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Abstract

Topologically protected sheet-like surfaces, called domain walls, form when

the potential of a field has a discrete symmetry that is spontaneously broken.

Since this condition is commonplace in field theory, it is plausible that many of

these walls were produced at some point in the early universe. Moreover, for

potentials with a rich enough structure, the walls can join and form a (at large

scales) homogeneous and isotropic network that dominates the energy density

of the universe for some time before decaying.

In this thesis, we study the faith of large scale perturbations in a cosmol-

ogy with a short period of domain wall dominance. We start with some back-

ground material introducing the unperturbed universe, the physics of inflation

and the basics on domain walls in cosmology. We also review the theory of

cosmological perturbations in a medium with non-zero anisotropic stress. We

then move on to our main result: treating the domain wall network as a rela-

tivistic elastic solid at large scales, we show that the perturbations that exited

the horizon during inflation get suppressed during the domain wall era, be-
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ABSTRACT

fore re-entering the horizon. This power suppression occurs because, unlike a

fluid-like universe, a solid-like universe can support sizable anisotropic stress

gradients across large scales which effectively act as mass for the scalar and

tensor modes. Interestingly, the amplitude of the primordial scalar power spec-

trum can be closer to one in this cosmology and still give the observed value of

10−9 today. As a result, the usual bounds on the energy scale of inflation get

relaxed to values closer to the (more natural) Planck scale.

In the last part of this thesis, as an existence proof, we present a hybrid

inflation model with N “waterfall” fields that can realize the proposed cosmol-

ogy. In this model, a domain wall network forms when an approximate O(N)

symmetry gets spontaneously broken at the end of inflation, and for N ≥ 5, we

show that there is a region in parameter space where the network dominates

the energy density for a few e-folds before decaying and reheating the universe.

Primary Reader and Advisor: David. E. Kaplan

Secondary Readers: Ibou Bah, Petar Maksimovic, Tobias Marriage, Yannick
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Chapter 1

Introduction

The cosmic inflation paradigm [1–3] is a theory which postulates that a pe-

riod of exponential expansion of space existed right before the universe became

dense and hot. Remarkably, this rapid expansion period in the very early uni-

verse is enough to explain why we observe it to be so flat and homogeneous

at large scales today, and at the same time, it explains the origin of the per-

turbations needed to seed the formation of large-scale structure, like galaxies

and galaxy clusters. When combined with the standard big bang model, which

predicts how the hot and dense (radiation-dominated) universe expands and

cools until today, one can explain almost everything we observe in the universe

(see [4] for a review).

In its simplest incarnation – single-field slow-roll inflation – the exponen-

tial expansion is driven by a scalar field that permeates all of space, called the
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CHAPTER 1. INTRODUCTION

inflaton, whose energy density is mostly stored as potential energy; the kinetic

contribution is always small and the field is said to “slow-roll” down its poten-

tial. Then, because of the rapid expansion of space, the quantum fluctuations in

the inflaton field get amplified to cosmological scales and eventually leave the

causal horizon (we review this in Section 2.3). When inflation ends (and in the

canonical scenario, the energy density quickly becomes radiation dominated),

the expansion of the universe slows down dramatically and these cosmological

perturbations re-enter the horizon; seeding the gravitational instabilities nec-

essary for structure formation.

In the standard lore, the perturbations generated during inflation remain

“frozen” outside the horizon (they are constant). This means that one only

needs to calculate the amplitude of these perturbations at the time of hori-

zon exit to make predictions today. However – and this is one of the main

points of this thesis – for this to be always true one must assume that, while

the perturbations are outside the horizon, every dominant component in the

post-inflationary universe behaves like a perfect fluid at large scales. This as-

sumption is often overlooked since in the standard cosmological model, shortly

after inflation ends, the universe first becomes dominated by radiation, then

matter, then vacuum energy; all of which have vanishing anisotropic stress

gradients at large scales and can therefore be described as perfect fluids. More-

over, though extensions to this model exist in the literature (see e.g., [5]), they
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CHAPTER 1. INTRODUCTION

typically involve adding an intermediate epoch (parameterized by some effec-

tive equation state w > −1/3) that is also assumed to behave like a perfect fluid

at large scales. Since we know little about the universe between the end of in-

flation and the onset of the radiation era (see [6–10], for different examples of

how this “reheating” transition can occur), it is worth exploring more general

cases which go beyond the perfect fluid approximation.

In this thesis we study a cosmology where a domain wall network – which

behaves more like a relativistic elastic solid at large scales – dominates the

energy density for a short period in the early universe, not long after inflation

ends (as we will mention shortly, this period must be short and must occur

early in order to avoid current observational bounds). At the microscopic level,

this happens if the potential of a field has a discrete symmetry that is spon-

taneously broken: domains walls, which are topologically protected sheet-like

surfaces, form and divide the universe into domains populated at random by

one of the available vacua [11,12]. Since this condition is commonplace in field

theory, it is quite possible that many of these walls were produced in the early

universe. Moreover, if the vacuum manifold of the theory is rich enough, the

domain walls can join together into a metastable, (and at large scales) homo-

geneous and isotropic network that can dominate the energy density for some

number of e-folds before decaying and reheating the universe. As we will see

in Section 2.4, the equation of state during domain wall dominance (assum-

3



CHAPTER 1. INTRODUCTION

Figure 1.1: Evolution of the comoving Hubble radius, H−1 = (aH)−1, where a is

the scale factor and H is the Hubble parameter, in a cosmology with a domain

wall dominated era. Here, N∗ is the number of e-folds from horizon-exit of the

pivot scale k∗ ≃ 0.05 Mpc−1 to the end of inflation (w = −1), Nint is the num-

ber of e-folds elapsed during a radiation-dominated phase after inflation but

before domain walls dominate (w = 1/3), Ndw is the number of e-folds during

the domain wall era (w = −2/3), and N0 is the number of e-folds from reheating

until the k∗ perturbations would re-enter the horizon. Trh is the temperature at

reheating. kcosm ∼ 1 Mpc−1 is the mode corresponding to the smallest cosmolog-

ical scale currently probed by experiments, and kdw ≫ kcosm is the mode exiting

the horizon when the domain walls start to dominate. Lastly, ζ is the curva-

ture perturbation which, as we will show in this thesis, decays at superhorizon

scales during domain wall dominance.

ing frustration) is w = −2/3 [4, 13], so the universe enters a second period of

accelerated expansion. The evolution of the comoving Hubble radius in this

cosmology, is sketched in Fig.(1.1).

The study of topological defects in cosmology, such as strings and walls, is

not new [11, 12]. In fact, in the 1990’s, a lot of work was done to show that

defects could be primary sources of anisotropy in the Cosmic Microwave Back-

ground [13], therefore providing an alternative to the inflation paradigm. How-

ever, these alternatives have since been shown to be incompatible with data:
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CHAPTER 1. INTRODUCTION

unless the field constituents are light (∼ MeV), long-lived domain walls that

formed early are ruled out and therefore need to decay [12, 14]. Domain wall

networks produced at late-times in the universe have also been considered;

since the equation of state for a network lies in the range −2/3 < w < −1/3, it

could potentially contribute to dark energy. However, this possibility was also

ruled out from the commonly quoted upper bound w < −0.78 at 95% C.L (though

this bound has been contested in [15]). In the cosmology we propose, because

the network has a characteristic length scale that is always much smaller than

the horizon, and because it only lives for a few e-folds shortly after inflation,

none of these constraints apply.

Let us summarize the main results of this thesis. Treating the domain wall

network as a relativistic elastic solid at large scales, we show in Chapter 6 that

cosmological perturbations decay outside the horizon during domain wall dom-

inance. This means that for the cosmology shown in Fig.(1.1) (or any cosmology

with a domain wall era), the amplitude of the perturbations generated during

inflation now has to be larger in order to match the amplitude observed today.

More specifically, after decomposing the cosmological perturbations into their

scalar (ζ) and tensor (h) components (as done in Chapter 3), we find that the

ratio between the power spectra at large scales today, which we denote by Pζ,0

and Ph,0, and their primordial values at horizon exit, which we denote by Pζ

5



CHAPTER 1. INTRODUCTION

and Ph, is exponentially suppressed as

Pζ,0

Pζ

=
Ph,0

Ph

∝ e−
5
2
Ndw (1.1)

where Ndw is the number of e-folds elapsed during domain wall dominance. In

other words, the primordial amplitude of the scalar and tensor power spectra is

a factor of e
5
2
Ndw larger than the amplitude today, which for scalars is Pζ,0(k∗) ∼

10−9 (as measured by the Planck collaboration [16] at the pivot scale k∗ ≃ 0.05

Mpc−1). Eq.(1.1) is the main result of this thesis.

Even though the tensor-to-scalar ratio r∗ ≡ Ph(k∗)/Pζ(k∗) does not change

in the cosmology with the domain walls, the observational bound [16] r∗ <

0.07 combined with Eq.(1.1), places the following bound on the Hubble scale in

single-field slow-roll inflation models:

Hi . 1014 × e
5
4
NdwGeV (1.2)

We conclude that the main effect of the domain wall network is to exponentially

suppress the power spectra and that, interestingly, this suppression relaxes the

current bounds on Hi by a factor of e
5
4
Ndw . The only bound on Hi would come

from considerations of eternal inflation. Saturating this bound, the inflationary

scale can take values close to the Planck scale. As a result, the parameter space

of single-field inflation models is shifted relative to the standard cosmological
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CHAPTER 1. INTRODUCTION

model. It is worth noting that the evolution of perturbations at superhorizon

scales does not represent a violation of causality since the effect that causes it

is entirely local – it is due to the rigid nature of solids which, as we will see, can

support sizable anisotropic stress gradients across large scales (see [17], [18])

effectively acting as mass for the perturbations.

The main result, Eq.(1.1), is independent of the model used to produce the

domain wall network, as long as the network at large scales remains homoge-

neous and isotropic throughout its lifetime. Nevertheless, we present in Chap-

ter 7, as an existence proof, a hybrid inflation model with N waterfall fields

where a domain wall network forms at the end of inflation, when an approx-

imate O(N) symmetry gets spontaneously broken. For N ≥ 5, we show that

the network can dominate the energy density for a few e-folds before decay-

ing. When the walls decay, the universe reheats and the standard Big Bang

cosmology follows. This model can therefore realize the cosmology depicted in

Fig.(1.1).

The structure of this thesis is as follows. In Chapter 2, we review the basics

of cosmology, inflation and domain wall networks. In Chapter 3, we review the

linear theory of cosmological perturbations in a universe with a homogeneous

and isotropic background and which supports anisotropic stress gradients at

large scales. In Chapter 4, we review the linearized theory of perturbations in

Newtonian and relativistic elastic solids. The rest of the thesis contains the

7



CHAPTER 1. INTRODUCTION

bulk of our contributions to the literature. In Chapter 5, after obtaining the

superhorizon evolution equations of cosmological perturbations in a solid-like

universe, we derive the matching conditions that need to be imposed on per-

turbations transitioning between fluid-like and solid-like phases. In Chapter

6, we use the results from the previous chapter to obtain expressions for the

late-time scalar and tensor power spectra in the cosmology with a domain wall

era. We briefly discuss non-Gaussianities. In Chapter 7, we discuss the origin

and collapse of the domain wall network in the context of a field theory model

which can realize the proposed cosmology. We conclude in Chapter 8.

8



Chapter 2

Background Material

In this section, after establishing part of the notation and conventions used

in this thesis, we review the basics of (i) the unperturbed universe (i) the

physics of inflation (iii) domain wall networks in cosmology. This will serve

as a basis for the rest of the thesis, but can be skipped if the reader is already

familiar with these topics.

2.1 Notation

Throughout this thesis, we always set c = ~ = 1. By “Planck mass” we al-

ways mean the reduced Planck mass Mp = (8πG)−1/2 ≃ 2.4× 1018GeV, where G

is Newton’s constant.

We chose to work with the (+,−,−,−) metric signature. Greek indices take
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CHAPTER 2. BACKGROUND MATERIAL

the values µ, ν = 0, 1, 2, 3 whereas Latin indices take the values i, j = 1, 2, 3. We

use the letter τ to denote conformal time and t to denote physical time. Unless

otherwise specified, primes represent derivatives with respect to τ and over-

dots represent derivatives with respect to t.

We use PX(k) to refer to the dimensionless power spectrum of some pertur-

bation X. In Fourier space, it is given by

PX(k) =
k3

2π2
PX(k);

〈

X~kX~k′

〉

= (2π)3δ(~k + ~k′)PX(k)

Lastly, when discussing cosmological perturbation theory (except for quanti-

ties which use established symbols to denote their perturbations) we use Ȳ to

denote the background and δY to denote the perturbation of the full quantity

Y = Ȳ + δY .

2.2 The Unperturbed Universe

At large scales, our universe is homogeneous and isotropic. It is also spa-

tially flat. Therefore, at the background level (i.e., after averaging over spatial

fluctuations), the expanding universe is described by the Friedmann-Robertson-

Walker (FRW) metric:

ds2 = dt2 − a(t)2(dx2 + dy2 + dz2) (2.1)

10
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where a(t) is the scale factor parameterizing the expansion of the universe and

t is the cosmological time (i.e. the proper time measured by a free-falling ob-

server). The rate of expansion is given by the Hubble parameter H ≡ ȧ/a.

The matter sector is described by a relativistic perfect fluid. Before recom-

bination, for example, the Thomson scattering processes between photons and

electrons, and the Coulomb interactions between the electrons and baryons,

were very efficient. Thus, we can safely assume that the Thomson mean free

path τm during that period was negligible compared to the Hubble scale1 H−1.

The perfect fluid is completely characterized by its energy density ρ and isotropic

pressure P . Indeed, if the mean free path was comparable to the size of the

horizon, then it would be possible for an observer to receive different fluxes

with different velocities from different directions and, as a result, there would

be a net pressure along a particular direction. This would lead to anisotropic

stress and the fluid would no longer be perfect2.

Let us consider the energy-momentum tensor T µν . In general one can in-

terpret this tensor as the flux of the µ-th component of 4-momentum across a

surface of constant xν . In terms of components, we have

• T 00: Energy density (energy flux across constant time surface).

• T 0i: Heat conduction (energy flux across constant xi surface).

1Corrections of order τm/H
−1 and higher are very small and thus neglected.

2This occurs, for example, after neutrino decoupling.

11
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• T i0: Momentum density (i-th momentum across constant time surface).

• T ij: Stress (i-th momentum across a constant xj surface).

A perfect fluid has by definition (1) no heat conduction (2) no viscosity, so T 0i =

T i0 = 0, and (3) T ij(~x = 0) ∝ δij ∝ gij(~x = 0), where gij denotes the metric.

This follows from isotropy: an observer at rest relative to any point within the

fluid would see the same thing in all different directions. Homogeneity then

requires that all proportionality coefficients be functions of time only. We thus

have

T00 = ρ(t), Ti0 = 0, Tij = −P (t)gij(t, ~x)

For an observer comoving with the perfect fluid, the stress energy tensor with

mixed indices takes the following nice form

T µ
ν =

























ρ 0 0 0

0 −P 0 0

0 0 −P 0

0 0 0 −P

























(2.2)

One can then boost to any frame, moving at speed v relative to the rest frame,

using the Lorentz transformation matrix. Defining uµ = γ(1,v) such that

12
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uµuµ = 1 and γ = 1/
√
1− v

2, the usual covariant form then follows

T µ
ν = (ρ+ P )uµuν − Pδµν (2.3)

Physically, uµ = dxµ/ds is the relative four-velocity between the fluid and the

observer, and ρ and P are the energy density and pressure in the rest-frame

of the fluid, respectively. Note that for uµ = (1, 0, 0, 0) (the four-velocity of a

comoving observer) we recover the result in Eq.(2.2).

The evolution of the energy density and pressure with respect to time can

be found from the conservation of energy and momentum condition

∇µT
µ
ν = ∂µT

µ
ν + Γµ

µλT
λ
ν − Γλ

µνT
µ
λ = 0

where Γµ
αβ ≡ 1

2
gµλ (∂αgβλ + ∂βgαλ − ∂λgαβ) are the Christoffel symbols. Alterna-

tively, one can use the thermodynamic relation dU = −PdV , where U = ρV and

V ∝ a3. Either way, it is straightforward to obtain the continuity equation

ρ̇+ 3H(ρ+ P ) = 0 (2.4)

In the standard cosmological model, the medium dominating the energy den-

sity in the universe is typically a fluid with equation of state w ≡ P/ρ. In this

13
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case, the solution to Eq.(2.4) scales as

ρ(a) ∝ a−3(1+w) (2.5)

Let us now relate the fluid matter to the evolution of a in the FRW universe.

To his end, we use Einstein equations

Gµν = 8πGTµν (2.6)

where G is Newton’s constant and Gµν = Rµν − 1
2
Rgµν is the Einstein tensor.

Here Rµν = ∂λΓ
λ
µν − ∂νΓ

λ
µλ + Γλ

λρΓ
λ
µν − Γρ

µρΓ
λ
νρ is the Ricci tensor and R = Rµ

µ =

gµνRµν is the Ricci scalar. Note, the Einstein tensor is a measure of the space-

time curvature in the universe and therefore Einstein’s equation relate curva-

ture to matter. In the case of the FRW metric in Eq.(2.1), the only non-zero

components of the left hand side of Eq.(2.6) are

G0
0 = 3

(

ȧ

a

)2

(2.7)

Gi
j =

[

2
ä

a
+

(

ȧ

a

)2
]

δij (2.8)

14
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Combining these two equations with Eq.(2.2) then leads to the Friedmann

equations
(

ȧ

a

)2

=
8πG

3
ρ (2.9)

ä

a
= −4πG

3
(ρ+ 3P ) (2.10)

Note that the condition for accelerated expansion is ρ+3P < 0, or equivalently

w < −1/3. It is convenient to rewrite the Friedmann equations in terms of H

and Ḣ as follows

ρ = 3M2
pH

2 (2.11)

P = −M2
p

(

2Ḣ + 3H2
)

(2.12)

where Mp = (8πG)−1/2 ≃ 2.4 × 1018GeV is the reduced Planck Mass. Assuming

as before that P = wρ (note since we have three unknowns, ρ, P and a, an

equation of state must be provided in order to close the system of equations)

the solution for the scale factor is

a(t) = a0t
2

3(1+w) (2.13)

and we thus have (via ρ ∝ H2 ∝ (ȧ/a)2)

ρ(a) = ρ0a
−3(1+w) (2.14)

15
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where a0 and ρ0 are integration constants fixed by the choice of initial condi-

tions. This is of course the same result we found in Eq.(2.5) using conservation

of energy. In table 2.1, we show the evolution of the scale factor and the energy

density for different values of w. Note, w = −1 corresponds to a vacuum energy

dominated universe (which, as we will see, drives a period of inflation), while

w = 1/3 and w = 0 correspond to radiation and matter, respectively.

w = −1 w = −2
3

w = 1
3

w = 0

a(t) ∝ t
2

3(1+w) eHt t2 t1/2 t2/3

ρ(a) ∝ a−3(1+w) Constant a−1 a−4 a−3

Table 2.1: The scale factor and energy density for different values of w.

The equation of state of a static (frustrated) domain wall network is w =

−2/3 [4]. We can then see why a domain wall dominated universe cannot be

modeled by a perfect fluid: since the relation between w and the scalar (longi-

tudinal) speed of sound cs for a perfect fluid is (see Appendix A)

c2s = w (2.15)

a negative value for w would imply the existence of unstable solutions at small

scales. Instead, the domain wall network is best modeled by an inflating rel-

ativistic elastic solid [19] with w = −2/3 and an effective rigidity [20] µ =

(4/15)ρ̄, where the value for µ follows from explicitly computing the change in

the energy density due to small shears in an initially isotropic distribution of

16
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domain walls. Note, from a symmetry perspective, the choice of a solid seems

sensible inasmuch as domain wall networks and solids share the same symme-

tries – spatial diffeomorphisms are spontaneously broken in both cases. The

special feature of this solid is that it has support for an extra transverse degree

of freedom. In general, the speeds of sound for the solid are (see Chapter 4)

c2s =
dP

dρ
+

4

3
c2v (2.16)

for scalar modes and

c2v =
µ

ρ̄+ P̄
(2.17)

for vector (transverse) modes. For w = −2/3 (note, dP/dρ = w for a constant

equation of state) and µ = 4/15 we have c2s = 2/5 > 0 and c2v = 4/5 > 0, so the

small-scale instabilities disappear.

2.3 Inflationary Cosmology

An expanding universe and a finite speed of light imply the existence of

horizons. One can define the particle horizon as the maximum distance from

which a particle of light could have traveled to an observer in the age of the

universe. If two particles are separated by a distance larger than the particle

horizon, then the particles could never have communicated.
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This poses an issue for the standard Big Bang cosmology: the tempera-

ture of the CMB is uniform to better than one part in 100,000, yet, for FRW

cosmologies, this homogeneity spans scales that are much larger than the par-

ticle horizon at the time when the Cosmic Microwave Background (CMB) was

formed. If the CMB is made of many disconnected patches that were never

in causal contact with each other then why is the CMB temperature uniform

across these patches? This is the so-called horizon problem. The only way

to explain the smoothness of the CMB temperature in the Big Bang theory is

by invoking an extreme fine-tuning of the initial conditions of the universe.

Though technically not a wrong option, it is extremely unappealing to most

physicist who seek a more dynamical explanation.

The horizon problem is beautifully addressed by inflation, which postulates

the existence of a period of accelerated expansion in the very early universe,

before it became dense and hot. As mentioned in the Introduction, inflation

also explains why the universe is flat, why we don’t see magnetic monopoles,

and naturally provides the correct initial conditions for the formation of large-

scale structure, like galaxies and galaxy clusters, in our universe. The latter

is due to quantum fluctuations in the inflationary matter, which inevitably

get magnified to cosmic scales and become the seeds for growth of structure

via gravitational instability. Moreover, the small temperature anisotropies ob-

served in the CMB are believed to have originated from these fluctuation, so
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by carefully studying the CMB data, we can learn about the spectrum of per-

turbations during inflation. For a great review on inflation see [21].

2.3.1 The Horizon Problem

Let us see how inflation solves the horizon problem: why is the CMB uni-

form? To study the propagation of light in an expanding spacetime, like FRW,

it turns out to be very convenient to switch from physical time t to conformal

time τ , using

dτ =
dt

a(t)

The reason is that now the propagation of light in FRW is the same as in

Minkowski space. Indeed, focusing on the radial component only (because of

isotropy) the metric is just

ds2 = a(τ)2
[

dτ 2 − dr2
]

(2.18)

and we see that null geodesics ds2 = 0 ⇒ ∆r = ±∆τ are simply given by

straight lines in a spacetime diagram (note, the lines would be curved if we

used t instead).

Let us consider the particle horizon. The particle horizon, which limits the

distance that a past event can be seen by an observer (and which should not be
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confused with the “event horizon”, which concerns future events) is given by

rph(τ) = τ − τi =

∫ t

ti

dt

a(t)
=

∫ a

ai

da

aȧ
=

∫ ln a

ln ai

H−1d ln a (2.19)

where H−1 = (aH)−1 is the comoving Hubble radius and ti ≡ 0 is the Big Bang

“singularity”, that is, the moment in time (not space!) when the Big Bang

started. The particle horizon then tells you what is the largest comoving dis-

tance from which an observer at some time twill be able to receive light signals.

The comoving Hubble radius, on the other hand, only concerns the distance

from which an observer will be able to receive light signals in that current ex-

pansion time.

For a fluid with w = P/ρ we have

H−1 = H−1
0 a

1
2
(1+3w) (2.20)

and since ordinary matter satisfies the strong energy condition, 1 + 3w > 0,

the comoving Hubble radius increases with time. Thus, the integral in rph is

dominated at late times. Indeed, solving the integral in the limit where ai → 0

and with w > −1/3, gives

rph(a) =
2H−1

0

1 + 3w

[

a
1
2
(1+3w) − a

1
2
(1+3w)

i

]

≃ 2H−1
0

1 + 3w
a

1
2
(1+3w) =

2

1 + 3w
H−1 (2.21)
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Note that in the standard cosmology the particle horizon is roughly the same

as the Hubble radius and it is customary (though somewhat misleading) to re-

fer to either one as the “horizon”.

We have found that the particle horizon rph in an FRW universe with ordi-

nary matter is finite (defining τi ≡ 2
1+3w

a
1
2
i (1 + 3w), we get τi → 0 as ai → 0)

and that it grows as τ . Having a Hubble sphere that only grows is problematic

in a universe where recombination happened only 300,000 years after the Big

Bang. In this case, the particle horizon of an observer today turns out to be

about 104 times larger than the particle horizon of causal observer at the time

of recombination, when the CMB was formed, and this means that the CMB is

made of about 104 causally disconnected regions. There was not enough time

between the singularity and recombination for the regions to be in causal con-

tact.

A simple way to solve this is to introduce a fluid that violates the strong

energy condition, that is, it satisfies 1 + 3w < 0. From Eq.(2.20), this implies

a shrinking Hubble sphere since we now have d(H−1)/dt < 0. Moreover, the

singularity (ai → 0) is now at

τi =
2

1 + 3w
a

1
2
(1+3w)

i → −∞
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so there was plenty of (conformal) time between the singularity and recombi-

nation for the 104 CMB regions to be in causal contact. Having a shrinking

comoving Hubble sphere (d(aH)−1/dt < 0) is equivalent to a period of inflation

since it implies:

• Accelerated Expansion: d
dt
(aH)−1 = d

dt
(ȧ)−1 = − ä

(ȧ)2
< 0 ⇒ ä > 0

• Negative pressure: Eq.(2.10) with ä > 0 implies ρ+ 3P < 0

• Slowly-Varying Hubble: d
dt
(aH)−1 < 0 ⇒ ǫ ≡ − Ḣ

H
< 1

Note that ǫ < 1 is enough to produce an accelerated expansion, but for this

expansion to be exponential one must also require that ǫ ≪ 1. Then, one gets

H = ȧ/a ∼ const. and a(t) = eHt. We also see that, since ρ ∝ H2 = const.,

inflation can be generated with a source of matter whose energy density does

not change rapidly.

So, how can we guaranty that inflation solves the horizon problem? First,

consider two particles separated by some distance λ. Then, if λ > (aH)−1,

the particles cannot communicate at the current expansion time, whereas if

λ > rph, the particles could have never communicated in the history of the uni-

verse. Therefore, one conservative solution to the horizon problem is to demand

that the observable universe was inside the Hubble radius at the beginning of

inflation, that is

(a0H0)
−1 < (aiHi)

−1 (2.22)
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where the subscript 0 labels quantities today and the subscript i labels quan-

tities at the start of inflation.

2.3.2 Slow-roll Inflation

We have seen that the condition ǫ < 1 leads to a rapidly expanding universe.

However, for this expansion to last a non-trivial amount of time (around 60 e-

folds) we also need that

η ≡ ǫ̇

Hǫ
< 1

It turns out that a simple scalar field provides the necessary micro-physics

so that both of these conditions are satisfied. The contribution to the stress-

energy tensor from the inflaton is

Tµν = ∂µφ∂νφ− gµν

(

1

2
gαβ∂αφ∂βφ− V (φ)

)

(2.23)

where V (φ) is the field’s potential. At the background level the inflaton is ho-

mogeneous, and inserting φ(t) in the above equation gives

ρφ = T 0
0 =

1

2
φ̇2 + V (φ) (2.24)

Pφ = −1

3
T i
i =

1

2
φ̇2 − V (φ) (2.25)
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Note, the first equation is just kinetic plus potential energy whereas the second

equation is kinetic minus potential energy. Plugging these two equations into

the Friedman relations, Eq.(2.11) and Eq.(2.12), we get

H2 =
ρφ
3M2

p

=
1

3M2
p

[

1

2
φ̇2 + V (φ)

]

(2.26)

Ḣ = −ρφ + Pφ

2M2
p

= −1

2

φ̇2

M2
p

(2.27)

Thus for inflation to occur we must have

ǫ ≡ − Ḣ

H2
=

1
2
φ̇2

M2
pH

2
< 1 (2.28)

which tells us that the kinetic energy must be smaller than the potential. Tak-

ing the time derivative of Eq.(2.26) and using Eq.(2.27) we obtain the evolution

equation for a background scalar field in an expanding universe:

φ̈− 3Hφ̇+ V ′ = 0 (2.29)

where here (and from now on) the prime on V stands for dV/dφ (not dV/dτ ).

This equation says that the acceleration of φ (first term) is set by the friction

term coming from the universe’s expansion (second term) and the force induced

by the potential (last term). For inflation to last long, however, the acceleration

term must be small, that is, one must have δ ≡ −φ̈/Hφ < 1. Thus, if ǫ, δ ≪ 1 we
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also have

η ≡ ǫ̇

ǫH
= 2(ǫ− δ) ≪ 1 (2.30)

In the slow roll approximation

ǫ ≡
1
2
φ̇2

2M2
p

≪ 1 ⇒ H2 ≃ V

3M2
p

(2.31)

|δ| ≡ |φ̈|
H|φ| ≪ 1 ⇒ 3Hφ̇ ≃ −V ′ (2.32)

Defining the following slow roll parameters

ǫV ≡ M2
p

2

(

V ′

V

)2

≃ ǫ (2.33)

ηV ≡M2
p

V ′′

V
≃ 2ǫ− 1

2
η (2.34)

we then have successful inflation if ǫV , ηV ≪ 1. This approximation is very

convenient since we can now construct models of inflation by simply picking

“flat” potentials that gives ǫV , ηV ≪ 1.

Let us close this section with the simplest example of an inflation model:

“chaotic inflation”. In this model, inflation is driven by the mass term

V (φ) =
1

2
m2φ2
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where m is the inflaton mass. The slow roll parameters are thus

ǫV (φ) = ηV (φ) = 2

(

Mp

φ

)2

(2.35)

and to have ǫV , ηV < 1 we must consider superplanckian field excursions, φ >

√
2Mp. The length of the inflationary period is typically measured in “e-folds”:

N =

∫ ae

ai

d ln a =

∫ te

ti

Hdt ≃
∫ φe

φi

1√
2ǫV

|dφ|
Mp

(2.36)

where we have used Hdt = Hdφ/φ̇ with φ̇ ≃ √
2ǫVMp (valid only in the slow roll

approximation, Eq.(2.33)). For the chaotic inflation model we then have

N (φ) =
φ2

4M2
p

− 1

2

It then turns out that for inflation to solve the horizon problem one must have

N & 60, so the fluctuations observed in the CMB are created when φ ∼ 15Mp.

2.3.3 Primordial Perturbations

We have already mentioned that quantum fluctuations during inflation give

rise to the primordial perturbations which seed all of the large-scale structures

we see around us. In this section we briefly review how this happens.

The basic idea is simple. We just showed that the duration of the infla-
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tionary period is controlled by the inflaton field, so φ(t) acts as a “clock” which

measures the time to the end of inflation. After quantizing the field, the un-

certainty principle says that this clock will inevitably have an variance, so the

inflaton field will have space-dependent fluctuations δφ(x, t) = φ(x, t)− φ̄(t) and

locally, inflation will end at different times δt(x) ∼ δφ(x)/φ̇. Working in the

so-called “flat gauge”, where all of the scalar perturbations are captured by δφ,

this local time difference will produce curvature perturbations

R ∼ Hδt ∼ H

φ̇
δφ =

H
φ′
δφ (2.37)

These curvature perturbations then induce density perturbations δρ(x) (seed-

ing the gravitational instabilities which pull dark matter together and create

structure in the universe) and ultimately, the temperature anisotropies δT (x)

observed in the CMB.

From Eq.(2.37), we see that the variance of the curvature perturbations de-

pends on the variance of φ as follows (in Fourier space)

〈

|Rk|2
〉

=

(H
φ′

)2
〈

|δφk|2
〉

(2.38)
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To compute 〈|δφk|2〉 we first need to solve for the classical dynamics of φ. This

can be derived from the inflaton action

S =

∫

dτdx3
√−g

[

1

2
gµν∂µφ∂νφ− V (φ)

]

(2.39)

where g ≡ det(gµν). Defining f(x, t) ≡ a(τ)δφ(x, t), working in the flat gauge,

and applying the slow-roll approximation, the quadratic action becomes [21,22]

S2 ≃
1

2

∫

dτdx3
[

(f ′)
2 − (∇f)2 + a′′

a
f 2

]

(2.40)

and from the Euler-Lagrangian equations one can derive the well-known Mukhanov-

Sasaki equations (MS)

f ′′
k +

(

k2 − a′′

a

)

fk = 0 (2.41)

In the case of slow-roll inflation (where de Sitter is a good approximation for the

background expansion), a′′/a ≃ 2H2 ≃ 2/τ 2 and one can solve the MS equation

to get the so-called “Bunch-Davies” solution:

fk(t) =
e−ikτ

√
2k

(

1 +
i

kτ

)

(2.42)

We can now compute the statistics of the quantum operator f̂k = fk(τ)âk +

f ∗
k (τ)â

†
k, where âk and â†k are the usual lowering and raising operators (which

satisfy the commutation relation [âk, â
†
k] = δ(k+k′) and define the vacuum state
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via âk|0〉 = 0). It is straightforward to show that the variance of the operator in

position space is

〈|f̂ |2〉 ≡ 〈0|f̂ †(τ, 0)f̂(τ, 0)|0〉

=

∫

d3k

(2π)3/2
d3k′

(2π)3/2
fk(τ)f

∗
k′(τ)〈0|[âk, â†k′ ]|0〉

=

∫

d ln kPf (k, τ)

where we have defined the dimensionless power spectrum

Pf (k, τ) ≡
k3

2π2
|fk(τ)|2 (2.43)

Using the Bunch-Davies solution in Eq.(2.42), we can then obtain an expression

for the inflaton spectrum

Pφ(k, τ) =
Pf (k, τ)

a2
=

(

H

2π

)2
(

1 +

(

k

aH

)2
)

≃
(

H

2π

)2

(2.44)

where in the last equality we took the superhorizon limit k ≪ aH. Note, this

result means that the quantum fluctuations of the inflaton field during a de Sit-

ter phase are of the same order as the Hubble scale at horizon exit. Note also

that during inflation, and in comoving coordinates, the wavelengths of fluctu-

ations are constant while the Hubble radius shrinks, effectively stretching the

fluctuations to superhorizon scales. At these large scales, the fluctuations stop
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being quantum mechanical in nature and “turn into” fluctuations in a stochas-

tic field.

Using Eq.(2.44), Eq.(2.38) and Eq.(2.28), we can finally obtain the curvature

power spectrum at horizon-exit:

PR(k, τ) =

(

H2

8π2ǫM2
p

)

k=aH

≡ As

(

k

k∗

)ns−1

(2.45)

Experimentally, we have measured the amplitude to be [16] As ∼ 10−9 and

the spectral index to be ns ≃ 0.96 at the pivot scale k∗ ≃ 0.05Mpc−1. These

are the late-time observables that allow us to learn about the early universe

during inflation. Note that we only need to evaluate the spectrum at horizon

exit because (as we will see in Chapter 3) the curvature perturbations remain

constant outside the horizon in the standard cosmology without a domain wall

era. Lastly, a similar analysis as the one above can be applied to tensor pertur-

bations, h (we defined h more precisely in Chapter 3). The final result is

Ph(k, τ) =

(

2H2

π2M2
p

)

k=aH

(2.46)

2.4 Domain Wall Networks

Formally, the presence of a particular defect after spontaneous symmetry

breaking is determined by the topology of the vacuum manifold M = G/H of
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the theory or model in question, where G and H are the symmetry groups be-

fore and after the breaking, respectively [11]. If the nth homotopy group of the

vacuum manifold is nontrivial (πn(M) 6= I) then there exist inequivalent map-

pings between n-dimensional spheres (Sn) and M, meaning that there exist

closed n-dimensional surfaces, in the field space where the vacuum manifold

lives, which pass through a given point but that cannot be continuously de-

formed into each other. In 3 spatial dimensions, domain walls are sheet-like

surfaces which form if π0(M) 6= I, or in other words, if the vacuum manifold is

made of disconnected points. Similarly, strings are line-like defects which form

if M contains unshrinkable loops (π1(M) 6= I), and monopoles are point-like

defects which form if M contains unshrinkable surfaces (π2(M) 6= I).

Among these defects, domain walls are the simplest since they arise if the

potential of a field has a global discrete symmetry that is spontaneously broken

by the vacuum. In our cosmological context, the universe after the phase tran-

sition divides into domains, each populated at random by one of the available

vacua. We now give some examples of models which can produce domain walls

in the universe and we also discuss what we know about their evolution.
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2.4.1 Z2 (double-well model)

The simplest example of a model producing domain walls is the double well

potential in 1 spatial dimension (the walls are also called kinks in this case)

V (φ) =
λ

4

(

φ2 − v2
)2

(2.47)

where φ(x) is a real scalar field. At φ = 0, the field is in the false vacuum

energy state, V0 = m2v2/4, where m ≡
√
λv is the mass parameter of φ. The

Z2 symmetry of the potential is then broken by the true vacuum when the field

rolls down the potential to either φ = ±v, where the potential vanishes. Since

π0(Z2/I) = Z2, the phase transition gives rise to domain walls.

The Lagrangian of the system is L = 1
2
(∂µφ)

2 − V (φ) and the equation of

motion, ∂2φ/∂x2 − ∂V/∂φ = 0, is then

− ∂2φ

∂x2
+ λφ(φ2 − v2) = 0 (2.48)

The solution to this equation is φ(x) = v tanh(x/δw), where δw = (λ/2)−1/2v−1 =

O(1/m) characterizes the “thickness” of the wall (see Fig.(2.1)). Note, the solu-

tion is centered about x = 0 and interpolates the value of φ from −v at x = −∞

to v at x = +∞. Moreover, these boundary conditions, combined with the non-

trivial topology of the vacuum, guarantee that potential energy is stored some-
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Figure 2.1: Plot of the Z2-wall solution φ(x) = v tanh(
√

λ/2vx) and the poten-

tial V (φ) = λ(φ2 − v2)2/4 (here, v = 1, λ = 0.1 so δw ≃ 4.5/v).

where between the boundaries, where the field is outside the vacuum manifold.

This energetic region of thickness δw is the domain wall and because it is time-

independent, it is classically stable.

This stability can also be understood as being the result of a topological

conservation law where each “defect state” has a conserved quantum number

associated with it. The conserved topological current follows from the discrete

symmetry of the Lagrangian, in contrast with the currents that are conserved

by Noether’s theorem in the case of continuous symmetries. For this 1D model,

the topological current is

Jµ = ǫµν∂νφ (2.49)

where ǫµν is the Levi-Civita tensor. Note, this current is trivially conserved be-

cause we are taking the divergence of an anti-symmetric tensor. The conserved
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charge associated with this current is

Q =

∫

dxJ0 = φ(∞)− φ(−∞) = 2v (2.50)

and since it is non-zero the configuration is stable.

The surface energy –or tension – σ of this “Z2 wall”, is given by the balance

between a gradient term of order δw(∂xφ)
2 ∼ δ−1

w v2 and a potential energy term

of order δwV0. Minimizing the gradient energy favors a large wall thickness,

whereas minimizing the potential energy favors a small thickness. Thus, to

minimize the surface energy, the two contributions must balance each other.

Setting the gradient and potential energies equal to each other, we get δw ∼

1/m (which is of course the same result we got directly from the domain wall

solution), and a wall tension

σ ∼ mv2 (2.51)

In the case of the Z2-wall, we can actually compute the tension exactly from

the stress-tensor Tµν = ∂µφ∂νφ− gµνL. This gives

T µ
ν =

(

∂φ

∂x

)2

diag(1, 0, 1, 1) (2.52)

=
1

2
λv4

[

cosh
(

(λ/2)1/2vx
)]

× diag(1, 0, 1, 1) (2.53)
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where the first equality follows from integrating once the equation of motion to

get 1
2
(∂φ/∂x)2 − V (φ) = 0, and the second equality just uses the wall solution

φ(x) = v tanh(
√

λ/2vx). Note that the surface energy is also equal to the tension

along the y and z directions. The surface energy density can now be computed

exactly as

σ =

∫

T 0
0 dx =

2
√
2

3

√
λv3 (2.54)

In 3D, the wall is localized at x = 0 and the field configuration is Lorentz in-

variant with respect to boosts in the yz-plane; so only motion that is transverse

(in the x-direction) is relevant.

Let us assume that one of these Z2 walls was subdominantly produced (to

say, radiation) in our universe with an initial characteristic curvature radius

of order R, in real space, smaller than the horizon. In this case, the tension in

the wall will produce a force per unit area f ∼ σ/R that will stretch and flatten

the wall at relativistic speeds, and though particle scattering could damp this

motion, the walls will dominate the energy density of the universe in a time-

scale no longer than ∼ (Gσ)−1, where G is Newton’s constant (we show this in

Section 2.4.4, when we discuss the evolution of domain wall networks).

An interesting feature of domain walls is that they are gravitationally re-

pulsive. This can be seen immediately in the Newtonian limit of Einstein equa-

tions for a static wall lying in the yz-plane. Assuming that the wall is ideally

thin, so that T ν
µ = σδ(x)diag(1, 0, 1, 1), the gravitational potential Φ in this limit
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satisfies

∇2Φ = 4πG(T 0
0 − T i

i ) = −4πGσδ(x) < 0 (2.55)

which evidently implies that the wall is a source of gravitationally repulsive

force.

The relativistic treatment is a bit more subtle. Consider a universe with

only one domain wall and nothing else. Naively, one might envision a domain

wall as a static object with planar and reflectional symmetry. Though this was

intuitive in the Newtonian limit, this simple interpretation is skewed when one

considers a fully general relativistic approach. In fact, it can be shown that no

static solutions of Einstein’s equation exist with the planar and reflectional

symmetry and an energy momentum tensor as in Eq.(2.52). A time dependent

solution, however, was found by Vilenkin [23] and Ipser & Sikivie [24]. The

solution they found is

ds2 = (1− κ|x|)2dt2 − dx2 − (1− κ|x|)2e2κt(dy2 + dz2). (2.56)

where κ = 2πGσ. In summary, it combines a (1+1)-dimensional Rindler metric

in the (x, t) components and a (2+1)-dimensional de Sitter metric on constant x

hypersurfaces. Therefore, a test particle would be perceived by an observer at

x = 0 as moving away from the wall with an acceleration a = κ until it reaches

the event horizon at |x| = κ−1. In other words, the walls are gravitationally
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repulsive, as was expected form the Newtonian limit result. The yz-plane has

a de Sitter horizon of radius κ−1 as well, which is also consistent with the

intuition that the residual false-vacuum energy inside the wall would drive

inflation inside the wall. Lastly, transforming the metric to Minkowski form on

either side of the wall, would reveal that an inertial observer outside the wall

region would see itself enclosed by a sphere with an outward acceleration of

a = κ. The metric in a universe with one wall is locally flat everywhere, except

on the wall [24].

2.4.2 ZN (axion models)

Axion models typically involve the U(1) symmetric potential of a complex

scalar field Φ, that gets spontaneously broken by the vacuum, producing axion

strings and massless Goldstone bosons (the axions) in the process. The U(1)

symmetry is then explicitly broken to its ZN subgroup by non-perturbative (in-

stanton) effects from a strong gauge (QCD or hidden) sector. The ZN symmetry

implies anN fold degeneracy of the vacuum manifold, corresponding to equidis-

tant points on the circle at the bottom of the “Mexican hat” potential. There-

fore, these models can produce a hybrid network of domain walls bounded by

strings [25].

Let us give a simple example of a ZN -symmetric potential. Consider a com-

plex scalar field that is invariant under a ZN symmetry, Φ → Φexp(i2πk/N),
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where k takes integer values. A Lagrangian with N vacua is then [26]:

L = |∂µΦ|2 − V (Φ); V (Φ) = λv4

[

(

21/2Φ

v

)N

− 1

]2

(2.57)

where v is an energy scale and λ is a constant. Writing Φ = 2−1/2φ exp(ia/v) one

can show that the potential is minimized when the radial Higgs mode is φ = v

and when the axion-like field a takes the value

a = v ×
{

0,
2π

N
,
4π

N
· · · , 2π(N − 1)

N

}

At the φ = v minimum, the effective theory for the axion is

La =
1

2
(∂µa)

2 − 4λv4 sin2

(

Na

2v

)

(2.58)

The field configuration interpolating between two adjacent minima represents

a domain wall solution. The solution for a wall in the yz-plane (centered at

x = 0) interpolating the minimum at a = 0 and the minima at a = 2πv/N , is

a(x) =
4v

N
× arctan (emax) ;

da

dx
=

2vma

N cosh (max)
(2.59)

where ma = N
√
2λv is the axion mass setting the wall thickness δw = 2/ma

(from balancing gradient and potential energies). The domain wall tension
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(mass/area) can then be found by integrating the gradient energy

σ =

∫

dx
da

dx
=

8mv2

N2
(2.60)

If N ≥ 3, the walls can join at strings and form a network which could be long

lived, even though annihilation processes take place [25].

2.4.3 Approximate O(N)

A more isotropic network is produced in the following model [27]

V (χ1, χ2, · · · , χN) =
λ

4

(

N
∑

i

χ2
i − v2

)2

+ ǫ

N
∑

i

χ4
i (2.61)

where each χi is a scalar field and where |ǫ| ≪ λ. This potential has a O(N)

symmetry (given by the first term) that is broken spontaneously at some scale

v, but also explicitly broken by the last term. The O(N) is said to be approxi-

mate, and since it is now discrete, domain walls will form. If ǫ < 0, there are

2N minima: χ
(i)
min = {0, · · · , 0,±v, 0, · · · , 0} for each χi. On the other hand, if

ǫ > 0, there are 2N minima at

χmin =

{

± v√
N
, · · · ,± v√

N

}

; v =
m√
λ

(2.62)
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for all possible sign combinations and where m is the mass parameter for each

χi. Since there are lots of minima that regions in space can settle at, pair anni-

hilation processes of walls are expected to be suppressed. Moreover, the walls

can meet at junctions due to the non-abelian nature of the underlying symme-

try, so the vacuum configuration is rich enough to form an isotropic network

that can initially frustrate. We will revisit this model in the context of hybrid

inflation in Chapter 7.

2.4.4 Network Evolution

Let us explore what happens when a network with a characteristic scale

much smaller than the Hubble volume is produced. Let us ignore the universe’s

expansion for now and use percolation theory [28] to estimate how many do-

mains are left when all neighboring domains with same vacua merge and the

system stabilizes. Percolation theory is a mathematical model that describes

the growth of “clumps” or clusters in a random environment typically repre-

sented by a lattice. It’s range of applications is broad since the results rely

mostly on combinatorics rather than the specific nature of the clusters. It is

used, for example, to model the flow of fluids through a porous medium, or the

propagation of fire through a forest.

In our cosmological context, percolation theory models the growth of the do-

mains inside a static Hubble patch. The initial Hubble patch is represented
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by a cubic lattice of length H−1
i and lattice spacing L0, assumed to be much

smaller than H−1
i . The stable domain walls then live between cells separated

by different types of vacua. As we will see in Chapter 7, the model we present

can lead to these initial conditions. Assuming that each defect field randomly

rolls down to one of the available vacua in a given spatial region, each vacuum

has a probability p = 1/nv to populate a given cell, where nv is the number

of distinct vacua in the model. Given p, using percolation theory we can find

the average size of the domains once all neighboring cells with the same vacua

have merged.

The fundamental result from percolation theory is the existence of a perco-

lation threshold pc, whose value depends on the choice of lattice. If a particular

vacuum has p ≥ pc, then the domains occupied by this vacuum will always per-

colate through the lattice and the system will evolve towards a universe with

only one “infinite” wall of size H−1
i . On the other hand, if p < pc, the domains

grow but remain smaller than H−1
i after the system stabilizes. Furthermore,

numerical analysis of series data [29] show that for p < pc, the average number

of domains with volumes s times larger than the initial cubic cell (an s-cluster),

decreases exponentially as e−s. For the simple Z2 model (where nv = 2) and us-

ing the percolation threshold of a simple cubic lattice [30], pc = 0.311, we have

p = 1/2 > pc, so each Hubble patch will possess one infinite wall.

As we have already discussed, the metric of a universe dominated by one
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(or a few) domain walls is very inhomogeneous and anisotropic, and the way

the universe expands in this scenario is not known. Therefore, any sensible

cosmological model with a domain wall era must involve a network that has

a large number of walls inside the horizon throughout its entire lifetime. In-

deed, at scales much larger than the network’s characteristic length scale, we

may still use the nice properties of a Friedmann-Robertson-Walker (FRW) uni-

verse, which is homogeneous, isotropic and has a computable Hubble radius

evolution. Since the simple Z2 model is not suitable for a domain wall era, a

model with a richer vacuum structure, like the one we present in Chapter 7, is

needed.

Let us now consider how an isotropic and homogeneous domain wall net-

work redshifts as the universe expands. We will assume that the walls are

initially subdominant to radiation. We are interested in the evolution of L(a),

the typical physical size of a domain as the universe expands. Since L is re-

lated to the energy density of the domain wall network by ρwalls = σ/L, and

since ρwalls ∝ a−3(1+wwalls), the evolution of the domain size can be parameter-

ized by the equation of state wwalls of the network. In general, the equation of

state for a “domain wall gas” is given by [4,12,13,31]

wwalls = −2/3 + v2rms (2.63)
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where vrms is the root mean squared velocity of the walls . The v2rms term fol-

lows from the average kinetic energy in the network, whereas, the -2/3 factor

follows from treating each domain wall as false-vacuum energy confined to a

2D plane, and then averaging over the whole space (assuming that the network

is isotropic). Finding a precise value for wwalls is hard since it depends on the

speed of the walls, and therefore requires model-dependent information about

the interaction between the walls and their surroundings. Nevertheless, we

can still restrict the allowed range of values it can take.

An extreme possibility (albeit a very unlikely one) is that the network re-

mains static during the radiation era. In this case, wwalls ≃ −2/3 and the

network’s energy density dilutes as ρwalls ∼ a−1. The network then quickly

dominates the energy density since ρwalls dilutes at a much slower rate than

the energy density of radiation (which goes as a−4). Note that L ∝ a, so the

walls are just stretched by the Hubble flow and the network is said to be frus-

trated (or static). During radiation domination the Hubble radius increases as

a2, which is faster than the growth of L. Therefore, more and more walls fall

inside a Hubble patch as it grows, and as a result, the number of walls inside

the horizon will be larger by the time the network comes to dominate.

A more likely possibility is that the domain wall network reaches a scaling

regime, where the walls disentangle and the network “rescales” itself in such

a way that the number of walls inside the expanding Hubble patch remains
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(approximately) fixed. This implies that L(a) ∝ H−1 ∝ t ∼ a2, that is, as fast

as allowed by causality (L cannot grow faster than H−1). The network’s energy

density in this case dilutes as ρwalls ∝ σH ∝ a−2, which is still slower than the

dilution of radiation. So, in this regime the walls will also come to dominate

the energy density. Note that in general we can write

ρwalls

ρdominant

∼ σH

3M2
pH

2
∼ Gσt (2.64)

so the walls always end up dominating the energy budget in a time no longer

than (Gσ)−1, regardless of its degree of frustration or the equation of state of

the dominant component (assuming it is a fluid like radiation or matter). In

reality, the precise network evolution of the subdominant network probably

falls somewhere between the scaling and frustrated cases. It is then not hard

to show that (assuming radiation domination)

− 2

3
≤ wwalls ≤ −1

3
(2.65)

The lower bound corresponds to the maximally frustrated regime while the

upper bound corresponds to the scaling regime. Note, if we instead assume

matter domination, the upper bound decreases to wwalls = −1/2 [32] (this is

consistent with what simulations have found [33], namely wwalls ≃ −13/24).

To find more precise values for wwall one must resort to case-by-case results
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from simulations. For Z2 walls, with only two minima, the simulations per-

formed in [34] show that a scaling regime is reached and that there is about

one large wall per horizon at any given time. A follow up analysis covering

more complicated models, like axions with several vacua3 (i.e. with more than

one bump in the bottom of the Mexican hat) also concludes that the networks

scale with Hubble [35]. Lastly, the most recent state-of-the-art simulations

go a step further and suggest that any model with junctions, even under the

most ideal conditions, produces networks that eventually reach the scaling

regime [33,36–39]. One could try to find a mechanism which significantly slows

down the network’s propensity to disentangle (for example, by turning on non-

trivial interactions between the wall’s field constituents and the surrounding

matter or radiation). However, we will simply take the simulation results at

face value and assume that, if initially subdominant, the network evolves as in

the scaling regime.

Once the network dominates the energy density, because wwalls < −1/3, the

universe will start to inflate and we expect that any residual wall velocities

will rapidly decay with time due to the Hubble friction and the network frus-

trates. In other words, since all the mechanisms which could spoil frustration

are redshifted away, the equation of state reverts back to wwalls = −2/3, so that

L ∼ a, a ∼ t2 and thus a domain wall inflationary period proceeds. Though

3Axion models with only one vacuum form networks made of single walls terminating on

strings which quickly disintegrate before they can dominate [25].
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frustration during domain wall dominance has not been proven, it is plausible

and has initial support from simulations which model domain walls in a de

Sitter background (see Section IV. C of [33]). Though this is not the same as

a domain wall dominated universe, it does suggest that a network with junc-

tions could frustrate whenever the walls get stretched out by the Hubble flow

of an accelerating universe. Taking this at face value, we will assume that the

network frustrates upon domination.
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Chapter 3

Cosmological Perturbation

Theory

Having reviewed the basics on cosmology, inflation and domain walls, we

now turn to the linearized theory of cosmological perturbations about a homo-

geneous and isotropic universe (see [40–42] for more complete reviews). After

identifying the relevant degrees of freedom, we discuss the superhorizon evo-

lution of adiabatic perturbations in a one-component universe that supports

anisotropic stress gradients at large scales.
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3.1 Metric Perturbations

We parameterize linear perturbations about a flat FRW metric as follows

ds2 =a2(τ) (ηµν − hµν) dx
µdxν

=a2(τ)
[

(1 + 2ϕ)dτ 2 − 2Bidx
idτ − (δij + hij)dx

idxj
]

where a(τ) is the scale factor, τ is conformal time, ηµν is the Minkowski metric

and hµν represents small perturbations that depend on xi and τ . In the second

line, we write the perturbations in terms of the lapse function ϕ(τ, xi), the shift

vectorBi(τ, x
i) and the spatial metric hij(τ, x

i). To isolate the degrees of freedom

in the metric, it is useful to split the 3-vector Bi into the gradient of a scalar

and a divergenceless vector Bi = ∂iB + Si, with ∂iSi = 0. Similarly, we can split

hij into scalar, vector and tensor parts as follows

hij =
h

3
δij + 2(∂i∂j −

1

3
δij∂

2)E + 2∂(iFj) + 2hTij

= −2ψδij + 2∂i∂jE + 2∂(iFj) + 2hTij

where h = δijhij, ∂
iFi = ∂ihTij = δijhTij = 0 and ψ ≡ −1

6
h + 1

3
∂2E is the curvature

perturbation1. Note, the 10 degrees of freedom in the metric decomposed into

4 scalar, 4 vector and 2 tensor degrees of freedom.

1One can show that a2R(3) = 4∇2ψ, where R(3) is the 3-dimensional Ricci scalar associated

with the induced metric on surfaces of constant τ .
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Under a coordinate transformation xµ → xµ+ ξµ, where ξµ = (ξ0, ξi) and ξi =

∂iξ + ξiV , the perturbation of a generic 4-scalar quantity s = s̄ + δs transforms

as (the prime denotes a derivative with respect to τ )

δs→ δ̃s = δs− s̄′ξ0

Similarly, if the background is homogeneous and isotropic, perturbations in the

components of a generic 4-tensor Aµ
ν = Āµ

ν + δAµ
ν , where Āµ

ν = Diag[Ā0
0,

1
3
δijĀ

k
k],

transform as

δ̃A0
0 =δA

0
0 − Ā0′

0 ξ
0 (3.1)

δ̃A0
i =δA

0
i +

1

3
∂iξ

0Āk
k − ∂iξ

0Ā0
0 (3.2)

δ̃Ai
0 =δA

i
0 −

1

3
ξi′Āk

k + ξi′Ā0
0 (3.3)

δ̃Ai
j =δA

i
j −

1

3
δijĀ

k′
k ξ

0 (3.4)

Thus, at linear order, both δA0
0 and the trace of δAi

j (i = j) transform as 4-

scalars, while the traceless part of δAi
j (i 6= j) remains invariant. Note, this

means that hTij is gauge invariant by construction. Lastly, requiring that the

line element ds2 remains invariant under coordinate transformations, we can

get the transformation rules for the functions φ, ψ, B and E in the perturbed
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metric. These are [41]

φ̃ =φ−Hξ0 − ξ0′ (3.5)

ψ̃ =ψ +Hξ0 (3.6)

B̃ =B + ξ0 − ξ′ (3.7)

Ẽ =E − ξ (3.8)

where as usual H = aH is the comoving Hubble parameter.

3.2 Matter Perturbations

In the matter sector, because the universe is homogeneous and isotropic,

the background stress-energy tensor takes the perfect fluid form T̄ µ
ν = (ρ̄ +

P̄ )ūµūν − P̄ δµν , where P̄ and ρ̄ are the background pressure and energy density,

respectively, and ūµ = a−1δµ0 is the fluid four-velocity (at the background level)

for a comoving observer (note, ūµūµ = 1, so ūµ = aδ0µ). In the perturbed universe

we have T µ
ν = T̄ µ

ν + δT µ
ν and uµ = ūµ + δuµ. To first order, the deviations from

the perfect fluid form appear as perturbations in the stress-energy tensor

δT µ
ν = (δρ+ δP )ūµūν + (ρ̄+ P̄ )(δuµūν + ūµδuν)− δPδµν − P̄Πµ

ν

50



CHAPTER 3. COSMOLOGICAL PERTURBATION THEORY

where δρ is the density perturbation, δP is the pressure perturbation, and with-

out loss of generality the anisotropic stress Πµ
ν is chosen to be traceless and

orthogonal to uµ (so Πi
i = Π0

0 = Π0
i = 0). Note, the physical anisotropic stress is

actually P̄Πµν , but we will adopt a common abuse of language and call the di-

mensionless part, Πµν , the “anisotropic stress”. For the perturbed FRW metric

to satisfy gµνu
µuν = 1 to first order, we must set

uµ = a−1(1− ϕ, vi), uµ = a(1 + ϕ,−vi − Bi)

where vi ≡ dxi/dτ = aδui is the coordinate velocity. The components of the

perturbed stress-energy tensor are then

δT 0
0 = δρ (3.9)

δT i
0 = (ρ̄+ P̄ )vi (3.10)

δT 0
i = −(ρ̄+ P̄ )(vi +Bi) (3.11)

δT i
j = −

(

δPδij + P̄Πi
j

)

(3.12)

Note, like the spatial metric perturbation hij, the spatial part of the anisotropic

stress tensor can be decomposed into scalar, vector and tensor components

Πij =

(

∂i∂j −
1

3
δij∂

2

)

Π+
1

2
(∂iΠj + ∂jΠi) + ΠT

ij
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with ∂iΠi = ∂iΠT
ij = δijΠT

ij = 0. Like Bi, the velocity perturbation vi can also

be decomposed as vi = ∂iv + vVi into a scalar and vector part. Thus, the matter

sector has 4 scalar (δρ, δP , v, Π), 4 vector (vVi , Πi) and 2 tensor (ΠT
ij) degrees

of freedoms. Like in the metric, there are 10 degrees of freedom in the matter

sector. Lastly, applying the gauge transformation rules in eq.(3.1-3.4)) to δT µ
ν ,

we can find the transformation rules for δρ, δP , v and Π. This gives

δ̃ρ =δρ− ρ̄′ξ0 (3.13)

δ̃P =δP − P̄ ′ξ0 (3.14)

ṽ =v + ξ′ (3.15)

Π̃ =Π (3.16)

Thus, δρ and δP transform as 4-scalars (to first order), whereas Πij is gauge

invariant (being proportional to the traceless part of δT i
j ).

3.3 Gauge Invariant Variables

As we have just seen, the perturbed universe has a total of 20 degrees of

freedom. However, these are related by Einstein’s equations, which reduces

this number down to 10. Moreover, due to general coordinate invariance, 2

scalar and 2 vector degrees of freedom can be rotated away, leaving only 2
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scalar, 2 vector and 2 tensor degrees of freedom that are physical. To ensure

that perturbations are always physical, it is convenient to work with the fol-

lowing gauge invariant variables

Φ ≡ ϕ+H (B − E ′) + (B − E ′)
′

(3.17)

Ψ ≡ ψ −H (B − E ′) (3.18)

δu(gi) ≡ δu+ a(B − E ′) (3.19)

δ(gi) ≡ δ − 3H (1 + w) (B − E ′) (3.20)

δP (gi) ≡ δP − 3H (1 + w) c2wρ̄ (B − E ′) (3.21)

when dealing with scalar perturbations. The first two are known as Bardeen

potentials, δu = −a(v + B) is the scalar part of δui, δ ≡ δρ/ρ̄ is the density

contrast and

c2w ≡ P̄ ′

ρ̄′
= w − w′

3(1 + w)H (3.22)

is the adiabatic speed of sound (which can be derived using the Friedmann re-

lations). Note that c2w = dP̄ /dρ̄ = w for a medium with an equation of state of

the form P̄ = wρ̄, where w is constant. Moreover, for a perfect fluid, cw turns out

to be equal to cs, the scalar sound speed obtained from the equations of motion

for the perturbations (see Appendix A). However, this is not automatically true

in more general cases. In particular, we will see in Chapter 4 that cw 6= cs in

the case of a relativistic elastic solid.
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It is worth mentioning that the gauge invariant variables written above

coincide with the perturbations φ, ψ, δu, δ and δP in the Newtonian (or longi-

tudinal) gauge where Ẽ = B̃ = 0. Note, one can get to this gauge by setting

ξ0 = −B + E ′ and E = ξ in Eq.(3.7) and Eq.(3.8). Choosing to work in New-

tonian gauge is often useful since any calculation done in this gauge is equiv-

alent (but simpler) to performing the same calculation in terms of the gauge

invariant variables above. Thus, the task of writing manifestly gauge invari-

ant expressions becomes trivial once an expression is written in the Newtonian

gauge.

3.4 Einstein Equations

The Einstein field equations relate metric and matter perturbations. For

scalar perturbations, they can be written in gauge invariant form as follow [40],

∇2Ψ− 3H(Ψ′ +HΦ) =4πGa2ρ̄δ(gi) (3.23)

Ψ′ +HΦ =4πGa2(ρ̄+ P̄ )v(gi) (3.24)

Ψ′′ +H (Φ′ + 2Ψ′) + (H2 + 2H′)Φ +
1

3
∇2 (Φ−Ψ) =4πGa2δP (gi) (3.25)

Ψ− Φ =8πGa2P̄Π (3.26)
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where we have defined v(gi) ≡ a−1δu(gi). From the constraint ∇µT
µ
ν = 0, the

following energy-momentum conservation equations can then be obtained

δ(gi)′ =(1 + w)
(

3Ψ′ +∇2v(gi)
)

− 3H
(

δP (gi)

ρ̄
− wδ(gi)

)

; (ν = 0) (3.27)

v(gi)′ =−H
(

1− 3c2w
)

v(gi) +
δP (gi)

1 + w
+ Φ+

2

3

w

1 + w
∇2Π; (ν = i) (3.28)

Note that Eq(3.24) and Eq.(3.26) come from trivially integrating total gradient

terms. To see this, let us look at the ”i 6= j” part of Einstein’s equations:

(Ψ− Φ),ij = 8πGa2P̄Π,ij

written in position space. In Fourier space (with the Liddle & Lyth convention

that we discuss shortly), it becomes

−kikj(Ψ− Φ) = −
(

kikj
k2

)

8πGa2P̄Π

Now, we can always rotate the background coordinates so that more than one

of the components of ~k is non-zero, therefore we get

k2(Ψ− Φ) = 8πGa2P̄Π
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for ~k not equal to~0. The 0th Fourier mode represents a constant offset. However,

the split between background and perturbation is always chosen so that the

spatial average of the perturbation vanishes and therefore equalities between

gradients of perturbations imply the equality of the perturbations themselves.

Going back to position space, we thus recover Eq.(3.26). The same argument

applies to Einstein’s equation (ψ′ + Hφ),i = 4πGa2(ρ̄ + P̄ )v,i, from which we

recover Eq.(3.24).

Throughout the paper, we will often work in Fourier space, according to the

convention used in ref. [43] where an extra factor of k ≡ |~k| is inserted in the

Fourier components of B, Fi, v and Πi, and an extra factor of k2 is inserted

in the Fourier components of E and Π. This ensures that all perturbations in

Fourier space have the same dimension and makes it easy to compare their

magnitudes. In this convention, for example, we have

B(τ, ~x) =
∑

~k

B~k(τ)

k
ei
~k·~x E(τ, ~x) =

∑

~k

E~k(τ)

k2
ei
~k·~x

and therefore (to avoid clutter, from now on we drop the ~k subscript in the

Fourier modes)

Bi =i
ki
k
B +BV

i

hij =− 2ψδij − 2
kikj
k2

E +
i

k
k(jFi) + 2hTij
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where now ψ = −1
6
h − 1

3
E and kiBV

i = kiFi = kihTij = 0. Similar expressions

can be found for vi and Πij. Working in Fourier space and in the Newtonian

gauge (we label quantities in this gauge with a superscript N , with the ex-

ception of the Bardeen potentials Φ and Ψ), the Einstein equations for scalar

perturbations become

H−1Ψ′ + Φ+
1

3

(

k

H

)2

Ψ =− 1

2
δN (3.29)

H−1Ψ′ + Φ =− 3

2
(1 + w)

H
k
vN (3.30)

H−2Ψ′′ +H−1 (Φ′ + 2Ψ′)− 3wΦ− 1

3

(

k

H

)2

(Φ−Ψ) =
3

2

δPN

ρ̄
(3.31)

(

k

H

)2

(Ψ− Φ) =3wΠ (3.32)

where we have used the background relations 1 −H′/H2 = 3
2
(1 + w), 4πGa2ρ̄ =

3
2
H2 and P̄ = wρ̄.

Note, vector perturbations decay as a−2 in a hydrodynamical universe [22],

therefore, they are suppressed today and we do not discuss them any further.

As for tensor perturbations, there is only one Einstein equation given by

(hT )i′′j + 2H(hT )i′j + k2(hT )ij = 6H2w(ΠT )ij (3.33)

Lastly, we note that the equations presented in this section need to be comple-

mented by additional equations of state, defining the characteristic properties
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of the gravitating medium. Only after these are specified, can we solve the

evolution equations for scalar and tensor modes. We discuss these in Chapter

4.

3.5 Adiabatic Perturbations

If δP and δρ satisfy δP = c2wδρ, the perturbations in the universe are said

to be adiabatic. In this case, there is only one scalar propagating degree of

freedom in addition to the two tensor modes describing gravitational waves. In

cosmology, this scalar adiabatic mode is typically captured by a gauge invariant

variable known as the comoving curvature perturbation R. Defined as

R ≡ψ +Hδu

a

=ψ −H (v +B) (3.34)

it equals to the curvature perturbation ψ in the comoving gauge B̃ = ṽ = 0.

This variable is useful since for a universe dominated by a single scalar field,

or a perfect fluid medium with Π = 0, it remains constant outside the horizon

(we will see this shortly). At superhorizon scales, it also coincides with another

widely used gauge invariant variable, the curvature perturbation in uniform
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density gauge [44]

ζ ≡ψ +Hδρ

ρ̄′

=ψ − δ

3(1 + w)
(3.35)

where to get the second line we used the background relation ρ̄′ = −3Hρ̄(1+w).

Note that ζ is equal to ψ in the uniform density gauge where δ̃ρ = B̃ = 0.

The conservation of R (and ζ) outside the horizon, however, does not hold in

a more general medium where the effects from the anisotropic stress remain

important in the small k limit, even if the perturbations are adiabatic. To

see this, it is easiest to work in the Newtonian gauge. In this gauge, R =

Ψ− (H/k)vN when written in Fourier space, and using Eq.(3.30) we obtain

R = Ψ+
2

3(1 + w)

(

H−1Ψ′ + Φ
)

(3.36)

Taking a derivative with respect to conformal time, we then get the general

evolution equation

3(1 + w)

2

R′

H = 3c2w(H−1Ψ′ + Φ) +H−2Ψ′′ +H−1(Φ′ + 2Ψ′)− 3wΦ

=

(

k

H

)2

[−c2wΨ+
1

3
(Φ−Ψ)] +

3

2

(

δPN

ρ̄
− c2wδ

N

)
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where to get the first line we used the background relation 1−H′/H2 = 3
2
(1+w)

and Eq.(3.22), and to get the second line we used Einstein’s equations Eq.(3.29)

and Eq.(3.31). For adiabatic perturbations the last term vanishes, and using

Eq.(3.32) the evolution equation becomes

3(1 + w)

2

R′

H = −
(

k

H

)2

c2wΨ− wΠ (3.37)

Evidently, for a perfect fluid, Π = 0 and R is conserved at superhorizon scales.

In contrast, as we will show in the next Chapter, a relativistic elastic solid is a

medium where δP = c2wδρ but where Π remains sizable (of the same order as ζ,

see Eq.(4.26)) in the k ≪ H limit. Thus, R will not be conserved at superhorizon

scales.
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Chapter 4

Perturbations in Elastic Solids

The theory of elasticity studies the mechanics of a continuous medium un-

der small external forces, which can deform the shape and volume of its body.

If the body returns to its original relaxed state after being deformed, it is said

to be elastic. In this section, we review the linearized theory of perturbations

in relativistic elastic solids. To build intuition, we begin with the Newtonian

description [45] before moving on to the relativistic one [17, 19, 46, 47]. Lastly,

as a point of comparison, we include in Appendix B a summary of the effective

field theory of broken spatial diffeomorphisms in an FRW background [48].
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CHAPTER 4. PERTURBATIONS IN ELASTIC SOLIDS

4.1 Newtonian Description

Perturbations in a non-relativistic elastic solid can be described in terms of

coordinates in a 3-dimensional space with an equilibrium metric ḡij. Properties

of the medium can then be unambiguously defined in this “material” space at

some given instant of time. Small deformations of this body can be parameter-

ized by a displacement vector ξi = ξi(xj), satisfying

x̃i(xj) = xi + ξi(xj) (4.1)

where xi denotes the relaxed position of a point in the body that has been

displaced to position x̃i. To first order, the distance (squared) between two

infinitesimally close points after the medium is deformed, is then given by ds̃2 =

ḡij(dx
i + dξi)(dxj + dξj) ≃ (ḡik + 2ǫik)dx

idxk, where

ǫik ≡
1

2
(∂iξk + ∂kξj) = ∂(iξj) (4.2)

is the symmetric strain tensor and we have used dξi = (∂ξi/∂xk)dxk. The strain

tensor therefore measures the change in the relative distance between two in-

finitesimally close points, before and after a deformation. After the elastic body

is deformed, local internal forces will restore the body to its equilibrium state.

At the macroscopic level, these forces are parameterized by the divergence of
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the symmetric stress tensor σik, defined by Fi = ∂kσ
ik. To find the equations of

motion of perturbations in the solid, one must provide a relation between the

stress and strain tensors. A natural choice is to assume a linear relation of the

form

σij = Eijklǫkl (4.3)

which is the generalization of Hooke’s law and where Eijkl is the elasticity ten-

sor. Note, the expression for the stress tensor in Eq.(4.3) can be derived from

the relation

σij =
∂U

∂ǫij
(4.4)

where U is the quadratic elastic potential energy function defined as

U =
1

2
Eijklǫijǫkl (4.5)

From Eq.(4.5) and the symmetries of σij and ǫkl, it then follows that Eijkl must

satisfy

Eijkl = E(ij)(kl) = Eklij (4.6)

The first equality in Eq.(4.6) reduces the number of degrees of freedom in Eijkl

from 81 to 36, and the second equality reduces them from 36 to 21. If the body

is isotropic, and we will assume this to be the case from now on, the number

of degrees of freedom reduces to just 2 and Eijkl can be written in terms of the
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metric as follows [45],

Eijkl =

(

β − 2

3
µ

)

ḡij ḡkl + 2µḡi(kḡl)j (4.7)

where β is the bulk modulus and µ is the shear modulus, or rigidity. From

the stress-strain relation in Eq.(4.3), with Eijkl written as in Eq.(4.7) and with

ǫkl = ∂(kξl), one can then decompose σij as follows,

σij = βḡij∂kξ
k + 2µ

(

∂(iξj) − 1

3
ḡij∂kξ

k

)

(4.8)

The term proportional to µ vanishes when the stress tensor is purely diagonal,

and the term proportional to β vanishes when the stress tensor is purely off-

diagonal. Thus, writing the stress tensor in this form suggests that, physically,

β measures the medium’s resistance to a uniform compression whereas µ mea-

sures the medium’s resistance to shear (volume-preserving deformations).

Lastly, the equations of motion for the displacement field ξi can be obtained

from the “F = ma” formula ρ̄ξ̈i = ∂jσ
ij, where each overdot denotes a derivative

with respect to time t, giving

ρ̄ξ̈i −
(

β +
1

3
µ

)

∂i∂kξ
k − µ∂k∂

kξi = 0 (4.9)
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From this equation one can then extract the scalar (longitudinal) speed of

sound cs and the vector (transverse) speed of sound cv

c2s =
β

ρ̄
+

4

3

µ

ρ̄
, c2v =

µ

ρ̄
(4.10)

4.2 Relativistic Description

To construct a relativistic theory of a continuous elastic medium, one must

use a “material” manifold that is orthogonal to flow lines in the 4-dimensional

space-time manifold [49]. To this end, it is convenient to use the projected met-

ric tensor γµν = gµν − uµuν , where γµν is orthogonal by construction ( uµγµν = 0)

and therefore purely spatial. Physically, it characterizes the strain of the

medium, since it can be used to find the distance between neighboring “par-

ticles” that are locally at rest. It can also be used to construct other orthogonal

tensors, such as the pressure tensor P µν or the elasticity tensors Eµναβ.

In analogy with the Newtonian description, the defining characteristic of

the relativistic elastic solid is that the pressure tensor is a function of the

strain. Assuming the medium to be isotropic, the material tensors can then
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be decomposed as

P µν =P̄ γµν (4.11)

Eµναβ =

(

β − P̄ − 2

3
µ

)

γµνγαβ + 2
(

µ+ P̄
)

γµ(αγβ)ν (4.12)

since γµν is the only isotropic tensor available which is orthogonal. Note, uµP
µν =

uµE
αβµν = 0 and the material tensors are also orthogonal, as they must be in

order to define intrinsic properties of the medium. In fact, under these as-

sumptions, it was shown in [46] (and reviewed in [47]) that specifying these

two material tensors is all one needs to calculate the variation of the energy-

momentum tensor (which sources the gravitational field equations), and there-

fore, to describe the behavior of linear perturbations in a relativistic elastic

solid. Working in the synchronous gauge (δgµν = −a2(τ)hµν , h00 = h0i = 0)

the perturbed energy-momentum tensor of an isotropic relativistic elastic solid

takes the following form [47]

δT 0
0 =− (ρ̄+ P̄ )

(

∂kξ
k +

h

2

)

−
[

ρ̄′ + 3H
(

ρ̄+ P̄
)]

ξ0 (4.13)

δT i
0 =(ρ̄+ P̄ )ξi′ (4.14)

δT i
j =β

(

∂kξ
k +

h

2

)

δij + 2µ

(

∂(jξ
i) +

hij
2

− 1

3

(

∂kξ
k +

h

2

)

δij

)

+
(

P̄ ′ + 3βH
)

ξ0δij

(4.15)
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where ξµ = (ξ0, ξi) represents small deformations relative to the fixed back-

ground space. By demanding that the solid only fluctuates in space (i.e. after

imposing time diffemorphism invariance) it follows that the terms proportional

to ξ0 in Eq.(4.13) and Eq.(4.15) must vanish. This constraint fixes the evolution

of ρ̄ and P̄ , which now must obey the following equations

ρ̄′ + 3H
(

ρ̄+ P̄
)

=0 (4.16)

P̄ ′ + 3βH = 0 (4.17)

The first equation is the usual background continuity equation and the second

equation allows us to solve for the relativistic bulk modulus, giving

β =
(

ρ̄+ P̄
) dP̄

dρ̄
(4.18)

The perturbed momentum conservation equation γναδ (∇µT
µ
ν ) = 0 yields the

following equation of motion for the displacement field [47]

(

ρ̄+ P̄
) [

ξ′′i +Hξ′i
]

−3βHξ′i−
(

β +
1

3
µ

)

∂i∂kξ
k−µ∂k∂kξi =

1

2

(

β − 2

3
µ

)

∂ih+µ∂khik

(4.19)

Compared to the Newtonian analog in Eq.(4.9), the relativistic equation of mo-

tion has a source term due to the spatial metric perturbations and a friction
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term due to the Hubble flow. It also contains terms proportional to the scalar

pressure P̄ , accounting for the fact that the background pressure can now be

of the same order as the background energy density ρ̄. Note that in this (syn-

chronous) gauge, we recover all of the non-relativistic expressions obtained in

Section 4.1, simply by taking the limit where hij ≪ ∂jξ
i, P̄ ≪ ρ̄, and H → 0.

To find expressions for the scalar and vector sound speeds, one can decompose

Eq.(4.19) into its scalar and vector components and get [46,50]

c2s =
dP̄

dρ̄
+

4

3
c2v, c2v =

µ

ρ̄+ P̄
(4.20)

We see that, even if dP̄ /dρ̄ < 0, c2s can be positive if the rigidity parameter µ is

large enough. Note, this is not the case for perfect fluids; instabilities arise at

small scales if w < 0, since we instead have c2s = c2w = w.

Expressions for δρ, vi, δP and Πi
j in terms of ξi can be found by compar-

ing the perturbed energy-momentum tensor in Eq.(4.13-4.15), subject to the

constraints in Eq.(4.16-4.17), with the decomposition written in Eq.(3.9-3.12).
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This yields

δρ =− (ρ̄+ P̄ )

(

∂kξ
k +

h

2

)

(4.21)

vi =ξi′ (4.22)

δP =
dP̄

dρ̄
δρ (4.23)

Πi
j =− µ

P̄

(

2∂(jξ
i) + hij −

2

3
δij

(

∂kξ
k +

h

2

))

(4.24)

We see from Eq.(4.23) that, like for the perfect fluid, the scalar perturbations

in the solid are adiabatic. Unlike a perfect fluid, however, dP̄ /dρ̄ 6= c2s, where c2s

is the scalar sound speed derived in Eq.(4.20). This is because c2s now has an

extra contribution coming from the rigidity of the solid.

The four equations above can be decomposed into scalar and tensor com-

ponents. After some simple manipulations, the tensor and scalar part of the

anisotropic stress can be written as [17]

(ΠT )ij = − µ̃

w
(hT )ij (4.25)

∇2Π = −6µ̃

w
ζ (4.26)

which are manifestly gauge invariant (since both hTij and ζ are gauge invariant)

and where we have defined µ̃ ≡ µ/ρ. Eq.(4.25) and Eq.(4.26) are the charac-

teristic equations of state encoding the elastic properties of the medium. We see
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that the amplitude of the Fourier modes for (ΠT )ij and Π are always of the same

order as the amplitude of the gravitational waves and curvature perturbations,

respectively, that propagate through the elastic medium. This is true regard-

less of the value for k/H, so the perturbations in the medium will evolve at all

scales, including those where k ≪ H. We will see in the next Chapter that the

anisotropic stress at large scales effectively acts as a mass for perturbations;

perturbations will decay at superhorizon scales.
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Chapter 5

Superhorizon Evolution of

Perturbations

In this chapter, we derive the superhorizon evolution equations for tensor

and scalar perturbations in a universe that behaves like a relativistic elastic

solid at large scales. We then derive the matching conditions that need to be

imposed on these perturbations when the universe transitions between fluid-

like and solid-like phases.
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5.1 Solid-like Universe

The evolution of the tensor mode can be easily found since there is only one

Einstein equation, Eq.(3.33). From Eq.(4.25), we then have

(hT )i′′j + 2H(hT )i′j +
(

k2 + 4c2vǫH2
)

(hT )ij = 0 (5.1)

where ǫ = 3/2(1 + w) and we used µ̃ = 2/3c2vǫ. To find the evolution equation

for the scalar mode, we make use of the following relations between gauge

invariant variables

v(gi) = H−1 (R−Ψ) (5.2)

δ(gi) = 2ǫ (Ψ− ζ) (5.3)

which follow trivially from their definitions. Plugging Eq.(5.2-5.3) into Einstein

equations Eq.(3.23-3.24), and using and Eq.(3.36), we get that (going to Fourier

space)
(

k

H

)2

Ψ = 3ǫ (ζ −R) (5.4)

Note that in any gauge with ψ = 0, the Bardeen variable Ψ ≡ ψ − H(B − E ′)

becomes proportional to the “geometric shear”, σs ≡ E ′−B, which is a measure

of the anisotropic component of the universe’s expansion. Note as well that

ζ/H−R/H is equal to the time diffeomorphism needed to go from the uniform
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density gauge to the comoving gauge. Thus, Eq.(5.4) gives the intuitive result

that constant-ρ time-slices are orthogonal to the 4-velocity of the medium only

if there is no anisotropic component present at large scales. This is certainly

the case when the universe is dominated by a perfect fluid or during single-field

slow-roll inflation, where the anisotropic stress vanishes and R ≃ ζ at large

scales. As we have seen, however, the anisotropic stress in a solid-like universe

remains important at large scales and we therefore expect that ζ 6= R.

Plugging Eq.(5.2-5.3) into the perturbed continuity relation, Eq.(3.27), we

find that
(

k

H

)2

Ψ = −3
ζ ′

H +

(

k

H

)2

R (5.5)

which, when combined with Eq.(5.4), gives a the following useful result

R =
1

ǫH
ζ ′ + ǫHζ

1 + k2/3ǫH2
(5.6)

Note that in the k ≪ H limit we have R − ζ ≃ ζ ′/ǫH and we get from Eq.(5.4)

that ζ ′ ≃ R′ ≃ 0 in the absence of an anisotropic component at superhori-

zon scales (the left-hand-side of Eq.(5.4) vanishes in this case). Note also that

we have not yet made use of the equations of state of the solid, so the above

results apply to adiabatic perturbations in any medium that can support an

anisotropic component at large scales.

We now derive the evolution equation for the scalar mode ζ in a solid-like
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universe. Using Eq.(3.37), Eq.(5.4), the time derivative of Eq.(5.6), the elastic

equation of state Eq.(4.26), and taking the k ≪ H limit, we obtain

ζ ′′ + 2Hζ ′ + 4c2vǫH2ζ = 0, (k ≪ H) (5.7)

We have found that, at large scales, ζ and (hT )ij evolve in the same way during

the solid-like period. Note, unlike adiabatic perturbations in standard cosmolo-

gies (with Πij = 0), the scalar and tensor modes decay at superhorizon scales

due to the extra time-dependent mass term proportional to c2v, and thus the

rigidity µ. Physically, this superhorizon suppression is due to local anisotropic

pressure gradients in the elastic universe, so there are no acausal effects (as a

naive interpretation of the word “superhorizon” might suggest).

An evolution equation for R can also be obtained. Combining the momen-

tum conservation relation in Eq.(3.28) and the scalar equation of state for the

solid, Eq.(4.26), we get

ζ =
c2w
c2s

R− 1

3c2sH
R′ (5.8)

where c2s is given in Eq.(4.20) and c2w = dP/dρ is given in Eq(3.22). Combining

Eq.(5.6) with Eq.(5.8), we then obtain

R′′ + (2 + ηǫ − ηs)HR′ + c2sk
2R+ 4c2vH2 (ǫ+ ηv − ηs)R = 0 (5.9)
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where ηǫ ≡ ǫ′/(ǫH), ηs ≡ (c2s)
′/(c2sH) and ηv ≡ (c2v)

′/(c2vH). Note, this equation

was also derived in [17].

5.2 Fluid-to-Solid Transition

We now derive the matching conditions that need to be imposed on cosmo-

logical perturbations transitioning between fluid-like and solid-like universes.

We will assume that the transition is much shorter than a Hubble time (we

will justify this assumption later in Chapter 7). Therefore, the matching sur-

face can be defined on a constant-τ hypersurface Σ, where the conformal time

is τ = τ− on one side and τ = τ+ on the other. We also pick coordinates such

that the local energy density ρ(τ, xi) is constant on the space-like surface Σ.

In an FRW universe, to zeroth order, the matching surface ρ = ρ̄ already

coincides with a constant-τ hypersurface. In the perturbed universe, however,

constant-ρ and constant-τ surfaces do not coincide in general. For them to co-

incide, we must choose the following coordinate system

τ → τ̃ = τ + ξ0 = const. (5.10)

δρ→ δ̃ρ = δρ− ρ̄′ξ0 = 0 (5.11)
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where the temporal gauge is fixed to ξ0 = δρ/ρ̄′ and the spatial gauge ξ re-

mains unspecified. Matching conditions for the cosmological perturbations can

be obtained after imposing the continuity of the induced 3-metric γµν on the

hypersurface Σ, and the continuity of the extrinsic curvature Kµν = γλµ∇λnν

on Σ, where nµ is the normal vector to the hypersurface [51]. Here, Kµν is a

3-dimensional spatial tensor since nµ is normal to Σ [52]. In general, however,

the extrinsic curvature is given by Kµν = γαµγ
β
ν∇(αuβ) or Kµν = 1

2
Lugµν , where

Lu is the Lie derivative along uµ. The continuity of γµν and Kµν are called the

“Israel junction conditions” and they follow from the natural requirement that

the intrinsic geometry on Σ be the same as we approach the matching surface

from either side.

In these coordinates (denoted by “tilde”), the scalar part of the linearized

FRW metric given in Section 3.1 splits into the following trace and traceless

components

γ̃ij = −a2
{(

1 +
h̃

3

)

δij + 2

(

∂i∂j −
1

3
δij∂

2

)

Ẽ

}

(5.12)

Similarly, using the linearized expression for the normal vector nµ = a−1 [(1− ϕ) , ∂iB]

and the connection coefficient Γi
j0 = Hδij − ψ′δij + ∂j∂

iE ′, the scalar part of the
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extrinsic curvature in these coordinates reads

K̃i
j =∂jn

i − Γi
j0n

0

=− 1

a

{[

H (1− ϕ̃)− ψ̃′ +
1

3
∂2σ̃s

]

δij +

[

∂i∂j −
1

3
δij∂

2

]

σ̃s

}

(5.13)

Like the induced metric, K̃i
j can be split into its trace and traceless part. Physi-

cally, the trace part gives the isotropic component of the local expansion, whereas

the traceless part gives the anisotropic component σ̃s ≡ Ẽ ′ − B̃, which is the

geometric shear.

To zeroth order, the first junction condition [γ̃ij]
± = 0 immediately implies

the continuity of the scale factor a, or equivalently, that [a]± ≡ a(τ+)−a(τ−) = 0.

Similarly, the second junction condition
[

K̃ij

]±

= 0, implies that [H]± = 0 and

therefore that a′ is also continuous on Σ. To first order in the scalar perturba-

tions, we get

[

ψ̃
]±

=0 (5.14)

[σ̃s]
± =0 (5.15)

[

H (1− ϕ̃)− ψ̃′
]±

=0 (5.16)

Eq.(5.14) follows from the continuity of γ̃ij, as given in Eq.(5.12), using the fact

that the trace and traceless part of the induced metric, h̃ and Ẽ, are separately
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continuous and that the intrinsic curvature perturbation is ψ̃ = −1
6
h̃ + 1

3
∂2Ẽ.

Similarly, Eq.(5.15) and Eq.(5.16) follow directly from the continuity of K̃i
j, as

given in Eq.(5.13). Note, the above results are valid in the temporal gauge

given by Eq.(5.10) and Eq.(5.11). Using Eq.(3.5-3.8), however, we can rewrite

the matching conditions in arbitrary coordinates [53]

[

ψ +Hδρ

ρ̄′

]±

=0 (5.17)

[

B − E ′ +
δρ

ρ̄′

]±

=0 (5.18)

[

Hφ+ ψ′ +
(

H′ −H2
) δρ

ρ̄′

]±

=0 (5.19)

From Eq.(3.35) we can write Eq.(5.17) as [ζ]± = 0, so ζ is continuous. Note

that in a gauge where ψ = 0, the continuity of ζ implies that δ+(1 + w+)
−1 =

δ−(1+w−)
−1 and thus that no entropy perturbations are generated at the tran-

sition between the fluid and solid phases (see [17]). Similarly, we can also write

Eq.(5.18) as [ζ −Ψ]± = 0, where Ψ is the Bardeen potential written in Eq.(3.18),

and therefore Ψ is also continuous. This must actually be the case. Indeed, if Ψ

underwent a sharp jump then the Ψ′′ term in Eq.(3.31) would imply the pres-

ence of a derivative of a delta function that cannot be removed. Lastly, we can

use Eq.(3.17), Eq.(3.18), Eq.(3.35) and Eq.(3.36) to rewrite the last matching
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condition in Eq.(5.19) as

[

3(1 + w)

2
(R− ζ)

]±

= 0 (5.20)

From Eq.(5.4) in the k ≪ H limit, we thus have

[ζ ′]
± ≃ 0 (5.21)

and ζ ′ is continuous at large scales. We can also obtain two matching conditions

involving R and R′. The first condition follows from Eq.(5.8) and the continuity

of ζ. This gives
[

w

c2s
R− R′

3c2sH

]±

= 0 (5.22)

The second matching condition follows from Eq.(5.20) and Eq.(5.8), which when

combined gives
[(

1 + w

c2s

)(R′

H + 4c2vR
)]±

= 0 (5.23)

As expected, for a medium with no rigidity (µ = c2v = 0 and c2s = w), we recover

the matching conditions for the transition between two fluid-like universes, as

given in ref. [54].

Matching conditions for the tensor perturbations are easier to obtain, since

we just have γ̃ij = −a2hTij and Ki
j = −1

2
a−1hT i′

j . Therefore, the matching condi-
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tions are simply

[

hTij
]±

=
[

hT ′
ij

]±
= 0 (5.24)

and since hTij is already gauge invariant, these conditions are valid in any coor-

dinate frame.

In this chapter, we have shown that h and ζ obey the same evolution equa-

tions as well as the same trivial matching conditions. For this reason, we will

use these variables to track the superhorizon evolution of scalar and tensor

modes. Note, we could use R instead of ζ to track the scalar mode, but this

would require more work since the equations of motion and matching condi-

tions are more complicated in this case. Ultimately, however, the final result in

the late-time, large-scale limits would be the same.
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Chapter 6

Observables in a Cosmology with

a Domain Wall Era

We now turn to the cosmology shown in Fig.(1.1), where a domain wall net-

work produced shortly after inflation, dominates the energy density for a few

e-folds before decaying and reheating the universe. We will use the results from

the linear theory of relativistic elastic solids, obtained in Chapter 5, to track

the evolution of perturbations during domain wall dominance. We will assume

that the standard radiation era follows after the network decays, and that the

transition to and from domain wall dominance occurs instantaneously. In Sec-

tion 7.1, we will justify these assumptions in the context of a specific model.

Lastly, We briefly discuss non-gaussianities.
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6.1 Late-time Power Spectra

Let τ∗, τ1 and τ2 denote the (conformal) time when the mode k∗ exited the

horizon during inflation, the time when the domain wall network starts to dom-

inate, and the time when the network decays, respectively. Before domain wall

dominance, the perturbations are frozen at superhorizon scales (since there is

no anisotropic stress; see Section 5.1) and thus ζ(τ1) ≃ ζ∗, where ζ∗ ≡ ζ(τ∗) is

the perturbation at horizon exit. To find ζ during domain wall dominance, we

must solve the evolution equation

ζ ′′ +
4

1 + 3w

ζ ′

τ
+

24µ̃

(1 + 3w)2
ζ

τ 2
= 0 (6.1)

where we made use of Eq(4.20), ǫ = 3(1+w)/2, c2v = 3/2µ̃/ǫ, and the background

relation H = 2(1 + 3w)−1τ−1 to recast Eq.(5.7). Solving this equation and using

the continuity of ζ and ζ ′ at τ = τ1, we obtain

ζ(τ1 ≤ τ < τ2) = ζ∗

(

τ

τ1

)β [

cos

(

ν log
τ

τ1

)

− β

ν
sin

(

ν log
τ

τ1

)]

(6.2)

where

β =
3

2

(

w − 1

1 + 3w

)

, ν = −
√

96µ̃− 9(w − 1)2

2(1 + 3w)
(6.3)
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At τ = τ2, the walls decay and we assume the universe becomes radiation

dominated. Now Eq.(6.1) with w = 1/3 and µ̃ = 0 has the simple solution

ζ(τ > τ2) = ζ(τ2) +
D

τ
. (6.4)

for some integration constant D. Imposing the continuity of ζ and ζ ′ at τ = τ2,

and discarding the decaying piece, one gets

ζ(τ ≫ τ2) ≃ ζ∗

(

τ2
τ1

)β [

cos

(

ν log
τ2
τ1

)

− β + β2 + ν2

ν
sin

(

ν log
τ2
τ1

)]

(6.5)

As expected, when the solid-like period disappears (τ2 → τ1), or when the

anisotropic stress vanishes (µ̃ → 0, so β → iν), we recover the standard re-

sult where ζ(τ ≫ τ2) ≃ ζ∗ and the perturbations remain frozen outside the

horizon.

As mentioned in Section 2, for the solid to describe a frustrated domain

wall network, we must set w = −2/3 and [20] µ̃ = 4/15. In this case, (τ2/τ1) =

e−Ndw/2, β = 5/2 and ν = (1/2)
√

3/5. Therefore,

Pζ,0(k∗) ≃
k3∗
2π2

|ζ(τ ≫ τ2)|2 ≃ T × Pζ(k∗) (6.6)
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Figure 6.1: Semilog plot of the transfer function T (Ndw) in Eq.(6.7) (w = −2/3
and µ̃ = 4/15).

where Pζ,0(k∗) ∼ 10−9 is the power spectrum today (at the pivot scale k∗ ≃ 0.05

Mpc−1), Pζ = k3∗|ζ∗|2/(2π2) is the primordial power spectrum at horizon exit and

T (Ndw) = e−
5
2
Ndw

[

cos

(

1

4

√

3

5
Ndw

)

+
89√
15

sin

(

1

4

√

3

5
Ndw

)]2

(6.7)

is the transfer function encoding the effects from the domain wall period (see

Fig.(6.1)). Note, the sharp modulation coming from the oscillatory term in T is

an artifact of the instantaneous transition approximation; we expect this effect

to smooth out as the transition between epochs becomes longer.

Since ζ and h evolve in the same way outside the horizon, the above result

also applies to tensor fluctuations. Using the standard predictions from single-

field slow-roll inflation that we derived in 2.45 and 2.46), we obtain

Pζ(k∗) =
H2

i

8π2M2
p ǫ∗

=
Pζ,0(k∗)

T (6.8)
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Ph(k∗) =
2H2

i

π2M2
p

=
Ph,0(k∗)

T (6.9)

where Mp is the reduced Planck mass and Hi is Hubble during inflation. Note,

even though the tensor-to-scalar ratio r∗ ≡ Ph(k∗)/Pζ(k∗) is independent of

T , the observational bound [16] r∗ < 0.07 combined with the constraint Pζ ∼

10−9/T , places the following bound on the Hubble scale:

Hi <
1014 GeV

T 1/2
(6.10)

This is the main result in this thesis. We have found that the main effect of

the domain wall network is to exponentially suppress the power spectra at su-

perhorizon scales and that, interestingly, this suppression relaxes the current

bounds on Hi by a factor of T −1/2. The only bound on Hi would come from con-

siderations of eternal inflation. Saturating this bound, the inflationary scale

can take values close the Planck scale Mp.

As a simple example, let us now consider the chaotic inflation model intro-

duced in Section 2.3, where the inflaton potential takes the form V = 1
2
m2φ2, m

being the inflaton mass. It is straightforward to show that in this case we have

Pζ(k∗) ≃
m2

M2
p

N 2
∗

6π2
∼ 10−9

T (6.11)

ns ≃ 1− 2

N∗

∼ 0.96 (6.12)
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where N∗ is the number of e-folds elapsed between the horizon exit of the pivot

scale and the end of inflation and ns is the spectral index. We see that to

satisfy Eq.(6.12) we must have1 N∗ ∼ 50 and to satisfy Eq.(6.11) we must have

m ∼ 7 × 10−6MpT −1/2. For Ndw = 7, this gives m ∼ 0.02Mp, which is over

three orders of magnitude larger than the value of m obtained in the cosmology

without the domain wall era.

6.2 Late-time Non-Gaussianities

Let us finish this chapter with a brief description of non-Gaussianities in

this cosmology. For single-field slow-roll inflation, it was shown in [55] that

〈ζ3〉 ∼ fNLP2
ζ (k∗) at horizon exit, where fNL ∼ O(ǫ, η) is a slow-roll suppressed

constant that measures the size of the bispectrum in the equilateral momen-

tum configuration (note, since fNL depends only on the overall momentum

scale, it is constant if the primordial power spectrum is scale invariant). The

primordial non-Gaussianity in the cosmology with a domain wall era is thus

enhanced by a factor of T −2 relative to the standard cosmology (with the same

fNL). However, the local bispectrum is still given by

〈ζ~k1ζ~k2ζ~k3〉 = (2π)3δ(~k1 + ~k2 + ~k3)×
6

5
f loc

NL

P2
ζ

(k1k2k3)3

(

k21
k2k3

+
k22
k1k3

+
k23
k1k2

)

(6.13)

1Note, if Ndw is significantly larger than 10, then the number of e-folds needed to solve

the horizon problem can be considerably less than the usual 50-60 e-folds. For our purposes,

however, we can ignore this effect since Ndw < 10.
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if one assumes the naive parameterization ζ(x) = ζg(x) +
3
5
f loc

NL(ζ
2
g (x) − 〈ζ2g (x)〉)

to be the form of the local correction to the Gaussian perturbation ζg [56].

Since the walls don’t affect the value of f loc
NL at large scales, the observable

non-gaussianity today (when Pζ ∼ 10−9) is the same as in the standard cosmol-

ogy. The one potential enhancement could be due to the fact that the inflation

scale can be closer to the Planck scale, and thus higher dimensional operators

contributing to the potential and kinetic terms of the inflaton may be more

significant (as in any model with a low enough cutoff).
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Chapter 7

Origin and Collapse of the

Network

So far, we have treated the domain wall network as an inflating elastic solid

to calculate late-time observables at large scales in a cosmology with a domain

wall era, as the one depicted in Fig.(1.1). This macroscopic description is valid

as long as the number of domains per Hubble volume is always large. As an

existence proof, in this Chapter we give an example of a hybrid inflation model

[57] that can realize the proposed cosmology. We show that there is a region

of parameter space where a dense domain wall network produced at the end

of inflation, quickly dominates the energy density for a few e-folding before

collapsing and reheating the universe.
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7.1 Model

Consider the approximate O(N) model introduced in Section 2.4.3

V (χ1, · · · , χN) =
λ

4

(

χTχ− v2
)2

+
κ

4

∑

χ4
i (7.1)

where we have organized the N scalar fields into the vector χ ≡ (χ1, · · · , χN)
T ,

and where λ and κ are coupling constants. For κ ≪ Nλ, the potential has an

approximate global O(N) symmetry which becomes exact as κ→ 0. To produce

domain walls at the end of inflation, we couple the N “waterfall fields” in χ to

the inflaton φ as follows

V (χ1, · · · , χN , φ) =
λ

4

(

χTχ− v2
)2

+
κ

4

∑

χ4
i +

g2

2
φ2χTχ (7.2)

Note, the inflaton has its own potential Vφ, but we won’t need to specify its

form in what follows. The O(N) symmetry in the above potential is sponta-

neously broken as φ rolls below the critical value φc ≡ m/g and the effective

mass squared of χ becomes negative. This instability causes each χi field to

roll down its potential and randomly settle at one of the available vacua in the

model. The universe then divides into domains of initial size L0, separated by

domain walls of thickness δw and surface energy (or tension) σ.

To find the initial state of the network we need to understand the struc-
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ture of the vacuum manifold. To this end, it is convenient to switch to the

N -dimensional analog of spherical coordinates in field space. We write

χ = ρ(cos θ1, sin θ1 cos θ2, · · · , sin θ1 · · · sin θN−2 cos θN−1, sin θ1 · · · sin θN−2 sin θN−1)
T

where ρ is a radial field and θ1, θ2, . . . , θN−1 areN−1 angular fields, θN−1 ranging

from 0 to 2π and the rest ranging from 0 to π. In these coordinates, the potential

becomes

V (ρ, θ1, · · · , θN−1) =
V0Nλ

κ+Nλ
+
λ

4
ρ4 +

κ

4
ρ4ΘN−1 +

1

2

(

g2φ2 − λv2
)

ρ2 (7.3)

where V0 ≡ λv4/4. The constant term has been adjusted so that V = 0 at its

minimum, and for 0 < κ ≤ Nλ, it is always of order V0. The angular dependence

which explicitly breaks the O(N) symmetry is encoded in the function ΘN−1,

which can be obtained recursively using Θ1(θ) =
1
4
(3 + cos 4θ) and

Θi(θ1, · · · , θi) = cos4 θ1 +Θi−1(θ2, · · · , θi) sin4 θ1; (for 2 ≤ i ≤ N − 1) (7.4)

The φ-dependent, effective mass of ρ (given by the last term in 7.3) is

m2
eff (φ) ≡ g2φ2 − λv2 (7.5)
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At early times when φ ≫ φc ≡
√
λv/g, the effective mass is positive and the

potential is minimized at the O(N)-symmetric point where ρ = 0. Assuming

V0 ≫ Vφ, there is a period of slow-roll inflation driven by the vacuum en-

ergy V0 ≃ 3M2
pH

2
i where Hi denotes the nearly constant Hubble parameter

during this inflationary period. Below the critical point, the effective mass

becomes negative and the radial field can roll towards a new minimum at

ρmin ≡ v
√

Nλ/(κ+Nλ) ∼ O(v) and φ = 0. Once the radial field reaches the

bottom of the potential, inflation ends, the approximate O(N) symmetry is bro-

ken spontaneously, and the low energy effective potential for the angular fields

becomes

Vlow(θ1, · · · , θN−1) ∼
κ

4
v4
(

ΘN−1 −
1

N

)

(7.6)

This potential is minimized (i.e. Vlow = 0) when each θi equals one of the follow-

ing values:

θmin
i = tan−1(

√
N − i) or π − tan−1(

√
N − i), for i 6= N − 1

θmin
N−1 = π/4, 3π/4, 5π/4, or 7π/4

so the vacuum manifold is a set of nv = 4 × 2N−1 = 2N discrete points corre-

sponding to the corners of an N -cube.

This model allows for the formation of N types of walls of different tension.

For N > 2, one can show that N −1 of these walls (the ones interpolating vacua
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across diagonals of the N -cube) have tensions that are more than twice the

tension of the least energetic wall (the one interpolating adjacent vacua). So,

the heavy walls always decay into the stable ones. Note, there are N × 2N−1

stable walls, corresponding to the number of edges in the N -cube. Since this

number is always even, a Hubble-sized domain wall network that forms in real

space, is roughly given by a (3D) cubic lattice of length H−1
i and lattice spacing

L0, where the initial domain size L0 can be found by inspecting the dynamics

near the critical point (we do this in section 7.2). Moreover, the walls are joint

together via sub-dominant defect structures: string-like junctions form when

more than two distinct vacua cycle around a point in space, and monopole-like

junctions form where these string-like junctions meet. As a result, an isotropic

stable structure can form inside the horizon, once the walls stretch under their

own tension.

When the network forms, each of the n0 domains per Hubble patch (i.e.,

each cell in the lattice) gets populated at random by one of the available vacua.

One might then ask, what is the probability for an “infinite” domain to form

once all of the domains with same vacua merge and the system stabilizes. To

answer this, one can start at the center of a domain, where the probability of

it being in one of the 2N possible vacua, is p = 1/2N . Then, for this domain to

double in size, one of the 26 surrounding domains must be in the same vacuum.

Following this logic, the probability for a given domain to grow by a factor of n
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(n being an integer) is

Pn ≤ 26× 25n−1 × pn = (26/25)(25p)n (7.7)

Thus, in the model withN = 5, for which p = 1/32, there are no infinite domains

(given by the limit where n→ H−1
i /L0), and the probability that any domain is

more than a few times its original size L0, is small (note, the upper bound of

Pn gets multiplied by a factor of 25/2N ≪ 1, whenever n → n + 1). We conclude

that, as long as N ≥ 5, the initial percolation of the vacua can be ignored. We

will show in section 7.2 that the number of vacua in the model is typically of

order 1014; see Eq(7.16).

Before moving on to the next section, let us estimate the typical domain

wall thickness and tension in this model. For κ ≪ Nλ and N ≫ 1, on can

show that the vacuum energy under the potential barriers which generate the

stable domain walls is of order κv4/(4N2), while the gradient energy is of order

(∇χi)
2 ∼ δ−2

w (v2/N). Balancing these two energies then gives

δw ∼ 2
√
N√
κv

(7.8)

and thus a wall energy per unit area of order

σ ∼ δw
κv4

4N2
∼ κ1/2v3

2N3/2
(7.9)
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7.2 Initial Domain Size

The initial number of domains per Hubble volume (n0) must be large for

the network to be able to dominate the energy density for a few e-foldings and

then decay homogeneously, and also for the solid description of the network

at large scales to be valid. To estimate n0 in our model we must inspect the

dynamics near the critical point, when the radial field becomes tachyonic. The

tachyonic instability can be triggered as the inflaton φ classically rolls passed

the critical point (φc), or it can be induced by the interaction between quantum

fluctuations in all fields. We now study these two regimes and show that a large

n0 is significantly more favorable in the quantum regime. This is expected since

the dynamics near criticality in our model is typically dominated by quantum

fluctuations, given that the primordial power can take values close to one.

Classical Regime

In this regime, the classical rolling of φ dominates the dynamics at the tran-

sition. Setting φ(t) ≃ φc − |φ̇|t in the effective mass squared of ρ, given in

Eq.(7.5), we see that (near the critical point)

|m2
eff (t)| ≃ ω3t (7.10)
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where the scale ω ≡ (2g
√
λv|φ̇|)1/3 parameterizes the rate of linear growth.

Thus, quantum fluctuations in ρ, with k2 < ω3t, grow exponentially, while those

with k2 > ω3t keep oscillating in the quantum vacuum. Defining z ≡ ωt (with

z ≫ k2/ω2), the average size of the growing fluctuations can be shown to scale

as [58–61]

〈ρ2〉(z) ≃ ω2

z
exp

(

4

3
z3/2

)

(7.11)

The growth then stops when 〈ρ2〉 ∼ v2, i.e, when z = zend ∼ (ln(v/ω))2/3. Using

Pζ(k∗) = H4
i /(4π

2φ̇2) ∼ 10−9/T and v ∼
√

MpHiλ
−1/4, it is easy to show that

ω ∼ 30Hi

(

g2
√
λTMp

Hi

)1/6

−→ zend ∼
(

1

3
ln

(

10−4Mp

gλHi

√
T

))2/3

(7.12)

so zend is typically of order a few, with a strong upper bound around 20 [59].

Thus, the typical momentum of the enhanced modes, with k2 . ω2zend, will be

of order ω. This leads to the division of the universe into homogeneous domains

of order1 Lcl ∼ 1/ω, separated by domain walls of thickness δw, as given in

Eq.(7.8). Imposing the thin-wall condition δw ≪ Lcl for simplicity, we find that

the number of domains in a Hubble patch at the end of the phase transition is

n0 ∼
(

H−1
i

Lcl

)3

∼ 104

(

g2
√
λMpT
Hi

)1/2

(7.13)

1Note, if the transition was instantaneous, all modes with k <
√
λv would start to grow at

t = 0, and we would get Lcl ∼ 1/(
√
λv).
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Thus, n0 get suppressed when T ∼ 10−9, that is, when quantum fluctuations are

large and the primordial spectrum is order one. Note, decreasing the inflation-

ary Hubble scale increases n0. However, since φ̇ ∝ H2
i , there is a point where

the inflaton’s speed becomes too low to outpace quantum effects (see Eq.(7.17))

which, as we now discuss, change the dynamics near the critical point.

Quantum Regime

In this regime, φ̇ is negligible when φ ≃ φc, and quantum fluctuations be-

tween all fields dominate the dynamics near the transition. The direction in

field space where the growth of a linear combination of ρ and φ is more likely to

occur, can be found by expanding the potential about the critical point. Setting

φ = φc − r cosα and ρ = r sinα, the potential becomes

V (r, θ) =
V0Nλ

κ+Nλ
− g

√
λvr3 cos θ sin2 θ +O(r4) (7.14)

Note that the dependence on the fields θ1 · · · θN−1 appears only at sub-leading

orders in r, and can thus be ignored. Minimizing Eq.(7.14) with respect to θ,

the effective potential along the steepest descent is

V (r) =
V0Nλ

κ+Nλ
− 2

3
√
3
g
√
λvr3 +O(r4) (7.15)
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This leads to a negative curvature of order V ′′(r) ∼ −g
√
λvr, so the quan-

tum fluctuations in r with momentum k are amplified if [62] k2 . |V ′′| ∼

g
√
λv
√

〈r2〉 ∼ g
√
λvk, where the last relation comes from the standard cal-

culation of quantum fluctuations at short wavelengths (see, for example, [22]).

The typical momentum of the enhanced modes is thus of order g
√
λv, which (as

one might expect) is of the same order as the scale of the dimensionful coupling

in the r3 potential in Eq.(7.15). This leads to the division of the universe into

homogeneous domains of order Lq ∼ 1/(g
√
λv).

To be more precise, let us write Lq = 1/(cg
√
λv), for some constant c. We can

then estimate c, using the assumption that the transition between classical

and quantum regimes is smooth. The transition occurs when φ̇ = m2
eff (tend) =

ω2zend, that is, when the change in the inflaton’s value, as it classically rolls

near the critical point, equals the inverse Compton wavelength of r at the end

of its tachyonic growth. At this point, we must also have Lcl = Lq, which can be

rewritten as φ̇ = ω2c/2. Therefore, the matching requires that c = 2zend, where

zend is of order a few; see Eq.(7.12). Note, this is consistent with the analysis

in [62], where it was found empirically that c ≃ 10 for g2 = 2λ = 2 × 10−5 and

v = 10−3Mp (for these values, our estimate give c ≃ 9.5).

Taking the thickness (as given in Eq.(7.8)) of the walls to be small compared
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with the domain size – δwL
−1
q ≃ 2cg

√

Nλ/κ≪ 1 – we find

n0 ∼
(

H−1
i

Lq

)3

∼ 1014
(

106GeV

Hi

)3/2(δwL
−1
q

0.1

)3
( κ

Nλ

)3/2
(

λ

0.1

)3/4

, (7.16)

which can be very large for a range of parameters. Lastly, we point out that

quantum fluctuations dominate the dynamics when Lq < Lcl, that is, when

Hi <
c3g2

√
λMp

104
√
T

(Quantum beats Classical) (7.17)

which is a rather weak constraint on Hi.

7.3 Network Evolution

When domain walls form after inflation, they are some fraction of the energy

density, and not necessarily dominant. In terms of the vacuum energy during

inflation, Vi ≃ 3M2
pH

2
i , the fraction of energy density in the walls is

σL−1
0

Vi
∼ 2cg

N

√

κ

Nλ
(7.18)

where we have used Eq.(7.9), L0 = Lq1/(cg
√
λv) and Vi ∼ λv4/4. If N is large

enough to form a non-trivial domain-wall network, it should eventually dom-

inate. The naive equation of state for domain walls is wwalls = −(2/3) + v2rms
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[4, 13], but this doesn’t take into account dissipation. As mentioned in 2.4.4,

the cosmic evolution of domain walls while they are sub-dominant can in prin-

ciple be studied using simulations. The most recent state-of-the-art simula-

tions [33] suggest that domain walls, even when connected via junctions, enter

a so-called scaling regime. In this regime, the walls disentangle, but the anni-

hilation processes occur in such a way that the number of domains per Hubble

volume remains fixed as the universe expands (L ∝ H−1 ∼ a2 during radia-

tion domination). Note, the energy density in the network always dilutes at a

slower rate than the energy density in the dominant component. If we write

L/L0 ≃ Hi/H, then

ρwalls

ρdominant

∼ σL−1

3M2
pH

2
∼ σL−1

0 (H/Hi)

3M2
pH

2
(∼ a2 if radiation dominated) (7.19)

so the sub-dominant network will dominate the energy budget when this ratio

is unity, or H ∼ σL−1
0 /(3M2

pHi). The number of e-folds elapsed during this

intermediate period (assuming radiation domination) is then

Nint = ln

(

a

ai

)

= −1

2
ln

(

σL−1
0

Vi

)

(7.20)

Once the network dominates the energy density, the universe starts to in-

flate and we expect the residual wall velocities to decay rapidly due to the

Hubble friction. Assuming that the network frustrates upon domination, we
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have wwalls ≃ −2/3 and L ∝ a. Since ρwalls ∼ a−1, it is easy to show that the

number of e-folds during the domain wall era is

Ndw = 2 ln

(

σL−1
0

Vi

)

+ ln

(

Vi
ρrh

)

(7.21)

where ρrh ∼ T 4
rh is the energy density when the walls decay and reheat the

universe to a temperature Trh. Note, if instead the network stays in the scal-

ing regime during domain wall dominance, we expect the effective rigidity of

the “solid” to be lower, and thus the suppression of perturbations outside the

horizon to be milder.

7.4 Network Decay and Reheating

The network must eventually collapse and reheat the universe. A simple

way to make it collapse is by adding a term in the potential whose effect is

to lower the energy of one of the 2N degenerate vacua [12, 31, 63]. If the vac-

uum degeneracy gets broken by some amount ∆E , then the volume pressure

from a domain in the true vacuum will start to affect the walls around it when

the energy density ρ in the universe gets diluted to values of order ∆E . More

precisely, given a true vacuum domain of size L3, there is a force F ∼ ∆EL2 act-

ing on the surrounding walls of mass M ∼ σL2 that separate it from the false

vacuum regions. When ρ ∼ ∆E , the domains populated by the true vacuum
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will start to grow at a rate given by F/M ∼ ∆E/σ ∼ 1/L. As the walls ac-

celerate, they collide with one another and become radiation2 [64]. As long as

L ≪ H−1 during this reheating period, the network’s collapse occurs in much

less than a Hubble time, justifying the choice of an instantaneous transition

when matching perturbations in Section 5.2. Assuming the field constituents

of the walls are coupled to Standard Model particles, the resulting plasma of

particles in each Hubble volume will decay and reheat the universe to a tem-

perature Trh ∼ (∆E)1/4.

During the domain wall era, the Hubble radius scales as a1/2, while L scales

as a, so the number of walls per Hubble patch decreases as a−3/2. Thus, the

final number of domains left in a Hubble patch before reheating is

nrh = n0e
− 3

2
Ndw ∼ n0T 3/5 (7.22)

where we used Eq.(6.7) to write e−
3
2
Ndw ∼ T 3/5 (the oscillatory effects in Eq.(6.7)

are always negligible compared to the exponential suppression). For the net-

work to collapse everywhere in the universe, we must ensure that every one

of these Hubble patches contains at least one true-vacuum domain. If p is the

probability that a single domain is in the true vacuum, then the probability

that every Hubble patch in the universe contains at least one true-vacuum

2They also radiate particles as they accelerate [13].
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domain is

Prh = (1− (1− p)nrh)Np (7.23)

where Np is the number of Hubble patches in the entire universe at reheat-

ing. Using Np ∼ (Hrh/H0)
3
, where Hrh is the comoving Hubble parameter at

reheating and H0 is the comoving Hubble parameter today, we find

Np ∼
(

T0Trh
H0Mp

)3(
π2grh
90

)3/2

∼ 1065
(

Trh
1010GeV

)3

(7.24)

where T0 is the temperature of the universe today, H0 is the Hubble parameter

today and grh ∼ 102 is the number of relativistic degrees of freedom at reheat-

ing. For N ≫ 1 (p = 1/2N ≪ 1), one can then show that to get Prh ≥ 1− ǫ, with

ǫ≪ 1, one requires

nrh ≥ n∗
rh ∼ 150× 2N + 3× 2N ln

(

Trh
1010GeV

)

− 2N ln
( ǫ

0.01

)

(7.25)

For δwL
−1
0 ≪ 1, this bound becomes

Hi < 1010GeV ×
(

δwL
−1
0

0.1

)2(
150× 25

n∗
rh

)2/3( T
10−7

)2/5(
λ

0.1

)1/2
( κ

Nλ

)

(7.26)

where we used Eq.(7.22) with n0 as in Eq.(7.16). Setting N = 5, λ = 0.1, κ = 0.5,

g = 4 × 10−3, Hi = 106GeV and Trh = 1010GeV, one gets a cosmology with

Pζ(k∗) ≃ 0.02 and an inflationary scale of order 1012GeV. Moreover, Nint ≃ 2,
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Ndw ≃ 9, n0 ∼ 1014 and nrh ∼ 108 in this point of parameter space.
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Chapter 8

Conclusion

In this thesis, we have studied a cosmology with a short period of domain-

wall domination after inflation. Using an effective description of the (frus-

trated) domain wall network as a solid, we found that the scalar and tensor

power spectra are suppressed by a factor of e−
5
2
Ndw relative to their initial mag-

nitudes after inflation. Since the value of the scalar primordial power spec-

trum can be several orders of magnitude larger than the measured value today,

bounds on the energy scale of inflation in single-field slow-roll inflation can be

relaxed. As an existence proof, we gave an example of a model which produces

a domain wall network with the needed features to realize the proposed cos-

mology. In this model, we can have Pζ = O(10−2) with an inflationary energy

scale as large as 1012GeV.
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Appendix A

Newtonian Perturbation of a

Fluid

In this appendix, for completeness, we review the Newtonian theory of per-

turbations in a fluid-like universe. We consider the following cases: (1) a static

universe with no gravity, (2) a static universe with gravity, (3) an expanding

universe with gravity. We also review Jean’s instability.

Consider a non-relativistic fluid with mass density ρ, velocity u, pressure

P ≪ ρ, and let a fluid element have position r. We will work in cosmological

time t. Conservation of mass implies that if there is a flux of momentum ρu

through a surface enclosing a volume, then the total mass in the volume must
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change by the same amount and thus

∂tρ = −∇ · (ρu) (Continuity equation) (A.1)

Now let us find “F = ma” for the fluid element. Note that we have chosen

coordinates such that u = u(r, t), ρ = ρ(r, t) where r is a fixed location in the

“lab frame” and u is the velocity of the fluid particle at position r at the instant

t. To compute the acceleration in these coordinates we use u(r + dr, t + dt) =

u(r, t) + dt(∂tu) + (dr · ∇)u, so that a = du/dt = ∂tu+ u · ∇u. Including pressure

gradients and gravitational forces on the fluid element we have

(∂t + u · ∇)u = −∇P
ρ

−∇Φ (Euler equation, “F=ma”) (A.2)

where Φ is the gravitational potential which is determined by

∇2Φ = 4πGρ (Poisson equation) (A.3)

STATIC UNIVERSE WITH NO GRAVITY

Let us perturb the fluid (we denote all background quantities with over-

bars) in a static background without gravity (Φ = 0, ρ̄ and P̄ are constant and
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ū = 0). The above equations then imply (to linear order)

∂tδρ = −∇ · (ρ̄u) (A.4)

ρ̄∂tu = −∇δP (A.5)

∂t of the first equation combined with the divergence of the second give

∂2t δρ−∇2δP = 0 (A.6)

For adiabatic perturbations we have δP = (dP/dρ)δρ = wδρ. We can then write

the wave equation for perturbations

(∂2t − c2s∇2)δρ = 0 (A.7)

where we have identified the equation of state w with the speed of sound: w =

c2s. We see that the perturbation fluctuates with frequency ω = csk.

STATIC UNIVERSE WITH GRAVITY

Now let us add gravity (Φ = Φ̄+ δΦ). The effect on the equation of motion is

to add a source term to the right hand side

(∂2t − c2s∇2)δρ = ∇2δΦ = 4πGρ̄δρ (A.8)

107



APPENDIX A. NEWTONIAN PERTURBATION OF A FLUID

and we now have ω2 = c2sk
2−4πGρ̄. For large k we still have oscillations, but for

k smaller than the Jeans length (c2sk
2 < 4πGρ̄ ≡ c2sk

2
J ), gravity takes over and

the fluctuations grow exponentially due to the imaginary frequency.

EXPANDING UNIVERSE WITH GRAVITY

Our physical coordinates r are now related to comoving coordinates x by

r(t) = a(t)x, and thus ṙ = u = Hr + v. The first term is the Hubble flow and

the second is the proper velocity aẋ. We will also use spatial derivatives with

respect to comoving coordinates so that ∇r = a−1∇x. Similarly, to make explicit

the effects from expansion, we use time derivatives with fixed x instead of r.

These are related by

(

∂

∂t

)

r

=

(

∂

∂t

)

x

−
(

∂

∂t

)

r

∇x =

(

∂

∂t

)

x

−Hx∇x (A.9)

We can then substitute ∇ → ∇/a, ∂t → ∂t−Hx∇, ρ→ ρ̄(1+δ) and u→ Hax+v,

where δ ≡ δρ/ρ̄ is the density contrast, into Eq.(A.1), Eq.(A.2) and Eq.(A.3) to

obtain the continuity, Euler and Poisson equations with expansion included,

respectively. After doing this, the continuity equation becomes

[∂t −Hx∇] [ρ̄(1 + δ)] +
1

a
∇ · [ρ̄(1 + δ)(Hax+ v)] = 0 (A.10)
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It is easy to show that this reduces to

∂ρ̄

∂t
+ 3Hρ̄ = 0

at zeroth order and to

δ̇ = −1

a
∇ · v

at first order (here the overdot denotes derivatives with respect to time t). Sim-

ilarly, the Euler equation becomes

(∂t + u · ∇)u = −∇P
ρ

−∇Φ (A.11)

from which we see that for δP = δΦ = 0 the proper velocity redshifts as v ∼ 1/a.

Lastly, the Poisson equation simply becomes

∇2δΦ = 4πGρ̄δ (Poisson equation) (A.12)

JEANS’ INSTABILITY

One can combine the time derivative of Eq.(A.10), the divergence of Eq.(A.11)

and Eq.(A.12) to obtain

δ̈ + 2Hδ̇ − c2s
a2

∇2δ = 4πGρ̄δ (A.13)
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which is a single second order differential equation for the density fluctuation δ.

Note, the Jeans’ scale is still kJ =
√
4πG/cs but now ρ̄ and cs are time-dependent

due to the universe’s expansion. Note also the presence of the Hubble friction

term 2Hδ̇ which implies that: i) For lengths smaller than the Jeans’ length,

fluctuations oscillate with decreasing amplitude and ii) For scales larger than

the Jeans’ length, fluctuations undergo a power-law growth rather than the

exponential growth experienced in the static case.
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Appendix B

Effective Field Theory of Broken

Spatial Diffeomorphisms

Fluctuations in the relativistic elastic solid (see Chapter 5), can also be un-

derstood in the following effective field theory (EFT) approach, where fluctua-

tions in the inflating solid are described by fluctuations about an FRW back-

ground in an EFT with spontaneously broken spatial diffeomorphisms (see [18]

for a model of “solid inflation” where the background instead approaches a

quasi de Sitter space with w ≃ −1, and where anisotropic stress gradients are

negligible). This EFT has three Goldstone fields, one for each broken spatial

diffeomorphism. Perturbations about their vacuum expectation values corre-

spond to phonon fields. Decomposing the phonon 3-vector into one scalar and

two vector components, and choosing a gauge where all perturbations are in
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DIFFEOMORPHISMS

the metric, the Goldstone modes get eaten by the graviton. The graviton then

becomes a massive spin-2 particle with 5 healthy polarizations: the 1 scalar

and 2 vector modes from the Goldstone sector plus the 2 tensor modes. Note,

because the Goldstones are essentially “ruler fields” which select a preferred

frame, perturbations are expected to relax towards the background state even

at superhorizon scales. In contrast, in the effective field theory of inflation,

only time diffeomorphisms are spontaneously broken and the Goldstone field

is a “clock” field (in this case there are only 2 tensor and 1 scalar propagating

degrees of freedom [65]).

After writing down all possible operators compatible with underlying sym-

metries, the most generic action for fluctuations around an FRW background

with spatial diffeomorphisms breaking is [48]

S =

∫

d4x
√−g

[

1

2
M2

pR− 3M2
p

(

H2 + Ḣ
)

+M2
pa

2Ḣgii −M2
pM

2
2 δ̄g

ij δ̄gij + · · ·
]

(B.1)

where δ̄gij is the traceless part of the spatial component of the perturbed FRW

metric, written as gij = a−2δij + 1
3
δgkkδij + δ̄gij. M2 is a time-dependent function

encoding differences between possible UV completions. Note, there is only one

unique quadratic operator and the higher order ones can be dropped since they

redshift faster. After performing a full perturbation analysis and integrating

out the 3 scalar and 2 vector non-dynamical metric degrees of freedom, the
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DIFFEOMORPHISMS

quadratic action of all 5 polarizations can be found. The dispersion relations

for each of these dynamical modes can then be read directly from the action. In

general, these relations are complicated functions of k (see [48]), however, they

take simple relativistic forms in the small wavelength limit of the excitations.

In this limits, the scalar and vector speeds of sounds can be found to be

c2s ≃
1

3
+

2ǫ

3
+

8M2
2

3a4H2ǫ
, (k2 ≫ a2H2ǫ)

c2v ≃ 1 +
2M2

2

a4H2ǫ
, (k2 ≫ a2H2ǫ)

(B.2)

where again, we have assumed ǫ to be constant. From the above equations, it

then follows that

c2s −
4

3
c2v = w, (k2 ≫ a2H2ǫ) (B.3)

These expressions obtained using the EFT approach are the same as those

obtained in eq.(4.20) for the relativistic elastic solid.
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Ç h�m;?i i?2 :2M2`�H S?vbB+b G�#Q`�iQ`vX

lM/2`;`�/m�i2 _2b2�`+? �bbBbi�Mi aiQMv "`QQF- Lu

aiQMv "`QQF lMBp2`bBiv �m;X kyy3 @ J�vX kyRR

Ç lb2/ � JQMi2@*�`HQ ;2M2`�iQ` iQ bBKmH�i2 2H2+i`Q@T`QiQM +QHHBbBQMb �M/ THQi i?2 /Bbi`B#miBQM Q7 BKTQ`i�Mi T?vbB+�H p�`B�#H2bX

Ç *�H+mH�i2/ i?2 /BbbBT�iBp2 2z2+ib BM 2H2+i`B+ ~mt im#2b i?�i +QmH/ #2 T`2b2Mi BM `2H�iBpBbiB+ ?2�pv BQM +QHHBbBQMbX

1/m+�iBQM

S?X.XfJXaX BM S?vbB+b "�HiBKQ`2- J.

CQ?Mb >QTFBMb lMBp2`bBiv �m;X kyRR @ .2+X kyRd

"XaX BM S?vbB+b �M/ J�i?2K�iB+b UJ�;M� +mK H�m/2V aiQMv "`QQF- Lu

aiQMv "`QQF lMBp2`bBiv UalLuV �m;X kyye @ J�vX kyRR

>QMQ`b � �r�`/b

kyyd q2�p2` �r�`/ 6Q` lM/2`;`�/m�i2 _2b2�`+?-

kyyd :H2MM *X Sm`pB�M+2 a+?QH�`b?BT@S?vbB+b-

kyyd *QHH2;2 Q7 a+B2M+2 a+?QH�`b?BT-
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