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ABSTRACT. We construct a Banach space Z such that the lattice of closed two-sided
ideals of the Banach algebra #(Z) of bounded operators on Z is as follows:

C M C
C///2C

We then determine which kinds of approximate identities (bounded/left/right), if any,
each of the four non-trivial closed ideals of #(Z) contains, and we show that the maximal
ideal .#) is generated as a left ideal by two operators, but not by a single operator, thus
answering a question left open in our collaboration with Dales, Kochanek and Koszmider
(Studia Math. 2013). In contrast, the other maximal ideal .#5 is not finitely generated as
a left ideal.

The Banach space Z is the direct sum of Argyros and Haydon’s Banach space Xag
which has very few operators and a certain subspace Y of Xap. The key property of Y
is that every bounded operator from Y into Xap is the sum of a scalar multiple of the
inclusion map and a compact operator.

(0} c #(2) c &(2) B(Z).

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

A Banach space E has very few operators if E is infinite-dimensional and every bounded
operator on FE is the sum of a scalar multiple of the identity operator and a compact
operator; that is, Z(F) = KiIg + # (F), where K = R or K = C denotes the scalar field
of E. Resolving a famous, long-standing open problem, Argyros and Haydon [2] established
the existence of such Banach spaces by proving the following spectacular result.

Theorem 1.1 (Argyros and Haydon). There exists a Banach space Xan such that:
(1) Xan has very few operators;
(ii) Xan has a shrinking Schauder basis;

(iii) the dual space of Xy is isomorphic to {;.

The starting point of the present paper is the observation that X,y contains a sub-
space Y which has certain special properties, as specified in following theorem; of these,
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property (iv) is by far the most important, and also the hardest to achieve. We are deeply
grateful to Professor Argyros for having explained to us how to contruct such a subspace;
details of its construction will be given in Section 2.

Theorem 1.2. Argyros and Haydon’s Banach space X ag contains a closed, infinite-dimen-
stonal subspace Y which has the following four properties:
(1) Y is the closed linear span of a certain subsequence of the Schauder basis for Xam,
and hence Y has a shrinking Schauder basis;
(ii) Y has infinite codimension in Xay, and hence Y is uncomplemented in Xay;
(iii) the dual space of Y is isomorphic to (1;
(iv) every bounded operator from Y into Xay is the sum of a scalar multiple of the inclu-
ston map J:Y — Xag and a compact operator.

In the remainder of this paper, we shall consider the Banach space
Z =Xag DY, (1.1)

where Xapg and Y are as in Theorems 1.1 and 1.2, respectively. For definiteness, we shall

equip Z with the {.-norm; that is, ||(z,y)|| = max{||z||, ||ly||} for z € Xag and y € Y; all

our results will, however, be of an isomorphic nature, so that any equivalent norm will do.

Theorems 1.1(i) and 1.2(ii)+(iv) imply that every bounded operator T" on Z has a unique

representation as an operator-valued (2 x 2)-matrix of the form
(aalx,, +Kig o ard + Koo

I'= ( Ko, g oly + K2,2) ’ (1.2)

where a1, o 2 and g 9 are scalars, Ix,,, and [y denote the identity operators on X,y and
Y, respectively, J: Y — Xag is the inclusion map, and the operators K ;: Xan — Xan,
KLQI Y — XAH7 KQ’l: Xag — Y and K2722 Y —» Y are compact.

Using this notation, we see that the sets

%1 :{TG%(Z) :CVQ’Q:O} and %QZ{TQ%(Z) 201171 :0} (13)

are maximal two-sided ideals of codimension one in Z(Z). Our first main result gives
a complete description of the lattice of closed two-sided ideals of #(Z). Its statement
involves the following notion, which goes back to Kleinecke [14].

Definition 1.3. A bounded operator on a Banach space F is inessential if it belongs to
the pre-image of the Jacobson radical of the Calkin algebra #(F)/.Z(E), where Z(E)
denotes the norm-closure of the ideal of finite-rank operators on E.

We write &(FE) for the set of inessential operators on the Banach space E. This is a
closed two-sided ideal of Z(E) which is proper if (and only if) £ is infinite-dimensional.
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Theorem 1.4. The Banach algebra HB(Z) of bounded operators on the Banach space Z
defined by (1.1) contains exactly siz closed two-sided ideals, namely

{0},

where M1 and A, are given by (1.3), and the lines denote proper inclusions, with the
larger ideal at the top.

We note that in the diagram, above, the smaller ideal has codimension one in the larger
ideal in each of the inclusions, except the bottommost.

Remark 1.5. Not many infinite-dimensional Banach spaces E are known for which a

complete classification of the closed two-sided ideals of B(FE) exists. Indeed, to the best
of our knowledge at the time of writing, the following list contains all such examples:

(i) the classical sequence spaces E = {,(I) for 1 < p < oo and E = ¢y(I), where I is an

arbitrary infinite index set; these results are due to Calkin [5] for countable I and

p = 2; Gohberg-Markus—Feldman [10] for countable I and general p (including co);

Gramsch [11] and Luft [21] for p = 2 and arbitrary I; and Daws [9] in full generality;

(ii) the co-direct sum of the sequence of finite-dimensional Hilbert spaces of increasing
dimension, that is, £ = (€D,cy £5),,. and its dual space (D, 05),, (see [16] and [17],
respectively);

(iii) £ = Xag by Theorem 1.1, above;

(iv) Tarbard’s variants of the Argyros—Haydon space: for each n € N, there is a Banach
space E such that £ admits a strictly singular operator S which is nilpotent of
order n+ 1, and every bounded operator on F has the form Z?:o a;S7 + K for some
scalars ap, . .., «, and a compact operator K (see [24, Theorem 2.1]);

(v) E = C(9), where € is the Mrowka space constructed by Koszmider [15], assuming
the Continuum Hypothesis (see [13, Theorem 5.5]; this result has also been obtained
independently by Brooker (unpublished));
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(vi) certain Banach spaces constructed by Motakis, Puglisi and Zisimopoulou [22]: for
every countably infinite compact metric space €2, there is a Banach space E such
that the Banach algebra #(F)/# (F) is isomorphic to the algebra C'(Q) of scalar-
valued, continuous functions defined on Q. (The classification of the closed two-sided
ideals of A(F) is not stated explicitly in [22], but it is an easy consequence of [22,
Theorem 5.1], together with the following two facts: (1) E is a Z,.-space, so it has
the bounded approximation property, and therefore J# (E) is the minimum non-zero
closed two-sided ideal of Z(FE); (2) the closed ideals of the Banach algebra C(2) for
a compact Hausdorff space ) are precisely the zero sets of the closed subsets of (2.)

In each of the cases (i)—(v), above, the lattice of closed two-sided ideals of #(FE) is linearly
ordered, whereas in case (vi), it is infinite. Hence the Banach space Z given by (1.1)
appears to be the first Banach space E for which we have a complete classification of the
lattice of closed two-sided ideals of the Banach algebra Z(F), and this lattice is finite, but
it is not linearly ordered.

Note added in proof. We shall here describe another family of Banach spaces E such that
the lattice of closed two-sided ideals of Z(F) is finite and not linearly ordered. For each
n € N, we apply [2, Theorem 10.4] to obtain Banach spaces X, ..., X,, each having very
few operators, each having a Schauder basis, and such that every bounded operator from
X, to X}, is compact whenever j, k € {1,...,n} are distinct. Take my,...,m, € N, and
set B = X" @---@® X". Then J# (F) is the smallest non-zero closed two-sided ideal
of B(FE), and we have

B(E) A (E) = My, (K) @ - - ® My, (K),

where M,,(K) denotes the algebra of scalar-valued (m x m)-matrices. By Wedderburn’s
structure theorem (see, e.g., |7, Theorem 1.5.9]), this shows that every finite-dimensional,
semi-simple complex algebra can arise as the Calkin algebra of a Banach space. Moreover,
we note that the choice m; = --- = m,, = 1 gives a counterpart of the result of Motakis,
Puglisi and Zisimopoulou that we described in (vi), above, in the case where the underlying
space (1 is finite.

Returning to the general case where my, ..., m, € N are arbitrary, we may consider each
bounded operator T'on E as an operator-valued (n x n)-matrix (Tjx)} .-, where we have

T € B(X™, X;nj) for each j, k. Since M,,(K) is simple for each m € N, the map
N {(T]k)?kzl 15,5 € %/<Xgmj) (j ¢ N)}
is an order isomorphism of the power set of {1,...,n} onto the lattice of non-zero closed
two-sided ideals of Z(FE). Hence the lattice of closed two-sided ideals of Z(FE) has 2" + 1
elements, and it is not linearly ordered for n > 2.
Let us finally remark that the ideal lattices obtained in this way are different from that

of B(Z) that we described in Theorem 1.4, above; for instance, none of these lattices has
precisely six elements.

After seeing Argyros and Haydon’s main results as they were stated in Theorem 1.1,
above, Dales observed that they imply that the Banach algebra Z(Xay) is amenable |2,
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Proposition 10.6], thus disproving a long-standing conjecture of B. E. Johnson. In contrast,
we note that Z(Z) does not share this property.

Proposition 1.6. The Banach algebra $(Z) is not amenable.

The study of amenability is intimately related to the existence of approximate identities,
as explained in |7, Section 2.9], for instance. Our second main result, which will be proved
in Section 4, describes what kinds of approximate identities, if any, can be found in each of
the four non-trivial closed two-sided ideals of Z(Z). Before we state this result formally,
let us introduce the relevant terminology.

Definition 1.7. A net (e;);e; in a Banach algebra o7 is a left approzimate identity if the
net (e;a)jey converges to a for each a € o7, and a right approzimate identity if the net
(aej)jey converges to a for each a € &7. If in addition sup;cy [le;|| < oo, then (e;);ey is a
bounded left or right approximate identity. A bounded two-sided approrimate identity is a
net which is simultaneously a bounded left and right approximate identity.

Theorem 1.8. (i) The ideal .4, has a bounded left approximate identity, but it has no
right approrimate identity.

(ii) The ideal Mo has a bounded right approzimate identity, but it has no left approzimate
identity.

(iii) The ideal &(Z) = M1 N Mo has no left or right approzimate identity.

(iv) The ideal 2 (Z) has a bounded two-sided approximate identity.

Our third and final main result uses the Banach space Z to answer two questions that
were left open in [8] regarding the maximal left ideals of the Banach algebra #(FE) for
an infinite-dimensional Banach space E. To set the stage for this result, we require some
background information from [8], beginning with the easy observation that, for each non-
zero element x of E, the set

MLy ={T € B(E):Tr =0} (1.4)

is a maximal left ideal of Z(F), and it is generated as a left ideal by a single operator,
namely any projection P € HB(E) with ker P = Kz. The maximal left ideals of the
form (1.4) were termed fized in [8], inspired by the analogous terminology for ultrafilters,
and the following question was studied extensively:

Is every finitely-generated, mazimal left ideal of the Banach algebra B(E)
necessarily fixed?
Indeed, a positive answer to this question was established for many Banach spaces F,
but, somewhat surprisingly, it was also shown that the answer is not always positive: for
E = Xy ® (o, the Banach algebra Z(FE) contains a non-fixed, singly-generated, maximal
left ideal of codimension one, namely

Hy = T The € B(F) : T, is compact ;.
Toq Too ’

The Banach space £ = Xy @ o is evidently not separable. We shall show in Section 5
that a similar example exists based on the separable Banach space Z given by (1.1). This
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example will also enable us to answer another question implicitly left open in [8] (see
[8, Proposition 2.2] and the remark following it) because the non-fixed, finitely-generated
maximal left ideal of #(Z) that we identify is not generated by one, but by two operators.
More precisely, our result is as follows.

Theorem 1.9. The ideals My and Mo are the only non-fixed, mazimal left ideals of B(Z),
and

(i) A, is generated as a left ideal by the two operators

(I)BAH 8) and (8 ‘é) , (1.5)

but A is not generated as a left ideal by a single bounded operator on Z,
(i) A5 is not finitely generated as a left ideal.

Remark 1.10. In a post on Mathematics Stack Exchange, Petry |23] asked whether there
is a one-sided version of the Nakayama lemma, in the following specific sense: let R be a
unital non-commutative ring, and let L be a finitely-generated left ideal of R such that
L = L - L (that is, each element of L can be written as the sum of products of elements
of L). Must L be generated (as a left ideal) by a single idempotent element?

In reply, Schwiebert outlined an example which shows that the answer is in general nega-
tive. We observe that our results provide another such example. Indeed, let R = %#(7),
and let L = .#,. Theorem 1.9(i) shows that L is finitely generated, but not by a single
element (idempotent or not), while Theorem 1.8(i) in tandem with Cohen’s Factorization
Theorem (see, e.g., [7, Corollary 2.9.25]) implies that each element of L can be written as
the product of two elements of L. Being a Banach algebra, this example has a very different
flavour from Schwiebert’s, which is based on an algebra over a finite field constructed by
Andruszkiewicz and Puczytowski [1].

2. THE CONSTRUCTION OF THE SUBSPACE Y AND THE PROOF OF THEOREM 1.2

Schauder decompositions. Let E be a Banach space. A sequence (F});jen of non-zero
subspaces of E is a Schauder decomposition for E if, for each x € E, there is a unique
sequence (7;)jen, Where x; € Fj for each j € N, such that the series ) ™7, x; is norm-
convergent with sum x. In this case, for each n € N, we can define a projection P, € Z(F)
by P,x = Z?Zl zj; this is the n™ canonical projection associated with the decomposition.
The number sup, .y || P, || turns out to be finite; this is the decomposition constant.
A Schauder decomposition (F});en for E is:
o shrinking if ||x* — P*z*|| — 0 for each x* € E*;
e finite-dimensional (or an FDD for short) if dim F; < oo for each j € N.
(Note: the case where each Fj is one-dimensional, say F; = Kb; (j € N), corre-
sponds to (b;);en being a Schauder basis for E.)

We shall require the following elementary observation concerning compact operators into
or out of a Banach space with an FDD. It goes back to at least |3, Remark, p. 14] in the
case of a single Banach space with a Schauder basis. For completeness, we outline a proof.
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Lemma 2.1. Let D and E be Banach spaces, where E has an FDD, and denote by (P,)nen
the canonical projections associated with this FDD.

(i) For each bounded operator S: D — E, the following two conditions are equivalent:
(a) S is compact;
(b) ||IS — P,S|| — 0 as n — oc.

(ii) Suppose that the FDD for E is shrinking. Then, for each bounded operator T: E — D,
the following three conditions are equivalent:

(a) T is compact;
(b) |IT'—TPF,|| =0 as n — oc;

(¢) ITx]] = 0 as j — oo for every bounded block sequence (x;);en with respect to
the FDD for E.

Proof. Let C' = sup,,cy || Pa|| < 0o be the decomposition constant.

(i). The implication (b)=-(a) is clear because P, has finite-dimensional image for each
n € N. Conversely, suppose contrapositively that, for some ¢ > 0 and each m € N, there
is an integer n > m such that ||(Ir — P,)S|| > €. By recursion, we can choose a sequence
(z;)jen of unit vectors in D and a strictly increasing sequence (k;);jen of natural numbers
such that ||(Ig— Py, )Sz;|| > € and ||(Ig— P,,)Sz;|| < £/2 whenever j,m € Nand m > kj;.
This implies that

£ .
(C+D||Swiy; — Szil| = [[(Ig — Pryy;)Swirsll — |(Ue — Pryy ;) S| > 3 (4,7 € N),

which shows that no subsequence of (Sz;);en is Cauchy, and therefore the operator S is
not compact.

(ii). The equivalence of conditions (a) and (b) follows by dualizing (i) and using
Schauder’s theorem together with the fact that (PF),en are the canonical projections as-
sociated with an FDD for the dual space E* of E.

The implication (b)=-(c) is easy because, for every block sequence (z;);ey in E and each
n € N, we can find jo, € N such that P,z; = 0 whenever j > j.

(c)=>(b). Suppose contrapositively that, for some € > 0 and each m € N, there is an
integer k > m such that ||T'(Igp — P;)|| > . Then we can find a unit vector w € E
and a further integer j > k such that ||T(P; — Py)w|| > ¢, and hence we can recursively
choose integers 1 < k; < j1 < ko < jo < --- and unit vectors wy,ws,... € E such that
|T(P;j, — Py, )w;|| > € for each i € N. This implies that (z;)ien := (P}, — Pg,)W;)ien 1s a
2C-bounded block sequence for which (c) fails. O

The Bourgain—Delbaen construction. Argyros and Haydon used the Bourgain-Del-
baen construction [4] to define their Banach space Xap. We shall now summarize those
parts of this method that are required for our present purposes. We follow the notation
and terminology used in 2] as far as possible, with the notable exception that our focus is
on both real and complex scalars, whereas 2] considered real scalars only. For this reason,
it is convenient to introduce a single symbol for the following countable, dense subfield of
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the scalar field K that will play the role of the rationals in the real case:

L:{@_ for K = R 1)
Q+iQ for K=C.

For a (non-empty, countable) set I, we consider the Banach spaces

EOO(F):{x:F%K:sup\x(’y)]<oo} and €1(F)—{x*:F—>K:2|x*(7)\<oo},

ver yel’

and identify /(") with the dual space of ¢,(I") via the duality bracket

(¢ a) =) a"(Ma(y) (2" € (), v € ().

vel’

We write e, and e, for the elements of (. (I') and ¢1(T'), respectively, given by

() =1=e(y) and  e(n)=0=el(n) (nel\{7})
Let p =1 or p = co. Then supp x denotes the support of an element z € (,(I"). Given a
non-empty subset A of I', we identify ¢,(A) with the subspace {z € (,(I") : suppx C A}
of £,(T).

The Bourgain—Delbaen construction, as Argyros and Haydon present it, begins with the
singleton set Ay = {1} and the functional ¢f = 0. A sequence (A,,)nen of non-empty, finite,
disjoint sets is then defined recursively, together with functionals ¢ € span{e; :nel,}
for each n € N and v € A, 1, where I',, := U;‘:l Aj;, in such a way that the sequence

*

(d})yer = (€} — €} )yer
is a Schauder basis for the Banach space ¢ (I"), where I" := UjeN A;, endowed with the lex-
icographic order induced by Ay, Ay, ... (The finite sets Ay, Ay, ... are a priori unordered;

they can each be given an arbitrary linear order to ensure that I" is linearly ordered.) In
particular, the finite-dimensional subspaces span{d; : v € A,} (n € N) form an FDD
for £1(I"). We write F, , for the n' canonical projection on /¢;(I") associated with this
decomposition; that is, P(*E),n} is given by P(’a n]di; =d; ity €', and P(B n]di; = (0 otherwise.
For later reference, we note that the image of P(*E)’ n] 18 given by

span{d’ : v € I',} = span{el : vy € [',} = £4(T,). (2.2)

Let (d),er be the sequence of coordinate functionals in ¢1(I')* = ((I") associated with
the Schauder basis (d),er for ¢1(T'). The Bourgain-Delbaen space X (I') determined by
the set I' is now defined as the closed subspace of {«(I') spanned by {d, : v € I'}, so that,
by definition, (d,),ecr is a Schauder basis for X (I'). Denote by P , the adjoint of the
projection P(B ] for each n € N. Since the image of P, . is equal to span{d, : v € I',},
we may consider P ] as an operator into X (I'). We observe that the subspaces

M, :=span{d, : v € A,} (n eN)
form an FDD for X (I'), and (P, n)| X (') )nen are the associated projections.
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Let n € N. By (2.2), we may regard P, as a surjection onto ¢1(T',). The adjoint
of this operator, which we shall denote by i, : {(I'y) = lo('), plays an important role
in the study of Bourgain—Delbaen spaces. It is an extension operator, in the sense that
in(z)(y) = (z)(7) for each z € £ (T,,) and v € T',,, and it satisfies

[2llce < Mlin(@)llo < Mllzfloc (2 € €oo(T'n)), (2:3)

where M is the basis constant of (d}),er. We can describe i, explicitly by the formula
in = Po,n)|e(r,)- In particular, its image is spanned by {d, : v € I',}, and so we may
regard i,, as an operator from (. (I',) into X (T).

Let x € span{d, : v € I'}. By the range of x, we understand the smallest interval I of N
such that x € Span{al7 1y € User Ai}. We write ranx for the range of . Suppose that
ranz C (p,q| for some non-negative integers p < ¢. Then, as observed in [2, p. 12|, the
element u := z|r, € {o(I,) satisfies

r = i,(u) and suppu C 'y \ T, (2.4)
Suppose that = # 0, and set m = maxranz € N. Then we define the local support of x by

locsupp z := supp(alr,,) = {7 € T : 2(7) # 0}.

Further, suppose that = i,(w) for some n € N and w € ¢ (I',). Then we have n > m
because i,[{~(I'y)] = span{d, : v € I',}, and hence

x(’y) = <€*7in(w)> = <P(B,n}ef/7w> = ’LU(’)/) (7 S Fm)v (25)

which proves that locsupp x = (suppw) N T,,.

We reserve the term ‘block sequence’ for a block sequence with respect to the FDD
(M,)en, in the following precise sense. Let I be a non-empty (finite or infinite) inter-
val of N. A block sequence indexed by I is a sequence (x;);er in X(I') \ {0} such that
x; € span{d, : v € I'} for each i € I and maxranz; ; < minranz; whenever ¢ # min .

The set T'AH, Argyros and Haydon’s Banach space X,y is the Bourgain-Delbaen space
X (TAH) determined by a very clever choice of T4 := [ J, .y AM that we shall now attempt
to describe, following |2, Section 4]. The first step is to fix two fast-increasing sequences
(m;)jen and (n;);en of natural numbers which satisfy the following conditions (see |2,
Assumption 2.3|):

e my >4 and n; > m?;
e mjyy = m? and njy > m3 (4n;)'°82 "+t for each j € N.

The recursive definition of the sets (AJ")nen and the associated functionals (¢),eran
requires that several other objects are defined simultaneously, as part of the same recursion.
Indeed, we shall also choose a strictly increasing sequence (N,,),en, of integers and construct
four maps called ‘rank’, ‘age’, ¢ and ‘weight’. Each of these maps will be defined on the
set TAH. The first three will take their values in N, while ‘weight’ maps into the set
{1/m; : j € N}. The map o must be injective and satisfy o(y) > rank y for each v € TAH,
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As we have already mentioned, the recursion begins with the set A% = {1} and the
functional ¢j = 0. We set Ny = 0 and define

ranky = agey = 1, o(y) =2 and weight v = mi (y=1¢€ A},
1
Now assume recursively that, for some n € N, we have defined the sets AM ... AAH
and the functionals ¢ for v € T (where Tp! = (J7_; A by convention, as above),
as well as the integers Ny < N; < --- < N,_; and the maps rank, age,o: I'*" — N and
weight: T2 — {1/m; : j € N}, where o is injective and satisfies o(y) > rank~ for each
v € TAH, Choose N,, > N,,_; such that the set

B, = { Z ape, : ay €L, Z la,| <1 and the
USRI .7 . AH \ PAH
denominator of a, divides N,! for each n € I';" \ ')

is a 27"-net in the unit ball of ¢(Ta" \ T2H) for each p € {0,1,...,n — 1}, where we
have introduced 'y := ) for convenience. (When talking about ‘the denominator’ of an
element a, of L in the complex case, we suppose that a, has been written in the form
a, = (j + ki)/m for some j, k € Z and m € N.) We admit into A2, elements v of two
types:

(i) Elements of type 1 are triples of the form

v = <n—i— l,i,b*),
m;
where b* € By, and j € {1,...,n+ 1}. If j is even, then we admit each v of this
form into AZY,, whereas if j is odd, we admit y into Apt, if and only if b* = e, where
n € I'2H has weight 1/my;_, for some i € N, and this weight satisfies 1/my;_» < 1/n3.
In both cases we define
k b*

1
c , ranky =n + 1, weight vy = — and agey = 1.
Tomy m;

(ii) Elements of type 2 are quadruples of the form
1 k
Y= (n_‘_lagv_ab >7
m;
where j € {1,...,n+ 1}, € € A?H for some p € {1,...,n — 1}, weight{ = 1/m;,
age{ < n; and b* € B,,. Again, if j is even, then we admit each v of this form

into Aﬁfl, whereas if j is odd, we admit v into Aﬁfl if and only if b* = e}, where
n € D\ T has weight 1/muyq(e). In both cases we define
¢, =ée+————, ranky=n+1, weighty=-—, agey=1+ages.
m; m

J J
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It remains to extend the definition of o to A2, Set m = maxo[l'2]. Then m > n,
and we may therefore define o(7) for v € AM, by assigning to it any value in NN (m, 00)
that we wish, as long as we choose distinct values for distinct elements of A2 This
completes the recursive construction and hence the definition of Argyros and Haydon’s

Banach space Xay.

Remark 2.2. For later reference, we record the following two facts.

(i) As noted in [2, p. 17], the basis constant M of (d),cpan is at most 2.

(ii) The Schauder basis (d,),cran of Xap is shrinking, so that (d),cpan forms a Schauder
basis for the dual space X4y, and therefore X3, = ¢,(I'*"). Indeed, the proof of
|2, Proposition 5.12] shows that the FDD (M,,),en for Xag is shrinking, and hence
the conclusion follows from the elementary general fact that if a Schauder basis has
a finite-dimensional blocking which is shrinking, then the basis is itself shrinking.

We are now ready to define the subspace Y of X g that will have the properties stated
in Theorem 1.2.

Definition 2.3. We begin by recursively defining a sequence (Al ),>2 of non-empty, proper
subsets of (AM), o,

n
To start the recursion, we choose an element (3, in A2 and set A, = {3y}. This is
certainly a non-empty subset of A2 Tt is also proper because A3 contains at least two
distinct elements, namely (2,1/ms, +e7).
Now let n > 2, and assume recursively that we have defined non-empty, proper subsets
AL A of AM L AME respectively. Set I = Uj—, A), and define

n 7

Al ={yeAlt c(n) # 0 for some n € I, }. (2.6)

Then A7, is non-empty because it contains the element (n + 1,1/mg, e} ). To see that
Al ., is a proper subset of AM | choose ¢ € AYM\ A}, Then we have

1
= 1, —, *> e AML
7 <n+ Mo “« et

and c(n) = ef(n)/my = 0 for each n € DA {¢} DT, so that v ¢ A/ ;. This completes
the recursion.

Set I = [J;2, A, and define Y to be the closed subspace of Xy spanned by the basic
sequence (d)~er-

The definition of Y shows immediately that Y is infinite-dimensional and has infinite
codimension in X g (because the sets IV and ['*" \ [V are infinite), and that (d,),er is a
Schauder basis for Y. This basis is shrinking because it is a subsequence of the shrinking
basis (d,),eran for Xan. Thus clauses (i) and (ii) of Theorem 1.2 are satisfied. To establish
the other two clauses, we require some further observations concerning I and Y.

Lemma 2.4. Let v € TAY. Then:

(i) v € I"\ {Bo} if and only if cX|r # 0;
(i) v € I” if and only if di;|1"/ £ 0.
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Proof. Set n = (rankv) — 1 € Ny, so that v € A2,

(). This is (almost) immediate from the definition of T”. Indeed, if v € TV \ {5y}, then
we have n > 2 and cZ(n) # 0 for some n € I'}, by (2.6), so that ¢ | # 0.

Conversely, suppose that cX(n) # 0 for some n € I'. Then rankn < n because
suppcy C I',. Hence n € T, and therefore v € Al by (2.6). We cannot have v = f
because rank 3y = 2, so that supp ¢j, € I'y = {1}, which is disjoint from T".

(ii). Recall that d¥ = el —c.

Suppose first that v € I'". Then d(y) = 1 because ¢} () = 0, and so d | # 0.

Conversely, suppose that d(n) # 0 for some n € I". If v = 7, then v € I". Otherwise

ex(n) = 0, so that c%(n) # 0, and the conclusion follows from (i). O

Lemma 2.5. Let v € I'. Then d.|pamp = 0.
Proof. We shall prove the result inductively by showing that d.(n) = 0 for each m € N and

n € A\ A’ To begin the induction, we observe that this is true whenever m < rank~
because supp d, C {7} U (I'*T\ TAL ) (see [2, p. 12]).

rank y
Now let m > ranky and n € AS, \ A/ ., and assume inductively that d,(§) = 0 for

each ¢ € TA"\ T/, By Lemma 2.4(i), we have ¢ = 0 and thus
6= D o
EETLINTY,
This implies that
dy(n) = {dy, dy+ ) =0+ Y cr(6)dy(§) =0
EETRINTY,
by the induction hypothesis, and hence the induction continues. [

To state the following two results concisely, we set I'jy ="} = 0.

Corollary 2.6. Lety € Y. Then:
(i) suppy C T".
(ii) Suppose that rany C (p, q] for some non-negative integers p < q. Then y = iq(y|FqAH)
and supp(y|ran) € I\ T,

Proof. (i). By the definition of Y, it suffices to show that suppd, C I" for each v € I",
that is, d,(n) = 0 for each n € I*¥ \ I” which is true by Lemma 2.5.
(ii). This follows by combining (i) with (2.4). O

Corollary 2.7. Let p < q be natural numbers. Then
ig[loo(Ty \T})] = span{d, : v € I, \ T }.

Proof. Set F' = span{d, : v € I';, \ ' }. Corollary 2.6(ii) implies that F' C iy[(s (I, \ I'})],
so that

DA\ T = dim F < dim [l (T \ )] < dim £ (T, \ T) = [T\ T))| < oc.

Hence i4[(o (I, \I'})] has the same finite dimension as its subspace I, so they are equal. [
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Proof of Theorem 1.2(iii). Since Y has a shrinking basis, its dual is separable, so by a result
of Lewis and Stegall (see [18, the second corollary of Theorem 2|), it suffices to show that Y
is a Z-space. This follows from an argument similar to |2, Proposition 3.2|. Indeed,
(span{d, : v € I })22, is an increasing sequence of subspaces of Y whose union is dense
in Y, and these subspaces are uniformly isomorphic to the finite-dimensional /..-spaces of
the corresponding dimensions by (2.3) and Corollary 2.7 (applied with p = 1). O

Clause (iv) of Theorem 1.2 is, not surprisingly, significantly harder to prove than clauses
(i)-(iii). We shall follow closely Argyros and Haydon’s proof of [2, Theorem 7.4], which
shows that all bounded operators on Xag have the form scalar-plus-compact. ‘Rapidly
increasing sequences’ play a central role in this proof; their definition is as follows.

Definition 2.8. A rapidly increasing sequence (or RIS for short) in Xy is a block sequence
(x;)icr indexed by a non-empty (finite or infinite) interval I of N such that there are a
constant C' > 0 and a strictly increasing sequence (j;);cr of natural numbers satisfying
(i) ||zilleo < C for each i € I
(ii) maxranz;_; < j; for each i € I\ {minlI};
(iii) |z;(y)] < C/my for each i € T and each v € '™ with weighty = 1/my, for some
ke NN, 7).
If we need to specify the constant C' in this definition, we refer to a C-RIS.
We say that a RIS (z;):e1 is semi-normalized if inf;cy ||7;]|oo > 0. (Note that condition (i),
above, ensures that sup;c; ||zi]|c < 00.)
Let W be a subset of Xag. By a RIS in W, we mean a sequence (z;);cr that is a RIS in
the above sense and satisfies z; € W for each 7 € L.

Our first aim is to establish the following variant of |2, Proposition 5.11] for bounded
operators defined on the subspace Y of Xay.

Proposition 2.9. Let T be a bounded operator from Y into a Banach space. Then the
following three conditions are equivalent:
(a) every RIS (x;)ien in Y has a subsequence (x});en such that | Tx}|| — 0 as i — oo;
(b) every bounded block sequence (x;)ien in'Y has a subsequence (x})ien such that
ITzi|| = 0 as i — oo;
(c) the operator T is compact.

As in [2], the proof of this result relies heavily on the following two notions.

Definition 2.10. A block sequence (z;);eny in Xag \ {0} has:

e bounded local weight if inf{weight7 : ¥ € ;e locsupp xz} > 0;
o rapidly decreasing local weight if, for each i € N and v € locsupp x;,1, we have
weight v < 1/my,, where ¢; := maxran ;.

Proposition 2.11 ([2, Proposition 5.10]). Let (x;)ien be a bounded block sequence in
Xan \ {0}, and suppose that (z;)ien has either bounded local weight or rapidly decreasing
local weight. Then (z;)ien is a RIS.
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Proof of Proposition 2.9. The implication (b)=-(a) is obvious.

(b)<(c). Each subsequence of a bounded block sequence is evidently itself a bounded
block sequence. Hence condition (b) is equivalent to the formally stronger statement that
|Tx;|| — 0 as i — oo for every bounded block sequence (z;);ey in Y, and this latter
statement is in turn equivalent to condition (c) by Lemma 2.1(ii), which applies because
the basis (d, ) er for Y is shrinking.

It remains to prove that (a)=-(b), which we shall accomplish by adapting the proof of
[2, Proposition 5.11]. We begin by observing that since each subsequence of a RIS is a
RIS, condition (a) is equivalent to the formally stronger statement that ||Tz;|| — 0 as
i — oo for every RIS (z;);en in Y. Suppose that this statement holds true, let (z;);en be
a bounded block sequence in Y, and choose integers 0 = ¢y < ¢1 < g2 < --- such that
ranx; C (gj_1,q;] for each j € N. Fix j, k € N, set u; = :Ej|qujH and, for each v € FgH,
define

() = u;(y) if weighty > 1/my
7 0 otherwise

and W) = {uj(y) if weight v < 1/my

0 otherwise.

Then we have u; = vf + wf, vaHoo Vv waHoo = ||]|co < ||74]lco and

/
q5—1

supp U}“ U supp w;-“ =suppu; C F;j \I

k

by Corollary 2.6(ii). Hence y} := ig,(v}) and 2§ := iy (w}) satisfy yf + 25 = ig, (u;) = 25,

they both belong to span{d, : v € F;j \F;j,l} by Corollary 2.7, and their norms are at
most 2||z;]|ec by (2.3) and Remark 2.2(i). Thus (y})jen and (2F);en are bounded block
sequences in Y. Using (2.5), we obtain

k

1
locsupp ?Jf C supp Uf = {7 € supp u; : weighty > m_}’
k

so that (yf)jeN has bounded local weight, and it is therefore a RIS by Proposition 2.11.
Hence the assumption implies that |7y} — 0 as j — oo, so that we can recursively
choose integers 1 < j; < jp < --- such that [|[Ty5 || — 0 as k — oo. Set k; = 1 and,

recursively, define k.1 = ¢;, for p € N. Then (zf}f )pen is a bounded block sequence with
’ P

rapidly decreasing local weight, so it is a RIS by Proposition 2.11, and hence ||Tzf: | —0
D

as p — oo. It now follows that z;, := T, = yf: + zf:
g P P

such that ||Tz)|| — 0 as p — oc. O

(p € N) is a subsequence of (z;);en

We shall next establish a lemma which generalizes |2, Lemma 7.2 and Proposition 7.3].
While we shall require it only for T = I, we have chosen to state it in greater generality to
highlight that, unlike Proposition 2.9, it does not depend on any special properties of the
set I". The statement of this lemma involves three further notions. First, for a subspace W
of Xan, we denote by W NI the set of w € W such that w(y) € L for each y € TAL,
where we recall that L is the subfield of the scalar field given by (2.1). Second, for natural
numbers p < ¢, we write P(’;)’q] for the operator P(*(]’q} — P(’B’p] and denote by P, q its
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adjoint. Third, we require the following piece of terminology, which originates from |2,
Definition 6.1].

Definition 2.12. Let C > 0 and j € N. A (C, j,0)-ezact pair is a pair (z,7) € Xag x TAH
that satisfies:

e |(df, z)| < C/myj for each § € T weightn = 1/my, ||2]|e < C and z(n) = 0;
o |2(¢)| < C/myp; for each i € N\ {j} and each ¢ € TA" with weight £ = 1/m;.

Lemma 2.13. Let C > 0, let W = span{d, : v € T} for some non-empty subset T
of TAH and let T: W — Xau be a bounded operator.
(i) Let (z;)ier be a C-RIS in W, where I is a non-empty interval of N. Then, for each
e >0, there is a (C +)-RIS (y:)ier in W NL™" such that ||z; — yil|s < & for each
iel.

(ii) Suppose that dist(Tx;, Ka;) — 0 as i — oo for every RIS (x;)ien in W NLE™. Then
dist(Tx;, Kz;) — 0 as i — oo for every RIS (x;)ien in W.

(iii) Let 6 > 0, and let (z;)ien be a C-RIS in W N L™ such that dist(T'z;, Kz;) > & for
each i € N. Then, for each j € N and p € Ny, there are z € span{z; : i € N} C W,
g€ NN (p,00) and n € AS\H such that the following five conditions are satisfied:

1) ranz C (p, q);

2) (z,7) is a (16C,27,0)-ezxact pair;

3) Re(T'z)(n) > 76/16;

4) | (Ixan = Plp.g)Tlloo < 0/ma;;

5) Re(Tz, P, ¢h) > 30/8.

(iv) For every RIS (z;)ien in W, dist(Tx;, Kz;) — 0 as i — oo.

(
(
(
(
(

Proof. Clauses (i) and (ii) are both proved by standard approximation arguments. We
omit the details.

(iii). Since (z;);en is a bounded block sequence with respect to the shrinking basis (d.)er
for W, it is weakly null in W. Being bounded, the operator 7' is automatically weakly
continuous, so that (7Tx;);cy is weakly null in Xag. Now the remainder of the proof of
|2, Lemma 7.2| carries over verbatim. (Note the need for the real part in conditions (3)
and (5); this is due to the fact that we consider complex as well as real scalars.)

(iv). Assume towards a contradiction that there is a RIS (z;);eny in W such that
dist(Tz;, Ka;) 4 0 as i — oo. By (ii), we may suppose that z; € W NL™" for each
i € N. We may now proceed exactly as in the proof of |2, Proposition 7.3] to reach a
contradiction, using (iii) instead of [2, Lemma 7.2] and noting that the element

n2j9—1

>

i=1

1

N2j9—1

z =

defined in |2, p. 34| belongs to W, so that we may apply the operator T to it. O

Finally, we can prove clause (iv) of Theorem 1.2.
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Proof of Theorem 1.2(iv). Lemma 2.13(iv) shows that, for each RIS (z;);en in Y, there is
a scalar sequence (\;);en such that ||T'z; — \jz;||cc — 0 as i — oo. Suppose that (z;);en is
semi-normalized. Then, arguing as in the proof of |2, Theorem 7.4], we deduce that (\;);en
is convergent and that the limit is independent of the choice of ()\;);eny and (x;);en; that is,
we have a scalar A such that

1Tz — Ai||oo < || T2 — NiTilloo + A — Ni] |Zi]loo = 0 as @ — o0 (2.7)

for every semi-normalized RIS (x;);en in Y.

We shall now complete the proof by showing that the operator T'— A\J is compact. By
Proposition 2.9, we must show that every RIS (z;);ey in Y has a subsequence (z7});en such
that |7z, — A\z}||oc — 0 as i — oo. If (z;);en is semi-normalized, then this follows from (2.7)
(and there is no need to pass to a subsequence). Otherwise (z;);en has a subsequence (z7});en
which is norm-null, in which case the conclusion is obvious (because the operator 7' — AJ
is bounded). O

3. THE LATTICE OF CLOSED TWO-SIDED IDEALS OF %(Z): THE PROOFS OF
THEOREM 1.4 AND PROPOSITION 1.6

Denote by % the algebra of upper triangular (2 x 2)-matrices over K. Since every bounded
operator on Z has a unique matrix representation of the form (1.2), we can define unital
algebra homomorphisms by

<a171‘[XAH+K171 Oz1,2J-|—K1,2> s (Oﬂ,l 041,2)7 B(Z) — P, (3.1)

Ksq agoly + Koo 0 agp
and
. Q11 012 O-’l,llXAH al,QJ
¥ ( 0 04272) > ( 0 asaly ) Ty — B(Z). (3.2)

Clearly ker ¢ = #(Z), and the composition ¢ o1 is equal to the identity operator on .7,
so that we have a split-exact sequence

¥

{0} H(Z) —— B(2)

T, —= {0},

where 12 #(Z) — A(Z) is the inclusion map.

Proof of Theorem 1.4. For each two-sided ideal .# of %, the pre-image ¢~ '[.#] under ¢ is
a two-sided ideal of #(Z). The identity ¢~ '[#] = [F] + # (Z) shows that this ideal is
closed (as the sum of a finite-dimensional subspace and a closed subspace), and the map
S +— o '[#] is an order isomorphism of the lattice of two-sided ideals of 7 onto the
lattice of closed two-sided ideals of Z(Z) that contain £ (Z). Since Xag and Y both have
Schauder bases, J#(Z) is the minimum non-zero closed two-sided ideal of #(Z). Hence the
conclusion follows from the standard elementary fact that the lattice of two-sided ideals
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of 7, is given by

0
{(a(l); 0%2) tog, g € K} {(0 g;z> D, Qg € K}

rad% = %1 ﬂ%g = {(8 0%72) o € K}

{0},
where rad 7 denotes the Jacobson radical of %5, and the lines denote proper inclusions
with the larger ideal at the top. O

/\
\/

Proof of Proposition 1.6. Endow 2 with an algebra norm. (Since % is finite-dimensional,
all norms on it are equivalent, so it does not matter which one we choose.) Then 7 is a
standard example of a non-amenable Banach algebra, for instance because the map

Q11 012 0 Q12
( 0 0‘2,2) — (0 0 ), T — rad D,
is a bounded derivation which is not inner (and its codomain rad % is a dual Banach
a-bimodule because it is a finite-dimensional two-sided ideal of %3). Moreover, the map

Avs (A + H(2), To— B(2)]H(2), (3.3)

where 1 is given by (3.2), is an algebra isomorphism, which is automatically bounded
because its domain is finite-dimensional, so that 7 is isomorphic to a quotient of B(7),
and hence the conclusion follows from |7, Proposition 2.8.64(ii)]. O

Remark 3.1. The proof of Proposition 1.6 shows that the algebra homomorphism ¢ given
by (3.1) is bounded because it is the composition of the quotient homomorphism of B(7)
onto A(Z)/# (Z) with the inverse of the isomorphism (3.3).

4. APPROXIMATE IDENTITIES: THE PROOF OF THEOREM 1.8

Recall that, for n € N, Py | Xan is the n' canonical projection associated with the
shrinking FDD (M )renw = (span{d, : v € ApH})cy for Xan. Clearly the subspace Y is
Py, nj-invariant, and the restriction Py, |Y is the n'" canonical projection associated with
the shrinking FDD (span{d, : v € A}})2, for Y. Consequently Lemma 2.1 implies the
following result, which establishes all the positive statements concerning the existence of
bounded approximate identities in Theorem 1.8.

Proposition 4.1. (i) The sequence

(5 po)
0 PonlY)) en

is a bounded left approzimate identity in M.
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P(O, n] ‘XAH 0
0 IY neN

s a bounded right approximate identity in Ms.

(4 )
0 PonlV)/ e

is a bounded two-sided approximate identity in H (7).

(ii) The sequence

(iii) The sequence

The non-existence statements in Theorem 1.8 will all be easy consequences of the fol-
lowing lemma.

Lemma 4.2. The inclusion map J:Y — Xag has distance 1 to the ideal of compact
operators, in the sense that

inf{||J - K| : K € #(Y,Xan)} = 1.

Proof. The right-hand side dominates the left-hand side because ||J|| = 1.

On the other hand, given ¢ > 0 and K € J# (Y, Xan), we can find n € N such that
| K — P, K| <¢e/2 by Lemma 2.1(i). Riesz’s lemma (see, e.g., [6, Lemma 1.1.1]) implies
that there exists a unit vector y € Y such that ||y — P, 2|l = 1—¢/2 for each z € Xyy,
and hence
from which the conclusion follows. O]

Proof of Theorem 1.8(i). For each

OéllIX +K11 a12J+K12
e . ) e,
( K Kss ) !
where o 1,012 € Kand Ky 4,..., Ky are compact, we have
0 J 0 J | (~IKy T = Ky
‘(O 0>_(O O)T_'< 0 0 >‘>”J—JK2,2H>1

by Lemma 4.2. Hence .#, has no right approximate identity.
The other statements are proved similarly. [

5. MAXIMAL LEFT IDEALS OF #(Z): THE PROOF OF THEOREM 1.9

The key ingredient in our proof of Theorem 1.9, besides the properties of X g and Y stated
in Theorems 1.1 and 1.2, is the following extension theorem of Grothendieck (see [12,
pp- 559-560], or [19, Theorem 1|), which applies to compact operators into Xay or YV
because they are both isomorphic preduals of /1.

Theorem 5.1 (Grothendieck). Let E be a subspace of a Banach space F, and let G be a
Banach space whose dual space is isomorphic to Li(p) for some measure p. Then every
compact operator from E into G has an extension to a compact operator from F into G.
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We shall also require the following elementary observation regarding the maximal two-
sided ideals

:@1 = {(a(l)’l a6’2> Ty, Q1o € K} and (gg = {(8 g;’i) tQ2, o € K}

of .7 that were introduced in the proof of Theorem 1.4. This observation is probably well
known, but we include a short proof for completeness.

Lemma 5.2. The ideals %1 and 65 are the only mazximal left ideals of F.

Proof. Both %, and %5 have codimension one in %, so that they are maximal as left ideals.
Let .Z be any maximal left ideal of 7. As noted in the proof of Theorem 1.4, the
Jacobson radical of 9 is given by

0
rad 75 = {(0 04(1)’2> togg € K}

This ideal is not maximal as a left ideal because it is properly contained in %#; and %.
Hence the definition of the Jacobson radical as the intersection of all the maximal left
ideals of 75 implies that .Z contains rad .7 properly, and consequently we can find

(041,1 0 ) c ¥
0 Q99

with either a1 # 0 or ags # 0. In the first case we conclude that

B 0\  (B/aix 0\ (a11 O
(0 0)‘( 0" 0)(51 am)ef (6 €K).

so that Z; C .Z, and hence #Z; = £ by the maximality of %#;. A similar argument shows
that . = %, in the second case. O

Proof of Theorem 1.9. As in the proof of Theorem 1.4, we see that . — ¢~ 1[Z] defines
an order isomorphism of the lattice of left ideals of .7 onto the lattice of closed left
ideals of #(Z) that contain # (Z). By [8, Corollary 4.1], every non-fixed, maximal left
ideal of #A(Z) contains &(Z) and hence #(Z), and therefore Lemma 5.2 shows that
My = o R and My = ¢~ [6,] are the only non-fixed, maximal left ideals of B(Z).

(i). Foreach T = (Tjkﬁk:1 € ., the operator Th 5 is compact, so that it has a compact
extension Tho: Xag — Y by Theorems 1.2(iii) and 5.1. Moreover, we may express 77 o
in the form 715 = ay2J + Ki 2, where oy € K and K;9: Y — Xag is compact, and
then another application of Theorem 5.1 gives a compact operator 1?172: Xag — Xag that
extends K. Hence we have

. Tl,l 0 0 TLQ o ‘[XAH 0 O(LQIXAH—FRLQ 0 0 J
T‘(TQ,1 0)+<0 T2,2>—T( 0 o0)" Tyo 0)\0 0)

which shows that .#] is generated as a left ideal by the pair of operators given by (1.5).
On the other hand, to see that .#) is not generated as a left ideal by a single bounded
operator, assume the contrary, and let R = (Rj,k’)ikzl be a generator of .#,. Take
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11,012 € K and Compact operators Kl,l and KLQ such that Rl,l = al,l]XAH + Kl,l
and Ry2 = ag2J + K. Since the operators given by (1.5) both belong to ., we can
find bounded operators S = (S;1)3 -, and T' = (Tj1)3,—, on Z such that

Ixg, 0\ 0 J\
<0A 0)_53 and (0 O)_TR. (5.1)

Write 511 = BIx,, +Ui1 and Th; = vIx,, + Vi1, where 8,7 € K and U;; and V;; are
compact. The first part of (5.1) implies that Sa;; = 1 and Sag 2 = 0, so that necessarily
a2 = 0, while the second part shows that yo;; = 0 and yoy 2 = 1. This is clearly
impossible, and hence .#; cannot be generated as a left ideal by a single operator.

(ii). Assume towards a contradiction that .#5 is the left ideal of Z(Z) generated by the
operators Ry,..., R, for some n € N. The definition (1.3) of .#5 implies that, for each
Jj€A{l,...,n}, we can find 8;,7; € Kand K; € #(Z) such that R; = S; + K, where

S; = (0 6”). (5.2)

0 vly
By [8, Corollary 4.7|, the operator
U: 2z (Riz,...,Ry2), Z— 27",

is bounded below, and it is thus an upper semi-Fredholm operator; that is, ¥ has finite-
dimensional kernel and closed image. Since the set of upper semi-Fredholm operators is
closed under compact perturbations (see, e.g., [6, Corollary 1.3.7]), the operator

S: 20Uz — (Kyz,...,K,2) = (S12,...,5.2), Z—27Z",

is also an upper semi-Fredholm operator, so that its kernel is finite-dimensional. This,
however, contradicts the fact that S(z,0) = (0,...,0) for each x € Xay by (5.2). O
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