddescribedinthechapter7.

Theleftoutnasalcavitywasthenestimatedusingthesesampledpointsandanoise

modelassumptionwithSD1×1×2mm3and30◦forpositiondataandorientation

data,respectively.Duetotheincreasedcomplexityoftherightnasalairwaymodels,

resultsfromthisexperimentshowedslightlydifferenttrends. Otherthantransla-

tionalerror,allerrorsstabilizedquickly.Translationalerror,however,continuedto

graduallydegradewithincreasingmodes(Fig.5.26).Thedegradationintranslational

errormightstemfromthefactthatthenasalcavityisaroughlycylindricalpassage.

Therefore,translationsalongthez-directionyieldseverallocationswhereboththe

positionandorientationcomponentsproducegoodmatchesleadingtoconvergence

atsuboptimallocalminima.TheoverallTREs,however,werestablewiththemean

TREremainingeitherbelowornear1mm,andshowedweakcorrelationwiththe

residualerrors(Fig.5.27,bottom).
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Figure 5.26: Partial data experiment: TSE (top) and TRE (bottom) produced by
D-IMLOP compared against that produced by the SSM estimate using the right nasal
airway meshes.
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Figure 5.27: Partial data experiment: residual errors compared against TRE using
the pelvis (top) and right nasal airway (bottom) meshes. The two measures exhibit
weak correlation with correlation coefficients of 0.49 in both experiments.
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5.5.8 Failuredetectionexperiment

5.5.8.1 Experiment1: Knownnoise

Thissetupforthisexperimentisthesameasthesetupfortheleave-one-outexper-

imentwithrightnasalairwaydata(Sec.5.5.6.2).AsinSec.5.5.6.2,thisexperiment

assumesthesamepositionnoiseSDaswasusedtogeneratethedatasamples.How-

ever,sinceD-IMLOPcannotaccommodateanisotropicorientationnoise,itassumes

isotropicorientationnoisewiththesameSDastheanisotropicnoiseusedindata

generation.Thechi-squaretestsusingEpatp=0.95ontheregistrationsproduced

inthisexperimentshowthatthetestisabletodetectalmostallsuccessfulregistra-

tions(Fig.5.28,top).However,overhalfofthefailedregistrationsarealsolabeled

successful.UsingtheadditionalEotestalongwiththeEptest,about10%oftheun-

successfulregistrationsareincorrectlylabeledassuccessful,althoughmoresuccessful

registrationsarealsoincorrectlylabeledasunsuccessful(Fig.5.28,bottom).However,

thisisapromisingresultbecausesuchsystemsarepreferredmorepessimisticrather

thanoptimisticbecauselabelinganincorrectregistrationassuccessfulcanmislead

surgeonsduringaninterventionandcauseharmtothepatient.Ontheotherhand,

ifasuccessfulregistrationislabeledunsuccessful,thesystemcansimplyattemptto

produceabetterregistration. Further,bothEpandEoshowcorrelationwiththe

TREs,meaningthatconfidencecanbeassignedtocomputedregistrationsbasedon

thesevalues(Fig.5.29).
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Figure 5.28: Failure detection experiment: confusion matrix using Ep alone (top)
and both Ep and Eo (bottom).
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Figure 5.29: Failure detection experiment: both Ep (top) and Eo (bottom) are
correlated with the TRE with correlation coefficients of 0.73 and 0.62, respectively,
when the noise in the data is known.
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5.5.8.2 Experiment2: Unknownnoise

ThisexperimentissetupasdescribedinSec.4.5.8.Theanisotropicnoiseinthe

sampledpointshasaSDof0.5×0.5×0.75mm3and10◦inthepositionandorien-

tationcomponents,respectively. Theanisotropyintheorientationcomponentwill

beexplainedinthenextchapter.D-IMLOPmakesmoregenerousnoiseassumptions

withSDs1×1×2mm3and30◦forpositionandorientationdata,respectively.As

withD-IMLP,inthismorerealisticscenario,theperformanceofthechi-squaretests

atp=0.95isworsethaninthepreviousexperiment(Sec.5.5.8.1).Asintheprevious

experiment,thealgorithmisabletocorrectlydetectalmostallsuccessfulregistrations

usingEp,butisnotabletorejectunsuccessfulregistrations(Fig.5.30,top). Withthe

additionalEotests,moreunsuccessfulregistrationsarecorrectlyrejectedthanwhen

onlyEpisused.However,unlikethepreviousexperiment,thepercentageofsuccess-

fulregistrationsincorrectlylabeledassuccessfulisstillveryhigh(Fig.5.30,bottom).

Thisdifferencemostlikelystemsfromtheincorrectnoiseassumptionsmadebythis

experiment. Further,althoughEpandTREarecorrelatedtoeachother,Eoand

TREarenot,makingitdifficulttoassignconfidencetotheregistrationsproduced

(Fig.5.31).
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Figure 5.30: Failure detection experiment: confusion matrix using Ep alone (top)
and both Ep and Eo (bottom).
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Figure 5.31: Failure detection experiment: although Ep is weakly correlated with
the TRE (top) with a correlation coefficient of 0.58, Eo does not show correlation
with the TRE (bottom) when the noise in the data is unknown.
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5.5.9 Non-medicaldataexperiment

5.5.9.1 Experiment1: Humanexpression

Pointsweresampledfrommeshesinthetestsetwithanisotropicpositionnoise

andorientationnoisewithSD1×1×2mm3and10◦,respectively. D-IMLOPwas

executedwithaslightlymorerelaxednoiseassumption,assumingthattheposition

andorientationnoisemodelhasaSDof2×2×4mm3and20◦,respectively. As

withD-IMLP,D-IMLOPwasabletodeformablyregisterthemeanfacemeshto

pointssampledfromtestfacestoproducerelativelylowTREsandTSEs(Fig.5.32).

However,errorsstabilizeafter20modesanddonotshowfurtherimprovement.The

residualerrorsproducedbyD-IMLOPcorrelatewiththeTRE,indicatingthatD-

IMLOPisabletohandlesuchdata(Fig.5.34).

5.5.9.2 Experiment2: Humanpose

Forthisexperiment,pointsweresampledwiththesameanisotropicpositionand

orientationnoisemodelasbefore. D-IMLOPwas,again,deployedwithamorere-

laxednoiseassumptionwheretheSDofthepositionandorientationnoisemodelwas

assumedtobe2×2×4mmand30◦,respectively.Thesearchspaceforshapeparam-

eters,s,inthiscasewasrestrictedto±1SD.D-IMLOPfailedtoproducemeaningful

reconstructionsandalignmentswiththisdataset,asisclearfromthehighTREsand

TSEs(Fig.5.33).Asexplainedinthepreviouschapter,thisisexpectedsincethelim-
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Figure 5.32: Leave-n-out experiment: TSE (top) and TRE (bottom) produced by
D-IMLOP.
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iteddataavailableandperhapsthelinearityassumptionsmadebyPCA-basedmodels

arenotsufficienttoexplainthecomplexvariationsobservedindifferentposes.How-

ever,theweakcorrelationbetweenresidualerrorsandTREsproducedbyD-IMLOP

couldbeanindicationthatwithsufficientdata,theperformanceofD-IMLOPcould

showimprovement(Fig.5.34).

5.6 Concludingremarks

AnoveldeformablevariantofIMLOP,knownasthedeformableiterativemost

likelyorientatedpoint(D-IMLOP)algorithm,ispresentedinthischapter.D-IMLOP

canaccuratelycomputeanalignmentbetweenameanshapeanddatasampleswhile

simultaneouslydeformingthemeanshapetoestimatetheshaperepresentedbythe

datasamples.Itsaccuracyincreasesasthenumberofdatasamplesincreases,and

itsperformanceonlydegradesslightlywithincreasingnumberofoutliers.CPDout-

performsD-IMLOPintermsoferrors,butisabout5–8×slowerthanD-IMLOPin

termsofruntime.Further,CPD’smemoryrequirementsbecomeprohibitivelylarge

veryquickly,whereasD-IMLOPdoesnotsufferfromthisproblem.Further,errors

producedbyCPDdonotcorrelatewellwithgroundtrutherror,whereasthosepro-

ducedbyD-IMLOPdo,allowingittomakeconfidenceassignmentstotheregistrations

basedontheseerrors.However,D-IMLOPisonlycapableofmakingisotropicnoise

assumptionsintheorientationcomponent,whichisoftennotabletomodelnoisein
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Figure 5.33: Leave-n-out experiment: TSE (top) and TRE (bottom) produced by
D-IMLOP.
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Figure 5.34: Leave-n-out experiment: residual errors compared against TRE show
that the two measures exhibit high correlation using the facial expression data with a
correlation coefficient of 0.81 (top), and weak correlation using the human pose data
with a correlation coefficient of 0.51 (bottom).
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datafromrealworldapplicationswhichmaycontainanisotropicnoise.

5.7 Contributions

Thecontributionsofthischapterinclude:

1.Thedevelopment,implementationandevaluationofthedeformableiterative

mostlikelyorientedpoint(D-IMLOP)algorithm77which

(a)incorporatesdeformableshapetransformationsusingSSMswithinaprob-

abilisticregistrationalgorithmthatusespointfeatureswithunconstrained

noisealongwithorientationfeatureswithconstrainedorisotropicnoise

(b)performsanefficientimplementationofPD-treeupdatetoaccommodate

adeformingmodelshape

(c)computesagradient-basedsolutiontotheoptimizationproblemusingan

off-the-shelfnonlinearbox-constrainedBFGSquasi-Newtonoptimizer80

(d)incorporatesamechanismforautonomouslyevaluatingaregistrationin

ordertoassignconfidencetotheresultingalignment

5.8 Publishedwork

Materialfromthischapterappearedinthefollowingpublication:
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1. A. Sinha, S. D. Billings, A. Reiter, X. Liu, M. Ishii, G. D. Hager, R. H. Tay-

lor, “The deformable most-likely-point paradigm,” submitted to Medical Image

Analysis (2018)
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Chapter6

Generalizeddeformableiterative

mostlikelyorientedpoint

(GD-IMLOP)algorithm

ThisChapterfurtherextendstheD-IMLOPalgorithm,describedinChapter5,

drawinginspirationfromthegeneralizediterative mostlikelyorientedpoint(G-

IMLOP).53ThisChapterdescribesthegeneralizeddeformablemostlikelyoriented

point(GD-IMLOP)algorithm,which,liketheG-IMLOPalgorithm,incorporates

anisotropicnoisemodelsforboththepositionandorientationcomponents,andcan

deformablyregisterorientedfeaturescharacterizedbyanisotropicuncertaintyinposi-

tionandorientationdata.LikethealgorithmspresentedintheprevioustwoChapters,

D-IMLPandD-IMLOP,GD-IMLOPisalsoanICP-basedmethodbuiltontheframe-
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workdescribedinChapter3thatincorporatesaprobabilisticframeworktocombine

thepositionandorientationinformationofthefeaturesanddeformablyregistered

them.

Aswiththerigidalgorithm,theanisotropicextensionwillallowGD-IMLOPto

achievehigheraccuracywhenregisteringrealisticdatathatisoftencharacterizedby

anisotropicnoiseinthemeasuredpositionsandorientations. Anisotropicnoiseis

presentinfeaturesextractedfromvideo,sinceerrorinthedepthdirectiontendsto

belarger,andalsoinfeaturesextractedfromvolumetricmedicalimages,whichtend

tohavealoweroutofplaneresolution. Othersourcesofanisotropicmeasurement

uncertaintiesinmedicalandnon-medicaldatawerepreviouslydiscussedinChapter

4,andsourcesoforientationdatawerediscussedinChapter5.

6.1 Probabilistic model

ForeaseofreferenceduringthedevelopmentoftheprobabilisticmodelforGD-

IMLOP,abriefdescriptionoftheprobabilisticmodelforGD-IMLOPisrepeated

here.G-IMLOPincorporatesaprobabilisticframeworkformulatedusinganisotropic

GaussianandKentdistributionstomodelthemeasurementerrorsinthepositionand

orientationdata,respectively.53SimilartotheisotropicFisherdistributionthatwas

usedinthepreviouschapter(Ch.5),theanisotropicKentdistributionistheanalog

ontheunitsphereofamultivariateGaussiandistributionwithunconstrainedcovari-
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ance,thatis,covariancethatmaybeisotropicoranisotropic.Assumingzero-mean,

independent,identicallydistributed(iid)errorforboththepositionandorientation

components,thematchlikelihoodfunctionforanorienteddatapoint,x=(xp,̂xn),

transformedbyacurrentregistrationestimate,[R,t],isdefinedas53

fmatch(x;y,Σ,κ,β,̂γ1,̂γ2,R,t)=
1

(2π)3|Σ|·c(κ,β)

·e
κ̂ynRx̂n+β (̂γ1TRx̂n)

2
−(̂γ2TRx̂n)

2
−1
2
(yp−Rxp−t)TRΣ−1RT(yp−Rxp−t),

(6.1)

wherey=(yp,yn)isanorientedpointontheshapemodelthatisassumedtobe

incorrespondencewiththeorienteddatapoint,xandΣisthecovariancematrix

ofthepositionalnoisemodel.53 κ,theconcentrationparameter,β(0≤2β<κ),

theellipticityparameter,andγ̂1andγ̂2,themajorandminoraxeswhichdefinethe

directionoftheellipticallevelsetsoftheKentdistributionontheunitsphere,together

definetheorientationnoisemodel.53 Themajorandminoraxesareorthogonalto

eachotheraswellastoŷn,whichisthecentraldirection. Thecentralpositionis

representedbŷyp.Theellipticityparameter,β,controlstheamountofanisotropyin

theorientationnoisemodel.53Largervaluesofβincreasetheanisotropy,whileavalue

of0reducestheexpressiontotheisotropicFisherdistributionusedbytheIMLOP

algorithm,describedinChapter5.53c(κ,β)isthenormalizingconstantoftheKent

distribution,andconsistsofacomplexexpressionofmodifiedBesselfunctions.114In

thecorrespondencephaseofG-IMLOP,thisisthematchlikelihoodfunctionthatis

maximizedinordertofindtheorientedmatchedpoints,y,onthemodelshape,Ψ.
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OnesmalldifferenceintheformulationofthedeformablealgorithmisthatGD-

IMLOPincorporatesgeneralizedGaussiannoisetoaccountforunconstrainednoisein

thepositioncomponentofboththedatapointsandmodelshape.Therefore,Eq.6.1

isrewrittenslightlydifferentlyas:

fmatch(x;y,Σx,Σy,κ,β,̂γ1,̂γ2,R,t)=
1

(2π)3|RΣxRT+Σy|·c(κ,β)

·e
κ̂ynRx̂n+β (̂γ1TRx̂n)

2
−(̂γ2TRx̂n)

2
−1
2
(yp−Rxp−t)T(RΣxRT+Σy)−1(yp−Rxp−t),

(6.2)

wheremeasurementerrorcovariances,ΣxandΣy,areusedtodescribethepositional

noisemodelforxandy,respectively.InthecorrespondencephaseofGD-IMLOP,

asintheprevioustwodeformablealgorithms,thismatchlikelihoodfunctionismax-

imizedtofindtheorientedmatchedpoints,y,onthecurrentdeformedshape.Simi-

larly,thematchlikelihoodfunctionforeachxtransformedbyasimilarityregistration

estimate,[a,R,t],whereaisthescalevariable,canbedefinedas

fmatch(x;y,Σ,κ,β,̂γ1,̂γ2,a,R,t)=
1

(2π)3|RΣxRT+Σy|·c(κ,β)

·e
κ̂ynRx̂n+β (̂γ1TRx̂n)

2
−(̂γ2TRx̂n)

2
−1
2
(yp−aRxp−t)T(RΣxRT+Σy)−1(yp−aRxp−t),

(6.3)

Asbefore,sincethetworegistrationproblemsaresimilar,thefocusofthederivations

willremainonderivationsfromEq.6.2.Technicaldifferencesbetweenthetworegis-

trationproblemswillbepointedoutwherevernecessary. Maximizingthelikelihood

functionofEq.6.2isequivalenttominimizingitsnegativeloglikelihood,producing
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thefollowingmatcherrorfunction:

ED−IMLOP(x,y,Σx,Σy,κ,β,̂γ1,̂γ2,R,t)

=
1

2
(y−Rx−t)T(RΣxR

T+Σy)
−1(y−Rx−t)

−κ̂ynRx̂n−β γ̂1
TRx̂n

2
− γ̂2

TRx̂n
2
.

(6.4)

Sincethe majorandminoraxes,γ̂1andγ̂2,areperpendiculartothecentral

direction,ŷn,ofthematchedpoint,y,thisformulationwouldrequirerecomputinĝγ1

andγ̂2foreveryorientedmodelpointthatistestedforcorrespondence.
53Toavoid

thiscomputationalinefficiency,Eq.6.4canbereformulatedtoanequivalentmatch

errorfunctionwhereγ̂1andγ̂2areredefinedtobeperpendiculartotheorientation,

x̂n,ofthedatapoint,x:

ED−IMLOP(x,y,Σx,Σy,κ,β,̂γ1,̂γ2,R,t)

=
1

2
(y−Rx−t)T(RΣxR

T+Σy)
−1(y−Rx−t)

−κ̂ynRx̂n−β γ̂1
TRTŷn

2
− γ̂2

TRTŷn
2
.

(6.5)

Usingthisformulation,γ̂1andγ̂2onlyneedtobedefinedoncewithrespecttothe

measureddatapoints,ratherthantheunknownmatchedpoints,andtherefore,do

notneedtoberecomputedforeveryorientedmodelpointthatistestedforcor-

respondence.53 Thischangeisabletoreducethecomputationaloverheadofthe

correspondencephaseofGD-IMLOP.
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Intheregistrationphase,G-IMLOPsolvesforthetransformationthatmaximizes

thetotalmatchlikelihoodfunctionofEq.6.1.53 Thissimplifiestocomputingthe

transformation,Tthatmaximizesthefollowingtotalmatcherrorfunctionwithre-

specttothetransformationparameters:53

T=argmin
[R,t]

1

2

ndata

i=1

(ypi−Rxpi−t)
TRΣ−1iR

T(ypi−Rxpi−t)

−

ndata

i=1

κîyniRx̂ni+βi γ̂1i
TRTŷni

2
− γ̂2i

TRTŷni
2

.

(6.6)

SubstitutingfmatchfromEq.6.2intothetotaldeformablematchlikelihoodfunc-

tionofEq.3.11,thedeformableregistrationcostfunctionforGD-IMLOPcanbe

derivedas:

T=argmin
[R,t],s

1

2

ndata

i=1

(Tssm(ypi,s)−Rxpi−t)
T(RΣxR

T)−1(Tssm(ypi,s)−Rxpi−t)

−

ndata

i=1

κîyniRx̂ni+βi γ̂1i
TRTŷni

2
− γ̂2i

TRTŷni
2
+
1

2

nm

j=1

sj
2
2 ,

(6.7)

wherethemodelshapecovariances,Σyi,areagainassumedtobezerosincethefocus

hereisonthederivativesintroducedbytheshapedeformationsduringoptimization.

Theredefinitionofthemajorandminoraxes,γ̂1andγ̂2,asdefinedaboveforthe

correspondencephaseiscarriedthroughtotheregistrationphase.
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6.2 Algorithmoverview

Inthissection,ahighleveloverviewoftheGD-IMLOPalgorithmispresented

alongwithpseudocodeexplainingtheregistrationpipeline. Asintheprevioustwo

chapters,detailsdevelopedalongwiththeG-IMLOPalgorithmwillnotberepeated

indepthhere,butwillbereferencedwheneverrequired. Similarly,ideasalready

developedintheprevioustwochapterswillnotberepeatedhere,butreferenced

wheneverneeded.Instead,thefocuswillbeonthenewdevelopmentsintroduced

alongwiththedeformableaspectofGD-IMLOP.Algorithm6.1providesasummary

oftheGD-IMLOPalgorithm,andwillbereferencedthroughoutthissection.Under-

linedvariablesinAlg.6.1indicateoptionalvariablesthatarerequiredwhensolving

additionallyforscale.

TheinputstoGD-IMLOPare,again,similartobothD-IMLPandD-IMLOP.

X andΨrepresentthedatapointsandthestatisticallymeanmodelshapewith

sinitializedto0,respectively.scan,asmentionedinthepreviouschapters,be

initializedtodifferentsetofvalues,whichwouldleadtoadifferentinitialshape.w

arethemodeweightsthatrepresentthestatisticsassociatedwiththemodelshape,

ΣxandΣΨ representthemeasurement-errorcovariancesassociatedwiththedata

pointsandmodelshape,respectively,andΣSxandΣSΨrepresentthesurface-model

covariancesforthedatapointsandmodelshape,respectively.AswithD-IMLPand

D-IMLOP,ΣxandΣΨareassumedtobegeneratedfromanisotropicGaussianwith

SD1×1×1mm3,butthedefaultSDcanbemodifiedbytheuserdependingon
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Algorithm6.1:GeneralizedDeformableIterativeMostLikelyOrientedPoint
(GD-IMLOP)

Input:Datapointsasapointcloud:X={xi}={(xpi,̂xni)}
Statisticallymeanmodelshape,Ψ0,andassociatedSSM
Measurement-errorcovariances: ΣX={Σxi},ΣΨ
Surface-modelcovariances:ΣSX={ΣSxi},ΣSΨ
Orientationnoise-modelparameters:{̂γ1i},{̂γ2i}
CircularSDofsampleorientations:σcircdeg (default:2◦)
Eccentricityofsampleorientations:e (default:0.5)
Upperboundonmatchuncertainty:σ2max (default:∞)
Chi-squarethresholdvalueforpositionoutliers:χ2thresh(default:7.81)
Outliervarianceexpansionfactor:ϕexp (default:9)
Initialtransformationestimate:[a0,R0,t0],s0
Initialorientationnoiseparameter:{κi0},{βi0}

Output:Finaldatatransformation,[R,t],andshapeparameters,s,thatalign
XwithdeformedΨ

1Initializetransformation:[a,R,t],s←[a0,R0,t0],s0
2Initializenoisemodelparameters:

{κi}←{κi0},{βi}←{βi0←e
κi0
2
},σ2match←0

3whilenotconvergeddo
4 ifiter==1then
5 Computeinitialcorrespondencesonthemeanshape(Eq.3.12):

[ypi,Σyi,ΣSyi]←CMLP(xpi,Ψ0,I,I,κi,βi,̂γ1i,̂γ2i,a,R,t)

else
6 UpdatePD-treebasedoncurrentshape
7 Computemostlikelycorrespondencesonthecurrentshape(Eq.3.12):

[ypi,Σyi,ΣSyi]←CMLP(xpi,Ψiter,Σxi+ΣSxi+σ
2
matchI,ΣΨ+ΣSΨ,

κi,βi,̂γ1i,̂γ2i,a,R,t)

end
8 Updatethematch-uncertaintynoise-modelterm(Eq.4.7):

σ2match←min
1

ninlier i∈inliersypi−aRxpi−t
2
2,σ

2
max

9 Computemeananglebetweenmatchednormals:

ρ← 1
ninlier i∈inlierŝyni

TR̂xni

10 Computecircularstandarddeviationandupdateangularthreshold:

θσcirc← −2lnρ,θthresh←
√
ϕexp·θσcirc
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Algorithm6.1:GD-IMLOP(continued...)

11 Identifyoutliers(Eq.4.8,5.8):

(xi,yi)isanoutlierif

ESqrMahalDist(xpi,ypi,Σxi,Σyi+σ
2
matchI,a,R,t)>χ

2
thresh

OR ŷni
Tx̂ni<cos(θthresh)

12 Updatetheoutliernoise-modelterms(Eq.4.10):

ϕi←
ϕexp ypi−aRxpi−t

2
2 if(xi,yi)isanoutlier,

0 otherwise.

13 Setthenoise-modelcovariancesfortheregistrationphase:

Σx
∗
i←Σxi+ΣSxi+

ϕi
2
I,Σy

∗
i←Σyi+ΣSyi+

ϕi
2
I+σ2matchI

14 Updatethetransformationandshapetoalignthepointcloudandthe
correspondingpointsontheshape(Eq.6.7or6.14):

[a,R,t],s←argmin
[a,R,t],s

1
2

ndata
i=1 Tssm(ypi,s)−aRxpi−t

T RΣxiR
T
−1

Tssm(ypi,s)−aRxpi−t − ndata
i=1 κîyniRx̂ni

+βi γ̂1i
TRTŷni

2
− γ̂2i

TRTŷni
2

+1
2

nm
j=1 sj

2
2

15 Basedoncomputeds,updatetheverticesofthemodelshape(Eq.3.10):

Ψiter←Tssm(vi,s)

16 UpdateextentsofPD-treeboundingboxesbasedonΨiter(Sec.3.2)
17 iter++

end
18 Detectregistrationfailureusingachi-squaretest(Eqs.4.11,6.12):

Registrationisunsuccessfulif
ndata

i=1

ESqrMahalDist(xpi,ypi,Σxi,Σyi+σ
2
matchI,a,R,t)≥χ

2
posthreshfinal

OR

ndata

i=1

ESqrAnisoAngRes(̂xni,̂yni,κi,βi,̂γ1i,̂γ2i,R)≥χ
2
angthreshfinal
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theapplication.Additionally,themajorandminoraxes,̂γ1and̂γ2,representingthe

ellipticityoftheorientationnoise-modelmustbedefinedforeachdatapoint. The

orientationnoiseisassumedtobedrawnfromananisotropicKentdistributionwith

adefaultcircularSD,σcircdeg,of2
◦andeccentricity,e=0.5.Thesevaluescanalso

bemodifiedbytheuserbasedontheapplication.

Aninitialtransformationwithaninitialguessforrotation,translation,and,when

applicable,scale,andaninitialsetofshapeparametersmustbespecified.Asmen-

tionedbefore,theinitialshapeparameters,sissetto0,whichdescribesthestatistially

meanshape.Theconcentrationparameter,κ,oftheorientationnoiseisinitializedus-

ingσcircdeginradiansasdescribedinEq.5.7,whiletheellipticity,β,oftheorientation

noiseisinitializedusingtheeccentricity,e,as

β=e
κ

2
. (6.8)

κandβforalldatapointsareinitializedtothesamevalue,butthiscanbemodified

bytheuserbyspecifyingdifferentcircularSDsforeachdatapoint.Theremaining

inputparameterswillbediscussedbrieflyastheyareencounteredintheequations

inAlg.6.1withtheexceptionofthosethathavealreadybeencoveredinAlg.4.1

and5.1. Theoutputofthealgorithmisthesameastheprevioustwoalgorithms,

D-IMLPandD-IMLOP,thatis,afinaltransformthatalignsthedatapointstothe

finaldeformedmodelshape,definedbyafinalsetofshapeparameters,s.
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TheconvergencecriteriaforGD-IMLOPareidenticaltotheconvergencecriteria

forD-IMLPandD-IMLOP.Untilconvergenceisachieved,GD-IMLOPcomputes

correspondencesbetweentheorienteddatapointsandthecurrentdeformedmodel

shapeateveryiteration.Aftercorrespondencesarefound,thematchuncertaintyterm

forthepositioncomponentofthematchedpointsisupdatedandthethresholdforthe

orientationcomponentofthematchedpointsisupdatedasdescribedinAlg.4.1and

5.1,respectively.Outliersareidentifiedusingthepositioncomponentofthematched

points,followedbytheorientationcomponent.Theremainingnoise-modelupdates

beforeregistrationareidenticaltothoseinAlg.4.1. UnlikeD-IMLOP,κisnot

updatedafterregistrationbecauseregistrationresultswithandwithoutupdateswere

comparable,andskippingtheupdatesimprovestheefficiencyofourcomputations.

However,theframeworkallowstheusertochangethesettingtoaddtheseupdates

back.

Oncethealgorithmconvergesorterminatesandaregistrationiscomputed,two

chi-squaretestsareusedtoclassifytheregistrationassuccessfulorunsuccessful.

Thefirsttestthatevaluatestheregistrationbasedonthepositionalcomponentsof

thematchpoints,asshowninStep18ofAlg.6.1,isidenticaltothatusedinD-

IMLPandD-IMLOP(Eq.4.11).Iftheregistrationpassesthistest,itisfurther

evaluatedontheorientationcomponentsofthematchedpoints. A2Dwrapped-

GaussianapproximationoftheKentdistributionisusedheretoconvertthenoise

modeloftheangularresidualstoGaussianform. OnceinGaussianform,thechi-
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squaretestwith2DOFcanbeusedtoevaluatethequalityoftheorientationmatches.

Thewrapped-Gaussian,repeatedhereforeaseofreference,

1

σ
√
2π

∞

k=−∞

e−
(θn+2πk)

2

2σ2 ,

nowhasslightlydifferentθnandσ
2toaccommodatetheanisotropyoftheKent

distribution.Inthiscase,θnisavectorcontainingtheangularresidualbetweenthe

orientationcomponentsofcorrespondingsamplepointsandmatchedpoints,andalso

ofcorrespondingmatchedpointsandthemajorandminoraxesoftheellipticallevel

setsoftheKentdistributionontheunitsphere:

θn=











cos−1(̂yni
TR̂xni)

sin−1(̂γ1
TRTŷn)

sin−1(̂γ2
TRTŷn)











, (6.9)

whichimpliesthatθnisminimizedif̂xnandtransformedŷnarealignedasbestas

possible,meaningthattransformedŷnisasperpendicularaspossibletoγ̂1andγ̂2

duetotheorthogonalityrequirementmentionedearlier(Sec.6.1).σ2isactuallya

covariancematrix,whichwillberepresentedbyΣ.

Σisa3×3diagonalmatrixwitheachelementrepresentingtheeffectivevariance

ofthewrapped-Gaussianalongeachoftheorthogonalaxes,ŷn,γ̂1,andγ̂2. As

mentionedinSec.5.2,thevariancealongtheŷndirectionisapproximately
1
κ
.The
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variances along the major and minor axes of the Kent distribution are 1
κ−2β

and 1
κ+2β

,

resulting in

Σ =


1
κ

0 0

0 1
κ−2β

0

0 0 1
κ+2β

 . (6.10)

Therefore, the sum of square angular residual is now

ndata∑
i=1

ESqrAnisoAngRes(x̂ni , ŷni , κi, βi, γ̂1i , γ̂2i ,R) =

ndata∑
i=1

θni
TΣi

−1θni

=

ndata∑
i=1


cos−1 (ŷni

TRx̂ni)

sin−1 (γ̂1i
TRTŷni)

sin−1 (γ̂2i
TRTŷni)



T 
κi 0 0

0 κi − 2βi 0

0 0 κi + 2βi




cos−1 (ŷni

TRx̂ni)

sin−1 (γ̂1i
TRTŷni)

sin−1 (γ̂2i
TRTŷni)

 ,

(6.11)

and has a chi-square distribution with 2ndata DOF. Therefore, a registration that has

not already been rejected based on the quality of the positional component of matches

can be rejected by comparing ESqrAnisoAngRes(x̂ni , ŷni , κi, βi, γ̂1i , γ̂2i ,R) with the value

of the chi-square inverse CDF with 2ndata DOF at some probability, p, denoted by

chi2inv(p, 2ndata):

ndata∑
i=1

ESqrAnisoAngRes(x̂ni , ŷni , κi, βi, γ̂1i , γ̂2i ,R) > chi2inv(p, 2ndata) = χ2
ang thresh final,

(6.12)

ensuring that the angular residuals remain within [0, 2π).
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6.3 Correspondencephase

Inthissection,theefficientimplementationofthecorrespondencephaseofthe

GD-IMLOPalgorithmisdescribed.Inthecorrespondencephase,GD-IMLOPcom-

putesthemostlikelyorientedmatchonthecurrentmodelshapeforeachdatapoint

that minimizesthe matcherrorfunctionofEq.6.5. Fortheimplementationof

GD-IMLOP,Eq.6.5isreformulatedtoincorporateanadditionalκtermsothat

EGD−IMLOPisalwayspositive(see
78forjustification):

ED−IMLOP(x,y,Σx,Σy,κ,β,̂γ1,̂γ2,R,t)

=
1

2
(y−Rx−t)T(RΣxR

T+Σy)
−1(y−Rx−t)

+κ(1−ŷnRx̂n)−β γ̂1
TRTŷn

2
− γ̂2

TRTŷn
2
.

(6.13)

AsinthecorrespondencephasesofD-IMLPandD-IMLOP,aPD-treeconstruction

andsearchstrategyisusedforefficiency. ThePD-treeisconstructedinasimilar

mannerasthePD-treeforIMLOPforanisotropicposition-basedmatchingandfor

theincorporationoforientation-basedmatching.ThedifferencefromIMLOPisthat

thePD-treemustnowaccommodateanisotropynotjustinthepositioncomponent,

butalsointheorientationcomponent.53 APD-treesearchstrategyisemployedto

findtheorientedmatchedpoint,y,onthecurrentdeformedshapethatminimizesthe

matcherrorfunctionofG-IMLOPforagivenorienteddatapoint,x.53Thedetailsof
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thethissearchstrategyaresimilartothatofG-IMLOPandthereaderisdirectedto

Billingsetal.53forfurtherdetails.ThedifferencefromG-IMLOPisthattheoriented

matchedpoints,y,lieonashapethatischangingateachiteration. Therefore,as

fortheprevioustwoalgorithms,thePD-treemustbeupdatedtoaccommodatethe

updatedshapebeforecorrespondencesarefound. Thisupdateisidenticaltothe

updatedescribedinSec.4.3.

6.4 Registrationphase

Inthissection,animplementationfortheregistrationphaseoftheGD-IMLOP

algorithmispresented.Theregistrationphasesolvesforthetransformation,T,and

theshapeparameters,s,thatbestalignthecorrespondencesfoundinthecorrespon-

dencephasebyminimizingthedeformableregistrationcostfunctionforGD-IMLOP

(Eq.6.7),repeatedhereforeaseofreference,withrespecttothedatatransformation

parametersandtheshapeparameters:

T=argmin
[R,t],s

1

2

ndata

i=1

(Tssm(ypi,s)−Rxpi−t)
T(RΣxR

T)−1(Tssm(ypi,s)−Rxpi−t)

−

ndata

i=1

κîyniRx̂ni+βi γ̂1i
TRTŷni

2
− γ̂2i

TRTŷni
2
+
1

2

nm

j=1

sj
2
2 .

Again,tocomputeasimilaritytransformbetweenthedatapointsandthecorrespond-

ingorientedmatchedpointsonthecurrentmodelshape,thecostfunctionchanges

217



CHAPTER6. GD-IMLOPALGORITHM

slightlytoincorporatethescalefactor,a:

T=argmin
[a,R,t],s

1

2

ndata

i=1

(Tssm(ypi,s)−aRxpi−t)
T(RΣxR

T)−1

(Tssm(ypi,s)−aRxpi−t)

−

ndata

i=1

κîyniRx̂ni+βi γ̂1i
TRTŷni

2
− γ̂2i

TRTŷni
2
+
1

2

nm

j=1

sj
2
2 .

(6.14)

AsintheregistrationphasesofD-IMLPandD-IMLOP,beforethedeformablereg-

istrationcostfunctionisminimized,barycentriccoordinatesofthematchedpoints

arecomputedtofindthevertexweights,µ(j),forj=1,2,3,foreachmatchedpoint

(Eq.3.9). Theseµ(j)arerequiredduringoptimizationtocomputethedeformed

matchedpoint,Tssm(ypi,s),astheshapeisrecomputedfordifferentvaluesofs.

Asbefore,thereisnoclosedformsolutionavailabletosolvethisnonlinearcost

function.Therefore,theminimizationproblemrequiresaniterativeoptimizationap-

proach.Again,anonlinearquasi-Newtonbasedoptimizerisusedtominimizeeither

ofthetwocostfunctionsabove(Eq.6.7or6.14).Inordertodothis,somereparam-

eterizationisrequiredtoenforcetheconstraintsoftherotationmatrix(RTR=I

anddet(R)=1). Rodrigues’parameterization,whichrepresentsarotationmatrix

asa3-vector,r=[rx,ry,rz],
51isusedtoachievethis.Thedirectionandmagnitude

ofrsignifytheaxisandangularextentofrotation,respectively.Further,inorderto

keepalltransformationinthesamespace,thetransformationT(xpi)isre-expressed
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inthereferenceframeofYasT(ypi).Thedeformableregistrationcostfunctionof

Eq.6.7canthenbere-writtenas

T=argmin
[r,t],s

ndata

i=1

Cpi+Cni+Cshape , (6.15)

where

Cpi=zi
TΣ−1xizi,

zi=R(r)
T(Tssm(ypi,s)−R(r)xpi−t)

=R(r)T(Tssm(ypi,s)−t)−xpi,

(6.16)

Cni=−κîy
T
ni
R̂xni−βi (̂γ1i

TRTŷni)
2−(̂γ2i

TRTŷni)
2 ,

and Cshape=s
Ts.

R(r)isthe3×3rotationmatrixcorrespondingtotheRodrigues’vector,r(defined

inSec.4.4).Similarly,Eq.6.14canbere-writtenas

T=argmin
[a,r,t],s

ndata

i=1

Cpi+Cni+Cshape , (6.17)

withaslightmodificationintheCpiterminEq.6.16,sothat

Cpi=zi
TΣ−1xizi

zi=R(r)
T(Tssm(ypi,s)−t)−axpi,

(6.18)
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andtheCniandCshapetermsremainthesameasbefore.

Thegradient,∇C,ofthedeformableregistrationcostfunctionofEq.6.15with

respecttothedatatransformationparameters[r,t]andthedeformableshapeparam-

eters,s,isexploredbelow. AsforD-IMLPandD-IMLOP,∇Cisastackedvector

withthedatatransformationparameterslocatedontopofthedeformableshapepa-

rameters,andJa,bisusedtoexpresstheJacobianofanexpression,a,withrespect

tovariable,b.∇Cisexpressedas:

∇C=

ndata

i=1

(∇Cpi+∇Cni)+∇Cshape (6.19)

∇Cpi= JCpi,ziJzi,r,JCpi,ziJzi,t,JCpi,ziJzi,s
T, where

JCpi,zi=2zi
TΣx

−1
i

Jzi,r=
∂R(r)T

∂rx
(Tssm(ypi,s)−t),

∂R(r)T

∂ry
(Tssm(ypi,s)−t),

∂R(r)T

∂rz
(Tssm(ypi,s)−t)

Jzi,t=−R(r)
T (6.20)

Jzi,s=Jzi,Tssm(ypi,s)JTssm(ypi,s),s

Jzi,Tssm(ypi,s)=R(r)
T

JTssm(ypi,s),s=

3

j=1

µ
(j)
iJTssm(v(j)i ,s),s
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J
Tssm(v

(j)
i ,s),s

= wp1 w
p
2···w

p
nm ,

∇Cni=[JCni,r,0,0]
T (6.21)

JCni,r= −κ̂yTni
∂R(r)T

∂rx
x̂ni−2βi γ̂1i

T∂R(r)
T

∂rx
ŷni γ̂1i

TR(r)Tŷni − γ̂2i
T∂R(r)

T

∂rx
ŷni γ̂2i

TR(r)Tŷni ,

−κ̂yTni
∂R(r)T

∂ry
x̂ni−2βi γ̂1i

T∂R(r)
T

∂ry
ŷni γ̂1i

TR(r)Tŷni − γ̂2i
T∂R(r)

T

∂ry
ŷni γ̂2i

TR(r)Tŷni ,

−κ̂yTni
∂R(r)T

∂rz
x̂ni−2βi γ̂1i

T∂R(r)
T

∂rz
ŷni γ̂1i

TR(r)Tŷni − γ̂2i
T∂R(r)

T

∂rz
ŷni γ̂2i

TR(r)Tŷni

and

∇Cshape= 0,0,2s
T T (6.22)

ThepartialderivativesandJacobiansusedhereareidenticaltothoseintroducedin

Eqs.4.19and4.20.Thegradient,∇C,ofthedeformablecostfunctionofEq.6.17

withrespecttothetransformationparameters[a,r,t]andthedeformableshapepa-

rameters,s,isalmostthesameas∇CdefinedinEqs.6.19,6.20,6.21,and6.22,with

anadditionalcomponentin∇Cpisothat

∇Cpi= JCpi,ziJzi,r,JCpi,ziJzi,t,JCpi,ziJzi,a,JCpi,ziJzi,s
T, (6.23)

wherethenewtermJzi,aissimplyJzi,a=−xpi.The∇Cniand∇Cshapetermssimply

gainadditionalzerocomponentssothat

∇Cni=[JCni,r,0,0,0]
T (6.24)
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and

∇Cshape= 0,0,0,2s
T T. (6.25)

Again,aswith∇CinD-IMLPandD-IMLOP,thenumberofcomponentsin∇C

aboveisalsodependentonthenumberofcomponentsinthetransformationparam-

etersandthenumberofshapeparameters.Thatis,thesizeof∇Cis6+numberof

shapeparameterswhenthedatatransformationisarigidtransformation,and7+

numberofshapeparameterswhenthedatatransformationparametersincludean

additionalscaleparameterinthecaseofasimilaritytransformation.

6.5 Experimentalresultsanddiscussion

TheexperimentaldesignforGD-IMLOPisalsoidenticaltothatofD-IMLP4.5,

andtherefore,willnotberepeatedhere.ThereaderisdirectedtoSec.4.5fordetails

onthemotivationandsetupfortheexperiments. Additionaldetails,forinstance,

theanisotropyoftheorientationnoise,introducedalongwithGD-IMLOPwillbe

specifiedforeachexperimentbelow.Theanisotropyoftheorientationnoiseisdefined

usinganeccentricityfactor,e,whichtakesvaluesintheinterval[0,1).Theellipticity

parameter,β,isdefinedinEq.6.8.
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6.5.1 Samplesizeexperiment

6.5.1.1 Experiment1:Isotropicpositionnoise

ThenoisemodelforpositionaldataisasdescribedinSec.4.5.1.1,sincethedata

beingusedhereisthesamedatathatwasgeneratedfortheexperimenttoevaluate

D-IMLP.Thatis,isotropicnoisewithSD1×1×1mm3wasusedforpositiondata.

Theorientationnoiseusedherewasslightlydifferentfromtheorientationnoiseused

inD-IMLOP.Insteadofisotropicnoise,anisotropicnoisewithSDof2◦ande=0.5

wasused.

GD-IMLOPoutperformedD-IMLPinrecoveringtheshapeandregisteringthe

sampledpointstotherecoveredshapefordifferentnumberofsamplepointsdueto

theaddedinformationprovidedbythenormals(Fig.6.1).GD-IMLOPalsoproduced

lowerTSEsandTREsthanbothD-IMLPandD-IMLOP(Fig.6.2).Allregistrations

usingdifferentnumberofsamplesproducedsuccessfulregistrations(Table.6.1).As

withD-IMLPandD-IMLOP,theresidualerrorproducedbyGD-IMLOPshowed

correlationwiththeTREenablingasuccessorfailureorconfidenceassignmentin

theregistrationbasedontheresidualerrorproducedbythealgorithm(Fig.6.4,

top). Usingempiricallychosenthresholdssuchthattherewerenofalsepositives,

GD-IMLOPwasverysuccessfullyabletodetectcorrectregistrations(Table.6.1).
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Figure6.1: Samplesizeexperiment:translation(left)androtation(right)errors
producedusing,fromtoptobottom,1000,1500and2000datapointssampledfrom
thepelvismodelinExp.1(Sec.6.5.1.1)
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Figure 6.2: Sample size experiment: increasing TSE (top) and TRE (bottom) with
increasing number of sample points in Exp. 1.

225



CHAPTER6. GD-IMLOPALGORITHM

Table6.1: Samplesizeexperiment:percentsuccessfulregistrationruns,i.e.,runs
producingTREslessthan1mmand,inparentheses,percentsuccessfulrunscorrectly
detectedassuccessfulusingresidualerrors.

#samples D-IMLP(%) D-IMLOP(%) GD-IMLOP(%)

Experiment1 1000 73.33(100.00) 100.00(66.67) 100.00(96.67)
1500 76.67(86.96) 100.00(63.33) 100.00(96.67)
2000 80.00(100.00) 100.00(66.67) 100.00(100.00)

Experiment2 1000 56.67(100.00) 86.67(100.00) 96.67(100.00)
1500 46.67(100.00) 96.67(100.00) 100.00(93.33)
2000 56.67(100.00) 83.33(88.00) 96.67(93.10)

6.5.1.2 Experiment2: Anisotropicpositionnoise

AnanisotropicnoisemodelwithSD1×1×2mm3wasusedforpositionalnoise,

whereasfororientationnoise,theparameterswerethesameasinExp.6.5.1.1.Errors

foranisotropicpositionalnoisewereonlymarginallyhigherthanthosewithisotropic

noise(Fig.6.3).Again,theresidualerrorsproducedbyGD-IMLOPwerecorrelated

withtheTREallowingthealgorithmtoacceptorrejectorassignconfidencetothe

registrationproduced(Fig.6.4,bottom). Usingempiricallyfoundthresholds,GD-

IMLOPisagainverysuccessfullyabletousetheresidualerrorsproducedtocorrectly

classifysuccessfulregistrations(Table.6.1).
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Figure6.3: Samplesizeexperiment:translation(left)androtation(right)errors
producedusing,fromtoptobottom,1000,1500and2000datapointssampledfrom
thepelvismodelinExp.2(Sec.6.5.1.2)
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Figure 6.4: Residual errors compared against TRE using 2000 sample points in
Exp. 1 (left) and Exp. 2 (right) of the sample size experiment. The two measures
exhibit correlation in both experiments 1 and 2 with correlation coefficients of 0.94
and 0.91, respectively.
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Figure6.5:Regularizationtermexperiment:registrationsproducedbyGD-IMLOP
withouttheregularizationtermshowedlargererrorsthanwiththeterm.

6.5.2 Regularizationtermexperiment

Aswiththeprevioustwoalgorithms,thecostfunctionthatisminimizedtocom-

putearegistrationusingGD-IMLOP(Eq.6.7)containsanL2regularizationterm,

1
2

nm
j=1 sj

2
2.Theeffectofthisregularizationtermisagainevaluatedbycomputing

registrationswithoutthistermonthedatageneratedforExp.6.5.1.1using1500

samplepoints.Resultsshowedthatremovingtheregularizationshoweddeteriorating

effectsonresultsproducedbyGD-IMLOPrightaway(Fig.6.5).Since,GD-IMLOP

solvesaharderoptimizationproblem,removingtheregularizationtermmakesitmore

susceptibletonoiseinthedata.
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6.5.3 Noise modelexperiment

6.5.3.1 Experiment1: Varyingisotropicpositionnoise

AsinD-IMLP,5isotropicnoisemodelswithSDsof1×1×1mm3,2×2×2mm3,

3×3×3mm3,4×4×4mm3,and5×5×5mm3forpositionnoisewereused.An

anisotropicnoisemodelwithSDof2◦ande=0.5wasusedfororientationnoise.

GD-IMLOPshowedaslightincreaseTREastheSDofnoiseincreased. However,

TREsforallnoisemodelsremainedbelow1mm,whichwasnotachievedbyD-IMLP

orD-IMLOP(Fig.6.6.Theresidualerrorswerefoundtobestronglycorrelatedwith

theTRE,whichagaincanbeusedtodistinguishbetweensuccessfulandunsuccessful

registrations(Fig.6.7).

6.5.3.2 Experiment2: Varyinganisotropicpositionnoise

AnisotropicnoisemodelswithSDsof1×1×2mm3,2×2×3mm3,3×3×4mm3,

3×3×5mm3,and4×4×5mm3forpositionalnoisewereused.Fororientationnoise,

theparameterswerethesameasinExp.1.Resultsfromthisexperimentshowthe

sametrendsasthoseforisotropicnoise.IncreasingnoiseSDonlyintroducedsmall

increaseinerror,withallerrorsremainingbelow1mm(Fig.6.8). Residualerrors

againshowedstrongcorrelationwiththeTRE(Fig.6.9)allowingthealgorithmto

detectsuccessfulregistrations.
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Figure6.6: Noisemodelexperiment:aslightincreaseinTREastheuncertainty
inthesamplepointsincreases.Notethaterrorsareincreasingwithincreasingmodes
becauseforthisexperimentthenumberofmodesusedtoestimatetheshapesequals
thenumberofmodesusedtosimulateanewshapefromwhichpointsweresampled.

Figure6.7: Samplesizeexperiment:residualerrorscomparedagainstTREusing
500samplepointswith2×2×2mm3SDpositionalnoiseand2◦SD(e=0.5)angular
noiseinExp.1ofthenoisemodelexperiment(Sec.6.5.3.1).Thetwomeasuresexhibit
correlationwithcorrelationcoefficientof0.83.
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Figure6.8: Noisemodelexperiment:aslightincreaseinTREastheuncertainty
inthesamplepointsincreases.Notethaterrorsareincreasingwithincreasingmodes
becauseforthisexperimentthenumberofmodesusedtoestimatetheshapesequals
thenumberofmodesusedtosimulateanewshapefromwhichpointsweresampled.

Figure6.9:Noisemodelexperiment:residualerrorscomparedagainstTREusing
500samplepointswith2×2×3mm3SDpositionalnoiseand2◦SD(e=0.5)angular
noiseinExp.2ofthenoisemodelexperiment(Sec.6.5.3.2).Thetwomeasuresexhibit
correlationwithcorrelationcoefficientof0.85.
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6.5.3.3 Experiment3: Varyingorientationnoise

Inthethirdexperiment,oneisotropicnoisemodelandoneanisotropicnoisemodel

withSDsof1×1×1mm3and1×1×2mm3,respectively,forpositionalnoisewereused,

andorientationnoisemodelswithSDsof2◦,4◦,6◦,8◦and10◦ande=0.5foreach

positionalnoisemodelwereused.LikeD-IMLOP,resultsshowthatchangingangular

noisedoesnotaffectregistrationresultsusingGD-IMLOPsignificantlysincethelarge

numberofsamplesoverwhelmsthesmallchangeinthenoisemodel(Fig.6.10).GD-

IMLOPandD-IMLOP,Fig.5.10inthepreviouschapter,producecomparableerrors.

TheerrorsproducedbyGD-IMLOPwere,again,foundtobecorrelatedwiththe

TREs(Fig.6.11).

6.5.3.4 Experiment4: Noiseparametersweep

Inthefinalexperiment,thesamplepointsweregeneratedwithaparticularnoise

modelforbothpositionandorientationdata.However,itwasassumedthatthisnoise

modelisunknowntoGD-IMLOP.Samplepointsweregeneratedwithanisotropicpo-

sitionandorientationnoisewithSD2×2×4mm3and10◦(e=0.5),respectively.

Ahyper-parametersweepwasthenperformedandtheGD-IMLOPalgorithmwas

deployedwithdifferentisotropicandanisotropicpositionandorientationnoiseas-

sumptionstoevaluatehowwellGD-IMLOPperformswithinaccuratenoisemodel

assumptions.

Sincethenoiseinthegeneratedsampledpoints,anisotropicinbothpositionand
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Figure6.10:Noisemodelexperiment:meanTREproducedbyGD-IMLOPinExp.
3. Notethattheerrorsareincreasingwithincreasingmodesonlybecauseforthis
experimentthenumberofmodesusedtoestimatetheshapesequalsthenumberof
modesusedtosimulateanewshapefromwhichpointsweresampled.

orientation(2×2×4mm3and10◦(e=0.5),respectively),canbebestexplainedby

GD-IMLOP,itisexpectedtooutperformtheothertwoalgorithms.Asobservedin

Fig.6.12,GD-IMLOPdoesshowlargerTREsforlessconservativenoiseestimates,

withTREsimprovingorstabilizingwithnoisemodelsequaltoorlargerthanthatof

thesampledpoints.Thistrendismostclearinthegraphwiththemostconservative

orientationnoisemodelwithSDof20◦(e=0.5)(Fig.6.12,bottom).Interestingly,
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Figure 6.11: Noise model experiment: residual errors compared against TRE using
500 sample points with 1×1×1 mm3 SD positional noise, 4◦ SD (e = 0.5) angular noise
(top), and 1× 1× 2 mm3 SD positional noise, 8◦ SD (e = 0.5) angular noise (bottom)
in Exp. 3 of the noise model experiment. The two measures exhibit correlation for
both isotropic and anisotropic position noise with correlation coefficient of 0.81 and
0.83, respectively.
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Figure 6.12: Noise model experiment: parameter sweep results show that GD-
IMLOP produces lower errors as the noise assumptions become more pessimistic
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D-IMLOPoutperformsGD-IMLOPforlessconservativenoiseestimates.Thisisalso

expectedsinceD-IMLOPoptimizesasimplercostfunction. Therefore,whenthe

noiseassumptionisoptimistic,D-IMLOPconvergesfasterthanGD-IMLOP.How-

ever,asthenoiseassumptionbecomesmorepessimistic,GD-IMLOP’sperformance

improveswhileD-IMLOP’sdeterioratessinceGD-IMLOPmodelsthenoiseinthe

samplepointsmoreaccurately.Therefore,TREsforGD-IMLOPshowthestabiliza-

tionwithincreasinglyconservativenoiseestimates,butnotforD-IMLOP.

6.5.4 Outlierexperiment

Samplepointsforthisexperimentweregeneratedwithisotropicnoiseinposition

datawithSD1×1×1mm3andanisotropicnoiseinorientationdatawith2◦SD

ande=0.5. AsintheexperimentsetupforD-IMLOP,outliersweregeneratedby

perturbingthepositionandorientationcomponentsofdifferentamountofsamples

intherange[2,5]mmand[2,5]◦,respectively.Threeexperimentsweredesignedwith

differentnumbersofsamples,0%,10%,and20%,thatwereperturbed.Outlierswere

identifiedandrejectedusingthechi-squaretest,asdescribedearlierinSec.5.2and

inBillingsetal.51,53Forpositiondata,amatchisrejectedifthesquareMahalanobis

distanceisgreaterthanthevalueofthechi-squareinverseCDFwith3DOFat

p=0.95.SincethesquareMahalanobisdistancenormalizeseachmatchresidualerror

byitsvariancealongeachdimension,thesumofthesquare Mahalanobisdistance

overalldatapoints,ndata,isdistributedasachi-squaredistributionwith3ndata
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DOF.107Similarly,fororientationdata,achi-squaretestwith2ndataDOFisapplied

byconvertingtheKentnoisemodelfortheorientationmatchresidualintoGaussian

form,114justaswasdonewiththeFisherdistribution,sincetheKentdistributionis

simplytheFisherdistributionwithnon-zeroellipticity.

GD-IMLOPperformextremelywellinthepresenceofoutliers,outperformingboth

D-IMLPandD-IMLOP.Thedegradationinperformancewithincreasingoutliersis

negligible,sinceGD-IMLOPisabletodetectoutlierseffectivelyandrejectthem,

asexplainedinSec.6.2,limitingtheireffectonerrors. AsinFig.6.13,theerrors

from10%and20%outliersinthesampledpointsarecomparable.Fig.6.13shows

averystrongresultinthatalthoughwith10modes,GD-IMLOPmustoptimize

over10extraparameters,thedegradationintheTREbetween0modesand10

modesisnegligible(∼0.05mm)whentherearenooutliersoutliersinthesampled

points.Thedegradationinthepresenceofoutliersisonlymarginallylarger.Results

producedbyGD-IMLOPinthisexperimentdidnotshowcorrelationwiththeresidual

errorsbecauseallTREswereextremelysmallandstablewithincreasingmodesand,

therefore,didnotexhibitanytrends.

6.5.5 Scaleexperiment

ThedatasetgeneratedinSec.6.5.4with0%outlierswasreusedforthisexperi-

ment.Thesamplepointswerescaledbysomeknownamountintherange[0.7,1.3],

asmentionedinSec.4.5.5. GD-IMLOPissuccessfullyabletoestimatescaleinad-
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Figure6.13:Outlierexperiment:meanTREwithdifferentnumberofoutliersusing
GD-IMLOP.Notethaterrorsareincreasingwithincreasingmodesbecauseforthis
experimentthenumberofmodesusedtoestimatetheshapesequalsthenumberof
modesusedtosimulatethedeformedshapefromwhichpointsweresampled.

ditiontorotation,translation,andshapeparameters.Thedifferencebetweenerrors

producedwhenonefewerparameterisbeingestimatedandthoseproducedincluding

scaleestimationarealmostidenticalandfarbelow1mm(Fig.6.14). GD-IMLOP’s

performancealsoreflectserrorsinrecoveringscale,withmeanerrors∼0.01andSD

<0.01(Fig.6.15). ThisisreasonablegiventhatnoiseassumptionsmadebyGD-

IMLOPbestfitthenoiseinthesampledpoints. AswithD-IMLPandD-IMLOP,

GD-IMLOPremainsroughlystableasthenumberofshapeparameterstooptimize

overincreases.
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Figure 6.14: Scale experiment: additional scale optimization increases TRE as
compared to when scale optimization is not required.

Figure 6.15: Scale experiment: errors in scale estimation using GD-IMLOP are
similar to those using D-IMLOP and remain stable with increasing number of modes.
These errors are lower than those produced using D-IMLP.
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6.5.6 Leave-one-outexperiment

Forthisexperiment,anisotropicpositionalnoisemodelwithaSDof1×1×1mm3

andananisotropicorientationnoisemodelwith20◦SD(e=0.5)wasusedtogenerate

datasamples.GD-IMLOPassumedthesamenoiseaswasusedtogeneratethedata.

6.5.6.1 Experiment1: Middleturbinates

Themiddleturbinatemodelsfromthesinusdatasetwereusedtogeneratesample

pointsforthisexperiment. GD-IMLOPrecoveredtheleftoutshapeandthetrans-

formationoffsetappliedsuccessfully(withmeanTRElessthan1mm)in97.37%

ofthe1749registrationsperformed.Asthenumberofshapeparametersincreased,

theperformanceofGD-IMLOPeitherstabilizedorcontinuedtoimprovegradually

asconvergenceratesloweddown(Fig.6.16).Although,theerrorsproducedbyde-

formableCPDarecomparabletoGD-IMLOPusingmorethan20modes,CPDwas

slowerthanGD-IMLOPatitsslowest.GD-IMLOPrequired28.89saveragetimeto

convergeusing50modes,whileCPDrequired40.55s(Fig.6.17).Finally,unlikeCPD

(Fig.6.18),errorsproducedbyGD-IMLOPshowcorrelationwiththeTRE,allowing

ittoacceptorrejecttheregistrationsproduced(Fig.6.21).

6.5.6.2 Experiment2: Rightnasalairway

Therightnasalairwaymodels,alsofromthesinusdataset,wereusedtogenerate

samplepointsforthisexperiment. Whenassumingthesameanisotropicnoisein
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Figure 6.16: Leave-one-out experiment: TSE (top) and TRE (bottom) produced
by GD-IMLOP compared against that produced by CPD and SSM using the middle
turbinate meshes in the leave-one-out experiment.
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Figure 6.17: Leave-one-out experiment: runtime comparison between CPD, D-
IMLP, D-IMLOP and GD-IMLOP.

Figure 6.18: Leave-one-out experiment: errors produced by CPD compared against
TSE using the middle turbinate meshes in the leave-one-out experiment. The two
measures do not exhibit correlation and, therefore, errors produced by CPD cannot
be used to assign success or failure to the registration.
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bothpositionandorientationcomponentsaswasusedtogeneratethedatasamples,

theleft-outrightnasalcavitymeshesrecoveredusingGD-IMLOPwerecomparable

totheestimatesproducedbytheSSM.GD-IMLOPproducedmeanTSEsalmost

equaltothoseproducedbytheSSMuptoabout30modes(Fig.6.19). Thisisan

extremelystrongresultsincetheerrorsproducedbytheSSMserveastheupperlimit

forhowwelltheleft-outshapescanbeestimated. GD-IMLOPperformsalmostas

wellasispossible.Ofthe1749runs,99.60%oftheGD-IMLOPrunsrecoveredtheleft

outmeshwithmeanTRElessthan1mm.Further,errorsproducedbyGD-IMLOP

werealsoincorrelationwiththeTRE(Fig.6.22).Ifthenoiseassumptionmadeby

GD-IMLOPismodifiedsothattheorientationnoiseassumedisisotropic,thenGD-

IMLOPisessentiallyidenticaltoD-IMLOP.TheperformanceofGD-IMLOPwith

e=0reflectsthiswithresultsidenticaltothoseproducedbyD-IMLOP(Fig.6.20).

6.5.6.3 Experiment3: Rightnasalairwaywithoutliers

AsinSections4.5.6.3and5.5.6.3,GD-IMLOPisevaluatedonmorerealisticdata

containingoutliers. Thisexperimentissetupsimilarlyasthepreviousexperiment

(Sec.6.5.6.2),butwith10%and20%ofthesamplepointsperturbedtosimulate

outliers.TheperturbationissimilartothatinSec.6.5.4,andoutliersaredetected

andrejectedusingthetechniquesdescribedinSec.6.2. Resultsshowthatadding

outlierscausedsomedegradationinerrors,butregistrationsperformedcomparably

with10%and20%outliersinthesamplepoints.Despiteupto20%outliersinthe
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Figure 6.19: Leave-one-out experiment: TSE (top) and TRE (bottom) produced
by GD-IMLOP compared against that produced by the SSM estimate using the right
nasal cavity meshes.
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Figure 6.20: Leave-one-out experiment: TSE (top) and TRE (bottom) produced
by GD-IMLOP with e = 0 (dotted green curve) compared against that produced by
D-IMLOP using the right nasal cavity meshes.
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Figure 6.21: Leave-one-out experiment: residual errors compared against TRE
using the middle turbinate meshes in the leave-one-out experiment. The two measures
exhibit correlation with correlation coefficients of 0.61.

Figure 6.22: Leave-one-out experiment: residual errors compared against TRE
using the right nasal cavity meshes in the leave-one-out experiment. The two measures
exhibit correlation with correlation coefficients of 0.85.
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Figure6.23:Leave-one-outexperiment:TREproducedbyD-IMLOPwith0%,10%
and20%outliersinthedatapointssampledfromtherightnasalcavitymeshesin
theleave-one-outexperiment.

data,meanTREsforalmostallmodesremainedbelow1mm(Fig.6.23).

6.5.7 Partialdataexperiment

6.5.7.1 Experiment1:Pelvis

AnisotropicnoisewithSD1×1×2mm3and10◦(e=0.5)wasusedtogenerate

sampledpositionandorientationdata,respectively,fromapartialCTscanofthe

pelvis. AninstanceofthefullpelvisisthenestimatedbyGD-IMLOPusingthese
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sampledpointsandagenerousnoiseassumptionwithSD2×2×3mm3and30◦

(e=0.5)forpositiondataandorientationdata,respectively.TheperformanceofGD-

IMLOPalmostexactlymatchesthatofD-IMLOPwithalargeimprovementinboth

transformationparametersandTSEfrom0to10modesfollowedbystabilizationor

gradualimprovementasconvergenceratedecreasedwithincreasingnumberofshape

parameters.ThetrendfollowedbytheTSEissimilartothatfollowedbytheerror

betweentheleftoutshapeandtheSSMinstanceoftheleftoutshape(Fig.6.24),

withthemeanTREfallingbelow2mmwithonly10modes(Fig.6.24),whichis

thedesiredaccuracyforpelvisregistrations.Theimprovementintheseerrorsisalso

reflectedintheresidualerrorsproducedbyGD-IMLOP(Fig.6.26).

6.5.7.2 Experiment2: Rightnasalairway

AnisotropicnoisewithSD0.5×0.5×1mm3and10◦(e=0.5)wasaddedto

positiondataandorientationdata,respectively,sincethisproducedpointcloudsthat

resembledreconstructionsobtainedfromin-vivodatausingthemethoddescribedin

thechapter7.Positionnoiseinthegeneratedsampleshasalargerstandarddeviation

inthez-directionsinceitismoredifficulttoestimatedepthfromvideodata. The

leftoutnasalcavitywasthenestimatedusingthesesampledpointsandanoise

modelassumptionwithSD1×1×2mm3and30◦(e=0.5)forpositiondataand

orientationdata,respectively. Despitetheincreasedcomplexityoftherightnasal

airwaymodels,theTSEusingGD-IMLOPshowssteadyimprovement(Fig.6.25).
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Figure 6.24: Partial data experiment: TSE (top) and TRE (bottom) produced by
GD-IMLOP compared against that produced by the SSM estimate using the pelvis
meshes.

250



CHAPTER 6. GD-IMLOP ALGORITHM

Figure 6.25: Partial data experiment: TSE (top) and TRE (bottom) produced by
D-IMLOP compared against that produced by the SSM estimate using the right nasal
airway meshes.
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Figure 6.26: Partial data experiment: residual errors compared against TRE using
the pelvis (top) and right nasal airway (bottom) meshes. The two measures exhibit
correlation in both experiments 1 and 2 with correlation coefficients of 0.56 and 0.64,
respectively.
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Thetransformationparametersshowsgradualimprovementorstabilization,resulting

insubmillimetermeanTRE(Fig.6.25).Again,theimprovementinerrorsproduced

byGD-IMLOPisreflectedintheresidualerrorsproducedbythealgorithm(Fig.6.26).

6.5.8 Failuredetectionexperiment

6.5.8.1 Experiment1: Knownnoise

Thissetupforthisexperimentisthesameasthesetupfortheleave-one-outexper-

imentwithrightnasalairwaydata(Sec.6.5.6.2).AsinSec.6.5.6.2,thisexperiment

makesthesameanisotropicnoiseassumptionsaswereusedtogeneratethedatasam-

ples.Resultsshowthatthechi-squaretestusingEpatp=0.95isnotonlyableto

correctlydetectalmostallsuccessfulregistrations,butisalsoabletosuccessfullyre-

jectamajorityoftheunsuccessfulregistrations(Fig.6.27,top).Thisalsomeansthat

usingtheadditionalEotestalongwithEponlyimprovesthepercentageofincorrectly

labeledfailedregistrationsfrom27%toabout25.5%(Fig.6.27,bottom).However,

usingGD-IMLOP,thesetestsareabletoretainmorecorrectlylabeledsuccessfulreg-

istrationsthanD-IMLOP.ThisresultisreasonablesinceGD-IMLOPisabletomodel

thenoiseinthedatamostaccuratelyleadingtobetterresultsthantheprevioustwo

algorithms.Again,bothEpandEoarestronglycorrelatedwiththeTREsproduced.

Therefore,confidencecanbeassignedtotheregistrationsbasedontheEpandEo

scores(Fig.6.28).
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Figure 6.27: Failure detection experiment: Confusion matrix using Ep alone (top)
and both Ep and Eo (bottom).
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Figure 6.28: Failure detection experiment: Both Ep and Eo are correlated with the
TRE (bottom) with correlation coefficients of 0.92 and 0.96, respectively, when the
noise in the data is known.
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6.5.8.2 Experiment2: Unknownnoise

ThesetupforthisexperimentisasdescribedinSections4.5.8and5.5.8. The

anisotropicnoiseinthesampledpointshasaSDof0.5×0.5×0.75mm3and10◦

(e=0.5)inthepositionandorientationcomponents,respectively. GD-IMLOP

makesmoregenerousnoiseassumptionswithSDs1×1×2mm3and30◦(e=0.5)for

positionandorientationdata,respectively.Aswiththeprevioustwoalgorithms,the

chi-squaretestusingEpatp=0.95isabletosuccessfullydetectallsuccessfulregis-

trations,butalsoincorrectlylabelsalmostallunsuccessfulregistrationsassuccessful

(Fig.6.30,top). Ontheotherhand,usingbothEpandEo,allfailedregistrations

aresuccessfullyrejected,butalmostallsuccessfulregistrationsarealsorejectedas

unsuccessful(Fig.6.30,bottom).Thatis,Epistoolenient,whileEoistoostrict.By

increasingpto0.9975,thechi-squaretestusingEpproducesthesameresultsaswith

p=0.95(Fig.6.30,top),butaddingEoisabletocorrectlydetectmoresuccessful

registrationswhilestillrejectingallunsuccessfulregistrations(Fig.6.30,bottom).

Further,bothEpandEoarecorrelatedwiththeTRE,enablingsomeassignmentof

confidencetotheregistrationbasedonthesescores(Fig.6.31).

RegistrationswithEp<chi2inv(0.95,3ndata)andEo<chi2inv(0.95,2ndata)can

beveryconfidentlyclassifiedassuccessful.TheaverageTREproducedbyregis-

trationsinthiscategoryoverallmodeswas0.34(±0.03)mm. Atp=0.9975,all

successfulregistrationswereagaincorrectlyidentified. Theseregistrationscanbe

confidentlyclassifiedassuccessfulwithmeanTREincreasingto0.62(±0.03)mm.
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Figure 6.29: Failure detection experiment: Confusion matrix using Ep alone (top)
and both Ep and Eo (bottom) at p = 0.95.
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Figure 6.30: Failure detection experiment: Confusion matrix using Ep alone (top)
and both Ep and Eo (bottom) at p = 0.9975.
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Figure 6.31: Failure detection experiment: both Ep (top) and Eo (bottom) are
weakly correlated with the TRE with correlation coefficients of 0.56 and 0.58, respec-
tively, when the noise in the data is unknown.
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Errorsincorrectclassificationcreepinwithp=0.9999,where3outof124registra-

tionsareincorrectlylabeledsuccessful.Theseregistrationscanbesomewhatconfi-

dentlyclassifiedassuccessfulwithmeanTREincreasingslightlyto0.78(±0.04)mm.

Increasingpto0.999999furtherdecreasesclassificationaccuracy.10outof121reg-

istrationsinthiscategoryareincorrectlyclassifiedassuccessfulwiththemeanTRE

increasingto0.8(±0.05)mm. Theseregistrationscan,therefore,beclassifiedas

successfulwithlowconfidence.ThemeanTREfortheremainingregistrationsin-

creasestoover1mmat1.31(±0.85)mm,withnoregistrationpassingtheEpthreshold

exceptforregistrationsusing0modes.Ofthese,however,0arecorrectlyclassifiedas

successful.Therefore,althoughabouthalftheregistrationsthatfallinthiscategory

aresuccessful,therecanbenoconfidenceintheircorrectclassification.Fig.6.32

(top)showsthedistributionofTREsinthesecategories.

GD-IMLOPcan,therefore,computesuccessfulregistrationsbetweenastatistically

meanrightnostrilmeshandpointssampledonlyfromthenasalcavityregionof

theleft-outshapes,andreliablyassignconfidencetotheseregistrations. Further,

GD-IMLOPcanaccuratelyestimatetheshapeofthenasalcavitysincepointsare

sampledfromthisregion,whileerrorsgraduallydeteriorateawayfromthecavity,

e.g.,towardsthefrontoftheseptumsincepointsarenotsampledfromthisregion

(Fig.6.32,bottom).Overall,meanshapeestimationerrorwas0.77mm.
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Figure 6.32: Failure detection experiment: mean TRE and standard deviation
increase as Eo increases (top), and average error at each vertex computed over all
left-out trials using 50 modes (bottom).
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6.5.9 Non-medicaldataexperiment

6.5.9.1 Experiment1: Humanexpression

Pointsweresampledfrommeshesinthetestsetwithanisotropicpositionnoiseand

orientationnoisewithSD1×1×2mm3and10◦(e=0.5),respectively.Thissimulates

arealisticsituationinwhichascanofaheadisobtainedusingadepthcamera,where

errorislargerinthedepthdirection.GD-IMLOPwasexecutedwithaslightlymore

relaxednoiseassumption,assumingthatthepositionandorientationnoisemodel

hasaSDof2×2×4mm3and20◦(e=0.5),respectively. GD-IMLOPdeformably

registeredthemeanfacemeshtopointssampledfromtestfacestoproducerelatively

lowTREsandTSEs,asseenbeforeusingD-IMLPandD-IMLOP(Fig.6.36).The

residualerrorsproducedbyGD-IMLOPcorrelatewiththeTRE,indicatingthatit

hastheabilitytohandlesuchdata(Fig.6.36,top).Usingmoresamplepointsalso

furtherdrivesdowntheerrors(Fig.6.33).

6.5.9.2 Experiment2: Humanpose

Forthisexperiment,pointsweresampledwiththesameanisotropicpositionand

orientationnoisemodelasbefore. GD-IMLOPwas,again,deployedwithamore

relaxednoiseassumptionwheretheSDofthepositionandorientationnoisemodel

wasassumedtobe2×2×4mmand30◦(e=0.5),respectively.Thesearchspace

forshapeparameters,s,inthiscasewasrestrictedto±1SD.
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Figure6.33:Non-medicaldataexperiment:thisparticulartargetshape(right)has
alargeamountofdetailwhichisnecessarytoconveytheemotioninthisface.1000
samplepointsaretoofewtocapturethisdetailresultinginaninaccuratereconstruc-
tion(left).However,with2000samplepoints,weareabletoestimatethisexpression
better(middle)sincemoresamplepointsarebetterabletocapturethedetailinthe
target.

GD-IMLOP,likeD-IMLPandD-IMLOP,failedtoproducemeaningfulrecon-

structionsandalignmentswiththisdataset,asisclearfromthehighTREsand

TSEs(Fig.6.35).Thiswasexpectedsincethelimiteddataavailableandthelinear-

ityassumptionsmadebyPCA-basedSSMsarepossiblynotsufficienttoexplainthe

complexvariationsobservedindifferentposes.Theslightimprovementinerrorsfor

D-IMLOPoverGD-IMLOPis,again,duetotherelativelysimplerobjectivefunction

minimizedbyD-IMLOPleadingtofasterdecenttowardstheminima,asexplained

inSec.6.5.3.4.ThefailureofGD-IMLOPtoaccommodatethisdatasetisclearfrom

Fig.6.36(bottom).
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Figure 6.34: Leave-n-out experiment: TSE (top) and TRE (bottom) produced by
GD-IMLOP.
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Figure 6.35: Leave-n-out experiment: TSE (top) and TRE (bottom) produced by
GD-IMLOP.
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Figure 6.36: Leave-n-out experiment: residual errors compared against TRE show
that the two measures exhibit high correlation using the facial expression data with
a correlation coefficient of 0.78 (top), and no correlation using the human pose data
with a correlation coefficient of 0.18 (bottom).
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6.6 Concluding remarks

A novel deformable variant of G-IMLOP, known as the generalized deformable

iterative most likely oriented point (GD-IMLOP) algorithm, is presented in this chap-

ter. This algorithm is able to compute the optimal alignment between a mean shape

and data samples and simultaneously deform the mean shape to estimate the shape

represented by the data samples. GD-IMLOP shows improvement in accuracy with

increasing number of data samples, and is not significantly affected by increasing

number of outliers. GD-IMLOP also shows improvement in performance as the noise

model assumption becomes more pessimistic. These results make GD-IMLOP a fa-

vorable option for real world applications where data samples may be sparse, noisy,

and contain outliers. Since GD-IMLOP produces improving results as the assumed

noise model becomes larger than the true noise model, it allows GD-IMLOP to make

extremely pessimistic assumptions when noise in data samples is unknown and hard

to estimate and still perform well.

GD-IMLOP is able to match the performance of CPD in terms of errors using more

than ∼ 20 modes, and is about 1.5–2× faster than CPD. GD-IMLOP also does not

suffer from the high memory requirements of CPD. Finally, unlike CPD, GD-IMLOP

produces errors that correlate with the true error allowing it to make confidence

assignments for registrations based on these errors. Although GD-IMLOP produces

highly accurate registrations, further improvements can be made using additional

features such as contours.
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6.7 Contributions

Thecontributionsofthischapterinclude:

1.Thedevelopment,implementationandevaluationofthegeneralizeddeformable

iterativemostlikelyorientedpoint(GD-IMLOP)77algorithm

(a)whichincorporatesdeformableshapetransformationsusingSSMswithina

probabilisticregistrationalgorithmthatusespointandorientationfeatures

withassociatedunconstrainednoiseforbothtypesoffeatures

(b)performsanefficientimplementationofPD-treeupdatetoaccommodate

adeformingmodelshape

(c)computesagradient-basedsolutiontotheoptimizationproblemusingan

off-the-shelfnonlinearbox-constrainedBFGSquasi-Newtonoptimizer80

(d)incorporatesamechanismforautonomouslyevaluatingaregistrationin

ordertoassignconfidencetotheresultingalignment

6.8 Publishedwork

MaterialfromthisChapterappearedinthefollowingpublication:

1.A.Sinha,S.D.Billings,A.Reiter,X.Liu,M.Ishii,G.D.Hager,R.H.Tay-

lor,“Thedeformablemost-likely-pointparadigm,”submittedtoMedicalImage

Analysis(2018)
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2. A. Sinha, X. Liu, A. Reiter, M. Ishii, G. D. Hager, R. H. Taylor, “Endoscopic

navigation in the absence of CT imaging,” submitted to MICCAI (2018)
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Chapter7

Deformablevideo-CTregistration

Minimallyinvasiveproceduresareincreasinglybecomingthepreferredapproach

forallinterventionswheresuchaprocedureispossible. Theseproceduresarecar-

riedoutthroughnaturalopeningsintheanatomyorsmallopeningscreatedbythe

surgeon,andoftenmakeusetoendoscopesorlaparoscopestovisualizethetarget

anatomy.Theadvantagesofsuchproceduresareimmense,resultinginfasterpatient

recoverytime,shorterhospitalstays,reducedscarringaswellasreducedsurgical

trauma.115 However, minimallyinvasivesurgeryalsobringsalongwithitseveral

challenges.Thesechallengesincludeahigherlearningcurveforsurgeons,increased

costduetotherequirementofspecializedequipment,andlongeroperatingtimes.

However,oneofthebiggestchallengestominimallyinvasivesurgeriesispresentedby

thelimitedfieldofviewprovidedbyendoscopesandlaparoscopes.

Inproceduressuchasfunctionalendoscopicsinussurgery(FESS),therestricted
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fieldofviewofendoscopesisfurthercomplicatedbythesmallsizeandthinboundaries

ofthenasalpassageandsinuscavities.Further,theproximityofcriticalstructures

likethebrain,eyes,opticnervesandcarotidarteriesmakeanybreachofthesinus

boundariespotentiallyfatal.Forinstance,thethicknessofthefoviaethmoidalisor

theroofofthesinusesthatseparatesthesinusesfromthebraincanbeaslowas

0.5mm,whilethethicknessofthelaterallamella,whichseparatesthesinusesfrom

theolfactorysystem,canbeassmallas0.2mm.100Thesheathsurroundingtheoptic

nervesrangesbetween0.45mmand0.91mmclosertotheeyeball.116Severalofthese

measurementsincludethelayersofmucosacoveringtheboundaries. Forexample,

theboneypartsoftheuncinatedprocessareabout0.16mmthick,althoughthetotal

thicknessoftheuncinateprocess,includingthemucosacoveringtheboneystructures,

canbeaslargerthat0.67mm.117 However,mucosaareextremelysoftandprovide

littleresistancetotools.Thismakesitextremelycriticalthattoolsbekeptawayfrom

theskeletalboundariesofthenasalcavityandsinuses. Minimallyinvasiveprocedures

can,therefore,benefittremendouslyfromaccuratesurgicalnavigationsystemssince

theycanprovidecontextinformation,informthecliniciansaboutthesafetymargins,

andwarmthemwhenthesemarginsareabouttobeviolated.Further,navigating

complexanatomyliketheethmoidalcellsofthesinusescanbeextremelydisorienting

forclinicians,andcontextcuesfromthenavigationsystemcanhelpreorientthe

clinicians.

Severalcommercialnavigationsystemsareavailableinoperatingroomsandare
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usedduringseveralprocedures.Someexamplesincludeopticalnavigationsystems,

whichusemarkersattachedtotheendoscopethatmustbevisibletosomeoptical

trackingdevice,andelectromagnetic(EM)navigationsystems,whichdonotrequire

line-of-sight,butdorequireasensorattachedtotheendoscopetoremainwithinthe

magneticfieldoftheEMfieldgenerator.118 Thesecommercialtracker-basednav-

igationsystemsgenerallyreporterrorsaroundorlargerthan2mm.Image-based

navigationsystems,whichrelyonextractingfeaturesfromvideoframesorimages

andregisteringthesefeaturestofeaturesextractedfromsomepreoperativeimage

(e.g.CT,MRI),havealsobeenpresentedinseveralexperimentalsettings.119Most

suchsystemsdevelopedmorerecentlyreporterrorsaroundorbelow1mm. Regis-

trationsperformedbetweenfeaturesobtainedfrompreoperativeandintraoperative

imagescanberigidordeformable.Rigidregistrationssimplytransformfeaturesfrom

onespacetoanotherviaarotationandatranslation.ICPisastandardrigidreg-

istrationalgorithm.35Itssimplicityledtoitspopularization,butalsocontributesto

itslimitations.Forinstance,standardICPisunabletorobustlyhandleoutliersand

noiseinthedata.Further,inaclinicalsetting,oftenchangesintheanatomyoccur

makingasimplerigidtransformationinsufficientforaccurateregistration. Onthe

otherhand,deformablealgorithmsadditionallymodifyfeaturesinsomeway.
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7.1 Deformableregistration

Asmentionedearlier,inrealisticclinicalsettings,rigidregistrationisoftennot

sufficienttoproduceaccurateregistrations.Forinstance,duetothescaleambigu-

ityincamera-basedvision,mostalgorithmsthatextractfeaturesfromvideoframes

areonlyaccurateuptoscale. Therefore,additionallysolvingforscaleisadesired

propertyinimage-basednavigationsystems.54Further,anatomycanchangebetween

preoperativeandintraoperativeimaging.Thesechangescanbenatural,forinstance,

stemmingfromheartbeat,breathing,ornasalcycle.Changescanalsobeartificially

introduced,forinstance,frominsufflation,cutting,tearingormovingoftissuesduring

surgicalprocedures.Theserequiremorecomplexlocaldeformationstobeaccounted

forinordertoproduceaccurateregistrations.Suchdeformationscanbeappliedvia

displacementordeformationfields50orusingstatisticsthatexplainhowfeaturesde-

rivedfromknownanatomycandeform.77Severaldeformableregistrationalgorithms

havebeenintroducedinordertocountertheseproblemspresentedinrealworldsurgi-

calsettings.AmorethoroughdiscussionoftheseispresentedinSec.1.However,one

mainassumptionthatthesemethodsmakeistheavailabilityofpreoperativeimages.

Thisassumptionisnotaccurateinallsettings.

Forinstance,itcannotbeassumedthataprotocolrequiringtheacquisitionofa

preoperativeimageexistsworldwidesinceoftentheseimageacquisitionsareexpen-

sive,andthoserequiringmedicalinterventioncouldpossiblynotaffordsuchimage

acquisitions.Further,evenifimageacquisitionisaffordable,highdosesofionizing
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radiationexposurefromsomeimageacquisitiontechnologiesisnotdesired.Often,a

decisiononwhethersurgicalinterventionisrequiredornot,asinthecaseofFESS,

isprecededbyendoscopicexplorationofthetargetanatomyfordiagnosisand/or

surgicalplanning.AlthoughFESSisaccompaniedbyapreoperativepatientCTim-

age,priorendoscopicexplorationisnotsinceradiationexposureisavoidedunless

necessary. Thismeansthatcliniciansperformingendoscopicexplorationmustrely

entirelyontheendoscopiccameraforvisualizationand,therefore,mustcopewithits

restrictedfieldofview.Further,monocularlensesusedinmostendoscopiccameras

makedepthperceptiondifficult.Theseinadditiontothechallengespresentedbythe

complexanatomyofthenasalcavityandpseudostochasticgrowthpatternofsome

sinuses,liketheethmoidalcells,leadtocliniciansbecomingdisoriented.

7.1.1 Thedeformable most-likely-pointparadigm

Inordertoreducetherelianceofcliniciansonexperienceormemoryinsuch

cases,thedeformableregistrationparadigmandassociatedalgorithmspresentedin

thepreviouschapters(Chapters3,4,5and6)canbeusedtoestimatepatientanatomy

andenablenavigationwithouttheneedforaccompanyingpatientCTimage.That

is,theabundanceofavailableCTscansfromseveraldifferentindividualscanbeused

tobuildstatisticalshapemodelsofrelevantstructures.Statisticallyderivedshapes,

forinstancethemeanshape,canthenbedeformablyregisteredtofeaturesextracted

fromendoscopicvideoaccordingtostatisticsexplainingfeasibledeformationsinthese
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structures. Theseregistrationsaccomplishtwotaskssimultaneously. First,they

alignendoscopicvideotothestatisticallyderivedshape.Second,theydeformthe

statisticallyderivedshapetofitthestructureobtainedfromvideoandestimatethe

patientshape.Thesemethodsarealsoabletoassociateconfidencemeasurestothe

navigationbeingprovidedallowingclinicianstoknowwhenandhowmuchtorelyon

thenavigationwithoutintroducinganyadditionaldevices,liketrackers,etc.,than

thosealreadyusedinclinicalendoscopicexploration,thatis,theendoscope. The

confidencemeasuresalsoallowthenavigationsystemitselftoattempttoimprove

itselfifitscurrentregistrationestimatehaslowconfidence.

7.1.2 Densereconstructionfromvideo

SincethedeformableregistrationalgorithmspresentedinChapters4,5and6

areadditionallyestimatingthepatientshape,theyneedtooptimizeovermanymore

parametersthanthe6requiredtocomputearigidtransformation.Therefore,they

requiremoredensepointcloudsextractedfromendoscopicvideothanalgorithmslike

structurefrommotion(SfM)areabletoextractduetothelackoftextureinthese

videos.

Shapefromshadingbasedmethodshavebeenabletoproducedensereconstruc-

tionsfromendoscopicvideosbyexplicitly120orimplicitly74modelingtherelationship

betweenappearanceanddepthusingabidirectionalreflectancedistributionfunction
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(BRDF):

fr(ωi,ωr)=
dLr(ωr)

dEi(ωi)
=

dLr(ωr)

Li(ωi)cosθidωi
, (7.1)

whereωiandωrrepresenttheincomingandoutgoinglightdirections,respectively,

whilethefractionontherighthandsideoftheequationistheratioofreflected

radiance,L,exitingalongωrtotheirradiance,E,incidentontothesurfacealong

directionωi.
121Radianceistheluminousfluxperunitareaperunitsolidangle,while

irradianceistheincidentluminousfluxperunitareaanddependsontheincident

radianceandtheangle,θ,betweentheincidentdirection,ωiandthesurfacenormal,

n,whereωiintersectsthesurface. ThepurposeofBRDFsistomodelhowlight

incidentfromaparticulardirectionandviewedfromaparticulardirectioninteracts

withsurfacesofvariousgeometriesandmaterialproperties.Ifmodeledaccurately,a

BRDFcanexplainhowlightformspixelintensitiesonobservedimagesand,therefore,

canaccuratelydescribethescenegeometryfrompixelvalues.However,itisdifficult

toknowexactlyhowmuchlightisincidentonasurface,especiallyduetothepresence

ofotherlightsourcesintheenvironment,aswellastoknow,foreachincidentangle,

howmuchlightisscatteredineachoutgoingdirection.

OnecommonwayofsimplifyingthisproblemisbyusingtheLambertianre-

flectancemodel,whichassumesthatlightisreflectedequallyinalldirections.This

assumptionismoreaccurateforopaqueobjects,butnotforsurgicaldata. Differ-

enttissueshavedifferentreflectanceproperties,butcangenerallynotbedescribedas

opaque,meaningthatsomelightexperiencesabsorptionaswellassubsurfacescatter-

276



CHAPTER7. DEFORMABLEVIDEO-CTREGISTRATION

ing.Lightthatisreflectedisnotreflectedequallyinalldirections.Further,presence

ofliquidsandmucousinthenasalcavitycanresultinhighspecularity,whichthe

Lambertianmodelcannotexplain.Therefore,althoughpreviousmethodshaveshown

thatdensepointcloudscanbereconstructedfromendoscopicvideo,thesemethods

arenotaccuratelyabletorecoverdepthfromimagesandfailinthepresenceofspec-

ularity.However,newdeeplearningbasedmethods3haveshownthattheseandother

challenges,likeocclusionandscaleambiguity,canbeovercometoproduceaccurate

anddensereconstructionsfromsingleframesofendoscopicvideo(Fig.7.2). These

reconstructionscontainenoughstructuretoallowdeformableregistrationalgorithms

toaccuratelyestimatetheshaperepresentedbythepointclouds.

7.2 Experimentalresultsanddiscussion

Ananonymizedin-vivoclinicaldatasetconsistingofendoscopicvideosofthenasal

cavityandEM-trackinginformationwasobtainedfromseveralconsentingpatients

whowereexaminedattheJohnsHopkinsOutpatientCenter.Permissiontocollect

thisdatasetwasapprovedbytheJohnsHopkinsinternalreviewboard(IRB)under

applicationnumberNA00074677. Twoexperimentsareperformedonthisclinical

datasetusingslightlydifferentreconstructionsfromvideothataremanuallyinitial-

izedinthemeanmeshoftheappropriatenasalcavity.Since,groundtruthforthese

datasetsisnotavailable,residualerrorsproducedbytheregistrationalgorithmsare
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reportedasregistrationerror.Additionally,obviousregistrationfailurescanbede-

tectedbyvisualizingthefinalalignmentproduced.

7.2.1 Reconstructionfromsingleframe

Inthisexperiment,reconstructionsfrom2individualframesweresubsampledto

obtain2000pointswhichweremanuallyinitializedintheleftnasalcavitymesh.

RegistrationswerecomputedusingD-IMLP,D-IMLOPandGD-IMLOPwith10

modesrestrictedwithin±1SD.Scaleestimationwasalsorestrictedtowithin[0.7,1.3],

andanisotropicnoisewasassumedbythealgorithms(whereapplicable)withSDsof

1×1×2mm3and40◦(e=0.5)forpositionandorientation,respectively.GD-IMLOP

wasabletoproducesubmillimeterregistrationsforbothsetsofsamples(Table7.1),

whichalsoproducedvisuallyconvincingalignments(Fig.7.1). Thisisasexpected

sinceGD-IMLOPisbestequippedtomodelthenoisepresentindataextractedfrom

realin-vivoendoscopyvideo.D-IMLPandD-IMLOPexhibitlessreliablebehavior.

Usingthefirstreconstruction(RcnStr01),D-IMLPappearstoproduceanextremely

accuratealignmentwithverylowmeanresidualerror(Table7.1).However,theTRE

forthisregistrationislargerthan1mm,andthealignment,onvisualinspection,

appearstobewrong(Fig.7.1). D-IMLOP,ontheotherhand,producesbothhigh

residualerrorandTRE(Table7.1),andavisualizationoftheregistrationconfirms

theerrorinalignment(Fig.7.1).Forthesecondreconstruction(RcnStr02),bothD-

IMLPandD-IMLOPsucceedinproducinglowresidualerrorsandTRE(Table7.1).
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Table7.1:Registrationresultsusingsingleframereconstructionfromin-vivodata.

Algorithm Residualerror TRE

RcnStr01
D-IMLP 0.25(±0.40) 1.26(±1.25)

D-IMLOP 2.13(±3.28) 1.42(±1.39)

GD-IMLOP 0.92(±1.44) 0.98(±0.81)

RcnStr02
D-IMLP 0.50(±0.82) 0.96(±0.83)

D-IMLOP 0.61(±0.98) 0.95(±0.83)

GD-IMLOP 0.77(±1.18) 0.95(±0.88)

Visualization(Fig.7.1)showsimprovingalignmentfromD-IMLPtoD-IMLOPto

GD-IMLOPwithfeweroutliers(pointsoutsidethenasalcavity).

Twoproblemsbecomeclearfromthisexperiment. First,althoughthedense

reconstructionsprovidemuchneededstructuralinformation,reconstructionsfrom

singleframesareunabletocaptureenoughrangeofinformationtoavoidfallinginto

localminimainregistrationcomputation.Thisiswhatresultsinthelowresidualerror

producedbyD-IMLPusingRcnStr01,althoughtheregistrationfails.Thisknowledge

offailurewillnotbeavailableduringsurgicalnavigationbecauseoftheabsenceof

groundtruth,andcancauseseriousdamagetothepatientifthesurgeonisnotable

tocatchtheerrorinnavigation. Thiscreatesanadditionalresponsibilityonthe

surgeonbyhavingtodivertattentionfromthepatienttoevaluatingthenavigation
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Figure 7.1: Using RcnStr01 (top), registration results using D-IMLP (left) and D-
IMLOP (middle) show failed registrations, while that using GD-IMLOP (right) shows
good alignment (along with some outliers). RcnStr02 (bottom) yields better results,
with all three algorithms producing good alignments. However, we can see that the
number of outliers or bad matches (red points matched to the outside of the nose)
goes down as we go from D-IMLP (left) to D-IMLOP (middle) to GD-IMLOP (right).
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Figure7.2:Adensepointcloudobtainedfromasingleframeofendoscopicvideo
usingthemethodofLiuetal.3

beingprovidedbytechnologymeanttoaidthesurgeon.Thisbringsupthesecond

problem,whichisthattheresidualerrorcannotalwaysreliablybeusedasanindicator

ofregistrationsuccessoffailure,andthatadditionalconfidencemeasuresarerequired

toindicatetheconfidenceofthesystemintheregistrationproduced.

7.2.2 Reconstructionfrom multipleframes

Inordertoresolvetheproblemsbroughtupbythefirstexperiment,reconstruc-

tionsusedinthisexperimentwereproducedfromindividualnearbyframesinen-
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doscopicvideosequencesthatwerealignedusingrelativecameramotionfromSfM.

SmallmisalignmentsduetoerrorsindepthestimationwerecorrectedusingG-IMLOP

withscaletoproducereconstructionsspanninglargerareasofthenasalpassagethan

thoseproducedfromsingleframes.Sinceitisclearfrompreviousexperimentsthat

GD-IMLOPisbestsuitedforregistrationsusingthistypeofdatawithanisotropic

noiseinbothpositionandorientationfeatures,thisexperimentwasonlyevaluatedus-

ingGD-IMLOP.RegistrationswerecomputedusingtheGD-IMLOPwith3000points

sampledfromthesedensepointcloudsandassumingnoisewithSDsof1×1×2mm3

and30◦(e=0.5)forpositionandorientationdata,respectively.Scaleandshape

parameteroptimizationwasrestrictedtowithin[0.7,1.3]and±1SD,respectively.

Registrationswerecomputedusingnm∈0,10,20,30,40,50modes.At0modes,GD-

IMLOPisessentiallyG-IMLOPwhichwasextendedtoadditionallysolveforscale.

Inadditiontoresidualerrors,confidenceisassignedtothecomputedregistrations

basedonthetestsexplainedandvalidatedinChapter6.

Allregistrationsrunwith0modesterminatedatthemaximumiterationthreshold

of100,whilethoserunusingmodesconvergedatanaverage10.36iterationsin26.03

seconds. Fig.7.3showsregistrationsusingincreasingmodesfromlefttorightfor

eachsequenceplottedagainstEp(middle)andEo(right).Alldeformableregistration

resultspasstheEptestastheyfallbelowthep=0.999999andp=0.95thresholds

(Fig.7.3,top)usingthechi-squareinversetest.However,severalofthesefailtheEo

test(Fig.7.3,bottom).Deformableregistrationsonsequence01using50modesand
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Table7.2:Residualerrorsproducedbyregistrationsonclinicaldata.

Residualerrors(mm)
Mean Max Min

All 1.09(±1.03) 4.74 0.50
Ep 0.76(±0.14) 0.99 0.50

EpandEo 0.78(±0.07) 0.94 0.74

onsequence04forallexcept30modespassthistestwithlowconfidence. Using

30modes,theregistrationpassessomewhatconfidently.Therigidregistrationon

sequence04(theonlyrigidregistrationtopassbothEpandEo)andalldeformable

registrationsonsequence05passthistestveryconfidently. Although,therigid

registrationonsequence05passesthistestveryconfidently,Epalreadylabelsita

failedregistration.

SuccessfulregistrationsthatpassedboththeEpandEotestsproducedamean

residualerrorof0.78(±0.07)mm,with maximumresidualerrorof0.94mmand

aminimumresidualerrorof0.74mm(Table.7.2). Themaximumresidualerror

producedbysuccessfulregistrationsissmallerthanthemaximumresidualerrorover

allregistrationsandoverallregistrationsthatpassedtheEptest,asisexpected.

Theminimumresidualerrorproducedbysuccessfulregistrations,however,ishigher

thantheminimumoverallregistrationsandoverallregistrationsthatpasstheEp
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Figure7.3: Ep(top)andEo(bottom)forallregistrationcomputedusingGD-
IMLOP,plottedforeachsequence. Withineachsequence,fromlefttoright,theplot
pointsindicatescoresachievedusing0to50modesatincrementsof10.Crossedout
plotpointsindicaterejectedregistrations.
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test. Thisisbecauseregistrationsthatconvergetothewronglocalminimawill

producesmallpositionalerrorsand,therefore,passtheEptest.However,thisdoes

notguaranteethatorientationswillalsoalignwell,causingtheseregistrationstofail

theEotest. Visualizationsofsuccessfulregistrationsalsoshowaccuratealignment

(Fig7.4).

7.3 Concludingremarks

Throughexperimentsonin-vivoclinicaldata,itisshownthatGD-IMLOPisable

toproducesubmillimeterregistrationsinbothsimulationandin-vivoexperiments

andassignconfidencetotheseregistrations.Further,itcanaccuratelypredictthe

anatomywherevideodataisavailable.UsingstatisticsbuiltwiththousandsofCT

scanstobettercovertherangeofanatomicalvariations,thesedeformablealgorithms

couldproducebetterestimationsofpatientanatomy. Additionalfeatureslikecon-

tourscanalsobeused,asinBillingsetal.,55tofurtherimproveregistrationandto

addanadditionaltesttoevaluatethesuccessoftheregistrationbasedonthequality

ofcontouralignment.Usingimprovedstatisticsandreconstructionsfromvideoalong

withconfidenceassignment,thisapproachcanbeextendedtobeusedinplaceofCT

imagesduringendoscopicprocedures.
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Figure7.4: Top: Oneoftheframesfromthevideosequenceusedtoextractthe
densestructure. Bottom: Visualizationofthefinalregistrationandreconstruction
forSeq01using50modeswithdensestructurepointsdepictedinwhite.
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7.4 Contributions

TheworkdescribedinthischapterwasdoneincollaborationwithXingtongLiu,

whoseworkondensereconstructionfromsinglevideoframeswascriticaltoproducing

theresultspresentedinthischapter.Thecontributionsofthischapterinclude:

1.AnevaluationofthealgorithmspresentedinChapters4–6inaclinicalsetting

throughdeformableregistrationbetweenSSMsanddensereconstructionsfrom

in-vivoendoscopicvideoframes.77,79

2.Assignmentofconfidencetothecomputedregistrationinordertoinformclin-

iciansofthereliabilityofthecomputedregistration.79

7.5 Published Work

Materialfromthischapterappearedinthefollowingpublications:

1.S.D.Billings,A.Sinha,A.Reiter,S.Leonard, M.Ishii,G.D.Hager,R.H.

Taylor,“AnatomicallyConstrainedVideo-CTRegistrationviatheV-IMLOP

Algorithm,”In: OurselinS.,JoskowiczL.,Sabuncu M.,UnalG., Wells W.

(eds)MedicalImageComputingandComputer-AssistedIntervention–MIC-

CAI2016. MICCAI2016. LectureNotesinComputerScience,vol9902.

Springer,Cham(2016)
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2. A. Sinha, S. D. Billings, A. Reiter, X. Liu, M. Ishii, G. D. Hager, R. H. Tay-

lor, “The deformable most-likely-point paradigm,” submitted to Medical Image

Analysis (2018)

3. A. Sinha, X. Liu, A. Reiter, M. Ishii, G. D. Hager, R. H. Taylor, “Endoscopic

navigation in the absence of CT imaging,” submitted to MICCAI (2018)

4. X. Liu, A. Sinha, M. Ishii, G. D. Hager, R. H. Taylor, A. Reiter, “Depth Map

Estimation from Endoscopic Video using Deep Network,” submitted to MICCAI

(2018)
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Chapter 8

Clinical applications of statistical

shape models of sinuses and

surrounding structures

Statistical shape models (SSMs) are extremely powerful tools and their advan-

tages are not limited to interventional clinical applications. SSMs can be used for a

variety of different applications in the study and understanding of anatomy prior to

interventions to inform whether or what kind of interventions will prove useful, and

also post interventions to understand what kinds of modifications best treat different

symptoms. In order to diagnose an abnormality to inform what kind of intervention is

required, there needs to be a strong understanding of what is normal. Such diagnoses

can be performed subjectively by the surgeon. However, this can mean that diagnoses
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maydifferbetweendifferentclinicians.Further,inordertodeterminethedistance

ofpatientanatomyfromnormalanatomybylookingatendoscopicvideodatamay

requireexperienceandexpertise.Anotherwaytoperformdiagnosesisquantitatively.

Suchdiagnosesareobjectiveand,therefore,ifdoneaccurately,canbecomeavaluable

toolforclinicians.

Asmentionedearlier,inordertoprovidequantitativefeedbackonthedeviation

ofpatientanatomyfornormal,thescopeofnormalanatomymustbestudied.Few

studieshaveexploredhownormalanatomyinpopulationvaries. Weigleinetal.122

conductedafairlylargestudyof134driedhumanskulls,rangingfromnewbornto

12yearsofage. Thelength,width,andheightforeachofthesinuses(maxillary,

ethmoidal,frontal,andsphenoid)weremeasureddirectlyfromtheskulls.Spaethet

al.7performedaverylargescalestudyusing5641lowresolutionCTscansofmale

andfemalesubjectswhoseagesspannedfrombirthto25years. Theventrodistal

lengthandmediolateralwidthweremeasuredforeachofthesinusesusingacompass.

Barghouthetal.123 alsoperformedafairlylargescalestudyusing179head MRI

scanstoevaluatethevariationinthemaxillary,sphenoid,andfrontalsinuses.The

populationstudiedconsistedofchildrenundertheageof17years. Thestatistics

learnedfrom Weigleinetal.122 andBarghouthetal.123 maynotfullyexplainthe

varianceinadultssincetheageofthesampledpopulationinthesetwostudiesisbelow

17years,whilesinusescontinuetodevelopuntilaboutage20.Althoughtheageofthe

populationstudiedbySpaethetal.7goesupto25,themethodofmanuallycollecting
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statisticsemployedishardtoscaleandcanintroducesignificanterrorsbetweenthe

firstandlastsetsofCTscansmeasured.Further,only2or3discretemeasurements

arelikelynotbeenoughdimensionalitytofullyexplainthevarianceinthesinuses.

Morerecentstudies,likeEmirzeogluetal.,124evaluatethevolumeofsinuses. This

studyusesCTscansfrom77adultpatients. However,theprocedureemployedby

thisstudytocomputethevolumeofthesinusesisnotscalableeithersinceitinvolves

printingCTimageslicesonfilmsandsuperimposingpoint-countinggridstocount

thenumberofpointsmakingcontactwiththesinuses.

Similarly,fewstudieshaveextensivelystudiedthenasalcavityorstructurewithin

thenasalairway.Forinstance,thenasalconchaeorturbinatesthatresidewithinthe

nasalairwayareknowntoundergoperiodicalternatingexpansionandcontraction.

Thisphenomenon,calledthenasalcycle,hasbeenstudiedviarhinoresistometry,or

themeasurementofchangeinairflowresistancebetweentheleftandrightsidesof

thenasalairway.6Thesefindingshavemorerecentlybeenconfirmedusingendoscopy

aswellasacousticrhinometry,wherethegeometryofthenasalcavityisestimated

basedonreflectedsoundwaves.125Althoughthesemethodsshowthatadifferenceis

resistanceoccursandchangessidesatleastonceduringa7hourperiod,itisnotable

toquantifytheamountofexpansionandcontractionintheturbinatesthatcausethe

resistance.Theseandothermethodshavealsobeenemployedinthemeasurementof

nasalpatency.30Similarmethods,31alongwithmethodsinvolvingvolumetricscans

likethoseusedinthemeasurementofsinuses,32havealsobeenusedtomeasure
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particularlandmarksinthenasalairway,likethepiriformaperture.Thesemethods,

however,eitherrequirepatientinteractionormanualmeasurements,andcanbehard

toscale.

ThemethodspresentedinChapters2,4,5,6,and7canbeusedtoautomatically

computestatisticsexplainingthevariationindifferentstructuresoveralargepopu-

lationaswellastoestimatepatientspecificstatistics.Forinitialproofofconcept,a

relativelysmallsetofpubliclyavailableCTscanswasusedtoconductexperiments.

However,duetotheautomatednatureofthemethodsused,thesestatisticscaneasily

berecomputedusinglargerdatasets.

8.1 Experimentalresultsanddiscussion

Thestudiesdescribedbelowareperformedonthepubliclyavailabledatasetcon-

taining53patientheadCTscansthatisdescribedinChapter2. Theautomatic

segmentationofrelevantstructuresintheseCTimagesisalsodescribedinChapter2.

Thestudiesdescribedinthischapterusetheseautomaticallysegmentedshapesin

ordertoestablishstatisticsonthevariancepresentinasampleofnormalpopula-

tion,thatis,populationwithoutsinusdiseaseorothernasalanomalies.Statisticsare

establishedusingPCAonthesegmentedshapesasdescribedinChapter2.
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8.1.1 Variation in population

As mentioned before, a clear understanding of the nasal airway and sinuses in

a normal population is critical in understanding deviations from normal. In order

to achieve this understanding, SSMs of different structures were built and variations

along different modes or principal axes were observed. These structures include the

maxillary sinuses, relatively simple structures within the nasal passage like the nasal

conchae or turbinates, as well as the full complex nasal passage along with the struc-

tures within.

Sinuses are formed due to the pneumatization of bones, or formation of cavities

within bones, that occurs over several years until about the age of 20. The maxillary

sinuses are perhaps the simplest sinuses to automatically and reliably segment because

they are formed by the pneumatization of the maxilla or the upper jawbone and do

not interact with the septum. This is a key difference between the maxillary sinuses

and the remaining sinuses, frontal, ethmoidal, and sphenoid. This interaction with

the septum in the frontal, ethmoidal, and sphenoid sinuses complicates the pneuma-

tization since the septum often deviations from the middle of the nasal cavity. If the

deviation is large, it may not be captured during deformable registration between

CT images causing errors in automatic segmentation. The ethmoid sinuses are by far

the most complicated sinuses because the pneumatization process in pseudostochastic

leading to the formation of several chambers in the ethmoid bone compared the two

chambers on either side of the septum present in the other sinuses.
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Thevariationpresentintherightmaxillarysinusesofthepopulationstudiedis

showninFigures8.1and8.2,whilethatintheleftisshowninFigures8.3and8.4.

Theprimarymodeforbothrightandleftmaxillarysinusesshowsvariationalongthe

axialandcoronaldirections,whilethesecondmodeshowsvariationalongthesagittal

orlateraldirection.Thethirdandfourthmodesshowenlargementoftheposterior

sectionofthemaxillarysinusesrelativetotheanteriorsectionandtheenlargementof

theanteriorsectionrelativetotheposterior,respectively.Thisfifthshowsthatthere

isaninterdependentgrowingandshrinkingbetweenthemedialandlateralsections

ofthemaxillarysinuses.

Next,thevariationpresentinthenasalconchaeorthenasalturbinatesarestud-

ied. Therearethreepairsofnasalturbinates,theinferior, middle,andsuperior

turbinates,thatarepresentinthenasalcavity.Thesestructuresareimportantfor

variousreasons,butperhapsthemostimportantreasoncomesfromthefactthat

thesestructurescontainerectiletissuewhichallowsthemtoexhibitaperiodical-

ternatingshrinkingandgrowingbehaviorknownasthenasalcycle.Understanding

thenasalcycleisimportantforsurgicalnavigationbecausepatientsobtainheadCT

scansandundergoproceduresatdifferenttimesresultinginachangeintheturbinate

structure.Further,patientsaregenerallyadministereddecongestantsbeforeanytools

areinsertedintothenasalcavity.Therefore,theappearanceoftheturbinatesinan

endoscopicvideoisalmostguaranteedtobedifferentfromthatinapreviouslyac-

quiredCTscan.Knowledgeofhowturbinateschange,therangeofnormalvariation,
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Figure 8.1: Front view of the right maxillary sinus: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.2: Right view of the right maxillary sinus: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.

296



CHAPTER 8. CLINICAL APPLICATIONS

Figure 8.3: Front view of the left maxillary sinus: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.4: Left view of the left maxillary sinus: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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andthephaseoftheturbinatesintheCTscancanenablenavigationsystemsto

makeupforthechangeinthestructurebetweenCTimageacquisitionandmedical

intervention.Anotherreasontounderstandthenormalamountofvariationpresent

inthenasalturbinatesisbecausethesizeoftheturbinatesisconsideredtobere-

latedtotheamountofnasalobstruction. Anunderstandingofnormalvariation

willallowclinicianstoquantifytheamountofdeviationfromnormalinpatientswith

nasalobstruction,andhowmuchturbinatereductioncouldoptimallyimproveairway

resistance.

ThevariationobservedintheinferiorturbinatesisshowninFigures8.5and8.6,

andthatinthemiddleturbinatesisshowninFigures8.7and8.8.Theprimarymode

forboththeinferiorandmiddleturbinatesshowsvariationalongthelateraldirection

withslightstretchingalongthecoronaldirection.Thesecondmodeshowsvariation

alongtheaxialdirection,depictingachangeintheheightoftheturbinates.Pastthe

secondmode,thevariationobservedintheinferiorandmiddleturbinateschanges

slightly.Fortheinferiorturbinates,thethirdmodeshowsanalternatingvariation

betweentheleftandrightturbinatesalongthelateraldirection.Thisvariationap-

pearstoshowtheturbinatesswellingandcontracting,asinthenasalcycle.Amore

thoroughstudyofthenasalcycleisdescribedinthenextsection(Sec.8.1.2).The

fourthmodealsoshowsswellingandcontractioninthelateraldirection,butthese

aremorefocusedinthemiddlesectionoftheturbinatesandinvolvelesslateralmove-

ment.Thefifthmodeshowsslightvariationinboththeaxialandcoronaldirection,
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Figure 8.5: Front view of the inferior turbinates: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.6: Right view of the inferior turbinates: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.7: Front view of the middle turbinates: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.8: Right view of the middle turbinates: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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withsomelateralvariationintherightsidesectionoftheturbinates,whichperhaps

depictsthevariationinhowtheturbinatesareconnectedtothelateralwall.Forthe

middleturbinate,ontheotherhand,thethirdmodedepictsswellingandcontrac-

tioninthemiddlesectionwithalternatinglateralmovementbetweentheleftand

rightturbinates,whilethefourthmodeshowsalternatingswellingandcontraction

betweentheleftandrightturbinateswiththevariationmorefocusedtowardthe

posteriorsectionoftheturbinates. Thefifthmodeshowsswellingandcontraction

towardtheanteriorsectionoftheturbinateswithsomeamountofalternatinglateral

movementbetweentheleftandrightturbinates.

Thefinalstructurestudiedarethenasalpassages.Thisincludestheboundaries

surroundingtherightandleftnasalpassages,suchastheseptumandfloorandroof

ofthenasalcavity,aswellasthestructurescontainedwithinthenasalpassages.

Understandingthevariationinthenasalcavityisimportantforsomeofthesame

reasonsastheturbinates. Nasalairwaypatencyisshowntobecorrelatedtonasal

obstruction.126Further,understandingthenormalrangeofseptaldeviationscanhelp

cliniciansquantifytheamountofdeviationfromthenormalrangeinpatientswith

septaldeviationrelateddisorders.Thevariationsobservedintherightnasalpassage

areshowninFigures8.9and8.10,whilethoseintheleftnasalpassageareshown

inFigures8.11and8.12.Thefirstmodeforboththerightandleftnasalpassages

depictsvariationintheformofstretchingalongthecoronaldirection. Thesecond

andthirdmodesshowvariationresemblingseptaldeviation,withthesecondmode
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Figure 8.9: Front view of the right nasal airway: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.10: Right view of the right nasal airway: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.11: Front view of the left nasal airway: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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Figure 8.12: Left view of the left nasal airway: (L-R) Modes 1 to 5 with variance
ranging from −3 (top) to 3 (bottom) SDs.
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showingtheseptalwalldeformingclosertothefloorofthenasalcavity,whilethe

thirdmodeshowingseptaldeviationinthemiddleoftheseptalwall. Thefourth

modeshowsvariationalongtheaxialdirection,whilethefifthmode,again,shows

variationintheseptalwalltowardstheposteriorpartofthenasalcavity.

8.1.2 Nasalcycle

HavingshownthatSSMsprovidevaluableinformationabouttherangeofvariation

presentinanatomicalstructures,thenextobjectiveistodeterminewhetherthese

SSMsbuiltfrompopulationdataareabletocapturethenasalcycleinindividuals

withoutrequiringalongitudinalstudy.Sincethenasalcycleisacontinuousprocess

takingplaceineachindividual,itcanbeassumedthateachimageinthepublicCT

imagedatasetcontainsturbinatesatdifferentphasesofthenasalcycle.Therefore,

itcanbehypothesizedthatwhilemostofthevariationcapturedbytheSSMmust

reflectanatomicaldifferencesbetweenindividualsofdifferentshapesandsizesaswell

asanatomicaldifferencesbetweendifferentturbinates,atleastsomeofthevariation

capturedmustreflectthenasalcycle.Inordertoevaluatethishypothesis,theskull

andinferiorturbinatesofanadultpatientareautomaticallysegmentedin2CT

images,preoperativeandpostoperative,usingthemethodsdescribedinChapter2.

BothshapeswereprojectedontotherespectiveSSMs(Eq.2.2)inordertoobserve

theSSMestimate(Eq.2.1)ofthepatient’sskullandinferiorturbinates.

Thepre-andpostoperativeskullsproducesimilarmodeweightsand,consequently,
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similarshapes,whichistheexpectedoutcomeforthetwoskullsegmentationssince

theskullofanadultisnotexpectedtochange(Fig.8.13).Theminordifferencesin

themodeweightslikelyresultedfromsmallsegmentationerrors.However,thepre-

andpostoperativeinferiorturbinatesexhibitedalargedifferenceinthemodeweights

producedand,therefore,alsointheestimatedshapes(Fig.8.14).Thisresultisalso

expectedsinceitcanbeassumedthattheinferiorturbinatesofthepatientstudied

wereatdifferentphasesofthenasalcycleinthe2CTimages. Therefore,itcan

beconcludedthatatleastsomeofthevariancecapturedbySSMsoftheturbinates

canbeattributedtothenasalcycle.However,amorethoroughstudywithalarger

numberofpatientswhohaveatleast2headCTscanswillberequiredtoconfirm

exactlywhichmodeormodescapturethenasalcycle.

8.1.3 Shapeinference

ResultsfromChapter2aswellasfromSec.8.1.2showthatSSMsareableto

accuratelyestimateshapessegmentedfromCTscanswhentheseshapesareincorre-

spondencewiththeshapesusedtobuildtheSSM.Further,resultsfromChapters4,5

and6showthatSSMsareabletoestimateshapesevenintheabsenceofcorrespon-

dences. Featuressampleduniformlyfromshapesanddeformablyregisteredusing

theregistrationalgorithmspresentedinthesechaptersresultinaccuratereconstruc-

tionsoftheshapesthatpointsweresampledfrom. Finally,inChapter7,results

showthatSSMsareabletoestimateshapesevenintheabsenceofCTscansusing
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Figure8.13: Top:Populationvariationintheskullmodel. Themiddleshapeis
themeanshape,theleftshapeshowsmeanshapewith−1σ,whereσisthestan-
darddeviation,andtherightshapeisthemeanshapewith+1σ.Bottom:Theleft
imageshowsthepre-oppatientskull,andtherightimageshowsthepost-oppatient
skull.Thetwoimagesshowno,ornegligible,difference,whereminutedifferencecan
sometimesbeobservedduetoerrorsinregistration. However,wecanseethatthe
populationvariationisnotreflectedinthetwopatientimages.
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Figure8.14: Top:Populationvariationintheinferiorturbinate(IT)model.The
middleshapeisthemeanshape,theleftshapeshowsmeanshapewith−1σ,and
therightshapeisthemeanshapewith+1σ. Bottom: Theleftimageshowsthe
pre-oppatientIT,andtherightimageshowsthepost-oppatientIT.Thetwoimages
showsignificantdifferences,allowingustoconcludethatthepopulationvariationis
reflectedinthepatientimages.
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featuresextractedfromdifferentmodalities,likevideo.Thisresultisextremelyvalu-

ablebecauseitenablesquantitativemeasurementsinthenasalcavitydirectlyfrom

endoscopicvideo,withoutrequiringCTscans.

Asmentionedearlierinthechapter,littleworkhasbeendonetowardsachieving

accuratemeasurementsofthenasalcavity.Priorworkreportedstraightlineestimates

ofdistancesbetweenlandmarksinordertocomputeapproximatecross-sectionalareas

inCTimages,orusedacousticrhinometrytoestimatethevolumeofdifferentparts

ofthenasalcavitywhenCTimageswerenotavailable.However,theseestimatesare

notaccuratesincestraightlinesaregrosssimplificationsofthecomplexgeometryof

thenasalcavityandacousticrhinometrymeasuresareaffectedbythesinuses.The

downsidesofsuchestimationshavecausedconsiderableuncertaintyindiagnosingand

predictingsuccessfulsurgicaloutcomesforproblemslikenasalobstruction.Accurate

estimatescanhelpmitigatetheseuncertainties.Directlyestimatingtheshapeofthe

nasalcavityfromendoscopicvideousingdeformableregistrationhasseveraladvan-

tages. First,aCTscanofthepatientisnotrequiredwhichpreventsexposureto

ionizingradiation.Second,patientsegmentationsproducedareincorrespondence

withthestatisticallymeanshape.Therefore,landmarksonlyneedtobechosenonce

onthemeanshapeandaretransferedtopatientshapesviaregistration.Thisprop-

ertycanbeusedtodefine3non-collinearpointsorlandmarksonthemeanshapethat

definearoughlycoronalplaneineachregionwherethecross-sectionalareamustbe

computed(Fig.8.15,top).Thesepointsshoulddescribecorrespondinglandmarksin
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Figure8.15: Intersection(top)betweenaplaneandamesh,shownhereatthe
externalnasalvalve,producescontourswhichenablethecomputationofthecross-
sectionalareawithinthecontours(bottom).
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thedeformedpatientshapesafterregistration.Anintersectionbetweentheshapeand

thecorrespondingplaneproducescontoursoftheshapealongthatplane(Fig.8.15,

bottom).Thecontoursforeachshapecanbetriangulatedandtheareacanbeaccu-

ratelycomputed(Fig.8.15,bottom).Theseaccuratemeasurementscanenablebetter

understandingofnasalpatencyand,perhaps,willallowbettercorrelationbetween

patencyanddiseaseorpredictedoutcome.

Inordertoevaluatehowwellinformationlikecross-sectionalareacanbeinferred

fromestimatedshapes,resultsfromExperiment6.5.8.2onsimulateddatawereused.

Asareminder,registrationintheseexperimentsarecomputedusingthealgorithms

describedinpreviouschaptersinaleave-one-outsetting,wheretheleft-outshape

isestimatedbasedonlyonpointssampledfromtheairwaysectionoftheleft-out

shape.Resultsfromthisexperimentshowedthatshapeestimationerrorsarelowest

intheregionswheresampledpointswereavailable,whileerrorsincreaseawayfrom

theseregions.Itisimportanttounderstandhowtheseerrorsaffectshapeinference

bothwithinandawayfromtheregionswherefeatureswereavailable.Foralltheleft-

outandestimatedshapes,thecross-sectionalareaoftheinternalandexternalnasal

valvesiscomputedandcomparedtoevaluatehowwellthisareaisestimatedbythe

deformablealgorithms.Thenasalvalveisthesightofthehighestnasalresistance,

andtheinternalandexternalnasalvalvesarethefirstfewlandmarksencountered

whenenteringthenose.
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8.1.3.1 Internalnasalvalve

Theinternalnasalvalveisevaluatedfirstsinceitliesintheregionwheredata

pointsweresampledfrominExp.6.5.8.2.Therefore,thisevaluationisexpectedto

producereliableresults.Inordertoevaluatethecross-sectionalareaattheinternal

nasalvalve,threelandmarkswereselectedonthemeanrightnostrilmeshthatdefinea

planeintersectingthroughthemeanmeshattheinternalnasalvalve.Sinceallleft-out

shapesandestimatedleft-outshapesareincorrespondencewiththemeanshape,the

samelandmarkscanbeusedtodefineplanesintersectingthrougheachoftheleft-out

andestimatedleft-outshapes.Thisintersectionproducescontourswheretheplane

intersectsthemesh,andtheareawithinthecontourscanbecomputedproducing

thecross-sectionalareaattheinternalnasalvalveforeachleft-outshapeaswellas

foreachoftheestimatedleft-outshapes. Errorsbetweenthecross-sectionalareas

computedfortheleft-outshapesandthosefortheestimatedshapesarecomparedto

evaluatehowaccuratelytheinternalnasalvalvecanbeestimatedbyGD-IMLOP.

Themeancross-sectionalareaattheinternalnasalvalveoverallleft-outmeshes

was116.44(±24.22)mm2,whichiscomparabletothenormalrangeofcross-sectional

areaneartheinternalnasalvalveestimatedviaacousticrhinometry.127 Themean

andmedianrelativeerrorsincross-sectionalareaestimationareshowninFig.8.16

andTable8.1.Theerrorsshowacleartrenddownwardasthenumberofmodesused

forshapesestimationincreases,withshapeestimationusing50modesproducingthe

lowestrelativeerrors.However,eventhelowestmeanerrorisashighas15.4%.One
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Figure8.16: Top: Meanrelativeerrorandstandarddeviationincross-sectional
areaestimationoftheinternalnasalvalve.Bottom: Medianrelativeerroralongwith
the25thand75thpercentileerrors(box)andminandmaxerrors(bars)excluding
outliers,whicharemarkedwith+signs.
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Table8.1: Percenterrorsincross-sectionalareaestimationoftheinternalnasal
valve.

#modes Meanrelativeerror(±SD) Medianrelativeerror

0 0.352(±0.134) 0.366

10 0.183(±0.140) 0.133

20 0.165(±0.138) 0.127

30 0.165(±0.138) 0.145

40 0.167(±0.142) 0.127

50 0.154(±0.134) 0.126

reasonforthisobservationcouldbethatthenumberofdatapointssampledfromthe

targetregionwerenotsufficient.Experimentsusingalargernumberofdatasamples

canbeusedtoevaluatewhethertheinternalnasalvalvecanbebetterestimated.

8.1.3.2 Externalnasalvalve

Unliketheinternalnasalvalve,theexternalnasalvalveissituatedattheperiphery

oftheregionwheredatapointsweresampledfromfortheregistrationexperiment.

Thisenablesanevaluationofhowwellcaninformationbeinferredinareasthatare

notseen,inthecontextofendoscopy.Thecross-sectionalareaattheexternalnasal

valveforeachmeshiscomputedusingthesametechniqueexplainedinSec.8.1.3.1.

Errorsbetweenthecross-sectionalareasofleft-outshapesandofestimatedshapes
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usingincreasingnumberofmodesarecomputedtoevaluatehowwellinformationat

theexternalnasalvalvecanbeinferredbyGD-IMLOP.

Themeancross-sectionalareaattheexternalnasalvalveoveralltheleftout

mesheswas119.01(±20.92)mm2,whichiscomparabletothenormalrangeofcross-

sectionalareaneartheexternalnasalvalveestimatedviaacousticrhinometry.127

Themeanandmedianrelativeerrorsincross-sectionalareaestimationareshownin

Fig.8.17andalsoinTable8.2.Althougherrorsincross-sectionalareaestimationare

lowestusing50modes,thedecreaseinerrorfrom0modesto50modesissmall.That

is,errorswhentheleft-outshapeisnotbeingestimatedorerrorsbetweenthemean

andleft-outshapesarelowerthanexpected.Severalfactorscanleadtosuchresults.

Only52CTscansareusedtobuildtheSSMsusedinthisstudy.Itispossiblethat

these52individualsdonotrepresentthefullextentofvariationthatcouldexistin

theexternalnasalvalveand,therefore,thethemeshesextractedfromtheseCTsare

similartothemeanshape.Anotherexplanationforthelowerrorsbetweenthemean

andleftoutshapescouldbethattheautomaticsegmentationmethodwasnotableto

capturetheexternalnasalvalveregionaccurately.Thiscouldresultinlowvariance

fromthemeanamongthesegmentedmesheseveniftheCTscansdocaptureafair

extentofvariationintheexternalnasalvalve.
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Figure8.17: Top: Meanrelativeerrorandstandarddeviationincross-sectional
areaestimationoftheexternalnasalvalve.Bottom: Medianrelativeerroralongwith
the25thand75thpercentileerrors(box)andminandmaxerrors(bars)excluding
outliers,whicharemarkedwith+signs.
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Table 8.2: Percent errors in cross-sectional area estimation of the external nasal
valve.

# modes Mean relative error (± SD) Median relative error

0 0.155 (±0.130) 0.132

10 0.143 (±0.117) 0.112

20 0.193 (±0.355) 0.119

30 0.157 (±0.178) 0.122

40 0.149 (±0.195) 0.107

50 0.121 (±0.117) 0.095

8.2 Concluding Remarks

The application of the methods presented in this dissertation towards several

clinical applications is demonstrated. SSMs of various anatomical structures enable

an understanding of the types and extents of variation present in population. The

variance present in the maxillary sinuses, middle and inferior turbinates, and the

nasal cavity is shown. Population data can also be used show periodic variation in

structures that occurs in every individual. For instance, the nasal cycle is responsible

for the periodic expansion and contraction of the nasal turbinates. This periodic

variation can be observed in population data. Further, the deformation registration

methods presented in this dissertation use SSMs to drive the deformation and can
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beusedestimatepatientshapefromvideowhenCTimagesarenotavailable.This

enablestheinferenceofinformationlikecross-sectionalareaatdifferentlandmarks.

UsingmoreCTimagestobuildSSMsandalargersetofdatasamplestoestimate

patientshapescanimproveresultsfurther.

8.3 Contributions

Thecontributionsofthischapterinclude:

1.Evaluationofanatomicalvariationinthemaxillarysinuses,inferiorandmiddle

turbinates,rightandleftnasalcavitiesinanormalpopulation75

2.Demonstrationofthenasalcycleinonepatientwithpreoperativeandpostop-

erativeCTscans75

3.Amethodforautomaticandexactmeasurementofthecross-sectionalareaat

theinternalandexternalnasalvalves.

8.4 Published Work

Materialfromthischapterappearedinthefollowingpublications:

1.A.Sinha,S.Leonard,A.Reiter,M.Ishii,R.H.Taylor,G.D.Hager,“Automatic

segmentationandstatisticalshapemodelingoftheparanasalsinusestoestimate
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natural variations,” Proc. SPIE 9784, Medical Imaging 2016: Image Processing,

97840D (2016)

2. A. Sinha, S. D. Billings, A. Reiter, X. Liu, M. Ishii, G. D. Hager, R. H. Tay-

lor, “The deformable most-likely-point paradigm,” submitted to Medical Image

Analysis (2018)
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Conclusions

Themaincontributionofthisdissertationisthedevelopmentofdeformableregis-

trationalgorithmsthatusestatisticalshapemodels(SSMs)todrivetheregistrationin

aprobabilisticframework.InordertouseSSMstocomputeaccurateregistrations,

theSSMsthemselvesmustbeaccurate. Therefore,anovelmethodforsimultane-

ousimprovementofshapesegmentationinimagesandcorrespondenceimprovement

amongasetofsuchshapesinintroducedinChapter2. Thismethodhelpsbuild

SSMsthatcanestimateaccuratesegmentationsofanatomicalstructureswithlower-

rors.TheseSSMsareincorporatedintoaprobabilisticregistrationframeworkcalled

thedeformablemostlikelypointparadigm,presentedinChapter3.Thisframework

enablesregistrationbetweendatasamplesandastatisticallyderivedshapewhilesi-

multaneouslydeformingthestatisticallyderivedshapeusinganSSMtofitthedata

samples.Thisregistrationframeworkisaniterativetwophaseframework,wherethe
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firstphasefindscorrespondencesbetweenthedatasamplesandthecurrentdeformed

shapeandthesecondphasefindsthetransformationandshapeparametersthat

transformthedatasamplesanddeformtheshapetobestalignthecorrespondences.

Thetransformationandshapeparametersarecomputedusingagradient-basedsolu-

tiontotheoptimizationproblem,whichiscomputedusinganoff-the-shelfnonlinear

box-constrainedBFGSquasi-Newtonoptimizer. Threealgorithmsweredeveloped

withinthisframeworkwithdifferentoptimizationproblems. Thefirst,deformable

iterativemostlikelypoint(D-IMLP)algorithm,usespointpositionfeatureswith

unconstrainedoranisotropicnoiseandispresentedinChapter4. Thesecond,de-

formableiterativemostlikelyorientedpoint(D-IMLOP)algorithm,usesorientation

featureswithconstrainedorisotropicnoiseinadditiontothepositionfeatureswith

unconstrainednoiseandispresentedinChapter5.Thethird,generalizeddeformable

iterativemostlikelyorientedpoint(GD-IMLOP)algorithm,usesbothpointposition

andorientationfeatureswithunconstrainednoiseandispresentedinChapter6.An

efficientPD-treeupdateroutineisalsoimplementedtoaccommodatethedeforming

modelshapesinthesealgorithms.

Thesealgorithmswereevaluatedondatasimulatedfromseveraldifferentdatasets,

includingpelvisdata,nasalcavitydata,andhumanexpressionandposedata.Inall

experimentsexceptthoseusinghumanposedata,allthreealgorithmsareableto

accuratelycomputetheoptimalalignmentbetweenthedeformingshapeanddata

samples,withaccuracyincreasingfromD-IMLPtoD-IMLOPtoGD-IMLOP.Im-
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provement in results using D-IMLOP and GD-IMLOP over D-IMLP is as expected

since D-IMLOP and GD-IMLOP use orientations in addition to position features and,

therefore, make use of more information to compute the registration. D-IMLOP and

GD-IMLOP produce comparable results when the noise in the orientation components

is isotropic and both algorithms make isotropic noise assumptions. However, if the

noise in the orientations is anisotropic, then GD-IMLOP outperforms D-IMLOP since

GD-IMLOP is able to accurately model the anisotropic noise, whereas D-IMLOP is

only able to model isotropic noise. All three algorithms show improvement with in-

creasing number of data samples and do not show large deterioration in the presence

of outliers since they all employ outlier rejection mechanisms. D-IMLP shows stabil-

ity under changing noise assumptions, whereas D-IMLOP shows better performance

when noise assumptions are more optimistic because the simplicity of its formulation

leads to faster convergence. GD-IMLOP, on the other hand, shows improvement in

performance as the noise assumptions become more pessimistic. Coherent point drift

(CPD), a standard deformable registration algorithm, outperformed both D-IMLP

and D-IMLOP in terms of errors, but GD-IMLOP was able to match the perfor-

mance of CPD using ∼ 20 modes. However, in terms of runtime, D-IMLP was faster

than CPD with fewer than ∼ 35 modes and comparable with more modes. Both

D-IMLOP and GD-IMLOP were faster than CPD by about 5–8× and 1.5–2×, re-

spectively. Further, none of the algorithms presented in this dissertation suffer from

the prohibitively high memory requirements that CPD suffers from. Finally, unlike
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CPD,theerrorsproducedbythealgorithmspresentedherearecorrelatedwiththe

groundtrutherrors,allowingthesealgorithmstoassignsuccessorfailurelabelsor

someamountofconfidencetocomputedregistrationsbasedontheseerrors.

Thesealgorithmsarealsoevaluatedonin-vivoclinicalendoscopicvideodatain

Chapter7.Sincegroundtruthisnotavailableforthisdata,resultswereevaluatedus-

ingresidualerrorsproducedandvisually.Onthisdataset,GD-IMLOPoutperformed

D-IMLOP,whichoutperformedD-IMLP.Thisisexpectedsincereconstructionsfrom

videodatatendtohavehigheruncertaintyornoiseinthez-directionand,therefore,

arebestcharacterizedbyanisotropicnoiseinbothpositionandorientation.Finally,

inChapter8,othermedicalapplicationsofSSMsanddeformableregistrationare

explored.ResultsshowthatSSMscanbeusedtoobservehowdifferentanatomical

structuresvaryinpopulationaswellastounderstandthevariationinstructuresthat

naturallydeformineachindividual.Further,resultsalsoshowthatdeformableregis-

trationcanbeusedtoestimatetheanatomicalshapeofanindividualandmakesome

inferenceaboutthatshape,particularlyinregionswheredatasampleswerematched

becausetheseregionsaremoreaccuratelyestimated.

9.1 Futurework

TheresultspresentedinthisdissertationusedSSMsbuiltfromrelativelysmall

datasets,asdescribedinSec.4.5.Itishighlylikelythatthesedatasetsdonot
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capturethefullrangeofvariationpresentintheanatomicalstructuresandinhuman

expressionandpose.ArecentlyacquiredheadCTimagedatasetcontainingroughly

5000CTscanswillbeusedinthefuturetobuildSSMsthatareabletoexplainthe

fullrangeofvariationindifferentanatomicalstructurespresentinthehead.Results

forposeestimationreportedinthisdissertationshowthatthealgorithmsarenot

abletoaccuratelyreconstructpose. Withalargerposedataset,theperformance

ofthesealgorithmsinposeestimationcouldshowimprovement.Humanexpression

resultscouldalsobeimprovedbyusingcurvaturebasedsamplingtechniquessince

mostofthedetailsarenearhighcurvatureareaslikeeyesandmouth. Further,

principalcomponentanalysis(PCA),whichassumesthatsamplesaredrawnfroma

multivariateGaussiandistribution,isusedtobuildSSMsinthisdissertation.Itis

possiblethatthisisnotanaccurateassumptionforsomeanatomicalstructuresand,

perhaps,alsoforhumanexpressionandpose.108

Thealgorithmspresentedinthisdissertationcanalsobeusedtoexpanddatasets

ofshapeswithcorrespondences. Anynewshapethatisnotiscorrespondencewith

thedatasetcanbeestimatedusingthedeformableregistrationalgorithmstofind

correspondences.Theestimatedshape,whichisincorrespondencewiththedataset,

canthenbeaddedtothedatasetandanewSSMcanbebuilt.Differentmethodsfor

buildingSSMscanalsobeexploredtoimproveresults. Anotherexperimentwhere

theperformanceofthealgorithmspresentedinthisdissertationcouldbeimproved

wasthepartialdataexperiment,wheredatapointsweresampledfromapartof
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thefullmesh.Thisexperimentsimulatesrealin-vivoscenarioswherethefullnasal

cavityisnotvisibleinavideosequenceoronlyapartialpelvicCTimageisavailable.

Althoughthedeformableregistrationmethodspresentedhereareabletoestimate

thefullshapeswithlowesterrorswheredataisavailable,theseerrorscanbefurther

reducedbystitchingtogethertheavailabledatafromthevideoorpartialCTandthe

estimatedmeshwheredatawasnotavailableusingthinplatesplines128asdescribed

byGruppetal.104

Thecurrentdeformableregistrationparadigmassumesthatthemeanshapeis

themostlikelyshapeand,therefore,theshapeparameters,s,areinitializedto0.

However,duringminimallyinvasivesurgerythroughthenasalcavities,decongestants

areadministeredtopatientsthatleadtoshrinkinginseveralstructureslikethenasal

conchaeorturbinates.Therefore,inthisscenario,themeanshapeisnolongerthe

mostlikelyshape,butadecongestedshapeis.Therefore,fortheseshapes,sshould

beinitializedaccordingtotheweightsthatrepresentadecongestedshape. How-

ever,forthesurroundingstructuresthatarenotaffectedbydecongestants,themean

shaperemainsthemostlikelyshape.Sincedifferentanatomicalstructuresmayvary

differently,itmaybeausefulextensiontothecurrentmethodtoincorporatemulti-

plemodelshapesalongwiththeirrespectiveSSMs.Inthissystem,correspondences

wouldbefoundonthecombinedsetofmodelshapes,buteachmodelshapewould

deformaccordingtoitsownstatistics.Additionalmeasureswouldhavetobetaken

inordertopreventtheshapesfromintersecting.Finally,additionalalgorithmscan
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bebuiltwithinthedeformablemostlikelypointparadigmthatcanfurtherimprove

registrationresults.Forinstance,thevideoiterativemostlikelyorientedpoint(V-

IMLOP)algorithmuses3Dpointfeatures(likeIMLP)alongwith2Dorientedpoint

featuresthatrepresentoccludingsurfacecontours.55Althoughthismethodonlycom-

putesasimilaritytransformation(rotation,translationandscale)betweenthedata

samplesandmodelshape,itachievessubmillimeterregistrationsbyavoidingsubop-

timallocalminimaduetotheadditionalconstraintsprovidedbythecontours.These

occludingcontourscanbeincorporatedintothedeformableregistrationalgorithms

presentedhereinordertoprovidethesealgorithmswithmoreinformationtoguide

theregistration.

Theimplementationofthedeformablemostlikelypointparadigmopensupthe

opportunitytodevelopmanytypesofdeformableregistrationalgorithmsforvary-

ingapplicationsthatusedifferentfeatures,makedifferentnoiseassumptions,oruse

differenttypesofSSMs. Suchdevelopmentscanacceleratetheprocessofsolving

thepreoperativeandintraoperativeimagealignmentproblemincomputerassisted

medicalinterventionsand,therefore,improvethequalityofcareprovidedtopatients.

Outsidethemedicalfield,machinesusingvideofeedstoviewtheworldcouldmake

betterestimatesofhumanemotionandactionbasedonestimatedhumanexpression

andpose,respectively.Thepossiblesetofcontributionsofthedeformablemostlikely

pointparadigmandthealgorithmsbuiltwithitislargeandwillhopefullycontinue

tobetapped.
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