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ABSTRACT. A piece-wise epidemic model is proposed to describe a switching
vaccination program such that it is implemented once the number of people
exposed to a disease-causing virus reaches a critical level. We also examine
a perturbed system to represent variation or uncertainties in interventions.
By using generalized Jacobian theory, Lyapunov constants for a non-smooth
vector field and generalized Dulac’s criterion, we theoretically analyzed the
global dynamic behaviors of the original piece-wise system and the perturbed
version. The main results show that as the critical value varies, the piece-
wise system will stabilize at the disease-free equilibrium or at the endemic
states for the two subsystems or at a generalized equilibrium which is a novel
global attractor for non-smooth systems. The perturbed system exhibits new
global attractors including a pseudo-focus of parabolic-parabolic (PP) type,
a pseudo-equilibrium and a crossing cycle surrounding a sliding mode region.
Our findings demonstrate that we can either eradicate an infectious disease
by increasing the vaccination rate or by stabilizing the number of infected
individuals at a previously given level conditional upon a suitable critical level
and parameters.

1. Introduction. Infectious disease remains a major threat to public health around
the world [3, 25]. Therefore, designing an effective prevention and control strategy
to fight against epidemic outbreaks is a vital task for government and public health
officers. Because of the global eradication of smallpox in May 1980, vaccination
has gained in prominence as a strategy for the elimination of such diseases such as
measles, hepatitis, parotitis, smallpox, and phthisis. Investigation of the impact of
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vaccines based on mathematical models has received much attention in recent years
[1, 8, 30, 13, 12, 21, 20].

Continuous and impulsive vaccination have been proposed as the two main mod-
eling approaches. The former strategy, relying on ordinary differential equations,
may lead to epidemic eradication if the vaccination ratio is sufficiently high [1, 8, 30].
The latter refers to repeated application of vaccine at fixed moments so impulsive
differential equations are appropriate for it [13, 12, 21, 20]. Infectious diseases can
also be eradicated by choosing suitable vaccine dosing intervals [12]. Impulsive
vaccination strategy is more realistic for describing the scheduled immunization
programme than a continuous vaccination strategy. However, neither of these two
strategies consider limited medical resources or represent variations in vaccination
strategies when facing emerging infectious diseases. For example, during the 2009
A/HIN1 pandemic, the vaccination strategy in mainland China varied according
to provinces or population ages, due to a lack of vaccine against A/HIN1 [10, 11].
Ideally, those who are exposed to the virus should be effectively vaccinated and the
vaccination strategy should depend on the number of individuals who are exposed
to the virus (susceptibles). However, little attention has been paid to modeling
switching vaccination strategies and its effect on dynamic behaviors of infectious
diseases, which is the scope of this study.

Our main idea for this study is to propose a piece-wise epidemic model to de-
scribe a switching vaccination strategy such that it is implemented only when the
number of those exposed to disease-causing virus is greater than a critical level,
and there are no vaccinations otherwise. Note that this type of vaccination strategy
belongs to a so-called threshold policy (TP) [19, 24, 18] and systems subject to such
a policy are called switched systems. Switched systems serve as models for a large
number of problems in subjects ranging from mechanics and electrical engineering
to biology [16, 23, 2, 15] and epidemiology [31, 32, 28]. Here we examine whether
the proposed vaccination strategy affects the evolution of infectious disease in com-
parison with a general vaccination without switching. To this end, we analyzed
the global dynamics of the piece-wise system with switching vaccination strategy
on the basis of qualitative theories for non-smooth systems. Moreover, some more
interesting and complicated biological phenomena are observed if the system admits
a small perturbation.

The rest of our paper is organized as follows. We propose a piece-wise epidemic
model with switching vaccination strategy and present some preliminaries in the
following section. Section 3 is devoted to the dynamics of two subsystems. The
global behavior of the switched system is rigorously investigated in section 4 and a
perturbed system is further examined in section 5. In the last section, we present
some concluding remarks on the results.

2. Piece-wise epidemic model with vaccination and preliminaries. Consid-
er a population that is divided into three types: susceptible, infective and recovered.
Let S,I and V be the number of susceptible, infective and recovered individuals,
respectively. Then the model equations take the following form:

ast) _ kST
_ kSI
ar = Trwl ol (1)
T = ms) -,
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with vaccination policy function

_ eh(S—5.)
HS) = =5 =5

and

0, o(S,1) <0,
= { 1, o(S,1)>0. 3)

Note that function o(S,I) =S — S, determines whether vaccination is implement-
ed or not, and parameter S, is the threshold of susceptibles. Vaccination policy
function H(S) represents when no vaccination strategy is adopted if the number of
susceptible individuals is below the critical level S.. In contrast, once the number
of susceptibles in the population reaches and exceeds the level S, the vaccination
strategy is implemented and governed by a nonlinear function in S — S, given by
H(S)=h(S—5:)/(hm~+(S—S5.)). Here h gives the maximum vaccination per unit
of time, and h,, is the number of those susceptible individuals S — S, that yields a
50% chance of the maximum vaccination level being reached (i.e. H(Sc+hm) = h/2)
and measures how soon saturation occurs. This vaccination represents a logistic re-
sponse to the increase in S — S, that is, when S — S. < h,, H grows linearly with
S —S¢; when S — S. > h,,, H approaches a steady state h, showing the effect of
saturation. Parameter A represents the recruitment rate of the population, § is the
natural death rate and « denotes the disease-related death rate, respectively. It is
reasonable to assume A > h since the recruitment rate is usually greater than the
maximum number of vaccinated individuals.

We assume that the immunity to the virus of vaccinated individuals will persist.
Taking into account the ‘psychological’ effects, we adopt a saturated incidence rate
in this model. Indeed, we choose the incidence rate as kI/(1 + wl), where kI
denotes the infection force of a disease, and 1/(1 + wI) reflects an inhibition effect
resulting from the reducing contact rate as the population size of infected individuals
increases. All other parameters are positive constants. Model (1) with (2) and (3)
is a description of a dynamical system subject to a threshold policy (TP), which is
referred to as a switched system [16]. In particular, it involves a coupling between
smooth dynamics of two distinct subsystems with or without implementation of
the vaccination strategy and the discrete switching events from the dynamics of
one subsystem to the other dynamics. It is a special and simple case of variable
structure control in the control literature.

Note that the vaccinated class does not influence the dynamics of the first and
second equations of model (1), so we only need to consider the reduced system

ds(t) _ kSI

e St @
_ kSI

& = Trwl O —ol

Let N = S+ I, and it follows from the definition of H(S) that &Y = A — 6N —

ol — H(S) < A— 0N, which indicates that any trajectory of system (4) will attain
the region Q) ultimately, where

Qi{(S,I) ERY|S+1< ?}
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Moreover, since %\5:0 = A > 0 and %h:o = 0, every trajectory of system (4)
initiating from some point in ) remains in the region ) forever. Hence, ) is an
attraction region of system (4).

Obviously, the (S,I) phase plane is divided into two parts: G; = {(S,I) €
RY | o(S,I) <0}, Go ={(S,1) € R | o(S,I) > 0}. We denote the switching
boundary by

S={(S,I)e Ry | o(S,I)=0}. (5)

Let vector Z = (S,I)T and

_ kST kST r
F(Z)f(Afl_i_waéSfH(S), 1+w[*5[*04[) :

then system (4) can be rewritten as the following switched system

7 F (Z)7 U(Svl) <0,
z-ra={ p7) 2505 (©)
with
T
Fi(2) = (A- {550 — 55, ESL —s1—ar) = (f11(Z),f12(Z);T7
_ kST h(S —S.) kST
B(2)= ( Tltwl T R+ (S-S0 1twl _M_O‘I)

= (f21(2), f22(2))" .

It is worth noting that the vector field defined by system (6) is continuous. Further,
if it is locally Lipschitz-continuous, the trajectory of (6) initiating from any point
in Ri exists and is unique. Indeed, we provide a brief examination of the local
Lipschtiz-continuity of system (6) in Appendix A.

We call system (6) defined in region G; system S; and that defined in region Go
system So.

In the following, we introduce two types of equilibria, which will play an impor-
tant role later in the discussion of this paper.

Definition 2.1. An equilibrium Z* of system (6) is said to be real if it lies in the
region governed by the structure that it originates from, whereas it is called virtual
if it is located in another region. Both the real equilibria and virtual equilibria are
called regular equilibria.

Definition 2.2. An equilibrium Z* = (S, I*) is said to be a generalized equilibrium
of (6) if f11(Z*)f21(Z*) <O.

It is known that the main characteristics of trajectories for a smooth system
near a non-degenerate equilibrium point of focus type is that it turns around the
point. For non-smooth systems, such points are replaced by a type of generalized
equilibrium point, i.e. the so-called ‘pseudo-focus’ point, which consists of four pos-
sible types, i.e. focus-focus type (denoted by FF), focus-parabolic type (denoted by
FP), parabolic-focus type (denoted by PF) and parabolic-parabolic type (denoted
by PP). In the following, we give a brief introduction to the pseudo-foci of FF and
PP type of system (6) which will be used in the rest of this paper and the detailed
description about other types of pseudo-foci can be found in the literature [6, 9].

Definition 2.3. Let Z* be a generalized equilibrium point of system (6) and tra-
jectories near it are oriented counter-clockwise.

e 7* is said to be of FF type if it is a focus for both systems S7 and Ss.
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e 7* is said to be of PP type if solutions for both systems S; and Sy have a
parabolic contact at Z* with 3.

Definition 2.4. (i) Let Z* = (S.,I*) be a pseudo-focus of FF type for system
(6). Tt is said to be elementary if Z* is elementary as an equilibrium point for both
systems S and Ss.
(ii) Let Z* = (S, I*) be a pseudo-focus of PP type for system (6). It is said to be
elementary if
ofin(Z7)
ol
In terms of Filippov theory [7], there are three types of sliding modes, namely,
transversal sliding mode, attracting sliding mode and repulsing sliding mode. Since
system (6) is continuous, attracting and repulsing sliding modes are excluded and
only a transversal sliding mode is allowed. This demonstrates that the vector field is
directed from one side to the other at switching boundary S = S.. The trajectories
will cross switching boundary S = S, and the trajectory initiating from one specified
point is unique.

fa(Z*) =0, fie(Z¥)£0, i=1,2.

3. Dynamics of two subsystems. In this section, we examine the existence of
all possible equilibria and their local stability. We initially consider the equilibria of
system S, the basic reproduction number of which is Ry1 = Ak/(5(6+«)). Tt is easy
to get that the disease free equilibrium Ey; = (A/4,0) is a locally stable node for
Rp1 < 1, while it is a saddle for Ryp; > 1. According to Definition 2.1, Ey; is a real
equilibrium (denoted by Ef;) for S. > A/, and it is a virtual equilibrium (denoted
by E§;) for S. < A/6. When Ryp; > 1, the endemic equilibrium E; = (S7,1I7) is
feasible and locally asymptotically stable with

_Aw+5+oz

Ak —6(6
5 _ Ak—5(6+a)

k4+ws P70+ a)(k+wd)

It is a real or virtual equilibrium (represented by E or EY) for S, > St or S. < 57,
respectively. Furthermore, it is a node or a focus if ; > 0 or 7; < 0, where

_ {0+ [k +w(2 + )] I7 )

*

m ol ) — 4det(J1 (ST, I7))
and
-0 -5 —af%
Ji(8,1) = kI “Iis
T ol —(64+a) + 0t wl?

Consequently, we have

Proposition 1. For system Sy, disease-free equilibrium Eo1 = (A/6,0) is a locally
asymptotically stable node for Ry < 1 and a saddle for Ry1 > 1. Unique endemic
equilibrium Eqy = (S7,1I7) is feasible and locally asymptotically stable if Ro; > 1.
Further, Fy is a stable node for n1 > 0 and a stable focus for n; < 0.

Now we will investigate all possible equilibria of system Ss. It is worth noting
that virtual equilibrium points locate in their opposite region, so they cannot be
attained although they are locally stable. That is because the dynamics change
once the trajectories cross the switching boundary o(S,I) = 0. Therefore, we only
focus on the real equilibria of system Ss in the following, but for completeness we
also analyze the virtual equilibria in Appendix A.
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For system S5, the disease free equilibria satisfy the equations

— — h(S — Sc) —
{A R TR CET AR ™
I=0.
The first equation of (7) is equivalent to
68% —[A—h+3(Se — hm)] S — [RSe — A(S. — hy)] = 0, (8)

solving which yields
g, 09— 0hm+A—h+ V/(6S. = 6hy, + A — h)2 + 45(Ah,y, + hS. — AS,)
02 = )
26
6Se — Shm + A —h — \/(6Se — 0hpm + A — h)2 + 46(Ahy, + hS, — AS..)
20 '
We denote E02 = (502, 0)7 E03 = (503, 0) in the fOHOWing.
Taking = S — S,, the first equation of (7) reads

hh,,
T+ hpy,

It follows that Ege = (So2,0) is real if a positive root for equation (9) exists and vice
versa; Egs = (So3,0) is always virtual if it is well defined. Equation (9) possesses
a positive root if and only if g1(0) > g2(0) (ie., Sc < A/d). As a conclusion,
there exists a unique real disease free equilibrium (denoted by Ef, = (Soz,0)) for
system Ss provided S. < A/d. For the existence of virtual equilibria (denoted by
E¥, = (S02,0), E{s = (S03,0)), see Appendix A.

Further, Eyo is stable for Rgs < 1 and unstable for Ryps > 1, where the basic
reproduction number Rga = kSp2/(d + «).

Next we consider the existence of endemic equilibria for system Sy, which satisfy
the equations

SOB =

=67+ 065, +h— A 9)

L )
(A—h)—dS—(6+a)I+% 0. (10)
Substituting the first one of (10) into the second one yields
Rl k?
w0+ o)l + (0 + a) + k(hpm — Se)
which is equivalent to

w6 + ) (k + wd)I? + ®1(S.)I + P(S.) =0 (12)

{ g_ (04 a)(1+wl)

= (64 a)(k+wd)I+5(6+a)+k(h—A), (11)

with
D1(S.) =w(@+a)[0(6+a)+k(h—A)]+ (0 + a)(k+wd) [(0 + a) + khy, — kS, ,
Do(S.) = (6 + a — kS.) [0(6 + a) + k(h — A)] + khy, [6(6 + a) — AK].

We denote Ey = (S5,135), E5 = (S5, 1. ), where

. —®,(S,) + \/@2 —4w(6 + a)2(k + wd)Pa(S,)
’ ( + a)?(k + wd) ’

1 ~®(S — /P3(S.) — 4w(8 + a)?(k + wd) P2 (S.) (13)
5 2w(5+a) (k 4+ wd) ’

o — (04 a)(1l +wil3) o _ (04 a)(1 +wi3)
2 3 .

k ’ k
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It follows from the first equation of (10) that S > S. is equivalent to I > I,
where

kS, —(0+ )
7w +a)
Let x = I — I, and equation (11) can be written as
93(x) = ga(z), (14)
where
_ hhy, k*
gs(x) = w(0 + @)z + hpypk’
ga(z) = 6+ a)(k +wd)w + k;(k—c&;wé)sc_’_ wk(h _A)w_ k(é—l—a).

Equation (11) possesses a root IF,i = 2,3 with I > max{[l.,0} if and only if
equation (14) possesses a root z* satisfying z* > max{0, —I.}. For I. > 0, we require
93(0) > g4(0) to ensure z* > I, > 0, while for I. < 0, we require gs(—1I.) > ga(—1.)
to ensure x* > —I. > 0. There are two cases (including I, > 0 and I. < 0) to
consider in the following and we initially investigate the case I. > 0.
Note that
502 020, 5 < Si = s(0) > 0a(0).

Further, if Ro; > 1,0(6 + a) + k(h — A) > 0, the following inequalities hold
0+«

A
Seo < 3 <Sf<g, Se1 > Seo (15)
with 5 Wk
+ « m
Seo = o + — (64 ) + k(h— A)
SCI:hm+6+a+w[5(6+a)+k(h—A)]

k k(k 4+ wd) ’
which will be useful in the rest of this work.
A similar discussion yields

5;a<ST<?, SC0>LZQ, Se1 < Seo (16)
are true for Rypy > 1,6(0 + o) + k(h — A) < 0.
Then we conclude that there is only one real endemic equilibrium (denoted by
EY) for system Sy if

0+ a
R01>1, TSSC<ST
Now we turn to examine the case I, < 0. In such scenarios, an equilibrium is
real provided it is well defined. It follows from (14) that there is a unique endemic
equilibrium (i.e. F3) when g3(—1I.) > g4(—1I.) and no endemic equilibrium exists
when g3(—1I.) < ga(—1.). Furthermore, if

5
S(5+a)+k(h—A) <0, So<hy+t?

or
5(6+O¢)+k(h*A) >O, Sc >SCO7
then g3(—1I.) > ga(—1.) holds. We also note that
0+a

Se< —=1.<0.
< A = <
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Therefore, based on (15) and (16), if

5
Ror > 1, 8(6+a)+k(h—A) <0, sc<%

or

1)
Ro > 1, 5(5+O¢)+k(h—A>>O7 SCO<SC<$

are true, system Sy possesses a unique real endemic equilibrium (i.e. EY).

In addition to the existence of the real endemic equilibrium (i.e. Ej) for system
S, we address the existence of virtual endemic equilibria (denoted by E3, EY) for
system Sy in detail in Appendix A.

Further, endemic equilibrium FEs is a stable node for 72 > 0 and a stable focus
for ny < 0, where

2

S+ kL +w(20+a)l3 hh,
"2 1+ wl (S5 — Se+ )2 det(%2(53. 13))
and
5 kI hhy, ___ kS _
Jo(S, 1) = L+wl (S —S.+hy)? (1+wl)?
ae - —(6+a) + P2
1+ wl (1+wl)?

Summarizing the above discussion, we obtain the following result.

Proposition 2. For system Ss, there exists a real disease-free equilibrium Ego =
(So02,0) if S. < A/d, which is a locally asymptotically stable node for Rops < 1 and
a saddle for Roo > 1. If conditions

5(6+a)+k(h—A)<0, S.<S; (17)

or
5(6+a)+k(h—A)>0, Seo<S:.<8; (18)

hold true, there is a unique real endemic equilibrium Eo = (S5, I3) which is locally
asymptotically stable. Furthermore, Fo is a stable node for ns > 0 and a stable
focus for ny < 0.

Remark 1. (i) It is impossible that all equilibria of system S; and Sy are virtual
or real. In particular, if Egy (F1) is real, then Eps (Es3) is virtual and hence no
disease-free equilibrium (endemic equilibrium) of system Ss is real; if Epy (Ep) is
virtual, then disease-free equilibrium Eps (endemic equilibrium F5) of system Sy is
real.

(ii) It follows from formula (13) that I varies with variation of threshold value S.
and further

sgn {322 } = sgn {(k—i—w&)Sc —v+ \/[(kz—&-wé)SC - V}Q + dwhh, (k + wd) },

where v = w(A — h) + (§ + &) + hy,(k + wd). Then we get 2{92
C
monotonically increasing with respect to variable S..

> 0 and so I3 is
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4. Global dynamics. The objective of this section is to perform a global qualita-
tive analysis of system (6). To investigate the richness of the dynamics that switched
system (6) can exhibit, we consider all possible combinations of parameters in the
following. The basic transmission rate k£ and threshold level S, are selected to build
the bifurcation diagram and all other parameters are specified as given in legend of
Figure 1. We define five critical curves in parameter plane S, — k as follows:

L= (sc,k)m:(s(i;{i)}, Ly={(Sek) | S. =4,
za= {50 | 5. = 51 . L= {5 |6 = 20200

Ls=1{(Se,k) | Se = sco}.

35F

3r rE ,E coexist

- 3701 1
\ r4 E01E02 Elcualst

251

I'5 E01 E02 E1 E2 coexist
\

k A N L

L N
5 vV
15k N\ Te E01 Eoz By Ez coodist N

1t T By, ELEL, coexist ~_ - -]

roE edsts ~ o
osl Iy v Ep, coexist 1 En N

FIGURE 1. Bifurcation set for switched model (6) with respect to
basic transmission rate k& and threshold level S.. We fix all other
parameters as follows: A = 0.6,w = 1.2,§ = 0.5,h = 0.2,h,, =
1.2, = 1. Let I'; be the region bounded by lines L, Lo, S, = 2
and S.—axis; I's be the region bounded by lines Lq, Lo and the
two axes; I's be the region enclosed by lines L1, Lo, S. = 2 and line
k = 4; T'y be the region bounded by lines Ls, L3 and line k = 4;
I's be the region delimited by lines L3, L4,k = 4 and k—axis; I'g
be the region bounded by lines Ls, L4, Ls and k—axis; 'y be the
region bounded by lines Ly, Ls and k—axis.

Solid line Ly divides the parameter space into two parts in terms of whether
endemic equilibrium E; of system S; exists. Solid line Ly also divides the parameter
space into two parts, in terms of whether disease-free equilibrium Fy; is real. Dash-
dotted line Lj divides the region bounded by lines Lo, k = 4, S.—axis and k—axis
into two parts, and the upper region is for Ry > 1 while the lower region is for
Rps < 1. Dashed-line L3 divides the region bounded by lines Lo, L5,k = 4 and
k—axis into two parts in terms of whether endemic equilibrium E7 exists. Dotted
line L, is plotted to delimit the regions where inequalities (17) and (18) are satisfied
in the parameter space.



10 AILI WANG AND YANNI XIAO
Before showing the global behavior of trajectories of system (6), we first give the
following lemma.

Lemma 4.1. Ry < 1 if and only if §(6 + ) + k(h — A) > 0 and S. < Sco.

In this section we examine the global stability of all possible equilibria including
regular equilibria and generalized equilibria. To realize this purpose, we initially
need to preclude the existence of limit cycles in attraction region 2. Note that the
vector field defined by system (6) is locally Lipschitz- continuous in © but not in C*,
which means that the classical Dulac’s criterion cannot be applied to the system.
Hence, we shall use the generalized Dulac’s criterion to exclude the existence of
closed orbits in 2, which is addressed in [22] and is for locally Lipschitz-continuous

planar systems

Z
C(th =7Y(2), ZeR?% (19)

where T = (T4, T5) is a locally Lipschitz-continuous vector field. For convenience,
we give a brief introduction of it as follows.

Lemma 4.2. Let D be a simply connected, bounded and open subset of R%, and
suppose there erxists a constant ¢ > 0 and a C* function x : R> — R such that

div(x(Z)Y(Z)) < —c¢ a.e. in D,
then every compact limit set of (19) in D consists of equilibria.
Applying Lemma 4.2 to system (6) yields the following conclusion.
Lemma 4.3. There is no closed orbit in attraction region Q for system (6).

Proof. We consider a C! function in Q defined by
1
S, I)=—.
X(8,1) = =7
Then for system S7, we have

div (X(Sa I)Fy(S, [)) — a()jsv I)gll(sl;a 1)) + I(x(S, I%J;m(sa 1))
TS fwm
< _ wké?
= (St wA)

A similar discussion to that for system Sy yields

div (X(& I)Fy(S, I)) o(x(S, Ingl(Sv 1)) + OX(S, 1) f22(5, 1))

ar
_ A wk hhuy, L S =5
ST (1+wl)?®  (hy+S—S5)°ST * (hy + S — S.)S*I
- S A4+wh?  (hy+ S —8.)%SI
< _ wké?
T (+wA)
Taking ¢ = %, we have

div (x(S,I)F(S,I)) < —c

for all (S, I) € €. Hence, the generalized Dulac’s criteria can be applied to system (6)
in region Int(2), and it follows that no closed orbit exists in the region. Furthermore,
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it is not difficult to rule out the existence of a closed orbit on the boundary of 2
and so no closed orbit exists in attraction region 2. This completes the proof. [

We consider the following two cases according to whether Ry is greater than
unity.

Case A Rgi <1 (i.e. Ak <(6+ a)).

In this case, endemic equilibrium FE; is not feasible due to Rp; < 1 and neither
does Es since conditions (17) or (18) do not hold true. The disease-free equilibrium
Ep; does exist and it may be real or virtual for S, > A/6 or S. < A/§, whereas
equilibrium FEps is real provided it is well defined. On the basis of Lemma 4.3, we
know that there is no limit cycle in the attraction region. We can also exclude
the existence of limit cycles of system (6) in attraction region 2 by computing
the divergence of system (6) based on distribution theory in this case. A detailed
introduction about the method is addressed in [17]. Based on the feature of stable
disease-free equilibria, we consider the following three subcases.

(A1) S. > A/6 (region I'y shown in Figure 1).

In this scenario, Ey; is the unique real disease-free equilibrium (denoted by E{;)
and by Proposition 1, we know Ef; is locally asymptotically stable. The nonexis-
tence of limit cycles in the attraction region has been obtained in Lemma 4.3, so
Ef, is a global attractor, as shown in Figure 2 (a).

Los
9 / S=S
\ [ °

A \
sH=AB

FIGURE 2. Phase plane S-I of non-smooth epidemic model (6)
for case A, showing the distinct asymptotic equilibrium for dif-
ferent parameter sets. Vertical isocline ¢ is plotted for system
S1. The curves represent the orbits in the phase plane indicating
the asymptotic equilibrium. Parameter values are: A = 0.6,w =
1.2,0 = 0.5,h = 0.2,hy, = 1.2, = 1 and k = 1,5. = 1.3 (a);
kE=1,5.=1.2 (b).

(A2) S. < A/é (region I'y shown in Figure 1).

It follows from Definition 2.1 that Ejy; is virtual (denoted by E;) and Eys is
the unique real disease-free equilibrium (denoted by Ef,) in this case. Since Rpa <
Ro1 < 1, equilibrium Ef, is locally asymptotically stable. Lemma 4.3 excludes
the existence of limit cycles in the attraction region, and hence Ej, is globally
asymptotically stable.

(A3) S. = A/6 (region I'y N T’y given in Figure 1).

In this case, two disease-free equilibria Fy; and FEyo collide together and we de-
note this by Ey = (Sp,0) = (A/4,0), which is actually a generalized equilibrium
according to Definition 2.2. It is difficult to study the stability of generalized equi-
librium Ej since the vector field defined by (6) is not C'! and the classical approach
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using the Jacobian for smooth vector fields cannot be applied. Here, we introduce
the generalized Jacobian developed by Clarke [14, 4, 33]. In such scenarios, the
generalized Jacobian at E, gives

J(S0,0) = @{ J1(S0,0), J2(50.0) } = { (1 = p)-/1(S0,0) +pJa(S0,0) | p € [0,1]].

For any p € [0, 1], it reads

skl phhy, ___kS
’ B )t kS
1+ wl (1+wl)

Direct computation shows that J(Sp,0) possesses two negative real characteristic
values, i.e.
/\12—5—@, /\22—(5—}-(1)4—@.
hom, 1)
Hence, generalized equilibrium point Ej is locally asymptotically stable. It follows
from Lemma 4.3 that no limit cycle exists in the attraction region Q and so Ey is
globally asymptotically stable, as shown in Figure 2 (b).
In summary, we obtain the following result.

Theorem 4.4. For system (6), if Ro1 < 1 the disease dies out. In particular, the
disease-free equilibrium Ej,, Ejy or Ey is globally asymptotically stable for S. >
AJS, Sc < AJ§ or S, = A/d, respectively.

Case B Rg; >1 (ie Ak > (6 +a)).

Since Ry > 1, disease-free equilibrium FEy; is unstable while endemic equilibrium
E; is locally stable and it is real or virtual for S. > S7 or S. < SF. The existence
of real disease-free equilibrium Fyy depends on whether S, < A/d or not. If one
of the conditions (17) and (18) is true, endemic equilibrium E7 is feasible and real.
We shall address how global attractors vary with the variation of a combination
of parameters. For global qualities of system (6) in this scenario, we consider the
following four subcases.

(B1) S > St (i.e. region I's UT'y described in Figure 1).

Equilibrium FE; is the unique real endemic equilibrium ( denoted by Ef ) and
locally asymptotically stable in this scenario, while real disease-free equilibrium Eg,
is feasible for S. < A/d ( region I'y ) and unfeasible for S, > A/d ( region I's ).
According to (15), (16) and Lemma 4.1, one gets Ropo > 1, which implies when
S. < A/, El, is feasible but unstable. Therefore, only endemic equilibrium ET is
locally stable. By Lemma 4.3, we easily conclude that endemic equilibrium ET is
globally asymptotically stable, as shown in Figure 3 (a).

(Bz2) S. < S, Rz > 1 (i.e. region I's UT'g given in Figure 1).

Endemic state E; is virtual (denoted by EY) and disease-free equilibrium Ef, is
unstable. It follows from inequalities (15), (16) and Lemma 4.1 that condition (17)
(region I's), or condition (18) (region I'g) holds in such scenarios, which implies real
endemic equilibrium £ is feasible and locally asymptotically stable. Thus, endemic
equilibrium E¥ is globally asymptotically stable, according to Lemma 4.3.

(B3) S < S, Rp2 <1 (i.e. region I'7 given in Figure 1).

A similar discussion to that in (Bs) yields that endemic equilibrium E; is virtual
and endemic state Y is unfeasible. It follows from Proposition 2 and inequalities
(15), (16) that disease-free equilibrium Ef, is feasible and locally asymptotically
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FIGURE 3. Phase plane S-I of non-smooth epidemic model (6)
for case B, showing the distinct asymptotical equilibrium for d-
ifferent parameter sets. Vertical isoclines g and g5 are plot-
ted for systems S; and S, respectively, and ¢° denotes the hor-
izontal isocline. The curves represent the orbits in the phase
plane indicating the asymptotical equilibrium. Parameter values
are: A = 06,w = 12,6 = 0.5,h = 0.2,h,, = 1.2, = 1 and
k=4,5.=0.8 (a); k=4,5. =0.4826 (b).

stable in this scenario. Therefore, it is globally asymptotically stable by Lemma
4.3.

(B4) S, = 57 (i-e. region I'y N (I's UT'g) given in Figure 1).

Two endemic equilibria F; and E5 collide together, and we denote this by E*,
which results in a critical case. It follows that E* = (S*, I*) with §* = ST, I* = I,
which is a generalized equilibrium in the sense of Definition 2.2. We shall examine it
is globally asymptotically stable in the following. To this end, we initially investigate
the local stability of E*.

By implementing a discussion similar to that in subcase (As), we derive the
generalized Jacobian at E* as follows

J(57, 1) =co{o(S", I"), o (57, I")} = (1 = p)Ju(S™, ") + pJ2 (S, I7)

s _kI* _ ph __ks*
_ I+wl* hm (1+wl*)?
o kI* _ kES* ’
T+ wl™ (5+a)+(1+wl*)2

with p € [0,1]. Since
0+ kMt w25+ o)t ph
14+ wl* hom

tr (J(S*, I*)) =

and

det (J(S,I))<5+hm>{(5+a) AT wl ) + 1+ wl* >0,

one gets that the generalized Jacobian J possesses two eigenvalues with negative
real parts at point £* and concludes the following.

Lemma 4.5. If Ry; > 1 and S, = ST, generalized equilibrium E* is feasible and
locally asymptotically stable.

By Lemma 4.3, it follows that there is no limit cycle in attraction region 2, and
hence E* is globally asymptotically stable. In particular, we can identify the type
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of generalized equilibrium E*. Denote

_ {0+ [kF+w(@i+ a)]I*}?

-4 I
M (1+w1*)2 de;(‘]l(‘s’ ) ))7
64k tw@+a)* .
Mo = 1—|—wI* +H 4det(J2(S ,I )),

where J;(S,1),i = 1,2 is defined in section 3. (i) When 77; < 0, 7, < 0 hold true,
then according to Proposition 1 and 2, we know E* is a focus for both systems S;
and So, so it is a pseudo-focus of FF type in the sense of Definition 2.3 (shown in
Figure 3 (b)). It is worth noting that we can also examine the local stability of E*
in such scenarios (i.e. a pseudo-focus of FF type) by presenting the expression of
the first Lyapunov constant, according to [6, 9], which is distinct from the one for
smooth systems. (ii) When 77; > 0, 7, > 0 hold true, generalized equilibrium point
E* appears as a node for both systems S; and Sy in such scenarios. (iii) When
7,7y < 0 is true, generalized equilibrium point E* is a focus for system S; (Ss),
while it is a node for system Sy (S7).
Based on the above discussion, we derive the following conclusion.

Theorem 4.6. For system (6), when Ryy > 1, the disease may either persist or
die out. In particular, endemic equilibrium FEy is globally asymptotically stable if
Se > ST; equilibrium Ey is globally asymptotically stable if S. < ST and Rga > 1;
disease-free equilibrium FEoy is globally asymptotically stable if S. < ST and Rga < 1;
generalized equilibrium E* is globally asymptotically stable if S, = SF.

5. A perturbed system and its dynamics. To model the density-dependent
vaccination strategy subject to a threshold policy, we formulate model (1) by ig-
noring many minor factors such as natural immunity, treatments, migrations and
effects of media coverage. However, if we consider these elements as small variables,
we can derive a perturbed system which may be a better approximation of the real
world. In particular, we can consider the natural acquisition of immunity and treat-
ments on the infected class. Let ¢(S) be the rate of acquiring natural immunity to
the virus and ¢(I) be the treatment rate. Then the perturbed system reads

%ff) _ A_lﬁSif_as—H(s)—fb(S),
A 5
%}gt) = H(S)— 6V +¢(S)+ ()
where
_J m, a(S,1) <0 -y o(5,1) <0
¢(S)—{ o, o(S,1)>0 SD(I)_{ wl, osn)>o0 0 Y

with p; > 0,v; > 0(i = 1,2) sufficiently small. Note that the vaccinated class R
does not influence the dynamics of the first two equations of (20), so we only focus
only on the following system

ds(t) _ kST

G = AP0 05— H(S) - ¢(5), (22)
Alt) _ kSL 51 o1 (1)

df I+wl P
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Denote

N T . .

R(2) = (A_ 113—5511 =085 — p, 113_5051 — 0l —al — Vl) i(fu(Z)vfw(Z))ia
> _ kST h(S — S.) kST

FQ(Z) = A—1+w1—55—m_ﬂ23 1+w1—61—a1—1/21

=(f1(2), f22(2))".
Then system (22) becomes

5 F(2), o(S,1) <0,
7= {Fg(Z) o(S,I) >0 (23)

We denote the system defined by Fl(Z) as Sp;, % = 1,2 in the rest of this paper. Since
Wi, Vit = 1,2 are small parameters with small values, system (23) is a perturbed
one of system (6). Consequently, the dynamics of system (23) is consistent with
that of system (6) in most cases except for critical cases (A3) and (B4). We only
focus only on the dynamics of system (23) for case (By) in the following, and a
similar argument for case (Az) can be made and so we omit it.

Note that the righthand side of system (23) is piecewise continuous, so we take
into account its solutions in Filippov’s sense, i.e., the solutions of differential inclu-
sions Z(t) € F(Z(t)) with

= () ®(Fi(B(Z:6)\N) U Fy(B(Z;6)\N)),

>0 uN=0

where €6 represents the convex hull, B(Z;¢) denotes the open d—neighbourhood
of Z, and p stands for the Lebesgue measure. By the definition of F},i = 1,2,
it follows that F(Z(t)) is nonempty, bounded and closed, convex, and it is upper
semi-continuous in Z. According to [7], a solution for system (23) with initial value
S(to) = So, I(tg) = Ip does exist but may not be unique.

Remark 2. As far as perturbation of system (6) is considered, there is more than
one form, which means that there are quite a lot of forms for functions ¢(S) and
©(S). However, if the coordinates of the generalized equilibrium point (see case
(B4)) remain the same under perturbation, no new phenomena occurs. In particu-
lar, if the type of a pseudo-focus including FF type, FP type, PF type and PP type
remains unchanged, an attracting or repulsing sliding mode, or limit cycle does not
occur. Hence, we consider perturbation (21) in this work.

We can choose perturbed parameters py,v1 appropriately such that endemic
equilibria E11 = (511,111) and E12 = (5'12, 112) of system Sp; are virtual, where

Sii = A_Ml_ylcg_ (5—’_&)[“, 1=1,2,

. Ak — 8(6 + o) — 11wd — k(g + 1) — /€
= 2(6 + a)(k + wd) ’
7 Ak — (0 + o) — v1wd — k(u1 + 1) —|—\[
2= 2(6 + a)(k + wd)

€= [Ak —6(6 + ) — iwd — k(vy + p1)]? — 4v16(8 + @) (wd + k).

Similarly, we can assign a set of appropriate values for usg,ve such that endemic
equilibrium EY = (S5, I5) for system S,z is feasible and virtual, where

= (+a+wm)(l+wh) - —ay ++/a? — dagas
S I (24)

27 k ’ - 20
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and

aop = w(d+a+uve)?(k+ wd),
ap, =0 +a+)(k+wd)(d+ a+va)+ k(hy, — S|+
w0+ a4+ )00 +a+wv)+kh—A—p),

Gy = [k(h—A— )+ 60+ a+m)|[(6 +a+vs) + k(hm — S.)] — hha k2.

By (23), equation
fir(Se, I) =0, i=1,2
possesses a unique solution
i.= A—p; —6Se
kS —w(A - —68c)

It follows that trajectories of (23) passing through point A; = (Se, fm-),z' =1,2 are
tangent to switching boundary S = S, if A; is not singular. We consider three cases
in the following in terms of the relation of perturbed parameters p and po.

Case (Cl) M1 = H2.

In this case, two points Ay and Aj collide together and we denote this by A(Sc, fc)
with I, = (A — py — 6S.)/(kSe — w(A — juy — 6S,)). Furthermore, we can choose
appropriate parameter values such that endemic equilibria Eyq, F12 and Ey are all
virtual and A is a pseudo-focus of PP type, according to Definition 2.3. In order to
determine the global stability of A, we initially need to preclude the existence of limit
cycles in attraction region . It is worth noting that on the one hand, perturbed
system (23) is not continuous any longer, so it cannot be analyzed by applying
the generalized Dulac’s Theorem; on the other hand, neither can it be completed
by calculating the divergence in the sense of distributions. That is because the
transversal mode is no longer allowed for every point on the switching boundary
due to the existence of pseudo-focus A. Thus, we shall establish two lemmas to rule
out the existence of any possible limit cycles.

i=1,2.

Lemma 5.1. There is no closed orbit totally within region G;,i =1, 2.
Proof. Let B =1/(SI). In region G, we have

d(Bfi1) +3(Bf12) _ A-m Wk L

oS ol S2I (1+wl)?  SI?

for sufficiently small 7, v, which indicates that no closed orbit exists in region Gy.
Similarly, in region G5, one obtains

8 Bf21 8 Bf22 1 wk hhm

(as = (61 < “gepAThmr) = I+ @)’ (hm+S—8.251 ° 0 (26)

for sufficiently small us and vs, so no closed orbit exists in G. Hence, there is no

closed orbit totally within region G;,¢ = 1,2. This completes the proof. O

<0 (25)

Lemma 5.2. No closed orbit crosses switching boundary S = S, in attraction region
Q.

The approach for proving this lemma is only slightly different from that in [31, 29],
so we omit it here.

Theorem 5.3. There is a set of sufficiently small positive constants for perturbed
parameters i, o, V1, Vo such that PP type of pseudo-focus A is globally asymptoti-
cally stable.
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Proof. According to the above discussion, we can assign a set of appropriate values
for perturbed parameters u;,v;, 7 = 1,2 such that endemic equilibria Ell, F1s and
Ej are virtual (denoted by E},, E¥,, EY) and generalized equilibrium point A(S,, I..)
is of PP type. In the following, we will use the theory developed in [6, 9] to determine
the local stability of A. Let

r3 1 3 7 A 8 i A
Upi = flg(AZ? bpz = 5}~ )7~ Mp; = falév
9fi(A) _ 9*fa(A) _
lpz* a]' ) npz* 28]2 ) Z*LQ
By (23), one gets
kST, = kS.I. =
= == — (9 I.— ) = —=ee —(§ I.— Ic;
apn =0 ( +ka; 1 W2 =TT (6 + ) ksuz
b = — 5 —C 5 b = - 6 s 9
pt (0+a) +~(1+wfc)2 v ( +a+i/2)+ (1+wl,)?
kI, kI, h
— _6 _ c _ — _6 _ vtec 0L
e kS’l +wl.’ w2 kS’l +wl, m’
l i — C ) i — < < ) i = 132
N F AT " W)
Then it follows that
_ 2[apinpr — (bp1 + myp1)lpi]
w1 = 3a 1l 1
pllp -
2 kS.I. ~ 2kS. 2k1.
w~[ ~—((5—&—oz)lc—y1}—4(5—2a—|— 5 — =
1+wl [14+wl, (1_|_wa> 1+ wl.
B kS.I, -
— —+ (0 +a)l.+11
1+ wl,
and
_ 2 [GPQTLPQ — (bpg + mpg)lpg]
wo =
3@172[;02 B
2 kS I, ~ 2h  2kI, 2kS,.
w~ l: - —(5+a+y2)lc]—45—2a—2vg— — = 3
1wl 14w, B 14wl <1+w1~,>
- kS
3{(0+a+wv)l. — =
1+ wl,
Therefore, the first two Lyapunov constants are
Vi =0,
V2 = W1 — W2
kS, kI, _
—5 — — — (20 + a)| (rol. —1v1)
B (1 + OJIC) 1+ wl, +
B kS.I, - ES.I, ~ ~
3| — — + 0+ ). +v || — — + (6 + )l + 1ol
{ 1+ wl, ( h)c 1}{ 1+ wl, ( e e
2 (1/2 + hm>
ES.I. . .
3| —— 4 (6 + ).+ ol

1+ wl,
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We can select a set of appropriate values for perturbed parameters p;,v;,¢ = 1,2
such that V5 < 0, and hence we can conclude PP type of pseudo-focus Ais locally
stable. Furthermore, by Lemma 5.1 and 5.2, there is no limit cycle in attraction
region {2, so Ais globally asymptotically stable, as shown in Figure 4 (a).

0.1985

0.198

0.1975

0.197

04826 04826 04826 04826 04826 0.4827 04827
S

FIGURE 4. Phase plane S-I of perturbed system (23) for Case (C1) and (C2).
(a) Stability of PP type of pseudo-focus A for case (C1); (b) Attracting sliding
mode domain (A2A~1) and global stability of pseudo-equilibrium E1 for case
(C2) . Isoclinic lines g (g5) and §§ (§5) are plotted for system Sp1 (Sp2). The
curves are plotted to show the asymptotic equilibrium. Parameter values are:
A=06k=4w=127=05h=02h; =12a=1,5 = 04826 and
p1 = 0.05,u2 = 0.05,v1 = 0.025,v2 = 0.002(a); p1 = 0.03,p2 = 0.05,1 =
0.015,v2 = 0.002(b).

Case (Cs) p1 < pa. ) )
In such scenarios, two points A; and As are distinct and we define

P={(SeD) [ Ta<T<1a}

In fact, L§ turns out to be the attracting sliding mode domain of system (23), ac-
cording to theories in [7, 27, 26]. Basically, there are three approaches to determine
the sliding mode dynamics, i.e. a method via singular perturbation [5], Utkin’s
equivalent control method [27] and the well known Filippov’s convex method [7].
In the following, we will examine the sliding mode dynamics by applying Filippov’s
convex method. Before doing that we initially introduce a type of equilibrium which
is in the sliding mode domain and plays an important role in the rest of this work.

Definition 5.4. A point Z* is called a pseudo-equilibrium of system (23) if it is
an equilibrium of the attracting or repulsing sliding mode of system, i.e.,
- FQO’(Z*)

(F> — F1)o(Z%)
where Fo(Z) = F(Z) - grad o(Z) is Lie derivative of o with respect to vector field
F' at point Z.

Let F = qF) + (1 — q)Fy, where ¢ € [0,1]. By (23), we obtain
_ESI 5o o (1 — gy, — LT DS = 5e)
po [ AT Trwer 08 am = (L= = g ey (27)

L — 5+ o)l —qur — (1— g)wl

AFU(Z5) + (1= N Ey(Z%) =0, o(Z*) =0,
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It follows from Fo(Z) = 0 that
A— s —6S5:)(1 I)—kS.I
(H1 = p2)(1 + wl)

Substituting (28) into (27) gives the sliding mode dynamics of (23) governed by
dI kS.I —vol)[(A — o — 65.)(1 +wl) — kS I
ar _ S —(5+a+1/2)1—(y1 Vz)[( M2 ) (1 +wl) C}
dt 1+LUI (ul—u2)(1+w1)

with I € L. Denote

(29)

by = vew(A — g — 8S¢) — vekS. — w(py — p2) (0 + @ + vo),
= (1 — p2)(kSe —d —a —va) + (V2 — 1w)(A — ug — 0S.) + 1kSe,
b2 = —V1<A — M2 — (SSC)

Then the equilibrium of (29) is exactly the root of the following equation

— [boI? + by I + by] = 0. (30)
Therefore, we can choose perturbed parameters p;,v;,7 = 1,2 appropriately such
that there is an equilibrium I - [Icg7 Icl] for equation (29) w1th

5 —51 + 4/ E% — 4[3052
I*

! 2bo

and by > 0,bs < 0. Thus system (23) has a pseudo-equilibrium E; = (Scjf) in
terms of Definition 5.4. Denote the right-hand side of (29) as f(I). Then one gets
f(I) > 0 for I < I and f(I) < 0 for I > If, so E; is locally asymptotically
stable on attracting sliding mode domain Lj. To determine the global stability of
E1, we also need to preclude the existence of any limit cycles in attraction region
Q. Indeed, there is no limit cycle containing part of sliding segment L§ due to
the stability of pseudo-equilibrium E;. According to Lemma 5.1, no limit cycle
is totally in G;,7 = 1,2. Besides, by implementing a slightly different process to
that in [31, 29], we obtain that there is no limit cycle crossing switching boundary
S = S.. Then we can conclude that no limit cycle exists in attraction region 2 as
shown in Figure 4 (b) and derive the following result.

o
S
\

Theorem 5.5. There is a set of appropriate values for perturbed parameters 1, pia,
vy, Ve such that pseudo-equilibrium FEq is globally asymptotically stable.

Case (C3) p11 > po.
In such scenarios, there does also exist an attracting sliding mode region

= {(SC,I) Iq <I< I~c2}

and (29) determines the sliding mode dynamics on L§. Then the equilibrium of
(29) is exactly the root of equation

bol? + b1 +by =0 (31)

in this case, so it is possible to assign a set of values for the perturbed parameters
such that bo <0, b2 < 0 and only one pseudo-equilibrium Eg (Se, I2) is feasible and

satisfies Fy € L, where
—by — /b3 — 4boby

20,

*
2
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A similar discussion to Case (Cy) yields that pseudo-equilibrium Ey is unstable on
sliding mode region Lj. Furthermore, on the one hand all possible regular equilibria
Ell, Elg, F5 are virtual conditional upon proper parameter values, so none of them
can act as a global attractor. On the other hand we can preclude the existence of
any possible limit cycles except for the ones surrounding attracting sliding segment
L5. In fact, limit cycles totally within region G;,7 = 1,2 are excluded in Lemma
5.1. Since the vector field to the right of null-isocline g; points to the left, while
the vector field to the left of null-isocline g5 points to the right as shown in Figure
5 (a), there is no crossing cycle without surrounding attracting sliding segment
L3. Tt is not difficult to get trajectories initiating from point flg or fh cannot hit
L§ again according to Figure 5 (a), which demonstrates no canard cycle (i.e. a

7
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N
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A
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FIGURE 5. Phase plane S — I of Filippov system (23) for Case (C3). (a)
The vector field in different subregions divided by switching boundary S = S,
vertical null-isocline §§(§3) and horizontal null-isocline §i(g3) of system Sp1
(system Sp2); (b) The existence of limit cycle in attraction region Q. Parameter
values are A = 0.6,k = 4,w = 1.2,6 = 0.5,h = 0.2,h;, = 1.2, = 1,5, =
0.4826, 11 = 0.05, 12 = 0.03, 1 = 0.015, va = 0.002.

cycle containing part of L3) exists in attraction region 2. Therefore, a crossing
cycle appears in attraction region €2 and surrounds sliding segment L3, as shown in
Figure 5 (b). Then we summarize as follows.

Theorem 5.6. There exists a set of proper values for perturbed parameters pq, po,
vy, vy such that a crossing cycle surrounding attracting sliding mode region L5 is
feasible in attraction region §2.

Remark 3. Only the transversal sliding mode is admitted for the original system
(i.e. system (6)) while the attracting sliding mode besides transversal sliding mode
is allowed for the perturbed system (i.e. system (23)). That is because the original
system is continuous but the perturbed version of it is piecewise continuous and it
is in fact a Filippov system. It is because of this that a pseudo-equilibrium and a
crossing cycle occur for the perturbed system.

6. Discussion. In this paper, we have proposed a piece-wise SIV model with sat-
urated incidence rate and switching vaccination strategy to represent a vaccination
policy that is implemented only when the number of susceptible individuals reach-
es the threshold level. The resulting model is a continuous system with discrete
switching events. We mainly focus on global dynamics of the formulated piece-wise
system and obtain the effect of the switching vaccination strategy on the control of
infectious diseases. We conclude that this non-smooth system exhibits a much wider
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range of dynamical behaviors than the smooth counterpart does. Our main results
show that the switching vaccination policy could maintain a disease at previously
specified and acceptable level if it is impossible to eradicate.

By carrying out a global qualitative analysis, we have obtained the global struc-
ture of the behavior of the proposed switched epidemic model, which exhibits some
novel dynamics. Our results demonstrate that if the infectivity of a disease (rep-
resented as k) is relatively low (i.e. regions I'1,I's and I'7 given in Figure 1), the
disease will be eradicated as shown in Figure 2 (a). Otherwise (i.e. region U?:?) I;
presented in Figure 1), the system can stabilize at one of the endemic equilibria for
two variable systems (i.e. F; or Fs), as shown in Figure 3 (a). The most interesting
result is that we have examined the stability of the so-called generalized equilibrium
points Ey and E*, which are newly arisen properties of switched models, compared
with the smooth systems [1, 8, 30]. The results obtained here indicate that if the
threshold level is specified at critical values A/é or S}, solutions of the system can
approach generalized equilibrium point Ey or E*, as shown in Figure 2 (b) and
Figure 3 (b), which is typical for the switched system and qualitatively different
from the long behavior for smooth systems. The significant challenge in proving
their global stability is to exclude the existence of limit cycles and to prove the
local stability of generalized equilibrium points, which is technically analyzed by
introducing and implementing the theories for non-smooth systems. This the first
time that these theories have been applied to solve real world problems.

According to Theorem 4.5, when the basic reproduction number Ry, is greater
than unity, the infectious disease may persist or die out, depending on whether
the other basic reproduction number Ry, is greater or less than unity with other
parameters being appropriately selected. This result demonstrates that the basic
reproduction number Ry; only could not dominate the dynamics. Further, according
to Lemma 4.1, Ry is greater or less than unity if threshold level S. is greater or
less than S, where

§+a bk 5+« hm[5(5+a)—f4’f
S0 = o T T S G A  hh—A) koG +a) T R(h=A)
which implies that whether a disease is eradicated or not is sensitive to the vacci-
nation rate (h). Therefore, it is possible to eradicate a disease by increasing the
vaccination rate conditional on availability of medical resources.

It follows from the formula of I given in (13) and Remark 1 (ii) that we could
choose a sufficiently small value for threshold level S, and other parameter values
such that the population size of infected individuals stabilizes at some previously
chosen level. In practice, it is not always possible to eradicate a disease and hence
the objective changes to one of containing the disease by keeping the number of
infected individuals at a low level. If it is really the case, we can determine the
critical level of threshold S, in terms of (13) such that the number of infected
individuals stabilizes at a specified value. This is interesting and will help public
health officers to decide when to implement the vaccination strategy.

Comparing the proposed model with the switching vaccination strategy and the
one with general vaccination strategy without switching suggests that the switching
vaccination strategy has many advantages. From the point view of mathematics,
when disease persists, two different kinds of level of infection can be approached in
the first model, whereas only a unique level of infection is possible in the second
model. Theoretical analysis of the model with a switching vaccination strategy
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is much harder than analyzing the corresponding smooth counterpart. From the
point view of biology, the first system better describes the impact of a variable
vaccination strategy on the control of infectious disease, the second one represents
consistent intervention; more importantly, the first one can lead the size of the
infected population to stabilize at a desired level but the second one cannot do
so. In conclusion, the proposed switching vaccination program is more realistic for
modelling a vaccination policy with variation and is more efficacious in containing
the disease.

More importantly, when we take into account some minor elements related to in-
terventions, we derive a perturbed system version of the original one, which can bet-
ter describe real world problems. Qualitative analysis demonstrates that trajectories
of the system may approach a pseudo-focus of PP type or a pseudo-equilibrium, or
a crossing cycle surrounding a sliding mode region, depending on the rate of acqui-
sition of natural immunity to the virus (represented as p1 and ps). If gy > po, both
the number of susceptibles and infecteds vary periodically and approach a dynamic
equilibrium as time ¢ is sufficiently large. If p; = s, a pseudo-focus of PP type is
a global attractor, which implies we can choose the threshold level and other pa-
rameters appropriately such that the size of the population of infected individuals
stabilizes at a previously specified level. This is a new stable level and dramati-
cally different from the results in [1, 8, 30, 13, 12, 21, 20], by continuous switching
between vaccination and no vaccination. If u; < ps, the number of infected indi-
viduals can also stabilize at a scheduled level, but in such case, the model exhibits
a rapid alternation of vaccination with no vaccination, resulting in shorter periods
of both modalities [31].

By formulating and analyzing a switched epidemic model, the work presented
in this paper demonstrates how such a switching vaccination policy affects disease
spread. Qualitative analysis showed that some new types of global attractors are
possible. In particular, the switched system possesses two novel global attractors
that are generalized equilibria; while the perturbed system has three types of novel
global attractors including a pseudo-focus of PP type, a pseudo-equilibrium and a
crossing cycle surrounding a sliding mode region. The results demonstrate that an
infectious disease can be maintained at some desired level if more realistic interven-
tions are considered.
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Appendix A Local Lipschitz-continuity of system (6)

Due to the smoothness of F'(Z) in G;,i = 1,2, it is sufficient to examine that
for any closed rectangle M C R% centered at (S, I), there is a constant L(M) > 0
such that

|F(Z1) — F(Z2)| < L|Zy — Zs|
for ZZ € MOG“Z = 1,2 Denote Z7 = (Si;Ii)7§1 =A- k’SI/(l +wI) — 55,@2 =
kSI/(1+4 wl)— I — al, and one gets

h(S2—S.) \°, .- _ 2
hm—F(SQ—SC))Z + (QQ(Zl) - 92(22))

. . h - .
< (‘91(21) - 91(22)‘ + (52— Sl)) + (32(Z1) — 52(22))".
Since §;(Z),i = 1,2, is smooth in M, there are constants L; > 0,47 = 1,2, such that
19:(Z1) — §i(Z2)|2 < Li|Zy — Zo|*.

F(2,) - F(2)[* = (m(zo 0z +

Thus,

2

h
\F(Z1) — F(ZQ)|2 < 2<L1 + h2> [1Z1 = Zo* 4+ (S2 — 51)%] + L2| Z1 — Z,|?

2h? 9

S 2L1+E+L2 |Z1 _ZQ‘ .

Let L? = 2Ly + 2h%/h2, + Lo, and it follows that
|F(Z1) = F(Z2)| < L|Zy = Z.

Therefore, system (6) is locally Lipschitz-continuous in R .
Appendix B Existence of equilibria for system S5

We initially examine the existence of all possible disease-free equilibria for system
S, which satisfy equation (8) according to Section 3. It follows from

(A—h)S. — Ah,y, >0« S. > %,
0S.+ (A—h—06hy,) >0<:>SC>hm—¥
and Ahy, /(A —h) > hy, — (A — h)/6 that Spa > 0,503 < 0 for S, < Ah,, /(A — h);
So2 > 0,593 > 0 for S, > Ahm/(A - h), So2 > 0,503 =0 for S, = Ahm/(A - h)
Note that 4 AR
m
A< h+40h,, < 5 < T

Thus, we conclude the following.

(i) When A < h + §h,y, there is a unique disease-free equilibrium (i.e. Eyq) for
Se < Ahy, /(A —h), which is real for S. < A/é and virtual for S. > A/J; there exist
two disease-free equilibria (i.e. Epz and Eys) for S, > Ahy, /(A — h) and both of
them are virtual.

(ii) When A > h + dh,y,, only one disease-free equilibrium (i.e. Epg) exists for
Se < Ahy /(A —h) and it is real; two disease-free equilibria (i.e. Epe and Ep3) exist
for S. > Ahn, /(A — h), Eys is always virtual while Eyy is real for S, < A/6 and
virtual for S, > A/d.

(iii) When A = h + dhyy,, there is one disease-free equilibrium (i.e. Epz) for
S. < A/§, which is real; two disease-free equilibria (i.e. Egq, Eo3) exist for S, > A/d
and both of them are virtual.
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For clarity, we list the results in Table 1, where ER denotes the existence of

equilibrium which is real, EV represents the existence of equilibrium which is virtual
and N stands for the nonexistence of equilibrium.

TABLE 1. Existence of real or virtual disease-free equilibria for system Ss

Threshold Value Eo2 Eos
A
Se < 5 ER N
A< h+dhm, é S Ahm EV N
5 < 5Se < A_nh
Ahqp,
S, > EV EV
A—h
S. < Ahm ER N
C T A—nh
A> bt ohy, A g <A | BR | BV
A—h — o)
A
Se > 5 EV EV
A
Se < — ER N
A=h + (Shnz 2
A
S.> = EV EV

It follows from Table 1 that Ey3 remains virtual if it is well defined while Ejys is
real provided S, < A/¢.

Now we consider the existence of all endemic equilibria for system Sy. To this
end, it is necessary to examine the existence of positive roots for equation (12) in
Section 3.

When §(6 + a) + k(h — A) < 0, one gets that

(I)Q(SC) <0< 5. < 8.
Similarly, when 6(6 + a) + k(h — A) > 0, we have
Dy(S.) <0<= S, > Seo-

If 6(6 + @) + k(h — A) = 0, then ®2(S.) < 0 for all S. > 0. We also get that
®1(S.) < 0if and only if S. > S.;.

According to equation (14) in Section 3, endemic equilibrium Fj is always virtual
provided it is well defined while F is real for I > max{I.,0}. If I, > 0, we conclude
as following on the basis of discussion in Section 3 and inequalities (15), (16).

(i) When Rp1 > 1,6(0 + ) + k(h — A) > 0 and S, > (§ + «)/k, there is only one
endemic equilibrium (i.e. Es), which is real for S, < S and virtual for S. > S7.

(ii) When Ro1 > 1,6(6 + o) + k(h — A) < 0,5, < S§ and S; > (6 + o) /k, there
is a unique endemic equilibrium (i.e. Es) for S. < S, which is real; two endemic
equilibria (i.e. Es, E3) exist for S, > Sco, Eo is real for S. < S} and virtual for
S. > ST while Fj is always virtual.

(iii) When Rg; > 1,0(0+a)+k(h—A) < 0,Se > ST and S, > (§+«)/k, there is
a unique endemic equilibrium (i.e. E3) for S, < S, which is real for S, < ST and
virtual for S, > S7; there exist two endemic equilibria (i.e. FEs, E3) for S. > Seo
and both of them are virtual.
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(iv) When Rp; > 1,0(0 + ) + k(h — A) < 0,5, = S} and S. > (§ + «)/k, only
one endemic equilibrium (i.e. FEs) exists for S. < S which is real; two endemic
equilibria (i.e. Eq, E3) exist for S, > Seo, both of which are virtual.

(v) When Rp; > 1,6(0+a)+k(h—A) =0and S, > (§+«)/k, a unique endemic
equilibrium (i.e. E3) does exist, which is real for S, < S} and virtual for S, > S7.

When I, < 0, one gets no endemic equilibrium existing for

Ro1 > 1, (5((5+Oé)+k‘(h—14) >0, chscm

based on the discussion in Section 3.
For simplification and convenience, we list all results related to the existence of
endemic equilibria for system Sy in Table 2.

TABLE 2. Existence of real or virtual endemic equilibria of system Sy

for Rg1 > 1
Threshold Value Eo E3
Se < Seo N N
6(6+a)+k(h—A)>0 Seco < Se < 57 ER N
Se > 87 EV N
Se < Sco ER N
5(6+a)+k(h—A)<0
Seo < 8. < 8% ER EV
Sc0 < ST
Se > ST EV EV
Se < ST ER N
5(6+a)+k(h—A)<0 !
ST < Se < Se EV N
Sc0 > St ! 0
Se > Seo EV EV
§(+a)+k(h—A) <O Se < ST ER N
Sc0 = S} Se > Seo EV EV
S. < 87 ER N
§(5+a)+k(h—A) =0
Se > S} EV N

It follows from Table 2 that endemic equilibrium FE3 remains virtual if it is well
defined while endemic equilibrium FEs is real for S, < S} provided it is well defined.
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