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Analytical Formulae for Phase Voltage RMS
Squared and THD in PWM Multiphase Syste

Obrad DordevicMember, IEEE Martin Jones, and Emil LeviFellow, IEEE

Abstract—The analysis and assessment of the pulse width
modulation PWM techniques is commonly based on the
comparison of the total harmonic distortion (THD) results. THD
isusually calculated by application of the Fourier transformation
and by taking a limited number of harmonics into the
consideration. In this paper derivation of analytical formulae for
the phase voltage THD is presented. The considered system isa
symmetrical multiphase star-connected load, supplied from a
multilevel pulse width modulated voltage source inverter (three-
phase case is also covered). The solution is based on the
Parseval’s theorem, which links frequency spectrum and time
domain through the average power (i.e. RMS squared value) of
the signal. The assumption throughout the derivationsis that the
ratio of the switching to fundamental frequency is high.
Derivations are based on the integration of the power of the
PWM signal in a single switching period over the fundamental
period of the signal. Only ideal sinusoidal reference voltages are
analysed, and no injection of any type is considered. Formulae
for phase voltage THD for any number of phases are derived for
two- and three-level cases, for the most commonly used carrier -
based methods. Comparison of the analytically obtained curves
with simulation and experimental results shows a high level of
agreement and validatesthe analysis and derivations.

Index Terms—Analytical derivation, multilevel inverter,
multiphase system, total har monic distortion.

|I. INTRODUCTION

obtained by means of the pulse width modulation (PWM).

The importance of the THD as a measure of the wawvefor
quality is highlighted in1], where the risk of taking a THD
indiscriminately as a figure of merit is also emphasisets
shown, using a simple example of a leg voltage, that two
completely different square-waveforms can result in tingesa
THD although the distribution of the energy in the speutis
totally different. Hence [1] discusses some other parameters
such as weighted THD (WTHD) or normalised THD/WTHD,
that are regarded as more appropriate for evaluatsignal
quality. In order to define the WTHD, it is necessary to
assume that all the voltage harmonics see the same inckictan
This is a perfectly valid assumption in three-phase myste
but, unfortunately, it does not apply to multiphase moto
drives. This is so since, when the phase number isdiive
more, there are two (or more) planes into which voltage
harmonics map and the inductance presented to the harmonics
in these planes is in general different (for example, finea
phase induction motor drive, voltage harmonics in the first
plane see an inductance that is approximately the suheof
stator and rotor leakage inductances, while harmonics appe
into the second plane see an inductance that equals atdy st
leakage inductancg2]). Thus, although the THD has
drawbacks, it appears to be still the most appropriateatuti
of the multiphase inverter output voltage quality.

It should be noted that phase voltage THD analytical
formula for multilevel three-phase case operating in six-step

HE MOST common way of evaluating the total harmonianode is derived in [1]. The same method of integration was
distortion (THD) in practice is by using the numericalused in [3-5] for derivation of letp-leg (lineto-line) voltage

approach, based on calculation of the
transformation (FFT) of the signal. However, THD carals®
calculated analytically, and the aim in this papepidévelop

FourieTHD values. Analysed waveforms are of square-wave shape

rather than PWM.
The case considered in this paper is PWM operation.

analytical formulae for the phase voltage THD. Considereinalytical calculation of the PWM modulated multilevel
system is am-phase symmetrical star-connected load (e.gnverter leg voltage THD has already been considered,in [6

induction machine) supplied from a multilevel-l€vel)

voltage source inverter (VSI). Tliverter output voltage is
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7]. The solution given in [6] is analytical and iveh for the
leg voltage THD and for the WTHD (assuming the same
inductance for all voltage harmonic$) has been developed
for the most typical numbers of levels (two, three and, f
individually for each). The research of [6] was extenddd]in
with an attempt at generalisation for an arbitrary nemrdf
levels. A complete full analytical expression for theg |
voltage THD for multilevel VSI supply is derived in [8].

It appears that the issue of inverter output voltage quality
continues to be predominantly studied in relation to three-
phase systems (e.g., I18}). This is in contrast to the situation
related to the current ripple, which has been extensively
covered in recent times for drive systems with more these
phases (e.g., [2], [11-12]). General analytical formulae for the
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phase voltage THD are therefore given in this paperhfer tin discrete domain (4) becomes:

first time. Circumstances when results are valid areagxgd. 1& KL,

The same ideas of integration and derivation of the general P=sz[k]2 =Z|5h| ()
formulae hae been used in1p15]. However, the results in here X, are com Iexk:\l/alues o:‘:?[he Fourier transformation
[13-15] are actually not applicable to the voltage wavesornt" =h 7 P _ _ _ _

that they were aimed for. (complex series) of the signalt) in (4), i.e.{ k] in (5).

The results arrived at in the paper can be used to comparéf signal x(t) (i.e. xk]) is real, the spectrum will be
the output voltage quality of systems with different PWMyqni,gate-symmetricdll7]. Because of that, it is common in
schemes, different numbers of phases and different numibers, o ciice that instead of the full spectrum (that is symicad)y
levels. Since the inverter output voltage harmonics afhly one half is used. To keep the same energy of the

responsible for additional PWM produced iron losses i8hecirym, magnitudes of the retained components have to be
electrical machines, the results are also usefuhferpurpose.

The paper is organised as follows. A review of the basfgultiplied by J2. In this way asymmetrical spectrum with
definitions of the signal power and THBgiven in section II RMS values of the harmonics is obtained.
Powers of various output voltages in multiphase multilevel The usual way for THD calculation in practice is based on
VSIs are analysed in section IIl. Analytical formulaefbase the signal spectrum and on the FFT calculation. THD is
voltage power in two-level and three-level multiphase vsidefined as a distortion of the harmonics compared to the
are then derived in section IV. In section V, THDascalated harmonic that is of interest (useful harmonic). A dc value of
and obtained results are discussed and presented graphicHl§. signal is usually excluded from calculation (it is not
Analytical results are compared with simulation angonsidered as distortion), and this will also be assumed here

experimental results in section VI. Conclusions are gimen THD of an arbitrary real but periodic signglk] (with period

sectionVI1I. T) can be calculated as:
K- 2 k2], 2
Il. SIGNAL POWER AND DEFINITION OF THD THD(x) = thjlh| :\/ hep Ximsh (6)
2 2
Fourier transformation is closely related to the deftinitof 2|ll| Xims 1

the energy and the power of the signal. The instantaneq)ﬁere IX,| and X,., represent magnitude in the
. . Z2h rms,

power p(t)/ p(k) and the energyV of the continuous/discre- symmetrical, ie. RMS value in the single-sided

te signal x(t) / x(k) can be defined g46]: (asymmetrical), spectrum oféh™ component, respectively.

t t , K K ) One can see that the THD is a square root from theeahthe
W= I p(t)dt = I|X(t)| dt < W=> pk)=>|{k] (1) distorting power over the useful power.
kl

t t k THD in (6) can be expressed in a different way. If
wheret, andt,, i.e. k; and k,, represent instants in time Parseval’s theorem (5) for RMS values of the asymmetrical
between which the energy is calculated. spectrum and the fact thaf,. =P from (3) are applied,

For periodical signals it is very useful to define agera

. ; . I§|6) becomes:
power per signal period. The average (active) power of the

. . L - . : ] X2 _x2
continuous and (Tj|screte periodical S|gnill is defined as: THD(x) = rm)s(z rms1 @
1 2 1 2 1
P:—-[|X(t)| d < P:_Z|){k]| (2) . rms .
T% Kis From (7) THD can be easily numerically calculated from

Since X(t) and ){k] are real Values (measured Signal)t}he t|me domain W|th0ut fu” SpeCtrum Calculati(mrzm iS the
average value of the squared samples (2), (3), and the first

symbol for magnitude | | inequations (1) to (2) can be harmonic can be calculated using a part of the FFT
omitted and it will not be used further on. transformation
Note that the average power in (2) represents the mean 1K
squared value of the signal. Thus the RMS valueaof Xml:ﬁ-‘—Z(x[k]cos[wk]Jrjx[k]sin[a)k]) (8)
periodical signal can be defined as: K3
1T, where @ =27 /T and cosfwk] and sin[ek] represent th
Xims = ?J‘x(t) dt =P (3)  values of cosine/sine function at instarkswhen periodical
0

signal { k] is sampled.
In other words, average powé can be defined aRMS?.
The equation that links energy in the time and in thgy  MuyLTiPHASE MULTILEVEL OUTPUTVOLTAGE AVERAGE
frequency domain is known as the Parseval’s theorem. The POWERS
Parseval’s theorem for the periodical signal states that the o
energy in one period of the signal(t) (i.e. the average A Voltage Definitions

power P), is equal to the energy (power) in the spectfL6j: _Considered topology is a star-connected symmetrical load,
11 - Fig. 1. For the sake of generalisation, voltage values
=] :—jx(t)zdt = Z|lh|2 ) normalised with respect to the dc-bus voltgge are usedallfurth
Ty h=—0 on and are denoted as=w/V, (where v is a voltage in

Copyright (c) 2014 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.ol



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available http://dx.doi.org/10.1109/TPEL.2014.2316912

> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBERDOUBLE-CLICK HERE TO EDIT) < 3

Volts). Normalised reference voltages are assumed to be dt can be shown (please see Appendix) that if the produced

symmetrical set ofi sinusoidal signals: leg voltages form a symmetricalphase system (identical
m o waveforms in all legs, with only the difference in theage
Uph(t):ECO{wt—7(k—1)j shift of 27n  between consecutive legs), then
€)

T T
. UT| uggUey dt =1/T| u3,dt, which is the power
Ueg (t):£+m00{wt—2—”(k—l)j jo LEG Yemv jo oMy p
2 2 n P; (ugw [t]) - The first part of the integral in (11) represents

where ph=a,b,C,....,n, LEG stands for the corresponding P, (u,..[t]) . This leads to:

leg LEG= A,B,C,..., N_, and k is the phase/leg index Py (Upn[t]) = Py (U [tD) — Pr (Ugy [tD) (12)

k'=1to n. All voltages in the power circuit are referred towhjch represents an expected result.

the negative dc-bus rail (NDC), thus 1/2 dc term in £&). 1.

No injection of any type has been considered. o .
Phase voltage of a symmetrical load can be expressed ~ SPlit into two tasks: calculation of Pr(ugg[t]), and

The problem of findingP; (u,,[t]) according to (12) can be

Upr[t] = Ui ga[t] —Ucmy[t] (10a) calculation of theP; (uc,[t]) . Recall that the problem of
where determination ofP; (us[t]) has already been solved in [6-
zu 1] 8], but here it will be shown again for the analysesksausing
Ucpy[t] = LEe (10b) somewhat different approach. For calculationRa{ugy,, [t])
) . the starting point is again (2):
is the common mode voltage (Fig. 1). Leg voltages;[t] T/ N2 NoT
are obtained from reference leg voltagel . (t), by 1T I[;“'j dt IJZ::AI“'“J ol
Pr (Ucmv[t]) =T uéMV dt =2 = 0 (13)

application of a particular PWM technique. T

Further analysis is given only for the PWM methodg tha .
use two adjacent levels for creating leg voltages, andevh@ecause of symmetry, values Bf (u,u,) :1/TJ' u,u,dt are
each leg switches two times in a switching period in rotale 0
obtain reference value on average.

T-n? T-n?

o

identical for the same angular span between phasese If th
phase angle between phagk#n is denoted witho , then the

B. Power Definitions and Relationships angle span between phasés] can take discrete values of

A general expression for the average power of the phase - : ;
voltages, produced by the PWM multilevel multiphase%a where A =01,2,...,|W2]. Finally this means that the

inverter (including three-phase) case, will be ultimatelyalues of Pr(u,u,) are mutually equal for the samt. For
derived in the next section. For that purpose, powers gkample, in the five-phase case for=0, P;(u,u,)=
different voltages are to be considered. These are defise P (Uu)= P (uu.)= =P (uu,.0): for A=1
follows: Pr(u,[t]) is the phase voltage poweP; (Ucyy[t]) L TATETE AT, '
is the common mode voltage power, aRg(u g [t]) is the Pr(Uae) = PrUsu,) = Pr(Ugic) = .. =Pr(uu,,1); and
leg voltage power. Symbal in index emphasises that the

average power is calculated for one period of the fundaent = P; (u,u,,2). Note that, if | =J (A =0), then that term of

To obtain the average power of the phase voltage ,(10a) T,
general expression (2) can be used: the sumis 1/T.[0 uydt and represents the power of the leg

for A=2, Pr(uuc)= Pr(uus)=  Pr(ugup)=

17 17 voltage P; (u,-.[t]) . For eachA there are exactl airs
PT (uph[t]) =—_[Uih[t]dt :_J(UEEG _2uLEGuCMV +uémv )dt (11) g T( LEG[ ]) wn p
Ts To of 1,J that have the sam@; (u,u,,A), except forA =0 and

for the lastA =n/2 for evenn, for which there aré pairs of

[-leveln -phase VSI
[Py Fi/l_‘ ‘/Vlt]\ I,J with the same value of;(u.g) i.e. Pr(uu,,n/2).
N Y e Taking this into account, (18 be rewritten as:
v Ve MOy 2
_F V, — — Pr(Uewv[t]) == ZKAPT (ujuy,A) (14)
V . \/‘3 : . » n A=0
o ) Vo '—"V;[t] ls 0 S Coefficient K, in (14) is equal ta2 for every1<A<n/2,
V. ) ) ) v [t ! while for A =0 and for A =n/2 (that exists only for even)
v, L
(_}__'Vl Vi " — itis equal toK, =K, =1.
1.V \:/0 _2_.'_%“] i(t) LW The problem of calculation of the leg, phase and common

QDC

Fig. 1. Considered topology with used notation.

Vel ] mode voltage average powers is reduced now to calculation of
the P;(uu,), i.e. calculation of P;(uu,,A). Pr(Ugg)

Copyright (c) 2014 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.ol
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— H 5
equals PT(u,uJ,A),. for A =0, while PT(L-JCMV) and P, (U|u3)=i25k _ 1 i it +i, G, + Dt +
P;(u,,) are determined by (14) antj, respectively. s T a T,-(-1 (16)
G, + D3, +D) -ty +i (i, +Dt, +i,i,t)

Taking into account thad® t, =T,, (t,+t,)/T,=f, and
Value of P;(u,u;) can be calculated in a following way. (t, +t
3

C. Determination ofP; (u,u,)

)/ T, =f, one gets:

Becauseu, andu; are PWM leg voltage square-waveform 1

signals, this means that the process of integratidh steirt Pr_ (Uuy)=——= (i, +i f, +i, f, +t,/T))  (17)
with a switching period and progress with further integration (-1

throughout the whole fundamental period. The area under than (17) the last term in the sum in bracketg,T, , depends

product Of. two swi_tching signalg has to be calcul_ated. TQ)% the position of the pulses inside the switching periead, i.
problem will be at first analysed ﬂngen_eral case, Wh'le later on the modulation strategy. It is determined by the duration
on the focus will be on the most typical dispositionsiad t the interval during which the pulses overlap within a svirtgh

carriers, in-phase disposition PD), phase opposition . . ) .
disposition POD) and alternating phase opposition dispositior?e”Od' Thus, ira general case, instead of, avariablet,,

(APOD). An arbitrary case with two leg voltage PWM signals¢an be used. Also, it is wise to add and subtfadt, term to
u, andu,, within one switching period, is shown in Fig. 2. the other terms in a bracket in (17), and replace

Values ofi, , f, andi,, f, in Fig. 2 are defined as: (i, +f)/(1-1) and (i,+f,)/(0-1) with u and uj,
i :\_u*,J(kT )-(l —1)J respectively see (15). Thus in generdl? can be rewritten
' e (15) as:

fI,J ZU*l,J (kTs)'(I _1)_i|,J ff t T
J— * 1 ovl s
Integer parametei, , takes values0,1,2,...,(I —2), while Pr (uu;)=u, -u, Ty * (1 -1) (18)

fractional is in th . Th h hi .
ractional part Is In the range<f, , <1 roughout this Notice here that the average power of the product dfitbe

analysis it is assumed that the voltage steps of thetémazre square-wave (PWM) signale, (u,u,) is represented in a
equal and constant. s

To obtain the average power of the product of the signdRfm of the power of product of the reference signals plus term
u, and u, during one switching period, the shaded areffiat is a consequence of PWM. Also, note that the saine
shown in Fig. B has to be calculated next. The value on Pr, (Uu,) will be obtaired even if modulation strategy has

P; (u,u,) can be calculated as the total shaded area divideltiple leg transitions within the switching period, bbet
° duration of overlapped pulses,, , is the same. However,

such a modulation strategy would increase switching losses
and is not considered here.

by the switching periody:

14+ Average power of the product of the signals andu,
L, during one fundamental perio®, (u,u;), can be obtained as
i u (KT) asum, i.e. as an integral (becaufg/ f — ) of P (uu;)
-1 f,T. ulf during one fundamental peridd
T * T T
| U (KT) ) inna I
1 — u,[f P (uu)= [y dh_ 1o o
a Oot1 t, t t, t5T Tt =2 ) 1Yy (1-1)? (1-1y (19)
: =P +P +P
(i-41)(i +1) As already explained, determination of the value of
' (I—li uf-ud P,(uu,) from (19) is sufficient for determination of
i (i +1) / "(l(i)lz) Pr(Uge), Pr(ugyy) and Pr(u,,). Analytical formulae for
(1-1)? \\ i two- and three-level case and for any number of phaifidsew
i, W \Ki derived in the following section. It should be emphakise
(1-1)? %é again that only pure sinusoidal references are analysed.
b. 0 O: T IV. MULTIPHASE TWO- AND THREE-LEVEL PHASEVOLTAGE

s AVERAGE POWER
Fig. 2. Graphical interpretation of the calculationl%fs(muj ): a. Reference T L lc
wo-Level Case

signals and produced PWM signals. b. Product optieduced PWM signals. . . . L.
The first integral in (19) is independent of the number of

One switching periodl is shown.
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levels of the inverter and of the used modulation strategy. - iated. The calculation ofithintegral, P

. - , IS the most
Hence, this result will beeused for the three-level case later
on. Reference leg voltages are defined as in K@ to the complex and depends on the both number of levels and used

symmetry, PT(U*IUT] ,A) is the same for any values of and modulation strategy. In a two-level case if both signalsnd

J with the same sparh . For the sake of calculation it will U, are compared with the same carrier signal, or say in
be assumed thdt= A while J takes value of, B, C,... for general if produced pulses are centred with respect to each
different corresponding value oA =0, 1, 2,... Reference other in every switching period, the solution is simjethis
signak u; and u; are shown in Fig.& In a shown example case, the value of,, IT, is determined by the signal with a

| = A and J = B. Substitutiond = at will be used for the Smaller fractional part, i.e. with the smaller value. Thaising

sake of simplicity in calculations. Because of the symynetrinto account that =2, and because of the symmetry,

this integral can be calculated as: m+hal2 _
S rinal2 L 2 = J'uAdezlersn'(ﬂj (21)
P, =—.|.u*Au3 do=— J'u*Auz dd ==+ —cos(Aa) (20) 7T Aai2 ”
27 T Aal2 4 8 Summation of the three components yields the value of

The second integral in (19)P;, is independent of the Pr(uu,) of (19) for the two-level case in the form:

modulation strategy, but is dependent on the number dkleve o ; - 1 m_ (Aa
of the inverterIn the case of two-level inverer, according to Pr(uu) =R +FR +F =5t SN (22)

(15) integer values, , are always zero, thus, =u, and From Pr(uu,), values of Py(Ugg) P:(Ugy) and

f, =u) . Becausd =2, this means that this integral for two-
level case is again determined by the value of (20) bht thvét

opposite sign B, =—P,).

Pr(u,,) can be calculated. The value Bf(ugg) in two-
level case is determined &s(u,u,,A), for A =0:

1 m_.(0Oa) 1
Now the third integraP; of (19) with t,, term, has to be Pr(Uee) =5 -S> )73 (23)
a 1 The value ofP; (ug,,, ) can be obtained by substituting (22)
. Ao o into (14) Finally, an analytical solution for the phase voltage,
" 7;\ ° for the two-level case and any number of phases, can be
05 o obtained by substituting (23) and obtained valueFpfu,,, )
' > into (12), which leadso:
Lnlzj
Ao P Uy = 3K, sin2% (24)
0 nx A=l 2
0 4g 2 T ardgs 3al2 2m ot where K, =2 for every A, i.e. K, =1 if A=n/2 that
b 1+ N L i y exists only ifn is an even number.
N f I b2 7|
f N N .
~~LF :\ NN Jg\/\/: - L " L B. Three-Level PD-PWM Case
0 WISy 1. \J i 2 i a In the three-level case calculation of the integral&l®) is
0 g 72 %Hlla;fﬁ%a 3nl2 2r o more involved The value ofP; is independent of the number
C. 12 » . 1 ) of levels, thus it is determined again by (20). For the
. - |- R calculation of the second integrd®, , Fig. 3b will be used,
N ~ / L re *
Py % SIEEsE Fanater where two fractional parts of reference signalsand u for
05 R T ., 32 p—— the three-level case are shown. One can see thatjseech
q v G the symmetry, it is enough to determine the value of the
Tl — N y B integral in zones I, Il and Il and to multiply it by 2. Thalue
E& %gfr’@: N L’ :33 p of the fractional partf,, in zone | is f,; = mcos@), while
/ 1 i 1 N\ . .
B TL_I/I«&#_J : /gf““‘“e' in the zones Il and Il ifs f,, =1+mcos@). In general,
0 0 0,00 =« , da " O+r 27 ot instead of leg B, any leg J can be considered
v T

(3 =A,B,C,..). The value of the fractional part of the ldg

* *
Fig. 3: a. Leg voltage reference signala and U A =1). b. Calculation . . .
9 9 g gndiaA B ) in zones | and Il isf,, = mcos@—Ac) , while in the zone Il

of Pr term of (19) for the three-level case. CalculationR;f term of (19)

it is f,,=1+mcos@—-Ac). Using this notation and by
for PD-PWM: c. fgmaller for O<m<my (29) and d.fgmaler for ’

m, <m<1 (32). replacingl =3 one gets:
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72 m12ha mHhal2 Taking this into account and by using (26), valuegpf
—22[ [faafoadie [fu 05 dt+ ijvszYZdt] g y using (26) R
P — 7 \aar2 712 7 12+Aa and @, , as a function ofn, in Fig. 3d can be expressed as:
T (3_1)2 (25) r
A ..m m
—-m? m Aa 1 0. =22, arcsin* = 0, F|arccos—*. (27)
= cos(Aa) + —cos(Aa) + — — = e 2 m m
8 27 8t 8
Because of the complexity of the calculation Bf, only The value of the integraP; ;, when 0O<m<m,, can be

the most typical carrier dispositions are considerddl,aRd calculated according to the graphical interpretation shiown
POD (which is in the three-level case identical to AP{2B]). Fig. 3c, i.e. by dividing area 05;"1 by 27. Due to the

PD-PWM is considered first. .
) _ ) ] _ . symmetry, the value of the integiafl fsmaier Can be calculated
If carriers that are intersecting with reference signals (from zones I, Il and Ilgps

and u; are denoted wittt, andc,, then one can say that in 1 o (™2 712+ da Aol 2+
_ plo_ T 2 jf o+ jf do + If o |(28)
PD-PWM case for any set of and J, carriersc, and c, T1 (1-22 27 Al a A2
are always in phase. This means that PWM signaland u, _ Aal2 n/2 m/2sdn
. . One gets that:
are always centred with respect to each to other B®i 4 (to m Ao 1 Ag
be compared witla general case from Fig. 2). Note that this is Pry= —(1—sin——cosAa]+——— (29)
the maximum possible value of, . One can see that,, /T, 2r 2 8 &
in (18) is actually determined by the signal with narrowelhere0<msm,.
pulse, i.e. with the signal with smaller fractional patisTwill For the higher modulation index values, <m<1 value

be denoted aduer ( fomier =tou /Ts). FOr calculation o, of the integralP; , can be calculated directly by integration of

this means thatf_ ., has to be integrated during the whole o L .
oma tet the area in Fig. 3d, and by dividing by~ . However, it
fundamental periad St g y 9 byr

One can see that borders of integration for the Ism&" Pe also calculated in a simpler way using previously
modulation index values are constant, as it is illustriied OPtained expression (29). One can see from Fig. 3d that
Fig. 3c. However, when the modulation index exceeds & ,=S;,-2S;,, i.e. after dividing by 2z, that

certain valuem,, some borders of |ntegrat|o(6’XI +kz and PT""Z _ P‘I'Hil_zpl'":A' Here PT-"J is as in (29), but now calculated

er +k7) become dependent on the modulation ind®x for m, <m<1. The value ofP;, for any valueof A is:
M <1. , :

Fig. 3d. Values o, andd, in Fig. 3d can be determined in o,
| ' pro=—t L 5,,)do 30
a general case for an\\, as the crossing points of the TA T (I -1)2 zgf( 117 fa2) (30)
fractional parts off ., and f, . This leads to: 5 .
' ’ where values ofd, and 6, are given by (27) After
. Aa - Aa . .“ ’
sin o, . - =1/ 2msm7 (26)  calculation of the integral one gets:
. . 2
.Value of m, corresponds tawt =6, that is dfatermllned P, = 4i m—z—l— arccos % 31)
with 6, =6, . The value of §, can be obtained in a 7T\ my m

straightforward manner from Fig. 3, since it is in thiedle of ~ Finally, to complete the set of equations, one retadis

the span from22 to 72+ Aca; thus 6, = 42+Aal2. P,=R,-2P, (32)

Substituting €, -~ with 6, in(26), one Qels \nere P’ s determined by (29)P;, is given by (31), while

m, =1/(2sin(Aa /2)) . m, <m<1 (m, =1/(2sin(Aa /2)) ).
For determination ofP; (u,u;,A) in (19) values ofP;,

X

1T fT. . P and P, should be replaced with values from (2@p) and
i 1 | | | u'(KT) (29) for 0<m<m,, i.e. (32) for m, <m<1, respectively.
1 T u [ After all the substitutions one getsy =1/(2sin(Aa /2)) ):
J s C]
I L—1 u(KT) 1 m . Aa 0 ,0=sm<m,
) P ==y My sin2% |0

I'TJl_J L Lurs T (Uyuy) 4+2ﬁ( sin 2} {ZPM m <m<1 (33)
0% T where P, is determined by (31).

s

An analytical solution can be obtained now for leg, CMV

Fig. 4: Reference signals and produced PWM sigifatsriers are in phase. .
9 9 P 9 P and phase voltage for the three-level case with PD-PWM f

One switching periodT is shown.
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any number of phases. The valueRf(ucc) is determined pe integrated during the fundamental period to obtgin
as P;(u,u;,A), for A =0. Note that the last term in the sumHere some care has to be exercised. Most frequentlylsigna

ul* and uz do not belong to the carriers that are in counter-
phase during the whole fundamental periddg. 6. This
means that in some intervals, when references belotigeto
)carriers that are in phase, or to the same carfigy,., has to

in (33) is always 0, because, — o i.e. m,>1. One gets:
PT (uLEG) = % + %
The value of P; (u.,,) can be obtained by replacing (33
into (14). Finally, after substitution of these résimto (12), be integrated for determination & (zones | and Ill)When
P (u,,) for the three-leveh-phase PD-PWM case becomes: references are compared with carriers that are in cophtee
[n/2] A and if f, + f; <1, the value for integration i8 (upper row in

Pr (Upn)  onm )y [KAmsm7+ (36); zone I, the second half), i.e. ff + f; >1, f, +f, -1
= (lower row in (36); zone ll, the first half), has to béegrated

(34)

0 ,0<m<m, (35) o
> for determination off; .
+ K, m—z_l_ arccosﬂ ,m <m<1 In the shown example shaded area in Fig. 6b shaded area
m, m represents the last integral in (19). Because of symymigtr

can be calculated in general case as:

where m, =1/(2sin(Aa /2)) and K, =2 for 1<A<n/2, i.e. 1 (2 oina a2
K, =1 for A=n/2 (this exists only for evern). Note that P; =—£ J.fAyld9+ J(fA,z +f,,-1)do + J fszdQJ (37)
Aal2 zl2 7l2+Aa

m, depends on the value of\; thus each value in the

summation has to be calculated first. with the increase of the modulation index This simplifies
C. Three-Level (A)POD-PWM Case integration. After calculation of the integral onegjet

' The sit'uation When.carrier@. arlld c, are i'n cqunter—phase P = ﬂ[co Aa —sinM—cosAaJ+l—M
in a particular switching period is shown in Fig. 5. Ome ¢ 2 2 8 8r
see that two cases with a differap} have to be considered, As already mentioned, there is no change of the boaders

when f, + f, <1 (Fig. 5a) and whenf, + f, >1 (Fig. 5b). integration, so (38) is valid for the whole modulatiomlex
One getls thait' range ofm from 0 to 1. Similarity of (38) with the

corresponding expression (29) (that is only valid fiox m, )
for the PD-PWM is obvious.
The value of P;(uu,,A), for any A, for (A)POD-PWM

case can be calculated next. It is determined by a sum of

One can see that the borders of integration are reotgimg

(38)

: 1 0 B+ <1
P =—©0 (36)
s (1-D% [((f,+f,=-D) ,f +f,>1
where P, represents,, /(T,-(I-1)?) term from (18.

As when the carriers are in phase, the expression (36) hassions, as in (19), WherE’T' and PT" are given with (2pand

(25), respectively, andP, is now defined by (38). After

1 fT, substitutions one gets:
ulf
i u (k) &l
|*1_ 'I‘JTS Cl u
_ u, (KT)
. u, [ a
-1 ) 0.5
a
0 0 T
17 : ; :
fT, candg in counter . incounter  wt
PELEEN u[f are: . M phase phase " phase phase
i UI(k-I—S) l \ N / et
= b. m~[- . _ | A
-1 f,T, [ é&"ﬂ \fH—1 ‘f\ . ) ; | ;/
. —— R NN A ‘
: u; (KT) NE N A
1 u, (1 O0 g T ﬁw 7 A 320+ 2w wt
b. 0 0 T 5 7+/10( 5

s

Fig. 5: Reference signals and produced PWM signals;aifiers are in
counter-phase if: af| + f3 <1, b. f| + fj >1. One switching periodl

* *
Fig. 6: a. Leg voltage reference signalg and Ug (A =1). b. Calculation

of PT term of (19) for (A)POD-PWM represents a combinatior{2%) and

is shown. (36) when carriers are in phase and in counter phase.
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1 m Aa . Aa fsmater = Min(f,, f;)> f, + f; =1 for 0< f,, f; <1). Thisis
P;(uu;) ==+—| cOS— —sin— (39) ) . _ X
4 2r 2 2 also obvious since,,, is greater for PD than in (A)POD case.
hA” anaéllytical Sollution fcanhbehnowl obtlained forht?e5 leg\ consequence of this is that after integration over the
phase and CMV voltage for the three-level case with (A)PO . . .
carrier disposition, for am-phase system. As explained, theBndamental period the obtained value Bf(UU; ) will be
value of P; (U.) is determined a®; (u,u,,A), for A =0. 9reater for PD-PWM thgn for_ POD- or APOD-I_DWM for any
h is th . . _pair of | and J . Referring this back to (14), this means that
One gets thaPr () is the same as in PD-PWM case, -€pD-PWM  will put more power into CMV than (A)POD.

that it is again determined with (34). This result can bBecause P, (Ugs) is the same for PD and (A)POD (34)

generalised: P;(u.;) is independent of a modulation looking at (12) this means th&D-PWM produced phase
strategy, provided thaf_/ f is high enough, the output legvoltages will contain less power than those produced by POD
step is constant, and only two adjacent levels are (smsl and APOD carrier dispositions. This is in agreement with
[8D). conclusiors of [18], where double Fourier transformation

The value ofP; (U, ) can be obtained by substituting (39)analysis of the leg voltages has been done. It was stt@n
into (14) After substitution of all these results into (12)PD'PWNI localises high amount of energy at the multiies

” ) ~the switching frequency and, since those harmonicset@mc

Pr(uy,) for the three-leveln-phase case with carriers inphage yoltages, PD-PWM has been proposed as superior when

(A)POD becomes: compared to the POD and APOD. The same conclusion is
m In/2] A A obtained here through the time domain analysis, and through
P (uy,) = _[n_]__ z KA[COS__Sin_jJ (40) the spectral analysis if18], thanks to the Parseval’s theorem
2nz AL n n (5) that links a signal power in the time and in spectral

. _ domains.
where K, =2 for 1<A<n/2, ie. K, =1 for A=n/2 If reduction of the power that is going into CMV is of
(which exists only for evem). Note that the power of the interest, then the (A)POD represents the best chBiggher,
produced phase voltage is linearly proportional to the va@flue one can see that (40) for even numbers of phasesomes
the modulation inder, with the coefficient of proportionality equal to Pr(Uy,) =m/(27). Comparing this result with the

being different for the different numbers of phasesLinear
dependence was also present in the two-level casew@#d, POWer of the leg voltage34), for the three-level case, one can

in the three-level case with PD-PWM (35) the dependense w© th"’.‘t the only difference is in the constant tdrfm This
more complex. power is the power of dc value of 1/2 that is a difference of

reference phase and reference leg voltages that areedefer
NDC. This means that for an evenand for the three-level
inverters with carriers in (A)POD the CMV does not contain

any ripple and is a pure dc-value (4f2-V,. ) or zero,
Comparing (34) with (23) one can see that the power of they PP P ( )

leg voltage signal created by the three-level investalways déepending on the point to which it is referenced. Becafise

lower than power produced by the two-level inverteE]e mirror-lsymc;netry around the tin;)e axi:, tﬂis conclutx]s'mm d4d
: . be generalised to any even number of phases with an o

(|1/4+ m/(27) <1/2,0< rr|1shl). hHowever, fthhls 'de\:ve:mjls _number of levels, and to both POD and APOD carriers.

always greater or equal than the power of the ideal sthaisol Because PD-PWM has the maximum possihle in each

leg voltage reference of (9), that can be calculate®pwarid . , . . .
switching period, one can generalise that it puts the masim

Fhat ?mpuntsdtcf}/44:r$ /8. Tht'}‘:‘ ineang ttha:h'f adr(‘lr?gltllel/el power into common mode voltage, and minimises power that
ool b e rodeced o e . 9029 10t phase volage, . s consequence, ane

\ ; can conclude that PD-PWM ia modulation strategy that
!evel case. Usage of non—adjapent levels in a thewas- produces the lowest phase voltage THD, see (7).
inverter causes two-level operation. Thus one can concludq;haSe voltage power, according to the analytical
tha_t usagelof non-a(_j]acent !tsvenll increase ‘wasted’ power, expressions (24)35) and (40) for the two- and three-level
which confirms previously given statement. . case with PD and (A)POD carrier dispositions, respectively,

From.tht_e previous gna_ly3|s one can see that theqmn:qtl and for phase numbers=3,5,6 and 7 is shown graphically

pulses inside the switching period,, i.e. used modulation in Fig. 7. Power of the reference phase voltages, giién

str:ategy, iIS impogant for fdeterr]mirllation |°f the powerd.?ff th@), can be easily calculated using (2) and is alsevistio
phase voltages but not for the leg voltages. For differept -\ i oo in: (u'y) = m/8).

position of pulses different area underu; curve, i.e.
Fig. 7 clarifies the previously given statement, that the
ase voltage produced by the PD-PWM has a smaller

difference is determined by the,,. If the carriers are in average power (smaller higher order harmonics) than the
voltage produced by the (A)POD-PWM for the same number

phase (Fig. 4), then the area, i.e. the valudpf(uil;), is  of phases. Of course, phase voltage produced by the (A)POD-
greater than if the carriers are in counter-phase 5Fgroof: PWM has a smaller average power than the one produced by

V.ANALYSIS AND GRAPHICAL REPRESENTATION OFPHASE
VOLTAGE POWER AND THD

PTS(u,uJ), can be obtained, see (18) and Fig. 2. In fact thb%
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the two-level PWM inverter. An interesting fact to beted is and by using (7), THD values of the phase voltages can be
that the phase voltage produced by a three-phase intiager obtained. According to (3), RMS values of the phase wedtag
smaller power than those produced by inverters with highgh, pe calculated as ohrms =+[PT (Upr) . Total harmonic
numbers of phases. For the two-level case and for-tevek . i .

case with PD-PWM this can be generalised into a statem distortion is defined with reference to the fundame(ftest

that power of the phase voltage increases with theephJL_armO”iC) of_the output, which is eqqal to the referencgeval
numbem; however, for (A)POD this is not the case. since dead time has not been considered. RMS value of the

Note that the values for the three-level PD-PWM ig. ¥i  fyndamental is equal tdJ g, ey = lpT ) =m/(2V2).
are twice smaller than for the two-level case for geen phrmst P

number of phases, for small modulation index values. iBhis Substituting these expressions into (7), one gets:
also obvious from equations (24) and (35). The maximum

value of the modulation indern up to which this applies is THD; (u,,) = ‘/PT (Upn) = Pr (Usn) = /SPT (l:P“) -1 (41)
m

determined by the smallest value of, for a particulam, i.e. U ohms 1
by min(/(2sin(Az/n))) . Thus for the three-phase case this i§here P, (uph) is given by (24) (35 and (40) for the

true up to the modulation i”_dex of 0.5774, for the fiVe'ph""%Ft)n:aidered cases of the two-level and three-level PWid w
case up to 0.5257, for the six-phase case up to 0.5, ar‘ltbforlf,D and (A)POD carriers, respectively, amd is the

seven-phase case up {0 0.5129. modulation index valu®<m<1.

Operation of the three-level inverter with PD carrier Curves that represent THD of the phase voltagesthier

disposition for small modulation index values is similathie : :
operation of the two-level VSI with halved dc-bus voltagetWo level and three-level PWM with PD and with (A)POD

From the point of view of the space vectors and saters carriers, are generated according to the analytical expmnessi
used s ac% vectors for sub-secrt)ors of the three—levelacése(41) for various phase numbers and are shown in Fig. 8.

. SP S Calculation of the phase voltage power and THD for any
identical for the small modulation index values as forttine

level case with halved dc-bus value. Maximum modulatioOther number of levels and any other shape of refer S
. . : . e Be executed in the same manner. However, due to complex
index in the linear modulation region for arphase system

for odd numbers of phases s given wi,t analytical calculations and due to the simplicity afifng the
o b . . roblem solution numerically, full solution for only timeost

Mya =1/C0S@/(2n)) [19], and it is obtained with min-max ¢ommon cases in practice, two-level and three-le@elaRd
zero-sequence injection. For even numbers of phasgsl (A)POD PWM, was given here. Numerical calculation of the
and linear region cannot be extended. Particular valuesof thHD does not necessarily mean calculation by finding the
modulation indexm,, up to which the power of the phasespectrum first; THD can be also calculated numericaltjnire
voltage obtained with the two-level inverter is twice etitan  domain, as explained at the end of sectlorBome results for
the power obtained with the three-level inverter (0.5774he phase voltage THD, for the three-phase load supplied from
0.5257, etc.), are equal tay.,/2 for any particular number of the five, seven and nine-level inverter with diffarearrier-
phases. based strategies, are given in [20], where the region of

By using analytical expressions (2435) and (40) for the overmodulation is also covered. The method of THD
phase voltage average power obtained with two- and thregiculation in [20] was obviously numerical, by means ef th
level multiphase PWMnverter with PD and (A)POD carriers, spectrum determination; however the number of harmonics
taken into consideration is not given.

0.2 T v T T T T T T T 7
R i i i i i i " g7
0.18h ___22::22 _______ i VI.  COMPARISON OF THETHEORETICAL CURVES WITH
i i i i i s SIMULATION AND EXPERIMENTAL RESULTS
' To validate the theoretically obtained analytical rissul

simulations and experiments have been done. Simulation

0o oo L N2 EZ 7 | software PLECS block-set has been used. Scope in this
= | fhreetbvel (A)pop |7 Ty 4 ¥ 7 software has a built-in function for RMS and THD cadtiain.
2 Odpee A N B Ay S The built-in functions use exact numerical approach esiie
& o oghoe HSN IR I ¥ 7 SV “ A — described in sectiofi, but are also adapted to work with a
5 5 a4 : P i variable simulation step time [21]. According to (3) aggr
006 """ T T T T Threerioyel PO power of the signals is calculated as a squared value of the
YL S S o~ G Ve SN2 S - — RMS value from the PLECS scope. This way of calculagon

very precise and that is the reason why this softivasebeen

. . . . . . . used for proper simulation verification of analyticauks.

! ! ! ! ! i ! Theoretical analytical curves for power of the generated
' ' output phase voltage of Fig. 7 are compared with simulation

Fig. 7: Analytical curves plotted using (24), (35) 448): the average power values from PLECS SCOKRMSZ) in Fig' 9.A Corresponding
during the fundamental period of the phase voltageetated by two- and comparison of the analytical THD traces with simulatio
three-level PWM multiphase inverters with PD and)R@D carriers, results, which are the values read from the PLECS spe,
Pr (Upn)- shown in Fig.1l0. Simulations are done for the constafft

= = S LN T N AN -
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ratio (m/f =1/50), for V,=1V (for easier comparison of
power curves, when needed), and for the switching frequency
of f,=2kHz. Dead time has been neglected. Excellent
agreement between simulation and analytical results is
obvious. This means that the used switching frequency, i
ratio f./f , is high enough for all the modulation indices.

In experiments, as in simulationg/f ratio was kept
constant and equal to/f =1/50 andfs=2kHz. Custom-made
two-level and three-level inverter of the neutral-paiaimped
(NPC) type were usedwo-level inverter can supply up to an

eight-phase system. Three six-pack Infineon IGBT modules
FS50R12KE3 are used. IGBT modules of the three-level NPC

THD, (u,[1) ®

1 1
— 3-phase anal
——— 5-phase anal
----- 6-phase anal
—— 7-phase anal

O  3-phase sim.
5-phase sim.
6-phase sim.
7-phase sim.

| < + o

inverters are Semikron SKM50GB12T4, while clamping
diodes are Semikron SKKD 46/12. Each NPC inverter has six

phases, so that for seven-phase experiments two units were
paralleled to the same dc-bukhe experiments have beenFig. 10: Comparison of the analytlcal curves for phadtage THD (Fig. 8;

done using three-, five-, and six-phase symmetrical ifmuct

3 I : ' '
i i : ——3-phase]
i i i i i ———5-phase|
2.5p------Y-- i Rt S S S REETY U e .
. PSSR WU \ W 0.\ S N O VUSRI SRR SR SO
=
S ) s— dommoes N N e L bom- oA oo - mmee- :
[a)
T
'_
| s RN RN - A SN S
0.5[------ o MERTRIERAT S I e Y
i i i Thrpe IevéIIPD i i i i
0 i i ! i i i i i i

0 01 02 03 04 05 06 07 08 09 1

Fig. 8: THD, as given by the analytical expressi¢hs), for the generated

output phase voltage of the two- and three-level PwiMtiphase inverters,
THD 7 (u ph)-

0.2 L] T T T H T T T T :
—3-phase analytical H H H | \ >
o [ [ [ [ o
0.1&| ——— 5-phase analytical H i a3 i A
----- 6-phase analytical | | 1 s
0.1 P y_ ------ e foneee- T T S
7-phase analytical ! Twotlevel | =g '
0.14| © 3-phase simulatior|s __{._____}___.__ I
e 5S-phase simulatiorls | & L e
0.1 + 6-phase simulatiorfs———}----- & -/~ 474
= x 7 phase simulatiors : 7 A 1y -2
— i T Il [
5 01 o
~
o

0.0§

0.04

0.04

0.07

0 01 02 03 04 05 06 0.7 08 09 1
m

Fig. 9: Comparison of the analytical curves for therage power of the phase

voltage generated by two- and three-level PWM mhétge inverter (Fig. 7;
continuous lines) with simulation results from PLEC®psz RMS (discrete
values, identified with markers).
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continuous lines) with simulation results from PLECSpe (discrete values,
identified with markers).

machines and for seven-phase case using symmeRieal

load. Dc voltage, provided from Sorensen SGI 600/25 dc
source, was 600V in all the cases, except for the sixephas
machine where it had to be lowered 850V due to the
limitation imposed by the voltage rating of the machiflee
inverters’ dead time is 6 us. THD was calculated using Fourier
transformation as in (6). Twoases were considered: when the
harmonic spectrum was limited &1kHz (the first ten side-
bands), and when a full spectrum is used for calculation of
THD. Comparison of theoretical analytical curves and
experimental results for the THD is given in Fid.

From Fig. 11, it is evident that there are minor diffieres
between the experimental and analytical values. With full
spectrum, experimental THD values are slightly higher than
analytical predictions. This is due to the dead-timecgffe
which has not been considered in either analytical desiha
or in simulations but is unavoidable in practice. THeatfof
truncating the spectrum at 21kHz is also evident in Fig.
With the applied truncating, all the experimental THDuea
become slightly lower than the theoretically predictedies)|
regardless of the existence of the dead time.

Finally, an attempt is made to evaluate the minimum
switching to fundamental frequency ratio that is requimd f
the procedure in the paper to be regarded as accurate enough.
The highest fundamental frequency (50Hz here) is used and
phase voltage THDs are evaluated for all the considered (two
level and three-level) PWM schemes, using at firstyical
expressions. Simulations are further done for switching
frequencies 2kHz, 1kHz and 500Hz, for all the considered
phase numbers. Table | shows percentage difference between
the value at the used switching frequency and the &rellyt
value. It follows from Table | that thigf ratio of 40 (i.e. 2kHz
switching frequency) is more than sufficiently high toypde
accurate results. Even the ratio of just 20 (i.e. 1kHz) appears
as high enough for the two-level and three-level (A)POD
PWM for all phase numbers. However, reducing the ratio t
only 10 does lead to rather high differences and this istio
therefore too low.
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Fig. 11: Comparison of the analytical curves (cordgimailines) for the phase voltage THD (Fig. 8) with experital results using the full and up to 21kHz
spectrum for THD calculation (discrete values lalibliéth corresponding markers), for a. three-, b. fivesix: and d. seven-phase configuration.

TABLE |. PERCENTAGEDIFFERENCEBETWEEN THEPHASE VOLTAGE THD simulation and experimental results, and an excellent
VALUE AT A GIVEN SWITCHING FREQUENCY AND THEVALUE OBTAINED agreement is demonstrated.
USING ANALYTICAL EXPRESSION FUNDAMENTAL FREQUENCY IS50HZ IN
ALL CASES
APPENDIX
fs 2kHz 1kHz 500Hz

A proof of the identity
Phaseno. |3|5(6| 7| 3| 56|73 |5 ]|6]|7

17 1t ,
2-evel |05|0(0.3[0.4|22(-0.1|1.1{1.3] 8.7|-0.4| 6.4 5 ?JULEGUCMth@?IUCMth (42)
3-evel PD [1.9/0.7|1.3|05| 7.9 [ 1.3(5.6|2.3| 30 | 2.2 |25.2] 13 0 0

3-level (A)POD|0.4/-0.110.1/ 0.2 1.6 [-0.6|-0.5-0.117.9| 2.5 | 9.4 [11.2] is provided here. Let us selagt as a representative afec

andn=5, without any loss of generality. Then
T

1t U, +..+u 1F(u, +..4+u.)?
?_[UA A = EdtQ?I(A = E) d'[(43)
0 0

VII. CONCLUSION

Analytical expressions for the average power (RMihd
THD for the PWM produced phase voltage are derived in this ) ) ) )
paper. Considered reference voltage is purely sinusoidal, aHts one has an identity of the functions to be intedrate
analysis is given f(_)r the star—connecteq symmeyriad.lﬁ)ue U2 4.+ U, U2 4.4 U2 + 2U,Ug + 2U,U, +.
to the complexity of the analytical derivation, and >
simultaneous simplicity in obtaining the results numenjcall 5 >
the analysis has been restricted to the two- and-teveén Because of the symmetry, all integrals with the sangular
phase cases. However, the principle used is general eal it span between phase&4, B-B, ..., E-E; A-B, B-C, ..., E-A;
be applied to any number of levels and phases. For the thraez, B-D, ..., E-B) are identical, so that one can write
level case PD-PWM and POD (i.e. APOD) PWM are covered.
The superiority of the PD-PWM, for producing phase voltages >
with lower THD, is confirmed once again by the timengn 3 5

power analysis here. Analytical curves are compared Witfhjs concludes the proof of the validity of (42).

" (4

U3 +2U,Ug + 2U,U. - 5u2 +10u,ug +10u,U,.

(45)
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