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Abstract

This thesis studies clustering problems on data streams, specifically with applications to
metric spaces that are either non-Euclidean or of high-dimensionality. The algorithms
are introduced to approximate minima of the k-median function, although they can be
used to find approximate minima of many other functions are shown in Part 1.

In Part I, we introduce the first analysis of the effect of stream order on the space
required to solve k-median. We use this to forge a connection to random-order streams
and provide an optimal O(nk)-time algorithm for k-median in the RAM model. In Part
I1, we provide a nearly optimal algorithm to maintain a coreset for k-median. Specifically
for the case of k-means, we introduce the first coreset to be simultaneously independent of
both the dimension and the input size. This gives the first sublinear size coreset for high-
dimensional sparse data. In Part I1I, we apply our techniques to streams where points
may be deleted as well as inserted, and construct the first coreset for high-dimensional

spaces.
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Introduction

This thesis is comprised of three main parts/chapters, which are now summarized.
Part I: In the streaming model, the order of the stream can significantly affect the
difficulty of a problem. A t-semirandom stream was introduced as an interpolation be-
tween random-order (¢ = 1) and adversarial-order (¢ = n) streams where an adversary
intercepts a random-order stream and can delay up to ¢ elements at a time. IITK Sub-
linear Open Problem #15 asks to find algorithms whose performance degrades smoothly

as t increases. We show that the celebrated online facility location algorithm achieves an

expected competitive ratio of O(log’lgo tg 2). We present a matching lower bound that any
randomized algorithm has an expected competitive ratio of Q(log)i tg -).

We use this result to construct an O(1)-approximate streaming algorithm for k-median
clustering that stores O(klogt) points and has O(klogt) worst-case update time. Our
technique generalizes to any dissimilarity measure that satisfies a weak triangle inequal-
ity, including k-means, M-estimators, and ¢, norms. The special case t = 1 yields an
optimal O(k) space algorithm for random-order streams as well as an optimal O(nk) time
algorithm in the RAM model, closing a long line of research on this problem.

Part II: Let P be a set (called points), Q) be a set (called queries) and a function
f:Px@Q —[0,00) (called cost). For an error parameter € > 0, a set S C P with a weight
function w : P — [0,00) is an e-coreset if > _gw(s)f(s,q) approximates > _p f(p,q)
up to a multiplicative factor of 1 &£ € for every given query q € ). Coresets are used to
solve fundamental problems in machine learning of streaming and distributed data.

We construct coresets for the k-means clustering of n input points, both in an arbitrary
metric space and d-dimensional Euclidean space. For Euclidean space, we present the first
coreset whose size is simultaneously independent of both d and n. In particular, this is
the first coreset of size o(n) for a stream of n sparse points in a d > n dimensional space
(e.g. adjacency matrices of graphs). We also provide the first generalizations of such
coresets for handling outliers. For arbitrary metric spaces, we improve the dependence
on k to klogk and present a matching lower bound.

For M-estimator clustering (special cases include the well-known k-median and k-



means clustering), we introduce a new technique for converting an offline coreset con-
struction to the streaming setting. Our method yields streaming coreset algorithms re-
quiring the storage of O(S + klogn) points, where S is the size of the offline coreset.
In comparison, the previous state-of-the-art was the merge-and-reduce technique that
required O(Slog®* ™ n) points, where a is the exponent in the offline construction’s de-
pendence on e !. For example, combining our offline and streaming results, we produce
a streaming metric k-means coreset algorithm using O(e 2k log k log n) points of storage.
The previous state-of-the-art required O(e~*klog k log® n) points.

Part III: We present data streaming algorithms for the k-median problem in high-
dimensional dynamic geometric data streams, i.e. streams allowing both insertions and

deletions of points from a discrete Euclidean space {1,2,...A}d.

Our algorithms use
ke 2*poly(dlog A) space/time and maintain with high probability a small weighted set
of points (a coreset) such that for every set of k centers the cost of the coreset (1 + €)-
approximates the cost of the streamed point set. We also provide algorithms that guar-
antee only positive weights in the coreset with additional logarithmic factors in the space
and time complexities. We can use this positively-weighted coreset to compute a (1 + ¢€)-
approximation for the k-median problem by any efficient offline k-median algorithm. All
previous algorithms for computing a (14 €)-approximation for the k-median problem over

dynamic data streams required space and time exponential in d. Our algorithms can be

generalized to metric spaces of bounded doubling dimension.



Part 1

Clustering Under Different Stream
Orders



1.1 Introduction

One of the fundamental theoretical questions in the streaming model is to understand
how the stream order impacts computation. In the adversarial-order model, results must
hold under any order, whereas in the random-order model the order is selected uniformly
at random. The order of the stream can strongly affect the resources required to solve a

problem. For example, for streams of n integers where the stream may be read sequentially

logn )
loglogn

multiple times, determining the median using polylogarithmic space requires ©(
passes in adversarial-order [32, 17] but only ©(loglogn) passes in random-order [16, 7].
As demonstrated by the median problem, there can be an exponential gap in the
resources required for random-order and adversarial-order streams. To interpolate between
these two extremes, Guha and McGregor introduced two notions of semirandom-order

where the adversary has limited power.

Definition 1 (t-semirandom order, [16]). A t-bounded adversary' can permute a stream
D1, .-, Dn to the stream po(1y, . .., Do) with any permutation o that satisfies |{j € [n] :
j<iando(j)>o(i)}| <t for everyi € [n]. A stream is in t-semirandom order if it is

generated by a t-bounded adversary acting on a random-order stream.

Definition 2 (e-generated random order, [17]). Let p be the uniform distribution over all
permutations of n elements. A stream of n points arrives in e-generated random-order if

the permutation is drawn from a distribution v such that ||p — v||1 < 2e.

These models capture the notion of an adversary with limited power and establish a
spectrum of semirandom orders to intermediate between the fully random and fully

adversarial cases. IITK Sublinear Open Problem #15 [26] asks:

How do these notions relate to each other? Can we develop algorithms

whose performance degrades smoothly as the stream ordering becomes “less-

1Our definition of t-bounded actually corresponds to (¢ — 1)-bounded as introduced in [16]. This turns
out to be more natural and avoids writing ¢t + 1 in all our bounds.



random” using either definition? For a given application, which notion is more

appropriate?

We respond to the first question by showing that no non-trivial relations hold between
these models. One can verify that ¢ = 0 and ¢ = 0 correspond to random-order, and that
€ = 1 and t = n correspond to adversarial-order. However, we show that these models
are incomparable in the sense that an e-generated adversary requires € > 1 — 27" to
simulate the action of a ¢-bounded adversary for any ¢ > 1, and that a ¢-bounded adversary
requires ¢ > n/2 to simulate the action of an e-generated adversary for any e > 279"

We answer the second question by proving matching bounds for the online facility
location problem that show the performance degrades smoothly as ¢ increases. These are
the first bounds for semirandom streams that match at all values of t. Previous results
matched only for ¢ sufficiently small. For example, the result of [16] shows how to return
the median in O(loglogn) passes when t = O(y/n). However, for a constant ¢ < 1 the
algorithm is only guaranteed to terminate in O(n) passes when ¢ = Q(n). In comparison,
even at ¢ = n there are polylogarithmic-space algorithms that return the median in only
O(logn/loglogn) passes [32].

Our results provide evidence that t-bounded adversarial-order is a viable model of
semirandomness. We address the third question by complementing our positive results for
the t-semirandom model with an argument showing that the e-generated random order
model is uninteresting for a wide class of problems. A more complete discussion of II'TK

Open Question #15 is included in Section 1.6.

1.1.1 Our Contributions

We present results for online facility location and a large class of clustering problems. In

Section 1.3, we provide a novel analysis that the online facility location algorithm of [30]

is O(log’i ; ;)-competitive in expectation. Adapting Meyerson’s original argument for a

t-bounded adversary is possible but results in an O(t) expected competitive ratio. We

introduce a different analysis that permits this exponential improvement. We complement



this result by presenting a matching lower bound in Section 1.4 that any randomized

logt
loglogt

algorithm for online facility location is €( )-competitive in expectation. See Table 1.1
for a comparison with existing results.

In Section 1.5, we present a streaming algorithm for clustering using any function that
satisfies a weak triangle inequality (this includes k-median, k-means, M-estimators, and
¢, norms). Our algorithm stores O(klogt) points and has O(klogt) worst-case update
time. As shown in Table 1.2, we match the state-of-the-art for adversarial-order streams
and provide the first results for all £ < n. We remark that our algorithm respects sparsity
by only storing a weighted subset of the input. Another notable property of our clustering
algorithm is that it is oblivious to the actual values of k and t. The algorithm takes an
input value m, and the output is valid as long as m = Q(klogt). This may be useful for
practical applications where the number of clusters or power of the adversary is unknown.
For example, if the data exhibits a hierarchical structure than the resolution of the result
(measured by k) degrades smoothly as the power of the adversary increases.

The special case t = 1 yields the first result for clustering on random-order streams.
In the RAM model where we can shuffle the input into random order in linear time, this
implies an optimal O(nk) time algorithm and closes a long line of research on the problem.

As a blackbox used by our clustering algorithm, we present a method to compress a
weighted set of n distinct points to a weighted set of ’%k distinct points in linear time
while incurring less than twice the optimal cost of clustering to k points. Our algorithm,

based on 2-coloring a nearest neighbor graph, is presented in Section 1.5.2 as it may be of

independent interest.

Regime || Upper Bound | Source || Lower Bound | Source
t=1 O(1) [30] Q1) Trivial
lo lo
1<t<n O (logli;J Jok 9) (logith Sk
t=n O(poen) | 14 | Q(peens) | [14

Table 1.1: Expected competitive ratio for online facility location. Upper bounds apply to
the algorithm of [30]. Lower bounds apply to any randomized algorithm.




Regime Space Source
t=1 O(k) Hok
1<t<n| O(klogt) *k
t=n O(klogn) | [14]

Table 1.2: Space complexity (measured in weighted points) of algorithms for metric
k-median and k-means in the streaming model.

1.1.2 Prior Work

Random-Order Streams: There has been an increasing interest to design algorithms
for data streams that arrive in random-order, and in recent years the model has become
quite popular. Random-order streams have been considered for problems including rank
selection [32, 19, 27|, frequency moments [3], entropy [20], submodular maximization [31],
and graph matching [25, 24, 12]. Lower bounds that hold even under the assumption of
random-order have been developed using multi-party communication complexity [8, 6, 7,
15]. Semirandom-order streams, in both the ¢-bounded and e-generated models, have been
considered for rank selection [16, 17]. The stochastic streaming model, which takes the
random-order assumption a step further by assuming that stream elements are independent
samples from an unknown distribution, has also attracted attention [18, 33, 11]. The
stochastic streaming model is strictly easier than the random-order model since any

stochastic stream is automatically in random-order.

Online Facility Location: The study of online facility location was initiated by Mey-
erson [30]. He provided a simple randomized algorithm and proved that for random-
order streams it is O(1)-competitive in expectation. Later, Fotakis [14] showed that for
adversarial-order streams any randomized algorithm has an expected competitive ratio of
Q(logn/loglogn) and proved that Meyerson’s randomized algorithm achieves this bound;
he also presented a novel deterministic algorithm that achieves this bound. For Euclidean

space, a simple and practical deterministic algorithm was provided by [2].



Streaming Metric k-median and k-means Clustering: The streaming k-median
and k-means problems have only been considered in the adversarial-order model. These
problems are well-studied; here we mention only the metric space results that achieved an
improvement in the space bound over the previous state-of-the-art. The first streaming
solution computed a 20(*/")-approximation for any r € (0, 1) and stored O(n” /r) points [21].
Later, an algorithm storing only O(klog®n) points was provided [9]. The current state-
of-the-art O(1)-approximation stores O(klogn) points [5]. A variety of other results are

known for Euclidean space.

Runtime Source
O(n*logn) [23]
O(nklogk) [22]

O(n?) 28]

O(nk + nlogn + k?log® n) [29]
O(nk +n'2k32log? nlog®? k) | [10]
O(nk) ok

Q(nk) [29]

Table 1.3: Results for metric k-median in the RAM model

RAM-Model Metric k-median and k-means Clustering: The history of fast O(1)-
approximations? in the RAM model is summarized in Table 1.3, omitting results that
do not improve the runtime for any value of k. These results for k-median generalize
to k-means with a larger constant in the approximation ratio. We conclude this line of
research with an optimal O(nk) time algorithm, matching the (nk) time lower bound for
any randomized algorithm [29]. We remark that there exists an O(nk) time algorithm for
k-means in Euclidean space [1], but it relies on the principal axis theorem and therefore

does not generalize to k-median or to other metric spaces.

2Most of the results shown in Table 1.3 actually output O(k) centers instead of exactly k. However,
we observe that the result of [28] implies that any solution of O(k) centers can be converted to a solution
of exactly k centers in O(k?) time.



1.2 Preliminaries

Let (X,d) be a metric space. In the facility location problem with parameter f > 0
(called the facility cost), we are given a set® A C X called demands. The problem is
to compute a set B C X called facilities and to connect each demand to a facility. To
connect demand a to facility b, we incur cost d(a,b). We also incur cost f for each facility
opened. The objective is to compute B such that the total cost is minimized. Defining
COST(A, B) = Y 4ca minyep d(a, b), the total cost is |B|f +COST(A, B) by connecting each
demand to the nearest facility.

In online facility location, we receive A as a stream of points. When point p arrives,
we may open a facility (incurring facility cost f) and then must connect p to a facility
(incurring connection cost). Observe that if we open a facility at the location of p, there
is no connection cost. The problem is online because the decisions to open a facility and
connect p are irrevocable, meaning that a facility can never be closed and that p cannot
be reconnected if a closer facility opens later.

For the k-median problem, there is no facility cost but the number of facilities (here
called centers) is fixed at k. The goal is to compute a set B that minimizes the total
cost COST(A, B). When the input arrives as a stream, we seek to design algorithms that

require a minimal amount of memory.

Definition 3 (Optimal Cost). Let A be a set and let k > 1. OPT,(A) is defined as the

minimum of COST(A, B) where B C X ranges over all sets of k points.

The optimal cost for k-median is OPT,(A). For facility location, the optimal cost is the
minimum kf 4+ OPT,(A) where k ranges over all positive integers. An a-approximation is
a solution with cost at most o times the optimum.

A t-semirandom stream is the result of a random-order stream that has been intercepted
by a t-bounded adversary (see Definition 1). Imagine that the stream of elements is a deck

of cards, initially shuffled into random order. The adversary draws cards into his hand

3We use the word “set” to actually mean “multiset”. Multisets may contain multiple copies of the
same element.



Figure 1.1: Example of a 3-

1 Z 3 m 4 E E z E bounded adversary acting on a

— —r—1r—1 stream. Each step is shown on
3 m 1 i 4 m o ili a different row. The shaded
311 m 225 m 671[g] box represents the memory of
— — —— — the adversary. The adversary
3114 m 2|5]6 HZ& must send an element to the
T — algorithm before receiving the
iii 6 m 2|5l 7]8 next element.

from the deck. He may give any card from his hand to the algorithm. The restriction is
that he can have at most ¢ cards in his hand at any time. This means that if he has a
full hand of ¢ cards, he cannot draw a new card until giving one to the algorithm. See

Figure 1.1 for an example.

1.3 Online Facility Location

The algorithm of Meyerson [30] is simple and elegant. Let f > 0 be the facility cost
parameter. When a point p arrives, let 6(p) be the distance between p and the nearest
facility. With probability min(1,5(p)/f), we open a facility at p and pay facility cost f.
Otherwise, we connect p to the nearest facility and pay connection cost §(p). We write

OFL to refer to this algorithm.

Theorem 1. Let r > 1 and h € N such that v* > 4t, and let k be a positive integer. If
OFL(f) runs on a t-semirandom stream S, the facility cost and connection cost incurred

by OFL(f) are each less than (r 4+ 3)OPTy(S) + (h + 2) fk in expectation.

Proof. Partition S into k optimal clusters {Xy}sex so that OPT.(S) = Ysep OPT1(Xy).
Consider the centers {c}ecp such that COST(Xy, ¢;) = OPT(X,). Lemmas 1, 2, and 6
bound the expected connection cost and expected facility cost on each X, by (r +

3)OPT1(X¢) + (h + 2)f. We obtain the result by summing over all ¢ € [k]. O

We now provide the results used in the proof of Theorem 1. Let X C S be a set of n

points. Given a center point ¢, define A = COST(X, ¢) and a = A/n. We partition X into

10



three pieces as follows:
G={re X :dx,c) <2a}
M={re X :2a<d(xzc)<2rha}
B={z€ X :d(z,c) > 2rha}

Defining Az = COST(Z, ¢) for any set Z, we decompose A = Ag + Ay + Ap.

Fact 1. In any order, the expected connection cost of a set Z incurred before a facility

opens in Z is less than f.

Proof. For convenience we normalize to f = 1. Let (z1,..., 2,) be the order of Z. Define
x; = min(1,0(z;)). There is a probability of x; that point z; opens as a facility; otherwise
zj incurs connection cost x;.

Let E; denote the expected connection cost before a facility is opened when OFL is run
on the suffix (2, ziy1, ..., 2m). For 1 <i < j <m define P/ = [[)_;(1 — z,). Observe that
E;, = Z;-”:i ijl-j. We seek to prove that Fp < 1.

We write the recursive formula E; = (1 — ;) (x; + E;11). Observe that E,,, < 1/4, with
the maximum occurring when z,, = 1/2. Assuming inductively that F;;; < 1, observe

that F; = (1 — x;)(z; + Ei11) <1 —2? < 1. We conclude that F; < 1. O

Observe that §(p) can be used to simultaneously bound both the expected connection
cost and the expected facility cost. We use this in Lemmas 1-6 to bound both types of

cost with the same argument.

Lemma 1. In any order, the expected connection cost and expected facility cost of G are

each at most f + Ag + 2a|G|.

Proof. By Fact 1, the expected connection cost of points in G' before a facility opens in G
is less than f. The facility cost is exactly f when the first facility opens in G. After a
facility has opened in G, we may bound 6(¢g) < d(g, c) + 2a for any g € G by the triangle

inequality. The result follows by summing over all g € G. O

The proof of the next lemma is similar to the previous.

11



Lemma 2. In any order, the expected connection cost and expected facility cost of M are

each at most hf + (r +1)Aun.

Proof. We partition M into h parts, defining M; = {x € X : 2ri~ta < d(x,c) < 2ria} for
j €{1,...,h}. By Fact 1, the expected connection cost of points in M; before a facility
opens in M; is less than f. The facility cost of M, is exactly f when the first facility opens
in M;. After a facility opens in M;, we may bound 6(m) < d(m,c)+2ria < (r+1)d(m,c)
for each m € M; by the triangle inequality. The result follows by summing over all

me M. O

Fixing an order, let o/ be the expected connection cost of the i® point of G. For
i € {1,...,|G|}, define o; = min,<;<; o). For i € {0,...,|G|}, let 5; be the number of

points in B that arrive after exactly ¢ points of G have arrived.

Lemma 3. In any order, the expected connection cost and expected facility cost of B are

each at most Ap + 2a|B| + fBy + Z'ﬁ‘l ;3;.

Proof. The first 5y points of B incur cost at most f [, trivially. If a point b arrives after a
point g, then 6(b) < d(b, c) + 2a + §(g) by the triangle inequality. Hence for a point b that
arrives after ¢ points of GG, taking expectations and then the minimum over the ¢ preceding
points of G shows that E[6(b)] < d(b, c) + 2a + «;. The result follows by summing over all
be B. O

The remainder of the proof will depend on the assumption of t-semirandom order. For
precision, we continue to use E[-] for expectation over the randomness used by OFL and
introduce &[] for expectation over the randomness of the stream order. Let ] be the
number of points in B that occur after exactly ¢ points of G in the initial random-order
stream before being intercepted by the adversary. Since the adversary may hold at most ¢
points, if the adversary has received t + ¢ points of G then the algorithm has received at
least 7 points of G. This provides the relation 8y + ...+ 3; < ) + ... + Bi,,_; for every
i > 0. We can view (3! as the number of balls in the i bin when we randomly drop |B|

balls into |G| + 1 bins.

12



Observe that f > a; > ap > ... > «ajg. The adversary’s optimal strategy against
our bound in Lemma 3 is to delay points in G as long as possible. We therefore identify
the worst-case bound 3y = 3y + ...+ 3{_; and 3; = Bj,,_, for every i > 1. We rewrite
fBo+ S i = f Yo B+ > i1

The difficulty is that a; and (; are dependent random variables. Although they cannot
affect each other directly, both «; and ; depend on the prefix of the stream ending on
the i point of G. To overcome this, we split the sum into two pieces and for each piece
we find an upper bound on either «; or §; that holds independently of the prefix.

The next lemma quantifies the intuition that if many points of G have arrived then
there must be a facility very close to GG. This bound suffices after a constant fraction of G

has arrived.
Lemma 4. In t-semirandom order, ZE‘HG\MH Elaifi] < fIn(2)/4t.

Proof. Let u(g) be the indicator random variable that no facility is open in G after g
is processed. Let G’ be the set of ¢ points of G that have arrived. Fact 1 implies that
>gec E10(9)p(g)] < f. Thus there must be some g € G’ such that E[6(g)u(g)] < f/i.
Since o; = mingeq E[d(g)1(g)], we bound o, < f/i.

By Markov’s inequality |B| < ;% < & and |G| > [%]. Then £[5;] = E€[Bi,_1] =

2rk = 8t 2

|G|ﬁlrl < L which implies E[e; 3] < E[(f/i)B;] < L. The result follows since EE‘HG\QPA + <
In(2). O

If we drop |B| balls into |G| + 1 bins and condition on the number of balls in ¢ of the
bins, the expected number of balls in any other bin is at most that of dropping | B| balls
into |G| — i + 1 bins. This bound blows up towards the end of the stream but suffices for
the first half.

Lemma 5. In t-semirandom order, Zi“fl'm ElaifB;] < fIn(3)/2t

Proof. Let P(i) denote the order of the prefix of the stream ending on the i** point of

G. Observe that E[B!|P(i)] < |G||i.|+1 with the maximum occurring when 8} = 0 for all

j €40,...,7—1}. This implies h(i) := maxp() E[B| P(i)] < \Gll%‘iw'

13



By causality, points that arrive after the i*® point of G' do not affect «;. Therefore o;

is a constant when P(1) is fixed. We can now separate

Eleifi] = Epgi) [E]aifi] P(1)]]
= Epp|Elai| P(3)] - E[B:] P(i)]
< Ep[E[au| P(i)] - h(i)]
= h(i)Ep(s) [E]oy| P(i)]]

= h(1)€[v]

We have the restraint Zﬁ'l Elay] < f by Fact 1. Since h(i) is increasing, the

sum Y9I/ h(i)E[e;] is maximized when a; = for i« < [|G|/2]. We bound

HGI/21
Gl/2] na|/2
Ziﬁzll/ Elaipi] < | V 1 |G"cm |G’\—|ti—|i+2 By Markov’s inequality HGI/|21 5. We may
assume that ¢ < ¢ since otherwise B = & and there is nothing to show. We conclude by
HGV2 |G| —t+1 |Gl —t+1
Yint e = Lyelidl2) -tz y <D (m) < In(3). O

We can now provide a bound for B that holds for ¢-semirandom order streams.

Lemma 6. In t-semirandom order, the expected connection cost and expected facility cost
of B are each less than Ag + 2a|B| + f.

Proof. We substitute the bounds of Lemmas 4 and 5 into Lemma 3. The last part

is to bound for the worst-case adversary £[f] = > &[8)] < i and observe that

In(18) < 3. m

1.3.1 Application to Online Facility Location

Our main result for online facility location is now a simple corollary of Theorem 1. As
shown in the Section 1.5, Theorem 1 yields results for both online facility location and

k-median clustering by applying the theorem with different choices of r and h.

logy t
log, log, t

Corollary 1. On a t-semirandom order stream, OFL is (2 + o(1)) ( )—competitive

i expectation.

14



Proof. Let C be an optimal facility set for S. Define k = |C| and observe that OPT(.5)
is the connection cost associated with the optimal solution with facility set C. The
optimal cost for the facility location problem is then kf + OPT,(S). For any € > 0, set

r=(14€); 1°g12t and h = [r]. Observe that r" > 4t for all ¢ greater than some function
g2 logy

of €. Applying Theorem 1 to S with these values of r, h, and k£ shows that the total
expected cost is at most 2(r + 3)(kf + OPT,(S)). This implies the result since 3 < er by

taking t sufficiently large. m

Remark on Aspect Ratio: Suppose that we are working in a metric space of aspect
ratio? A. Setting " > A instead of r* > 4t, observe in the proof of Theorem 1 that
B = @. This yields a bound of (r 4+ 3)OPT(S) + (h + 1)k f on both the expected facility
cost and expected connection cost. We may therefore replace ¢t with min(¢, A) in our
results. This justifies the lower bound in the following section being constructed in a
metric space of aspect ratio . Our upper and lower bounds match for all choices of ¢ and

A by substituting min(¢, A) for t.

1.4 Lower Bound

We present a lower bound on the expected competitive ratio of any randomized algorithm
for the online facility location problem. The bound holds even when the algorithm can
open a facility at any location in the metric space. The proof works by constructing a
sequence of points that converge to the location of an optimal facility. At each step, there
are enough possible locations of the optimal facility that no algorithm can guess (except

with negligible probability) the correct location until it is too late.

Theorem 2. On a t-semirandom order stream for t > 4, every randomized algorithm for

logy t
log, logy t !”

online facility location has an expected competitive ratio of at least %[

4The aspect ratio of a metric space is the ratio between the maximum and minimum non-zero distance
between points.
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We will construct a family of inputs and show that any deterministic algorithm has at
least a certain competitive ratio when run on an input selected uniformly at random from

this family. The result immediately extends to randomized algorithms by Yao’s principle.

. lo
The Metric Space: Define m := [ngglf)thJ, h:=m—1,and D := f/h. Let z be a
positive integer. The points of the metric space are the nodes of a complete z-ary tree of
depth h. This means that the root is at depth 0 and leaves are at depth h. The distance
between a node at depth ¢ and any of its z children is Dm~" — Dm~*"!. The distance

between other nodes is obtained by summing the distances of the shortest path between

them.

The Family of Inputs: The family of inputs is enumerated by the h* possible strings
of h numbers in {1,...,2z}. We now describe how to construct the input associated with
(by,...,by) € {1,...,2}". Define zy to be the root. Recursively define z; to be the bi!
child of x; ;. For i € {1,...,h}, place m" points at node z;. We let the input size be
n for any n > t. Since I, m’ < t < n, there will be some remaining points. Place
all remaining points at the root. The randomized input is to select a member from this

family of z" inputs uniformly at random.

The Optimal Cost: The optimal cost of the input associated with the string (bq, ..., by)
is at most the cost of the solution that places facilities at the root and at x,, connecting
all non-root points to x,. The distance between x; and x, is Z?;}(Dm’j — Dm771) =
Dm~"—Dm™" < Dm~". Therefore the optimal cost is less than 2f +3"  m!(Dm™) = 3f

for every input the the family.

The t-Bounded Adversary’s Strategy: There are " | m® < t points not located at
the root. This implies that regardless of the order that the points are sent, a t-bounded
adversary can deterministically ensure that points arrive in non-decreasing order of depth.

The adversary does this by simply sending along any elements at the root while storing
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the at most ¢ other elements until they are ready to be sent in non-decreasing order of

depth. We consider this arrival order.

The Algorithm’s Optimal Strategy: We define a cost scheme for the algorithm that
is strictly less than the original cost (therefore any lower bound in this easier scheme
is valid for the original problem). This greatly simplifies the analysis by allowing us to
isolate an optimal strategy.

Suppose that if a facility is open at certain node, then the connection cost of a point
at any ancestor® node is zero. With this modification, we can define an optimal strategy
when a point arrives. If there is an open facility at any descendant node, then connect
this point with zero cost. Otherwise, open a facility with cost f at any descendant leaf
node and then connect with zero cost.

If there is no open facility at a descendant node, the second option is optimal since
the nearest facility cannot be closer than the parent node. The parent node is at distance
Dm~ (=Y — Dm~" = fm~". The algorithm, aware of the family of inputs, knows that a
total of m’ points are coming at this node. This means that the total connection cost from
this node would be at least f. Therefore it is optimal to pay f and open a new facility.

Given that we will open a new facility, placing it at a descendant leaf node is optimal
because it minimizes the connection cost of future points in the stream. Without loss of
generality, we have our deterministic algorithm always open at the descendant leaf node

obtained by moving down the first child of each node in the path from the current node.

The Algorithm’s Expected Cost: Using the algorithm’s strategy defined above, one
can see that the algorithm incurs zero connection cost. For the input associated with
(b1, ...,by), the number of facilities besides the root is just the number of b; not equal to 1.
The probability that b; # 1 is 1 — L. The expected total cost is then (1 — 1)k + 1. Using

sufficiently large z shows that it is not possible to achieve expected cost below A + 1.

5If node @ is contained in the subtree of node b, we say that a is a descendant of b and that b is an
ancestor of a.
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The competitive ratio is therefore at least (h+1)/3 = 5[ 1oglzg1(2)gt2 2| as desired. The result

extends to randomized algorithms by Yao’s principle.

1.5 k-Median Clustering on Streams

In this section, we present a O(1)-approximation streaming algorithm for k-median
clustering that stores O(klogt) points and has O(klogt) worst-case update time. The
extension to other functions is sketched in Section 1.5.1. Our algorithm is based on the
doubling algorithm of [9]. Among our innovations is a subroutine B(X, k) that permits us
to improve the update time and approximation ratio of the original algorithm. B(X, k) is

described in Section 1.5.2 and comes with the following guarantee:

Theorem 3. For a weighted set X of n distinct points, suppose that the nearest neighbor
in X has already been computed for each v € X. Given an integer k > 1, the algorithm
B(X, k) terminates in O(n) time and outputs a pair (Z,\) such that Z is a weighted set

of at most ™1+ | points and A = COST(X, Z) < 20PT,(X).

Throughout this section, as in Theorem 3, we overload notation by writing COST(A, B)
where B is a weighted set (with total weight equal to that of A). Recall that for an
unweighted set B, the function COST(A, B) denotes the minimum connection cost of
connecting the demand set A to the facility set B where each facility can service an
unlimited number of demands. When B is a weighted set, we let COST(A, B) denote the
minimum connection cost under the restraint that each facility must service exactly its
weight in demands.

We now present Algorithm 1 to maintain a set ¥ which we show can determine a
O(1)-approximation to the k-median clustering of the stream. Observe that the main
loop of Lines 3-15 always begins with |W| < 29m, which ensures by Theorem 3 that the

while-loop of Lines 7-15 always begins with |U| < 15m.

Lemma 7. Ezcept between Lines 4 and 5, COST(P,¥) < 20L.
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Algorithm 1 Input: integer m > 1, a stream of points P
1: L+ 0
2: U < the first 29m points of P
3: loop
4: (U, \) < B(¥,m)

5: L < max(10L, \/3)

6: COST «+ 0

7 while |¥| < 29m and COST < 14L do
8: p < next point of P

9: y < argmingcg d(p,y')
10: u <— uniform random in (0, 1)
11: if uL <md(p,y) then
12: U« VU {p}
13: else
14: w(y) < w(y) +1
15: COST 4— COST + d(p, y)

Proof. The variable COST is an upper bound on the increase of COST(P, ¥) during the
current instance of the while-loop. Since COST increases by at most é in each iteration,
the termination condition of Line 7 ensures that COST < 15L. It remains to show that
the cost when the while-loop began was at most 5L. Let us recursively assume that when
the previous while-loop began, the cost was at most 5L/ where L’ was the previous value
of L. During that instance, less than 151’ cost was incurred. On Line 4, exactly A\ cost
was incurred. We may bound A\ < 3L and L’ < L/10 by Line 5. Therefore the total cost

is 5L/ + 15L" + X < 5L as desired. O

The next lemma addresses a subtle issue that only arises for 1 < ¢ < n. Observe that
any segment of a random-order (¢ = 1) stream is in random-order, and that any segment
of an adversarial-order (¢t = n) stream is in adversarial-order. However, a segment of a
t-semirandom order stream for 1 < ¢ < n is not necessarily in ¢-semirandom order (or even
in 2t-semirandom order) because the adversary may have as many as ¢ points in storage
when the segment begins. Instead, we analyze a segment as two separate t-semirandom
streams, one coming from the adversary’s storage and the other as those points that the

adversary has not yet received.

Lemma 8. Assume that m > k(4 + [logyt]). Whenever the while-loop of Lines 7-15
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terminates, OPTy(P) > L with probability 1.

Proof. Observe that the while-loop runs OFL with facility cost f = é Setting r = 2
and h = [log,(4t)], apply Theorem 1 and plug in the value for f. This shows that on a
t-semirandom stream, OFL incurs less than 50PT,(P) + L in expected connection cost and
opens less than m(1 + 50PT(P)/L) facilities in expectation. Observe that this bound
holds for the points of P even when P is interlaced with points from another stream.

For a segment P of the t-semirandom stream, let P; be the adversary’s storage at the
beginning of the segment and let P, be all other points. Applying the previous argument
twice, we see that on this segment OFL incurs less than 50PT,(P) + 2L in expected
connection cost and opens less than m(2 + 50PT(P)/L) facilities in expectation. The
terms involving OPT,(P) did not double since OPT,(Py) + OPTx(P,) < OPT,(P). With
probability at least %, the cost and number of facilities are most twice these bounds by
Markov’s inequality.

Suppose that OPT,(P) < L. Then with probability at least %, the while-loop incurs
less than 14L cost and opens less than 14m facilities. Since the while-loop begins with
|| < 15m, the termination condition means that either 14L cost was incurred or 14m
facilities were opened. We conclude with probability at least % that OPT,(P) > L when

the while-loop terminates. O

For correctness of the algorithm, the result of the preceding lemma only needs to
hold for the most recent termination of the while-loop. We therefore apply it only once,
avoiding a factor of O(logn) in the space bound that would result from applying the
lemma at each loop iteration.

After processing a point, Algorithm 1 waits on Line 8 for the next point. We now
extend the previous lemma to hold on this line, and therefore after each point has been

processed.

Lemma 9. Assume that m > k(44 [logyt]). On Line 8, L < 14 OPTy(P) with probability
1
o
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Proof. Let L' and V' be the states of L and ¥ at the beginning of the current iteration
of the main loop. We condition upon the event that OPT,(P) > L', which occurs with
probability at least % by Lemma 8. From Line 5 we infer that either L = 10L’ or
3L =\ = COST(V', V).

In the case that L = 10L’, then the result is immediate. Otherwise, 3L = COST(¥', V) <
20PT,,, (V') by the guarantee of B(X, k). We have OPT,, (V') < OPT,(¥’) since m > k by
assumption. Applying the triangle inequality to each point of ¥/, we get OPT, (V') <
OPTy(P) + COST(P, ¥'). We have that COST(P, V') < 20L’ < 200PT,(P), where the first
inequality is by Lemma 7 and the second inequality is the event we have conditioned upon.
Therefore L < 140PT,(P). This result holds regardless of how many iterations of the

while-loop have occurred since OPT,(P) is non-decreasing as points are added to P. [J

We now state our main theorem for clustering. Amplifying the probability of success
is simple; run [log, %1 independent instances of Algorithm 1 in parallel and return the ¥

from an instance with minimal L.

Theorem 4. Algorithm 1 with parameter m can be implemented to run in O(m) worst-
case update time and store O(m) points. Suppose that the input stream P of n points
arrives in t-semirandom order. If m > k(4 + [logy t]), then with probability at least § the

set WU maintained by the algorithm satisfies COST(P, V) < O(1) - OPTx(P).

Proof. Combining Lemmas 7 and 9 shows that COST(P, ¥) < 280 OPT,(P). It is immediate
from the pseudocode that the storage is less than 29m points. As for the update time,
each iteration of the while-loop requires O(m) time. By Theorem 3, if the nearest neighbor
function for ¥ has been computed then Line 4 terminates in O(m) time. We must show
how to ensure with O(m) worst-case update time that the nearest neighbor function for
U has been computed before each time that Line 4 is executed.

Given the nearest neighbor function 7 for a set of n points, observe that we can insert
a point into the set and update 7 in O(n) time. Beginning with the nearest neighbor

function 7 of the first two points of ¥, we simply update © with the next three points
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of ¥ each time one point is received from the stream. The while-loop runs at least 14m
times before each time that Line 4 executes. Therefore the nearest neighbor function for

all of ¥ is guaranteed to have been computed by the time the while-loop terminates. [

By tweaking parameters and refining the analysis, one can improve the guarantee to
COST(P, V) < 30PT,(P) (in particular, the space blows up as the constant approaches
2). It is well-known that if COST(P, V) < aOPT,(P) then any y-approximation of ¥ is
a (a(y + 1) + a)-approximation of P [9]. Therefore Theorem 4 implies that ¥ carries
enough information to determine a O(1)-approximation of P. Our constant a < 3 does
not guarantee a particularly low approximation ratio. However, Algorithm 1 can be used
as a building block for a more accurate solution. Using the technique introduced in Part
II, we can use Algorithm 1 to maintain an e-coreset which carries enough information to
determine a (1 + €)-approximation® for any ¢ > 0. This technique essentially converts the
constant in the approximation factor into a constant in the size of the coreset. The only
space required in addition to Algorithm 1 is the space needed to store the e-coreset. As an
example, for k-median in R?, coresets of size O(¢~2kd) are known [13], implying that our
result can be used to determine a (1 + €)-approximation using O(e ?kd + klogt) space.

As a corollary to Theorem 4, we obtain an O(nk)-time approximation algorithm for

the RAM model. In light of the Q(nk) time lower bound of [29], the runtime is optimal.

Corollary 2. Given a set P of n points, there exists an algorithm that outputs a O(1)-

approzimation to the k-median clustering of P with probability 1 — ¢ in time O(nk log %)

Proof. Shuffle P in O(n) time. Set m = 4k and run Algorithm 1 in O(nk) time followed
by the offline algorithm of [29] in O(k?) time to obtain by Theorem 4 a set C' of k points
such that COST(P,C') < O(1) - OPT,(P) with probability at least 3. Repeat this [log, 3]

times and output the solution of minimal cost. O]

6 An efficiently computed solution will have a larger approximation factor. Both the k-median and
k-means problem are MAX-SNP Hard for all k& > 2. See the related work section of [4] for a survey of
hardness results.
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1.5.1 Extension to Other Functions

We have assumed that we are in a metric space (X, d) but we can weaken this assumption.
Suppose that throughout our results we replace the metric with an arbitrary symmetric
positive-definite function D : X x X — [0,00). If D satisfies the triangle inequality, then
D is a metric and our result for k-median applies directly. However, suppose that D just

satisfies a weak triangle inequality for some 3 > 1:

D(a,c) < B(D(a,b) + D(b,c)) for all a,b,c € X

All of our proofs go through with larger constants. The bound in Theorem 4 generalizes
to (h+ 1+ B)fk+ B(r + 35)0PT,(S) and the guarantee of the B(X, k) routine of the
next subsection generalizes to COST(X, Z) < 280PT,(X). For any function D satisfying a
constant 3 value, our results for both online facility location and clustering carry through
with larger constants. An example application is that our results generalize to ¢, norms.
Another important case is k-means that corresponds to D(z,y) = d(x,y)>.

Recall that the maximum likelihood estimator for the mean p of Gaussian data @)
is the 7 that minimizes Y, d(g, f1)*. To handle outliers more robustly, the statistics
community introduced M-estimators which generalize maximum likelihood estimation
by minimizing >, p(d(q, /1)) for some positive-definite function p : [0,00) — [0,00). An
M-estimator along with a positive integer k defines a clustering problem to find a set
C of k points that minimizes }° .o min.ec p(d(q, c)). Observe that we recover k-means
for p(x) = 2% and k-median for p(z) = z. The convergence and robustness properties of
M-estimators have been well-studied, but we also observe that the function D = pod
usually satisfies a weak triangle inequality for a very low [ value. Evidently we can let
B be any value such that p(c) < B(p(a) + p(b)) for all a,b,c > 0 such that ¢ < a+b. In
Table 1.4 we have calculated tight 8 values for the most commonly used M-estimators .

These results imply that O(klogt) space suffices to approximate M-estimators on a

data stream. We remind the reader that we can use the technique that will be introduced
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Estimator p function 6]
Linear plx) ==z 1
Gaussian p(z) = x? 2
2 ifr <1
Huber plx) = X 1 v 2
2¢r—1 ifx>1
Cauchy p(z) =log(1 + z?%) 2
1-(1—-2%3 ifzx<l1
Tuke x) = 2
v | ) {1 ifx > 1

Table 1.4: List of the most common M-estimators. The last column is redundant since
the 8 value can be directly calculated from the p function. All of these estimators are
actually a parameterized family by scaling p(z) to ¢1p(cex) for ¢1,co > 0, but we choose
only a single representative since the [ value is unchanged.

in Part II to maintain an e-coreset which permits a (1 + €)-approximation to the optimal

M-estimator.

1.5.2 The B(X, k) Routine

We present a deterministic algorithm B that accepts a weighted set A of n distinct points
along with a positive integer k£ and returns a weighted set Z of L”T““J distinct points such
that COST(A, Z) < 20PT,(A). If the nearest neighbor graph on A has been computed,
then B terminates in O(n) time.

In what follows, there must be a way to order the points of A. This is necessary for a
technical detail that comes up in Lemma 10; we need a consistent way to break ties. In

practice, this can simply be the order that the algorithm loops through the points of A.

Definition 4. The function 7 : A — A is defined such that m(a) = arg minge 1\ (q} d(a, x).
If there is more than one point x that minimizes d(x,a), break ties by selecting the x that

is greatest according to the order of A.
We use 7 to define a graph as follows:

Definition 5. Let A be a weighted set. The directed graph G(A, ) has the points of A
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as vertices. For each vertex a, there is exactly one directed edge leaving a and pointing to

m(a).

G(A, ) possesses a special structure of not containing any cycles of length greater

than 2.
Lemma 10. The graph G(A, ) contains cycles only of length 2.

Proof. Let {ai,...,as} be a cycle such that for each 1 < i < s we have 7(a;) = a;41
(additions should be interpreted modulo s). We will show that s = 2.

By definition of 7, it must be that d(a;, a;11) < d(a;_1, a;) since 7(a;) = a;+1. Then we
have d(a, a2) < ... < d(as,a1) < d(ay,as) and the chain of inequalities implies equality.
Let a; be the element of the cycle that is greatest according to the ordering of A. Since a;
and a;,o are equidistant from a;q, the criterion for breaking ties in Definition 4 ensures

that 7(as41) = ag. Since m(az11) = a42, it must be that ¢t +2 =t and so s = 2. O

In light of Lemma 10, let us consider the structure of the directed graph (A, ).
Removing the edges in length-2 cycles, we are left with a forest (a collection of trees
directed to the root). Considering the full graph along with these 2-cycles, we see that
each component is a pair of trees whose roots are coupled. This forest of “bi-trees” can

be 2-colored, and the following lemma shows that we can do this efficiently.
Lemma 11. Given the function w, the graph G(A, ) can be 2-colored in O(m) time.

Proof. We say that m(a) is the parent of a, and that a is the child of 7(a). Each vertex
has exactly one parent, and the edges point to the parent. For each point a € A, we store
a pointer to its parent as well as a list of pointers to its children. Given the function m,
this can be accomplished in O(n) time.

As reasoned above, the graph can be partitioned into bi-tree components. We use the
following iterative procedure until all vertices have been colored: (1) Select any uncolored
vertex; (2) Walk along the edges until reaching the two roots; (3) Color each root a

different color; (4) Recursively color each child vertex the opposite color than its parent.
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For Step 2, we will know we have located the roots when we return to the vertex we
just left. This process (of moving from a to 7(a) until reaching the root) terminates in
time proportional to the depth of the tree. Therefore a total of O(n) time is spent during
Step 2 over all iterations of this procedure.

For Step 4, finding a child takes O(1) time since we have stored a list of children with
each vertex. Therefore a total of O(n) time is spent during Step 4 over all iterations of

this procedure. O

We will need the following technical lemma to bound COST(A, Z). Recall that OPT,(A)
is defined using centers from anywhere in the metric space X'. The lemma says that if we
restrict to centers from A itself, then the optimal cost increases by less than a factor of

two.

Lemma 12. Let OPT,(A) denote the minimum of COST(A, B) where B C A ranges over

all sets of k points. Then OPT,(A) < 20PT,(A).

Proof. Let C C X be a set of k points such that COST(A,C') = OPT,(A). For each
c € C, let ¢ be the closest point of A to ¢. Any element a € A that was connected
to ¢ can be instead connected to ¢ with a cost of d(a, ) < d(a,c) + d(c,d) < 2d(a,c)
since d(c,d) < d(c,a). Moreover, the cost of this cluster increased by strictly less
than factor of two since if ¢ ¢ A the cost decreased for a = ¢ and if ¢ € A the cost
stayed the same. Define ¢ = {¢'}.cc. Then C" C A is a set of k points such that

OPTx(A) < COST(A,C") < 2COST(A, C) = 20PT,(A). O

The B(X, k) algorithm is presented in the next theorem. The basic idea is to 2-color
G(A, ) and then eliminate one of the colors by relocating those points to their image
under 7. Since m maps each point to a point of the opposite color, this transformation

increases the weights of one color while completely eliminating the other.

Theorem 5. Let A be a weighted set of n distinct points. Assume that ™ has been
computed for A. In O(n) time, we can compute a weighted set Z of at most ["TH“J distinct

points such that COST(A, Z) < 20PT(A).
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® o o - o—©® Figure 1.2: A 2-colored bi-tree of the near-
N // ® est neighbor graph G(A, ). Algorithm
.7.\. /-. ‘7.\ e B(A, k) removes all blue points by moving
® / o the weight of each blue point to the red
® point to which it points.

Proof. Let the function w : A — N map each point of A to its weight. By Lemma 11,
we 2-color A in O(n) time. Let A; and Ay be the partition of A into the two colors
after removing the k points with the top values of w(a)d(a,m(a)). Let |A;| be the larger
component (by number of points) and note that |A,| > [25£].

Build Z from A as follows: for each a € A;, increment w(mw(a)) by w(a) and delete a.
This procedure terminates in O(n) time. By definition of a 2-coloring, m(a) ¢ A; for every
element a € A;, and so Z contains n — |4,| < [2£*] weighted points.

Observe that COST(A, Z) = Y 4c4, w(a)d(a,m(a)). The optimal k-median solution of
A using points from A involves moving n — k points of A by at least the distance to the
nearest neighbor, so Y- ,c 4,04, w(a)d(a,m(a)) < OPT,(A) and so COST(A, Z) < OPT,(A).

This completes the proof since Lemma 12 guarantees OPT;(A) < 20PT,(A). O

To complete the guarantee of Theorem 3, observe that we can return the exact value

of COST(A, Z) in O(n) time.

1.6 Discussion of Models for Semirandom Order

IITK Open Problem #15 addresses computational models of semirandom-order for streams
and asks how the models of t-bounded adversarial order and e-generated random order
relate to each other [26]. One can verify that ¢ = 0 like ¢ = 0 is equivalent to random-order
and that e = 1 like t = n is equivalent to adversarial-order. However, we demonstrate in

the following two lemmas that no other relations hold between these models.
Lemma 13. To simulate the t-bounded adversarial order model for any t > 1, the
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e-generated order model requires € > 1 — 27"/,

Proof. Let the stream consist of elements {1,...,n}. Let x(i) denote the identity of the
ith element in the initial random-order stream. For any ¢ > 2, a t-bounded adversary can
ensure that x(2i —1) < x(2i) for all 1 <4 < . Let A; be the event that x(2i —1) < x(2i).
In random-order, observe that P(4;) = 5 and that the {AZ}?:/? are mutually independent.
Therefore the uniform distribution g assigns probability mass 1 — (%)”/ 2 to the orders
satisfying x(2i—1) > x(2¢) for some 1 <1 < §. Any distribution v that assigns probability

mass 1 to N7/ A; must satisfy || — v > 2(1—277/2) O

Lemma 14. To simulate the e-generated order model for any € > 27"/10, the t-bounded

adversarial order model requires t > n/2.

Proof. Let X be a subset of r elements. In random-order, let A be the event at at least
one element of X arrives among the first fn elements. P,(A4) > 1— (1 — )", so we can
create a distribution v such that P,(A) =1 and || — v||; < 2(1 —B)".

In the ¢-bounded adversarial order model, elements are sent in random-order but
intercepted by an adversary who manipulates the order that elements arrive for the
algorithm. Observe that an element among the last ”T_t to be sent cannot be among the
first 2% to arrive. If r < 27t then with positive probability all elements of X are among
the last 5t to be sent. Therefore if fn < 5% we have P(A) < 1. Setting r = fn, this
necessitates that ¢ > (1 — 28)n whenever ¢ > (1 — 3)°". The result follows by setting

B=1 =

Our matching bounds for online facility location show a non-trivial degradation
of performance in the t-bounded adversarial-order model that smooothly interpolates
between random-order and adversarial-order. This supports the claim that ¢-bounded

adversarial-order is a viable model of semi-randomness. In contrast, it is trivial to show

matching bounds of ©(1 + l(jgl‘ff;n) in the e-generated model. More generally, any bound
in expectation which is ©(f) in random-order and O(g) in adversarial-order implies a

O(f + €g) bound in the e-generated model. As a result, the e-generated model is not
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interesting for a wide class of problems. This class is rather large since any O(f log %)
bound with probability 1 — ¢ implies a ©(f) bound in expectation.

We conclude with an open question:

Open Question: Given an adversarial-order bound of O(f(n)), all the results in this
paper present a bound of O(f(t)) for t-bounded adversarial order, showing a smooth
degradation as t increases. However, some problems exhibit a sharp phase transition. For
example, the size of the largest component in an Erdés-Rényi graph ER(n,p) jumps from
O(logn) to Q2(n) around p ~ 1/n. In the t-bounded adversarial order model, is it always
the case that bounds degrade smoothly as t increases? Alternatively, do problems exist
that exhibit a sharp jump in some quantity of interest (i.e. time, space, or approximation

factor) when ¢ increases by only a constant factor around some value?
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Part 11

Nearly Optimal Coresets on

Insertion-Only Streams

30



In the algorithmic field of computer science, we usually have an optimization problem
at hand and a state-of-the-art or a straight-forward exhaustive search algorithm that
solves it. The challenge is then to suggest a new algorithm with a better running time,
storage or other feature. A different and less traditional approach is to use data reduction,
which is a compression of the input data in some sense, and to run the (possibly inefficient)
existing algorithm on the compressed data. In this case, the problem of solving the

problem at hand reduced to the computing a problem-dependent compression such that:

1. an existing algorithm that solves the optimization problem on the original (com-
plete) data, will yield a good approximate solution for the original data when ap-

plied on the compressed data.

2. The time and space needed for constructing the compression and running the op-
timization algorithm on the coreset will be better than simply solving the problem

on the complete data.

There are many approaches for obtaining such a provable data reduction for different
problems and from different fields, such as using uniform sampling, random projections
(i.e., the Johnson-Lindenstrauss Lemma), compressed sensing, sketches or PCA.

In this part of the thesis (Part III), we focus on a specific type of a reduced data set,
called coreset (or core-set) that was originated in computational geometry, but now ap-
plied in other fields such as computer vision and machine learning. This part is organized
into basic sections: results for maintaining coresets over data streams (Section 2.2) and
results for offline coresets (Sections 2.3-2.5). We briefly introduce both of these topics
the remainder of this section. Many of our results, along with comparison to prior works,
are summarized in Table 2.5 in Section 2.1.

In the Appendix A (Section 7) we summarize the merge-and-reduce technique that is
used in previous approaches [12, 27, 26, 1, 19]. In the Appendix B (Section 8) we provide
an alternative framework that generalizes our main result (Theorem 2.2.1), applying to

a wide-array of constructions although giving a weaker bound.
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2.0.1 Streaming Results

In the streaming model of computation, the input arrives sequentially. This differs from
the standard model where the algorithm is given free access to the entire input. Given a
memory that is linear in the size of the input, these models are evidently equivalent; there-
fore the goal of a streaming algorithm is to perform the computation using a sublinear
amount of memory.

Our stream consists of n elements py, ..., p,. In the streaming model (or more specif-
ically the insertion-only streaming model, since points that arrive will never be deleted),
we attempt to compute our solution using o(n) memory. Sometimes the algorithm will
be allowed to pass over the stream multiple times, resulting in another parameter called
the number of passes. All of our algorithms use polylog(n) memory and require only a
single pass.

Prior to the current work, the merge-and-reduce technique due to Har-Peled and
Mazumdar [27] and Bentley and Sax [7] was used to maintain a coreset on an insertion-
only stream. For a summary of this technique, see Section 2.6 in the Appendix. In
this part, we introduce an alternative technique that reduces the multiplicative overhead

from log?*™!

n to logn (here, a is the offline construction’s dependence on 1/¢). While our
method is not as general as merge-and-reduce (it requires that the function in question
satisfies more than just the “merge” and “reduce” properties, defined in Section 2.6), it
is general enough to apply to all M-estimators. For the special case of our coreset offline
construction for M-estimators (introduced in Section 2.5), we use a more tailored method
that causes this to be logn additive overhead. Therefore our streaming space complexity
matches our offline space complexity, both of which improve upon the state-of-the-art.
The offline coreset construction of [19] has the following structure: first, a bicriterion
approximation is computed. Second, points are sampled according a distribution that
depends only on the distances between points of the input and their assigned bicriterion

centers. This suggests a two-pass streaming algorithm (which we later combine into a

single pass): in the first pass, construct a bicriterion using an algorithm such as [9]. In
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the second pass, sample according to the bicriterion found in the first pass. This provides
a two-pass algorithm for a coreset using O(e 2k logklogn)-space. Our contribution is
showing how these two passes can be combined into a single-pass. Using the algorithm
of [9] to output O(klogn) centers at any time, we show that this is sufficient to carry out
the sampling (originally in the second pass) in parallel without re-reading the stream.
Our main lemma (Lemma 2.2.7) shows that the bicriterion, rather than just providing
“central” points to concentrate the sampling, actually can be thought of as a proof of
the importance of points for the coreset (technically, a bound on the “sensitivity” that
we define at the beginning of Section 2.2). Moreover, the importance of points is non-
increasing as the stream progresses, so we can maintain a sample in the streaming setting

without using any additional space.

2.0.2 Offline Results

The name coreset was suggested by Agarwal, Har-Peled, and Varadarajan in [2] as a small
subset S of points for a given input set P, such that any shape from a given family that
covers S will also cover P, after expanding the shape by a factor of (1+¢). In particular,
the smallest shape that covers S will be a good approximation for the smallest shape
that covers P. For approximating different cost functions, e.g. the sum of distances to a
given shape, we expect that the total weight of the sample will be similar to the number
n of input points. Hence, in their seminal work [27], Har-Peled and Mazumdar used
multiplicative weights for each point in .S, such that the weighted sum of distances from
S to a given shape from the family will approximate its sum of distances from the original
data. In [27] each shape in the family was actually a set of k points, and the application
was the classic k-means problem.

In this part, we are given an input set P (called points), a family (set) @ of items, called
queries and a function f : P — [0, 00) that is called a cost function. A coreset is then a
subset S of P, that is associated with a non-negative weight function u : S — [0, 0o) such

that, for every given query ¢ € (), the sum of original costs Zpe p f(p,q) is approximated
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by the weighted sum ZpES u(p) f(p,q) of costs in S up to a multiplicative factor, i.e.,

(1=2)> flpa) <> uDfpa <1+e)> f(p.g)

peEP peS peP

While our framework is general we demonstrate it on the k-means problem and its
variant. There are at least three reasons for this: (i) This is a fundamental problem
in both computer science and machine learning, (ii) This is probably the most common
clustering technique that used in practice, (iii) Many other clustering and non-clustering
problems can be reduced to k-means; e.g. Mixture of Gaussians, Bregman Clustering,
or DP-means [18, 33, 5]. In this context we suggest offline coreset constructions for k-
clustering queries, that can be constructed in a streaming fashion using our streaming

approach, and are:

e of size linear in k (for d > log k) and arbitrary metric space of dimension d. Current
coresets that are subset of the input have size at least cubic in & [30]. This is by
reducing the total sensitivity to O(1) without introducing negative weights that

might be conditioned on the queries as in [19].

e of size independent of d for the Euclidean case of k-means (squared distances). This
is particular useful for sparse input set of points where d > n, such as in adjacency
matrices of graphs, document-term, or image-object matrices. Recent coreset for
sparse k-means of [6] is of size exponential in 1/e and thus turn to O(n) when used
when the merge-and-reduce tree (where ¢ is replaced by O(e/log(n)). The result
of [20] for k-means is exponential in k/e and fails with constant probability, so also
cannot be used with streaming. Another result of [20] suggests a coreset type set
for k-means of size O(k/e) but which is based on projections that loss the sparsity
of the data. Similar sparsity loss occurs with other projection-type compression
methods e.g. in [15]. Nevertheless, we use the technique in [20] to bound the

dimension of the k-means problem by O(k/e).
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e of size independent of d for the Euclidean case, and non-squared distances, using
weak coresets. These coresets can be used to approximates the optimal solution,
but not every set of k centers. Unlike the weak coresets in [19, 17], we can use any

existing heuristic on these coresets, as explained in Section 2.5.1.

e Robust to outliers. This is since the general pseudo-metric definition we used (in-
spired by [21], support m-estimators which is a tool for handling outliers [38]. Unlike
in [21] our coresets are linear (and not exponential) in k, and also independent of

n (and not logarithmic in n).

2.1 Related Work

The following table summarizes previous work along with our current results. By far, the
most widely-studied problems in this class have been the k-median and k-means functions.
In general, the extension to arbitrary M-estimators is non-trivial; the first such result
was [21]. Our approach naturally lends itself to this extension. M-estimators are highly
important for noisy data or data with outliers. As one example, Huber’s estimator is
widely used in the statistics community [25, 29]. It was written that “this estimator is
so satisfactory that it has been recommended for almost all situations” [40]. Our results
work not only for Huber’s estimator but for all M-estimators, such as the Cauchy and
Tukey biweight functions which are also well-used functions.

Note that in the below table, O notation is used to write in terms of d, €, k, and logn

(therefore hiding factors of loglogn but not logn).

Framework. A generic framework for coreset construction was suggested in [19]. The
main technique is a reduction from coreset to e-approximations, that can be computed
using non-uniform sampling. The distribution of the sampling is based on the importance
of each point (in some well defined sense), and the size of the coreset depends on the sum

of these importance levels. This term of importance appeared in the literature as leverage
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Metric M-estimator

O(e 2k log klogn)

O(e 2k log klogn)

Problem Offline Size Streaming Size Paper
Euclidean k-means O(ke=4logn) O(ke *log?™ n) [27]
Euclidean k-means O(k3e=(d+1) O(k3e= @+ Jogh2 ) 26]
Euclidean k-means O(dk*¢%logn) O(dk*¢2log® n) [12]
Euclidean k-means O(dklog ke™*) O(dklog ke *log® n) [19]
Euclidean k-means O((d/e)° Dk logn) O((d/e)° Dk 10g® ¥ n) 1]
Euclidean k-means | O(e 2klog kmin(k/e,d)) | O(e *klog kmin(%,d) + klogn) | **

Metric k-means O(e2k?log® n) O(e 2k?log® n) [13]
Metric k-means O(e *klog klogn) O(e*klog klog® n) [19]
Metric k-means O(e%klog klogn) O(e%klog klogn) x
Euclidean k-median O(dk*e21ogn) O(dk?*c21log® n) [12]
Euclidean k-median O(ke?logn) O(ke=%1og™2 n) 27]
Euclidean k-median O(k*e %) O(k?e= @ log™ n) [26]
Euclidean k-median O(de 2k log k) O(de %k log k log® n) [19]
Euclidean k-median O(de %k logk) O(de %klogk + klogn) ok
Metric k-median O(k?e¢%log* n) O(k*¢2log® n) [12]
Metric k-median O(e 2k log klogn) O(e %klog klog" n) [19]
Metric k-median O(e 2k log klogn) O(e%klog klogn) x
Euclidean M-estimator |  O(e 29" d? log® n) O(e 290 d? log® n) 21]
Euclidean M-estimator O(de 2k log k) O(de 2k logk + klogn) ok
Metric M-estimator O(e k%) log* n) O(e2k%®) log™ n) [21]
Kk

Table 2.5: Summary of Related Work on Coresets

score (in the context of low-rank approximation, see [36] and references therein), or, for
the case of k-clustering, sensitivity [30]. The proof of many previous coreset constructions
were significantly simplified by using this framework, and maybe more importantly, the
size of these coresets was sometimes significantly reduced; see [19] for references. Many
of these coresets size can be further improve by our improved framework, as explained
below.

The size of the coreset in [19] depends quadratically on the sum of sensitivities, called
total sensitivity [30]. In this part, we reduce the size of the coreset that are constructed
by this framework to be only near-linear (tlogt) in the total sensitivity ¢. In addition,

we generalize and significantly simplify the notation and results from this framework.

k-means. In the k-means problem we wish to compute a set k of centers (points)

in some metric space, such that the sum of squared distances to the input points is
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minimized, where each input point is assigned to its nearest center. The corresponding
coreset is a positively weighted subset of points that approximates this cost to every given
set of k centers. First deterministic coresets of size exponential in d were first suggested
by Har-Peled and Mazumdar in [27]. The first coreset construction of size polynomial in
d was suggested by Ke-Chen in [12] using several sets of uniform sampling.

The state-of-the-art is the result of Schulman and Langberg [30] who suggested a
coreset of size O(d?k?/e?) for k-means in the Euclidean case based on non-uniform sam-
pling. The distribution is similar to the distribution in [17] over the input points, however
in [17] the goal was to have weaker version coresets that can be used to solve the optimal
solution, but are of size independent of d.

Some kind of coreset for k-means of size near-linear in k was suggested in [19]. How-
ever, unlike the definition of this part, the multiplicative weights of some of the points
in this coreset were (i) negative, and (ii) depends on the query, i.e., instead of a weight
w(p) > 0 for an input point p, as in this part, the weight is w(p,C') € R where C' is
the set of queries. While exhaustive search was suggested to compute a PTAS for the
coreset, it is not clear how to compute existing algorithms or heuristics (what is actually
done in practice) on such a coreset. On the contrary, generalizing an existing approxima-
tion algorithm for the k-means problem to handle positively weights is easy, and public

implementations are not hard to find (e.g. in Matlab and Python).

k-mean for handling outliers. Coresets for k-means and its variants that handle
outliers via m-estimators were suggested in [21], and also inspired this part of the thesis.
The size of these coresets is exponential in k£ and also depend on logn. For comparison, we
suggest similar coreset of size near-linear in k, and independent of n. PTAS for handling

exactly m-outliers was suggested in [11] but with no coreset or streaming version.

Streaming.  The metric results of [12, 19] and Euclidean results of [12, 27, 26, 19
that rely on merge-and-reduce have already been mentioned. A summary of these results

appears in the tables below. For the specific case of Euclidean space, a more diverse set
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of stronger results is known. In particular, coreset constructions are known that do not
begin with a bicriterion solution, and whose streaming variant does not rely on merge-
and-reduce [1]. With the additional assumption in Euclidean space that the points lie
on a discrete grid {1,...,A}? alternative techniques are known for k-means and other

problems, even when the stream allows the deletion of points [22].

2.2 Streaming Algorithm

We present a streaming algorithm for constructing a coreset for metric k-means clustering
that requires the storage of O(¢ 2klogn) points. The previous state-of-the-art [19] re-
quired the storage of O(e~*klog klog® n) points. In this section we assume the correctness
of our offline algorithm, which is proven in Section 2.5.

More generally, our technique works for M-estimators, a general class of clustering
objectives that includes the well-known k-median and k-means functions as special cases.
Other special cases include the Cauchy functions, the Tukey functions, and the L, norms.
Our method combines a streaming bicriterion algorithm [9] and a batch coreset construc-
tion [19] to create a streaming coreset algorithm. The space requirements are combined
addivitely, therefore ensuring no overhead.

The streaming algorithm of [9] provides a bicriterion solution using O(klogn) space.
Our new offline construction of Section 2.5 requires O(e 2klogklogn) space. There-
fore our main theorem yields a streaming algorithm that combines these spaces addi-
tively, therefore requiring O(e 2k logklogn) space while maintaining a coreset for k-
means clustering. The previous state-of-the-art framework that works for the metric
variant (other methods are known to improve upon this for the special case of Euclidean
space) was the merge-and-reduce technique [7] that yields a streaming algorithm requir-
ing O(e~*klog klog®n) space, incurring an overhead of ©(log® n) over the offline coreset
size. In comparison, our framework incurs no overhead. The additional improvement in

our space is due the improved offline construction given in Sections 5-7.
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We now state our main theorem. The result is stated in full generality: the k-median
clustering in a p-metric space (see Definition 2.5.1). Note that metric k-means clustering
corresponds to setting p = 2. Also, the probability of success 1 — § typically has one of
two meanings: that the construction succeeds at the end of the stream (a weaker result),
or that the construction succeeds at every intermediate point of the stream (a stronger
result). Our theorem gives the stronger result, maintaining a valid coreset at every point

of the stream.

Theorem 2.2.1 (Main Theorem). There ezists an insertion-only streaming algorithm
that maintains a (k,€)-coreset for k-median clustering in a p-metric space, requires the
storage of O(p*e 2k log(pk)log(n)log(1/8)) points, has poly(k,logn, p, €, log(1/d)) worst-

case update time, and succeeds at every point of the stream with probability 1 — 9.

Our method can be applied to the coreset constructions of [27, 26, 12, 19] with a
multiplicative overhead of O(logn). Our second theorem is a more generally applicable
technique; it applies to all constructions that first compute a bicriterion solution and then
sample points according to the bicriterion solution. The constructions of [27, 26, 12, 19|
follow this outline, and we are unaware of any constructions which do not. The theorem
yields immediate corollaries as well as reducing certain streaming coreset problems to

that of constructing an offline coreset.

Theorem 2.2.2. Given an offline algorithm that constructs a (k, €)-coreset consisting of
S = S(n,k,e,0) points with probability 1 — § by sampling points based on a bicriterion
solution, there exists a streaming algorithm requiring the storage of O(Slogn) points that

maintains a (k,€)-coreset on an insertion-only stream.

Proof Sketch. The known offline coreset constructions start with a bicriterion solution
of O(k) points. We modify the algorithm of [9] to output O(klogn) centers; this is
trivial since the final step of the algorithm of [9] is to take the O(klogn) centers stored in
memory and reduce them to exactly k centers to provide a solution. Our first modification

to the original algorithm is thus to simply remove this final step, but we must also
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keep a datastructure storing log(1/e) intermediate states of these O(klogn) centers. See
Section 2.7 for a precise description of our modification and the sampling method, applied
to the construction of [19] as an example (but equally applicable to [27, 26, 12]). As the
high-level idea, since the bicriterion given to the offline construction consists of O(klogn)
centers instead of exactly k, the number of additional points taken in the coreset increases

by a factor of O(logn). O
Two important corollaries include:

1. Using the result of [19], we obtain a streaming algorithm that maintains a (k, €)-
coreset with negative weights for metric k-median requiring the storage of O(e 2k logn)

points.

2. Given a O(k-poly(e,logn,log(1/4))) point (k, €)-coreset, we would obtain a stream-
ing algorithm that maintains a (k, €)-coreset (with only positive weights) for metric
k-median requiring the storage of O(k - poly(e, logn,log(1/d))) points. This differs

from Theorem 2.2.1 in that the dependence on k is linear instead of O(klogk).

2.2.1 Definitions

We begin by defining a p-metric space, which is defined in full as Definition 2.5.1. Briefly,
let X beaset. If D: X xX — [0,00) is a symmetric function such that for every
z,z € X we have that D(z,z) < p(D(z,y) + D(y,z)) for every y € X, when we call
(X, D) a p-metric space. Note that this is a weakening of the triangle inequality, and at
p = 1 we recover the definition of a metric space. All M-estimators can be re-cast for
a certain constant value of p, and k-means is obtained with p = 2. This generality is
therefore useful and working in this language allows us to naturally generalize our results
to any M-estimator.

The k-median problem is, given an input set P and an integer k > 1, to find a set C
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of k points that minimizes:

> _minD(p,c)
peEP

We use OPT(P) to denote this minimal value. As this is NP-Hard to compute, we settle
for an approximation. The notion of a bicriterion approximation is well-known; we state

a definition that suits our needs while also fitting into the definition of previous works.

Definition 2.2.3 ((«a, #)-approximation). An («, )-approzimation for the k-median clus-
tering of a multiset P is a map w1 P — B for some set B such that ) p w(p)D(p,7(p)) <
aOPT(P) and |B| < (k.

We now define a coreset:

Definition 2.2.4 ((k,e¢)-coreset). A (k,€)-coreset of a multiset P is a weighted set

S, v) with non-negative weight function v such that for every Z € X* we have (1 —
g g Y

)2 per D0, 2) <35 v(s)D(s, Z2) < (14€) X2 ,cp D(p, Z).

Coresets with arbitrary weight functions (i.e. with negative weights allowed) have been
considered [FL11, etc]. However, computing approximate solutions on these coresets in
polynomial-time remains a challenge, so we restrict our definition to non-negative weight
functions. This ensures that an approximate solution can be quickly produced. This
implies a PTAS for Euclidean space and a polynomial-time 2v(1 + €)-approximation for
general metric spaces (where 7y is the best polynomial-time approximation factor for the
problem in the batch setting). This factor of 2v(1 + €) is well-known in the literature,
see [10, 9, 24] for details.

2.2.2 Constant-Approximation Algorithm

Let P; denote the prefix of the stream {py, ..., p;}. The entire stream is then P,. Consider
the moment when the first ¢ points have arrived, meaning that the prefix P; is the current
set of arrived points. The algorithm A of [9] provides an (O(1), O(log n))-approximation

of P; in the following sense. Define f; : ) — () as the null map, and define B; = image( f;).
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Upon receiving point p;, algorithm A defines a map f; : B;_1 U {p;} — B;. We define
i« P, — B; by mi(p;) = filfima(c..(f5(pj))...)) for each 1 < j < i. These mappings

have an essential gaurantee stated in the following lemma.

Theorem 2.2.5 ([9]). For every 1 < i < n, after receiving P;, Algorithm A(k,n,0)
defines a function f; such that with probability 1 — o, using the above definition of m;, the
bound Y cp. D(p, mi(p)) < «OPT(F;) holds. The algorithm deterministically requires the

storage of O(k(logn + log(1/0))) points.

2.2.3 Offline Coreset Construction

We briefly describe the offline coreset construction. The proof of correctness can be found
in Sections 2.4 and 2.5. It is this construction that we will maintain in the streaming
setting.

The sensitivity of a point p € P is defined as:

s(p) = max _bwz)
Zexk quP D(q, Z)
Notice that 0 < s(p) < 1. We give an upper bound §'(p) € [s(p), 1]. Define the total

sensitivity t = > p s(p). Likewise, we give an upper bound ¢’ > ¢ where t' = > . s'(p)

pEP
and will show that ¢ = O(k). The sampling probability distribution at point p is set
to s'(p)/t’. We take an i.i.d. sample from P of size m for any m > ct'e %(lognlogt’ +
log(1/d)) where ¢ is a constant.

Let R be the union of these m i.i.d. samples, and then define a weight function

v : R — [0,00) where v(r) = (|R|s'(r))~!. It is proven as one of our main theorems

(Theorem 2.5.6) that the weighted set (R, v) is a (k, €)-coreset for P.

2.2.4 Bounding the Sensitivity

Consider the prefix P; which is the input after the first ¢ points have arrived. Using

Algorithm A we obtain an (a, #)-approximation m; where a = O(1) and 8 = O(logn).
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Recall that B; is the image of this approximation, i.e. B; = image(m;(F;)).

Running an offline (v, A\)-approximation algorithm on B;, we obtain a multiset C; of
at most Ak distinct points. Let p’ denote the element of C; nearest to m;(p) (this is the
element of C; that p gets mapped to when we pass from P, — B; — C};). The following
lemma implies that Y _,w(p)D(p,p') < @OPT(P) where & = pa+2p>y(a+4-1). This is an

observation used widely in the literature [10, 9], but we include a proof for completeness.

Lemma 2.2.6. Let B be a (o, 5)-approzimation of P, and let C' be a (7, \)-approzimation

of B. Then C is a (pa + 2p°y(a + 1), \)-approzimation of A.

Proof. Let m : P — B be the («, 3)-approximation of P and let t : B — C be the
(v, A)-approximation of B. In the following, all sums will be taken over all p € P. The
hypotheses state that Y D(p, m(p)) < aOPT(P) and >_ D(w(p), t(w(p))) < yOPT(B). Let
P* be an optimal clustering of P, that is ) D(p, P*) = OPT(P). Then j0PT(B) <
> D(n(p), P*) < p>(D(m(p),p) + D(p, P*)) < p(a+ 1)OPT(P). The factor of 3 comes
from the fact that OPT(B) is defined using centers restricted to B (see [24] for details).

We now write Y- D(p,t(7(p))) < p> (D(p,n(p)) + D(w(p), t(m(p)))) < (po + 2p*y(ax +
1))OPT(P) as desired. O

We now prove the following lemma which gives us our sampling probability s'(p).
Recall that for the construction to succeed, the sampling probability s'(p) must be at
least the sensitivity s(p) (defined in the previous subsection). Since we focus on a single
iteration, we drop subscripts and write C' = C; and P = P,. Let p — p’ be an (&, \)-
approximation of P. Define P(p) = {q € P : ¢ = p'} to be the cluster containing

p.

Lemma 2.2.7. Let the map p — p' define an (&, \)-approximation for the k-median

clustering of P. For every point p € P:

paD(p,p) | p*(a+1)
sp) < > qer D(a,q) " |P(p)]
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Proof. For an arbitrary Z € X* we need to provide a uniform bound for

D(p.Z) _ _pDp.p) N pD(p', Z)
douer D@ Z) = Y pep D@, 2) X, cpD(a, 2)
apD(p,p') pD(p', Z)
- qup D(qul) qup D(%Z)

(2.1)

where the second inequality holds because >  _» D(q,q¢') < aOPT(P) <

- - qePr

D(q,72).

qeP

To bound the last term, recall that ¢’ = p’ for all ¢ € P(p) so

D, Z)|P(p)|= > D = > D(d.2)

q€P(p) qeP(p)

<p > (D(d,q)+ D(q,2))

qeP(p)

<p) D a)+p Y D 2)

qepP q€P(p)

<pa) D(a,2)+p Z

qeP geP(p

<p(@a+1)) D(q,Z)

qeP

Dividing by |P(p)| > ,cp D(q, Z) gives

PW.2)  _ pla+1)
S D7) = 1P(p)

Substituting this in (2.24) yields the desired result. O

We therefore define our upper bound s'(p) as in the lemma. An immediate but
extremely important consequence of Lemma 2.2.7 is that ¢' = > _, s'(p) = pa + p*(a +

1)k < 3p*ak. This can be seen by directly summing the formula given in the lemma.

2.2.5 Streaming Algorithm

We now state Algorithm 1, which we then prove maintains a coreset. To use Lemma 2.2.7

to determine s'(p), we will compute the cluster sizes |P(p)| and estimate the clustering
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cost Y. e D(4,¢'). We must bound the clustering cost from below because we need an
upper-bound of s(p). On Line 9, L is an estimate of the cost of clustering P to the centers

C'. On Line 4, c is the absolute constant used in Theorem 2.5.6.

Algorithm 1: Input: stream of n points in a p-metric space, € > 0, k¥ € N, maximum
failure probability § > 0

1 Initilization:

R+

t' « pa+p*(a+ 1)k

x + 2ce *(lognlogt' + log(1/4))

Initialize A(k,n, )

Update Process: after receiving p;

(B, fi) « A.update(p;)

C < an (v, \)-approximation of B;

L+ D(p;,C)+a ' (14e) 1> zgu(r)D(r,O)

© 0 N o ok WwN

10 for r € R do

11 7Ti(5) <— fi(ﬂ'z’,l('l"))
aD(p.p') 2(a+1)

e A 1)

13 s'(r) < min(s'(r), z(r))
14 for r € R do

15 if u(r) > zs'(r) then
16 ‘ Delete r from R

17 u(p;) + uniform random from [0, 1)
18 if u(p;) < zs'(p;) then

19 Add p; to R

20 | mi(pi) < fi(pi)

21 Query Process:

22 for each r € R do

2 | o(r)  (Rls(r)"

w

Algorithm 1 outputs (R, v) such that point p is sampled with probability zs'(p) where
x is defined on Line 4. For each p that has arrived, the value of s'(p) is non-increasing
(notice that it is defined as the minimum of itself and a new value on Line 13), so it is
possible to maintain this in the streaming setting since once the deletion condition on
Line 15 becomes satisfied, it remains satisfied forever.

We now proceed with the proof of Theorem 1. Since the probability of storing point
p is zs'(p), the expected space of Algorithm 1 is xt’. By Lemma 2.2.7 that implies

t' < 3p*ak, we then bound the expected space as 2ce ?(lognlogt + log(1/4))(3p*ak).
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Simplifying notation by defining an absolute constant ¢ (a function of ¢ and &), we write
this expected space as ¢p*e 2k log(pk)lognlog(1/§). By a Chernoff bound, the high-

probability gaurantee follows by replacing ¢ with 2¢.
Proof of Theorem 1. The proof of Theorem 1 can be divided into the following pieces:

1. For correctness (to satisfy the bound given in Lemma 2.2.7, we must show that
L < EPGPZ' D(p,p’). For space, it is important that L is not too small. In particular,

the space grows as 1/L. We show that L is a e-approximation of the true cost.
2. The value of |P(p)| can be computed exactly for every p. This is needed on Line 12.

3. The construction of Algorithm 1 that samples p with probability zs'(p) can be
processed to be identical to the offline construction of Subsection 2.2.3 that takes an

i.i.d. sample of size xt’ from the distribution where p is given sampling probability
s'(p)/t.

1: To lower bound the clustering cost, inductively assume that we have a (k, €)-coreset
Si—1 of P;_y. Note that p; is a (k, €)-coreset of itself (in fact a (k,0)-coreset of itself),
so S;—1 U {p;} is a (k,€)-coreset of P;. Let L be the cost of clustering S;_; U {p;} to C.
Therefore the cost of clustering P; to C'is in the interval [(1 —€)L, (1 4 €)L]. Recall that

the upper bound on s(p) from Lemma 2.2.7 is:

paD(p,p’)  pa+1)
>eerD(a,d)  |P(p)|

By using L in place of the true cost ZpePf, D(p,p’) for defining s'(p), the value of ¢’ =

> pep, §'(p) increases to at most pa (1) + p*(a + 1)Ak = O(p*k). Here there is no

dependence on € since we assume € < 1/2; so % is bounded by an absolute constant.

2: Computing |P(p)| is straightforward. Define w(b) = |{p € P : w(p) = b}| and then
let 2 B — C be the (v, A)-approximate clustering. Then |P(p)| = >ycj-1(,) w(b).

3: In Algorithm 1, we sample point p with probability s'(p) to maintain a set M of

non-deterministic size. We now argue that this can be converted to the desired coreset,
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where an i.i.d. sample of size m is taken from the distribution s'/t’. First, by a Chernoff
bound, |R| > FI|R|]/2 with probability 1 — exp(—E[|R|]/8). Since E[|R|] = zt' =
(2ce~21og(pk) lognlog(1/9)) - (pa+ p*(a+1)k) = Q(log(n)), we have that |R| > E[|R|]/2
with probability 1 —O(1/n). Then by the union bound, this inequality holds true at each
of the n iterations of receiving a point throughout the entire stream. Recall that for the
offline coreset construction outlined in Subsection 2.2.3 to hold, we need an i.i.d. sample
of at least m = ct'e *(lognlogt’ + log(1/5)). By Lemma 2.2.7 t' = pa + p?(a + 1)k,
and so by plugging in values we see that E|[|R|] = zt’ > 2m. Having that |R| > m with
probability 1 —O(1/n), it is well-known (see [16] for example) that this can be converted

to the required i.i.d. sample.

2.3 Preliminaries for Offline Coreset Construction

2.3.1 Query space

In our framework, as in [19], we are given a finite input set P of items that are called
points, a (usually infinite) set @) of items that are called queries, and a cost function f
that maps each pair of a point in P and a query in @ to a real number f(p,q). The cost

of the set P to this query is the sum over all the costs,

F(Pq) =Y f(p.a).

peP

More generally, each input point might be given a multiplicative weight w(p), and the

overall cost of each point is then reweighed, so that

F(Pw,q) =Y w(p)f(p,q).

peEP
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The tuple (P,w, f,Q) is thus define our input problem and we call it a query space. In
the case that the points are unweighted we can simply define w(p) = 1 for every p € P.

However, for the following sections (but not in later sections), we assume that the
weights in w are non-negative. We might also assume that w is a distribution vector,
i.e., that its weights sum to one and thus represent a distribution. The cost f(P,w, q) is
then the expected value of f(p, q) for a point that is sampled at random from P. For the

unweighted case we thus have w(p) = 1/n for each point, and

f(Pw,q) = pr,

pGP

is the average cost per point. The cost function f is usually also scaled as will be explained
later, to have values f(p, q) between 0 and 1, or —1 to 1.

Example 1: Consider the following problem where the input is a set P of n points in
R?. Given a ball B = B(c,r) of radius 7 that is centered in ¢ € R, we wish to compute

the fraction of input points that are covered by this ball, ‘P‘;f‘ . More generally, the query

is a set of k balls, and we wish to compute the fraction of points in P that are covered by
the union of these balls. In this case, each input point p € P has a weight w(p) = 1/n,

the set @ of queries is the union over every k balls in R¢,
Q= {Bler,m1)U---UB(cp,my,) | Vi€ k] :c; e Ry >0}, (2.2)

and the cost f(p,q) for a query ¢ = {ByU---U By} € Q is either 1/n if p is inside one
of the balls of ¢, and 0 otherwise. The overall cost f(P,w,q) = Zpep f(p,q) is thus the
fraction of points of P that are covered by the union of these k balls.

The motivation of defining query spaces is usually to solve some related optimization
problem, such as the query ¢ that minimizes the cost f(P,w,q). In this case, the require-
ment to approximate every query in () is too strong, and we may want to approximate
only the optimal query in some sense. To this end, we may wish to replace the set @)

by a function that assigns a different set of queries Q(S) for each subset S of P. For
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the correctness of our results, we require that this function ) will be monotonic in the
following sense: if T is a subset of S then Q(T") must be a subset of Q(S). If we wish to
have a single set Q(P) of queries as above, we can simply define Q(S) := Q(P) for every
subset S of P, so that the desired monotonic property will hold.

Example 2: For the set Q in (2.2), define Q(S) to be the set of balls in R¢ such that
the center of each ball is a point in S. More generally, we can require that the center of
each ball will be spanned by (i.e., linear combination of) at most 10 points from S.

We now conclude with the formal definitions for the above discussion.

Definition 2.3.1 (weighted set). Let S be a subset of some set P and w: P — R be a
function. The pair (S,w) is called a weighted set. If 3 _pw(p) =1 and w(p) > 0 for

every p € P then w is called a distribution.

Definition 2.3.2 (query space). [19]. Let Q be a function that maps every set S C P
to a corresponding set Q(S) called queries, such that Q(T) C Q(S) for every T C S. Let
f:PxQ(P)— R be a cost function. The tuple (P, w,Q, f) is called a query space. We

denote the cost of a query q € Q(P) by

F(Pow,q) =Y w(p)f(p,q)-

peEP

Instead of using weights (or non-uniform distribution) we can define g(p,q) = n -
w(p)f(p,q) and u(p) = 1/n for every p € P, i.e., a uniform distribution, to get the same

expectation

9(Pu,q) = f(P,w,q) = > w(p)f(p,q).

peP
However, when we try to approximate this expected value e.g. using uniform or non-
uniform sampling, bounds such as the Hoeffding bound implies that the size of the sample
depends on the range of the function f or g, but not on their corresponding distribution
(weights). Since we can assign many pairs of distributions and functions that yield the

same expected value g(P,u,q), f(P,w,q) and so on, the natural question is what pair
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will minimize the range of the corresponding function?

In the next sections we develop tools that aim to answer this question.

2.3.2 (g,v)-Approximation

Consider the query space (P,w, @, f) in Example 1 for £k = 1, and suppose that we wish
to compute a set S C P, such that, for every given ball B, the fraction of points in P
that are covered by B, are approximately the same as the fraction of the points that are
covered in S, up to a given small additive percentage error € > 0. That is, for every ball

B,

meB| WHBW
— <

By defining the weight u(p) = 1/|5| for every p € S, this implies that for every query
(ball) ¢ = B,

|F(P,w,q) — f(S,u,q)

1 \PNB| |SNB|
f(p,q o S 2’ -
= 100 - X g/ >‘ IZEE

peP

A weighted set (S, u) that satisfies the last inequality for every query ¢ € Q(.5) is called an
e-approximation for the query space (P,w, f,Q). Note that the above example assumes
that the maximum answer to a query ¢ is f(p,q) < 1. Otherwise, the error guaranteed
by an e-approximation for a query ¢ is e max,ep | f(p, ¢)|.

The above inequalities implies that if a ball covers a fraction of at least € points from
P (i.e., at least en points), then it must cover at least one point of P. If we only ask for
this (weaker) property from S then S is called an e-net. To obtain the new results of this
paper, we use a tool that generalizes the notion of s-approximation and e-net, but less
common in the literature, and is known as (e, v)-approzimation [31].

By letting a = f(P,w,q) and b = f(S,u, q), an e-approximation implies that |[a—b| < e
for every query ¢, and e-net implies that b > 0 if a > . Following [32], we define below a

distance function that maps a positive real |a — b|,, for each pair of positive real numbers
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a and b. A specific value v will imply |a —b|, < €, i.e., that S is an e-approximation, and

a different value of v will imply that S is an e-net for P. This is formalized as follows.

Definition 2.3.3 ((, v)-approximation [32]). Let v > 0. For every a,b > 0, we define

the distance function
|a — b]

-y, = ———.
ja | a+b+v

Let (P,w,Q, f) be a query space such that w is a distribution and f(p,q) € [0,1] for every
p € P and q € Q(p). Fore >0, a weighted set (S,u) is an (¢,v)-approximation for this

query space, if for every q € Q(S) we have

}7(P7w7Q) _?(Sa u, Q)|V < €. (23)

Corollary 2.3.4 ( [32, 28]). Let a,b >0 and 7,v > 0 such that |a — b|, < 7. Let ¢ > 0.
Then

(i) (e-sample/approximation). If 7 =¢/4 and v = 1/4 then

la —b| <e.

(ii) (e-net). If T =1/4 and v = ¢ then

(iii) (Relative e-approximation). Put u > 0. If v = /2 and 7 = ¢/9 then

(1) a>p = (Q1—-¢a<b<(1+¢)a.

(2) a<p = b (1+4e)p.
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2.3.3 Constructing s-Approximations

Unlike the notion of coresets in the next section, the idea of e-approximations is known for
decades [39, 34]. In particular, unlike coresets, e-approximations and (&, v)-approximations
in general, can be constructed using simple uniform random sampling of the points. The
size of the sample depends linearly on the complexity of the queries in the sense soon to
be defined in this section.

Intuitively, and in most practical cases, including the examples in this thesis, this
complexity is roughly the number of parameters that are needed to define a single query.
For example, a ball in R? can be defined by d + 1 parameters: its center ¢ € R?, which is
defined using d numbers and the radius » > 0 which is an additional number. A query of
k balls is similarly defined by k(d + 1) parameters. However, by the set theory we have
|R| = |R™| for every integer ¢ > 1, which means that we can encode every m integers to
a single integer. We can thus always reduce the number of parameters that are needed
to define a query from m to 1 by redefining our cost function f and re-encoding the set
of queries.

There are also natural examples of query spaces whose cost function f is defined by
one parameter, but the size of the sampling needed for obtaining an e-approximation is
unbounded, e.g., the query space where f(p,q) = sign(sin(pq)) and P = Q = R, where
sign(z) = 1 if z > 0 and 0 otherwise. Hence, a more involved definition of complexity is
needed as follows.

While the number of subsets from a given set of n points is 2", its can be easily verified
that the number of subsets that can be covered by a ball in R? is roughly n®®. The
exponent O(d) is called the VC-dimension of the family of balls in RY. The following
definition is a simple generalization by [19] for query spaces where the query set is a
function and not a single set. The original definition of pseudo-dimension can be found
e.g. in [32] and is very similar to the definition of VC-dimension given by [39] as well as

many other similar measures for the complexity of a family of shapes.
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Definition 2.3.5 (dimension [19]). For a query space (P,w,Q, f) and r € [0,00) we
define

range(q,r) ={p € P |w(p)- f(p,q) <r}.

The dimension of (P,w, Q, f) is the smallest integer d such that for every S C P we have

[ rangetr) g € Q(s)r € oo} < (1)

The main motivation of the above definition, is that it tells us how many samples we
need to take uniformly at random from the input set P, to get an (e, v)-approximation
(S,u) as follows. The original and famous version for the theorem below is by [35] and
the bound was improves and proven to be optimal by [32]. Both versions are for the case
of a constant function @ (i.e., a set of queries or ranges). In [19] it was shown that the
same bounds hold for the case where @) is a function, which is used e.g. to construct

coresets of size independent of the dimension of the input points as will be shown later.

Theorem 2.3.6 ([32, 19]). Let (P,w,Q, f) be a query space of dimension d such that w
is a distribution and f : P — [0,1], and let €,5,v > 0. Let S be a random sample from
P, where every point p € P is sampled i.i.d. with probability w(p). Let u be a uniform

distribution over S, i.e., u(p) = I_él for every p € S. Then there is a constant ¢ > 0 such

c 1 1
> — Z
|S| > =, (dlog (V) + log (5)>

then, with probability at least 1 —§, (S, u) is an (e, v)-approximation for the query space

(P7w7 Q?f)'

that if
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2.4 Improved Coreset Framework

2.4.1 Improved (g, v)-approximations

In this section we show the first technical result of this part: that the additive error
emaxyep |f(p,q)| in (2.3) can be replaced by e, and the assumption > . ,w; = 1 in
Theorem 2.3.6 can be removed. The condition for this to work is that the total importance
value ¢, as defined below, is small. More precisely, the required sample size will be
near-linear with ¢. Also, the uniform sampling in Theorem 2.3.6 will be replaced by non-
uniform sampling with a distribution that is proportional to the importance of each point.
This result is essentially a generalization and significant simplification of the framework
in [19] that used e-approximations for constructing coresets. Maybe more importantly:
using the idea of (e, v)-approximations we are able to show that the sample size is near
linear in ¢ while in [19] it is quadratic in ¢. For some applications, such an improvement
means turning a theoretical result into a practical result, especially when ¢ is close to y/n.

We define the importance of a point as the maximum absolute weighted cost w(p) f (p, q)

of a point p, over all the possible queries g, i.e,

s(p) == w(p) ax f(p,q),

and hope that this sum is small (say, constant or logn), in other words, that not all the
points are very important. More precisely, if the sum ¢ = Zpe pS(p) of these costs is 1,
then we prove below that a new query space (P,w’, @, f') can be constructed, such that

an (g, v)-approximation (S, u) for the new query space would imply

|F(Pw,q) = f(S,u,q)], <e. (2.4)

That is, the additive error in (2.3) is reduced as desired.
The new query space (P,w’,Q, f') is essentially a re-scaling of the original weights

by their importance, w'(p) = s(p). To make sure that the cost of each query will still
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be the same, we need to define f’ such that w(p)f(p,q) = w'(p)f'(p,q). This implies
f'(p,q) :== w(p)f(p,q)/s(p). While the new cost f'(P,w’,q) is the same as the old one
f(P,w,q) for every query ¢, the maximum value of |f'(p,q)| is 1, by definition of s(p),
even if |f(p, q)| is arbitrarily large. Hence, the additive error ¢|f’(p, q)| in (2.3) reduced
to ¢ in (2.4).

More generally, an (e, v/t)-approximation for (P,w’, @, f') would yield (2.4). Using
the uniform sample construction of Theorem 2.3.6, this implies that to get (2.4) we need
to increase the sample size by a factor that is nearly linear in ¢.

A crucial difference between (2.12) and 2.3 is that w is not necessarily a distribution

and its weights are unbounded.
Theorem 2.4.1.  Let

o (P,w,Q, f) be a query space where f and w are non-negative functions.

s: P — (0,00) such that s(p) > w(p) maxgeop) f(p,q)-

t= ZPEP s(p)-

e w : P — (0,1] be a distribution such that w'(p) := s(p)/t.
o [/: P xQ(P)—[0,1] be defined as f'(p,q) := w(lz{p(fa Q)'

(S,u) be an (e, v/t)-approximation for (P,w’,Q, f').

e u'(p) =u(p) - :,),(5,)) for everyp € S.

Then for every q € Q(S),

|f<P7w7Q) -

|

(S, ', q)|, <e. (2.5)
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Proof. Put g € Q(S5).

FPw.g) TSl = [ wi) ) - 3 A (2.6
pEP pEeES t y
_ s) oy f0:0) RS (1)
- t}; ;e T t% () - wp) - =03 V
=Y W) f(pg) =t Y ulp)- fp,q) (2.7)
peP peS y
=D ') f(p.a) =Y ulp)- f'(pq) (2.8)
pEP peES v/t
<e¢ (2.9)

where (2.6) is by the definition of «’, (2.7) is by the definition of f’, (2.8) follows since

for every t > 0 and a,b > 0,

|ta — tb) la — b
ta — tb], = - = |a— by, 2.10
ta =t = Ty e b 0T (2.10)

and (2.9) is by (2.3) and the definition of S in the sixth bullet of the statement. O
Corollary 2.4.2. Let

o (P,w,Q, f) be a query space where w is a non-negative function and f : PxQ(P) —

la,b] for a,b € R where a # b.

e f(p,L):=b for everyp € P.

Q'(S) =Q(S)U{L} for every S C P.

a

e 5: P —(0,00) such that s(p) > w(p) maxseq(p) (% + 1)

o= Zpep s(p).

w': P — (0,1] be a distribution such that w'(p) := s(p)/t.

w(p)(g(p,q) —a)
(b—a)s(p)

P xQ(P)—10,1] be defined as f'(p,q) :=
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o (S,u) be an (¢/(4(b—a)), 1/(4t))-approximation for (P,w’,Q’, f') and ¢ € (0,1).

w

o u'(p) =u(p)- w’((l;w)) for every p € S.

Then for every q € Q(S),

F(Pw,q) = F(Salsg)] < e + =14

o (2.11)

Moreover,

> wip) =) ' (p) < bfa.

peP peS
Proof. Let g : px Q'(P) — [0, 1] such that g(p,q) = %. By letting v =1/4, 7 =¢/4
and replacing @ with @’ in Theorem 2.4.1 and Corollary2.3.4 we obtain that for every

q € Q'(S) we have

9(P,w,q) —g(S,v',q)] <e/(b—a). (2.12)
Hence, for every q € Q'(S),
R e Ay e F= [ N CR E)
peEP peS

For the special case ¢ = L, where f(p,q) = b for every p € P, we obtain

];w(p) - ;u/(p) — p€ZPw<p) . % _ ;ul(p) ) %
= > _wp)gp,9) = > ' (P)g(p.q) (2.14)
peP peS

= [g(P,w,q) —9(S,v,q)| <&/(b—a).
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We thus have, for every q € Q(5),

F(Pw,q) = F(S,u, )l = | > w(p)f(p,q) = Y ' (p) - f(pq)|

pepP peS

_(b—a)| Zw(p)f(zzz)a— a Z“’@)f(}z z)a— L 3 a(w(zz)_—au (p) |

peEP peES peEP
<o) Y wp! PPt S ) PO S () — )] (215)

peP peS peP

lale
Setr—— (2.16)
where (2.15) is by the triangle inequality, and (2.16) is by (2.13) and (2.14). O

Plugging Theorem 2.3.6 in Theorem 2.4.2 yields our main technical result that would

imply smaller coresets in the next sections.

Theorem 2.4.3. Let (P,w,Q, f) be a query space of dimension d and s,t be defined as

in Theorem 2.4.2. Lete >0 and 0 € (0,1). Let S be a random sample where every point

p € P is sampled i.i.d. from P with probability s(p)/t. Assign a weight u'(p) = S'g)(ﬁ,l for

every p € S. There is a constant ¢ > 0 such that if

_q)2 1
15| > M (dlogt+log <—>) ,
€ )

then, with probability at least 1 — 6,

’f(Paw7Q) _?<Svu/aQ)’ <g,

and

> wip) =) W' (p) < bfa.

peP peS
Proof. By Corollary2.4.2, it suffices to prove that (S, «’) is an (¢/(4(b—a)), 1/4t)-approximation
for (P,w',@Q, f'). Indeed, since > _pw'(p) =1 and S is a random sample where p € P

is sampled with probability w'(p) = s(p)/t, the weighted set (S, u) is, with probability at
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least 1 — 6§, an (¢/(4(b — a)), 1/(4t))-approximation for (P,w’,Q, f') by Theorem 2.3.6,

for choosing a sufficiently large constant ¢ > 0. m

While Theorem 2.3.6 suggests to construct an e-approximation simply by taking a
uniform random sample from P, Theorem 2.4.3 requires us to take non-uniform sample
where the distribution is defined by the importance s(-). Bounding these importances
such that the sum ¢t = Y, s(p) of importances will be small raise a new optimization
problem that, as we will see in the next sections, might be not easy at all to solve. So
what did we gain by proving Theorem 2.3.6 (or the framework of [19] in general)?

Most of the existing papers for constructing coresets essentially had to bound the
total importance of the related problem anyway. However, without Theorem 2.3.6, their
proofs also had to deal with complicated terms that involved ¢ and include sophisticated
probability arguments. Essentially each paper had to re-prove in some sense the very
involved proofs in [39, 32] that were researched for decades, as well as the mathematics
behind the usage of Definition 2.3.3. Beside the complicated proofs, the final bounds,
the dependency on € and 9§, as well as the coreset construction algorithm, were usually
sub-optimal compared to Theorem 2.3.6. On the contrary, bounding the total importance
allows us to focus on a deterministic results (no § involved) and the terms s(p) can be
approximated up to constant factors (and not (1 4 ¢)-factors). This is demonstrated in

Section 2.5.

2.4.2 Improved Coreset Framework

While the result in the previous section can be used to improve the quality of (g, v)-
approximation in general, its main motivation is to construct the more recent type of
data structures that is sometimes called coresets.

As explained in Theorem 2.3.6, e-approximation and (e, v)-approximation in general,
can be easily computed using uniform random sampling. While e-approximations are

useful for hitting sets, where we wish to know how much points are covered by a set of
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shapes, they are less relevant for shape fitting, where we wish to approximate the sum
of distances of the input points to a given query shape or model. The main reason is
that in shape fitting the maximum contribution of a point to the overall cost (sum of
covered points) is bounded by 1, while in general its distance to the shape is unbounded.
Using the notation of the previous section: the importance of each point is the same, so
Theorem 2.4.3 yields uniform sample S and the same error as Theorem 2.3.6.

Example: In the Euclidean k-means problem the input is a set P of n points in R%.
For simplicity, assume that the set is unweighted, that is w(p) = 1/n for every p € P. A
query in this context is a set of points (centers) in R? so Q(P) is the family (set) of k balls
in R?. We denote the squared Euclidean distance from a point p € P to a center ¢ € R?
by D(p,c) = ||p — c||5. The distance from p to its closest center in C' = {cy,--- , ¢} is
then

D ‘= min D = min||p — |5
(p, €) :=min D(p, c) = min |[p — ¢l

By defining g(p,C) = D(p,C') we obtain the query space (P, w, g,Q), where g(P,w,C)
is the average squared distances to a given (query) set C' of k centers. Our goal is
to compute a weighted subset (S,u) such that g(P,w,C) will approximate the average
squared distances (S, u, C') for every set of centers.

Suppose that (S5, u) is an e-approximation of (P, w, @, g). Then

|§(P,w,0)—§(5,u,0)| ngeajg(g(p’c) (217)
p
That is,
1
EZDW C) = > u(p)D(p,C) < emax D(p, C). (2.18)
peEP pEP

In other words, the additive error depends on the maximum distance between a point to
a given center, which can be arbitrary large, unless we assume, say, that both the input
points and centers are inside the unit cube. Theorem 2.4.3 would not improve this bound

by itself, since the importance of each point, max.cqpy D(p, C) is unbounded.
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In this section we wish to compute a weighted subset (S, u) that will approximate the
average distance g(P,w,C) for every query, up to a multiplicative factor of 1+ & without

further assumptions. Such a set is sometimes called a coreset as follows.

Definition 2.4.4 (e-coreset). For an error parameter € € (0,1), the weighted set (S, u)

is an e-coreset for the query space (P,w,Q,g) if S C P and for every q € Q(S5),

(1—-¢e)g(Pw,q) <g(S,u,q) < (1+¢)g(P,w,q).

An equivalent definition of an e-coreset, is that the additive error e max,cp g(p, C)

in (2.17) is replaced by €g(P,w, q). That is, for every ¢ € Q(S)

1g(P,w,q) —g(S,u,q)|] < eg(P,w,q).

e-coreset implies that not only the average, but also the sum of squared distances (or
sum of costs, in general) are preserved up to 1 +e. Note also that simply multiplying the

weight of each point in S by (1 — €) would yield a one sided error,

m

1+ 2e

g(P. <g(s < :
g( aUJ,Q)_g( au7Q)|— 1—¢ 1—¢

g(P,w).

If we assume in addition that € € (0,1 — 2/¢) for some ¢ > 2, then 1 — e > 2/c and thus
9(P,w,q) < g(S,u,q)| < (14 ce)g(P,w).

Hence, an €/c-coreset (.S, u) implies,

g(P,w,q) < g(S,u,q) < (1+¢)g(P,w,q). (2.19)

For example, if ¢ € (0,1/2), then an (g/4)-coreset would yield (2.19), by substituting

c=4.
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The main observation for getting the desired multiplicative approximation is that a
multiplicative approximation of £g(P, w, ¢), can be turned into an additive approximation

of € by replacing g(p, ¢) with its scaled version

_g(p,q)
f(p,q) = TPw.q)

To get a coreset for g asin (2.19), it suffices to have an e-approximation for f. In addition,
for many problems, while the importance s(p) of a point in p is unbounded with respect

to g, it is bounded with respect to f. We formalize this observation as follows.

Corollary 2.4.5. Let (P,w,Q, g) be a query space for some non-negative function g, and
define f: P x Q(P) — R such that for every p € P and q € Q(P) we have

_g(p,q)
f(p,q) = TPw.q)

1
Let (S,u) be a (Z’E) -approzimation for (P,w',Q, f') as defined in Theorem 2.4.1.

Then (S,u’) is an e-coreset for (P,w,Q,g), i.e., for every q € Q(S)
9(P,w, q) — §(S,u,q)| < eg(P,w,q).
Proof. Put g € Q(S), 7 =¢/4 and v = 1/4. Applying Theorem 2.4.1 with v yields
[f(Pow,q) = f(S.u,q)l, <.
Since f(P,w,q) = 1, this implies

- |f<P7w7Q) _f(SaU’/vCINV <.
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Substituting a = 1, and b = f(S, v/, q) in Corollary 2.3.4(i) yields

Multiplying by g(P,w, q) yields an e-coreset as

|§(P,’LU,(]) - g(Sa UI7Q)| S Eg(P7w7Q)'

Combining Corollary 2.4.5 and Theorem 2.3.6 yields the following theorem.

Theorem 2.4.6. Let (P,w,Q,g) be a query space, where g is a non-negative function
Let s : P — (0,00) such that

W2 B T wlle. )

and t = Zpep s(p). Let d be the dimension of (P,w',Q, f') as defined in Theorem 2.4.5.

Let ¢ > 1 be a sufficiently large constant, and let S be a random sample of

ct 1
S| > = <d10gt+10g (5)>

points from P, such that for every p € P and q € S we have p = q with probability s(p)/t.

Let v/ (p) = ;Z})(f;)‘ for every p € S. Then, with probability at least 1 — §, (S,u') is an

e-coreset for (P,w,Q,q), i.e.,

VQ € Q(S) : (1 = e)g(Pw,q) <7(S,u',q) < (1+)g(P,w,q).
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2.5 Application: Smaller and Generalized Coreset
for k-Means

Definition 2.5.1 (p-metric space). Let X be a set, and D : X* — [0,00) be a function.

Let p > 0. The pair (X, D) is a p-metric space if for every (z,y,z) € X® we have

D(z,z) < p(D(z,y) + D(y, 2))-

For C C X we denote D(x,C) := minecc D(z,c) assuming that such minimum exists.
Moreover, for e > 0, the pair (X, D) is a (¢, )-metric space if for every (z,y,z2) € X3
we have

|D(z,2) = D(y, 2)| < ¢D(x,y) +eD(y, 2)). (220)

Note that for every z,y € X, and a center ¢, € C that is closest to y, we have

D(z,C) = min D(z,¢) < D(z,¢,) < p(D(z,y)+D(y, ¢,)) = p(D(z,y)+D(y, C)). (221)

Similarly,

D(z,C) = D(y,C) < D(x,¢y) — D(y.¢y) < ¢D(x,y) +eD(y, ;) = ¢D(x,y) + D(y, C),

(2.22)
where the first and last inequality is by the definition of D(z,C) and ¢,, and the second
inequality is by (2.20). Switching = and y yields D(y, C')—D(z,C) < ¢D(x,y)+eD(z, C).

Hence,

|D(z,C) — D(y,C)| = max{D(z,C) — D(y,C), D(y,C) — D(z,C)}

< ¢D(x,y) + emax {D(x,C), D(y,C)}.
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Since D(z,C) < (1 +¢)D(y,C) + ¢D(z,y) by (2.30),

20D(z,¢) < [D(xz,C) = D(y,C)| < ¢D(x,y) +emax {(1 +)D(y,C) + ¢D(z,y), D(y, C)}

<(e4+¢)D(z,y)+e(2+¢e)D(y,C).

A simple way to decide whether (D, X) is indeed a p-metric space is to use the
following bound, known as Log-Log Lipschitz, that is usually easier to compute. The
following lemma is very similar to [21, Lemma 2.1], where in the proof of (i) the constant

4 that appeared there is replaced here by 1/e.

Lemma 2.5.2 (Lemma 2.1(ii) in [21]). Let D : [0,00) — [0,00) be a monotonic non-
decreasing function that satisfies the following (Log-Log Lipschitz) condition: there is

r > 0 such that for every x > 0 and A > 1 we have

D(Az) < A"D(z).

Let (X, dist) be a metric space, and let D(z,y) = D(dist(z,y)) for every x,y € X. Then
(X, D) is a p-metric space for p = max{2""' 1}, and a (¢,€)-metric space for every

e€(0,1) and ¢ = (r/e)".

For example, consider a metric space (X,dist) and the function D(x) = x? that
corresponds to the squared distance D(p,q) = D(dist(p, q)) = (dist(p,q))*. Note that
(X, D) is not a metric space since the triangle inequality does not hold. However, for

every x > 0 and A > 1

D(zA) = (zA)? = A%2? = A’D(x).

Hence, by Lemma 2.5.2r = 2, p = 2"t =2 (D, X) is a 2-metric space and a (¢, )-metric
space for ¢ = (2/¢)%.
To compute a coreset for a problem we need to decide what are the important points,

or more formally, to use Theorem 2.4.6 we need to bound the importance s(p) of each
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point p € P. To do this, we usually need to solve another optimization problem that is
usually related to computing the query with the minimal cost. For example, the bound
of importance of a point in the k-mean problem, as will be defined later, is based on the
optimal solution for the k-means problem. Unfortunately, this optimization problem is
usually hard and the main motivation for constructing the coreset in the first place.

There are two leeways from this chicken-and-egg problem:

(i) Use the merge-and-reduce approach that reduces the problem of computing a coreset

_n_

for a large set of n items to the problem of computing coresets for 5151

small weighted
(core)sets. Each input coreset 2|S| is reduced to a coreset of |S| and merged with
another such coreset, where 2|S| is the minimum size of input set that can be
reduced to half using the given coreset construction. In this case, if this coreset

construction takes time f(|S|) than, since there are such O(n) constructions, the

overall running time will then be O(n) - f(|5]).

(ii) For problems such as k-means, it is NP-hard to compute the optimal solution, even
for a small set of n = O(k) points. Instead of computing an optimal solution,
usually a constant factor approximation suffices for computing the importance of
each point. Since for many problems such an approximation is also unknown or too
slow to compute, (o, 5)-approximation, (or bi-criteria, or bicriterion), can be used

instead as explained below.

Suppose that the optimal solution for the k-means problem on a set is OPT},. That
is, there is a set C' of k centers whose cost (sum of squared distances to the input points
of P) is OPTy, and there is no such set of smaller cost. Then a set C is called an
a-approximation if its cost is at most a - OPT. However, for many problems, even a
rougher approximation would do: instead of using k centers to approximate OPT} by a
factor of o, we use Sk centers, where each input point may be assigned for the nearest
center. Note that the cost is still compared to OPT}, and not to OFP1ps,. We define

(e, B)-approximation formally below. For our purposes later, we generalize this common
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definition of («, 5)-approximation, and allow a point to be assigned to a different center

than its nearest one, as long as the overall cost is small.

Definition 2.5.3 ((«, B)-approximation.). Let (X, D) be a p-metric space, and k > 1 be
an integer. Let (P,w,Q, g) be a query space such that P C X, Q(P) = {C C X | |C| < k},
and g : P x Q(P) be a function such that

9(p,C) = D(p,C) := min D(p, c). (2.23)
Let o, 8 >0, B C X such that |B| < gk and B : P — B such that

> w(p)glp, {B(p)}) < @ min g(P,w,q).

P q€Q(P)

Then B is called an («, #)-approximation for (P,w,@,g).

For every b € B, we denote by P, = {p € P | B(p) = b} the points that are mapped
to the center b. We also denote p’ = B(p) for every p € P.

One of the main tools in our novel streaming algorithm is also a technique to update
an (o, f)-approximation. However, due to memory limitations, our streaming algorithm
cannot attach each point to its nearest center, but still the distances to the approximated
centers is bounded. We thus generalize the definition of an («, 5)-approximation, which
is usually a set B of size Bk, to a function B : P — B that assigns each input point to a
(not necessarily closest) center in B, while the overall cost is still bounded.

Since an («, f)-approximation yields a weaker result compared to a PTAS or a-
approximation, it can usually be computed very quickly. Indeed, a very general framework
for constructing («, 5)-approximation to any query space with a small VC-dimension is
suggested in [19] where @ = 1+ ¢ and 5 = O(logn).

Reducing («a, f)-approximation to an o« = O(1) approximation. The size of
the coreset usually depends on « and 5. However, if they are reasonably small (e.g.

polynomial in logn), we can reduce the approximation factor and number of centers in
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few phases as follows: (i) Compute an («, §)-approximation for small (but maybe not
constant) « and (5. (ii) Compute an e-coreset for ¢ = 1/2 using this approximation.
(iii) Compute an O(1) factor approximation on the coreset. Since the coreset is small,
such an approximation algorithm can run inefficiently, say, in polynomial time if the
coreset is of size (logn)°™M. The resulting O(1) approximation for the coreset is also an
O(1) approximation for the original set, by the definition of the ¢ = 1/2 coreset. (iv)
Recompute the coreset for the complete (original) data using the O(1) approximation

instead of the (o, §)-approximation to obtain a coreset of size independent of both n and

d.

Algorithm 2: CORESET(P, w, B, m)
Input: A weighted set (P, w) where P C X and (D, X) is a p-metric space,
(o, B)-approximation B : P — B,
and sample size m > 1.
Output: A pair (S5, u) that satisfies Theorem 2.5.6.

1 for each b € B do
2 | Set B, {peP|B(p) =0}
3 for each b € B and p € P, do

Set Prob(p) w(p)D(p. Blp) | w(p)

2> epw(@D(g, B(q)  2|B[Y,cp,w(a)
4 Pick a sample S of at least m points from P such that for each ¢ € S and p € P
we have ¢ = p with probability Prob(p).
for each p € P do

‘ Set u(p) %.
Set u(p) <— 0 for each p € P\ S. /x Used only in the analysis. */
return (S, u)

© [<2 IS

Assumption 2.5.4. In what follows we assume that:

e P is a set that is contained in X where (X, D) is a p-metric space and (¢, €)-metric

space as defined in (2.5.1).
o (P,w,Q,q) is a query space as defined in (2.23).

e dk denotes the dimension of f' as defined in Corollary 2.4.6.
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e c is a sufficiently large constant that can be determined from the proofs of the the-

orems.

e B is an («, B)-approximation for (P,w,Q,g) as in Definition 2.5.5.
o We are given an error parameter € € (0,1).

o We are given a mazimum probability of failure § € (0,1).

We begin with the following claim, that is a simplified and generalized version of a

similar claim in [30].

Lemma 2.5.5. For every b € B, and p € P, have

wp)D(p,C)  _ _pow(p)D(p,p') p*(a+1)
Y eepW(@D(q,C) = X cpw(@)D(q,q) D ep, w(q)

Proof. Put p € P and b € B such that p € P,. We need to bound

wp)Dp.C) - pw@Der) | pw@)DE,C)

2 gepw(@)D(g,C) ~ 3 cpwla)D(g, C) qup w(g)D(g,C)
apw(p)D(p.p)  _ pw(p)DE,C)

~ 2gerw(9)D(g, ) qupw(Q)D( C)’

(2.24)

where the first inequality holds by (2.21), and the second inequality holds since B is an
(cv, B)-approximation.
To bound the last term, we sum the inequality D(p’, C') < p(D(p', q) + D(q,C')) over

every q € P, to obtain

D(p,C) ) wlg) =Y w@)D@,C) <> wlq) p(DE,q)+ D(g,C))

qeP, qeP, qeP,
=p Y w(@)D(dq)+p > wl
qePy qeP,
< pa Z w(q)D +p Z
qePy qeP,
< pla+1)) w(g)D(q,C)
qeP



Dividing by > cp w(q) - >_,cpw(q)D(g, C) yields

D(p',0) o _platl)
> eerW(@D(q,C) = 3 cpw(q)

Substituting this in (2.24) yields the desired result

wp)D(p,C)  _ _pow(p)D(p,p') N p*(a+1)
Y eerW(@)D(q,C) = X cpw(@)D(q,q") D ep, w(q)

[]

Our first theorem suggests a coreset for k-means of size near-quadratic in k£ and
quadratic in ¢, based on our improved framework and last lemma. Existing work [30] for

obtaining such coresets with only positive weights requires size cubic in k.

Theorem 2.5.6. Under Assumption 2.5.4, lett = k-p?(a+1)3. Let (S,u) be the output

of a call to algorithm CORESET(P,w, B, m), where

t 1
mzc— dklogt +log | < )
g2 )

Then, with probability at least 1 — 9, (S,u) is an e-coreset of size m for (P,w,Q,g).

Proof. Let f: P — [0,00) such that for every C' € Q(P),

D(p,C)

M) = (@) D(g, O)

and define

S(p) = paw(p)D(p.p)  plat])
Y eer (@D, ) D ep,w(@)

By Lemma 2.5.5,

epo?%)w PO =3 > max wip)f(p.C) <) D s(p)

beB peP, beEB pePR,

= pa+|B| - p*(a+1) = pla+ |Bla+|B|) € O(p*(a + 1)3k).
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Applying Theorem 2.4.6 with the query space (P,w,(@),¢g) then yields the desired
bound. 0

Our second theorem in this section suggests a coreset for k-means of size near-linear

in k£ by combining new observations with our improved framework.

Theorem 2.5.7. Under Assumption 2.5.4, let (S,u) be the output of a call to algorithm

CORESET(P, w, B, m), where

2 A (g (1)) D (L (181))
€ ) € )

Then, with probability at least 1 — &, (S,u) is an e-coreset of size m for (P,w, @, g).

Proof. We use the notaion and varialbles of algorithm CORESET(P,w,B,m). For b € B
and p € B, let p’ = b and v(p) = w(p) — u(p). To prove that S is an e-coreset we need to

prove that

1> w(p)D(p,C) = > u(p)D(p.C)| <> w(p)D(p,C).

peP peS pEP

Using v(p) and dividing by > pu(p)D(p, C), it suffices thus to prove that

|3 pep v(p)D(p, O)]
> pepw(p)D(p, C)

<e. (2.25)

Without loss of generality, we assume that > _pw(p) = 1, otherwise we divide each

weight by this sum.
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Let H C P and C' € ). We first observe that

> u(p)D(p,C)

pEP

peH peP peEP\H

> v(p)(D(p,C) — DY, C))

peH

+1> v(p)D(,C)

peEP

IA

+| > v(p)(D(p,C) - D, C))]|.

peP\H

= > vm)(D(p,C) = D', C)) + Y v(@)DW,C) + Y v(p)(D(p.C) = D', C))

(2.26)

(2.27)

(2.28)

To bound (2.25), we will prove that, with probability at least 1 — ¢d, each of the

expressions (2.26), (2.27) and (2.28) is bounded as desired, after defining

w(p) - |D(p,C) — D', C)|
H=<{peP| < 2¢aProb(p) ¢ .
{ 23 gepw(@)D(g, C)
Bound on (2.26):  Let
(D(p,C)=D(p',C))
- peH
h(p, C) — queP (9)D(g,C)
0 p¢H,

b = 2¢a, and a = —b. We have for every p € P,,

+ 222 < Prob(p) + 22F

Substituting f = h, s(p) = Prob(p) + 3w(p)/2, t = 1+ 3/2, and v = «’ in Theorem 2.4.3

yields that with probability at least 1 — & we have

VC € Q: |hWP,w,C)— h(S,u,C)| <e.
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Substituting the definition of A in this inequality yields the desired bound on (2.26),

S pei v(p) - (D(p,C) = D, C)

quPw(Q)D(% C) - = |h(P7w7q) - h(Sau7q)| S E.

> w(p)h(p,C)

Bound on (2.27) :
2 _pep V(D) DY, C)‘ _ ‘ZbeB >_pep, V()DY, C)‘ - ‘ZPEPI; v(p)D(p, C)‘
S 0D ) S 0D ) 2 3, w(p)D(p,C)

Sy, 0D ) |Spen v)DW.C)
beB ZPGP w(p)D(p,C) ZpGPb w(p)D(p', C)
(

szPb w(p)D(p', C) ZpEPb v p)‘

beB > opepw(P)D(p,C) 3 ,ep, wip)

We first bound the rightmost term in the last inequality. Let I(p,b) =1/ p w(q)

if p € P, and I(p,b) = 0 otherwise. We have for every p € P,

wp)I(p,b) < % < 2| B[Prob(p).

Hence, > pw(p)I(p,b) < 2|B|. Each point in S is sampled with probability propor-

tional to 2| B|Prob(p), and

|S| =m > Ck(tg—jﬁ) (dlogt + log(Bk) + log (%))

e qq). ABI0+ Y+ ag)” (1og(2yB|) +log (@)) .

c2

Using this, we substitute the query space (P,w,{b},I) whose dimension is d = 1,
s(p) = 2|B|Prob(p), t = 2|B|, b = 1, a = 0 and replace § by §/|B|, and ¢ with &’ =
e/(p(1 + «)) in Theorem 2.4.3 to obtain that, for a sufficiently large constant ¢, with

probability at least 1 — 6/|B|,

|j(P7w7 {b}) - j(Sv u, {b})‘ < g
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Hence,
&
p(l+a)

:jpvw7b_f57u7b Sglz
e =17~ 75

‘ 2 per, V(P) (2.29)

By the union bound, with probability at least 1 — J, the last inequality holds for every
b € B simultaneously. In what follows we assume that this event indeed occurs.

Substituting z = p’ and y = p in (2.30) yields
D(p',C) < p(D(p,C) + D(p,p')). (2.30)

Hence,

33" w(@)Dk.0) = Y wip)D, C)

beB qeP, peEP

<pY w(p)D(p,C)+p>_ wp)D(p,p) (2.31)

peEP peEP

<pY w(p)D(p,C)+ap)  wp)D(p,C) (2.32)

peEP peP

=p(1+a)) w(p)D(p.C),

peEP

where (2.31) is by (2.30), and (2.32) is since B corresponds to an («, )-approximation.
This bounds (2.27) as

2ger, W@)DB,.C) _ p(1+ )3 ,cpw(P)Dp. C)

25 ulD0) = Sutipie) T

Bound on (2.28):  For p € P, \ H we have

|D(p,C) = D(p', C)| < ¢D(p,b) + ¥ D(b,C) < (1 —=¢/e)|D(p,C) — D', C)| + ¢ D(b,C),
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where the first inequality is by (2.30), and the last one is since p ¢ H. Subtracting
(1—=1/e)|D(p,C) — D(p,C)| from the last inequality yields

|D(p,C) — D(p',C)| <eD(p',C) =eD(b,C).

Hence

2pervn 0P) - (Dp, €)= DO-CY| 5y (w(p) + u(p)) - [D(p, C) = Db, C)|

>_gep w(a)D(b, C) - > qer, w(@)D(b,C)
<cap <€
(2.33)
We also have,
ZpePu(p) _ 1+ ZpEPu(p) i 1 S 1+ ZpePu<p) _1 _ 1+ ZpePU(p) S 1+8/7
ZqEPb w(q) quPb w(Q) qup w<q) qup w q
where the first inequality is the triangle inequality and the last one is by (2.29).
Combining the last inequality and (2.33) bounds (2.28) by
> per, V() - (D(p,C) — D(b,C))
rel < W(24¢) < b = —° (2.34)

> gep, w(q)D(D,C) 2+ agp

Bounding (2.25): By plugging the bounds (2.26), (2.27) and (2.28) above in (19)

we bound (2.25) with probability at least 1 — O(6), as

5per o) D(p,C)|
ZqGP w(q)D<Q7 C)

<e+(l+e+ag)(c+2e(2+¢)) € Oe(l+ ag)).

Replacing € with €/c, and ¢ with §/c in the above proof then proves the theorem. ]
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The values of p and ¢. Algorithm 2 can be applied to compute a coreset for any given
variant of the k-means/median problem given a set P and a p or (p, €)-metric (X, D). The
only difference is the size of the required coreset. The parameters p and ¢ can usually be
computed easily using Lemma 2.5.2. For example, in the case of distances to the power
of r > 1, the value of p is roughly 2" and the value of ¢ is roughly €”. For most common

m-estimators the values are similar, when r is some constant.

The values of & and § can be & = 8 = O(1) for k-means and all its variants, by using
the generic algorithm for computing («, §)-approximation in [19] with a = 8 = O(logn),
and then use the technique for reducing o and 5. For bounding the approximation of the
bi-criteria approximation in [19] only the pseudo-dimension of the problem is required,

which is usually easy to compute as explained below.

Dimension d.  Unlike the total sensitivity ¢, the dimension d for numerous problems
was already computed in many papers in computational geometry and machine learning
(in the context of PAC learning). This includes reductions and connections to similar
notions such as the shattering dimension or the VC-dimension of a set. General techniques
for computing the dimension of a set based on number of parameters to define a query,

or number of operations that are needed to answer a query can be found in the book [4].

Dimension of the k-means problem and its variants.  Note that, unlike sensitiv-
ity, the dimension is less dependent on the exact type of distance function. For example,
using Fuclidean distance or Euclidean distance to the power of 3 as a variant for the
k-means clustering problem does not change the dimension. This is because set of ranges
for both of these problems is the same: subsets of the input points that can be covered
by k balls. It is easy to compute the dimension for the k-means problem (the query space
(P,w,Q,g), as well as the modified query space for the function f. These bounds can be
found in [19]. In addition, [19] provide a simple reduction that shows that the dimension

for k£ centers is the same as the dimension of 1 center multiplied by k.
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In short, for the Euclidean space, the dimension of the k-means/median problem is

O(dk), and for metric spaces (graph) the dimension is O(klogn).

Smaller coreset for k-means queries.  Consider the k-means queries in R?, i.e., the
cost is the sum of squared distances Zpe p» D(p,C) over every point in P to its nearest
center in a given set C' of k points in RY. It was proven that projecting P onto an
O(k/¢e)-dimensional subspace that minimizes its sum of squared distances, known as the
low-rank approximation of P, would preserve this sum, to any set of k centers, up to a
factor of 1 £¢. This is in some sense an e-coreset for P of size n and that is not subset of
the input, but of low-dimensionality. In particular, this result implies that there is a set
of centers (known as centroid set [26]) that is contained in a O(k/e)-dimensional space,
such that every set of k centers in R? can be replaced by a set of k centers in the centroid
set, that would yield the same cost up to a factor of 1 + €. In particular, this implies
that the dimension of the k-means problem can be reduced to O(k/¢) instead of dk, i.e.,
independent of d. Combining this result with ours yields the first coreset for k-means of
size independent of d that is subset of the input (in particular, preserve the sparsity of

the input points) that also supports streaming.

Weak coresets of size independent of d. For the non-Euclidean case or non-
squared distances it seems that it is impossible to obtain coreset of size independent of d.
However, coreset as defined above (sometimes called strong coreset) approximates every
query in the set of queries, while the main application and motivation for constructing
coreset is to compute the optimal query or its approximation. A weak coreset is a small
set that can be used to give such an approximation. The exact definition of weak coreset
also changes from paper to paper. In particular, a weak coreset for k-means was suggested
in [17]. However, to extract the approximated solution from the coreset we must run an
exhaustive search and cannot use existing algorithms or heuristics as in the case of strong
coreset.

In this thesis, following [19], we use a simple and general definition of weak coreset,
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that is also more practical. Instead of defining a unique (static, global) set @) of queries,
we define @ to be a function that maps every subset (potential coreset) S of P to a set
of queries. A weak coreset S needs only to approximate the queries in Q(S). It turns
out that for many case the (generalized definition) of dimension for such a query space is
much smaller compared to the traditional case where Q(S) = Q(P) is the same for every
subset S C P.

To be able to use this property in our existing proofs, we require a monotonicity
property: that the set Q(T') of queries that are assigned to a subset 7" C S must be
contained in Q(S). If we can prove that for every S C P, the set Q(S) contains a (14 ¢)-
approximation to both the optimal solution of S and P, then we can extract such an
approximation from S. For k-means, k-median and their variants, it was proven in [37]
that the optimal k-centers of a set S can be approximated by such a set that is spanned
by O(k/¢e) points in S. By defining Q(.S) to be the union of the optimal center of P, with
all the centers that are spanned by O(k/e) points in S, we get that S is a weak coreset.
Note that the definition of @) can be explicit (without knowing the optimal center of P)

and is needed only to bound its dimension as in Definition 2.3.5.

Extracting a (1 + ¢)-approximation from the coreset. It was proven in [19] that
for problems such as k-median such weak coresets have dimension O(k/¢), i.e., indepen-
dent of d. Unlike [19], we suggest here a very simple way to extract the approximated
solution from the coreset: compute the weighted coreset (S, u) (of size independent of d)
as defined in Algorithm 2, and then use any given algorithm to compute a (1+¢) approx-
imation set C' of k centers on the coreset (or any other trusted heuristic that we hope
computes such a set C'). Since C'is not necessarily spanned by few points in S, it may not
be a good approximation for the original set P and we should not return it. However,the
proof in [37] is constructive and shows a near-linear time algorithm that using such an
approximated solution set C', we can compute another (1+ O(e))-approximation C’ that

has the additional property that C’ is spanned by O(k/e) points in S. Hence, C” is both
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a near-optimal solution to S and in Q(5), so it must be a (1 + ¢)-approximation for the

optimal solution of P.

2.6 Appendix A: Merge and Reduce Tree

We now briefly introduce the previous technique for maintaining coresets in the streaming
setting due to Har-Peled and Mazumdar [27] and Bentley and Sax [7]. In this method,
a merge-and-reduce tree is built by using an offline coreset construction as a blackbox.
Previously merge-and-reduce was the only known technique for building a streaming

coreset for metric k-median, and it relies solely on the following two properties:
1. Merge: The union of (k, €)-coresets is a (k, €)-coreset.
2. Reduce: A (k,e€)-coreset of a (k,d)-coreset is a (k, € + J)-coreset.

The merge-and-reduce tree works as follows. There are buckets B; for ¢ > 0. In each
step, the bucket By takes in a segment of O(1) points from the stream. Then the tree
works like counting in binary: whenever buckets By to B;_; are full, these ¢ buckets are
merged and then reduced by taking a (k, @)—coreset and storing the result in B;.

Let s be the space of offline construction, which depends on € as e™*. At the end of
the stream, O(logn) buckets have been used and each bucket uses O(slog® n) space; this
incurs a multiplicative overhead of ©(log®"! n) in the storage requirement. The second
factor comes from using the accuracy parameter @, which is necessary by Property 2
since the construction will be compounded O(logn) times. Due to this compounding, the

runtime is multiplied by a factor of O(logn).

2.7 Appendix B: General Streaming Reduction

We present a general technique for converting an offline coreset construction to a stream-

ing coreset construction with O(logn) overhead. Given a p-metric space (X, D) (recall
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Definition 2.5.1), we build a query space (P, w, g, @) in the same way as in Definition 2.5.3:
QP)={CC X ||C|] <k}andg(p,C) = D(p,C) := min.ec D(p, c). Here k is a positive
integer that denotes how many centers may be used for the clustering.

Our bicriterion algorithm is an adjustment to the algorithms of [9] and [CCF| with
the following important difference: our bicriterion is online, so we do not delete and
reassign centers as is [9]. This “online” property is critical for the algorithm to work and
is one of the main technical ideas. Although a fully online bicriterion can require linear
space, we maintain a division of the stream P into a prefix R and a suffix P \ R such
that our bicriterion is online on the suffix P\ R and the prefix R can be largely ignored.
To maintain this property of being online for the suffix, we incur only a modest space
increase from O(klogn) to O(log(+)klogn).

After having an online bicriterion (it is further explained below why this property is
essential), the offline coreset algorithms perform non-uniform sampling procedure with
carefully chosen probabilities that are defined by the bicriterion. Equipped with our new
bicriterion algorithm, implementing the sampling procedure is rather straightforward
computation which is explained in Section 2.7.2. As a result, we can implement any
sampling-based coreset algorithm for k-median without merge-and-reduce and in one
pass. As such it is applicable to several coreset constructions (such as k-means and other
M-estimators). In addition, we believe that our methods will work with other objective
functions as well such as (k, j)-subspace, and we hope that future work will investigate
these directions.

Many clustering algorithms [10, 24, 9] maintain a weighted set (B, u) of points (which
are selected using a facility-location algorithm). Upon arrival of an update (p, w(p)) from
the stream, this update is added to the set by u(p) < u(p) + w(p).

In these algorithms, only a single operation is performed on (B, ) which we call
MOVE. For two points p,p’ € B with weights u(p) and u(p’), the function MOVE(p, p’)
does the following: u(p’) <= u(p’) +u(p) and u(p) < 0. This essentially moves the weight

at location p to the location of p’. The motivation for building (B, u) will be compression;
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(B, u) will be maintained over the stream P in such a way that |B| = O(log |P|).
Throughout this section, we will assume for ease of exposition that each point in
the stream is from a distinct location. This simplifies the analysis, allowing B to take
only a single value for each input point. The algorithm works for general inputs without
modification, requiring only a more careful notation for the analysis. Additionally, we
state the algorithm for unweighted input (where w(p) = 1 for all p € P) and the parameter
n is defined as |P|. We still include w(p) throughout the algorithm and analysis, as the
analysis generalizes to weighted inputs where the parameter n is replaced by the sum of

all weights (after normalizing the minimally weighted point to 1).

2.7.1 An Algorithm for building a coreset

First, let us describe how the algorithm of [9] works. We will modify this algorithm as
part of our coreset construction. In this summary, we alter the presentation from that
of [9] to more fluidly transition to our modified version but the algorithm remains the
same. [9] operates in phases @ > 1. This means that the algorithm maintains a phase
number ¢ (used internally by the algorithm), beginning in phase ¢ = 1. As the stream
arrives, the algorithm may decide to increment the phase number. Let (R;, w;) denote
the prefix of the input received before the end of phase ¢, and let OPT,(R;) denote the
minimal value of g(R;, w;, C') over every C' € ). When phase i + 1 begins, a value L;,; is
declared on Line 27 as a lower-bound for the current value of OPT,(R;11). The algorithm
has computed (M;,u;), which we inductively assume is a bicriterion approximation for
R, (more precisely, a map B : R; — M, such that Uyeg, (B(p),w(p)) = (M;, u;). However,
to maintain polylogarithmic-space the algorithm pushes (M;, u;) to the beginning of the
stream and restarts the bicriterion construction. This means that the algorithm, at this
point, restarts by viewing the stream as (P,w — w; + ;) (i.e. replacing (R;,w;) with
(M;,u;)). Continuing in this way, the algorithm maintains a bicriterion (M1, u;41) for
(Rit1, wir1 — w; +u;) (which is also a bicriterion for (R;;1,w;41) by Theorem 2.7.2) until

the next phase change is triggered.
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Figure 2.3: A bicriterion approximation. Although connections are not optimal, the sum
of all connections costs is O(OPT).

Now we explain our modifications to [9] (see Algorithm 3). The first step is that the
bicriterion our algorithm builds must be determined “online” in the following sense: upon
receiving a point (x,w(z)), the value of B(x) must be determined (and never be altered)
before receiving the next point from the stream.

This generalization is necessary for the following reason. Suppose we connect an
element p to a center b;. Later in the stream, we open a new center by, that becomes
the closest center to p. However, using polylogarithmic space, we have already deleted b,
and/or p from memory and the state of our algorithm is identical to the case where b;
remains the closest center to p. Therefore the connections must be immutable, and this

results in non-optimal connections.

Definition 2.7.1. An online [a, §]-bicriterion is an algorithm that maintains a bicrite-
rion (B,t) over a stream X, and operates online in the following sense. Upon arrival
of each point p, it is immediately decided whether p is added to B, and then t(p) is

determined. Both of these decisions are permanent.

Upon receiving an update (p, w(p)) from the stream, the algorithm may call MOVE(p, p/)
for the nearest p’ € B to p. In the analysis we use the function B : P — B that maps
each point p to its immediate location after this initial move (either p itself, or p’). If
future moves are performed on p, this does not change the value B(p). B is not stored by
the algorithm due to space constraints; only the value of B(p) for the most recent point
p is used by the algorithm, and older values are used in the analysis only. We will show

that B is a (O(1), O(logn))-approximation that allows us to maintain a coreset over the
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stream.

We now state Algorithm 3. ¢ and 7 are constants (dependent on p) used in the
analysis that are defined as in [9]. Each point has a flag that is either raised or lowered
(given by the Flag function). All points have their flag initially lowered, given on Line
1. A lowered flag shows that the point is being read for the first time (being received
from the stream), and a raised flag shows that the point is being re-read by the algorithm
(having been stored in memory).

On Line 22, (M;,u;) is the weighted set (B, u) as it exists at the end of phase i. We
define the cost of MOVE(p, p’) to be w(p)D(p,p’). The value K is therefore the total cost
of all moves performed in phase i.

At a phase change, the set (B, u) is pushed onto the beginning of the stream with
all points having a raised flag. This means that during the next |B| iterations of the
outer-loop where a point (z,w(x)) is received we actually receive a point from memory.
We continue to process the stream after these |B| points are read.

The following theorem summarizes the guarantees of this algorithm. We note that,
as stated, the algorithm’s runtime of O(nklogn) is not correct - in fact the number of
phases may be arbitrarily large. However, using the same technique as detailed in Section

3.3 of [9] the number of phases can be bounded to O(z7;—) while requiring O(k?1og®n)

time per phase.

Theorem 2.7.2 ([9]). Let Algorithm 3 process a stream (P,w) of at most n points. Let
R; denote the prefiz of the stream received before the end of phase i, and let K; and L;
be their final values from the algorithm (which are never modified after phase i). With

probability at least 1 — %, the following statements all hold after processing each point:
1.3, K; < 2 0PT(R;)
2. The total runtime is O(nklogn)

3. For every phase i, L; < OPTx(R;) < ¢L; < Ly
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Algorithm 3: Input: integer k, p-metric space (X, D), stream (P, w) of n weighted
points from (X, D). Output: B(x) after receiving each point x, and a weighted set
(M;, ;) after each phase i > 1

© 00 N & Utk W N =

10

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Flag(z) =0 for all z € P

Ly < minimum D(z,y) for any =,y in the first k& distinct points
141

K, +0

B+

u(z) < 0 for all =

for each point (z,w(x)) received do

u(z) — u(x) + w(z)
y < argmingeqD(x,y) (break ties arbitrarily)
I < 1 with probability min{%, 1}, otherwise I + 0
if I then
if Flag(z) =0 then
B(x) + z
B+ BU{x}
else
K; « K; +w(z)D(z,y)
u(y) < u(y) + u(x) /* Step 1 of MOVE(x,y)
u(z) < 0 /* Step 2 of MOVE(z,y)
if Flag(xz) =0 then
| B(z)«y
f K; >~L; or |B| > (v —1)(1 +log, n)k then
(M, u;) < (B, u)
Flag(b) < 1 forallbe B

[y

B«

u(z) < 0 for all =
Liyy < oL,
g+ 0

Kiy1 <0
141+1

Push (B, u) onto the stream (P, w) before the next point to read

*/
*/
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4. At the execution of Line 22, M; consists of O(klogn) points

Part 1 of the preceding theorem, which bounds the total cost of all moves performed
by the algorithm, also serves as an upper bound on the Earth-Mover distance between

the stream (P, w) and the maintained set (B, u).

Definition 2.7.3 (Earth-Mover Distance). Let (A,w4) and (B,wg) be weighted sets in
(X, D). Morever, let them be of equal weight in the sense that Y,caw(a) = Spepw(b).
Define a “movement” from (A,wa) to (B,wg) to be a weighted set (Y,v) in (X X
X, D) such that Ugpey(a,v(a, b)) = (A,wa) and Ugpey (b,v(a,b)) = (B,wp). Then
depv (A, wa, B,wp) is the minimum of X, p)eyv((a, b)) D(a,b) over all movements Y from

(A wa) to (B,wp).

Another way to view the preceding definition is in terms of probability distributions.
Over all joint distributions over A x B with marginal distributions (A, w4) and (B, wg),
we seek the minimum possible cost (as defined) for any such joint distribution.

From now on we will write a weighted set A instead of (A, w,) when the meaning
is clear. If we start with a set Ay and apply n operations of MOVE until it becomes the
set A,,, we can provide an upper-bound for dgy; (Ao, A,) by summing dgp(A;, Aivq) for
0 <17 < n. This is a direct application of the triangle inequality. And if A;,; is obtained
from A; by applying MOVE(p,p), then dgn(A;, Aiv1) = D(p,p")w(p), the cost of this
move.

The Earth-Mover distance is important for clustering problems for the following rea-
son. For any weighted sets (P,w) and (B,u) and query C, |g(P,w,C) — g(B,u,C)| <
dgy (P,w, B,w). This is immediate from a repeated application of the triangle-inequality

(proofs are found in Theorem 2.3 of [24] as well as in [10, 9, 23]).

Theorem 2.7.4. There exists an algorithm stores O(log (%) klogn) points and main-
tains for every prefic (R,w') of the stream (P,w): (1) a weighted set (M,u) such that
dpy (M, u, R,w') < €OPTL(R), and (2) a (O(1), O(log(2) logn))-bicriterion B for (R, w’).

€
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Morever, this bicriterion B is computed online in the sense that B(x) is determined upon

receiving x from the stream.

Proof. The algorithm will consist of running Algorithm 3 and storing certain information
for the A most recent phases (where A depends on ¢).

Let i be the current phase number, and let (R, w’) be the points received so far. We
remind the reader that when the meaning is clear we suppress notation and write R for
the weighted set (R, w’), and likewise for (M, u). Define A = 2+ flog(é(ﬁ)]. The prefix
R and the set M in the statement of the theorem will be R; , and M;_,. To upper bound
dgy (R, M), which by definition is the minimum cost of any movement from R to M, we
note that one movement is the set of moves carried out by the algorithm through phase
© — A, whose cost is Z;;’} K. Part 1 of Theorem 2.7.2 then shows that dgy (R, M) <
E;;’}K ; < %OPTk(Ri_A). Combining Statements 3 and 4 of the theorem shows that
OPTy(R;-») < ¢'7*OPTy(R). Therefore dpy (R, M) < 5226'2OPT4(R) < €OPTy(R) as
desired.

As for the second statement of the theorem, the algorithm defines the map B and we
are currently interested in the restriction of B to R\ R;_. B maps to at most O(klogn)
points per phase - this is guaranteed by Statement 5 (a direct result the termination con-
dition on Line 17). Over the last A phases, this then maps to O(Mklogn) = O((2)klogn)
points. Therefore we have that § = O((1)logn). And the value of a is immediate from
Statement 1 of Theorem 2.7.2, since B incurs only a subset of the costs as K; (the subset
that comes from the new portion of the stream R; \ R;_).

As a final note, we do not store B(P) in memory (it may be linear in space). For
algorithms in the following sections it is only required to know it’s value for the most

recent point received; previous values are used only in the analysis. O]

2.7.2 Maintaining a coreset over the stream

In the previous section, we presented an algorithm that maintains an («, #)-approximation

of the stream (this is given by the function B : P — B). In this section we show how
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we can use this approximation to carry out the coreset construction of Algorithm 2 on
an insertion-only stream. In the offline construction, a sample S of m points is taken
from X according to a distribution where point p sampled with probability depending
on D(p,B(p)), |B|, and ng( (the total weight of points connected to the center B(p),
which is written as ¥,ep,w(q) where b = B(p)) - the specific formula for the probability
written below (and comes from Line 3 of Algorithm 2). All three of these quantities can
easily be maintained over the stream using Algorithm 4 since B is online (i.e. B(p) never
changes).

Prob(p) = —2P)PW:BR) w(p)

22 epw()D(g, B(q))  2|B| Y p, w(q)

Upon receiving a point p, we assign r(p) a uniform random number in the interval

(0,1). This is the threshold for keeping p in our sample S - we keep the point p if and only
if 7(p) < Prob(p). For each point p, Prob(p) is non-increasing as the stream progresses
(this is immediate from the formula and from the fact that clusters never decrease in
size since B is online). Therefore after receiving point p, we update Prob(s) for each
s € S and delete any such s that drop below their threshold: 7(s) > Prob(s). Once a
point crosses the threshold, it may be deleted since Prob(s) is non-increasing and so it
will remain below the threshold at all future times. In this way, the construction exactly

matches the output as if the offline Algorithm 2 had been used.

Algorithm 4: Input: integer k, p-metric space (X, D), stream P of points n from
(X, D), online bicriterion B, sample size m > 1. Output: a coreset S

15«0
for each point p that arrives do
Assign r(p) a uniform random in (0, 1)
S« SU{p}
Compute Prob(p) according to Line 3 of Algorithm 2
for each point s € S do

Update Prob(s)

if Prob(s) < r(s) then

‘ Delete s from S

10 Update u(s) according to Line 6 of Algorithm 2

(M)

© 00 N O Utk w
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Algorithm 3 provides the function B and a weighted set M; . Beginning in phase
1 — A\, we will begin running Algorithm 4. This outputs the sample S for phases ¢t — A+ 1
until the current phase 7. The following theorem shows that M;_, U.S; is a coreset for the
stream. Of course, we need to do this construction for each of the A = O(log(%)) most
recent phases, so the space gets multiplied by this factor.

We return to definition 2.5.2 of an r Log-Log Lipschitz function D. Given a met-
ric space (X, dist), the space (X, D) where D = D(dist) is a p-metric space for p =
max{2" "1 1}. It is well-known that most M-estimators can be recast as a Log-Log Lips-

chitz function for a low constant value of r. For example, k-means has r = 2.

Theorem 2.7.5. There exists a single-pass streaming algorithm requiring O(e~°Mklog n(log n+
log k + log %)) space that maintains a (k,€)-coreset for the k-median clustering of an -

Log-Log-Lipschitz function D on a stream of at most n elements with probability at least

1—9.

Proof. Running Algorithm 2 (producing the M;) and Algorithm 3 (producing the S;) in
parallel, we will show that M;_, U S; is the desired coreset of the stream.

We already have by Theorem 2.7.4 that dgy(M;—x, Ri—)) < €OPT,(P) < eg(P,w,C)
for any set C' of size k. Also, by Theorem 2.5.6 we have the S; is an (k,¢)-coreset
for P\ R;_. This is because (in the statement of Theorem 2.5.6) we are required to
carry out the construction of Algorithm 2 using m > @ (d logt + log(5k) + log (%))
where ¢t = a/¢. It was shown in Lemma 2.5.2 that ¢ = (¢/r)". We are using the
(O(1), O(log(%) log n))-approximation B, and in [19] it is shown that d = O(logn) for
k-median in a p-metric space. So therefore the minimal possible value of m that satis-
fies the hypotheses of the theorem is O(W (log nloge " + log(klogn) + log (%)))
Simplifying notation, this is O(e"°MWklogn(logn + logk + log %))

We write COST(A, C') to denote g(A, wa,C) to simplify notation; by AU B we mean
(AU B,wa + wg). Taking the union, we get that |COST(P,C) — COST(M;_, U S;,C)| <
|COST(R;_»,C) — COST(M;_»,C)| + |COST(P \ R;_»,C") — COST(S;,C)|. The first term is

upper-bounded by the Earth-Mover distance, and the second term is upper-bounded by
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e since S; is a (k, €)-coreset for P\ R;_). So therefore M; U S; is a 2e-coreset for the

stream P, and the proof is complete after rescaling e. O

The previous theorem has, as special cases, streaming coresets for k-median, k-means,
L,, Cauchy estimators, Tukey estimators, etc. This the first algorithm that does not use
merge-and-reduce for building coresets over streams for any of these problems. Moreover,
the constant in the exponent for € is small, for the example of k-median the ¢ dependence

is e 3log(1/e).
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3.1 Introduction

The analysis of very large data sets is still a big challenge. Particularly, when we would
like to obtain information from data sets that occur in the form of a data stream like, for
example, streams of updates to a data base system, internet traffic and measurements
of scientific experiments in astro- or particle physics (e.g. [50]). In such scenarios it is
difficult and sometimes even impossible to store the data. Therefore, we need algorithms
that process the data sequentially and maintain a summary of the data using space much
smaller than the size of the stream. Such algorithms are often called streaming algorithms
(for more introduction on streaming algorithms, please refer to [52]).

One fundamental technique in data analysis is clustering. The idea is to group data
into clusters such that data inside the same cluster is similar and data in different clus-
ters is different. Center based clustering algorithms also provide for each cluster a cluster
center, which may act as a representative of the cluster. Often data is represented as
vectors in R? and similarity between data points is often measured by the Euclidean dis-
tance. Clustering has many applications ranging from data compression to unsupervised
learning.

In this part of the thesis, we are interested in clustering problems over dynamic data
streams, i.e. data streams that consist of updates, for example, to a database. Our
stream consists of insert and delete operations of points from {1,..., A}?. We assume
that the stream is consistent, i.e. there are no deletions of points that are not in the
point set and no insertions of points that are already in the point set. We consider the
k-median clustering problem, which for a given a set of points P C R? asks to compute a
set C of k points that minimizes the sum of distances of the input points to their nearest

points in C.

3.1.1 Our Results

We develop the first (1+ ¢€)-approximation algorithm for the k-median clustering problem

in dynamic data streams that uses space polynomial in the dimension of the data. To our
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best knowledge, all previous algorithms required space exponentially in the dimension.

Formally, our main theorem states,

Theorem 3.1.1 (Main Theorem). Fiz e € (0,1/2), positive integers k and A, Al-
gorithm 1 makes a single pass over the dynamic streaming point set P C [A]?, out-
puts a weighted set S, such that with probability at least 0.99, S is an e-coreset for k-
median of size O (kd*L*/€?), where L = log A. The algorithm uses O (kd"L7/€?) bits
i the worst case, processes each update in time O(dL2) and outputs the coreset in time
poly(d, k, L,1/€) after one pass of the stream.

The theorem is restated in Theorem 3.3.6 and the proof is presented in Section 3.3.3.
The coreset we constructed may contain negatively weighted points. Thus naive offline
algorithms do not apply directly to finding k-clustering solutions on the coreset. We also
provide an alternative approach that output only non-negatively weighted coreset. The
new algorithm is slightly more complicated. The space complexity and coreset size is
slightly worse than the one with negative weights but still polynomial in d, 1/e and log A

and optimal in k£ up to polylogk factor.

Theorem 3.1.2 (Alternative Results). Fiz e € (0,1/2), positive integers k and A, Al-
gorithm 6 makes a single pass over the streaming point set P C [A]?, outputs a weighted
set S with non-negative weights for each point, such that with probability at least 0.99, S
is an e-coreset for k-median of size O (kd*L*/€?). The algorithm uses O (kd®L®/€?)bits
in the worst case. For each update of the input, the algorithm needs poly(d,1/e, L,logk)
time to process and outputs the coreset in time poly(d,k, L,1/€) after one pass of the
stream.

The theorem is restated in Theorem 3.4.3 in Section 3.4 and the proof is presented
therein. Both approaches can be easily extended to maintain a coreset for a general

metric space.

3.1.2 Our Techniques

From a high level, both algorithms can be viewed as a combination of the ideas introduced

by Frahling and Sohler [31] with the coreset construction by Chen [17].
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To explain our high-level idea, we first summarize the idea of Chen [17]. In their
construction, they first obtain a («a, §)-bi-criterion solution. Namely find a set of at most
ak centers such that the k-median cost to these ak centers is at most SOPT, where OPT
is the optimal cost for a k-median solution. Around each of the ak points, they build
logarithmically many concentric ring regions and sample points from these rings. Inside
each ring, the distance from a point to its center is upper and lower bounded. Thus
the contribution to the optimal cost from the points of this ring is lower bounded by
the number of points times the inner diameter of the ring. To be more precise, their
construction requires a partition of O(ak) sets of the original data points satisfying the
following property: for the partition Py, Ps,..., Py, >, |P|diam(P;) < SOPT.  They
then sample a set of points from each part to estimate the cost of an arbitrary k-set from
[A]4 up to O(e| Py|diam(P;)/3) additive error. Combining the samples of the k" parts, this
gives an additive error of at most eOPT and therefore an e-coreset.

The first difficulty in generalizing the construction of Chen to dynamic streams is that
it depends on first computing approximate centers, which seems at first glance to require
two passes. Surprisingly (since we would like to be polynomial in d), we can resolve this
difficulty using a grid-based construction. The grid structure can be viewed as a (2%)-ary
tree of cells. The root level of the tree is a single cell containing the entire set of points.
Going down a level through the tree, each parent cell is split evenly into 2¢ subcells. Thus
in total there are log, A grid levels. Each cell of the finest level contains at most a single
point.

Without using any information of a pre-computed (c, [3)-bi-criterion solution to the
k-median problem, as it does in [17], our first idea (similar to the idea used in [44]) is to
use a randomly shifted grid (i.e. shift each coordinate of the cell of the root level by a
random value r, where 7 is uniformly chosen from {1,2,... A}, and redefine the tree by
splitting cells into 2¢ subcells recursively). We show that with high probability, in each
level, at most O(k) cells are close to (or containing) a center of an optimal solution to the
k-median. For the remaining cells, we show that each of them cannot contain too many

points, since otherwise they would contribute too much to the cost of the optimal solution
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(since each point in these cells is far away from each of the optimal centers). We call the
cells containing too many points in a level heavy cells. The immediate non-heavy children
of the heavy cells form a partition of the entire point sets (i.e. the cells that are not heavy,
but have heavy parents). Let C;,Ca, . ..,Ci be these cells, and we can immediately show
that Y, |Ci|diam(C;) < BOPT for some 3 = O(d*?). If we can identify the heavy cells
(e.g. use heavy hitter algorithms), and sample points from their immediate non-heavy
children in a dynamic stream, we will obtain a construction similar to Chen [17].

Our second idea allows us to significantly reduce space requirements and also allows
us to do the sampling more easily. For each point p, the cells containing it form a path
on the grid tree. We write each point as a telescope sum as the cell centers on the path
of the point ( recall that the grids of each level are nested and the ¢ is the root of the

1 ..., c" be the cell centers of the path, where ¢, = p, and

tree). For example, let ¥, c
define 0 to be the zero vector. Then p = ¢ — ¢l P+t — b2 . 4+ -0+ 0. In this
way, we can represent the distance from a point to a set of points as the distance of cell
centers to that set of points. For example, let Z C [A]? be a set of points, and d(p, Z)
be the distance from p to the closest point in Z. Then d(p, Z) = d(ct, Z) — d(cF=1, Z) +
d(ct=1,7) —d(c¥"2,Z) + ...+ d(0,Z). Thus we can decompose the cost a set Z into
L + 2 levels: the cost in level I € [0, L] is Y_ d(c,, Z) —d(c, ", Z), where ¢] is the center
of the cell containing p in level [ and the cost in the (—1)-st level is |P|d(0, Z), where P
is the entire points set. Since |d(c}, Z) —d(c, ™!, Z)| is bounded by the cell diameter of the
level, we can sample points from the non-heavy cells of the entire level, and guarantee
that the cost of that level is well-approximated. Notice that (a) we do not need to sample
O(k) points from every part of the partition, thus we save a k factor on the space and
(b) we do not need to sample the actual points, but only an estimation of the number of
points in each cell, thus the sampling becomes much easier (there is no need to store the
sampled points).

In the above construction, we are able to obtain a coreset, but the weights can be

negative due the the telescope sum. It is not easy find an offline k-median algorithm

to output the solutions from a negatively-weighted coreset. To remove the negative
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weights, we need to adjust the weights of cells.  But the cells with a small number
of points (compared to the heavy cells) are problematic — the sampling-based empirical
estimations of the number of points in them has too much error to be adjusted.

In our second construction, we are able to remove all the negative weights. The major
difference is that we introduce a cut-off on the telescope sum. For example, d(p,Z) =
d(ch,Z) - d(ci,(p), Z) + d(cf,,(p)) — d(ci,(p)_l) + ...+ d(0,7) where [(p) is a cutoff level of
point p such that the cell containing p in level I(p) is heavy but no longer heavy in level
I(p) + 1. We then sample point p with some probability defined according to I(p). In
other words, we only sample points from heavy cells and not from non-heavy ones. Since
a heavy cell contains enough points, the sampling-based estimation of the number of
points is accurate enough and thus allows us to adjust them to be all positive.

Finally, to handle the insertion and deletions, we use a Fy-heavy hitter algorithm to
identify the heavy cells. We use pseudo-random hash functions (e.g. Nisan’s construction

[54, 42] or k-wise independent hash functions) to do the sampling and use a K-Set data

structure [32] to store the sampled points in the dynamic stream.

3.1.3 Related Work

There is a rich history in studies of geometric problems in streaming model. Among
these problems some excellent examples are: approximating the diameter of a point
set [22, 43|, approximately maitain the convex hull [20, 40], the min-volume bounding
box [8, 9], maintain e-nets and e-approximations of a data stream [3]. Clustering problem
is another interesting and popular geometric problem studied in streaming model. There
has been a lot of works on clustering data streams for the k-median and k-means problem
based on coresets [39, 38, 17, 26, 27, 25]. Additionally [10, 34, 51] studied the problem in
the more general metric space. The currently best known algorithm for k-median problem
in this setting is an O(1)-approximation using O(kpolylogn) space [13]. However, all of
the above methods do not work for dynamic streams.

The most relevant works to ours are those by Indyk [44], Indyk & Price [45] and

Frahling & Sohler [31]. Indyk [44] introduced the model for dynamic geometric data
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streamings. He studied algorithms for (the weight of ) minimum weighted matching, min-
imum bichromatic matching and minimum spanning tree and k-median clustering. He
gave a exhaustive search (1 4 €) approximation algorithm for k-median and a («, §)-bi-
criterion approximation algorithm. Indyk & Price [45] studied the problem of sparse re-
covery under Earth Mover Distance. They show a novel connection between EMD/EMD
sparse recovery problem to k-median clustering problem on a two dimensional grid. The
most related work to current one is Frahling & Sohler [31], who develop a streaming
(1 + €)-approximation algorithms for k-median as well as other problems over dynamic
geometric data streams. All previous constructions for higher dimensional grid require

space exponential in the dimension d.

3.2 Preliminaries

For integer a < b, we denote [a] := {1,2,...,a} and [a,b] :== {a,a+ 1,...,b} for integer
intervals. We will consider a point set P from the Euclidean space {1, ..., A}¢. Without
loss of generality, we always assume A is of the form 2% for some integer L, since otherwise
we can always pad A without loss of a factor more than 2. Our streaming algorithm
will process insertions and deletions of points from this space. We study the k-median

problem, which is to minimize cost(P,2) = >  _,d(p, Z) among all sets Z of k centers

peEP
from R? and where d(p, q) denotes the Euclidean distance between p and ¢ and d(p, Z)
for a set of points Z denotes the distance of p to the closest point in Z. The following

definition is from [39].

Definition 3.2.1. Let P C [A]? be a point set. A small weighted set S is called an

e-coreset for the k-median problem, if for every set of k centers Z C [A]? we have !

(1 —€)-cost(P,Z) < cost(S,Z) < (1+¢€)-cost(P,Z2),

where cost(S, Z) := Y o wt(s)d(s, Z) and wt(s) is the weight of point s € S.

1For simplicity of the presentation, we define the coreset for all sets of k centers Z C [A]¢, but it can
be generalized to all sets of k centers Z C R? with an additional polylog(1/e) factor in the space. We
discuss this point further in Section 3.6.
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Through out Part 111, we assume parameters €, p, §, € (0, %) unless otherwise specified.

For our algorithms and constructions we define a nested grid with L levels, in the following
manner.
Definition of grids Let v = (vy,...,v4) be a vector chosen uniformly at random from
[0, A — 1]¢. Partition the space {1,...,A}? into a regular Cartesian grid G, with side-
length A and translated so that a vertex of this grid falls on v. Each cell of this grid can
be expressed as [v; + 1A, v1 + (n1 + 1)A) X ... X [vg + ngA,vg + (ng + 1)A) for some
(n1,...,nq) € Z% For i > 1, define the regular grid G; as the grid with side-length A /2!
aligned such that each cell of G;_; contains 2% cells of G;. The finest grid is G; where
L = [log, A]; the cells of this grid therefore have side-length at most 1 and thus contain
at most a single input point. Each grid forms a partition of the point-set S. There is a
d-ary tree such that each vertex at depth i corresponds to a cell in G;, and this vertex
has 2¢ children which are the cells of G;;; that it contains. For convenience, we define
G_1 as the entire dataset and it contains a single cell C_;. For each cell C, we also treat
it as a subset of the input points (i.e. C N P) if there is no confusion.

We denote Z* C [A]? as the optimal solution for k-median and OPT as the optimal

cost for Z*. The proof of the following lemma is delayed to Section 3.7.

Lemma 3.2.2. Fiz a set Z C [A]¢, then with probability at least 1 — p, for every level
i € [0, L], the number of cells that satisfy d(C,Z) < A/(2°7'd) is at most e|Z|(L +1)/p.

3.2.1 Outline

In Section 3.3, we introduce the coreset with negative weights. In Section 3.4, we intro-
duce a modified construction with all positive weights. Section 3.6 comes with the final

remarks.

3.3 Generally Weighted Coreset

In this section, we present our generally weighted coreset construction. In Section 3.3.1,

we introduce the telescope sum representation of a point p and the coreset framework.
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In Section 3.3.2, we illustrate our coreset framework with an offline construction. In
Section 3.3.3 we present an one pass streaming algorithm that implements our coreset

framework.

3.3.1 The Telescope Sum and Coreset Framework

Our first technical idea is to write each point as a telescope sum. We may interpret
this sum as replacing a single point by a set of points in the following way. Each term
(p — q) of the sum can be viewed as a pair of points p and ¢, where p has weight 1 and
q has weight —1. The purpose of this construction is that the contribution of each term
(p — q) (or the corresponding two points) is bounded. This can be later exploited when
we introduce and analyze our sampling procedure.

We now start to define the telescope sum, which will relate to our nested grids. For
each C € G, denote ¢(C) (or simply ¢) as its center. For each point p € P, define C(p, 1)

as the cell that contains p in G;, and c; is the center of C(p,i). Then we can write

L

_ 1 i i1

P=c, +E Cp—Cp -
i=0

where we set ¢, ' = 0 (we also call this the cell center of the (—1)-st level for convenience).
The purpose of this can be seen when we consider the distance of p to an arbitrary k-
centers Z C [A]¢, we can write the cost of a single point p, as

p P’

d(p, Z) = d(c;*, Z) + Z d(ci, Z) —d(c; ™, Z).

Note that cﬁ = p since the cells of G contain a single point. Thus the cost of the entire

set cost(P, Z) can be written as,

YN dd,2)—d(c " 2)+ ) d(c,', Z). (3.1)

i=0 peP peP

As one can see, we transform the cost defined using the original set of points to the
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“cost” defined using cell centers. To estimate the cost, it remains to estimate each of
the terms, Y- _pd(c;, Z) —d(c, ", Z) for i € [0, L] and Y _pd(c; ', Z). In other words,
assign weights to each of the centers of the grid cells. For ¢ € [0, L], and a cell C € G;,
denote CP as the parent cell of C in grid G;_;. Thus we can rewrite the cost term as

follows,

cost(G;, Z Zd ¢, Z) —d(e, ", Z)
=" d(e(c), 2) - d(e(c), 2)
Ceg; peC
= 3" Ie] [d(e(C), Z) — d(e(cT), 2)]
Ceg;

=Y _lcld(c(C), Z)
Cceg;
Yo ) [eld(e(c), z). (3.2)

C'€Gi—1 CEG:CCC!
For i = —1, we denote cost(G_1, Z) = |Pld(c,",Z). Then this leads to our following
coreset construction framework.
Generally Weighted Construction The coreset S in the construction is composed by
a weighted subset of centers of grid cells. The procedure of the construction is to assign
some (integer) value to each cell center. For instance, maintain a integer valued function
|-/\| on cells (using small amount of space). |/C\| is called the value of the cell C. Let ¢ be

the center of C, then the weight for ¢ is

wie) =lcl— > e (3.3)
CC'EGip1,C'CC
And for the L-th grid G, the weight for each cell C is just |/C\| Note that there might be
negative weights for some cells.
As a naive example, we set \/C\\ := |C| as the exact number of points of a cell C.
Then we would expect the cells in every level except those in G, have weight 0. In other

words, we stored the entire point set as the coreset. As we will show, if we allow |C| as
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an approximation of |C| up to additive error, we can compress the number of non-zero

weighted centers to be a smaller number.

Definition 3.3.1. Given a grid structure, and a real valued function |/\] on the set of

cells. We define a function cost : [A]% x G — R as follows, fori € [0,L] and Z C [A]%,

cost(Gi, Z Z |C|d

ceg;

> > lel-dee). 2). (3.4)
C'eG;—1 Ceg;:ccC’
and cost(G_y, Z) = @d(O, Z), where C_q is the cell in G_1 containing the entire set of

points.

Lemma 3.3.2. Fiz an integer valued function |/\| on the set of cells and parameter
0 <e<i LetS be the set of all cell centers with weights assigned by Equation (3.3).
If@ = |P| (recall that C_y is the first cell containing the entire dataset) and for any
Z C [A] with | Z| < k and i € [0, L]

— eOPT
) _ ) <
‘cost(QZ,Z) cost(QZ,Z)’ <IiT
then S is an e-coreset for k-median.
Proof. Given an arbitrary set of centers Z C [A]%,
cost (S, Z) Zwt
ses
= > Yo de©.2)(c- > 1)
i€[0,L] C€G; C':C'eG;it
c'ce
+|P|d(0, Z)
= > D leldee),z)- > [cld(e(C), 2)]
1€[0,L] Ceg; C'eGi
Ceg;:ccc’
+[Pld(0,2) = ) cost(G;, 2).
1€[0,L]
It follows that |cost(S, Z) — cost(P, Z)| < €OPT. O
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3.3.2 An Offline Construction

In this section, we assume we have (10, 10)-bi-criterion approximation to k-median. Let
Z" = {21, 25, ..., 2101} be the centers and o is the cost satisfying OPT < o < 100PT. This
can be done using [41]. We will show how we construct the coreset base on the framework
described in the last section.

An Offline Construction For each point in level G_;, we sample it with probability
m_1 = 1 (i.e. count the number of points exactly) and set @ := | P|. For each level
i € [0, L], we pick the set of all cells C satisfying d(C,Z’") < W/(2d), where W is the
side length of C. Denote the set of these cells as C'z:. We count the number of points in
each of these cells exactly, and set |/C\| :=|C|. For the points in the rest of cells, for each

i € [0, L], we sample the points with probability

200(L + 1)2Ad? . 2(L +1)Ak
ﬂi:min<00( + 1)7Ad In (L+1) ,1> (3.5)

2ie20 p

uniformly and independently. Denote S; as the set of sampled points at level ¢. For each
C g CZ’, set
Ic] == |S; nC|/m:.

Then, from the bottom level to the top level, we assign the weight to the cell centers of
each of the cells and their parent cells with non-zero |/C\| using (3.3). Denote S as the

coreset, which contains the set of cell centers of non-zero weight.

Theorem 3.3.3. Fiz e,p € (0,1/2), then with probability at least 1 — 8p, the offline

construction S is an e-coreset for k-median and that

d*kL* 1 kL?
]SzO( 5 log—i—).
€ PP

Proof of Theorem 3.3.3. By definition |E_\1| = | P|, it is suffice to show that with proba-

bility at least 1 — 4p, for every i € [0, L] and every k-set Z C [A]%,

‘&)Et(gi, Z) — cost(Gi, Z)’ < €OPT/(L +1).
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It follows from Lemma 3.3.2 that, § is an e-coreset.

Let S; be the sampled points of level i. Fix a k-set Z C [A]%, for each i € [0, L],
by equation (3.2), we have that, cost(G;, Z) = > cec, |/C\| (d(c(C), Z) — d(c(Ch), Z)) +
> s, (d(ch, Z) — d(ci7Y, Z))) /m;. Note that E(cost(G;, Z)) = cost(Gi,

D

Z). The first term
contributes 0 to the difference cost(G;, Z) — cost(G;, Z) since each \/C\\ is exact. It remains
to bound the error contribution from the second part. Denote Ay = >° ¢ (d(c), Z) —
d(c;, Z)))/m;. Recall that Z' is the centers of the bi-criterion solution and Cy is the
set of cells with distance less than W/(2d) to Z’, where W is the side-length of a cell.
Let A be event that |Cy| < e|Z'|(L 4+ 1)*/p = O(kL?/p). By Lemma 3.2.2, A hap-
pens with probability at least 1 — p. Conditioning on A happening, for each point
p € C & Oy, we have that d(p, Z’) > diam(C)/(2d*?). Therefore, > pecéc, diam(C) <

(2d*?) 3" ccge, A, Z') < 20d*?0PT. By Lemma 3.3.4, with probability at least 1 —

m, |Ay — E(As)| < % Since there are at most A* many different k-sets from
[A]4, thus, for a fixed 7 € [0, L] with probability at least 1 — 2, for all k-sets Z C [A]°,

cost(G;, Z) — cost(G;i, Z)| < eOPT/(L+1). By the union bound, with probability at least
1 —4p, § is the desired coreset.

It remains to bound the size of §. Conditioning on A happening, then |Cy/| =
O(kL?/p). For each level i, since each point from cells C ¢ Cy contributes at least
A/(2"1d) to the bi-criterion solution, there are at most O(2'0PTd/A) points in cells
not in Cz. By a Chernoff bound, with probability at least 1 — p/(L + 1), the number
of points sampled from cells C ¢ Cy of level i is upper bounded by O(d*kL?log % /€?).
Thus for all levels, with probability at least 1 — p, the number of points sampled is
upper bounded by O(d*kL*log % /€?), which is also an upper bound of the number of cells
occupied by sampled points. Now we bound the number of non-zero weighted centers.
In the coreset construction, if a cell center has non-zero weight, then either itself or
one of its children cells has non-zero assigned value ]/C\] Thus the number of non-zero

weigted centers is upper bound by 2 times the number of non-zero valued cells. Thus

S| = O(d*kL*log L /e + A2). O
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Lemma 3.3.4. Fize,p € (0,1/2), if a set of cells C from grid G; satisfies Y . |C|diam(C) <
BOPT for some B > 2¢/(3(L + 1)), let S be a set of independent samples from the point

set U{C € C'} with probability

7; > min <3a(L;3)22A\/35 In QAM(LH), 1)
2o p

where 0 < o < aOPT for some a > 0, then for a fived set Z C [A]%, with probability at

least 1 — p/((L + 1)Akd),

1> (d(c, 2) — d(c, ", Z)) Jmi—
peS

i i eOPT
Z (d(cp7Z)_d(Cp 172))} S L+1
peU{CeC}

The proof is a straightforward application of Bernstein inequality. It is presented in

Section 3.7.

3.3.3 The Streaming Algorithm

For the streaming algorithm, the first challenge is that we do not know the actual value of
OPT, neither do we have an («, 3)-bi-criterion solution. To handle this, we will show that
we do not need an actual set of centers of an approximate solution, and that a conceptual
optimal solution suffices. We will guess logarithmically many values for OPT to do the
sampling. We re-run the algorithm in parallel for each guess of OPT.

The second challenge is that we cannot guarantee the sum ZCegi diam(C) to be upper
bounded by SOPT as required in Lemma 3.3.4. We will show that we can split the set
of cells into two parts. The first part satisfies the property that ). |C|diam(C) < BOPT
for some parameter 3. The second part satisfies that |C|diam(C) > aOPT/k for some
constant a.

For the first part, we use a similar sampling procedure as we did in the offline case.
The challenge here is that there might be too many points sampled when the algorithm

is midway through the stream, and these points may be deleted later in the stream. To
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handle this case, we use a data structure called K-Set structure with parameter k [32].
We will insert (with deletions) a multiset of points M C [N] into the K-Set. The data
structure processes each stream operation in O(log(k/d)) time. At each point of time,
it supports an operation RETRSET, that with probability at least 1 — § either returns the
set of items of M or returns Fail. Further, if the number of distinct items |M]| is at
most k, then RETRSET returns M with probability at least 1 — d. The space used by
the K-Set data structure is O(k(log|M |+ log N)log(k/d). The K-Set construction also
returns the frequency of each stored points upon the RETRSET operation.

For the second part, we call these cells heavy. We first upper bound the number of
heavy cells by ak for some o« > 1. We use a heavy hitter algorithm HEAVY-HITTER to
retrieve an approximation to the number of points in these cells. The guarantee is given in
the following theorem. In an insertion-deletion stream, it may that although the stream
has arbitrary large length, at any moment a much smaller number of elements are active
(that is, inserted and not yet deleted). We define the size of a stream to be the maximum

number of active elements at any point of the stream.

Theorem 3.3.5 ([47] Theorem 2). Fiz ¢,§ € (0,1/2). Given a stream (of insertions
and deletions) of size m consisting of items from universe [n|, there exists an algorithm
HEAVY-HITTER(n, k,€,0) that makes a single pass over the stream and outputs a set of
pairs H. With probability at least 1 — ¢, the following holds,

(1) for each (i, f;) € H, f* > S [k =Y fEs

(2) if for any i € [n] and f7 > 370 f7/k+ 30 f7, then (4, fi) e H;

(3) for each (i, f;) € H, |fi — fil < ey /301 f2.

The algorithm uses O ((k + }2) log % log m) bits of space, O(logn) update time and O(k+
1/€*)polylog(n) query time.

Thus, using HEAVY-HITTER, we are guaranteed that the error of the number of points
in heavy cells is upper bounded by ¢ times the number of points in the non-heavy cells.
The first heavy hitter algorithm that achieves an [, guarantee is by [11], who has the
same space and update time as that of the above algorithm. However the update time is

slow, i.e. O(nlogn) time to output the set of heavy hitters.

104



Lastly, we will use fully independent random hash function to sample the points. We
will use Nissan’s pseudorandom generator to de-randomize the hash functions by the
method of [42]. Our main theorem for this section is as follows. The formal proof of this

theorem is postponed to Section 3.8.

Theorem 3.3.6 (Main Theorem). Fiz €,p € (0,1/2), positive integers k and A, Algo-
rithm 1 makes a single pass over the streaming point set P C [A]¢, outputs a weighted

set S, such that with probability at least 1 — p, S is an e-coreset for k-median of size

@) <d4gk + %) , where L = log A. The algorithm uses

LT BLP dkL ~ d°LS
o[k(( L >1og + & )]
€ p pe  €p

bits in the worst case, processes each update in time O (dL2 log d:f—f) and outputs the

coreset in time poly(d, k, L,1/€) after one pass of the stream.

3.4 Positively Weighted Coreset

In this section, we will introduce a modification to our previous coreset construction,
which leads to a coreset with all positively weighted points. The full algorithm and
proofs are postponed to Section 3.9. We present the main steps in this section.

The high level idea is as follows. When considering the estimate of the number of
points in a cell, the estimate is only accurate when it truly contains a large number of
points. However, in the construction of the previous section, we sample from each cell of
each level, even though some of the cells contain a single point. For those cells, we cannot
adjust their weights from negative to positive, since doing so would introduce large error.
In this section, we introduce an ending level to each point. In other words, the number
of points of a cell is estimated by sampling only if it contains many points. Thus, the

estimates will be accurate enough and allow us to rectify the weights to be all positive.
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Algorithm 1 CoreSet(S, k, p, €): construct a e-coreset for dynamic stream S.

Initization:
Initialize a grid structure;

O« {1,2,4,... VdA™'},
L + [log ATJ;
7:(0) < min (3(L—2l-ile)220Ad2 In 2Akd[()L+1)’ 1>;

K ¢ Gk 20k, L

e «— (ﬂ/W» m < 0;
For each 0 € O and i € [0, L], construct fully independent hash function h,; : [A]¢ —
{0,1} with Pry, , (hoilg] = 1) = m;(0);
Initialize K-Set instances KS,,; with error probability p/(L + 1), size parameter K;
Initialize HEAVY-HITTER(A?, (e + 2)(L + 1)k/p, €,p/(L + 1)) instances,
HHy, HH;, ..., HH}, one for a level;
Update (S5):
for each update (op,q) € S:
/*op € {Insert,Delete}*/
m <4 m=1; /*Insert: +1, Delete:—1%/
for each i € [0, L]:
cf] <+ the center of the cell contains ¢ at level i;
HH;.update(op, ¢} );
for each o € [O]:
if h,i(q) == 1:
| KS,,;.update(op, ¢, );

Query:
Let o* be the smallest o such that no instance of KS,0,KS, 1, ...,KS,  returns Fail,;
R« {};
for 1 = —1 to L:
for each cell center ¢ in level i:
Let C be the cell containing c;
if i =-1:
| fem;
else:
| [ < GetFreq(c, HH;, KS,- ;, m;i(0%));
if + < L:
9 Dececegin
GetFreq (c(C'), HH;iy1,KSoxiy1, mi(0"));
Assign weight f — g to ¢;
if f— g0
\ R+ RU{c};
else:
Assign weight f to ¢;
if f#0:
| R+ RU{c};

return R.

106



Algorithm 2 GetFreq(e, HH, XS, 7;): retrieve the correct freuquency of cell center e, given
the instance of HEAVY-HITTER and K-set.
fs(e) < the frequency of e returned by HH;
fr(e) < the frequency of e returned by KS;
K < (e+2)(L+ 1)k/p;
F + the set of top-k’ heavy hitters returned by HEAVY-HITTER;
if e F:
| return fg(e);
else:
| return fx(e)/m;.

3.4.1 Reformulation of the Telescope Sum

Definition 3.4.1. A heavy cell identification scheme H is a map H : G — {heavy, non-
heavy} such that, h(C_) =heavy and for cell C € G; fori € [0, L]

1. if |C| > QIPLdflPT then H(C) = heavy;
2. If H(C) = non-heavy, then H(C') = non-heavy for every subsell C' of C.

3. For every cell C in level L, H(C) = non-heavy.

4. For each i € [0,L], |{C € G; : H(C) = heavy}| < /\1%, where Ay < 10 is a positive
universal constant.

The output for a cell not specified by the above conditions can be arbitrary. We call a cell

heavy if it is identified heavy by H. Note that a heavy cell does not necessarily contain a

large number of points, but the total number of these cells is always bounded.

In the sequel, heavy cells are defined by an arbitrary fixed identification scheme unless

otherwise specified.

Definition 3.4.2. Fiz a heavy cell identification scheme H. For level i € [—1, L], let
C(p,i) € G; be the cell in G; containing p. The ending level [(p) of a point p € P is the
largest level i such that H(C(p,1)) =heavy, and H(C(p,i+ 1)) =non-heavy.

Note that the ending level is uniquely defined if a heavy cell identification scheme is
fixed. We now rewrite the telescope sum for p as follows,
U(p)
p= Z Ccp— c p cé(p),
=0

where cgl = 0 and CII; = p. For arbitrary k-centers Z C [A]?, we write, d(p,Z) =

107



S, Z) — d(eL, 2)) + d(ck, Z) — AP, Z) + d(0, Z) .

3.4.2 The New Construction (with arbitrary weights)

For these heavy cells, we use HEAVY-HITTER algorithms to obtain accurate estimates of
the number of points in these cells, thus providing a heavy cell identification scheme. For
the non-heavy cells, we only need to sample points from the bottom level, G, but with
a different probability for points with different ending levels.

We now describe the new construction. This essentially has the same gaurantee as
the simpler construction from the previous section, however the benefit here is that (as
shown in the next subsection) it can be modified to output only positive weights. In the
following paragraph, the estimations |/C\| are given as a blackbox. In proposition 3.9.9 we

specify the conditions these estimations must satisfy.

Non-Negatively Weighted Construction Fix an arbitrary heavy cell identification
scheme H. Let P, be all the points with ending level [(p) = [. For each heavy cell C, let
]/C\] be an estimation of number of points of |C|, we also call |/C\] the value of cell C. For
each non-heavy cell C’, let |67| = 0. Let S be a set samples of P constructed as follows:
S=51USUS;,U...USL, where S; is a set of i.i.d samples from P, with probability

m. Here m for [ € [—1, L] is redefined as m, =

A3d2AL? 2L Ak Md?EL3A 30kL2
2le20 1 p + 2i62p0 log ,02 ’ 1

min <

where A3 > 0 and Ay > 0 are universal constants. Our coreset § is composed by all

the sampled points in S and the cell centers of heavy cells, with each point p assigned a
weight 1/7,,) and for each cell center ¢ of a heavy cell C € G;, the weight is,

|S; NC|

T

wi@ =lcl- > o~ (3.6)

C’:C’eng,C’CC,
C’ is heavy

For each non-heavy cell C except for those in the bottom level, wt(¢(C)) = 0. The weight

of each point from S is the value of the corresponding cell in the bottom level.
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3.4.3 Ensuring Non-Negative Weights

We now provide a procedure to rectify all the weights for the coreset constructed in the
last sub-section. The idea is similar to the method used in [45]. The procedure is shown
in Algorithm 3.4.3. After this procedure, there will be no negative weights in the coreset

outputs.

Algorithm 3 Rectinyeights(]/C\l\,@. . ,\/C;|, S): input the estimates of number of

points in each cell and the weighted sampled points, output a weighted coreset with
non-negative weights.

for 1 = —1 to L:
for each heavy cell C center in G;:
if wt(C) < 0:
Decrease the value of the children heavy cells in level G;,; and sampled points
S; arbitrarily by total |wt(C)| amount, such that for each children cell C" € G;.4,
|67| is non-negative, and for each sampled point p € S;, the weight is non-

negative.
return Rectified Coreset

Theorem 3.4.3. Fiz e,p € (0,1/2), positive integers k and A, Algorithm 6 makes a
single pass over the streaming point set P C [A]?, outputs a weighted set S with non-
negative weights for each point, such that with probability at least 0.99, S is an e-coreset

for k-median of size

O {dggk (d+ %log ]%Lﬂ

where L =log A. The algorithm uses

Trv
O [ L5 (pdL + Liog? 5L ) 10g2 4LL |

bits in the worst case. For each update of the input, the algorithm needs poly (d, 1/e, L,log k)
time to process and outputs the coreset in time poly(d, k, L,1/e,1/p,logk) after one pass

of the stream.

3.5 Experiments

We illustrate our construction using an offline construction on Gaussian mixture data in

R2. As shown in Figure 3.5 in Section 3.10, we randomly generated 65536 points from

109



R?, then rounded the points to a grid of size A = 512. Our coreset uses log, A + 2 = 11
levels of grids. The storage in each level is very sparse. As shown in Figure 3.4(a), only 90
points are stored in total. We compared the 1-median costs estimated using the coreset

and the dataset, the resulting difference is very small, as illustrated in Figure 3.4(b).

Layers
0 2 4 Y

500 / ! ! ! ! /
400 J

Relative Error

\
|

600 0

100 | ‘
100 150 200 250 300 350 400
X

(a) (b)
Figure 3.4: (a) The layer structure of the coreset. Cells with more weight are shaded
darker. (b) The relative error of a 1-median cost function. Using only 90 points, the
global maximum error was under 10%.

3.6 Concluding Remark

We develop algorithms that make a single pass over the dynamic stream and output, with
high probability, a coreset for the original k-median problem. Both the space complexity
and the size of the coreset are polynomially dependent on d, whereas the only previous
known bounds are exponential in d. We constructed our coreset for the possible solutions
in discrete space [A]¢, but it is easy to modify the coreset to be a coreset in continuous
space [0, A]¢ (note that we still require the input dataset to be from a discrete space).
The way to do this is by modifying the sampling probability m; in the algorithm, i.e.
replacing the factor of In(Q(A*L/p)) to In(Q((A/e)*L/p)). Then any k-set from [0, A]?
can be rounded to the closest k-set in [A/e]? and the cost only differs by a (1 &+ €) factor
while the space bound changes only by a polylog(1/e) factor. Lastly, we remark that the
coreset scheme can be easily modified to other metric spaces, e.g. the [, metric. The
space bound depends on the doubling dimension of the metric.

As shown in our experiments, a 2D implementation using our framework is very
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efficient. We believe that a high-dimensional implementation will be efficient as well. We

leave the full implementation as a future project.

3.7 Proofs of Section 3.3

Proof of Lemma 3.2.2. Fix an ¢ and consider a grid G,. For each center z;, denote X , the
indicator random variable for the event that the distance to the boundary in dimension
a of grid G; is at most A/(2°7!d). Since in each dimension, if the center is close to a
boundary, it contributes a factor at most 2 to the total number of close cells. It follows

that the number of cells that have distance at most A/(271d) to z; is at most,

N = 95 0=1Xia
Defining Y}, = 2% we obtain,
d d
EIN]=E ][] Yie| = ] EY5el
a=1 a=1

We have that Pr[X;, = 1] <1/d and so we get,
EY;o SE1+ X, =14+E[X;,] <1+1/d

Thus E(N) = Hizl E[Yja) < (14 1/d)* < e. Thus the expected number of center cells
is at most (1 + 1/d)4|Z| < e|Z|. By Markov’s inequality, the probability that we have
more than e|Z|(L+1)/p center cells in each grid is at most p/(L+1). By a union bound,
the probability that in any grid we have more than e|Z|(L + 1)/p center cells is at most
p- [

Proof of Lemma 3.3.4. Let L' = L + 1. Note that for each point p € P, |d(c;),Z) —
d(cfo_l, Z)| < AV/d/2. Denote A= Zpes(d(c;, Z)—d(cé“, Z))/miand A = ZPEU{CEC}(d(c;, Z)—
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d(c¢it1, Z)). We have that E(A) = A. Let

p

X, = Hpeg(d(c;, Z) —d(ct, 2)) ),

j4 ’
where [,c g is the indicator function that p € S. Then we have that Var(X,) < A?d/(4'm;)
and b := max, | X,| < AVd/(2'm;). By Bernstein’s inequality,

+2

Pr [|A _ A| > t} < 2672|P|A2d/(4i7r1;)+2bt/3

_ 3x2iTli2n,
S 26 (BOPT+%)A\/& (37)
By setting ¢ = €OPT/L’, we have that
A eOPT _In 2L/a% p
Pr {]A —A]> = ] <2 < o (3.8)

Thus with probability 1 — p/(L'A%), A is an eOPT/L’ additive approximation to the sum

> pep d(ch, Z) —d(cyt, 7). O

3.8 Proof of Theorem 3.3.6

Before we prove this theorem, we first present Lemma 3.8.1 and Lemma 3.8.2. In Algo-
rithm 1, for each level i € [0, L], let H; be the set of cells in G; whose frequencies are
returned by HEAVY-HITTER in the RetrieveFrequency procedure. For each C € H;, let
|/C\| be the returned frequency of C. Let H] be the set of cells in G; whose frequencies
are returned by a K-set in the RetrieveFrequency procedure. Then H; and H] are

complements in G;.

Lemma 3.8.1. Let L' = L+ 1. Fiz e,p € (0,1/2). Let Z* C [A]? be a set of optimal
k-centers for the k-median problem of the input point set. For each i € [0, L], if at most
ekl /p cells C in G; satisfy d(C,Z*) < A/(2°7'd), then with probability 1 — p/L’, the

following two statements hold:

1. ECEHi(‘a —[€]) (d(e(C), Z) — d(e(CP), Z))‘ < 6257_ for every Z C [A]%.
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2. Y ey ICldiam(C) < BOPT for § = 3d°/

Proof of Lemma 3.8.1. Let L' = L + 1. Fix a value 7 € [0, L] and then W = A /2" is the
width of a cell in G;. Since at most ekL'/p cells in G; satisty d(C, Z*) < W/(2d), then of

the remaining cells, at most 2kL’/p cells can contain more than pdOPT/(WkL') points.

t dePTw _ pOPT

Wi 2d — spp to the cost which

This is because each such cells contribute at leas

sums to OPT. Therefore, at most (e + 2)L'k/p cells contain more than pdOPT/(WEkL’)
points.

The number of cells in grid G; is at most N = (1 + 29)? (and perhaps as few as 2%,
depending on the random vector v), so HEAVY-HITTER receives cells of at most N types.
Enumerating all cells C' € G; such that |C;| > |Cj41], define f; = |C}]. Algorithm 1
sets k' = (e + 2)L'k/p, and the additive error of the estimator of f; of HEAVY-HITTER is
given by EIN/Z;'V:;@/H f7. We know that for all j > K’ the value f; < pdOPT/(WEL').
Moreover, the sum Zjvzk, +1f5 < 2dOPT/W because each point is at distance at least
W/(2d) to a point of Z*. Under these two restraints, the grouping of maximal error is
with f; = pdOPT/(WEkL') for k' < j <k'+2kL'/p and f; =0 for j > k' + 2kL'/p. Then
the additive error becomes €/2p/(kL')dOPT/W .

The error from a single cell C; is at most | f; — fj|\/EW, and HEAVY-HITTER gaurantees
with probability 1 — & that |f; — f;| < ¢'\/2p/(kL')dOPT/W for every j. Therefore to
ensure total error over all &’ cells is bounded by eOPT/(2L'), we set ¢ < € ST B
Setting 0 = p/L’, the above bound holds with probability at least 1 — p/L’.

For the second claim, we must bound ZCEH; |C|. H; consists of the top k' cells
when ordered by value of fj This may differ from the top k' cells when ordered

by value of f;, but if j and j' change orders between these two orderings then |f; —

firl < 2€\/2p/(kL")dOPT/W. Since the sum may swap up to k' indices, the differ-

ence is bounded by 2k'¢’\/2p/(kL")dOPT/W. By setting ¢ < | | serdEaRn s We can en-

sure that the difference is at most dOPT/W. We know that Zé\[:kfﬂ fi < 2dOPT/W,
and 50 Y eeyr [C] < 3dOPT/W. For all cells C € G;, diam(C) = vdW. Therefore
> cen |Cldiam(C) < 3d*/?0PT.
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Lemma 3.8.2. Let L' = L+1. In Algorithm 1, fizing e, p € (0,1/2), 0 € O andi € [0, L],

if OPT/2 < o < OPT, then with probability 1 — p/(L'A*), at most (2+?le  BLOk In 5

cells of G; contain a point of S, .

Proof. Similar to the proof of Lemma 3.8.1, there are at most &' = (2+¢e)L'k/p cells C in
G; that satisfy |C| > pdOPT/(Wk) and/or d(C, Z*) < W/(2d). Considering the other cells,
together they contain at most 2dOPT/W points. So by a Chernoff bound, with probability
1 — p/(L'A) at most O(2dm; ,0PT/(Wp)) < 24d4L’3kln%/e2 points are sampled. The

claim follows since each non-empty cell must contain at least one point. O

Proof of Theorem 3.53.6. Let L' = L +1. W.lLo.g. we assume p > A~ since otherwise
we store the entire set of points and the theorem is proved. By Lemma 3.2.2, with
probability at least 1 — p, for every level i € [0, L], at most ekL'/p cells C in G, satisfy
d(C,Z*) < A/(21d). Conditioning on this event, we will show 1) in the query phase,
if o* < OPT, then with probability at least 1 — 4p, S is the desired coreset; 2) there
exists o < OPT in the guesses O = {1,2,4,..., A%} such that with probability 1 — 4p,
none of the K-set structures return Nil. 1) and 2) guarantee the correctness of the
algorithm. Note that one can always rescale p to p/9 to achieve the correct probability
bound. Finally, we will bound the space, update time and query time of the algorithm.

To show 1), we first note that the coreset size is at most O(K L) as desired. Then by
Lemma 3.3.2, we only need to show that with probability at least 1 — 4p, for any k-set
Z C [A]¢ and any level i € [—1, L],

eOPT

’COSt(givz) - (;)?C(QZ,ZM < I

where the value of each \/C\'] is returned by RetrieveFrequency. For each level i, we
denote C; as the set of cells that gets frequency from a HEAVY-HITTER instances in the
RetrieveFrequency procedure, and S; = {p € C : C & C;, ho-;(p) = 1} be the set of

points sampled in the rest of cells. Since KS,-; does not return Fail, then for each
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C € G;\Ci, \ | = 1S;NC|/mi(0*). Fix a k-set Z C [A]%, we rewrite the cost as,

cost(Gi, Z Z |C| Z) — +Z —d(c;, 2)))/mi(0"),

CceC; pES;

where C¥ is the parent cell of C in grid G;_;. By Lemma 3.8.1 we have that, with

probability at least 1 — p/L’, for every Z C [A],

>~ [l (dle(€), 2) — d(e(CT), 2)) = Y le] (d(e(C), 2) - d(e(€”). 2)) | < 1

CeC; ceC;

and that, Yccg.\ ¢, [Cldiam(C) < 3d*20PT. Conditioning on this event, by Lemma 3.3.4,

with probability at least 1 — p/(L'A*),

> (d(e, 2) —d(e ' 2)))/m = Y [C(d(e(C), 2) = d(e(C?), 2))| <

PES; CeGi\C;

By a union bound, we show with probability at least 1 — 4p, for any k-set Z C [A]¢ and

any level ¢ € [—1, L],

[cost(Gi, Z) — cost(Gy, Z)| <

as desired.
To show 2), we will consider some OPT/2 < 0 < OPT. By Lemma 3.8.2 with probablity

at least 1—p/A*e the total number of cells occupied by sample points in each level is upper

bounded by K = (2+€p)” + 24diLl5’“ ln . Thus by the guarantee of the K-Set structure,
with probability at least 1 — p, none of the KS,,KS, ...,KS, ; will return Fail.
The memory requirement of the algorithm is determined by the L instances of HEAVY-HITTER and
the dL? instances of K-set. By Theorem 3.3.5, each instance of HEAVY-HITTER requires
O ((K' + 25)log & logm) bits of space. Here N < (1 4+ A/W)* < A% and m is the maxi-
mum number of elements active in the stream. Since we require that at most one point
exists at each location at the same time, we have that m < N. The parameters are set to

K =(2+e)Lk/p, ¢ = <e m), and 0 = p/L. This translates to a space bound

115



of O (dL + log ) LYk Yits. For each K-Set data structure, it requires

574 2
O(KdLlog(KL/p)) =0 <d L7k + dkL > dhL

5 log

€ €p

bits of space. In total, there are O(dL?) K-Set instances and thus all K-Set instances
cost O< A AL dQLp“) logczf—pL bits of space. By the same argument as in the offline
case, the last paragraph of the proof of Theorem 3.3.3, the size of the coreset is at most
O((K + K)L) = O(d*kL* 2 + kL?/p) points. Finally, to derandomize the fully random
functions, we use Nissan’s pseudorandom generator [54] in a similar way used in [42]. But
our pseudo-random bits only need to fool the sampling part of the algorithm rather than
whole algorithm. We consider an augmented streaming algorithm A that does exactly the
same as in CoreSet but with all the HEAVY-HITTER operations removed. Thus all K-set
instances will have identical distribution with the ones in algorithm CoreSet. A uses
O(KdLlog(KL/p)) bits of space. To fool this algorithm, using Nissan’s pseudo-random
generator, the length of random seed to generate the hash functions we need is of size
O(KdLlog(KL/p)log(|O|A%)) = O ((% + d?’LpLS) log Cl:f—f). This random seed is thus
sufficient to be used in Algorithm CoreSet. Thus the total space used in the algorithm
is O <(d7kL7 + @) lo 0g <= dkL + & kL ) bits.

Regarding the update time, for the HEAVY-HITTER operations, it requires O(Llog N) =

O(dL?) time. For the K-set operations, it requires |O|LO(log(K L/p)) = dL*1og(dkL/(pe))
time. The de-randomized hash operation takes O(dL) more time per update. The final
query time is dominated by the HEAVY-HITTER data structure, which requires poly(d, k, L, 1/¢)

time. O

3.9 Full Construction of Positively Weighted Coreset

In this section, we will introduce a modification to our previous coreset construction,
which leads to a coreset with all positively weighted points. The high level idea is as
follows. When considering the estimate of the number of points in a cell, the estimate

is only accurate when it truly contains a large number of points. However, in the con-
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struction of the previous section, we sample from each cell of each level, even though
some of the cells contain a single point. For those cells, we cannot adjust their weights
from negative to positive, since doing so would introduce large error. In this section, we
introduce an ending level to each point. In other words, the number of points of a cell
is estimated by sampling only if it contains many points. Thus, the estimates will be
accurate enough and allow us to rectify the weights to be all positive.

This section is organized as follows. We reformulate the telescope sum in Subsec-
tion 4.1, provide a different construction (still with negative weights) in Subsection 4.2,
modify our different construction to output non-negative weights in Subsection 4.3, and
move this construction into to the streaming setting in Subsection 4.4. For simplicity of

presentation, we will use Ai, Ao, ... to denote some fixed positive universal constants.

3.9.1 Reformulation of the Telescope Sum

Definition 3.9.1. A heavy cell identification scheme H is a map H : G — {heavy,
non-heavy} such that, h(C_1) =heavy and for cell C € G; fori € [0, L]

1.af|C] = ii(’ﬁroll)gl then H(C) = heavy;

2. If H(C) = non-heavy, then H(C') = non-heavy for every subsell C' of C.

3. For every cell C in level L, H(C) = non-heavy.

4. For each i € [0,L], {C € G; : H(C) = heavy}| < Al:L, where Ay < 10 is a positive

universal constant.

The output for a cell not specified by the above conditions can be arbitrary. We call a cell
heavy if it is identified heavy by H. Note that a heavy cell does not necessarily contain a

large number of points, but the total number of these cells is always bounded.

In the sequel, heavy cells are defined by an arbitrary fixed identification scheme unless

otherwise specified.
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Definition 3.9.2. Fiz a heavy cell identification scheme H. For level i € [—1, L], let
C(p,i) € G; be the cell in G; containing p. The ending level I(p) of a point p € P is the

largest level i such that H(C(p,i)) =heavy, and H(C(p,i+ 1)) =non-heavy.

Note that the ending level is uniquely defined if a heavy cell identification scheme is

fixed. We now rewrite the telescope sum for p as follows,

where ¢;' = 0 and ¢, = p. For arbitrary k-centers Z C [A]%, we write,

d(p, 7) = S\ (dl), 2) = (7, 2)) + d(cf, Z) = d(c,”, Z) + d(0, Z)
Let P, be all the points with ending level I(p) = [. We now present the following

lemmas.

Lemma 3.9.3. Let P; be the set of points with ending level i. Let Z* C [A] be a set of
optimal k-centers for the k-median problem of the input point set. Assume that for each

€ [—1,L], at most ek(L+1)/p cells C in G; satisfy d(C, Z*) < A/(2"'d). Then

A\/_

1P| - < \od*?0PT,

where Ay > 0 is a universal constant.

Before we prove this lemma, we first introduce the following lemmas to bound the

cells with a large number of points.

Lemma 3.9.4. Assume that for each i € [0, L], at most ek(L+1)/p cells C in G; satisfy

d(C,Z*) < AJ(27Yd). Then for any r > 0 there are at most % cells that satisfy

2¢pdOPT
ICl = Sisna:

Proof of Lemma 3.9.4. Let L' = L + 1. Fix a value i € [0, L] and then W = A/2 is

the width of a cell in G;. Since at most ekL/p cells in G; satisty d(C,Z*) < W/(2d),

dePTW _ pOPT
rWkL' 2d ~—  2rkL’

then of the remaining cells, each contribute at least to the cost, and

the cost of these cells is at most OPT. Therefore there can be at most 2rL'k/p cells

118



such that d(C, Z*) > W/(2d). Along with the at most ekL’/p cells (by the assumption)
such that d(C, Z*) < W/(2d), there are at most (e + 2r)L'k/p cells that contain at least

pdOPT /(rWkL') points. O

Lemma 3.9.5. Assume that for each i € [0, L], at most ek(L+1)/p cells C in G; satisfy

d(C,Z*) < AJ(2"1d). Then fori € [—1, L], the points of P; can be partitioned to at most

k= 2(e+6)k(L+1)
14

such that G; € C, |G| < 5%.

groups, G1,Gs, ..., Gy, such that for each j € [K'], there exists a C € G;,

Proof of Lemma 3.9.5. Let L' = L+ 1. For each heavy cell in G;, if the number of points
falling into its non-heavy subcells (in G;1) is less than %, we group all these
subcells into a single group. Let the groups formed this way be called type I, and by
Property 4 of Definition 3.4.1 there are at most (e + 4)kL'/p type I groups.

For each of the remaining heavy cells in G;, we group its subcells into groups such that

each group contains a number of points in the interval [QHp dOPT, 520 dOPT). This can

kLA kLA
. ) i+1 i—1 )
be done since each non-heavy subcell contains less than 2 k‘ﬁgPT 42 ;ﬁgPT points,

2:=1pdOPT

and the total number of points contained in them is at least A

(otherwise we
would have formed a type I group). Let the groups formed this way be called type II. By
the assumption of of Lemma 3.9.3, at most %f, of these non-heavy subcells are within

distance from an optimal center of Z*. Since each type II group contains at least

21+2d
% points, by the same argument as in Lemma 3.9.4, the number of type II groups

further than distance from an optimal center is at most SIZL We conclude that,

21+2d

e+ 4)kL N (e +8)kL’
p P

k:/ S (
Proof of Lemma 3.9.3. Let L' = L+1. Fix a value ¢ € [—1, L] and then W = A /2 is the
upper bound of the width of a cell in G;. Let G1, G, ... Gy be group of points satisfying

AVd 2i+1,dOPT  AVd NEL  271pdOPT Avd
Lemma 3.9.5. Thus, > p S < Y icw =m0 < 55 a0 <

\od®20PT for some universal constants X and \s. O

Proof of Proposition 3.9.10. First notice that the weighted set satisfies the about condi-

tion is an e-coreset. If we replace each |a| by the exact number of points in |C;|, then the
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new weighted set is an (¢/2)-coreset. For each C € G, let be be the new value returned by
the algorithm, and b, is the new value of a point ¢ € S. The error of the cost introduced

is at most,

AVd
2

A:i Sl -tel+ Y

=0 \ Ceg;: heavy PES;_1

1
—b
(e )

By the procedure, the new value of a cell is always smaller than its original value, thus

AVd &

A:i > ycy—bc+z<

=0 Ceg;: heavy PES;_1

where
AVd
gi = Z |C| 9i -
CegG;:heavy PES;i—1
Let
— Si_i1ncC AVd
= X Ja-@+ > PR e | S

CegG;:heavy C'€G;_1:heavy

Thus f; < €OPT/L by choosing appropriate Ag. Now consider heavy cell C € G;, let

A 1Sine
S¢c = ’bC - Zcegi+1:heavy ‘C‘ | 7: “ Then7

U - SinC
= fie-El+iel-1cl- ¥ @-1en- (BLD-jpnc)

C’'€G;t1:heavy

IN

be—[Cl| +[icl— el + > |iel-ie

C'€G;41:heavy

4 'Si: ‘_p mcy’ 39)

Then

g = ZScAf+ >, Af it fat fe (310)

T =2
CeGi pESi—1 " !
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Since g_1 = f_1 =0, thus

% L

i—1 L L
j=0 1=0 =0

j=1 i=1

Remark 3.9.6. The multiset of centers of heavy cells with each assigned a weight of the
number of points in the cell is a O(d*/?)-coreset. This can be easily seen by removing
the term of d(c, Z) — d(cfg(p), Z) from Equation (3.9.1) together with Lemma 3.9.3, which

bounds the error introduced by this operation.

3.9.2 The New Construction (with arbitrary weights)

For these heavy cells, we use HEAVY-HITTER algorithms to obtain accurate estimates of
the number of points in these cells, thus providing a heavy cell identification scheme. For
the non-heavy cells, we only need to sample points from the bottom level, G, but with
a different probability for points with different ending levels. We present the following

lemma that governs the correctness of sampling from the last level.

Lemma 3.9.7. If a set of points P; C P satisfies \PZ]A\/E/(QZ) < BOPT for some 3 >

2¢/(3(L + 1)), let S; be an independent sample from P; such that p € S; with probability

2 kd
ri > min 3a(L +1) AVdp 1 2AM(L+ 1) 1
2ie20 p

where 0 < o < aOPT for some a > 0. Then for a fived set Z C [A]?, with probability at

least 1 —p/((L+1)Delta™?), | 3 g (d(ch, Z) = d(p, Z))/mi =3 e p (d(c}, Z) —d(p, Z))| <

cOPT
L+1 -

Proof. The proof is identical to that of Lemma 3.3.4. [

Lemma 3.9.8. Consider a set of sets { P,}1, which satisfies |P;|Avd/(27) < %OPT

for some B > ¢/(3(L +1)). For each i € [0, L], let S; be an independent sample from P,

with sampling probability

4 3
m; > min aﬁk([]% D) Avd log 2,1
2ie2po )
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where 0 < 0 < aOPT for some a > 0, then with probability at least 1 — 9,

Si0El b AVd _ _epoPT
e Y2t T R(L+1)%
Proof of Lemma 3.9.8. The proof is simply by Bernstein inequality. Let t = %,

X, = lpes,/mi, then we have that Var(X,) < 1/m; and b := max, |X,| < 1/m. By

Bernstein’s inequality, for any j € [K],

PN S,
pr|| 205y

T

2
>t1 < ¢ AT < 6, -

We now describe the new construction. This essentially has the same gaurantee as
the simpler construction from the previous section, however the benefit here is that (as
shown in the next subsection) it can be modified to output only positive weights. In the
following paragraph, the estimations |/C\| are given as a blackbox. In proposition 3.9.9 we
specify the conditions these estimations must satisfy.

Non-Negatively Weighted Construction Fix an arbitrary heavy cell identification
scheme H. Let P, be all the points with ending level [(p) = [. For each heavy cell C, let |/C\|
be an estimation of number of points of |C|, we also call |/C\| the value of cell C. For each
non-heavy cell C', let ]67\ = 0. Let S be a set samples of P constructed as follows: S =

S_1US UST, U...USL, where S) is a set of i.i.d samples from P, with probability 7;. Here m;

- : — i [ Azd?AL2 2LAF Aad?kL3A 30kL?
for I € [—1, L] is redefined as,m_nun( 3. log p + M log pe , 1) where

A3 > 0 and Ay > 0 are universal constants. Our coreset S is composed by all the sampled
points in S and the cell centers of heavy cells, with each point p assigned a weight 1/,

and for each cell center ¢ of a heavy cell C € G;, the weight is,

_1sinc|

wie) =lel- Y el- o

C':C/Egi+1,C,CC,
C’ is heavy

(3.11)

For each non-heavy cell C except for those in the bottom level, wt(¢(C)) = 0. The weight
of each point from S is the value of the corresponding cell in the bottom level.

We now state the following proposition for a coreset construction, which immediately
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serves as an offline coreset construction.

Proposition 3.9.9. Let H be an arbitrary heavy cell identification scheme. Fiz Q(A™4) <

p < 1 and for each heavy C € G; in level i, ]/C\] is an estimation of number of points in

C with additive error at most /\SLZS/Q . QZ‘ZZLOAPT, where A5 > 0 1s a universal constant. Let

S; be the set of i.i.d. samples of P, with probability m (o). If 0 < o < OPT, then with

probability at least 1 — 4p, for every k-set Z C [A],

qES pEP

< €OPT.

And the coreset size |S| is

A3 LAk 1. kL\ OPT
O{ 5 (d—l——log—)o—].
€ p p 0

Proof of Proposition 3.9.9. Fix a k-set Z C [A]%. First notice that,

cost(2) = 3 wila)d(a, 2)

qgeS

“ — —~ 1S;nC| d(p, Z)
D SN - R DI RN PEURIRS St

i=—1 |CE€G;:C heavy C':C'€Git1,C'CC, ! pES; !

C’ is heavy

= A P d(p7 Z) - d<C;;7Z)
=> 1 Y. lelde(©), 2) —d(e(C”), 2) + > — :

i=—1 LC€&G;:C heavy PES; !

(3.12)

where we denote d(c(C,),Z) = 0 for convenience. Let cost(Z) = > pep d(p, Z). Note

that we can also write the true cost of Z as

L—-1

cost(Z2) =D | Y. [Cl(d(c(C), Z) — d(c(CP, 2))) + > dlp, Z) — d(c, Z)

i=—1 LC€&G;:C heavy pEPR;

We have that,

cost(Z) — cost(Z) = Ay + Ay,
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where

Alzi[ S (€] - IeN(d(e(©), 2) — d(e(c”, 2)))

i=—1 LC€G;:C heavy

and

AF}_j(Zd(p’Z) 2 S dp.2) - d(e, 2)

i=—1 \peS; peP;

Let Z* C [A]? be a set of optimal k-centers for the k-median problem of the input
point set. By Lemma 3.2.2, with probability at most 1 — p, for each i € [0, L], if at most
ek(L 4+ 1)/p cells C in G; satisfy d(C, Z*) < A/(2""'d). Conditioning on this event, we

have that, by Lemma 3.9.4 there are at most k' = O <%) heavy cells per level. Since for

each C € G, |/C\| — |C|’ < )\5L€d3/2 : zi”:j?f—r, by choosing appropriate constant A5 > 0 we
have
L—1 .
A<D > (el - lend(e(c), 2) - d(C(CP,Z)))‘
i=—1 |C€G;:C heavy
2 pdOPT AVd _ €OPT
<LK —— . Ve 1
- AsLd3/2 KLA 20 7 2 (3.13)
For A, let

AQi:(Zd(p’Z) —de, ,Z)).

PES; pEP;
By Lemma 3.9.3, for each i € [—1,L — 1], |P|AVd/(2)) = X\y(d*?0PT). Thus by
Lemma 3.9.7, and choosing appropriate constants, with probability at least 1—p/(L + 1)A%,
|Ag;| < ;8'?&— By the union bound, with probability at least 1 — p, for every level 7, and

every k-set Z C [A], |Agy| < 6%2-{) Thus |A;| < eOPT/2. In total, with probability at
least 1 — 3p, |A; + Ag| < €OPT for any k-set Z C [A]%.
The coreset size is the number of heavy cells plus the number of sampled points. The

number of heavy cells is O(kL?/p). The expected number of sampled points per level is

d* L3k d3L%k kL OPT
\SZ-|:O< — +——log (—)) —
€ e2p p 0

at most,

By a Chernoff bound, with probability at least 1 — p/A%, for every level i € [0, L], the
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number of sampled points is,

d*L*k L3k kL OPT
|Si] SO( + log (?)> —_

€2 pe? 0

Thus the size of the coreset S is,

3[4 1 L\ oP
|S|§O[d k< k>OT}‘

5 d+ —log —
€ P

P 0

3.9.3 Ensuring Non-Negative Weights

In this section, we will provide a procedure to rectify all the weights for the coreset
constructed in the last sub-section. The idea is similar to the method used in [45]. The

procedure is shown in Algorithm 3.4.3.

Proposition 3.9.10. Let S be a weighted set constructed using the Non-Negatively Weighted
Construction, i.e. each heavy cell C has value ]/C\] and the set of sampled points S =

S_1USy...USL with each point in S; has weight 1/m. If for each heavy cell C € G;,

H/C\’ B ‘CH < €  2pdOPT

WP T for some universal constant \¢ > 0 and for each i € [—1, L]

and any k-set Z C [A],

> wt(p)(d(c, Z) — d(p, Z)) = > _(d(c}, Z) — d(p, Z))‘
’ eOPT o

2L 7

<

and
S;NC AvVd OPT
s (B0 png Vd _ coPT,
i 2 L
Ceg;: heavy
Then on input |/Cl\], \/CQ\|, N \Ek\/] and S, where k" is the number of heavy cells, the coreset

output by Algorithm 3.4.3 is a (4€)-coreset.
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3.9.4 The Streaming Algorithm
Sampling From Sparse Cells

For the streaming algorithm, we can still use HEAVY-HITTER algorithms to find the heavy
cells. The major challenge is to do the sampling for each point from its ending level. We
do this using a combination of hash functions and K-Set. In Algorithm 3.9.4, we provide
a procedure that recovers the set of points from cells with a small number of points and

ignore all the heavy cells. The guarantee is,

Theorem 3.9.11. Given as input a set of dynamically updating streaming points P C
[N], a set of mutually disjoint cells C C [M], whose union covers the region of P.
Algorithm 8.9.4 outputs all the points in cells with less than [ points or output Fail.
If with the promise that at most « cells from C' contain a point of P, then the algo-
rithm outputs Fail with probability at most 6. The algorithm uses O(af(log(MpB) +

log N) log N log(log Na5/§) log(a3/9)) bits in the worst case.

The high level idea of this algorithm is to hash the original set of points to a universe
of smaller size. For cells with less points, the collision rate is much smaller than cells
with more points. To recover one bit of a point, we update that bit and the cell ID and
also its hash tag to the K-Set-data structure. If there are no other points with hash
values colliding with this point, the count of that point is simply 1. If this is the case,
we immediately recover the bit. By repeating the above procedure once for each bit, we
can successfully recover the set of points with no colliding hash tags. For those points
with colliding hash tags, we simply ignore them. Each point has a constant probability
to collide with another point, thus not be in the output. By running the whole procedure
O(log(afB/€)) times in parallel, we reduce the probability to roughly e for each point
in cells with less than § points. To formally prove Theorem 3.9.11, we first prove the

following lemma, which is the guarantee of Algorithm 3.9.4.

Lemma 3.9.12. Given input a set of dynamically updating streaming points P C [N],
a set of mutually disjoint cells C C [M], whose union covers the region of P. Algo-

rithm 3.9.4 outputs a set of points in cells with less than 3 points or output Fatil. If with
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the promise that at most o cells from C' contain a point of P, then the algorithm outputs
Fail with probability at most 6. Conditioning on the event that the algorithm does not
output Fatl, each point p from cell with less than B points is in the output with marginal
probability at least 0.9. The algorithm uses O(af(log(M B)+log N)log N log(log Na5/9))

bits in the worst case.

Proof. We prove this lemma by showing that (a) if a point p € P contained in cell C,
with |C N P| < B, then with probability at least 0.99, there are no other points p’ € CN P
with H(p) = H(p'), (b) conditioning on the event that the algorithm does not output
Fail, then for any cell C € C, if a point p € C such that no other points in C N P has the
same hash value H(p), then p is in the output and (c) the algorithm outputs Fail with
probability at most §. The correctness of the algorithm follows by (a), (b) and (c).

To show (a), consider any cell C € C with |C| < 3, let p € C with hash value H(p).
Since H is 2-wise independent, the expected number of other points hashed to the same
hash value H(p) is at most 3/U = 1/100. By Markov’s inequality, with probability at
least 0.99, no other point in C is hashed to H(p).

To show (b), notice that if the algorithm does not output Fail, then for a given cell
C, let ¢ be its ID, and p; be the j-th bit of point p. Then (c, h,p;) has 1 count and
(¢,h,1 — p;) has 0 count for each j € [t], where t = [log N|. Thus we can uniquely
recover each bit of point p, hence the point p.

For (c), since there are at most « cells, there are at most 2aU = O(«3) many different
updates for each KS structure. Therefore, with probability at most %, a single KS instance
outputs Fail. By the union bound, with probability at least 1—¢, no KS instance outputs
Fail.

Finally, the space usage is dominated by the KS data structures. Since the input data
to KS is from universe [M] x [U] x {0, 1}, each XS structure uses space O(aS(log(Mf) +
log N) log(ta3/9)) bits of memory, the total space is O(aS(log(M B)+log N)log N log(ta3/9)).

O

Proof of Theorem 3.9.11. Each instance of SparseCellsSingle fails with probability at

most 0/(4A), where A is the number independent SparseCellsSingle instances. By the
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union bound, with probability at least 1 — ¢ /4, none of them output Fail. Conditioning
on this event, the random bits of the hash functions of each SparseCellsSingle instance
are independent, thus by Lemma 3.9.12 a fixed point p € C with |C| < § is in the output
with probability at least 1071 15 < ¢/(4ap). Since there are at most o8 points in cells
with less than £ points, by the union bound we conclude that with probability at least
1 — /4, every point in cells with less than § points is in the output set S. In sum, with
probability at least 1 — d/2, S contains all the desired points.

The other KS instance outputs Fail with probability at most 6/2. Thus if 7" is not
Fail, then T contains the exact number of points of each cell. If any desired point is not
in S, then |C| > |CN S|, we output Fail. This happens with probability at most ¢ under
the gaurantee of the KSstructure.

Since each SparseCellsSingle instance uses O(aS(log(M 3)+log N)log N log(tAa3/9))
bits of space, the final space of the algorithm is O(a(log(M 3)+log N)log N log(ta3/d) log(af/9d)).

O

Algorithm 4 SparseCells(N, M, «, 3,0): input the point sets P C [N] and set of cells
C' C [M] such that at most « cells containing a point, output the set of points in cells
with less than (§ points.

Let A < log %;

Let Ri,Rs,...,Ra be the results of  independent instances of
SparseCellsSingle(N, M, a, 3,0/(4A)) running in parallel;

Let T" be the results of another parallel KS structure with space parameter v and error
d/2 and with input as the cell IDs of points in P; /*T returns the exact counts of
each cell*/

if any of the data structures returns Fasl:
| return Fail;

LetS<—R1UR2U...RA;

if 3set CeT with |C| <5 and |C| #|CNS|:
| return Fazl;

return S;

The Algorithm

With the construction of algorithm SparseCells, we now have all the tools for the
streaming coreset construction. The streaming algorithm is composed by O(L) levels

of HEAVY-HITTER instances, which serve as a heavy cell identifier and by O(L) levels
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Algorithm 5 SparseCellsSingle(N, M, «, 3,9): input the point sets P C [N] and set
of cells C' C [M] such that at most « cells containing a point, output the set of points in
cells with less than [ points.
Initization:
U + 1008 .
t < [log N;
H : [N] — [U], 2-wise independent;
K-Set structures KSy,KS,, . ..KS; with space parameter 2aU and probability %;
Update(p,op):  /*op € {Insert,Delete}*/
¢ < cell ID of p;
for i € [t]:
/*A point p is represented as (p1, p2, ..., p:)*/;
p; < the i-th bit of point p;
KSi.update((c, H(p), pi)> Op);

Query:
if for any i € [t], KS; returns Fail:
return Fa<il;

S« 0;
for each (c,h,p1) in the output of KS;:
if (¢, h,p;) ¢ KS; for some j € [t]:
/*A checking step, may not happen at all*/;
return Fail;

Let s(c, h,p;) be the counts of (¢, h,p;) in KS;;

if s(c,h,pj) =1 and s(c,h,1 —p;) =0 for each j € [t]:
P+ (p1,p2, -5 e);
S+ SU{p};

return S

of SparseCells instances, which sample the points from their ending levels. The full
algorithm is stated in Algorithm 6. The guarantee of the algorithm is stated in the

following theorem.

Theorem 3.9.13. Fiz ¢,p € (0,1/2), positive integers k and A, Algorithm 6 makes a

single pass over the streaming point set P C [A]?

, outputs a weighted set S with non-
negative weights for each point, such that with probability at least 0.99, S is an e-coreset

for k-median of size O [dgf# (d—{—%log %)], where L = log A. The algorithm uses

O [‘ﬂgk (de + %log2 d}f—f(log log d}f—f + L)) log? dj—eL] bits in the worst case. For each up-
date of the input, the algorithm needs poly (d, 1/e, L,1og k) time to process and outputs

the coreset in time poly(d, k, L,1/e,1/p,log k) after one pass of the stream.
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Proof. W.lo.g. assume p > A~9 since otherwise we can store the entire set of points.
In the sequel, we will prove the theorem with parameter O(p) and O(e). It translates to
p and e directly by scaling and with losing at most a constant factor in space and time
bounds. By Lemma 3.2.2, with probability at least 1 — p, for every level i € [0, L], at
most ekL/p cells C in G; satisfy d(C, Z*) < A/(2"71d). We condition on this event for
the following proof.

We first show that the HEAVY-HITTER instances faithfully implement a heavy cell iden-
tification scheme. First note that with probability at least 1 — p, all HEAVY-HITTER in-
stances succeed. Conditioning on this event for the following proof. As shown in the proof
of Lemma 3.8.1, by setting € = €, /W and k' = A\gkL/p, for appropriate positive uni-

versal constants A7, A\g, then the additive error to each cell is at most

€ 2tdOPT
Nd2L kLA for

some universal constant Ag, which matches the requirement of Proposition 3.9.10. For
each cell C with at least 2°pdOPT/(k(L + 1)A) points, by Lemma 3.9.4 it must be in the
top (e+2)k(L+1)/p cells. For each cell C' with at least 2°~*pdOPT/(k(L+1)A) points, it

must be in the top (e+4)k(L+1)/p cells. Since the additive error is T E(gglp)—g <

%E(ggf Z. Thus C is in the output of the HEAVY-HITTER instances, since otherwise

i~ ~ 12:dOPT 20dOPT
Cl < 2 k(L+1)A + )\7d3/2€(L+1) "RIADA

~—

contradicts the error bound (by choosing sufficiently
large 7). Thus the algorithm faithfully implements a heavy cell identification scheme.
Now we show that if there exists an o < OPT such that no instance of SparseCells out-

puts Fail, then the result is a desired O(e)-coreset. This follows by Proposition 3.9.9 and

Proposition 3.9.10. Then we note that the coreset size is upper bounded by O [dggk (d + Llog AL

p

as desired.
Next we show that there exists an OPT/2 < o* < OPT that with probability at
least 1 — p, no SparseCells instance SC,; outputs Fail. By Chernoff bound, with

probability at least 1 — O(p), as also shown in the proof of Proposition 3.9.9, per

level at most O [d3L24k <d + %log %) Oflf'l’] cells is occupied by a point. And at most

€

(@) [dif (pd + log % + & log %)} points is sampled per light cell. Conditioned on this
fact and that each instances fails with probability at most O(p/(dL)), with probability

at least 1 — O(p), no nstance SC,-; fails.
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Lastly, we bound the space usage and update/query time. For the HEAVY-HITTER in-

stances, the total space used is O (dL + log = > A" L7k bits, analogous to the proof of Theo-
rem 3.3.6. Each SparseCells instance uses space O [dLe—JQk <de + T(log—pﬂrL))] , where
r = log d[’f—f. The total space bound is O [% (de + 7«2(10g—pr+L)ﬂ bits. As a same
argument in the proof of Theorem 3.3.6, the cost of de-randomization introduce an addi-
tional dL factor. Thus, the final space bound is O [% < dL + M)} bits. The
query time and update time is similar to that of Theorem 3.3.6 thus poly <d Ll k)

’e’p’

and poly (d, L, %, log k)

3.10 Synthetic Dataset

n=65536
450

400

350 =

300
250 -
200 - @

)
150 = ©

100 +

50 | 1 1 1 1 1 | ]
50 100 150 200 250 300 350 400 450

Figure 3.5: 65536 points are drawn from a Gaussian Mixture distribution. The contours
illustrate the PDF function.
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Algorithm 6 PositiveCoreSet(S,k, p,€): construct a e-coreset for dynamic stream S.
Initization:
Initialize a grid structure;

O — {1,2,4,... VA, L — [log AT; 7i(0) «
min (’\3;?0L2 log <2L§dk> + MSZ%SA log 3052]“2, 1); «Q — O [d?’f# (d + ll) log %Lﬂ ,

ﬁ<—0[di§2 (pd+log%+ﬁlog%)],e’(—e,/hkd#?,m;me();

For each o € O and ¢ € [0,L], construct fully independent hash func-
tion he; = [A]Y —  {0,1} with Pry, (hoslg) = 1) = m(o); initialize
SparseCells(A4 (1 + 29 a, 3,0(p/(dL))) instances SC,;

Initialize HEAVY-HITTER(A? 10Lk/p, €, p/L) instances, HHy,HHy,...,HH; ;, one for a
level,

Update (S5):
for each update (op,q) € S:
/*op € {Insert,Delete}*/

m <4 m=1; /*Insert: +1, Delete:—1%/
for each i € [0, L]:

cf] <+ the center of the cell contains g at level i;

HH;.update(op, ¢} );

for each o € [O]:

if h,i(q) == 1:
| SC,i-update(op, ¢, );

Query:
Let o* be the smallest o such that no instance of SC,,S8C, 1, . ..,SC, 1 returns Fail,;

S+ {}

C_; + the cell of the entire space [A]¢; @ —m;
for i € [0, L — 1]
C; < HH;.query().top((e +4)(L + 1)k/p);
Remove cells C from C; if CP(C) ¢ C;_1, where CF(C) is the parent cell of C in
level 7 — 1;
B; + SCy+ ;.query();
Si < {p € BZ : C(p,l — 1) € Oi—l AND C(p,l) g CZ},
Each point in §; receives weight 1/m;(0*);
S« SUS;
K= o 1Cil;
Let {C1,Cs,...Cir} = Uicpo,)Ci U {C_1} be the set of heavy cells;

—_

Let {|/Cl\\, ICal, ... \Ck/]} be the estimated frequency of each cell;

R+ Rectinyeights(|/C-1\|, |/C2\|, e |Ek\/|, S);
return R.
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