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ABSTRACT. We introduce four new cocycle conjugacy invari-
ants for Ep-semigroups on II; factors: a coupling index, a di-
mension for the gauge group, a super product system and a C”*-
semiflow. Using noncommutative Ité integrals we show that
the dimension of the gauge group can be computed from the
structure of the additive cocycles. We do this for the Clifford
flows and even Clifford flows on the hyperfinite II; factor, and
for the free flows on the free group factor L(F). In all cases
the index is 0, which implies they have trivial gauge groups.
We compute the super product systems for these families and,
using this, we show they have trivial coupling index. Finally,
using the C*-semiflow and the boundary representation of Pow-
ers and Alevras, we show that the families of Clifford flows
and even Clifford flows contain infinitely many mutually non-
cocycle-conjugate Egp-semigroups.

1. INTRODUCTION

A weak-* continuous semigroup of unital *-endomorphisms on a
von Neumann algebra is called an Eg-semigroup. They arise nat-
urally in the study of open quantum systems ([5], [8]), the theory
of interactions ([2], [3], [4]), and in algebraic quantum field theory
(simply restrict the time evolution to an algebra of observables cor-
responding to the future light cone). For Eg-semigroups on type I
factors the subject has grown rapidly since its inception in [21] (see
the monograph [4] for extensive references). Arveson showed that
these Eg-semigroups are completely classified by continuous tensor
products of Hilbert spaces, called product systems, and this gives a
rough division into “types” I, II and III. The type I Eg-semigroups on
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type I factors are just the CCR flows ([4]), but there are uncountably
many exotic product systems of types II and III ([13], [14] [18], [25]).

By contrast, after their study was initiated by Powers (in the
same 1988 paper [21]), there has been little progress regarding Eo-
semigroups on type II; factors. In [1] Alexis Alevras made develop-
ments for Eg-semigroups on II; factors analogous to the theory on
type I factors. He associated a product system of Hilbert modules to
every Eg-semigroup and showed that they form a complete invariant
(product systems of Hilbert modules have also been considered in
[7], [8], but they are slightly different in form and function to the
ones considered here). He also introduced an index using Powers’
boundary representation ([21]) and computed the index for several
important cases.

Still, this does not classify even the simplest examples of Eg-
semigroups on the hyperfinite II; factor. One problem is that Alevras
was unable to show his index is an invariant up to cocycle conjugacy
(see Section 2). For type I factors, Powers showed his index is a co-
cycle conjugacy invariant by proving it equals the Arveson index, an
intrinsic property of the product system ([22], [23]). For II; factors
there is no known connection between the index of the semigroup
and the product system of Hilbert modules. Directly related to this
is a lack of effective invariants for these objects.

The structure of the paper is as follows. In Section 2 we give the
basic definitions of Eg-semigroups, cocycle conjugacy, units and the
gauge group. We introduce three important families of examples:
Clifford flows and even Clifford flows on the hyperfinite I1I; factor,
and free flows on the free group factor L(Fy). All three are, in
a generalized sense, second quantizations of unilateral shifts on L2
spaces.

In Section 3, for an Eg-semigroup « on M, we use use the antilinear
*-isomorphism j = Ad(J) : M — M’ of Tomita-Takesaki theory to
define a complementary Eg-semigroup o’ on M’. We associate a
Hilbert space to the pair (o, ') and the dimension of this Hilbert
space is a cocycle conjugacy invariant, called the coupling index. If
there exists an Eg-semigroup o on B(H) extending both a and o/
then the coupling index is equal to the usual Powers-Arveson index of
o. It should be noted that this index is not same as the index defined
by Alevras in [1] (they differ, for instance, on Clifford flows and even
Clifford flows). We finish the section by associating a Hilbert space
H(G(a)) to the gauge group G(«) and showing the dimension of this
Hilbert space is another cocycle conjugacy invariant.
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In section 4 we define super product systems, generalisations of
Arveson’s product systems of Hilbert spaces. These are similar in
spirit to the subproduct systems already studied in [6], [19] and play
a prominent role in the paper. We introduce multiplicative and addi-
tive units for super product systems and, in section 5, we prove that
there is a one to one correspondence between the two. To this end
we develop a noncommutative stochastic calculus for super product
systems, very similar to that of [12]. This gives an explicit formula
for computing the index of a super product system from its additive
units.

In section 6 we study the gauge group from the point of view of
noncommutative probability. It follows from the invariance of the
trace that an element (U;);>o of the gauge group enjoys the future
independence property 7(Upay(x)) = 7(Up)7(cn(x)) for all z € M,
t > 0, hence G(«) generates a noncommutative white noise, similar
to those of [16], [12]. By recasting the white noise as a super product
system we see the dimension of the gauge group can be computed
using the methods of section 5. Furthermore, dim H(G(«)) is zero
precisely when the gauge group is isomorphic to (R, +).

In section 7 we compute the additive cocycles for the Clifford flows,
even Clifford flows, and free flows explicitly. Using the results of sec-
tion 6 we show that the gauge group is trivial for all these examples.
By a result of Arveson, this shows that a one-parameter group of
automorphisms on B(H) extending one of these semigroups is com-
pletely determined by its “past” and “future” Eg-semigroups on M/,
respectively M (see [3], [4]).

The pair («, @’) gives us a pair of product systems of Hilbert mod-
ules. In Section 8, we show their intersection is a super product sys-
tem. We prove this is an invariant for o and compute it for Clifford
flows and even Clifford flows. This has strong structural implica-
tions. For instance, it precludes the existence of certain extensions
of the Clifford, or even Clifford flows, to B(H) and allows us show
the coupling index is 0 for all the Clifford flows and even Clifford
flows. For free flows we show that the super product system is trivial
and hence free flows also have coupling index 0.

In section 9 we introduce the notion of a 7-semiflow, the natu-
ral counterpart to the C*-semiflows introduced by Floricel for type
I factors ([10]). We show that the 7-semiflow is a cocycle conju-
gacy invariant and use this to show that, for a certain class of Ey-
semigroups, cocycle conjugacy is equivalent to conjugacy. Using this,
together with the computation of Powers-Alevras index for even Clif-
ford flows, we are able to prove that the even Clifford flows are not
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cocycle conjugate among themselves for different ranks. We lift this
result to the Clifford flows with a simple argument.

2. PRELIMINARIES

Definition 2.1. An Ey-semigroup on the von Neumann algebra M
is a semigroup (au)e>0 of normal, unital *-endomorphisms of M sat-
1sfying
(1) ap = id,
(ii) ax(M) # M for all t > 0,
(iii) t — p(ay(z)) is continuous for all x € M, p € M,.

Definition 2.2. A cocycle for an Ey-semigroup o on M is a strongly
continuous family of unitaries U = (Up)i>o satisfying Usas(Up) =
Usqy for all s,t > 0.

For a cocycle U, we automatically have Uy = 1. Furthermore
the family of endomorphisms oY (z) := Ujay(x)U; defines an Eo-
semigroup. This leads to the following equivalence relations on Eg-
semigroups.

Definition 2.3. Let o and B be Ey-semigroups on von Neumann
algebras M and N.

(i) a and B are conjugate if there exists a *-isomorphism 6 :
M — N such that f; =60 oo, 007" for all t > 0.

(ii) « and B are cocycle conjugate if there exists a cocycle U for
a such that 8 is conjugate to oV .

Let M be a von Neumann algebra acting standardly and 7 : M —
B(H) a normal representation. Then for an Eg-semigroup « on 7(M)
there exists a conjugate semigroup 7! o oo 7 on M. Thus with out
loss of generality we may restrict to algebras acting standardly.

Let «, 8 be Eg-semigroups acting on II; factors M and N and
suppose 6 : M — N is a *-isomorphism intertwining o and 5. By
uniqueness of the trace on M we have Ty o 8 = 1y, hence 0 extends
to a unitary U : L?(M) — L?(N). This unitary satisfies

(i) UQm = O,
(il) UMU* = N,
(iii) Bi(x) = U (U*zU)U* for all t > 0, z € N,

where Qp/(respectively Q) is unique cyclic and separating vector
(which evaluates the trace), given by the image of 1), (respectively
1n)in L?(M) (respectively L?(N)). For Il factors acting standardly
we take this as the definition of conjugacy.
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For the rest of the paper M will denote a II; factor with trace 7
acting canonically on H := L?(M) with cyclic and separating trace
vector ). Let a be an Eg-semigroup on M. Associated to « is a
decreasing family of von Neumann algebras

M=ap(M) D as(M) D(M) DC1 forall 0<s<t.
By taking relative commutants we get a filtration
Cl=MygcCcM;CM;,CM forall 0<s<t,
where M; := M N ay(M)'.

Using the cyclic and separating property of €2 we can well-define
a linear operator on the subspace MS2 by

Sz = oy () for all x € M.

By invariance of the trace under oy, each S; extends to an isome-
try and it is easily seen that {S; : ¢ > 0} is a strongly continuous
semigroup satisfying Six = ay(z)S;. This motivates the following
definition.

Definition 2.4. A unit for « is a strongly continuous semigroup
T = {T; : t > 0} of operators in B(H) such that To = 1 and Tix =
ar(x)Ty for all t > 0, x € M. Denote the collection of units by Uy.
We call {S; : t > 0} the canonical unit associated to «.

A gauge cocycle for « is a cocycle which satisfies the adaptedness
condition Uy € M; for all £ > 0. Notice that the product of two gauge
cocycles U and V is another gauge cocycle and that the adjoint U*
of a gauge cocycle is a gauge cocycle. Thus, under the multiplication
(UV) := UiV, the collection of all gauge cocycles forms a group,
denoted by G(«), called the gauge group of a.

Proposition 2.5. The multiplication (U, T) — UT defines an action
of the gauge group on U,.
Proof. The adaptedness condition ensures that

UiTix = Uy (2) Ty = oy () Ui Ty (t>0, x e M),
and it follows from the cocycle identity that

UsTsUi Ty = Usag(Up)TsTy = Ug 4 Ts 14 (s,t>0).
Moreover, for £ € H, we have

1T~ DEP = IIUTEN* + |I€]* - 2R (€, UT)
= Tl + €)1 - 2R (U, Tué) —» 0

as t — 0. Thus, since Uy = 1, UT is a unit. U
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By Proposition 2.5, the canonical unit induces a map
G(a) > Uy, U US.

If US = VS for two gauge cocycles U,V then (U; — V4)S; = 0 for all
t >0, so that (U — V;)Q2 = 0. As 7 is faithful we obtain U; — V; =0
for all t > 0, so the canonical map G(«) — U, is an injection.

We end this section with some examples and by fixing some nota-
tion. These examples are already discussed in [1].

Throughout this paper, we denote by k an arbitrary separable real
Hilbert space with dimension equal to n € {1,2--- oo}, and by k* be
the complexification of k.

Let L?(R;;k) or L?(Ry;k®) be the Hilbert space of square inte-
grable functions taking values in k or k® respectively. Let {T;} be
the shift semigroup of L?(R;k*) defined by

(T:f)(s) = 0, s<t,
f(s—=1t), s>t
for f € L*>(R4;k®). They are semigroups of isometries and we denote
their restriction to L*(R4;k) also by {T;}.
The full Fock space is defined by

Tp(L*(Ry; k%)) = @ LA(Ry; k%)%,
n=0

where L?(R;; k®)®0 = CQ, and Q will be called as vacuum vector.

Example 2.6. Clifford flows Let H be a real Hilbert space and Hc
its complexification. Write T'y(Hc) for the antisymmetric Fock space
over Hc, i.e. the subspace of I'y(Hc) generated by antisymmetric
tensors. For any f € Hc the Fermionic creation operator a*(f) is
the bounded operator defined by the linear extension of

sipve ) if €=10Q
“06={ re feLa
where fAE is the image of f®§ € T'y(Hc) under orthogonal projection
onto I'q(Hc). The annihilation operator is defined by a(f) = a*(f)*.
The unital C*-algebra CI1(H) generated by the self-adjoint elements
{u(f) = (alf) +a*())/V2: feH}

is the Clifford algebra over H. The vacuum € is cyclic and defines
a tracial state for Cl(H), so the weak completion yields a II; factor;
in fact it is the hyperfinite I, factor R [26].

If H = L*(Ry; k), where k is a separable Hilbert space with dimen-
sionn € {1,2,---00} as mentioned before, then T the unilateral shift
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on L*(Ry;k) defines an Ey-semigroup on R by extension of

ai (u(f1) - u(fi)) = u(Tifr) - w(Ti fi)
called the Clifford flow of rank n.

Example 2.7. Even Clifford flows The von Neumann algebra
generated by the even products

Re = {u(fr)u(f2) - u(fen) : fi € L*((0,00),k), n € N}

is also isomorphic to the hyperfinite 11, factor. The restriction of the
Clifford flow o™ of rank n to this subfactor is called the even Clifford
flow of rank n. We denote it by B".

Example 2.8. Free flows

Let k be a real Hilbert space of dimension n € {1,2,---00} and
for every f € L*(Ry;k) define the operator s(f) = % on
I (LA (R4; k) where

(F ife=0,
l<f)§_{f®€ if (6,9) = 0.

The von Neumann algebra ®(k) = {s(f) : f € L*(Ry;k)}", is iso-
morphic to the free group factor L(Fu) and the vacuum is cyclic and
separating with (Q, xQ) = 7(x) (see [26]).

Let T be the unilateral shift on L?*(Ry;k). Then there exists a
unique Ey-semigroup v on ®(k) satisfying

v (s(f) =s(Trf) (fek t=0)
(see [1]), this is called the free flow of multiplicity dim k.

Notation: Throughout this paper, for F C B(H), we shall write
[E] for the closure, in the weak operator topology, of the linear sub-
space of B(H) spanned by E. Similarly, if S C H is a subset of vec-
tors, we shall write [S] for the norm-closed subspace of H spanned
by S. N denotes the set of natural numbers and No = NU {0}.

3. MULTI-UNITS, INDEX AND GAUGE DIMENSION

We begin this section by defining a complementary, or dual Eg-
semigroup. Let J be the modular conjugation associated to the vec-
tor 2 by the Tomita-Takesaki theory. We can define a complemen-
tary Eg-semigroup on M’ by setting

(@) = Jou(J2'T)T (' e M).
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Then we define a semigroup of maps on M UM’ by setting

| a(x), xeM,
() = { ay(x), xeM.

Proposition 3.1. If the Ey-semigroups o and 8 on M are cocycle
conjugate, the complementary Ey-semigroups are also cocycle conju-
gate.

Proof. 1t is easy to see conjugacy is preserved under complementa-
tion. Suppose {U;} is an a—cocycle and S;(-) = Uia(-)U;. For any
t >0, let vy = JU;J, then v; € M’ and v; satisfies

Vsit = Jusred = JUsJ Jas(Up)J = JUsJal.(JULT) = vscds(vy).
So {v} forms an o’-cocycle. We also have
Bi(m') = JBy(Jm' T).J
= JUa(Jm/ J)U} T
= (JUI)(Ja(Jm! VI (JUST)

e AG

for all m' € M. O

Definition 3.2. A unit or multi-unit for the Ey-semigroup « is a
stongly continuous semigroup of bounded operators (Ty)i>0 satisfying

Tix = py(x)T;  for all € MUM
together with Ty = 1. That is, a multi-unit is a unit for both o and

o'. Denote the collection of pnits for a by Un, o

We have already noticed {S; : ¢ > 0} is a unit for a. Since the
Eg-semigroup « is *—preserving, the modular conjugation operator
commutes with S; for each ¢ > 0. This implies

aé(m')St = Jat(Jm/J)JSt = JSt(Jm/J)J = Stm'

for all m’ € M/, ¢t > 0, and S € U, . So the collection of multi-units
for any Eg-semigroup in a II; factor is always non-empty.

Lemma 3.3. If U is a gauge cocycle for o then US is a pnit for a.
Thus U — US defines an injection G(a) = Up,o -

Proof. Since US is a unit for a, we need only show that it is also a
unit for o/. For all t > 0, z € M’ and y € M we have
a(2)USy = aj(2)Urau (y) = Uronr(y) oy (2)Q2
= Uron(y)Jon(JxJ) JQ = Urou(y) o (Jx* )2
= UtStle’*JQ = Utstny = UtStLL’yQ.
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0

Lemma 3.4. Let X and Y be pnits for a. Then X;Y; = e M1 for
some constant A € C.

Proof. For any x € MUM’ we have
X{ Vi = X{p()¥i = (ua(a*)X0)'Ys = (Xea*)*Yi = 2X7,,
hence X;Y; € (MUM') = C1. We note that
XYV, X{Y: = X;XIV,Y: = XC, Vi

and hence the complex valued function f(t) = (Q, X;Y;Q) is con-
tinuous and satisfies f(s +t) = f(s)f(t). Since f(0) = 1 we have
f(t) = e for some A € C. O

Thus we can define a covariance function ¢ : Uy o/ X Uy, — C
by X;Y; = e“XY)] for all t € Ry. Since the covariance function
is conditionally positive definite (see Proposition 2.5.2 of [4]) the
asignment

(fLg) = D X, Y)F(X)g(Y)
X,YGZ/{a’a/

defines a positive semidefinite form on the space of finitely supported
functions f : Uy — C satisfying >y, , f(X) = 0. Hence we

may quotient and complete to obtain a Hilbert space H(Uy o).

Definition 3.5. Define the coupling index Ind.(«) of the Ey-semigroup
a as the cardinal dim HUp,q/)-

Proposition 3.6. If o and B are cocycle conjugate Ey-semigroups
then they have the same coupling index. Furthermore, if v is an
Ey-semigroup on the II factor W then

Ind.(a ®v) > Ind.(a) + Ind.(7).

Proof. For the first statement it is enough to give a bijection U, o —
Ug g preserving the covariance. For conjugate semigroups with inter-
twining unitary V, Ady clearly does the job. So assume a = Y, for
an a-cocycle U. Then the map T +— JUJUT suffices (see Theorem
8.11).

For the inequality note that every pair of units X<, X7 for a and
~ respectively give a punit X¢ ® X7 for a ® . As

(X7 © X7)" (%% @ V) = el XY 1ty
there exists an isometry
H(ua,oc’) D H(uv,v’) — H(“a@v,(a@v)’)
see |4] Lemma 3.7.5). O
(see [4]
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Proposition 3.7. Let o be an Ey-semigroup on the Il factor M. If
there exists an Ey-semigroup o on B(L?*(M)) satisfying

| () ifzeM,
oi(x) —{ ai(x) ifz e M, for allt > 0,

then Ind.(«) is equal to the Powers-Arveson index of o.

Proof. Clearly if T is a unit for ¢ then it is a unit for a. Conversely
if T is a unit for a and x € B(H) we may pick nets (y;)ier C M and
(z:)ier € M’ satisfying y;z; — 2 in the ultraweak topology. Then by
ultraweak continuity of o, oy(x)T; = lim;es 04(yizi) T3, but

or(yizi)Ty = (i) oy (z0) Ty = Tyyiz — Ty,

that is, T' is a unit for . Thus U, o+ = U, and the induced covariance
function on U, is precisely that of [4], section 2.5. O

Remark 3.8. All our known examples of Ey-semigroups on Il fac-
tors do not admit an extension as described in Proposition 3.7. This
follows from our computations on the super product systems associ-
ated to these examples, in section 8. It is an interesting open question
to construct an FEy-semigroup on a Il factor which admits such an
extension to B(L*(-)).

The gauge group also forms a cocycle conjugacy invariant for a.
Conjugate Eg-semigroups clearly have isomorphic gauge groups, and
if U is a unitary cocycle for o and 8 = oV then we have the group
isomorphism Ady : G(a) — G(p).

Lemma 3.9. If U,V € G(«) then there ezists A € C such that
T(U;V;) = e for all t > 0. In particular we have the identity

(1) T(UsiVard) = T(U V)T (U VE) - (5,8 2 0).

Proof. As ) is invariant under S we have
2) 1OV = (QUVQ) = (Q,S;U; VS, Q) = AUV

as required. Equation (1) follows immediately. O

For a pair of gauge cocycles U,V , we will write the correspond-
ing covariance function on G(a) as ¢ (U, V) := ¢(US,VS). It is
clear that c,(+,-) is just the pullback of ¢(, -) along the injective map
G(o) = U, induced by the canoncial unit. Equation (2) thus
reduces to 7(U;V;) = eVt We can now repeat the above con-
struction with (G(«a),c«(+,-)) in place of (Uy,ar,c(:,-)) to obtain a
Hilbert space H(G(«)).
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Definition 3.10. The dimension of the gauge group G(«) is defined
to be the cardinal dim G(«) := dim H(G(«)). We will also refer to
this as the gauge index of the Ey-semigroup a.

Theorem 3.11. The gauge index is a cocycle conjugacy invariant.
Furthermore, it satisfies

dim G(a ® B) > dim G(«a) + dim G(3)

for any Ey-semgiroup B on a second I factor.

Proof. If U is a unitary cocycle for « then for V,W € G(a),
T(U VU UWSUY) = 1(U VW UE) = 7(VIWs),

so dim H(G(a)) = dim H(G(aY)). If B is conjugate to oV, then as
the intertwining *-isomorphism also preserves the trace dim H(G(a"))

is equal to dim H(G(f)). The inequality follows as in Proposition
3.6. O

4. SUPER PRODUCT SYSTEMS

In this section and following section we develop tools to analyse
semigroups on II; factors. Here we introduce the notion of a super
product system of Hilbert spaces, which is a generalization of the
product systems introduced by Arveson. The second named author
heard this notion from C. Kostler during a conversation, but we could
not find any literature dealing with ‘super product systems’.

Definition 4.1. A super product system of Hilbert spaces is a one
parameter family of separable Hilbert spaces {H; : t > 0}, together
with isometries

Us,t tHs ® Hy — Hgyy for s,t € (Oa 00)7

satisfying the following two axioms of associativity and measurability.

(i) (Associativity) For any s1, s, s3 € (0,00)
U81752+83(1H51 ® U52783) = U51+32,53(U51,52 ® 1H53)'

(11) (Measurability) The space H = {(t,&) : t € (0,00),& € Hi} is
equipped with a structure of standard Borel space that is compatible
with the projection p : H +— (0,00) given by p((t,&) = t, tensor
products and the inner products as in the definition of a product
system (see 3.1.2, [4]).

Remarks 4.2. The theory of subproduct systems or inclusion sys-
tems is studied in [6] and [19], where the embedding map is reversed,
that is the operator Usy : Hy ® Hy +— Hgiy 1s assumed to be a co-
isometry. But unlike subproduct systems, which can possibly be finite
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dimensional, super product systems are either all one-dimensional
or all infinite dimensional. If d(t) is the dimension of the separable
Hilbert space Hy, then, since Hs @ Hy embeds isometrically into Hgys,
the relation d(s)d(t) < d(s +t) is satisfied for all s,t > 0. The only
possibility is d(t) = 1 for allt > 0 or d(t) = oo for all t > 0.

Definition 4.3. By an isomorphism between super product systems
(H},U},) and (H?,UZ,) we mean an isomorphism of Borel spaces
V i HY — H? whose restriction to each fiber provides an unitary
operator Vy : H} w H? satisfying

(3) VerlUsy = U2, (Vs ®@ V).

Definition 4.4. A unit for a super product system (Hy,Usy) is a
measurable section {u; : uy € Hy} satisfying

Us,t(us Qut) = usyt V 8, € (0, OO)

Similar to product systems, a super product system is called spa-
tial if it admits a unit. From here onwards we assume all our super
product systems admit a unit, since that is the kind of super prod-
uct system we will encounter while dealing with II; factors. We fix
a unit denoted by {Q; € H;} and call that the canonical unit. We
set Hy = CQy.

Definition 4.5. Let (Hy,Us ;) be a spatial super product system with
the canonical unit {Q}. A unital unit is a unit {u}¢>0 satisfying
llutll = 1. An exponential unit is a unit {us}i>0 satisfying (ug, Q) =
1. We denote the set of unital units by U(H) and the collection of
exponential units by o (H).

Remarks 4.6. Every unit {u;} satisfies
[wstell = llus @ well = ]| ue]| ¥ 5,2 > 0.
So |lug|| = eM for some A € R. On the other hand every unit also
satisfies
<us+t, Qs+t> = <’LL5 & U, Qs X Qt> = <US, QS> <Ut, Qt> VS,t > 0.
So (uy, Q) = et for some u € R. Thus given an exponential unit
{us} the unit {e " Muy} is unital, and given a unital unit {u;} the unit

{e7Htu,} is exponential. It is easily seen that this defines a bijection

$lo(H) — SU(H).

Definition 4.7. An addit for a spatial super product system (H¢, Us ),
with canonical unit {Q}, is a measurable family of vectors {by : t >
0} satisfying

(i) by € Hy for allt >0,
(11) Us,t(bs X Qt) + Us,t(Qs X bt) == bSth fO’F all S,t Z 0.
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We say an addit is centred if (Q,b;) = 0 for all t > 0. Denote the
set of all addits by A(H).

Since §; is a unit, every addit b can be written as by = ¢; + A2y
such that cis a centered addit and \; € C. Since t — \; is measurable
and Agyt = As + A, we have A\ = At for some A € C.

Lemma 4.8. Let b and ¢ be centered addits. Then

(4) (b, cr) =t (b1,c1) .

Proof. The function t — (b, ¢;) is measurable, and (b4, cs+¢) equals
= (Us,t(bs @ Q) + Us 1(Qs @ by), Us p(cs @ Q) + Us (s @ 1))

but this is (bs, ¢s) + (b, ¢t), since the addits are centered. O

5. NONCOMMUTATIVE ITO INTEGRALS

In this section we develop It6 Integrals on spatial super product
systems, with respect to a centered addit. Using Ito Integrals, we
provide a bijection between centered addits and exponential units.
Throughout this section we fix a spatial super product system (Hy, U ;)
with the canonical unit {Q; : ¢ > 0}.

Definition 5.1. An adapted process is a family v = {z; : t > 0}
satisfying x¢ € Hy for allt > 0.

An adapted process is simple if there exists a partition 0 < sy <
$1 < ... of Ry into a countable family of intervals so that

Tt = Usi,t—si (xl & Qt—si) th S [Sia Si+1)7
where x; € Hy, for each i > 0, and inf,en(s, — sp—1) > 0.

Let x be a simple adapted process, b a centred addit and 0 < ¢y <
t1. Extend and redefine the partition for x so that ty = s,,, t1 = sy,
and define

t1 n—1
/ Tsdbs = Z U5i15i+1_5i7t1_5i+1 (xz ® b8¢+1—8¢ ® Qt1_5i+1)7
to i=m
where U, s : H, ® Hy @ Hy — H, sy is the canonical unitary oper-
ator well-defined by the associativity axiom (here for instance take
Urst = Urist(Ups@15,)) Clearly the new process {f(;f xsdbs 1t > 0}
is adapted.

The definition of the above integral is well-defined. The fact that
it does not depend on the partition with respect to which x is simple,
follows from the additive property of the addit b and the multiplica-
tive property of the unit {2 : ¢ > 0}
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Here is our version of It6’s identity.

Lemma 5.2. Let x,y be two simple adapted processes. Then

t1 t1 31
</ xsdb&/ ysdbs> - Hb1H2 (Ts,Ys) ds.
to to to

Proof. We may assume that the partitions for « and y are the same.
For i # j and i < j, note that

<mi ® bsi+1*sz‘ ® Qt175i+1 1Y & b5j+1*5j ® Qt1*5j+1>
= (% @ bsi -5 ® Dsj—s001,Y5) (Dsjp1-s; bsj1-s;) = 0.
Similarly, same is the case when j < 1.

Thus we have

t1 t1 n—1
</ xsdb&/ ysdbs> = E <=Tz 02y bsi+1—sw Yi ® bs¢+1—si>
to t

0

i=m
n—1
= Z <-’Ezvyz> Hbshqfsi 2
i=m
n—1
= Y (wi,yi) (siyr — i) o)
i=m
t1
= Hbl“Q <xs>ys> ds.
to

0

Definition 5.3. An adapted process x is said to be a continuous pro-
cess if the function t + ||z¢||? is continuous. For a simple adapted
process x and centred addit b, the noncommutative Ité integral [ xsdbs

of x with respect to b is the continuous process t — fot Tsdbs.

We say a sequence of adapted process {z" : n € N} converges to
x in L? on any finite interval [a, b], if fab |z} — a¢||>dt converges to 0.

Proposition 5.4. Let x be a continuous adapted process such that
there exists F: Ry — C analytic with F(0) = 0 and, for all s,t > 0,
(Tort, Us (s @ Q) = ||]|* F'(t). Then on any finite interval we
can approzimate x in the L? norm by adapted step functions.

Proof. Pick an interval I = [r, s] and set 7§} = r, 77"y = rI"+(s—r)n"!

fort=0,...,n — 1. Then define a simple adapted process
xy = UT?»FT?(%? ® Qt,rln) if v € [rl',r]' ), fori=0,...,n—1;
=0ift > s.
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Then ||z — :Jc”H%Q(I) is
n—1 ,.mn
i+1
Z/ e = Usp sy (i ® Qerp) | dt
=0 7T

n—1 g
-y / el + [|zen ||? = 2Re (w0, Uy g (0 @ Qo)) dit
i=0 /i

s n—1
= [ Nl dt = 3 [y
r i=0

()
s n—l S—r S—7T
:/T @ ||? dt — ;0 <2Re F( n > B ) er?

2 7"?4»1
/ 2Re F'(t —rl') — 1dt
i

2

Since ¢ ||z¢]|* is continuous and F is analytic the sum in (5) tends
to the Riemann integral (2Re F'(0) — 1) [” l|z¢||? dt as n — oo, and
since F'(0) = 1, we get the desired equality. O

Thus, if x is a process satisfying the hypotheses of Proposition 5.4
we may define the It integral of x with respect to b as follows. Take
a sequence of adapted step functions {z"} converging to z in the L?
norm on [tg,t1]. Then, by 1t6’s identity

t1 2
] [ =z
t

0
as n, m — 0o, so the limit

t1
— ||b1||2/ e — 22 ds — 0
to

t1 t1

/ zsdbg := lim xdbg

t, n—oo t
0 0

exists. Moreover, if y” is another sequence of adapted step functions

with ¥ — x in L? norm on [tg, 1], then

t1 2 9 11 9
[ v =l [z -z as o
to

to
so the limit is independent of the chosen sequence of approximating
functions. We call processes satisfying the hypotheses of Proposition
5.4 1t6 integrands.

The following general version of It0’s lemma follows immediately
from the very definition of It6 integral.

Lemma 5.5. Let x,y be two Ito integrands, then

t1 t1 t1
</ z4dbs, ysdbs> = ||by? (2, ys) ds.
t

0 to to
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For later use we record other properties of the It6 integrals as a
proposition below.

Proposition 5.6. Let © and y be Ité integrands.
(i) <fst msdbs,Qt> =0V s<t.

(ii) tfft xsdbs = j;; xsdbs @ Qp + szH xsdbs ¥ tg < s,t.

(iit) [*7 Usp(ws @ yr)dby = Usg(5 @ [ ysdbs) ¥ s,t.

(iv) <fs‘:_+ti) xdbs, fsso zrdb, @ Qt> =0Vsg < s,tg <t

(V) fss+t Qydbs = bs+t - (bs & Qt) Y s,t.

Proof. All statements follow immediately, first by verifying for the
simple adapted processes, and then by taking limits. For (iii) we
need to use the associativity axiom of the super product system in
addition. O

Remarks 5.7. (i) Notice that, if b is an addit then
(st Ust(bs © Q) = (b ® Qy + Qg ® by, by @ Q) = ||bs]|,

so b satisfies the hypotheses of Proposition 5.4 with F(t) = t.

(ii) If ¢ = fg ysdbs for some adapted process y, then t — |lx¢|| is
continuous and

(Tstt, Usp(2s @ ) = Hb1”2/0 lyell*dr = |5 -

Moreover xy is a limit of elements in H;, so x is an adapted process.
x satisfies the hypotheses of Proposition 5.4 with F(t) = t, hence is
an Ito integrand.

Proposition 5.8. The non-commutative stochastic differential equa-
tion

t
(6) u = + / wsdbs
0

has a unique continuous solution. Moreover the solution is an expo-
nential unit.

Proof. Existence is given by Picard iteration. Set

¢
(7) x; =b; and :1:?“2/ xdbs,
0
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for all n € N, ¢t > 0. Note that (7) well-defines 2""*! since each z"
satisfies the hypotheses of Proposition 5.4. Then, thanks to Ito’s
identity

m 2 m s
Soab| <>
k=n k=n
tends to 0 as m,n — o0, so the series

o0
up = + Z l’?
n=1

converges. The measurability of the unit (in fact the continuity)
follows from

)
s = (us @ Qe—)|* <D laf = (a © Q)|
n=1

= bl (¢ = 9)"/n!
n=1

—eltnlPt=9) _1vo<s<t

Here we have used (i) of Proposition 5.6 and It6’s identity.

For m > 0, the iterated integrals satisfy

(27, ™Y = ||by | [ e e N rde
st - 1| 0 0 0 Tn+1"r7"n+1 Tn+1dTy -+ - AT

so we have the orthogonality relations (z7,z} ™) = 0. It follows
that v is an It6 integrand with F' = ¢, and a solution to 6, since

t t n t
usdby = lim / Qudbs + / ¥ db,
/0 n—00 ( 0 ! ; 0
- nh_{go (bt + kszJrl) = up — Q4.
=2

Now suppose that v and v are two continuous solutions of the
QSDE. By iteration, we have

t 1 tn—1
Ut — V¢ = / / R / (Utn — Utn) dbtndbtn_1 e dbt1
0 Jo 0

for each n € N. By continuity M; = supg<<; ||us — vs|| < oo for each
t > 0 and thus
2n Mt2tn

2
e = wel]™ < {loa ™ =5

—0

as n — 0o, thus u = v.
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Now we verify that u; is a unit for the super product system. Fix
s,t and define
vy = u, if r € (0, 8)
= Usr(us @ up) if r > s.

Then, using Proposition 5.6, Qs ¢ + fos+t v,.db, is equal to

s s+t
Us,t(Qs & Qt) + Us,t(/ urdbr & Qt) + / Us,r(us & Ur)dbr
0 s

t
:Us,t(us ® Qt) + Us,t(us & / urdbr) = Us,t(us & ut) = Vst
0

Here we have used the fact that u satisfies the stochastic differential
equation. By the uniqueness of the solution to the equation 6, we
get Us ¢(us ® ug) = ugys. Hence {uz} is a unit.

Finally, since fg ulrdbs is orthogonal to €2 for each t > 0, we have
(u, ) =1 for all t > 0, and {u;} is an exponential unit. O

For a centred addit b define Expg (b) to be the solution to the SDE
(6). Note that

o0 o0
2
uExmwaF=:<Qr+§jw?ﬁ%+-§3$?>:=J“”“
n=1 n=1

Moreover if ¢ is another centred addit satisfying

Expq(c) = u = Expq(d)

¢ 2 2 ¢ 2
/uﬂ@—%)-ﬂm—q\/H%\@,
0 0

so by = c¢; and hence b = ¢. Thus Expq defines an injective map
Aq(H) — Uq(H). In order to prove that Expg, is indeed a bijection,
we explicitly provide the inverse in the following proposition.

then

O:

We require the following observation on continuity. Every product
system has a representation under which the units are semigroups
of bounded operators (see [4]) and since they are measurable the
semigroups must be strongly continuous. It follows (for instance from
the proof of Proposition 8.13) that the units of a product system are
continuous in the following sense. Fix an arbitrary 7' > 0 and for a
unit {u; : ¢t > 0} define

uy = Urr—e(us @ Qr—y);
u;,ert = Us+t,T7(s+t)(Us,t(Qs ® Ut) ® QTf(ert))a
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for 0 < s,t <T. Then the map (s,t) — u’&t is continuous in s, ¢, for
all s,¢ € [0, T]. This also applies to super product systems, since the
units of a super product system generate a product system.

Proposition 5.9. Fort > 0 and for a continuous exponential unit
u, set

n:Utn(QL@J'”@(Ut —Qt)®"‘®9t)7

2m 2n 2n 2n

with (u%n —Q%n) at the i—th tensor and UZ" is the canonical unitary
operator H%n R ® H%n — H; well-defined by the associativity of
the super product system. Define

on

vE= Y
i=1
then Logq(u); = limy, o0 yf* exists and {Logq(u): : t > 0} defines a
centered addit.

Proof. Set |us||* = e for some A € R. For any s > 0, we have
(us — Qs, Qs) = 0; |Jus — Qs> = ™ — 1.
So we have [|y"||2 = e2" — 1 and <y§n,yz "> =0ifi#7.
For arbitrarily fixed m > n and ¢ = 1,2,...,2" let
Ji={2"" -1+ 1,26 —1)+2,...,2m "}
Let J(i,j) denote the j-th element of J;, then
(") =0 it i A

At

<yi’n,y£](i’j)’m> —erm —1 (1<i<2™ jelJy).

Now for m > n, after computations we find

At

o = 97 = 2"(e¥ — 1)+ 2™ (e — 1) = 2 x 22" (e — 1)

) — 2 (e — 1)
R S OGN o W Ol
- Z kl(2n)k—1 kZ kl(2m)k—1

’ 2

s\y

=2"(e2" — 1

which converges to 0 as n, m — oo, hence y;* converges, and we write
Logq (u) for the limit.



20 O. MARGETTS AND R. SRINIVASAN

Further
A ) 2™ )
Unyp @ U+ Q@ y!) =Un(d_y"oU+ 2oy y")
=1 i=1
2" +1

_ § Jn+1l _ n+l
y 2t 9

where we have used the assomatlwty axiom. This consequently im-
plies that

(8) Up (b @ Q + Q4 @ by) = bay, ¥Vt >0.

Let us fix an arbitrary 7' > 0, and to make notation easier, embed
{Logq(u)t : 0 <t < T} into Hy. Denote

by = Upr—1(Logg (u); @ Qr_4);
55t = Usitr—(s4) (Us (s @ Logo(u)t) ® Qp_(s44)),

for 0 < s,t <T. Clearly to prove Logq(u) is an addit, we only need
to verify that b + 0} o, = by, for all 5,¢ > 0.

Using (8) and induction we have
oot = Voot T Uopsoror + o+ bs+(n Dt,snt VS + 1t < T

Manipulations lead to
/ /
) by S+ T = by st T bs+t s+l FI s T

for all s4+ 2t < T, n < m. Now let s = %, t= Z—; be rationals. Then

n+1 —'I_ + b;

Y
bs+t - b(P1q2+P2q1)s

p192

E} s+ s+

_ o/ / /
- bs + bs praa+l + o+ bp1q2+p2q1715 P1a2+p2d1
> p1ag P192 ToP1a2
. X / /
b +b + +b P2q1 — 1 +p2q1
7

P1492 pr192

= b,s + bs,t

Here we have used relation 9 twice.

Notice that b/, 118 the limit of Z ( i1 . — Q7 | and that the

PP
convergence is uniform in [0, 7]. Now the continuity of {b;,} implies
the relation b, = b} +b; , for all real s, such that s+¢ < T'. Since
T is arbitrary we conclude that Logq(u) is indeed an addit. Finally,
since (y;', %) = 0 for all n € N, we have (Logq(u)¢, ) = 0 for all
t > 0. Hence Logq(u) is a centered addit. O

Theorem 5.10. Log, and Expq are mutually inverse maps between
Uo(H) and Ao (H).
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Proof. Since Expq, : Aq(H) — tUq(H) is injective we need only show
that Expg(Logg(u)) = w for all exponential units w. It suffices to
show that

luel|* = 2Re (us, Expo(Loga(u))s) + | Expo(Loga(u))|* = 0.
Set [|ug||* = €M, and let yi’" be as defined in proposition 5.9. Then

[Logq (u)e||” = hm Z ||y hm 2n (ezAT’i — 1) = M,
and hence ||Expq(Logq(u)): H eM. Similarly
277.
. . M
(ut, Logo(u)r) = nlgngozg <Ut7y2’n> = 7111330 2" <e2" - 1) = At.
1

For any integrand z, <ut, fg xdeogQ(u)s> is equal to

n—1

nl;rlgoz <ut,U;:: Ly Gt ((Ekt ® Loggq (u ) ® Qt— (ktll)t>>
n—1
= nh—>H<;lo i <ukt/n7 xkt/n> <ut/n7 LOgQ (u)t/n>
n—1 t
:nli_)rroloz <Ukt/m fkt/n> A/n = )\/0 (us, xs) ds
k=0
Thus in the notation of Proposition 5.8,
o oo
(ug, Expq(Logq(u)):) =1+ Z <ut,:):,]f> = Z)\"t”/n! =M
k=1 k=0
as required. ]

Remark 5.11. Units in a super product system gives rise to the
covariance function, and we can associate an index, an isomorphic
invariant, in precisely the same way as for product systems. Aq(H)
forms a Hilbert space with respect to the inner product (b,b') =
(b1,b}). The dimension of Aq(H) is equal to the index of the su-
per product system, since we have

(Expo(b), Expo (b)) = P8 v b b € 2o (H).

Remark 5.12. In particular the index of a (spatial) product system
is equal to the dimension of the centered addits with respect to any
fized unit. In some examples of Ey-semigroups on type I factors it

1s difficult to describe the units, but it may be easier to compute the
addits.
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This is the case for the CAR flow on B(T4(L*((0,00),k®) of rank
dim(k). The CAR flow of rank dim(k) is the Ey-semigroup satisfying

Oc(a(f))) = a(Trf) Vf e L*((0,00),k5),

where T is the unilateral shift (see Example 2.6). It is well-known
that CAR flow of rank dim(k) is conjugate to the CCR flow of the
same rank, hence completely spatial with index dim(k). Still, the
units for the CAR flows are not known except the vacuum unit.

We can compute the addits for CAR flow easily. Setting H =
[0 (L2((0,00),k%), H; = To(L%((0,t),k%). Define unitary operators
Ut : Ht Q Hw— H by

U(§ A& N&) ® (§1 A&+ Am))
=& ATila - ATlm NEENES - A&

Then we have 604(X) = Uy (1, ® X)U;. Hence the space of inter-
twiners for vy, is given by {T¢, : & € Hy} with

(10) Te, (§) = Up(& @ €), V€ € H.

The product system of ¢ is isomorphic to (Hy,Usy) with

Ut(GNE - NE) @ EENEG - ANEL))
=T NToll - AT, NENES - NES.

The space of centered addits Aq(H) is given by {xlo, : z € kC} (see
Corollary 7.4). This proves that the index of ~; is dim(k).

6. THE NONCOMMUTATIVE WHITE NOISE

In this section we show that every Eg-semigroup {ay;t > 0} on
a II; factor M has an associated noncommutative white noise. We
define unital and additive cocycles for the noise and collect some
facts which will be useful in the sequel.

Definition 6.1. Let Ay, As C B be *-algebras and suppose @ is a pos-
itive linear functional on B. Ay and Ag are said to be p-independent

if
o(xy) = p(x)e(y) for all € A, y € As.

Proposition 6.2. Let U be a gauge cocycle for a. Then Uy is inde-
pendent of ay(M) in the sense that

T(Urau(z)) = 7(Up) (e () for all z €M, t > 0.
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Proof. We simply compute
T(Ura(z)) = (Q,Upou(z)Q2) = (Q, UpSizQY)
= (Q, S;US2Q) = <Q,etc*(1’U):cQ>
= ¢ 007(a) = (U (an(x))
forall t >0, z € M. O

This property will be called the future independence property of
gauge cocycles. Let A; be the *-algebra generated by elements

{Us: U€eG(a), 0<s<t}

A simple induction argument shows that A; is the linear span of
elements of the form

Usl Asy (Us22a32(' o O‘Sn—l(Usnn) T ))

1

wheren € N, UY,...U" € G(a), s1,...,5, € Ry and s1+...+s, < t.
Let Ag; be the ultraweak closure of A; and set Ag s := as(Aogy).

Proposition 6.3. (Ast)o<s<t s a covariant filtration of von Neu-
mann algebras for a. Moreover, when t1 < sg the algebras A, 4, and
A, 1, are independent.

Proof. The covariance easily follows as

Qp (As,t) = QyO as(AO,t—s) = Ar—l—s,r—i—t-
We need to show that if [s1,%;] C [sg,t2] then Ag 1 C Ag,4,, i€
that o, —s,A0t—s; C Ao ty—s,. For this we note that when 0 < p <
t1 — s1 we have ag, s, (Up) = Uj, 4, Upys,—s, and this is in Agy, s,
as 0 < s1—s9 <tg—s9and 0 < p+s51— 852 < t1 — 59 < tg— S9. Since
these elements generate ag, —s,(Ag s —s, ) the inclusion follows.

Now let t1 < so. By ultraweak continuity of 7, the final part of the
theorem follows if ag, (As —s,) and Ag, 4, are independent. Hence it
suffices to show that if x € M, n € N, Ul,... ;U™ € G(a) and
U,y ..., Uy € Ry with ug + ...+ u, <11 — 51, the elements

OZSI(UUl,lOZUl(UgQauQ(. Cr Oy (Uffn) T ))) and gy (:C)

are independent. Since u; < t1—s1 < s9—s7 the future independence
property of gauge cocycles gives us

T(a51(U&10‘U1 (Uggaw(' te O‘unﬂ(UZLLn) o )))a52 ((E))
= T(Uilam(Uggam(' oy, (U)o ))sy—s (z))
= 7(Ug )Ty Uiy (- @y (Ug)) -+ ) sy s ().
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Moreover, as up < So — 81 — Zf;ll u; for each 1 < k < n, we can
continue inductively to obtain

T(asl(Uilaul(ngaUQ(' o O‘un71(U17n> e )))O‘S2 (.%'))
= T(UL)T(UZ,) - 7(UR )7l sty (@),

Finally, we may use the future independence property and invariance
of 7 under « to note that 7(U; )r(UZ,) - 7(UL)

Un

= T(as1 (Uilaul(UigaW(' o O‘unfl(Ugﬂ) e ))))
and T(a82_81_2;;11 s (2)) = T(as,(x)). O

Remark 6.4. In practice, when we define an Fy-semigroup, other,
quite natural filtrations present themselves. By design, the collection
of cocycles adapted to (Ag;)o<s<t is the gauge group G(«). On the
other hand it is not clear if the collection of cocycles adapted to an-
other filtration carries any meaningful information about the cocycle
conjugacy class of a.
Definition 6.5. Set A = \/;., Aoy, ¢ = T|a and 0 = ala, then
we call the quintuple (A, ¢, 0, (Ast)o<s<t) the noncommutative white
noise associated to the Fy-semigroup o.

Define G to be the subspace of H generated by Ag;. We denote
the projection onto G by P,. Finally, let H' := S, H, the subspace
generated by ax(M).

Remark 6.6. Similar forms of noncommutative white noise have
been well studied - see the review article [16], or section 6.5 of [12].
The key difference being the use of a group of automorphisms. This
gives good continuity properties for the family of conditional expec-
tations Egy : A — Agy (see Lemma 3.1.5 in [12]), allowing the de-
velopment of noncommutative Ité integrals.

Lemma 6.7. The multiplication Aoy x H' — H, (z,£) — x€ extends
to a continuous bilinear map

Gy x H' — H, (& n) — &n.
Moreover for &,& € G and 11,12 € H' we have
(&um, Eamz) = (€1, &2) (M, m2) -
Proof. We first show that, for any n € H" and = € Ay, we have

lznl|7r = () In7 -
indeed, pick y; € ax(M) with y; — 1. Then as x is an operator on
H, we have ||zn — zy;||y < ||z|| |7 — villy — 0, so zy; — zn. Hence

lenlldy = tim 7y yir) = () [l
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by independence.

Now pick an arbitrary ¢ € G and n € Ht. Since G¢ is the norm
closure of Ag; in H there is a sequence x; € Ag; tending to £. The
sequence x;7 is Cauchy, since

(i — )mllzy = (@i — 25)" (23 — ) |€]7 — 0.

We call the limit &n. By continuity of addition and scalar multipli-
cation the map (§,7n) — &n is bilinear and by definition it extends
the usual multiplication on Ag; x H'. The norm of the element &n
is given by

2 . 2 . * 2 2 2
10l = lim [zl = lio 7 (27z:) [0l = 160 191l
1— 00 1—00

hence the multiplication is continuous.

If z1, 22 € Aoyt and y1,y2 € oy (M) then we have

(T1y1, v2y2) y = T(Yi 2 22Y2) = T(2122)T(Y1Y2) = (71, 22) 5y (Y1, Y2) 7 -

The final claim of the lemma now follows from standard limiting
arguments. O

As a consequence to the above lemma we have, for £ € G¢ and
ne H', (&n) = (£,Q)(Q,n). The following corollary follows imme-
diately.

Corollary 6.8. (G¢,Us+) forms a completely spatial product system
with

Us,t(fs ® gt) = fsssgtv v gs € G?a&t € G?,
and Q; = for all t > 0.

The units in the product system (G¢,Us,) are multiplicative co-
cycles, that is {u; : uy € G¢} C H satisfying usSsur = ugyy. Sim-
ilarly addits are additive cocycles {b; : by € G§} C H satisfying
bs + Ssby = bsy¢. We denote the unital cocycles and the exponential
cocycles by U(a) and Uqg(ar) respectively. Also we denote by A(«)
the space of all additive cocycles and denote by 24y(a) the subset of
() satisfying the structure equation

(11) <bt*P0bt,bt *Pobt> + Pyby + Py Jb = 0.

where P, is the projection onto C€);. Let ¢; = b, + At€), where b is a
centred additive cocycle. Using Lemma 4.8, the structure equation
(11) can be rewritten as

(12) b2+ A+ X =0



26 O. MARGETTS AND R. SRINIVASAN

Let ¢; = by + A2, where b € Aq. Then we define Exp(c); :=
eMExpg (b); for all t > 0. Since

L
[Exp(e)]? = eI+

we see that Exp(c) is a unital cocycle precisely when c satisfies the
structure equation (12). Conversely, given a unital cocycle u there
exists A € C such that (Q,u;) = eM. Since vy = e Muy is an expo-
nential cocycle the assignment Log(u); = Logq(v): + At gives an
inverse for Exp : 2p(a) — U(a).

Corollary 6.9. There exists an isometry D from H(G(«)) into the
subspace

Span{b; : b€ Ay centred}.

Proof. If U and V are gauge cocycles, and u, v their corresponding
unital cocycles there exist centred addits b and ¢ and constants A\, y €
C such that Log(u); = by + At§2 and Log(v); = ¢; + pt€2. Moreover

(g, vg) = Xt ren)t,

ie. cu(U,V) = X+ p+ (b1,c1). The result now follows from [4],
Proposition 2.6.9. O

Corollary 6.10. The gauge index dim G(«) is zero if and only if the

gauge group is trivial, i.e. G(a) 2 R.
Proof. Recall that H(G(«)) is the completion of a quotient space of
functions and denote the equivalence class of a function f by [f].
The proof of Corollary 6.9 shows that

D( Y avldu]) = > ay(l— PRy)Log(UQ),

UeG(a) UeG(a)

whenever finitely many of the ayy € C are nonzero and we have that
2 vec(a) @ = 0.

If the gauge group is trivial every gauge cocycle is of the form U; =
%1 for some € R. Thus Log(URQ); € PyH, so D> gy auldu]) =
0, hence H(G(a)) = {0}. Conversely, let dim G(a) = 0 and pick
U € G(a). We must have D([0y — 61]) = (1 — Py)Log(UR); = 0, so
there exists A € C with Log(UQ); = At€). Writing U; = e*1 we see
that A =16 for some 6 € R. O

Remark 6.11. There is a natural action of G(a) as automorphisms
of the product system (G§',Us ) via (U-§)y = Uy for any measurable
section . It follows that the gauge group of an FEy-semigroup on a
I} factor is always a subgroup of one of the groups Gy in [4], Section
3.8.
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7. COMPUTATION OF GAUGE INDEX

Let a be an Eg-semigroup on a II; factor M C B(L?(M)) = H and
S ={S;:t >0} be the canonical unit for a.

Definition 7.1. An additive cocycle for S is a continuous map b :
Ry — H satisfying bs + Ssby = bsyy for all s,t >0, for any £ € H.

Remark 7.2. If we define a centred additive cocycle for the unit
T as a continuous family (b)) € H satisfying bs + Tsby = bsyy and
(b, T;¢) = 0 for all s,t >0, & € H then, as in the proof of Lemma
4.8, centred additive cocycles satisfy (bs,cs) = s (b1, c1) for all s > 0.
Hence additive cocycles form a Hilbert space via the inner product
(b,c) = (bi,c1)y. It is easily seen that if o and S are conjugate
Ey-semigroups then the spaces of centred additive cocycles for their
respective canonical units are isomorphic. But they need not be in-
variant under cocycle conjugacy.

Lemma 7.3. Let ™ be the free flow of index n on the I} factor
L(Fyx) € B(I'4((L*(0,00),k%)). Every additive cocycle {b; : t > 0}
for S, satisfying an additional condition by € T'r(L?((0,t),k") is of
the form by = A\t + vl where A € C, v € kC.

Proof. Note that

Se(fi®@- @ fn) =Tifi®- - @Tif.
As S leaves each of the spaces L?(R,;k®)®" invariant each addit
decomposes as b = Zfzo b", where b" is an addit in L?(R,;kC)®n.
Since b2, = bY + Ssbf = b2 +b?, we have b = At for some A € C.

Pick an orthonormal basis {e; : i € I} fork. Since b} € L2([0, s]; k*)
and since r — 1jg,) ® €; is a centred addit we have for all 0 <r <'s
and ¢ € [

/<ei,b;(t)>dt = (i, ®ei,bh) = (L, @€, by + Spby_,)
0
= (lps ®eiby) = pir

for some y; € C. Thus b = Ljo,s) ® v, where v = ) pe; € kC.
Fix n > 2 and set Fy := b? € L*(Ry;kC)®" ~ L2(R"; (k©)®") for
each s > 0. Then by induction we have, for any k£ € N,

2k—1

F, = Z SQ—kisF2—ks'
=0
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Thus, modulo a null set,
2k 1
suppFs C U [27Fis, 27F (i 4 1)s"
i=0
and since this holds for every k& > 0 we get
suppFs C{z € R} : x1 =x2 = ... =2y},

which has measure zero. O

For Clifford flow on the hyperfinite II; factor R the canonical
unit is the second quantized shift on the antisymmetric Fock space
Io(L%((0,00),k)). But this is the restriction of the second quantized
shift on free Fock space to subspace generated by the antisymmetric
tensors. So the following corollary to lemma 7.3 follows immediately.

Corollary 7.4. Let o™ be the Clifford flow of index n on the hyper-
finite 1Ty factor R C B(T4((L*(0,00),k%)). Every additive cocycle
{b; : t > 0} for the canonical unit S, satisfying by € To(L?((0,1),k%)),
is of the form by = At + vl where A € C, v € kC.

Lemma 7.5. Let N be a von Neumann subalgebra of a I} factor M
and Q a cyclic and separating trace vector for M. If § = z§) for some
x €M, x ¢ N then £ ¢ NQ.

Proof. Suppose we have a sequence of vectors z,€) with z, € N for
all n and z,2 — £ Then, using the cyclic property of the trace,
i Q — 2*Q and, for ally e M/, z € N/,
(YQ, zzQ) = lim (yQ, zx,Q) = lim (yz,, 2Q)
n—oo

n—oo

= (yx™Q, z2Q) = (yQ, x2Q) .

Using density of M’Q2 and faithfulness of the trace this implies z € N,
a contradiction. O

Proposition 7.6. If a" is the Clifford flow of rank n then the gauge
index dim G(a™) = 0.

Proof. By [1], Proposition 2.9, the relative commutant R; = a;(R)'N
R is the von Neumann algebra generated by even polynomials in
the elements {u(f) : suppf C [0,t]}. Note that R:Q) = Gy C
o (L2((0,t),k%)), and that any addit for {G§ : t > 0} is an additive
cocycle for {S; : t > 0}. Now it follows from corollary 7.4 and lemma
7.5 that the only centred addit is thus the zero addit. Thanks to 6.9
we have

dim G(«) < dim Span {b; : b € gy centred} = 0.
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Thus it follows from Corollary 6.10 that for Clifford flows on R
we have G(a) = R.

Proposition 7.7. If 8" is the even Clifford flow of rank n then the
gauge indexr dim G(8"™) = 0.

Proof. The GNS Hilbert space for even Clifford flows of rank n is
the subspace of the antisymmetric Fock space generated by the even
particle spaces, that is

H¢ := [51 /\52/\"'/\€2m; 61752"'£2m € L2(0700)7k(c)7 m e N0]>

where k is a Hilbert space with dimension n. Again the canonical unit
for this even Clifford flow is the restriction of the second quantized
shift to this space. Also the relative commutant Ry = ax(R) N R
is again the von Neumann algebra generated by even polynomials in
the elements {u(f) : suppf C [0,¢]}, as in the case of Clifford flows,
and G C Hf, where

Hf =[& A& A Nam; €1,& -+ Eam € L2(0,1),k5), m € Ny.

By our earlier analysis the canonical unit does not admit any non-
trivial additive cocycle (apart from {AtQ}) in this space. O

The following lemma (and its proof) was pointed out to the first
named author by Jesse Peterson on the discussion site mathover-
flow.net.

Lemma 7.8. Let My and My be II; factors acting standardly with
traces 71 and 19 and set M = My x* Mo, 7 = 71 * 7. Then the relative
commutant My N M in L2(M, 1) is trivial.

Proof. Recall that L?(M, 7) decomposes as
(13) coPp P LiM,,7m) e LiM,,7,)
nEN iy £iz# . in

where L3 (M;, 7i;) is the orthogonal complement of the identity in the
respective L2 space (see [26]). L?(M, 1) is naturally an M;-bimodule
and under this decomposition the left action of Mj is given by
@& if & e LP(My,n),
TRE® Q& if& € Li(Ms, ),

with the right action being defined similarly.

$-£1®---®£n={

Picking any vector £ = & ® -+ ® &, beginning and ending with
nontrivial elements of L%(MQ,TQ) we see that it generates an M;j-
sub-bimodule L?(My,71) ® € ® L?(My, ;). From the decomposition
(13) it follows easily that, as an M;-bimodule, L?(M, 7) decomposes



30 O. MARGETTS AND R. SRINIVASAN

into a direct sum of the standard bimodule L?(Mj, ;) and a count-
able number of these. Moreover each L?(Mj,71) ® £ ® L*(My,71) is
canonically isomorphic to the bimodule L?(My, 1) ® L*(Mjy, 71) with
action x - (a ® b) - y = xa @ by (the coarse bimodule).

Any element of M} N(M;*Mz) corresponds to a vector & € L?(M, 7)
satisfying - & = £-x. Since M is a factor we are left to characterise
the central vectors in the coarse bimodules. Endowing the space
of Hilbert-Schmidt operators HS(L?(My,71)) with the standard M;-
bimodule structure coming from left and right multiplication one gets
an isomorphism L?(My,71) ® L?*(My, 1) =& HS(L?*(My,71)). Thus
a central vector in the coarse bimodule corresponds to a Hilbert-
Schmidt operator in B(L?(Mj, 7)) which lies in the commutant M}
of My in L?(My, 7). For any such operator, upon taking a spectral
projection, we get a finite dimensional projection living in M. But
this is a II; factor, hence the coarse bimodule contains no central
vectors. ([l

The following Corollary to the above lemma also follows from
Proposition 8.23 in Section 8.

Proposition 7.9. Let 4™ be the free flow on ®(k) of rank n. Then
we have dim G(7™) = 0.

Proof. It ®(k) = {s(f;) : fr € L*(0,t)}" and Py (k) = {s(f) : fir €
L2(t,00)}", then ®(k) = ®;(k) * @ (k). It follows that (cu(®(k))) N
(k) =C. O

Triviality of the gauge group implies the following rigidity con-
dition for the semigroup. A history (v,M) on B(H) consists of a
group of automorphisms on B(H) and an invariant von Neumann
subalgebra M C B(H) (see [3] or [4]). Any history induces a pair of
Eog-semigroups via oy := ym and S := y_¢|ar (¢ > 0). Conversely,
given a pair of Eg-semigroups «, 5 on M and M’ respectively the ques-
tion of whether they extend to a history on B(H) is still unsolved.
Arveson showed that when they do exist, the number of distinct his-
tories inducing the pair is exactly parametrised by the gauge group
of a ([4], Proposition 2.8.4). Hence if « is a Clifford, even Clifford,
or free flow on M and 3 is any Eg-semigroup on M’, then a history
extending o and 8 must be unique. Physically, it is completely deter-
mined by its “past” and “future” dynamics. Whether this rigidity
problem always holds, or if there exist examples of Eg-semigroups
on II; factors with nontrivial gauge groups, is an interesting open
question.
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8. COMPUTATION OF COUPLING INDEX

Let o = {oy} be an Eg-semigroup on a type II; factor M with trace
7, acting standardly on L?(M), and €2 be the cyclic and separating
vector. For every t > 0, denote

E¢ ={T € B(L*(M)) : ay(m)T = Tm ¥V m € M},

the set of all intertwining operators for oy. It is proved in [1] that the
family {E¢* : ¢t € (0,00)} forms a product system of Hilbert modules
over M. Since our tools are not product system of Hilbert modules
in this paper, we do not recall this theory and results from [1] in full
detail. We reproduce the following theorem from [1], and make a few
definitions and remarks about product systems of Hilbert modules.
All our modules are von Neumann modules, which may be defined
as weakly closed (equivalently, strongly closed) subspaces E C B(H)
satisfying FE*E C E. E*FE is the von Neumann algebra acting on
the right and FE* is the collection of adjointable operators. The
inner product is (z,y) = z*y (see [24], Part I, Chapter 3 or [9] for
details).

Theorem 8.1. Ef is full, self-dual M' — M’ Hilbert bimodule. Its
natural w*—topology coincides with the relative o—weak topology.

We can also define
EY = {T € B(L*(M)) : a(m")T = Tm/ ¥Ym/ € M'},

the complementary product system or the product system corre-
sponding to the complementary Eg-semigroup o’ Eto‘/ satisfies all
the properties of Ef* with « replaced with /. In fact

EY = JECJV t>0.

Self-dual bimodules are von Neumann modules. Again we do not
require the theory of von Neumann bimodules in full detail here.
We only use the following lemma on von Neumann modules in this
section. The reader can refer either to [24] or to [9] (Proposition 1.7)
for a proof. In this lemma FE;, E can be considered as only right von
Neumann modules.

Lemma 8.2. If Fy is a (strongly closed) M-submodule of a Hilbert
von Neumann M—module E and Fy # E. Then there exists a non-
zero y € E such that y*x =0 for all x € Ej.

The bimodules E® and E{’ for Clifford flows may be described as
follows. This description is used in our computation of Ind.(-). Let
H; = T4 (L?((0,t),k%)). Since the Clifford flow {ay : t > 0} is the
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restriction of the CAR flow on B(I'y(L?((0,0),k%))) = B(H) to the
hyperfinite II; factor R, it satisfies
ar(m) =Us (1g, @m) U Vm e R.
Hence we have {T¢, : {& € Hy} C Ef*. (Here Uy and T, are as defined
in Remark 5.12.)
Suppose X; € Eff and X/T;, = 0 for all {; € Hy, then

XiTe, & = X7 (U(&®8)) =0, VEE€H, & € Hy.

This implies that X; = 0, thanks to the totality of the set {U;(§;®¢) :
£ € H & € Hiy in H. So by Lemma 8.2 we conclude that Ef* is the
Von Neumann (right) M'—Module generated by {T¢, : & € H;}.
This is the weak operator closure of right M-linear combinations of
{T& : ft € Ht}

We can also define unitary operator U/ : H; ® H — H by
Ui(€1 A& AE)® (G A&+ Adm))
=8 AG NG NATE AT AT,
Then it is easy to verify that
ay(m') =U; (1g, @ m') Uy,
and it follows that {T¢, : § € Hy} C E¢' | where
(14) Te, (§) = Ui (& ®§), VE€ H.

Using an argument similar to Ef*, thanks to Lemma 8.2, we find Ef"
is the (right) Von Neumann M—Module generated by {TEIt 1 & € Hy}

This can be generalized to any Eg-semigroup on a type II; factor
M, which is obtained by restricting an Eg-semigroup on B(L?(M).
In particular the product system of Hilbert modules associated with
free flows on ®(k) are described by the product system of Hilbert
spaces of the free flow on B(I';(L?(Ry;k%)).

As before {S; € Ef* : t > 0} denotes the canonical unit for {ay :
t > 0}. We prove the following useful lemma, which will be used
in many instances, including our computations of the coupling index
for Clifford flows, even Clifford flows and free flows.

Lemma 8.3. Ef = [M'S;] = a;(M)'S;, where [M'S;] denotes the
weak operator closure of M'S;.

Proof. Theorem 8.1 assures us that Ef* is a M’ — M’ Hilbert von
Neumann bimodule. Since S; € Ef it follows that [M'S;] C Ef*. We
first verify that F;, = [M'S;] is a M/-Hilbert von Neumann submodule
of E¢. Notice that F;*F;, = [SfM'S;]. We only need to verify Fy'F; =
M’ (see [9] for details).
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For any m’ € M’ we have
Sim'Sym = Sfm/ay(m) Sy = mS;m’ Sy,
and hence S;M’S; C M’. On the other hand
m' = S;Sym’ = Sfay(m)Sy,

where {a}} is the complementary Eg-semigroup on M’ corresponding
to {az}. So it also follows that

M c S?&;(M/)St C S:M/St
We have verified that M’ = FfF; and that F} is a von Neumann
submodule of Ef*.

Now suppose there exists a T' € Ef* and T' L M’S,; with respect to
the M’ valued inner product of Ef, i.e., T*m’S; = 0 for all m’ € M.
Then T*m’S;Q) = T*m/QQ = 0. Since T* vanishes on a total set,
we conclude that 7' = 0. Now we deduce from Lemma 8.2 that
Ep = [M'Sy].

To prove the the second equality, we refer to [1](see Proposition
3.4), where it is proved that the space of all adjointable operators
B(E®) on the Hilbert von Neumann module E is equal to oz (M)’
This in particular implies that £ = ay(M)’S;. O

It is proved in [1] that {Ef : ¢ > 0} forms a product system
of M’ — M’ modules with respect to the tensor product defined by
operator multiplication, and that it is a complete invariant for the
Eg-semigroup «. That is two Eg-semigroups a and [ are cocycle
conjugate if and only if the corresponding product system of Hilbert
modules {Ef : ¢ > 0} and {Etﬁ :> 0} are isomorphic. An isomor-
phism between product system of Hilbert modules is a family of
M’ — M’ —linear module isomorphisms, satisfying some measurability
conditions, which respects the tensor products structure induced by
operator multiplication.

For a single fixed Eg-semigroup «, automorphisms of £ are given
by the gauge cocycles of a.. In fact, for every gauge cocycle U of «, Uy
acts on the left of E* as an adjointable operator since it is contained
in oy (M)’ (see [1]) and it is left M'—linear since {U; : t > 0} C M.
This gives rise to an automorphism of £“. Conversely, for any given
automorphism ¢, : EfY — Ef*, the proof of 3.12 of [1] implies that
there is a unique a-cocycle {U; : t > 0} satisfying U, T = ¢y(T).
Further

Utat(m)T == UtTm == gbt(T)m == at(m)gbt(T) == at(m)UtT,

for all T € Eff, m € M and ¢ > 0. Now Lemma 8.3 implies that
U € ap(M)’, hence is a gauge cocycle.
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Remark 8.4. Our computations in Section 7 imply that the prod-
uct systems of Hilbert modules associated with Clifford flows, even
Clifford flows and free flows do not admit any non-trivial automor-
phisms.

Proposition 8.5. If a and 8 Ey-semigroups are on Iy factors My
and My respectively, then

EXP =B @ B Y t>0.

Proof. Clearly for T € E* and S € B T® S € E®P. So it follows
that E¢* ®Efi CE} ¥ for all t > 0. On the other hand suppose there
exists a X € E*®? such that X*(T ® §) = 0 for all T € E and
S € EP, then X*(m) @ m))Q = 0 for any m} € M, and m} € M),
thanks to Lemma 8.3. Hence X = 0. Now the rest of the proof
follows from Lemma 8.2. 0

Due to the existence of the canonical unit all Eg-semigroups on a
type II; factor are spatial, that is they admit a unit. We can define
complete spatiality as follows.

Definition 8.6. An Ey-semigroup is said to be type I, or completely
spatial, if there exists a subset S C U,

EY = [ug,miug, - -ug,ml, cug, € S,m, € Mty +---+t, =t,neN|,

where [-] denotes the weak operator closure of the span. Otherwise it
1s said to be type I

We know that the CAR flow on B(T'y(L?((0,00),k®))) is type I, so
we do have enough units in the associated product system of Hilbert
spaces { H;}. Since the product system of Hilbert modules associated
with the Clifford flow, are the (right) M'—modules generated by {7, :
& € H.}, it is easy to see that the condition in Definition 8.6 is
satisfied, with S being the set of all units of the CAR flow. This
show that Clifford flows are of type L.

It is shown in [11], that the free flows on B(I';(L?((0,00),k®)) are
type I, for any dim(k). Arguing as for Clifford flows, we get that free
flows of any rank on ®(k) are of type I. In fact, the above argument
can be extended to prove that any Eg-semigroup on a II; factor M,
which is the restriction of a type I Eg-semigroup on B(L?(M)), is

type L

Proposition 8.7. Let a be a Ey-semigroup on a Il factor M, which
s not an automorphism of M. Then

EYnM=0.
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Proof. Fix t > 0. Suppose m; € Ef N M is an intertwiner for oy
then mjm; € M N M. Without loss of generality, after dividing by
a scalar if needed, we assume that m{m; = 1. If m; is unitary, we
would have ay(m) = mymm; for all m € m. Since m; € M, this
means « is an (inner) automorphism, contradicting our assumption.
So my is a isometry in M, which is not a unitary. But this is not
possible since M is a finite factor. O

Remark 8.8. Here we have defined type I using right M'-linear com-
binations of products of units, and we expect our definition to accom-
modate a rich theory with both type I and type II examples. The other
possible definition of type I, using left M'-linear combinations of ten-
sor products of units, is vacuous. Under this definition, all product
systems of Hilbert modules associated to Ey-semigroups on II; factors
are of type I. This follows immediately from lemma 8.35.

In [7] a different definition of type I is given. Namely, that the
product system is generated by “continuous units” (see [7] for pre-
cise definitions). Under this condition no product system of Hilbert
modules associated to an Fy-semigroup on a Iy factor is type I. This
follows from the fact that type I product systems in [7] admit a central
unital unit, whereas the product systems associated to Ey-semigroups
on IT; factors contain no central elements, by Proposition 8.7. In fact
the associated CP semigroup of any unit in E* cannot be uniformly
continuous, as defined and assumed in the main results of [7].

Now we describe the super product system for an Eg-semigroup
o on a Ilj-factor M. For every t > 0, let H® = E* N EY. Then
the operator norm on H{* arises from an inner product and H{* is a
Hilbert space with respect to that inner product. In fact, for S,T €
Hp and m € M,m' € M’, we have:

T*Sm =T a;(m)S = (au(m™)T)*S = (T'm*)*S = mT*S,
since S,T" € Ef'; on the other hand we also have
T*Sm' = T*ay(m)S = (a4 (m™)T)*S = (Tm™)*S = m/T*S,

since S, T € Ef“/. Since M is factor, T*S commutes with all operators
in B(L?(M)). So T*S is a scalar multiple of the identity and we define
(8,T), by T*S = (S,T), 1. The operator norm norm on H;* coincides
with the norm given by this inner product since

IT|? = | T* 71| = (T T), 1| = (T.T), .
Since both Ef and E{ are closed under operator norm, HY is also

closed under operator norm. Hence H/* is Hilbert space with respect
to this inner product.
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The fact that both EY and Eto‘/ are product systems of Hilbert
modules, imply for X, € H and X; € H, that X, X; € HY,,, that
is HYH C HY\ . Further for X, Ys € H and Xy,Y; € Hf,

(X X0, YaVi)yar 1 = X7 (XIY,)Yi
= (X, Ys), X{'Y2
= (X., Ya), (X0, Yi), 1.
We have verified that the map U, : Hy ® H, — Hg4, given by
Ust(Ys ®Y:) =YY, Ys € Hy, Yy € Hy

is an isometry. We have the following theorem.

s+t

Theorem 8.9. Let o = {ay : t > 0} be an Ey-semigroup on a I
factor M, then {H{*,Us 1} 1c(0,00) 95 @ super product system.

Proof. The associativity axiom follows immediately from the associa-
tivity of multiplication of operators. The measurability axiom can
be proved in an exactly similar manner to product systems, as given
in [4] (see Theorem 2.4.7, page 37). O

Remarks 8.10. {U; : t > 0} is a multi-unit for an Ey-semigroup
ar on I factor if and only if {Uy : t > 0 forms a unit for the
super product system (Hf,Ust). (For semigroups measurability is
equivalent to strong continuity.)

The above described concrete super product systems forms an in-
variant for Eg-semigroups on II; factors.

Theorem 8.11. If two Ey-semigroups o and 3 acting on a Il fac-
tor M are cocycle conjugate, then the corresponding super product
systems {H : t > 0} and {Htﬁ :t > 0} are isomorphic.

Proof. If § is replaced with a conjugate version, we get an isomorphic
super product system given by the isomorphism 7" — Ady (T'), where
U is the unitary operator which implements the conjugacy (see Sec-
tion 2). So without loss of generality we assume M acts standardly
on L?(M) and a and j are cocycle perturbations of each other. Let
U be an a-cocycle such that §(-) = Upay(-)U;. Then JU:J is an
o/ —cocycle. Now define V; : H* — Htﬁ by
V(T) = U JUJT, ¥ T € H.
V; provides the required isomorphism. Indeed for T' € H/,

Bt(m)Vt(T) = UtOét(m)Ut*UtJUtJT = UtJUtJOét(m)T = Vt(T)m,

Bim\WV(T) = JUJol(m!)JUF JJUJU,T
= JUtJUtoz;(m’)T = Vt(T)m’,
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for all m € M,m’ € M’. This implies V;H C HtB By reversing
role of a and  with V,* the opposite inclusion also follows. It is
easy to verify V; is unitary and provides a Borel map between the
super product systems. The equation 3 can be checked as follows.
For T, € H*,T; € HY,

VstUgy(Ts @ Tt) = Vit TS Th
= s—i—tJUs-i-tJTsTt
= Uy (Uy) JUSJ & (JUL )T Ty
= U JUJT U JULJ TS
= U} (U JUJIT, @ Uy JUJT)
= ULV e V)T e )
So we do have (H*,Ug) = (HB,Uﬁt)). O

Recall that the x—preserving property of «; implies that J and S}
commute for all £ > 0. Now Lemma 8.3 implies

(15) Hfé = (Oét(M), N Jat(M)'J) St.
Proposition 8.12. If a and B are two Ey-semigroups on Il factors
Mj and My respectively. Then

Hf @ HP = HP v ¢ > 0.
Proof. Clearly the canonical units satisfy S;' ®F = S ® Sf for all
t > 0. If J; and Jy are modular conjugation with respect to M;

and Mj respectively, then the modular conjugation J for M; ® My is
given by J; ® Jo. Now, thanks to the relation 15, we have Hto@ﬁ

= (((ar ® Br) (M1 ® Ma)) N J (e @ B) (M @ My))'J) S0P
= ((a¢(My) ® Be(M2)") N (Jicw(M1)' J1 @ Jo2 8¢ (Ma)' J2)) S0P
= (ae(M1)' N Jrap (M) J1)SE @ (Be(Ma) N J B (Ma)' J)SP
—Hr@H’Vt>0.
O

To facilitate neat computations, we record a simple observation as
the following proposition, which realizes the super product systems
(Hf,U2,) as concrete Hilbert subspaces of H = L?(M).

Proposition 8.13. Let o be an Ey-semigroup on a I} factor M
acting standardly on H = L*(M), with cyclic and separating vector
Q. Then (HPQ,Usy) forms a super product system, where

Us(XQRYQ) =XYQ, VX € HYY € H.
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Further (H{SQ), Usy) is isomorphic to (H{*,Ug) as a super product
system.

Proof. The association Hf* 3 X — X € H{*() preserves inner prod-
ucts and is onto, hence provides a unitary operator. In fact
(XQ,YQ) =(Q, X*YQ) =(Q,(X,Y)Q) =(X,Y).

d

Since the following useful assertion will be repeatedly used, we
separate it as a lemma. Here and elsewhere, py,,(= Jm{.J) denotes
the bounded operator determined by right multiplication by mg, that
is

Pmo (M) = mmpQ, ¥V m € M.

From Proposition 8.3, we have
H® = EX N EY = [MS,] N oy (M)'S,.
Hence for any A € HY there exists a T' € oy (M)’ such that A = T'S;.

Lemma 8.14. Let o be an Fy-semigroup on a I} factor M. Then
for any A =TS, € H we have

Pay(m)(TQ) = Tay(m)Q, V. m € M.

Proof. Since T'S; € [MS;Q], there exists a net {my}rea € M such
that m)S; converges strongly to T'S;. Thus the net {m)SimQ =
mya(m)Q} converges in norm to T'SymQ = T'ay(m)Q for all m €
R. Since mQ converges to T, we conclude that {pq, (m)(mAQ2) =
maa(m)§2} converges also to pq,(m)(72). The result follows. O

Now we turn our attention to Clifford flows, our basic examples of
Eg-semigroups on the hyperfine II; factor R. Set
Htem = [51 N 52 ARRRNA £2m; 51352 o bom € LQ((Oat)7kC)7 m e NO]a
for all ¢ > 0, and dim(k) = n € NU {oco}. We may write just Hf in

many instances when n is arbitrary but fixed.

We fix the following notations, when we work with antisymmetric
Fock spaces. Pick distinct posets Ay, As order isomorphic to N.
Fix an orthonormal basis {f;}ica, for L?((0,t),k) and {g;}jea, for
L%((t,00),k) so that {fi}iea, U{g;}jen, forms an orthonormal basis
for L?((0,00),k). Let

'P:{I:(il,ig""im)GAT: 1§i1<i2<"'<’im,mENo};

f:{F:(jl,jQ"'jm)EAgn: 1§j1 <j2<-~<jm,mENo}.
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For I = (il,i2-~~im) eP,F = (jl,j2~--jm) € F, define

<
—
=

I

<

(fh)u(fzz) t u(fim)§
u(F) = u(gj, )u(gj,) -+ u(Ggj,)-

Then it is well known that {u(I)u(F)Q: I € P, F € F} forms an or-
thonormal basis for the antisymmetric Fock space I', (L2((0, 00), k%))
(see for instance [20]).

The following proposition describes the super product system for
Clifford flows. In the following proposition and elsewhere, an empty
wedge product is interpreted as the vacuum vector 2.

Proposition 8.15. Let o™ be the Clifford flow of rank n. Then
H{"Q = HP™ for all t > 0.

Further the unitary map U, : HYQ @ HYQ H;"_:,;Q, imple-
menting the tensor products in the super product system, is given
by

Usi((E1 NN Nom) @ (m Ana A=+ Ajayy))
=& NN Nom ANSsni ANSsma A=+ A Ssnapy

where §17§2 o '£2m S L2(07 5)7 n,mn2---M2m S LQ(Oat)

Proof. Let the operators T¢,, Tét be as defined in 10, 14. Through our
earlier discussion at the beginning of this section, it is easy to see,
we have Tg, = ét whenever & € Hf. Consequently T¢, € H{*, for all

& € Hf. We need to prove that Hf* contains only these elements.
Observe T¢, () = &.

Fix t > 0. Let H?" 3 A =TS;, with T € a(M)’ be an arbitrary
element, then AQ) = TS5 = T). There exists a unique expansion

(16) TQ= > M, Flu()u(F)Q, AI,F)eC.
IeP,JeF

Notice that af(R) = {u(F’) : F' € F}". So by lemma 8.14 we have

(17) pu(r)(TQ) = Tu(F)Q, ¥ F' € F.
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Since T € af'(R)’, we now we use the relation u(F')Tu(F') =T for
all F' € F as follows.

TQ = u(FNTu(F')*Q
= u(F") py(py+(TQ) (using relation 17)

=u(F)purn- | D>, AT F)u(@u(F)Q | (using 16)
IeP,FeF

=u(F") Y ML F)pyrry (ul)u(F)Q)
IeP,FeF
= > ML P)u(F)u(l)u(F)u(F')*Q
IeP,FeF
= Y pe(I, P)XI, Fu(Du(F)Q,
IEP,FEF
where pp (I, F) = (—1)7#(LF) with
o (I, F) = [I|[F'| + |FI[F| - |F 0 F'|.
Since the expansion 16 is unique we must have oz (I, F) is even for
all F € F. So we conclude, in the expansion 16 of TQ, A\(I,F) =0
except for the terms indexed by (I, F) satisfying |I| is even and F

is empty. Since we started with an arbitrary element of H{"Q, we
have

HY"Q = Tu()ul(€e) - - u(€om)Q < €1, &0+ - Eam € L7((0,1), k%), m € NoJ
=[G A& N Nams &1, Eom € LP(0,1), k), m € Nyl.
To prove the remaining assertion, notice, for H¥" > A = TS,
with T € af'(M)/, that
AmQ = TSymQ = of (m)TQ = of (m) AL
Suppose HY Q3 Aqw = u(&)u(&2) -+ u(€2,)Q and HE"Q 3> Ajw =
u(m)u(nz) - - - w(nzm )L, then
As A = Agu(m)u(nz) - u(n2m )2
= ag(u(m)u(n) - - u(nzm)) Asf2
= u(Ssm)u(Ssn2) - - - u(Ssnom )u(€1)u(§2) - u(§2n )2
The above computation shows that
Ust ((u(€1)u(82) - - u(2n)2) @ (u(m)u(ne) - - - u(nzm)2))

= U(Ssnl)u(ssn2) ce U(SSUZm’)U(gl)u(éé) T U(&Qn)Q,

which consequently implies the remaining assertion of the proposi-
tion. The proposition is proved. U
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Proposition 8.16. The even Clifford flow of rank n has the same
super product system as the Clifford flow of index n.

Proof. Observe that the GNS Hilbert space for even Clifford flow of
rank n is the subspace of the antisymmetric Fock space generated by
the even particle spaces, which is H*™. Let 8" be the even Clifford
flow of rank n with n € {1,2,3---00}.

We have the isometry Uf : Hf ® H® — H€ defined by

US(ENE - NEy) @ (E1 Ao+ A am))
=Ti ANTi&o - ANTibom NETNES - NES,.

Direct verification shows, for £ € Hf, the operator
T = Us(& ®£°)
defines an intertwiner for ;. Hence Hf C Htﬁ Q.

To show the other way, fix t > 0 and an arbitrary an 5A=TS,
with T € BP(M)". Then AQ = TS;Q = TQ. Let P. (respectively
Fe) consist of the tuples in P (respectively F) with even length, and
P, (respectively F,) the tuples with odd length. Then

{u(le)u(Fe)Q: I € Pe, Fo € Fe} U{u(lp)u(F,)Q: I, € Py, Fy € Fo}

forms an orthonormal basis for H.. Therefore there exists a unique
expansion of T as

(18)
> Mo Fu(I)u(F)Q + > Ao, Fo)u(I,)u(F,)Q,
Ie€Pe,FeFe 1o€Po,Fo€Fo
with A(Ie, Fe), A(1,, F,,) € C.
Thanks to lemma 8.14 and 18, using the relation u(F))Tu(F.) =T
for all F, € Fe,
— w(F)Tu(FL)Q
= w(Fy) py(ry)-(TQ)
= Z ALe, Fe)u(F)u(Ie)u(Fe)u(Fy)*Q
Ie€Pe, Fe€Fe
) Ao Fo)u(F)ulo)u(Fy)u(Fy)*Q
1,€Po, FocFo

= Z H/Fé (Fe)ALe, Fe)u(le)u(Fe)S2
1. €Pe FecFe

+ > e (F0) AL, Fo)u(Lo)u(F,)Q,
1,€Py, FocFo
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where ppr (F, /o) = (— 1)U%é(F€/°) with

O-Fe’( e/o) = ’Fe/oHFé’ - |Fe/o N Fe/|
Here we have used the fact that u(F;) and u(I./,) commute. Again

using the uniqueness of the expansion, forces a};ﬁ, (Fe/o) is even for all
F! € F. So we conclude, in the expansion 16 of TQ, A(I., F.) = 0
except for the terms indexed by (I, F.) with F, empty, and that
A1y, F,) = 0 for all (I,,F,). Since we started with an arbitrary
clement of H} ), we have H] € = H™. The remaining assertion
about the unitary U,; can be verified in an exactly similar manner
as in Proposition 8.15. g

Remark 8.17. Note that the above super product systems for Clif-
ford flows and even Clifford flows are not product systems.

From Remark 5.12 and Corollary 7.4 the following corollary is
immediate.

Corollary 8.18. The coupling index of Clifford flows and even Clif-
ford flows is zero for any rank.

Now we turn our attention to free flows. We fix the following
notations for free Fock space. Let {e;};cny be an orthonormal basis
for L?((0,00),k). Let

7= {[: (il,ig--~im) €N, 0< I <m,m GN()}.
(When m = 0 the tuple is empty.) For I = (i1,i9-i,,) € Z, define

W) = 1(fi)l(fiz) - - U i)

s(I) = s(fir)s(fiz) -+ - 5(fim)-
Then {I(I)Q : I € I} forms an orthonormal basis for the free Fock
space H = T'p(L*(R4;kT)). (We assume (1)Q = Q = s(I)Q for
the empty tuple I.) We call a tuple I = (i1,42 - i) as reduced if
iy # dp41 for all 1 <1 < m — 1. Using induction, it is easy to verify,
for any reduced tuple I = (i1,i2+--im) € Z, i1 # i € N, we have

s(NQ =1DQ; s =160Q; s(PD)Q =121+ 1(1)Q.

(By (i"I) we denote the concatenated tuple (,4,---4,i1,- - iy).) Fur-
ther

2m+1I 0= Z k%;;:_lll 2r+1[)Q

s(i2mHIN0 = Z k2T 12T 1)
r=0
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for all n € N. k], are positive integers satisfying relations k;, = 0 if
r>norr<0,and k3,  =0= kar—1 for all r. Further k3 = 1 = k3
and the following recursive relation hold

2r+1 _ 1.2r+42 2r . 2r _ 1.2r+1 2r—1
k2m+1 - k2m + k2ma ka - k2m+1 + ka y V0 <r<m.

These relations can be extended to a tuple of the form (:" [1i"2 15 - - -i"? I}),
where I; € 7 are reduced tuples for 7, € Ny 1 <[ < p. So we have
positive integers k(I, ') such that

(19) s(NQ =Y KIININN VIeT
1'eT
and k(I,1I') is zero except for finitely many I’ for any fixed I € 7.
For any reduced tuple I = (ij,ig---im) € Z, i1 # i € N, we
have 1(i?1)Q) = s(i%I)Q — s(I)Q2. Using induction, generalizing to a
recursive relation for I(-) in terms of s(-) similarly as above, we can
conclude there exists integers k'(I, I') satisfying

(20) WIHe=> K¥I' Ds()Q, VI' 1.
1eT

Again this decomposition is unique and finite. We have

(21) S KT DI I") =6pp VI I" €.
IeT

(22) S k(UL =6V II" €T
I'ez

Let I‘(} (L%((0,00), k%)) is the finite linear span of all finite particle
vectors.

Lemma 8.19. Every ¢ € F?«(LQ((O, ), k%)) has a unique expansion

¢= S uhs(ne.

Iel

Proof. Existence of the expansion follows, since {I(I)Q2: I € Z} is an
orthogonal basis and from equation 20. For any £ € F?c (L%((0,00), k%))
with £ =7 AI")I(I')2 we have the decomposition

£=> (Z AIE(T I)) s(I)Q.
I€T \I'eT

Since £ € F?(IP((O, 00),k)), the length of I’ is bounded, and hence

any fixed I can future in k(I’,I) for only finitely many I’. This

implies that, in the above expression, ).z AI")k'(I', I) is a finite

sum.
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Now suppose § = > ;o7 1(I)s(I)Q be any other expansion, then
we have

€~ i (z W, f'>z<f'>n)

I1eT I'eZ
=> (Z“ k(I,1') ) 11
I'eZ \IeT

This implies Y ;o7 u(1)k(I,I") = A(I") for all I' € T. (Again note
that this is a finite sum.) Now using relation 22, we have

Z )\(I/)k/(I/ Z Z I// I I k/(I/ I//)

1'eT I'el1"eT
=u(l)VIel.
Hence the expansion is unique. ]

Let P, be the projection onto the closed subspace of free Fock
space [[(I)Q: I € Z,|I| <n.

Lemma 8.20. For every m € ®(k) there exists an m,, € ®(k) such
that P,(mS) = m,Q.

Proof. Any s(f1)s(f2)---s(fn)Q can be expanded as linear combi-
nation of I(fi, )I(fi,) -+ 1(fi,)2 with i1,49---4; € {1,2---n} and vice
versa for [(g1)l(g2) - - - 1(gn)S2. This implies that the lemma holds true
for elements of the form m = s(f1)s(f2) - - s(fn), and for their linear
combinations. Since

O(k) = {s(f1)s(f2) -~ s(fn) : f1, fa- -+ fn € L*((0,00), k), n € N}

to prove the remaining assertions, it is enough if we prove, for any net
{my : XA € A} satisfying P,m)Q = (m)), and my — m strongly, it
follows that (m)), also converges strongly to some m, € ®(k) and
P,m = m,Q.

Clearly (m))n$ converges to P,mf). Consequently for any ar-
bitrary mg € ®(k) mimoQ = ppmy((mr)n2) is convergent. This
means, since {(my), : A € A} is a bounded net, it is strongly
convergent. Finally if (my), — m, € ®(k) strongly, then clearly
P,m§ = m,0. O

We can replace ®(k) by its commutant, s(.) by the right multipli-
cation py) and by exactly imitating the proof we can arrive at the
following Corollary.

Corollary 8.21. For every m' € ®(k) there exists an m), € ®(k)’
such that P,(m/Q) = m] Q.
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Lemma 8.22. Let «y be the free flow on ®(k). Then for every £ €
H/Q P,£ € H/Q for alln € N and t > 0.

Proof. We have H] = [®(k)S;] N [®(k)'S;]. So, for T'S; € Hy*, there
exists nets {my : A € A} C ®(k) {m), : X € A’} C ®(k)’ satisfying

mySy — T'S; and m’/\/St — T'S; strongly.

Then both {(my),Q} and {(m),),Q} converges to TQ2. This implies
for any mo € ®(k), that (mx)nSimo = poy, (me) ((M1)n$2) converges
t0 Py, (mo) (T€2). But by Lemma 8.14 we have

Pr(mo) (TQ) = Ty (mo) 2 = T'Symo€2.

So we conclude that (my),S; converges strongly to T'S;. Replacing
appropriately with primes and left action of ®(k)’, and by exactly
the same reasoning, we get (m/,),S; converges strongly to T'S;. So
Pog € [(k)S N [®(k)'Se] = H{ Q. O

Proposition 8.23. Let v be free flow on ®(k) of any rank. Then
H) = CS; for all t > 0.

Proof. Clearly S; € H, for all t > 0. For any £ € H; P,§ — &
as n — o0o. So, thanks to Lemma 8.22, it is enough if we prove
that HQ NTY(L2((0,00),k%)) = C. Let T'S; € H; such that TQ €
IO(L2(R4; k%)) with T € v,(®(k))" be any arbitrary element. As
before let {e;};en be an orthonormal basis for L2((0, 00),k) and also
let {h;};jen C {ei}ien be an orthonormal basis for L?((t,00),k). By
Lemma 8.19, there exists a unique expansion

(23) TQ =Y MI)s()Q, MI)€C.
IeT

Note that s(h;) € ay(®(k)). So by lemma 8.14 we have

(24) Ps(hy) (TQ) = T's(h;)2, V j € N.

Since T' € v (®(k))’, we have s(h;)TQ = T's(h;)S2 for all j € N.
Using equations 23 and 24 we have

> AD)s DO =Y MDs(D)s(f;)QV jeN,

IeT 1eT

Since this expansion is unique, A(I) = 0 for any non-empty tuple
not ending with j. But this is true for all j, so \(I) = 0 for any
non-empty I € Z. So TQ = AQ for some A € C and proof of the
proposition is over. ]
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9. NON COCYCLE CONJUGACY

Even though both the Gauge dimension and coupling index are
zero for Clifford flows and even Clifford flows of any index, we still
show in this section that both these families contain mutually non
cocycle conjugate Eg-semigroups. We use the index defined through
boundary representation by Alevras (see [21] and [1]) and analogues
of the C*—semiflows introduced by Remus Floricel in [10].

We briefly recall the definition of boundary representation as de-
fined by R. Powers and the index defined by Alveras, which is a con-
jugacy invariant. Let a be an Eg-semigroup on a II; factor M with
generator 0, whose domain we denote by Dom(d). The generator
—d of the canonical unit {S; : t > 0} is a maximal skew-symmetric
operator whose deficiency space can be identified with the Hilbert
space K = Dom(d*)/Dom(d), with respect to the inner product
(-,-) defined by

(1), bl = 5 ("€m) + 5 (€.d"n)

It is shown in [21] that elements m € Dom(J) leave both Dom(d*)
and Dom(d) invariant, and that the map

Ta(m) : Dom(0) = B(K), ma(m)[¢] = [m¢]

is a norm continuous x—representation of Dom(J).

If p € mo(Dom(d))" is the largest projection such that the subrep-
resentation m,(m)|px is normal, then by extending we get a normal
representation of M on pK. The Powers-Alevras index is defined as
the M-dimension of this representation, that is Ind(a) = dimpy (pK).

For Clifford flows p = 1 and the boundary representation extends
to a normal representation of R on K = Dom/(d*)/Dom(d) (see [21] ).
Since the Clifford flow of rank n is a restriction of the corresponding
CAR flow of rank n, and the antisymmetric Fock space is the GNS
Hilbert space for R, it follows from [21] that the Powers-Alevras
index for Clifford flow of rank n is also n. It is mentioned in [1] that
the index for even Clifford flow of rank 1 is 1. We give a proof for
general rank n.

For a fixed multiplicity n, denote the generators of the Clifford
flow and even Clifford flow of rank n by § and J., and denote the
generators of their respective canonical units by —d and —d.. We
will denote the boundary representation of the Clifford flow by =
and of the even Clifford flow by m.. For definiteness we write R D
R. for the factor/subfactor pair given by the Hyperfinite II; factor
generated by even products of {u(f) : f € L?(R;;k)} embedded
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inside the Hyperfinite II; factor generated by all products of {u(f) :
fe L2 (Ryk)}.

Lemma 9.1. There is a canonical inclusion of Dom(d})/Dom(d,)
inside Dom(d*)/Dom(d) under which the restriction of ™ to Re has
invariant subspace Dom(d})/Dom(d,).

Proof. Since the canonical unit for the Clifford flow respects the de-
composition T'y(L?(Ry;k)) = H, ® H. into odd and even compo-
nents, its generator splits into a direct sum d = dy @ d., so there
is a canonical inclusion Dom(d}) — Dom(d*). This well-defines an
inclusion of quotient spaces because Dom(d.) = Dom(d) N H, so if
&1,& € Dom(d}) with & — & € Dom(d), then & — & € Dom(d,).
The rest of the Lemma is immediate. O

Note that if V' is the inclusion of Lemma 9.1 then 7. (z) = V7 (z)V,
so 7 extends to a normal representation of R..

Proposition 9.2. For the even Clifford flow of multiplicity n the
Powers-Alevras index is n.

Proof. Pick an orthonormal basis ey, ..., e, for k and write e(j) =
V2e % @ e; for each j = 1,...,n. Recall from [21] and [1] that
the boundary representation of the Clifford flow decomposes into an
orthogonal sum of n standard R-modules, each with an [e(j)] as its
cyclic and separating vector.

Pick a unit vector f € Dom(d), then under the inclusion of Lemma
9.1

(25)  Vme(Re)lf Ae(h)] = m(R)[e(4)] N VDom(d;)/Dom(d.)

for each j = 1,...,n. Indeed, the left hand side is clearly contained
in the right, whereas

m(u(f1) - - u(fon-1))[e()] = m(u(fr) - - - ulfon—1)u(S)If Ae(d)],

which gives the reverse inclusion. It follows from (25) that the
[f A e(j)] generate pairwise orthogonal R.-modules and these span
Dom(d})/Dom(d,). Finally, if

me(@)[f A e(h)] = me(y)[f A e(h)];

for some x,y € R, then

m(zu(f))[e(5)] = m(yu(f))le()]-

So we have zu(f) = yu(f) by the separating property of [e(j)]. It
follows that z = y and hence Dom(d})/Dom(d.) decomposes into n
standard R.-modules. ]
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For each t > 0 let Ay (t) :== ax(M)' N M. Since these algebras form
an increasing filtration, we follow [10], and define the inductive limit
C*-algebra A, = U .Aoé(t)”'H, together with a semigroup of *-
endomorphisms «|4,. This is called the C*-semiflow corresponding
to a. Since this is a subalgebra of M there is a canonical trace on

Aa which we denote by 7.

Proposition 9.3. If o and 8 are cocycle conjugate Eg-semigroups
then their C*-semiflows are conjugate. Moreover, the intertwining
*-isomorphism v : Aq — Ag is implemented by a unitary U, :
L*(An, 7o) — L?(Ag, 73) between the corresponding GNS spaces.

Proof. Without loss of generality we may assume that « is a co-
cycle perturbation of g. If 8y = Ady, o ay, for some a—cocycle
{U; : t > 0}, then the *-isomorpism v : A, — Ag is constructed
precisely as in [10], Proposition 1.3, by taking the inductive limit
of the maps Ady,|Aq(t) — Ag(t). Further v intertwines o4, and
B Ag- Since each Ady, intertwines the corresponding induced traces,
the inductive limit v satisfies T30y = 7,. The rest of the proposition
follows immediately. O

We call the triple (Aq, a4, , 7o) the T-semiflow for . The above
lemma shows that two cocycle conjugate FEg-semigroups have isomor-
phic (in the obvious sense of the word) 7-semiflows. For the free flows,
the 7-semiflow is trivial, A, = C1. However, the following propo-
sition shows that, when it is large enough, the triple (A, |4, ,7a)
says quite a lot about a.

Proposition 9.4. Let a, 3 be Ey-semigroups on the Il factor M
and suppose that A, is ultraweakly dense in M. If the T-semiflow
for a is isomorphic to the T-semiflow of B then a is conjugate to a
restriction of 5.

Proof. The isomorphism between the semiflows is implemented by a
unitary U, between the respective GNS spaces, as in Proposition 9.3.
Since A, is ultraweakly dense in M we have

L*(M, 7) = L*(Aa, Ta)-

Now we see that Ady, induces an injective *—homomorphism 7 :
M — B(L?*(Ag,75)). It is clear that ¥ intertwines o with the restric-
tion of B to the ultraweak closure of 4z, as required. O

Corollary 9.5. Let o and 8 be Ey-semigroups on the I, factor M
such that both A, and Ag are ultraweakly dense in M. Then o is
cocycle conjugate to B if and only if o is conjugate to 3.
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Proof. If a and B are cocycle conjugate then their 7-semiflows are
isomorphic. Hence it follows from the proof of Proposition 9.4 that
« is conjugate to . O

Theorem 9.6. Fven Clifford flows with different rank are not cocycle
conjugate. Furthermore Clifford flows with different rank are not
cocycle conjugate.

Proof. Pick a real Hilbert space k of dimension n and construct the
corresponding even Clifford flow ™. If f and g are functions in
L%([0,t]; k) then u(f)u(g) belongs to B;(M)’ MM, hence to Agn. But
the compactly supported functions are dense in L?(R,;k), so these
elements generate the even Clifford algebra in the strong topology.
Thus if ™ and ™ are cocycle conjugate even Clifford flows, then
they satisfy the conditions of Corollary 9.5, so are conjugate. In
particular this implies they have the same boundary index, as defined
in [1], and hence by Proposition 9.2 they have the same rank, that
isn=m.

If Clifford flows of rank n and m are cocycle conjugate, then their
T-semiflows are isomorphic. It is easily seen that the Clifford flow of
rank n (respectively m) has the same 7-semiflow as the even Clifford
flow of rank n (respectively m). Since the T-semiflows are isomorphic,
the corresponding even Clifford flows are conjugate, hence by the first
part of the theorem n = m. O

Remarks 9.7. 1. The result in Theorem 9.6 is in sharp contrast to
the case of reversible flows on the hyperfinite 1l factor arising from
second quantization of bilateral shifts. These are all cocycle conjugate
by a result of Kawahigashi ([15]).

2. If a Clifford flow is cocycle conjugate to an even Clifford flow
then they have isomorphic T-flows, hence it follows that they have
the same rank. However, we cannot yet show that the Clifford flow
of rank n is not cocycle conjugate to the even Clifford flow of rank n.
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