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CUSPIDAL CALOGERO-MOSER AND LUSZTIG FAMILIES FOR COXETER
GROUPS

GWYN BELLAMY AND ULRICH THIEL

ABSTRACT. The goal of this paper is to compute the cuspidal Calogero—Moser families for
all infinite families of finite Coxeter groups, at all parameters. We do this by first computing
the symplectic leaves of the associated Calogero—Moser space and then by classifying certain
“rigid” modules. Numerical evidence suggests that there is a very close relationship between
Calogero—Moser families and Lusztig families. Our classification shows that, additionally, the
cuspidal Calogero—Moser families equal cuspidal Lusztig families for the infinite families of
Coxeter groups.

Introduction

Based on the relationship between Dunkl operators, the Knizhnik—Zamolodchikov connection,
and Hecke algebras, it became apparent very soon after the introduction of rational Chered-
nik algebras by Etingof and Ginzburg [16] that there is a very close connection between
these algebras and cyclotomic Hecke algebras [11]. This connection is encoded in the Knizh-
nik—Zamolodchikov functor, introduced in [24], and is a key tool in the representation theory of
rational Cherednik algebras at ¢ # 0.

In the quasi-classical limit ¢ = 0 the Knizhnik—Zamolodchikov functor no longer exists and
no functorial connection to Hecke algebras is currently known. Astonishingly, as first noticed
by Gordon and Martino [26], it seems that there is still, none the less, a close relationship
between rational Cherednik algebras in ¢ = 0 and Hecke algebras, suggesting that there may be
an asymptotic Knizhnik—Zamolodchikov functor in the quasi-classical limit. The aim of this
article is to add weight to this expectation by comparing cuspidal Calogero—Moser families
with cuspidal Lusztig families.

Families

Etingof and Ginzburg [16] defined, for any finite reflection group (h, W) and a function
c : Ref(W) — C from the set of reflections of W to the complex numbers which is invariant
under W-conjugation, the rational Cherednik algebra He(W) at t = 0. The spectrum of the
centre of this algebra is an affine Poisson deformation X (W) of the symplectic singularity
(hx bh*)/W, called the Calogero-Moser space. This theory exists in particular for finite Coxeter
groups W. In this case, one can also attach to 1 the Hecke algebra # 1, (W) depending on a
weight function L : W — R. The space of weight functions L and the space of real valued
c-functions is the same so that one can relate invariants coming from Hecke algebras with those
coming from rational Cherednik algebras.

Gordon [25] has defined the notion of Calogero—Moser c-families of Irr(17), which on the
geometric side correspond to the C*-fixed points of the Calogero—Moser space X.(W). Work
of several people, in particular Gordon and Martino, has shown that:
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Fact. If W is a Coxeter group of type A, B, D, Is(m) or Hs, then the Lusztig c-families equal
the Calogero-Moser c-families for all ¢ : Ref(1W) — R.

We refer to §2D for more details. It is conjectured by Gordon—Martino [26] that this is indeed
true for all finite Coxeter groups; see also Bonnafé—Rouquier [9]. There is so far no conceptual
explanation for this connection. Bonnafé and Rouquier [9] furthermore constructed analogs
of constructible characters and cells on the Calogero—Moser side, and collected evidence
supporting their conjecture that these notions coincide with Lusztig’s notions; see also [8].

Cuspidal families

The key to defining constructible representations and Lusztig families for Hecke algebras is
Lusztig’s truncated induction, also called j-induction. This leads to the concept of cuspidal
Lusztig families, which are those that cannot be described as being j-induced from a family for
a proper parabolic subgroup. Cuspidal families play a key role in describing certain unipotent
representations for the corresponding finite groups of Lie type. In [2] the first author also
introduced the notion of cuspidal Calogero—Moser families. This time the definition is geometric:
a family is cuspidal if the support of every module in the family is a zero-dimensional symplectic
leaf of the Calogero—Moser space. In this article we determine the cuspidal Calogero—Moser
families for the Coxeter groups of type A, B, D and I3(m). Our main result states (see §3):

Theorem A. If TV is of type A, B, D or I3(m), then the cuspidal Lusztig c-families equal the
cuspidal Calogero-Moser c-families for all ¢ : Ref (W) — R.

The proof follows from a case-by-case analysis in sections §5 to §8 using theoretical methods
we develop in section §4. Based on this theorem we make the following conjecture.

Conjecture B. For any finite Coxeter group the cuspidal Lusztig c-families equal the cuspidal
Calogero—Moser c-families for all real parameters c.

Because of Theorem A this conjecture remains open only for the six exceptional Coxeter
groups H37 H4a F4a E67 E?a E8-

Rigid representations

The main ingredient for calculating the cuspidal Calogero—Moser families, and hence confirming
Theorem A, is the notion of a rigid module: a He(W)-module is said to be rigid if it is
irreducible as a W-module. These have already played a role in the representation theory of
rational Cherednik algebras at ¢ # 0, see e.g. [6] or [17], and at ¢ = 0 they were studied by the
second author in [41]. The terminology comes from the theory of module varieties. Namely,
for any d < |IW|, we show in Lemma 4.9 that the set X of rigid modules in Rep,(Hc(W)),
the variety parameterizing representations of dimension d, is open. Therefore, though these
modules often appear in families with respect to the parameter c, the module structure (for
fixed parameter c) on a rigid module cannot be deformed to a continuous family. This is the
first clue that there is a strong connection between rigid representations and zero-dimensional
leaves of X (W) (and hence to cuspidal Calogero-Moser families).

In this article we classify the rigid modules for all non-exceptional Coxeter groups and all
parameters. The importance of these modules is explained by our second main result which we
prove in §4:

Theorem C. Let IV be an arbitrary finite complex reflection group. If the simple module L. (),
where A € Irr(W), is a rigid H¢(1/')-module, then the Calogero-Moser c-family to which it
belongs is cuspidal.
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Rigid modules are easily computed, and using Theorem C this allows us to identify certain
cuspidal families. Remarkably, for the non-exceptional Coxeter groups we can show that
the cuspidal Calogero—Moser families are precisely those containing the rigid modules. The
cuspidal Lusztig families are similarly characterized.

Remark. While this paper was in preparation, the preprint [14] appeared, where rigid modules
also play a key role (though the definition there is slightly different). Based on the analogy
with affine Hecke algebras, they are called "one-W -type" modules in loc. cit.. In the preprint
[14] the author gives a different notion of cuspidal Calogero—Moser families. Namely, in loc.
cit. a family is said to be cuspidal if it contains a rigid module. By Theorem C, every cuspidal
family in our sense is cuspidal in the sense of [14]. However, it is clear that for most complex
reflection groups that are not of Coxeter type there exist many cuspidal families (in our sense)
that are not cuspidal in the sense of loc. cit.. Moreover, as shown in loc. cit., Conjecture B is
false for the Weyl group of type E; if we use the definition of cuspidal used in loc. cit.

Symplectic leaves

As previously noted, the notion of cuspidal Calogero—Moser families depends on the fact that
the Calogero—Moser space X (W) is stratified by finitely many symplectic leaves. These leaves
are naturally labeled by conjugacy classes of parabolic subgroups (W) of W. There are two
natural partial orderings on the set of symplectic leaves: a geometric one given in terms of
the closures of leaves, and another, algebraic one given in terms of inclusions of parabolic
subgroups. It is clear that the geometric ordering refines the algebraic ordering.

Using results of Martino, we describe all symplectic leaves for the Coxeter groups of type
A, B, D and I3(m) in terms of the conjugacy classes of parabolic subgroups. We also describe
the two orderings on the set of symplectic leaves in these cases (see Theorem 6.2, Theorem 7.2
and [2, Tables 1,2]). Based on this we arrive at the following conjecture.

Conjecture D. Let W be a finite Coxeter group.
(a) Each conjugacy class of parabolic subgroups (W) labels at most one symplectic leaf.
(b) The geometric ordering on leaves equals the algebraic ordering.

We note that both statements of Conjecture D may fail if W is not a Coxeter group.

Clifford Theory

Our results for Coxeter groups of type D are deduced from the corresponding results for the
groups of type B using the fact that D,, <t B,,. More generally, we consider a complex reflection
group (h, W) and a normal subgroup K <1 W such that (h|x, K) is also a reflection group.
This situation is also considered in [4] and by Liboz [30].

Based on a suggestion of Rouquier, we show that I" := W/K acts on the Calogero-Moser
space X¢(K') such that Xc(W) = Xc(K)/T. This allows us to deduce the Calogero—Moser
families for K from the Calogero—Moser families for W, generalising results of [4]. Cuspidal
families and rigid representations behave well under this correspondence. We also describe the
symplectic leaves in X¢(K) in terms of those of X¢(W).

Acknowledgements. The authors would like to thank Cédric Bonnafé and Meinolf Geck for
many fruitful discussions. We also thank Dan Ciubotaru for informing us about his preprint [14]
and his result that for E'; the cuspidal Lusztig family does not contain rigid modules. Moreover,
we would like to thank Gunter Malle for commenting on a preliminary version of this article.
The second author was partially supported by the DFG Schwerpunktprogramm 1489.
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§1. Calogero—Moser families

We begin by recalling the definition of the main protagonists of this paper—the Calogero—Moser
families for complex reflection groups. They are obtained from the block structure of the
restricted rational Cherednik algebra studied by Gordon [25], which is a finite-dimensional
quotient of the rational Cherednik algebra introduced by Etingof and Ginzburg [16].

§1A. Rational Cherednik algebras

Let (h, W) be a finite complex reflection group. By this we mean that 1V is a non-trivial finite
subgroup of GL(h) for some finite-dimensional complex vector space b such that W is generated
by its set Ref(WW) of reflections, i.e., by those elements s € W such that Ker(idy —s) is of
codimension one in h. Let (+,-) : h x h* — C be the natural pairing defined by (y, z) = z(y).
For s € Ref(WW) we fix s € h* to be a basis of the one-dimensional space Im(s — 1)+ and
. € b to be a basis of the one-dimensional space Im(s — 1)|, normalised so that a5 () ) = 2.
Our discussion will not depend on the choice of s and o). Note that the group W acts on
Ref(W) by conjugation. Choose a function ¢ : Ref(1W) — C which is invariant under W-
conjugation (we say that c is W -equivariant) and furthermore choose a complex number ¢ € C.
The rational Cherednik algebra H; (W), as introduced by Etingof and Ginzburg [16], is the
quotient of the skew group algebra of the tensor algebra, T'(h & h*) x W, by the ideal generated
by the relations [z, 2] = [y,y'] = 0 forall z, 2’ € h* and y, 3’ € b, and
(1) 2] =t(y,2) — > cls)(y,al)(ay,z)s, Vyeh zeh”.

s€Ref (W)
We concentrate on the case t = 0 and set He := Hg . For any v € C\{0}, the algebras Hqc (W)
and H. (W) are naturally isomorphic. Therefore we are free to rescale ¢ by « whenever this
is convenient. A fundamental result for rational Cherednik algebras, proved by Etingof and
Ginzburg [16, Theorem 1.3], is that the PBW property holds for all c, i.e., the natural map

2) Clh] ®c CW @c¢ Clh*] — He(W)
is an isomorphism of C-vector spaces. The rational Cherednik algebra is naturally Z-graded by

deg(x) = 1 for x € h*, deg(y) = —1 for y € b, and deg(w) = 0 for w € W. We note that no
such grading exists for general symplectic reflection algebras.

§1B. Calogero—Moser space

The centre Z. (W) of Hc (W) is an affine domain. We shall denote by X (W) := Spec(Zc(W))
the corresponding affine variety. It is called the (generalized) Calogero—Moser space associated
to W at parameter c. These varieties define a flat family of deformations of (h & h*)/W over
the affine C-space of dimension | Ref (1¥) /W|. The following was shown for Coxeter groups
in [16, Proposition 4.15], and the general case is due to [25, Proposition 3.6].
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Proposition 1.1 (Etingof-Ginzburg, Gordon). The subspace D(W) := C[h]" ¢ C[h*]V of
Hc (W) is a central subalgebra and Z. (W) is a free D(W)-module of rank |WV|.

The inclusions C[p]" — Z.(W) and C[h*]" — Z (W) define finite surjective morphisms
e : Xe(W) = /W and we : Xe(W) — b* /W .
We write
Tei=me X we : Xe(W) = h/W x h* /W
for the product morphism. It is a finite, and hence closed, surjective morphism. Note that

both Z.(W) and D(W) are graded subalgebras of H.(1V). This implies that X.(W) and
h/W x h* /W carry a C*-action making Y. a C*-equivariant morphism.

§1C. Restricted rational Cherednik algebras

The inclusion of algebras D(W) < Z(W) allows us to define the restricted rational Chered-

nik algebra Hc(W) as the quotient

o He (W)

Ho(W) = ,
W)= D), - 7.07)

where D(W) . denotes the ideal in D (W) of elements with zero constant term. This algebra

was originally introduced, and extensively studied, by Gordon [25]. The PBW theorem implies

that

3) He(W) = C[h]°" ©c CW ®c C[p*]*"

as C-vector spaces. Here,

Clp]" = Clv]/(C[H]})

is the coinvariant algebra of W and C[h*]°" is defined analogously. Since W is a reflection
group, the coinvariant algebra C[h]®" is of dimension |I¥| and is isomorphic to the regular
representation as a W-module. Thus, dim He (W) = |W|3. The restricted rational Cherednik
algebra is a quotient of He (W) by an ideal generated by homogeneous elements and so it is
also a graded algebra. This combined with the triangular decomposition (3) of He (W) implies
that the representation theory of He (1) has a rich combinatorial structure. The following is
due to Gordon [25], based on an abstract framework by Holmes and Nakano [27]. First of all,

note that the skew-group algebra C[h*]°°"" x W is a graded subalgebra of He (W),

Definition 1.2. The baby Verma module of He (W) associated to a W-module X is
AC()\) = HC(W) ®C[h*]coW>QW A y

where C[h*]°" acts on A as zero.

The baby Verma module Ac()\) is naturally a graded He (W )-module, where 1 ® X sits
in degree zero. By studying quotients of baby Verma modules, it is possible to completely
classify the simple H¢ (W )-modules. We denote by Irr W the set of simple W-modules (up to
isomorphism). Similarly, we understand Irr He (W).

Proposition 1.3 (Gordon). Let A, i € lrr .
(1) The baby Verma module A()) has a simple head. We denote it by Lc()\).
(2) Lc(A) is isomorphic to Le(y) if and only if A ~ p.
(3) The map Irr W — IrrHe (W), A — Le()), is a bijection.

The bijection in the proposition allows us to transform representation theoretic information
about Hc (W) into combinatorial c-dependent data about 1¥. The Calogero—Moser families are
the primary example of this process.
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§1D. Calogero—Moser families

Since the algebra Hc (W) is finite-dimensional, it has a block decomposition He(W) =
@le B;, with each B; an indecomposable algebra. If b; is the identity element of B; then
the identity element 1 of He(W) is the sum 1 = by + ... + b, of the b;. For each simple
Hc(W)-module L, there exists a unique i such that b; - L # 0. In this case we say that L
belongs to the block B;. By Proposition 1.3, we can (and will) identify lrr Ho (W) with Irr W.
Let (W) be the set of equivalence classes of Irr W under the equivalence relation \ ~ p if
and only if L¢ () and L¢ () belong to the same block. These equivalence classes are called
the Calogero—Moser c-families of W.

These families have an important geometric interpretation. The image of the natural map

Zc(W)/D(W)y - Ze(W) = He(W)

is clearly contained in the centre of H.(W). In general it is not equal to the centre of H¢(W).
However, it is a consequence of a theorem by Miiller, see [13, Corollary 2.7], that the primitive
central idempotents of H¢(W), the block idempotents b; above, are precisely the images
of the primitive idempotents of Zo(W)/D(W )y - Zo(W). This shows that the natural map
lrr W — Y21(0), A — Supp Le(A) = xz.(n)» factors through the Calogero-Moser partition.
Here, T;1(0) is considered as the set theoretic fibre over the origin 0 of /W x h*/W. In
other words, we have a natural bijection between Q. (W) and Y1(0). Now, recall that Y
is C*-equivariant. The only C*-fixed point of h/W x h* /W is the origin 0 and therefore
T-1(0) = Xc(W)T". Hence, we can identify the Calogero-Moser families (W) with the
C*-fixed closed points of the Calogero-Moser space X¢(W).

The next theorem follows from the fact that the Azumaya locus of H¢ (W) is equal to the
smooth locus of Z (W), which in turn follows from results by Etingof—-Ginzburg [16, Theorem
1.7] and Brown (see [25, Lemma 7.2]).

Theorem 1.4 (Etingof—-Ginzburg, Brown). A C*-fixed closed point of X (W) is smooth if and
only if the corresponding Calogero—Moser family is a singleton, i.e. it consists only of one
irreducible character of W.

Example 1.5. Consider the special case ¢ = 0. In this case Xo(W) = (h & b*)/W. The
quotient morphism h & h* — (h & h*)/W is C*-equivariant and finite, hence X (W) has only
one C*-fixed closed point, namely the origin. In particular, there is only one Calogero—Moser
family.

§2. Lusztig families

In this section we give a short summary of the other protagonist of this paper—Lusztig’s
families. We review some of the constructions involved in the definition of Lusztig families,
such as truncated induction, as we will make use of these in the case-by-case analysis in sections
§5 to §8. For more details we refer to Lusztig’s books [32, 33], and also to [22] and [20].

§2A. Hecke algebras

Throughout this section, let (¥, S) be a finite Coxeter system. We choose an R-valued weight
function L on (W, S), i.e., a function L : W — R satisfying L(ww’) = L(w) + L(w’) for
all w,w’ € W with {(ww") = ¢(w) + £(w'), where ¢ is the length function of (W, S). Let
A := Zw[R] be the group ring of the additive group R over the subring Zyy of C generated by
the values of the irreducible complex characters of W. This is an integral domain and we denote
by ¢* the element of A corresponding to o € R. Note that ¢®¢” = ¢**5. Set ¢, 1= ¢~ W) for
w € W.Let H := H(W,S) be the Hecke algebra of (W, S) over A with respect to L. This is
the free A-algebra with basis {1}, | w € W} whose multiplication is uniquely determined by
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the relations

| Tew if {(sw) > £(w)
@ T ={ % (g~ aT i o) < £
forall s € S and w € W. It is a standard fact that the scalar extension H* of # to the fraction
field K of A is split semisimple. It is then a consequence of Tits’s deformation theorem that
there is a natural bijection between lrr W and lrr H. We write E;‘ for the simple £ -module
corresponding to the simple WW-module A under this bijection. It is also well-known that H is a
symmetric A-algebra. This implies that the scalar extension H* is symmetric and so by the
theory in [23, §7] there is a Schur element s) € A attached to every simple module Eé\. There
is a unique element a, € R satisfying ¢*®'s) € Zw [R>o] and ¢***s) = f mod Zy [Rxo)
for some f) > 0. This is called Lusztig’s a-invariant of A. The Schur elements and a-invariants
are known for all Coxeter groups and all weight functions. Note that despite the notation the
Schur elements s and the a-invariants a depend on L.

§2B. Truncated induction

Recall that if I C S is any subset, then (W7, I) is naturally a Coxeter system, where W7 is the
group generated by I. This is called a (standard) parabolic subgroup of (W, S). The restriction
L; of our weight function L to W7y is a weight function on (W7, I). For any simple module p
of Wy, Lusztig defined the truncated induction (or j-induction) as

(5) Jwpp= Y (Indyyu M)A,

AElrr W
ay=a,

where (Ind %1 i, A) denotes the multiplicity of A in the induction of i from W; to W. Keep in
mind that the a-invariant a,, is computed using the restriction Ly of L to W7. It is shown in [19,
Lemma 3.5] that for any p € lrr W/ there is a A € lIrr W with a), = a,, so that the above sum
is never empty. This operation extends to a morphism j{j‘v,l : Ko(Wr-mod) — Ko(W-mod) of

Grothendieck groups. It is transitive in the sense that j%l o JVV[[;I] = j&V/J forJCTCS.

§2C. Constructible characters and families

Using truncated induction, Lusztig inductively defined the set Cony (W) of L-constructible rep-
resentations of W as follows: if W is trivial, then Cony, (W) consists of the unit representation,
and otherwise Conp, (W) consists of the W -modules of the form j%IE and ( j%l E) ® sgny,
for all proper subsets I C S and all E € Cony,, (W7). Here sgny; is the sign representation of
(W, S). A key result shown by Lusztig, [33, Proposition 22.3], says

(6) foreach \ € lrr W there exists E € Conp, (W) such that (E, \) # 0.

The constructible graph is the graph Cr, (W) with vertices Irr W and an edge between A and
w if and only if A # p and they both occur in an L-constructible representation of W. The
connected components of this graph are called Lusztig’s L-families. They define a partition of
[rr W. We denote the set of these families by Lusy (W). Lusztig’s families are known for all
finite Coxeter groups (see [33, §22] and also §5 to §8).

Example 2.1. Consider the special case L = 0. The map 7}, — w extends to an algebra isomor-
phism from H, (W, S) to the group algebra AW which is compatible with the symmetrising
traces. Hence, s) = % € Zw|[Rso] by [23, 7.2.5] and so a) = 0. This in turn immediately
shows that j%l @ = Ind %I,u for any parabolic subgroup Wy of W and u € Irr W;. We then see
that there is only one constructible representation, namely the regular representation of W. In

particular, the constructible graph is connected and there is only one Lusztig family.
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§2D. Calogero—Moser families vs. Lusztig families

It is a standard fact that & admits a reflection representation on the complex vector space b of
dimension equal to the size of S, namely the complexification of the geometric representation.
The set Ref (W) of reflections then consists precisely of all conjugates of S in . Hence,
to W and a W-equivariant function ¢ : Ref(W) — C we can attach the rational Cherednik
algebra H¢(17) and have the notion of Calogero-Moser c-families Q.(W) of Irr W. It follows
from Matsumoto’s lemma (see [22, 1.1.5]) that a weight function L on W is already uniquely
determined by the values on the W -conjugacy classes of S, and that conversely every collection
of elements ¢; € R for s € S with ¢; = ¢; whenever c; and ¢; are conjugate defines
a unique weight function on (W, S). This shows that weight functions L : W — R, i.e.,
parameters for Hecke algebras attached to (W, .S), are nothing else than 1/ -equivariant functions
c: Ref(W) — R, i.e., R-valued parameters for rational Cherednik algebras attached to W. We
will thus use both notions interchangeably.

Whenever we write ¢ > 0, resp. ¢ > 0, we mean that c takes values in R, resp. R~g.
Similarly, we write L > 0, resp. L > 0, if L(s) > 0, resp. L(s) > 0, forall s € S.

We can twist by linear characters of 11 in order to ensure that we are always in the situation
c > 0. Namely, let § : W — R* be a linear character. Clearly ¢ is uniquely defined by
its values on S, where it is £1. Conversely, for any assignment of +1 to each element of .S,
such that 6(s) = d(s') if s is conjugate to s’, we get a well-defined linear character of W.
Then T, ~ §(w)T,, defines an algebra isomorphism H (W, S) — Hsr(W,S). Given a
representation \ of W, °\ denotes the twist of A by &. It is immediate from the definition of
Lusztig families that A and  belong to the same L-family if and only if °\ and °y belong
to the same  L-family. Moreover, a family F is L-cuspidal (see below) if and only if °F is
0 L-cuspidal.

Similarly, one can twist the rational Cherednik algebra by the character ¢, as explained in [9,
4.6B]. Again, the two representations \, 1 belong to the same c-family if and only if °\ and %1
belong to the same dc-family. Moreover, a family F is c-cuspidal (see below) if and only if  F
is dc-cuspidal. Therefore, to prove Theorem A, it suffices to make the following assumption, as
in [22]:

I We assume that L > 0.
The following conjecture is due to Gordon—Martino [26].

Conjecture 2.2. For any finite Coxeter group W and any real parameter ¢ we have Q. (W)=
Lusc (W), i.e. the Calogero-Moser c-families are the same as the Lusztig c-families.

We note that this conjecture was formulated in [26] for Weyl groups and weight functions
taking values in Q. Moreover, both in [26] and [9] it was conjectured that Q. (W) coincides
with the partition of lrr W into Kazhdan—Lusztig families. Assuming Lusztig’s conjectures P1
to P15 (see [33, §14]), the Kazhdan—Lusztig families and the Lusztig families are equal (see
[20, Theorem 4.3]), so that the conjecture above (which is also formulated in precisely this way
by Bonnafé [8] for parameters ¢ > 0) seems feasible.

Let us record the following observation we obtain from Examples 1.5 and 2.1.

Lemma 2.3. For any W we have Qy(W) = Lusg(W), i.e. Conjecture 2.2 holds for ¢ = 0.

The work of Lusztig [32, 33], Etingof—Ginzburg [16], Gordon [25], Gordon—Martino [26],
Martino [35], the first author [3, 4], and the second author [40] shows that Conjecture 2.2 holds
in many cases.
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Theorem 2.4. If W is of type A, B, D, I(m), or Hs, then Qc(W) = Lusc(W) for any
c: Ref(W) — R.

Except for type H3, which follows from [40], the proof of this theorem is also obtained here
from §5, Corollary 6.13, Theorem 7.3, and Corollary 8.4.

§2E. Cuspidal Lusztig families

What is now relevant for us in this paper is that it can happen that a Lusztig family F € Lusy, (W)

is j-induced from a parabolic subgroup W of W in the sense that there is a Lusztig family

F' € Lusg, (Wr) such that j%} induces a bijection between F’ and F or between F' and

F @ sgnyy. Lusztig called a family cuspidal if it is not j-induced from a proper parabolic

subgroup of W. Let Lus;™P (W) C Lusy, (W) be the set of cuspidal Lusztig families. These

families are the building blocks of Lusztig families and it is most important to understand them.
The following useful lemma is well-known.

Lemma 2.5. For any o € R we have Con,r,(W) = Conp, (W), Lus, (W) = Lusg, (W) and
Lusg, P (W) = Lus] *P(W).

Proof. Asin [22, 1.1.9] one can introduce a universal Hecke algebra 2 over Zyy [R"], where
n is the number of W-conjugacy classes in S. The Hecke algebra H, for a particular weight
function L : S — R is then obtained by specialisation of H. The algebra H admits Schur
elements s, € Zy[R"] and it follows from the theory in [23, §7] that s, specialises to the
Schur element sy of Hj,. From this one can deduce that the a-invariant a) of H,, is obtained
from the one of H;, by multiplication by «. This immediately proves the claim. ]

The key fact (6) implies:
Lemma 2.6. If 7 = {\} is a Lusztig family such that A € Con.(W), then F is not cuspidal.

§3. Cuspidal Calogero—Moser families

On the Calogero—Moser side we do not have anything similar to j-induction so far. However, the
first author has introduced in [2] the notion of cuspidal Calogero—Moser families. These are also
minimal with respect to a certain condition, but this time they have a geometric interpretation
via the Poisson structure on Calogero—Moser spaces. Despite their name, the two notions of
cuspidality have, a priori, nothing in common. None the less, we will show that they coincide
for all infinite families of Coxeter groups. In this paragraph we will review the foliation of
Calogero—Moser spaces into symplectic leaves and the notion of cuspidal Calogero—Moser
families.

§3A. Poisson structure

We consider again an arbitrary finite complex reflection group (b, W'). On the vector space
h & b* we have a natural W -invariant symplectic form w defined by

w((y, ), (v, 7)) == 2() —2'(y), Vy,y' €b, za"€p”.
This induces a Poisson bracket {-, -} on C[h & h*]. Since the form w is W -invariant, the Poisson
bracket is W -invariant and restricts to the invariant ring C[h & h*]" making the quotient variety
(h & b*)/W into a Poisson variety.

The Calogero—Moser space X (1) is a flat Poisson deformation of (h&h*) /W . The Poisson
structure on X¢ (W) comes from the commutation in the rational Cherednik algebra at ¢ # 0 as
follows. Let t be an indeterminate. Clearly, He(W) = H¢ (W) /tH¢ (W) and therefore we
can lift elements 21, 2o € Zc(W) to elements Z1, 22 € Hy (). Now, define

{21722} = [31,32]1;:0 )
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where [Z1, 23] is the commutator of Z; and 23 in Hy (W) and [21, Z2]t—0 is the projection of
this commutator to He (W) = Hy (W) /tH¢ o(WW). This is indeed an element in Z (W) and
defines a Poisson structure on this ring.

We recall that an ideal I of an arbitrary Poisson algebra A is a Poisson ideal if {I, A} C I,
i.e., I is stable under the Poisson bracket {a, —} for all a € A. The Poisson core P(I) of an
ideal I of A is the largest Poisson ideal contained in /. By a Poisson prime (resp. maximal)
ideal we mean a prime (resp. maximal) ideal which is also a Poisson ideal. The Poisson core of
any prime ideal is a Poisson prime ideal. We denote by PSpec(A) the set of all Poisson prime
ideals of A and by PMax(A) the set of all Poisson maximal ideals.

§3B. Symplectic leaves

The (analytification of the) smooth part (Xc(W))sm of X (W) is a Poisson manifold and admits
a foliation into symplectic leaves; that is, a stratification into smooth connected strata such
that the rank of the bracket is maximal along strata. The strata are the symplectic leaves of
the manifold (see [43]). By continuing this process on the complement X¢ (W) \ (X¢)sm We
end up with a decomposition of X.(W) into symplectic leaves. Brown and Gordon [12] have
shown that the leaves obtained in this way are in fact algebraic, i.e., locally closed in the Zariski
topology and finite in number. The leaf of a closed point m of X (W) consists of all closed
points n € X (W) such that m and n have the same Poisson core. Furthermore, it is shown
in loc. cit. that each leaf £ is a smooth symplectic variety, and that the closure £ of the leaf
L containing a closed point ¥ is the zero locus V(P(m, )) of the Poisson core of its defining
maximal ideal. This shows in particular that the closure of each symplectic leaf is an irreducible
affine Poisson variety.

Lemma 3.1. The set of symplectic leaves of X(W) is naturally in bijection with the set
PSpec(Z(1W)) of Poisson prime ideals of Z. ().

Proof. Let L be a symplectic leaf. As we noted above, the closure £ is an irreducible affine
variety and therefore the defining ideal p = I(£) is a prime ideal. Moreover, as £ = V(P(m,))
for any closed point x of L, it follows that p;, = P(m, ) is a Poisson prime ideal. The map
L + pr is injective since if p; = pyr, then £ = V(pz) = V(pr) = L', and this implies
L = L' as the symplectic leaves form a stratification of X (). Now, let p be an arbitrary
Poisson prime ideal of Z¢(W). Then £, := {m € Max(Z¢(W)) | P(m) = p} is a symplectic
leaf by the description of symplectic leaves due to Brown and Gordon. By construction p., = p
and therefore the map £ — p is also surjective. |

We immediately obtain the following.

Corollary 3.2. The set of zero-dimensional symplectic leaves of X (1) is naturally in bijection
with the set PMax(Z.(W)) of Poisson maximal ideals of Z¢(W).

Analogous to Lusztig—Spaltenstein induction for nilpotent adjoint orbits of a reductive group,
one can show that symplectic leaves are induced from zero-dimensional leaves for parabolic
subgroups of V. Before we discuss this we give a short recollection about parabolic subgroups.

§3C. Parabolic subgroups

Recall that a parabolic subgroup of W' is the pointwise stabiliser Wy, of a subspace b’ of h. By
a theorem of Steinberg [38, Theorem 1.5] the pair (', W) is itself a complex reflection group.
Moreover, Wy is the stabiliser W}, of a generic point b of . Hence, parabolic subgroups of W
are in fact the stabilisers of points of b.
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Define the rank of a complex reflection group W to be the dimension of a faithful reflection

representation of W of minimal dimension. Let W’ be a parabolic subgroup of . We write

(VY= {yeplz(y) =0 forall z € h*"'}.

Then h = b & (h*"')L is a decomposition of b as a W’-module and (h*"' )L is a faithful
reflection representation of W’ of minimal rank. Hence, the rank of W is dim(f)*W’)L. We will
always consider parabolic subgroups with this minimal reflection representation. In particular,
if ¢ : Ref(W) — C is a W-equivariant function, then the restriction ¢’ of ¢ to Ref(W’) is
a W'-equivariant function and we understand the rational Cherednik algebra He (W) to be
defined with respect to this reflection representation of W',

The group W acts on its set of parabolic subgroups by conjugation. Given a parabolic
subgroup W' the corresponding conjugacy class will be denoted (W'). We also require the
partial ordering on conjugacy classes of parabolic subgroups of W defined by (W;) > (W») if
and only if W is conjugate to a subgroup of Ws. The ordering is chosen in this way so that it
agrees with a geometric ordering to be introduced in the next paragraph.

Finally, for a given parabolic subgroup W’ of W, we denote by hrvgg/ the subset of h"V’
consisting of those points whose stabiliser in TV is equal to W”’. This is a locally closed subset
of h. We denote by Z(W’) the quotient Ny (W')/W’, where Ny (W) is the normaliser of
W’ in W. The group =(W') acts freely on hre”g.

Remark 3.3. Suppose that (W, S) is a Coxeter group. In §2D we already used the standard
parabolic subgroups W of W for subsets I C S. Let §h be the (complexified) geometric
representation of W so that (h, W) is a complex reflection group. Then W7 is a parabolic
subgroup of W in the sense just defined. Moreover, it follows from Steinberg’s theorem and [1,
Theorem 3.1] that, up to conjugacy, the parabolic subgroups of W are precisely the standard
parabolic subgroups W7.

§3D. Parabolic subgroup attached to a symplectic leaf
If W’ is a parabolic subgroup of W then v /W denotes the image of 6% in b /W. The

reg reg
symplectic leaves of X (W) are natural labeled by conjugacy classes of parabolic subgroups.

Theorem 3.4. The following holds:
(a) For any symplectic leaf £ C X.(W) there exists a unique conjugacy class W, := (W)
of parabolic subgroups of W such that m¢(£) N hli/é /W is dense in ¢ (L).
(b) If L, L' C X(W) are symplectic leaves with £ C L/, then W, < W,
Proof. The bijection of Lemma 3.1 is denoted p +— L,. The proof of [2, Proposition 4.8]

shows that, for each Poisson prime p, there is a unique conjugacy class (W) with 2dim b =
2 rk(W’) + dim £, such that

dim e (Ly) N blkg /W = dim b)Y, /.

Since ¢ (L) is irreducible and dim e (L) = dim b}, /W, this implies that ¢ (L) N iy /W
is dense in ¢ (L). [ |

§3E. Cuspidal reduction I
We recall the main results from [2]. For a closed point x of X (W) with defining maximal ideal
m, of Z.(W) we set

Hex (W) := He(W)/my - He(W) .
This is a finite-dimensional C-algebra. We call it cuspidal if x is a zero-dimensional symplectic
leaf of X (W).
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Theorem 3.5. Let £ be a symplectic leaf of X (V') of dimension 2/ and x a point on £. Then
there exists a parabolic subgroup W’ of W of rank dim b — I and a cuspidal algebra He . (W’)
such that

Hey (W) =~ Mat|W/W’|(HC’7X’(WI))'

~

Moreover, there exists a functor ®,/, : Her \/(W')-mod — Hc
equivalence of categories such that

Py (M) ~Ind %/ M VM € He,(W')-mod

+(W)-mod defining an

)

as W-modules.

Since there are only finitely many zero dimensional leaves in X (W) the above result shows
that to describe the W-module structure of all the simple modules for a particular rational
Cherednik algebra one only needs to describe the W’-module structure of the cuspidal simple
modules for each parabolic subgroup W' of .

§3F. Symplectic leaves and Calogero—Moser families

As explained in §1D, there is a natural bijection between the set Q. (1¥') of Calogero-Moser
families and the points in Y !(0). If mx denotes the point of T !(0) corresponding to the
family F, then mx lies on a unique symplectic leaf £x of X¢(W). Using Theorem 3.4 we can
attach a unique conjugacy class W := W . of parabolic subgroups of W to F. We define a
partial ordering < on the Calogero—Moser families 2 (1) by

F=F <« LF) CLEH).

Proposition 3.6. The following holds for any F, F' € Q.(W):
(@) F =X F'and F' < Fifand only if F = F'.
(b) F = F'implies that Wr < Wx.

Proof. Part (a) follows from directly from the definition of < and part (b) is a consequence of
Theorem 3.4(b). |

We say that a Calogero—Moser family F is cuspidal if Lx is a zero-dimensional leaf. By
QP (W) we denote the set of cuspidal Calogero-Moser c-families. It follows from Theorem
3.4 that PMax(Z.(W)) C T;1(0). Hence, the set of zero-dimensional symplectic leaves of
Xc(W) is in bijection with Q¢™P (W).

Lemma 3.7. A singleton Calogero—Moser family is not cuspidal.

Proof. If F is a singleton Calogero—Moser family, then by Theorem 1.4 the corresponding
point mx of X¢(W) is smooth. Therefore it is contained in the unique open leaf of X (W).
Since dim X (W) > 0, the open leaf is not zero-dimensional and hence the family is not
cuspidal. |

The following well-known lemma is analogous to Lemma 2.5.

Lemma 3.8. For any o € C* there is a canonical algebra isomorphism Hc (W) = Hac(W),
which induces an algebra isomorphism He (W) — Hue(W) and a Poisson isomorphism
Xe(W) = Xae(W). Moreover, Q¢ (W) = Qae(W) and QEP (W) = QoeP (W).

We can now state the main theorem of this paper

Theorem A. If W is of type A, B, D or Is(m), then for any parameter ¢ > 0 the cuspidal
Lusztig c-families of W equal the cuspidal Calogero-Moser c-families of W.
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Proof. The Weyl groups of type A are dealt with in §5. For type B, see Corollary 6.26, and
type D is dealt with in Theorem 7.3. Finally, for the dihedral groups I2(m), see §8H. ]

Based on this theorem we make the following conjecture.

Conjecture B. For any finite Coxeter group and any real parameter c the cuspidal Lusztig
c-families equal the cuspidal Calogero-Moser c-families.

The proof of Theorem A follows from a case-by-case analysis in sections §5 to §8 using
several theoretical methods we develop in the next section. We will deduce in Lemma 4.11 that
Conjecture B holds for the special case ¢ = 0 for any WW. Note that because of Lemma 2.5 and
Lemma 3.8 it is sufficient to prove the conjecture only up to multiplication of the parameter by
positive real numbers.

§4. Calculating cuspidal Calogero—-Moser families

To determine the cuspidal Calogero—Moser families we develop several theoretical meth-
ods—both of representation theoretic and geometric nature. On the one hand, we introduce the
concept of rigid modules here and show that these always lie in a cuspidal family. On the other
hand, we develop a Clifford theory for symplectic leaves. This allows us to deal with Weyl
groups of type D later. All this is done for complex reflection groups in general.

§4A. Rigid modules

The key to figuring out which Calogero—Moser families are cuspidal for Coxeter groups is
the notion of rigid Hc(WW)-modules. We show in Theorem C below that every rigid module
belongs to a cuspidal family. In all examples we consider it turns out that there is at most one
cuspidal family. These two facts allow us to find all cuspidal families.

Definition 4.1. A simple H.(7/)-module L is said to be rigid if it is irreducible as a 1#/-module.

This notion has played an important role for rational Cherednik algebras at ¢ = 1, see
e.g. [6]. Att = 0, the second author investigated rigid modules in [41]. Recently, they also
played a prominent role in the work [14] of Ciubotaru on Dirac cohomology where they were
called one-W -type modules. The terminology we adopt comes from the theory of module
varieties, where it is standard. Intuitively, a rigid module is one that cannot be deformed (for
fixed parameter c) to a continuous family of representation; see Lemma 4.9. On the other hand,
if a simple H(W)-module is supported on a symplectic leaf of dimension greater than zero
then one can deform the representation along the leaf. Therefore it is intuitively clear that
rigid modules should be supported at zero dimensional leaves. Showing the precise connection
between rigidity and cuspidality depends on the following theorem.

Theorem 4.2. Let W be a complex reflection group. Then no irreducible W-module is induced
from a proper parabolic subgroup of W, i.e., Ind %,)\ is reducible for all parabolic subgroups
W' CwW.

In order to give the proof of Theorem 4.2, we first give some preparatory lemmata. Let
G be a finite group. Given a character x of G, we denote by /(x) the length of y, i.e. if
X = 3P nix; with x; € Irr(GQ), then £(x) = 1, n;. Note that (x,x) = Y74 n? and
therefore v/ (x, x) < 4(x) < (x, x), where (-, -) is the scalar product of characters.

We define the branching index of a subgroup P of G as

bp(G) == min{(yp)%) | ¢ € lrr(P)}
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where ¢/& := Ind §1. We say that P is branching in G if bp(G) > 1, i.e., )¢ is reducible
for all ¢ € Irr(P). We can now reformulate Theorem 4.2 as saying that all proper parabolic
subgroups of W are branching.

Lemma 4.3. If GG has a central element which is not contained in P, then P is branching.

Proof. Let z € Z(G) \ P and let ¢ € Irr(P). Note that *P = zPz~! = P and therefore
PN *P = P. Similarly, we have *1) = ). Hence, (¢, 1) = (1,1)) = 1 and therefore )" is
not irreducible by [15, 10.25]. [ |

Lemma 4.4. Let N be a normal subgroup of G. Let P be a subgroup of G with branching
index bp(G) > [G : N|. Then P N N is branching in N.

Proof. Suppose that P N N is not branching in N. Then there exists some 1 € lrr(P N N)
with 1) = nN € lrr(IN). By Clifford theory for N < G, see [28, Theorem 19.3], we have
(n%,n%) = (W&, ¢%) = [Ig(¢) : N], where I(v)) is the inertia subgroup of ¢ in G Hence,
¢(n%) < [Ig()) : NJ. On the other hand, by Clifford theory for N N P < P we have
(n”,n") = [Ip(n) : N N P]. Hence, £(n”) > /[Ip(n) : N N PJ] and therefore £(n®) >
bp(G) - v/[Ip(n) : N N PJ. In total, we must have

a() : ) |
R N O RN ey IR

Because of our assumption on bp(G) this is a contradiction. |

Lemma 4.5. Suppose that N < GG. Then a subgroup () of N is branching in [V if and only if
all its G-conjugates are branching in N.

Proof. This simply follows from the fact that Ind ];[Q o Cong g = Cony y olnd g and that
conjugation Cong, ¢ with g defines a bijection between Irr(Q) and Irr(YQ)) forallg e G. N

For the proof of Theorem 4.2 we will need the classification of complex reflection groups
due to Shephard and Todd [37], and in particular a description of the parabolic subgroups in the
infinite series G(m, m, n). We quickly recall the definition of these groups. Let m,p,n € Nyg
with p dividing m and let ¢ € C be a primitive m-th root of unity. Then G(m,p,n) is
the subgroup of GL, (C) consisting of the generalised permutation matrices with entries in
tm = (C) such that the product of all non-zero entries is an (m/p)-th root of unity. The
group G(m, p,n) is a normal subgroup of index p in G(m, 1, n). For a partition A of an integer
|A| < n let &) be the corresponding Young subgroup of the symmetric group & . We have
an obvious embedding Sy x G(m, m,n — |\|) — G(m, m,n). The following lemma can be
deduced from [39, 3.11].

Lemma 4.6. Up to G(m, 1, n)-conjugacy the parabolic subgroups of G (m, m,n) are the stan-
dard parabolic subgroups Sy x G(m, m,n — |\A|) for partitions A of n.

We note that for the G(m, m, n)-conjugacy classes of parabolic subgroups of G (m, m,n)
some G(m, 1, n)-conjugates of the above standard parabolic subgroups have to be taken into
account (see [39, 3.11]). For us, however, it is sufficient to know the G(m, 1, n)-conjugacy
classes because of Lemma 4.5. By Lemma 4.6 the maximal parabolic subgroups of G (m, m,n)
are up to G(m, 1, n)-conjugacy of the form & x G(m,m,n — k) for1 <k < n.

Proof of Theorem 4.2. Clearly, we can assume that W acts irreducibly on § and that P is a
maximal parabolic subgroup. It is well-known (see [29, Corollary 3.24]) that the centre Z (W)
of W is a cyclic group Zy = (o). If 0 # 1, then o fixes only the origin and so o ¢ W’ for any
proper parabolic subgroup of W. Hence, if |Z(W)| > 1, then the claim holds by Lemma 4.3.
The classification of irreducible complex reflection groups shows that |Z(W)| = 1 implies
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that W ~ G(m, m,n) for some m,n. By Lemma 4.6 and Lemma 4.5 we can assume that
P =6, xG(m,m,n—k),where 1 <k <n.Let\ € lrr(P).

We assume first that m > 1. The module 7 is isomorphic to 7} K ,, for some 7} € Irr(Sy,)
and 7, € Irr(G(m, m,n — k)). Note that P C G(m,m, k) x G(m,m,n —k) C W.

If £ > 1 then it suffices to show that Ind gim’m’k)wf\ is not irreducible. That is, we may
assume k = n. The symmetric group &,, is a quotient of G (m, m, n), the morphism given by
sending an element to the underlying permutation. Then we may consider 7, as an irreducible

G(m, m,n)-module 7. Clearly 7} |s, = 7). Hence {Ind gim’m’n)wg\ : 773(} > 1. On the other

hand, dim Ind gim’m’")wg\ = m" Ldim w4 Hence it is not irreducible.

In the case k = 1, we have P = G(m,m,n—1) C G(m,m,n).LetQ := G(m,1,n—1) C
G(m, 1,n) and note that P = Q N G(m, m, n). If we can show that bg (G (m, 1,n)) > m+1,
then Lemma 4.4 shows that P is branching in G(m, m, n). But this follows from the branching
rule ([36, Theorem 10]) which shows that, when viewing A as an m-multipartition, we have at
least m + 1 constituents in Ind gEZ’}’le)WA obtained by adding boxes to \.

Finally, we need to deal with the case m = 1, i.e. W = &,,. In this case we have P =
S x 6,k and it is known that Ind gZXGn—kﬂ—A Xm, =3, cﬁwﬂy, where c’)’w are the
Littlewood-Richardson coefficients. We need to show that }_, ¢§ , > 1. Presumably, this is
well-known. We will deduce it from the fact that for the Weyl group of Type B,, we have

(1) (2)
(7 Ind gsz%kW(Am,A(z)) 7,0 @) = > X1 p ) EX@) @ T (D) () -
(v p(2))
Take A = A\ A® = 0, u(M) = ;and 4 = (. Then (7) implies that it suffices to show
that Ind g:xBn_kﬂ'(/\(l),)\@)) X () (@) is not an irreducible B;,,-module. But B,, contains a
non-trivial central element that does not belong to either B,,_ or By. This implies by Lemma
4.3 that the induced module is not irreducible. ]

Proposition 4.7. If L is rigid, then L ~ L.()) is a Hc(W)-module (isomorphic to A as a
W -module), for some A € Irr V.

Proof. If L is not a simple He(WW)-module, then either the set-theoretic support of L as a
CI[h]-module is not contained in {0}, or the set-theoretic support of L as a C[h*|-module is
not contained in {0}. Without loss of generality, we assume that the set-theoretic support of
L as a C[h]-module is not contained in {0}. Thus, there exists some b # 0 in b such that
my, - L # 0, where my, is the maximal ideal defining b in §). The stabiliser W}, of b is a proper
subgroup of W. Thus, the Bezrukavnikov—Etingof isomorphism, see [2, Theorem 4.3], implies
that L ~ Ind %bL’ for some H/ (W;,)-module L. By Theorem 4.2, this implies that L is not
rigid. Thus, L is a simple H. (W )-module. The simple Hc(W)-modules are of the form L¢())

and \ always appears in the restriction to W of L.(\) with non-zero multiplicity. The result
follows. |

Remark 4.8. Proposition 4.7 implies that if L is a rigid module then h - L =0 = h* - L. In
particular, every rigid module is of “one-W -type”, as recently defined in [14].

The following lemma explains our choice of terminology since it is standard in finite-
dimensional representation theory to say that a simple module L of dimension d for a finite-
dimensional algebra A is rigid if the set of points M in the representation scheme Rep;(A)
satisfying M ~ L is open.

Lemma 4.9. Let L be a rigid He(W)-module and set d := dim L. Let Rep,(Hc(W)) be the
scheme parameterizing all d-dimensional representations of H.(W). Let X be the set of points
M in Rep,(Hc(W)) such that M ~ L. Then X is a connected component of Rep,(Hc(W)).
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Proof. Let S be a reduced, irreducible affine C-variety and F a flat family of H.(7/)-modules
over S such that the fiber Fy, is isomorphic to L, for some sy € S. Then it suffices to prove
that b and h* act identically by zero on F. Since C[S] is a domain, its radical is zero, and hence
it suffices to show that h and h* act as zero on every fiber F; of F for s € MaxSpec(C[S]).
We may consider F as a flat family of C[h] x T¥-modules instead and prove the claim in
this setting (repeating the argument for C[h*] x W). Then the claim is a consequence of
Theorem 4.2 together with the (easy) classification of simple C[h] x W-modules. Firstly,
since S is connected Fs ~ L as a W-module for all s. This is well-known and follows
for instance from [18, Corollary 1.4]. Therefore, it suffices to show that if M is any simple
CI[h] x W-module such that h* C C[h] does not act identically zero, then M = L. If bh*
does not act identically zero then there exists a non-zero character y : C[h] — C such that
M, ={m e M |z-m = x(x)m, Yz € h*} is non-zero. Let W’ C W be the stabilizer of

Clol=w M,. By Theorem

X € b. Since M is simple, M, is a simple W'-module and M ~ Ind Clp] W

4.2, M is not irreducible. Hence M 2 L as required.
To deduce the statement of the lemma, take .S to be any irreducible component (with reduced
scheme structure) of Rep,;(Hc (7)) containing L. [ |

Notice that Lemma 4.9 shows that the set of all rigid modules in Rep,;(Hc(W)) is open. In
general, the connected component X has a very non-trivial scheme structure. This can be seen
from Voigt’s Lemma [18] which implies that

(8) dim X — dim Xyeq = dim Extyy_ 1) (L, L) -
One can compute, using the projective resolution (2.5) of [16, page 259], that for a rigid module
L we have
Exthy, o) (L, L) = A* V @w Endc(L) ,
where V' = § @ b*. In particular, it is easy to construct examples of rigid modules where

the right hand side of (8) is strictly positive. Also, the variety Rep;(Hc (7)) can have many
connected components. This can be seen, for instance, by considering the case ¢ = 0.

Via the bijection Irr W — Irr He (W) given by Proposition 1.3, the element A € lrr W is
said to be c-rigid if L¢(\) is arigid He (W )-module. The following is the main theorem of this
section.

Theorem C. Let W be a complex reflection group. If A € Irr W is c-rigid, then A lies in a
cuspidal Calogero—Moser c-family.

Proof. Let F be the Calogero-Moser c-family of L.(\) and let y be the corresponding
point of X¢(W). Suppose that F is not cuspidal. Then by Theorem 3.5 there is a para-
bolic subgroup W' of W, a cuspidal symplectic leaf x' of X (W’), and an equivalence
@yt Her yy (W')-mod — He o (W)-mod such that @,/ , (M) ~ Ind |}/, M as W-modules
for all M € Her ,(W')-mod. In particular, there must exist a 1W’-module M with Ind &V,,M o~
Lc(M\) ~ A. But this is not possible by Theorem 4.2. [

Of course, the major advantage of rigid modules is that they are easily detected.

Lemma 4.10. Let A : G — GL,(C) be an irreducible representation of W. Then L.(\) is a
rigid module for H¢ (1) if and only if

) Yo cs)y as)(a), z)A(s) =0
s€Ref (W)
forally € hand x € h*.

Proof. The module L¢ () is rigid if and only if it is as a W-module isomorphic to A\. Moreover,
by Remark 4.8 both h and h* act trivially on L.(). Hence, Lc(A) is rigid if and only if the
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representation X T(h @ bh*) x W — Mat,(C) with h and h* acting trivially and W acting by
A descends to He (/). This is the case if and only if A([y, z]) = 0, and this is equivalent to the
asserted equation. |

Lemma 4.11. For any W we have Q™" (W) = Lus; " (W), i.e. Conjecture B holds for ¢ = 0.

Proof. Recall from Lemma 2.3 that Qo (W) = Luso(W') = {lrr W }. Furthermore, recall from
Example 2.1 that truncated induction is for ¢ = 0 just usual induction, i.e. j&v,l = Ind %I for
a parabolic subgroup Wy of W. Now, if the unique Lusztig family were not cuspidal, then
the irreducible characters of W7 would all be induced from a proper parabolic subgroup of W,
but this is not possible by Theorem 4.2. Hence, the unique Lusztig family is cuspidal. On the
other hand, all A € Irr W are rigid for ¢ = 0 by Lemma 4.10. Hence, each A € Irr W lies in a
cuspidal Calogero—Moser family by Theorem C. As there is just one Calogero—Moser family,
this one is cuspidal. ]

Remark 4.12. Ciubotaru [14] has recently classified the rigid H¢ (W)-modules for all Weyl
groups and all parameters. We will independently obtain this classification for non-exceptional
Coxeter groups from sections §5 to §8. Ciubotaru furthermore shows for all Weyl groups at
equal parameters—except Er—that the rigid modules always lie in a single Calogero—Moser
family, and that this family contains the (unique) cuspidal Lusztig family; for F; and Ej this is
in fact an equality. Using Theorem C, this shows that one direction of Conjecture B also holds
for F; and Fg for equal parameters. However, a classification of the cuspidal symplectic leaves
is still open in all cases not covered by our Theorem A.

§4B. Cuspidal reduction II

For a conjugacy class (W) of parabolic subgroups of W we denote by PSpec 1y (Zc(W)) the
subset of PSpec(Z¢ (1)) of Poisson prime ideals p with W, = (). This set might be empty.

If W C G C Ng(p) (W) is a finite subgroup such that c:Ref(W) — C is G-invariant, then
G acts on He (W) by algebra automorphisms. This induces an action of G by Poisson algebra
automorphisms on Z¢ (W) and, since W acts trivially, this action factors through G/W. Ap-
plied to a parabolic subgroup W’ of W and an arbitrary W -invariant function ¢ : Ref(W) — C
this shows that Z(W”') acts on Zo/(W'). Here, and below, ¢’ denotes the restriction of ¢ to
Ref (W) N W' = Ref(W').

The following was shown by Losev [31, Theorem 1.3.2].

Theorem 4.13. Let W' be a parabolic subgroup of W. The group =Z(W’') acts on the set
PMax(Zc (W')) such that there is a bijection

PSpecyn (Ze(W)) <=5 PMax(Zo (W')) /(W) .

Losev considers in [31] a different completion of the rational Cherednik algebra than the one
used in [2] (which is based on a construction by Bezrukavnikov and Etingof). Therefore we will
now show that Theorem 4.13 still holds in the context of Bezrukavnikov—Etingof completions.

Fix a parabolic subgroup W’ of W and let N := Ny, (W’). Let U be an affine open subset
of h/W such that U N b}/gg/ /W is closed, but non-empty, in U. Let V' denote the preimage of

U in . Then V is W-stable and Vyyr = hWI NV is closed in V. Let £ denote the W’-module

reg
complement to F)W/ in b. It is an N-module.
Let A := C[U] and set Z := A @cpyw Zc(W). The prime ideal of A defining U N 6w

reg

is denoted q. Let ﬁq be the completion of A along q and set )A(C(W) = Spec(/Alq ®a Z).
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Morally speaking, X¢(W) should be thought of as the formal neighbourhood of 7~ (h%’ reg W)
in X (). However, since Z is not a finite A-module, this is not strictly true.
Let A’ = C[¢/W' x Viy/] and ¢’ the prime ideal defining {0} x Vyy in €/W' x Viy. Then

X (W', V) := Spec (A’, Rur Zo (W) & @[T*le])
where T*Vyy» is the cotangent bundle of Vjy+. The group Z(W') acts on Xc/(W V). The
following is an analogue of the isomorphism © in section 3.7 of [7]; a complete proof is given
in [5].
Theorem 4.14. There is an isomorphism of affine Poisson varieties
D : X (W) =5 X (W, V) E(W').
In order to deduce Theorem 4.13 from Theorem 4.14, we require the following lemma.

Lemma 4.15. The map p — ﬁq ®4 p defines a bijection between PSpec(yy ) (Xc(W)) and the
set of Poisson prime ideals of ﬁ ®4 Z of height 2dim ¢.

Proof. First, we must show that Aq ® AP is prime in Aq ®aZ.LetY =UnN hreg /W and denote
by 7(Ly) the closure of (L) N U in U. Recall that 7(Ly) N f)reg/W is dense in hreg/W.
This implies that 7(£,) N'Y is dense in the closed, irreducible set Y, ie. 7(£) NY =Y.
Similarly, 7(L£,) N'Y is dense in 7(Ly). Thus, 7(£,) = Y. This implies that ¢ C p N A and
hence Z - q C p. Since /Tq is flat over A, we have a short exact sequence

0= Ag@ap = Ag @4 Z = Ag@a (Z/p) — 0.
The order filtration on Hc (W) defines an increasing filtration F;Z on Z such that each piece
is a coherent A-module. This restricts to a filtration on p and we have a short exact sequence

0 — Fip = F:Z — FiZ/Fip — 0 of coherent A-modules. Since tensor products commute
with colimits,

Ag@a (Z/p) = Jim. Ag®a (FiZ|Fip).
But Z - q C p implies that
2 - _(FiZ/Fip)
A, @4 (FiZ)Fp) = lim —212L70)
104 (F2LFR) = I, (7. 2] Fop)
Thus, Aq ®4 (Z/p) = Z/p is a domain and A ®4 p is prime. It is clearly Poisson; see [2,
Lemma 3 5]. Moreover, the fact that A @A (Z/p) Z /p shows that A AP = A ®A P2

if and only if p; = po. Lemma 3.3 of loc. cit. says that ht(A ®Ap) = ht(p), Which equals
2rk(W). Thus, the map we have written down is injective.

On the other hand, if p’ is a Poisson prime in ﬁq ®4 Z of height 2 dim €, then Lemmata 3.3
and 3.5 of loc. cit. say that p := p’ N Z is a Poisson prime of height 2 dim €. Therefore, we just
need to show that Y N 7(L,) is dense in Y. The prime p belongs to PSpec(Wn) (Xe(W)) for

some parabolic W of W of the same rank as W’. The sets U N f)reg /W and Y are disjoint
if W” ¢ (W), which implies that the image in A, of the ideal defining U N hreg /W is the
whole of Aq. Therefore the image of p M1 A in Aq would also be the whole of Aq if W” ¢ (W').
But since Aq ® 4 p is contained in p’, this cannot happen and thus W € (') as required. W

= FiZ|Fip.

Proof of Theorem 4.13. Since the symplectic structure on 7™V is non-degenerate, the only
Poisson prime in C[T*Vyy-] is the zero ideal. Therefore, every Poisson prime in Zo/(W') @
C[T*Vyy-] has height at most 2 dim £ and the Poisson primes of height 2 dim £ are in bijection
with the Poisson maximal ideals of Z./(TW'). Repeating the arguments of Lemma 4.15, there
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is a bijection between the Poisson primes in Z (W') ® C[T*Vjy/] of height 2 dim € and the
Poisson primes of height 2dim £ in C {)A(c/ (W', V)} .

By Lemma 4.15 and Theorem 4.14, the set PSpec y+) (Xc(W)) is in bijection with the sym-
plectic leaves in Xo/ (W, V) / E(W’) of dimension 2(dim h—dim £). Since Z(W”) acts freely on

Viy it also acts freely on X¢ (W', V). Therefore the symplectic leaves in X¢/ (W, V) / 2(W')
of dimension 2(dim f — dim £) are in bijection with the Z(W’)-orbits of symplectic leaves in
X (W', V) of dimension 2(dim h — dim £). But, as explained above, this is the same as the

=(W')-orbits of Poisson maximal ideals Z (W'). [ |

§4C. Clifford theory

Throughout this section we fix an irreducible complex reflection group (h, W'). Moreover, we
assume that there exists a normal subgroup K <1 W such that K acts, via inclusion in W, on h
as a complex reflection group (though h need not be irreducible as a K-module). Since K is
normal in TV, the group W acts on Ref(K') by conjugation. Let us fix a W-equivariant function
c : Ref(K) — C. We extend this to a W-equivariant function ¢ : Ref(WW) — C by setting
c(s) = 0forall s € Ref(W) \ Ref(K). A K-equivariant function on Ref(K) is not always
W -equivariant. For our choice of parameter c, the inclusion K < W extends to an algebra
embedding He(K') < He (W), which is the identity on h and h*. Let I' = W/ K. As explained
in [4, Section 4.1], the group W acts on H¢(K') by conjugation. Thus, it acts on Z.(K). This
action factors through I'.
We will require the following lemma.

Lemma 4.16. Under the graded W -module identification He (W) = @,y Clh] ® C[h*] @ w,
every non-zero element z = Y, cy 2w - W € Zc(W) satisfies 21 # 0.

Proof. A reformulation of the PBW property is that, under the filtration F;H (W) putting b
and h* in degree one, W in degree zero and F_; := 0, the associated graded gr zH. (V) equals
C[h @ b*] x W. An easy induction on k shows that FxHc (W) = (C[h] @ C[h*]) <1 @ CW as a
W-module, where (C[h] ® C[h*]) <y, is the sum of all graded pieces of degree at most k. Then
the short exact sequences 0 — Fy_1 — Fr — Fr/Fr—1 — 0 can be identified, as short exact
sequences of W-modules, with

0 — (Clo] @ C[H"])<p1 CW — (Clh] @ C[h*]) <4 © CW — (Clb] @ C[h*]) & CW — 0.
The image of Z.(W) under gr r equals C[h x h*]"V. Therefore, z = 3", e 2w w € Fr~Fr_1
then its (non-zero!) image in (C[h] ® C[h*])x @ CW belongs to (C[h] ® C[h*]);"". In particular,
Z1 7'5 0. [ |

Proposition 4.17. The centre Zo(W) of H.(W) equals the subalgebra Z¢(K)' of Z.(K).
Moreover, the embedding Z.(W) < Z(K) is as Poisson algebras.

Proof. Clearly, Zo(W) N Ze(K) C Z(K)"W . Therefore, we just need to show that Zo(W) C
Z.(K). Fix coset representatives 1 = wy, . .., wy of K in W. Then He (W) = @, He(K)w;
as a left He (K)-module. Let z = Y7%_, z;w; denote an element in Z (W) with z; € He(K) for
all . We wish to show that z; = 0 for i # 1. Let f € Hc(K). Then
L
[f,2] =D ([fs 2] + zi(f — wif))) ws.
i=1

Since [f, z;] + zi(f — wi(f)) € He(K) for all 4, we must have [f, z;] + z;(f —w;(f)) = 0.1In
particular, this implies that z; € Z(K) N Z(W). Without loss of generality, z; = 0. But now
it follows from Lemma 4.16 that z = 0. Thus, Z(W) = Z¢(K)W.
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It is clear that the embedding is as Poisson algebras; one can see this directly from the
construction or simply by noting that the bracket is I'-invariant and hence restricts to Z(K)".
|

Thus, geometrically we have a Poisson morphism 7 : X¢(K) — X (W) identifying X (W)
with X¢(K)/I. It is a finite, surjective map which is generically a I"-covering. This fits into a
commutative diagram

Xe(K) ————5 X (W)

ch,K ch,W

b/K x b*/K — h/W x b* /W
Lemma 4.18. If £ is a leaf of X¢(K), then (L) is a finite union of leaves of X¢(W).

Proof. Since the stratification of X (W) by symplectic leaves is finite, it suffices to show that
n(L) is a union of leaves, i.e. invariant under Hamiltonian flows. After a suitable localization, we
may assume that £ is closed in Xc(K). Then n(£) is closed. It is invariant under Hamiltonian
flows if and only if the semi-prime ideal I(n(L)) is Poisson. But I(n(£)) = I(L£) N Z(K)'.
Since I(L) is Poisson and the bracket is invariant under T, if z € I(n(£)) N Z(K)" and
h € Z(K)F, then {z,h} € I(n(L£)) N Zc(K)Y, as required. |

Note that, in general, the preimage of a leaf of X.(W) is not a leaf. Let X (K )@ be the
singular locus of X¢(K), let X.(/K)*™ be the smooth locus and let X (K )% be the locus
where I acts freely. The following is the geometric counterpart of [4, Lemma 4.12].

Proposition 4.19. The preimage 7~ (X (WW)*™) equals X¢ (K)¥™ N X (K)free,

Proof. Since I preserves the Poisson structure on X¢(K), for each p € X.(K)*™, the group
I'), acts symplectically on the tangent space T,Xc ()™, Thus, (T,Xc(K)*™)/T'), is smooth
if and only if I', = 1. Using the fact that one can linearize the action of a finite group in the
formal neighborhood of any fixed point, this implies that the smooth locus of X (K)*™ /T’
equals (X (K)¥™ N X (K)Te¢) /T'. Hence
7 (Xe(W)™™) N X (K™ = X (K™ 1 X (K.

On the other hand, X.(K)*"® is a union of symplectic leaves £ with dim £ < dim X¢(K).
Therefore Lemma 4.18 implies that (X (K)$"8) C X (W)se, [ |

The following was stated in [4] in the case I is a cyclic group. We give a simple geometric
proof.

Theorem 4.20. Let ¢ : Ref(K) — C be WW-equivariant.
(a) The group I' acts on 2 (K) such that °F = {?A | A € F} foro € I"and F € Q¢ (K).
(b) There is a natural bijection between Q¢ (W) and Q. (K)/T" given by

Qc(W) 3 F+— {Aelrr(K) | A C Res ¥ yuforsome pp € F} € Qe(K)/T.

Proof. Recall the notation from §1C. We will use the notation and results from [4, §3, §4].
Let Z.(W) denote the quotient of Z.(W) by the ideal generated by D(W) ., Z.(K) the
quotient of Z¢(K) by the ideal generated by D(K ), and Z¢(K) the quotient of Z¢(K) by
the ideal generated by D(W),.. We also let H.(K) denote the quotient of He (K ) by the ideal
generated by D(W) .. The Satake isomorphism [16, Theorem 3.1] implies that the natural map
Zo(W) — Z(K) is an embedding. The group I" acts on Z(K) and Proposition 4.17 now
implies that Zo(W) = Z¢(K)T. Thus,
Z(W) = Zo(K)' = Zo(K) — Zo(K).
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The kernel of the surjection Z¢(K) — Zc(K) is nilpotent. Therefore it identifies the primitive
idempotents in both algebras.
Let

{diticoewy,  Vj}jcoer),  {bi}icaex)
denote the primitive idempotents in Z¢ (W), resp. Z¢(K) and Z¢ (K ). Then T acts on {6 }jeqe )

and the rule
/
D DR
o€ /Stabr (b))
defines a bijection

{di}icacow) & (BT
There is a natural surjective map H¢(K) — He(K) and the kernel of this map is generated
by certain central nilpotent elements in ltlc(K ). In particular, the kernel is contained in the
radical of ﬁC(K ) and so the map induces a bijection between the simple modules. We can thus
consider any simple H.(K)-module L(\) as a simple He (K)-module, and to be precise we
denote this as L¢()).
Now, b - Lc(\) # 0 if and only if (7B}) - (" Le(\)) # 0. The statements of the theorem then
follow from the Clifford theoretic fact, compare [4, Proposition 4.7], that
ResiLe() = @ “Le(n),
o€l /Stabr(u)
for some (any) simple summand g of Res ¥/ \, where Ay := He(W)/RadHe(W) and Ax =
He(K)/ Rad He(K) are the maximal semisimple quotients of He (W) and He (K), respectively.
|

Remark 4.21. Geometrically, Theorem 4.20 is simply saying that T;}((O) e ()

is a union of I'-orbits.
Let Q¢ (W)l denote the set of Calogero-Moser c-families containing a rigid module.

Proposition 4.22. Let ¢ : Ref(K) — C be ¥/ -equivariant.
(a) The set Qc(K)“™P is I'-stable and the bijection of Theorem 4.20(a) restricts to an
embedding Q¢ (K )P /T" — Qc(W)UsP,
(b) The set Qc(K )rigid is I'-stable and the bijection of Theorem 4.20(b) restricts to a

bijection Qc(IW)" & 5 Qc(K)e/T'

Proof. Part (a) follows from Lemma 4.18 which implies that the image of a zero-dimensional
leaf is a zero-dimensional leaf. If L¢(\) is a rigid He(W)-module and A an irreducible
summand of Res [Vg)\, then L¢(\') is a rigid He (K )-module. Conversely, if Lc(u) is a rigid
Hc(K)-module and g/ an irreducible summand of Ind ¥y, then L. () is a rigid He(W)-
module. This implies part (b). ]

Remark 4.23. The embedding of Proposition 4.22 (1) is not generally a bijection since the
preimage of a zero-dimensional leaf under 7 is not always a union of zero-dimensional leaves.

§5. Type A

Let W be the Weyl group of type A,,. This is simply the symmetric group &,,+1. It has an n-
dimensional irreducible reflection representation. There is just one conjugacy class of reflections
so that our parameter c for rational Cherednik algebras is just a complex number. By Lemma
4.11 we know that Conjecture B holds for ¢ = 0, so we can assume that ¢ > 0.
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Etingof and Ginzburg [16, Proposition 16.4] have shown that the Calogero—Moser space
Xc (W) is smooth. Theorem 1.4 now implies that the Calogero-Moser c-families are singletons
and Lemma 3.7 shows that none of the Calogero—Moser c-families is cuspidal.

Lusztig [33, Lemma 22.5] on the other hand has shown that for integral ¢ > 0 we have
Cone(W) = lrr(W). Using Lemma 2.5 we conclude that Cone (W) = Irr(WW) for arbitrary
real ¢ > 0. It then follows that the Lusztig c-families are singletons and using Lemma 2.6 we
furthermore see that no Lusztig c-family is cuspidal.

Comparing both results proves Theorem 2.4 and Theorem A for W of type A.

§6. Type B

Weyl groups of type B are much more difficult to handle than those of type A, in particular
as we now have to deal with a two-dimensional parameter space. We have split the discussion
into several parts, some just dealing with the Calogero—-Moser families, some just dealing with
the Lusztig families. At the very end we combine these results to obtain the proof of Theorem A.
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§6A. The group

Let W be the Weyl group of type B,,. This group is isomorphic to the group G(2,1,n)
of generalized permutation matrices in GL,,(C) with entries in po := {1, —1} C C, and this
defines at the same time an irreducible reflection representation of ,,. Note that W = pu§ x &,
where &,, acts on pf by coordinate permutation. For each 1 < ¢ < n we have a natural
embedding ¢; of g into W, sending u € pg to the diagonal matrix (1,...,u,...,1) withu
in the i-th place. For 1 < i < j < n let s;; be the transposition (7, j) € &,,. For u € pug set
Siju = sijsi(u)_lsj (u). Note that s;;1 = s;;. The group W is generated by £1(—1) and the
transpositions s;;.

§6B. Reflections and parabolic subgroups

Let (y1,-..,yn) be the standard basis of h := C™ with dual basis (z1,...,z,). For any
1 < j < n the element £;(—1) is a reflection with coroot oy := y; and root ov; := 2x;. Also,
forany u € puo and 1 <4 < j < n the element s;; ,, is a reflection with coroot a;;-’u = Uy — Y,

and root ovjq, = u e — x; = ux; — ;. These elements are precisely the reflections in .
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We can now easily compute that

(10 ea@la) ={ 5 Gk
and
1 ifkle{ij}withk =1
(11) Yk Qiju) (O] 0 T1) :{ —u ifk,l € {i,j} withk #1
0 else.

The conjugacy classes of reflections in W are

So={sijulucpl1<i<ji<n} and S;:={g(-1)]|1<j<n}.
We have |Sy| = n?2 — n and S; = n. The parabolic subgroups of W are, up to conjugacy, of
the form & x B,,_ ), for partitions A of integers < n.

§6C. Representations

Since W = pg X &, = u21 Sy, the irreducible representations of W are labeled by bipartitions
X = (MO XM of n. Let 7y denote the representation labeled by X. The trivial representation
of W'is m(;, g). The representation 7 := 7(p ) is a linear character of W with v(s) = 1 for all
s € 8§y and y(s) = —1 for s € S;. We denote by 7y the y-twist of 7.

The symmetric group &,, is a quotient of B,, by sending £ ;(—1) to 1. We can thus consider (ir-
reducible) G,,-modules ), for partitions A of n as (irreducible) W-modules. If A = ()\(0), )\(1))
is a bipartition of n and r := |\, then 7y X vy is an irreducible (B, x Bj_,)-
subrepresentation of my with

By,
(12) ™ = Ind BTXanrﬂ-)\(O) &’)/71')\(1) .

§6D. The rational Cherednik algebra

Fix a W-equivariant function c : Ref (W) — C and define
c1:=c(S51) and kK :=c(Sp) .

In terms of the Coxeter diagram of type B,, the weight function c is determined as follows:
C1 K K K K

Using equations (10) and (11) we see that the defining relation (1) for He (W) becomes

n
(13) i, 2] = —2c18(=1) =K D D siju
ucp2 j=1
J#i
and
(14) Wir 2] = 5 3 usiju -
uEp2
for i # j. These are the same relations and parameters as in [35].
Recall from Lemma 4.11 that Conjecture B holds for ¢ = 0.

I We assume from now on that ¢ # 0, i.e. ¢; # 0 or Kk # 0.

$6E. Isomorphisms

Recall that for any o € C*, the algebras He(W) and H,c(W) are isomorphic. Given a
bipartition A = (A9, A1) we define A7 to be (A, \(9)). The following proposition follows
from [9, 4.6B].
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Proposition 6.1. The linear character « of W defined in §6C extends to an isomorphism
T: H(cl,m)(Bn) — H(fchn)(Bn)
with 7(z) = z, 7(y) = y and 7(w) = y(w)w for all z € h*,y € h and w € W. Moreover,

(a) T_IL(CM{)()\) ~ L(fcl,n) ()\T)

(b) A and p belong to the same Calogero-Moser (c1, k)-family if and only if A” and p”
belong to the same Calogero-Moser (—cy, )-family.

(c) Ais cuspidal, resp. rigid, for ﬁ(ch x)(W) if and only if A" is cuspidal, resp. rigid, for

H(—cl,m) (W)

In the case k = 0 the defining relations (13) and (14) of H¢(W) show that we have an
algebra isomorphism He (W) ~ H,, (Z2)®" x &,,, where &,, naturally acts on the n-fold tensor
product of the rational Cherednik algebra at c; for the cyclic group of order 2. From this we
get an isomorphism of Poisson varieties X (W) ~ S™(X,, (Z2)), where S™ denotes the n-th
symmetric power. Since ¢; # 0, the Calogero—Moser space X, (Z2) is a smooth symplectic
surface by [16, 16.2].

§6F. Symplectic leaves

It was shown by Etingof and Ginzburg [16, 16.2] that the Calogero—Moser space of type B
is smooth for generic parameters. In this case the Calogero—Moser families are singletons
by Theorem 1.4 and none of them is cuspidal by Lemma 3.7. Using the relation between
Calogero—Moser spaces and representation varieties of deformed preprojective algebras, Mar-
tino has determined in his Ph.D thesis [34, Section 5] for precisely which parameters the
Calogero—Moser space is smooth and gave a parametrization of the symplectic leaves.! To
simplify notations we set [a, b] := {a,...,b} and denote by £[a, b] the set [—b, —a] U [a, b] for
integers a < b. Note that +[0, b] = [—b, b].

Theorem 6.2 (Martino). Let ¢ = (k, ¢1).
(a) Xc(W) is singular if and only if K = 0 or ¢; = mk for some m € £[0,n — 1].
(b) If k = 0, then the symplectic leaves of X (W) are parameterised by the set P(n) of
partitions of n. For A € P(n), the corresponding leaf £ has dimension 2¢()\), where
£()) is the length of .
(¢) If ¢; = mk, with k # 0, then there is a bijection k — Ly,

{symplectic leaves L of X.(W) } Al {k € N>g | k(k+m) <n}.
Moreover, dim L, = 2(n — k(k +m)).
We say that c is singular if X¢(W) is singular. Moreover, we call singular parameters with
k # 0 non-degenerate and those with k = 0 degenerate. By the formulas for the dimensions

of the symplectic leaves we can immediately deduce when zero-dimensional leaves (and thus
cuspidal Calogero—Moser families) exist.

Corollary 6.3. The space X (W) has a zero-dimensional symplectic leaf if and only if ¢c; = mk
for some m € £[0,n — 1] such that n = k(k + m) for some k£ > 0. In this case there is a
unique zero-dimensional leaf and thus a unique cuspidal Calogero—Moser family.

If our parameter c is as in Corollary 6.3 we say that it is cuspidal.

Remark 6.4. For a given n and +m € [0, n — 1] there is at most one k > 0 with n = k(k+m).

'n [34] the parameters are named (cy, c1) instead of (c1, K).
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§6G. Parabolic subgroups attached to symplectic leaves

We would like to parameterise the symplectic leaves of X¢(B,,) by conjugacy classes of
parabolic subgroups and work out the geometric ordering.

Lemma 6.5. If ¢; = m« for some m € £[0, n— 1], then the leaf L is labeled by the conjugacy
class of the parabolic By, yn,) and

Ly <Ly <+—= (Bk(k+m)) < (Bk’(k:’—‘,-m)) — k>FkK.

Proof. If L}, is 1abeled by the parabolic W’ then X/ (W) contains at least one zero-dimensional
leaf and W’ must have rank n — % dim £y, = k(k + m). Since k # 0, the parabolic must be
of the form B,,, for some m. Hence W' = Bi(k+m)- It is a consequence of the proof of [34,
Proposition 5.7] that £, < Ly if and only if k£ > k. |

In the degenerate case x = 0, recall from §6E that there is an isomorphism of Poisson
varieties X¢(Bp) ~ S"(X¢, (Z2)). Then £y = S X, (Z3)), where S(X) is the image in
S™(X) of the set {Zf(jl) Nioxi o #FxjeX } This implies that £ is labeled by the class
of the parabolic subgroup G = &), x -+ x G/V(A) and

Ly=<L, & (6))<(6,).
Moreover, in this case, if To1(0) = {p,q} for H, (Z2), where p = Supp L, (1z,) and
q = Supp L, (sgnz,), then in Xc(B,,) we have
(15) T.'(0)={n1-p+n2-q|ni+n2=n,n; >0}
The point ny - p + ngy - g belongs to the leaf L, ;).

§6H. Calogero—Moser families

The Calogero—Moser families in type B, have been first described by Gordon and Martino [26]
using the notion of .J-hearts, and later by Martino [35] using the notion of residues. We recall
the description given in [35] now.

Let A = (A1, A2, . ..) be a partition. We think of X as a stack of boxes, left justified, with the
bottom row containing A; boxes, the next row containing Ay boxes and so forth. The content
ct(O) of abox [0 = (7, ) € Ais defined to be j — i. We consider the group ring Z[C] of the
additive group C and write ¢ for the element corresponding to o € C. The residue of A is the
element

Resy(z) == > 2™ € z[z] C Z[C] .
OeA
Just as in [10, §3A], we define for a triple m = (mg, m1, m’) of complex numbers (the charge),
and a bipartition X = (A9, X)), the charged residue as
Res (2) := 2™ Res y(0) (z™ ) + 2™ Res , 1y (™) € Z[C] .
The following theorem is [35, Theorem 5.5]. The additional parameters (h, Hy, H1) used in
loc. cit. are given by h = —k, Hy = —c1, and H; = ¢;.

Theorem 6.6 (Martino). Two bipartitions A and p lie in the same Calogero-Moser c-family if
and only if Res §(z) = Resy,(x) with respect to the charge ¢ := (0, c1, —k).

§61. Simple H(1/)-modules in the degenerate case

In the degenerate case x = 0 it is possible to determine the structure of the simple He(W)-
modules L.(A) as W-modules.

Lemma 6.7. If 5 = 0, then A = (A9, XV} € Py(n) and p = (@, u(V) € Py(n) lie in the
same Calogero-Moser c-family if and only if [A(V)| = |x())|. In particular, there are n + 1
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Calogero—-Moser families ]-"&fzg, ..., Fie with
FhE={AePo(n) [ NO] =i} .

Proof. In the case k = 0 we have
Resi(m) _ Z 1 ctd] 4+ za Z 1etd — ‘)\(O)’ —i—l’Cl’)\(l)’ =n— |/\(1)‘ + xq‘/\(l)‘ )
OeX©) Oex®)
The claim follows directly from Theorem 6.6. |

Proposition 6.8. Assume that x = 0. Then the family fgﬁg is labeled by the class of the

parabolic &; x &,,_; C B, and we have a bijection Irr(&; x &,,_;) — Fl€ sending the

1M
pair of partitions ()\(0), )\(1)) to itself (thought of as a bipartition) such that
LeAQ AWy~ ind & o my0) By
as W-modules.
Proof. Since He(B) ~ (He, (Z2)®?) x &, in this case (see $§6E), we have
Lc()\(o)7 /\(1)) ~ Ind 5_;21 (Zz)®2)>q(GiXGn—i)Lcl (17,) ® L, (SgnZQ) ® (7T)\(o) X 7T>\(1)) ,
Since ¢; # 0, both L., (17,) and L., (sgny, ) are isomorphic to the regular representation as
Zs-modules. Recall that we have described Y 1(0) in (15). If i = |A(?)], so that n. — i = |A(1)],

then the support of Le(A®, AXM)is i - p+ (n — ) - g, which lies on the the leaf labeled by the
parabolic &; x &,,_;. The result follows. [ |

§6J. Lusztig families in the non-degenerate case

For the description of the Lusztig families in the non-degenerate case we first argue that we can
restrict to the so-called integral case where c; is an integral multiple of .

Proposition 6.9. Suppose that x > 0. If there is no m € N with ¢; = mk, then Conc W =
Irr W and so the Lusztig c-families are singletons.

Proof. By Lemma 2.5, we may assume that x = 1. The statement of the proposition has
been shown by Lusztig [33, Proposition 22.25] when c; is rational. We reduce the general
case to the rational case. Let A be an irreducible representation of a parabolic subgroup W’
of W. The explicit formula given for the Schur element s), see [23, Theorem 10.5.2] and
[33, Lemma 22.12], shows that there exist finitely many integers r{‘, ré\, e s{‘, s%‘, ..., with
(ri, 8i) # (rj,s;) for i # j, and rational numbers f{, f3', ... such that
G = Y g2l
7

Recall that x = 1 and ¢; ¢ Q. We claim that ay = min{r}x + sc; | i = 1,...}. Note that
this is not the case in general since there might be some cancellation between the f{\ when
ri)‘/@ + sf‘cl = r?‘n + sj‘cl for some ¢ # j. However, in our case the fact that k = 1 and ¢y is

irrational implies that ri)‘/@ + sf‘cl = 7’;\:‘41 + s?‘cl if and only if 7"2-)‘ = 7“])-‘ and sf‘ = s]A-,
The claim follows.
The definition of j-induction and constructible representations makes it clear that if we are

given two parameters ¢ and ¢’ such that

ie.i=j.

/
n

for all irreducible representations A and p of all parabolic subgroups of W, then Conc W =
Conr W. Since there are only finitely many rg\ and s])-‘ as A ranges over all irreducible repre-
sentations of all parabolic subgroups of T, one can easily choose a rational number ¢; > 0

(16) ay=a, < a\ =a
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with |¢; — ¢} | very small and ¢} not an integer such that
A A H H A A iz ot
i Hsia <r;tsjc < rpAsic <rp+s50
for all A\, 1 and i, j. In particular, for ¢ = (¢}, 1) equation (16) holds. Moreover, since c] is

rational, every constructible representation in Con.s W is irreducible by [33, Proposition 22.25].
Hence Cone W = Irr W, too. |

We can thus restrict to the case ¢c; = mk for some m € N, which by Lemma 2.5 is the same
as ¢ = (m, 1). The Lusztig families in this case have been described by Lusztig [33, §22] using
the notion of symbols. We review the notion of symbols for general integral parameters.

I We assume that x > 0 and that ¢ = (¢, k) > 0 is integral.

We can uniquely write ¢; = mk + r for some m,r € Nxo with r < «. Fix an arbitrary
integer N > 0. A symbol for B,, with respect to N at parameter c is a list of the form

YroY2 o N
where 0 < 1 < -+ < Bn4m are congruent to r modulo x and 0 < v < --- < n are
divisible by «, such that
m
(18) Zﬁi—kayj:n/i+/§N2+N(cl—l£)+/<&<2>+7‘m.
( J
Let Syé\fn denote the set of all such symbols. We have an embedding Syé\fn — Syé\;j ! sending

a symbol .S as above to the symbol
roBitE Path o o Pamth
1 1] = .
(19 swj= (g 28 R
For i € N we denote by S[i] the i-fold composition of the above map applied to .S and call this
the shift of S by i. Let Sy..,, be the direct limit of the Sygn with respect to the above maps. We

say that N is large enough for a bipartition A = (A, \()) of n if Ag\glmﬂ =0= )‘5\17)+1' We

then define the corresponding symbol Syé\fn()\) = (5) € Syi\fn via

Bi =k )‘g\%-m—i—i-l +i-— 1) +r forie[l,N +m]
EA%)_j+1+j—1) for j € [1, N] .

If N is large enough for all bipartitions of n, e.g., N > n, the map A — Syé\fn()\) defines a

bijection between the set P2 (n) of bipartitions of n and Syé\fn. For a symbol S we then denote
by 7g the representation of 1V labeled by the bipartition corresponding to S. The content ct(\S)
of a symbol S € Syfxn is the multiset of its entries, i.e., the list of entries with repetitions but

(20)
’y] = R

ignoring positions. We can, and will, equally well write the content as a polynomial 3 ;- n’,
where n; denotes the multiplicity of the entry ¢ in .S. It is clear from the definition of a symbol
that it has at least N + m distinct entries and the multiplicity of an entry in a symbol is at
most 2.

Example 6.10. Let A = ( [, []) and (¢1,k) = (1,1). Then

01 3 5
Syz()’l,l);4()‘):(0 1 3 >GSY?1,1);4'

This symbol is in fact the shift of G 3) € Sy%m);4 by 2.
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Theorem 6.11 (Lusztig). Let ¢ = (¢1, k) > 0 with k > 0 and ¢; = mk for some m € N. Then
two bipartitions A and g lie in the same Lusztig c-family if and only if ct(SyéYn’l)m(}\)) =

ct(Sy> (p)) for N sufficiently large.

(m,1);n

Proof. Because of Lemma 2.5 we can assume that ¢ = (m, 1). Then the description of the
c-constructible characters in [33, Proposition 22.24] along with [33, Lemma 22.22] proves the
claim. |

§6K. Lusztig families in the degenerate case

The description of the Lusztig families in the degenerate case is given in [21, Example 7.13]
and follows from the general theory in [22, §2.4.3].

Lemma 6.12. If 5 = 0, then A = (A0 X)) € Py(n) and pu = (1@, V) € Py(n) lie in
the same Lusztig c-family if and only if [A(")| = |x(V)|. In particular, there are precisely n + 1
Lusztig families Fg%, .. ., I with

Flg — (X e Pan) | N0 =} .

§6L. Calogero—Moser families vs. Lusztig families

We can now prove Theorem 2.4 for type B,,.

Corollary 6.13. For type B,, and any parameter ¢ > 0 the Lusztig c-families are equal to the
Calogero—Moser c-families.

Proof. If k = 0, the claim follows from Lemma 6.7 and Lemma 6.12. Now, assume that x # 0.
If ¢; # mk for all m € N>, then we know from Theorem 6.2(a) and Proposition 6.9 that
both the Calogero—Moser c-families and the Lusztig c-families are singletons. So, suppose
that ¢c; = mk for some m € Nx¢. Because of Lemma 2.5 and Lemma 3.8 we can assume that
k = 1. It follows from [10, Proposition 3.4] that ct(Snyn(z\)) = ct(Syé\fn(u)) for N large
enough if and only if Res § (x) = Res Z(az) By Theorem 6.6 and Theorem 6.11 this shows that
Qe(W) = Lusc(W). |

§6M. Cuspidal Lusztig families in the non-degenerate case

In the non-singular case, Proposition 6.9 and Lemma 2.6 immediately imply the following
result.

Lemma 6.14. If x > 0 and there is no m € N with ¢; = mk, then there are no cuspidal Lusztig
c-families.

Lemma 2.5 implies that we can restrict to the following situation.
I We assume that x = 1 and that ¢; = mx = m for some m € N>q.

At equal parameters, i.e. m = 1, the cuspidal families are described by Lusztig in [32,
Section 8.1]. It seems difficult to find an explicit description of the cuspidal families for unequal
parameters. Therefore we derive the classification here in Theorem 6.21 using the results of
[33].

We choose N sufficiently large for all bipartitions of n (see §6J). For a Lusztig c-family F
we denote by Syé\;{n (F) the set of symbols Syé\fn()\) with A € F. Using the combinatorics of
symbols, we can explicitly determine the size of F.
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Lemma 6.15. Let F € Lusc(W). Let 3", n;x" be the content of one (any) S € Syé\fn(F).
Set kz := N — |{i | n; = 2}|. Then kx > 0, kz(kz +m) <n,and |F| = (7).

Proof. Let S € Syé\;n(]-' ) and set k := kx. The multiplicity of an entry in S is at most equal
to 2 and S has at least N + m distinct entries. Since S has exactly 2N + m entries with
multiplicity, this immediately shows that k£ > 0. Let E be the set (not multiset) of entries of S.
By definition of k£ we have |E| = N + k + m. Any N-element subset of E containing the set
{i | ni = 2} defines a unique symbol in Syé\fn (F), and in this way all symbols of Syé\fn(f ) are

N+k+m—(N—k)) _ (Qk-i-m)
N—(N—k) =V )

It remains to show that k(k + m) < n. Since S € Syé\fn, equation (18) says that

1) Xi:ﬁﬂr;%—NQ—N(m—l)—(T;):n,

where the 3; and ; are the entries of S. Hence, it suffices to show that the left hand side
is at least as big as k(k + m). Recall that N — k is equal to the number of pairs (7, j) such
that 3; = ;. Since f3;,7; > 0, the expression on the left is minimal if 3; = v; = ¢ — 1 for
i=1,..., N — k and the remaining 2k + m entries are in {N — k, ..., N + k+m — 1}. Then
the left hand side of equation (21) becomes

obtained. The number of such sets is equal to (

N—k N+k+m—1 m
d2i-1)+ > i—NQ—N(m—l)—<2>:k(k:+m).
=1 i=N—k

Definition 6.16. A symbol S € Syé\;fn with content ZiZO niz' is called cuspidal if n; > Njt1
forall: =0,1,...

If S is a cuspidal symbol then S[1] is also cuspidal.
Suppose that n = k(k + m) for some k € N+. Then we have the box partition (k**™) of
n. If A is any partition such that £(\) < k +m and A\; < k, then A C (k¥*™). Adding zeros,
we may assume that £(\) = k + m. Define the partition AT by
= #{] € [17 k+ m] ‘ k— )‘k+m+1fj > Z}
=k+m+1-—min{je[l,k+m]|k—i>\}.
This is simply the transpose of the reverse of the complement k& — X of ) in the box (k*+™).
Since |A| 4 |AT| = k(k + m) = n, we get in this way a bipartition (A, AT) of n. Let
FoP = L) [ 6(N) <k +my A\ < K}

Example 6.17. If n = 6 and m = 1, we can write n = k(k + m) with £ = 2 and get

Feur = {(D, (0, ),( ,@>,(Dj, ),<_[,l_|_l>,
( ﬂ)@ﬂ»( 0).(B o). -5}

If n = 3 and m = 2, we can write n = k(k + m) with £ = 1 and get

Fo {(@ (T10).(0, ). (H. O), @ @>}

Lemma 6.18. Suppose that n = k(k + m). The content of the symbol Sylé (A, A1) is equal

to S22 Fm=1 27 for any (A, AT) € F oo - In particular, Syk..(\, AT) is cuspidal and From isa
usp’ (2k+m)
= (PFrmy.

Lusztig c-family with | F; ,'z
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Proof. First, note that N = k is large enough for any (A, AT) € F;"*". The symbol Syk., (A, AT) =
(g ) is then given by

B; == )\k+m—i+1 +i—1 forie [1, k+ m]

V=M i1 forj e[l k]
Our assertion about the content of this symbol is equivalent to showing that the symbol contains
the entry 0, all entries are bounded above by 2k +m — 1, and that 3; # ~; for all 4, j. First, we
have
Bi=Xiem and vy =AM =k+m+1—min{jek+m|0>N}=k+m—L\).
We immediately see that either 31 = 0 or 1 = 0. On the other hand, we have
Bram =M +k+m—1 and v =M +k—1=2k+m—min{j e [L,k+m]| k> \}.
This shows that the entries of the symbol are at most equal to 2k 4+ m — 1. Showing that 3; # ;
foralli € [1,k+m] and j € [1,m] is equivalent to showing that By y,—i+1 7# Yk—;+1 for all
i €[l,k+m]andj € [1, m]. Now,

Brtm—it1 = Vk—j+1 & Ai +m — i = )\;f- +k—J

(22) sXNi—it=k+1-min{le[l,k+m]|k—7>N}—17.
Suppose that & — j > A;. Then min{l | £ — j > \;} < i and we get from equation (22) the
estimate A; —¢ > k+ 1 — ¢ — j. This implies A; > k — j, contradicting the assumption. On the
other hand, if £ — j7 < )\;, we similarly deduce the estimate A\; < k — j, again a contradiction.
Hence, 3; # y; for all 4, j.

The number of elements in F;, " equals the number of sub-partitions X of (k¥*""), and this
number is equal to (kam) We have just seen that f}i}ip is contained in a single Lusztig family
F. Since the multiplicity of each entry in the content we have just computed is equal to 1, it
follows from Lemma 6.15 that | F| = (**/™). Hence, From = F is a Lusztig family. |

The symbols in Lemma 6.18 are in fact the minimal representatives of cuspidal symbols.

Lemma 6.19. Suppose that S € Syé\fn is a cuspidal symbol. Then n = k(k + m) for some k
and S € F} P

Proof. Recall that S cuspidal means that n; > n;1q fori = 0,1, .. .. Since there is at least one
i such that n; # 0, we have ng # 0. As in Lemma 6.15, let k := N — |{i | n; = 2}|. Because
S is cuspidal, the symbol S’ := S[—(N — k)] € Syﬁm is well-defined. By definition of shift,

the content of this symbol is equal to Zfigm_l x'. Equation (18) for S’ says that

2k+m—1 m

n= > i-k—km-1)- <2> =k(k+m) .
i=0

Hence, S € F,°P by Lemma 6.18 and Theorem 6.11. |

For a symbol S € Syé\fn as in (17) we define the symbol S € Syé\g1 for certain N’ as follows.
Choose ¢t > max{n+tm,Yn}. Note that ¢ > m since S has at least N + m distinct entries.
Now, the first row of S is the set {0,1,...,t} ~ {t —71,...,t — vn} and the second row is
{0,1,...,t}~{t —p1,...,t — Bnim}. By [33, 22.8], the symbol S belongs to Sy. 1=V -
and by [33, Lemma 22.18] we have mg ® sgny, = 7g. 7

Example 6.20. Let A = (

| , []) and (c1, k) = (1,1). Recall from Example 6.10 that

01 3 5
Sy?l,l);4(>‘) = (0 1 3 ) € Sy?l,l);4 :
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Choosing t = 5 we get

<3 O 01 3
Sy?1,1);4(>\) = (1 3 ) = Sy?1,1);4 (D,

Indeed,

= sgny,

Theorem 6.21. There exists a cuspidal Lusztig family if and only if there is a £ > 0 such that

n = k(k + m). In this case there is a unique cuspidal family, and it is equal to F; .

Proof. Because of the transitivity of j-induction, Lusztig families of B,, induced from some
parabolic subgroup are also induced from some maximal parabolic subgroup. These subgroups
are all of the form B; x &,,_; for some 0 < [ < n — 1. The restriction of the parameter c to
S,,—; is equal to k > 0 and so the Lusztig families of &,,_; are singletons by §5. A Lusztig
family of B; x &,,_; is thus of the form {mg W 7\ | mg € F} for some Lusztig family F
of B; and some fixed A € P(n — [). Since any given number can only appear at most twice
in S, either the set of n — [ largest entries in S is well-defined or there is a choice of two
possible "largest n — [-entries". Notice that this depends only on the content of S. By adding
1 to the n — [ largest entries, we get either a new symbol S’ or two new symbols S’ and
STI Then, as explained in [33, Section 22.15], jg?xen_lﬂ'g X sgny;- equals mgr or mgr @ warr.
In the latter case, the j-induction of mg X ) is not irreducible and so j-induction does not
induce a Lusztig family of B,,. We thus assume we are in the former case. Let 3"~ ;2" be
the content of S’. Here n; € {0, 1,2} and n; = 0 for i > 0. Assume that there exists some
i such that n; > n;_1. There are two possibilities, either n;_; = 0 or (n;—1,n;) = (1,2).
Consider first the former. We let [ be defined such that the n — [ largest numbers in S are
{n;-i,n;41-(i+1),...}. Here, n; - i means that ¢ occurs with multiplicity 7;. Since n;—1 = 0,
we can remove 1 from each of the n — [ largest numbers and still have a well-defined symbol S”.
Moreover, jg;xen_lﬂgu ® sgny = mg. This applies to all symbols in the family to which S
belongs. Hence this family is not cuspidal. The other case is where (n;_1,n;) = (1, 2). In this
case it suffices to show that 7g = mg ® sgnyy is not cuspidal. If the content of S'is 3 ;> n;xt,
then the content of S equals 3", (2 — n;—;)x for some ¢ >> 0. Thus, there exists some j such
that (nj_1,n;) equals (0, 1) in the content of S. By our previous argument, the family to which
S belongs is induced from some parabolic subgroup.

Above, we assumed that there exists some ¢ such that n; > n;_1. When n; < n;_; for all 7,
Lemma 6.19 implies that 7g belongs to the family 7" for some k with n = k(k +m). If '
is a family in lrr(B; x &,,_;) for some [ < n, then Lemma 6.15 implies that | 7’| < |F|. Hence
F cannot be induced and must be cuspidal. ]

§6N. Cuspidal Lusztig families in the degenerate case

In this section we consider the case £ = 0. Recall from Lemma 6.12 that the Lusztig families
are labeled ﬁfﬁg fori =0,...,n.

Lemma 6.22. For any 1, tensoring with the sign character yields a bijection Fy..6 — F, deg

n—n’
Proof. It A = (A9 A € Py(n), then 7y ® sgnyy = T((AM)* (A®)+) by [23, Theorem
5.5.6(c)]. Hence, if my € F,..%, then my @ sgny, € fSigim. As sgnyy is an automorphism on

w“wn

Irr W, the claim follows. ]
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Proposition 6.23. If x = 0 but ¢; # 0, there are no cuspidal Lusztig c-families.

Proof. We claim that jg?X&H- induces a bijection between the Lusztig family .def Exlrr&,_;
of the parabolic subgroup B; x &,,_; of B,, and fﬁﬁg for 0 < i < n. This shows that all ]-'gfbg
with ¢ < n are induced, and since ]-"g;ig ® sgnyy = .7-";3?1% by Lemma 6.22, this proves the claim.

So, assume that 0 < ¢ < n. In [21, Example 7.13] (see also [22, §2.4.3]) it is shown that the
a-invariant in the degenerate case of u € P (i) isa, = ¢; |11V |. Moreover, in the degenerate
case, the restriction of the parameter to G,,_; is zero so that the a-invariants a,, are zero for all
v € P(n — i) by Example 2.1. Hence,

jg?X&HW# X, = Z (Ind g:lxen,ﬂru X 7y, TAYTA

AEP2(n)
A=}

for p € Py(i) and v € P(n — i). We will show that if (u,v) € ]:ng X Irr &,,—;, then

(23) jg?XGn_iﬂ-M X Ty = W(V’H(l)) .
From this equation, the claim follows immediately. Since &,,—; is a subgroup of B,,_;, we get

the following relation using the branching rules:

By, _ B BiXBn_i
Ind Bixe, T X 7, = Ind BixB,HvI"d BixGn, Th X 7,

_ Bn B'nfi
=Ind 5 (mu®Ind & im,)

_ B v
=Indgp . (Wu X Z caﬂa)

acPar(n—i)
- Z Z Czig;,a(0>cz<<3,a(1>cg7f>\ :

AEP2(n) a€P2(n—i)
Note that the sum runs only over those a with a9, o) C v and |v| = |a(?] 4 |a(D)|, and
similarly only over those A which satisfy
(24) p19 @) c \O)
and
(25) IAD| = || 4 ||
for j € {1,2}. To show (23) we need to show that among those A € Py(n) occurring in this
sum such that |]A(V| = | (M| we have

A0 a1 = (W) p= (0,40),a = (1,0)
,[1,(0)70;(0) ,[1,(1)70;(1) « 0 else

So, suppose that cﬁig; o cﬁi; o) Ca # 0. By (24) we have p(Y) € XY which implies that

,u,(cl) < /\,(Cl) for all k. Hence, as |]A\(V)| = |u(V)| by assumption, we must have (V) = AX()_ In

combination with (25) this shows that o(}) = 0.
By definition of the Littlewood—Richardson coefficients, the coefficient c;, = ¢/, 0 is equal
to the coefficient of the symmetric polynomial s, in the product s ) - Sp = 5,0 - 1 = 5,(0)-

Hence,
w1 ifr= a0
@) 0 else

and therefore we must have v = o(?), With the same argumentation we see that

AL oA
€L o) =g = 1.
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Since p € Fo%8, we have p(©) = (). Hence,

A

A0) A (0) 1 if A0 =y
U0 =Dy T3 0 else
so that A(?) = v This proves the claim. ]

§60. Rigid modules

We will now show that rigid modules exist precisely in the cuspidal cases and describe them
explicitly. In this section, we consider again an arbitrary complex parameter c.

Theorem 6.24. There is a rigid He (W)-module if and only if ¢ is cuspidal, i.e., ¢; = mk for
some m € £[0,n — 1] with n = k(k + m) for some k£ > 0. In this case there are exactly two
rigid He (WW)-modules, namely L. () with

A= ((Km),0), or A= (0, (k+m)").

Proof. First of all, by Theorem C and Corollary 6.3 there can only exist a rigid H¢ (1/)-module
if c is cuspidal. So, assume that ¢; = m# for some m € £[0,n — 1] with n = k(k + m) for
some k > 0. By Proposition 6.1, we can assume that m € [0,n — 1]. Let A = (A, AX(1)) be a
bipartition of n. By Lemma 4.10 and equations (13) and (14) the representation 7y is c-rigid if
and only if

n

(26) 2mei(—1) v+ (sij+sij-1) - v=0, VYoem,i=1...,n,

j=1

J#
and
(27) (Sij—sij7_1)~1):0, VUGTF)\,i#j.
Let r := |A(9)|. Take v to be a non-zero vector in the irreducible (B, x B,,_,)-subrepresentation
Ty 0) ®7my1) inducing 7y; see equation (12). Suppose that » ¢ {0,n}. Then we can find ¢ < j
with ¢ < rand r < j. Due to this choice, we have ¢;(—1) - v =vand ej(—1) - v = —v as we

twist by  in the second component. Hence,
Sij,—1 UV = SijSi(—l)ﬁj(—l) U= =S85V .
Equation (27) thus says that 2s;; - v = 0 and therefore already v = 0. This is a contradiction, so
we must have r € {0, n}. Assume that 7 = n. Then 7y = 7, ). Now, equation (27) says that
n

Zsij-v:—mv, Vvemo,t=1,...n.
7=1

J#
In other words, };; si; acts by a scalar on 7). This holds in particular for ¢ = 1, and
now a standard result (see [17, Lemma 2.4]) implies that A() = (1%) is a rectangle for some
positive integers [, b with [b = n. The n-th Jucys—Murphy element z, = >, _,, sjn acts on
Ty by multiplication by [ — b since every standard tableaux on (ab) must have n in the top
corner. Thus, (b = nand l + m = b, so n = (I + m). Because of Remark 6.4 we must
have [ = k, proving the claim. If » = 0, then 7y = 7, 1) and the same argument shows that
AN = ((k +m)k). |

Remark 6.25. The proof of Theorem 6.24 can be adapted to all the groups G (¢, 1,n) = Z,1S,,.
§6P. Cuspidal Lusztig families vs. cuspidal Calogero—Moser families

Combing all of the above results, we arrive at the proof of Theorem A for type B,,.

Theorem 6.26. Assume that ¢ > 0. Then
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(a) A family (Lusztig = Calogero—Moser) is cuspidal in the sense of Lusztig if and only if
it is cuspidal as a Calogero—Moser family.
(b) If K # 0 and n = k(k + m) for some k,m € N, then both rigid modules lie in the

cusp

(unique) cuspidal family F, "

§7. Type D

The group D,, is a normal subgroup of B,, of index two. By setting ¢ = (0, ), we get an
embedding He(D),) < H¢(By,). Thus, we are in the situation of section §4C. We assume that
k # 0. Recall that the irreducible representations of D,, are essentially given by unordered
bipartitions of n. More precisely, if A and p are a pair of partitions such that A\ # p and
IA| + || = n then the set {\, u} labels a simple D,-module. If A = p, then there are two
non-isomorphic simple modules {\}; and {\}, labeled by \. These modules are defined by

M|, =Ty for A7 p,
and (5 x)| D, = T(ap, © Tag-

Lemma 7.1. If there exists k such that n = k2 then there is a unique rigid Hc(D,,)-module,
which is Lc({(k*), 0}). Otherwise, there are no rigid modules.

Proof. By Theorem 6.24, if n = k? for some k, then the modules L ((k*), #) and L (0, (k*))
are the two rigid modules for H.(B,,) and if there exists no k such that n = k2, then there
exists no rigid modules. Therefore, Proposition 4.22 implies that, in this latter case, there exist
no rigid modules for He¢(D,,). Moreover, in the case n = k2, the rigid H(D,,)-modules are
precisely the modules of the form L¢(A), where ) is an irreducible Dj,-submodule of (k) )
OF T (kk))- But both of these B,,-modules restrict to the irreducible D,,-module T (kF),0}-

Theorem 7.2. Assume that k # 0. The symplectic leaves of X.(D),,) are in bijection with the
set {k > 1| k? < n}, such that

(a) dim Ly = 2(n — k?),

(b) the leaf Ly is labeled by the conjugacy class of the parabolic subgroup D2,

(¢) Ly < Ly if and only if (Dy2) < (D(y)2), if and only if k > &'

Proof. By Lemma 7.1 and Theorem C, there exists at least one zero-dimensional leaf in X¢(D)y,)
when n = k2. But we know that there is exactly one zero-dimensional leaf in X¢(B,,) when
n = k2. Thus, Lemma 4.18 implies that X.(D,,) contains exactly one zero-dimensional leaf
when n = k2. Since Xe(By,) contains no zero-dimensional leaves when n # k2, Lemma 4.18
implies that X.(D,,) also contains no zero-dimensional leaves in this case.

Now, we apply Theorem 4.13. By Lemma 4.6, the proper parabolic subgroups of D,, are all
conjugate to a subgroup of the form D,,, x &, where 0 < m < n and A is a partition of n — m.
We denote by ¢’ the restriction of ¢ to D,, x &). Let us consider when X¢ (D, X &) =
Xe' (D) X Xc(&)) admits a zero dimensional leaf. Since x # 0, there is a zero-dimensional
leaf in X/ (S,) if and only if &) = {1}, i.e. if A = (1"7™). In this case X¢(S)) is a point.
Moreover, X/ (D, ) has a zero-dimensional leaf if and only if there exists a k such that m = k.
Thus, either m = k2 and A = (1"~™), in which case there is exactly one zero-dimensional leaf
in X¢/ (D, X &), or there are no zero-dimensional leaves in X¢/ (D), X &) ). Hence Theorem
4.13 implies the statements of the theorem. |

By [4, Corollary 6.10], the Calogero-Moser families for H.(D,,), with ¢ # 0, are de-
scribed as follows. If )\ is a partition of n/2, then the two representations {A}; and {\}5 each
form a singleton family. Otherwise, {\, u} and {)\’, '} are in the same family if and only if
Res (5 1 (z) = Res vy (), where Res ¢ 3 (%) := Res x(z) + Res ,(z).

Theorem 7.3. Assume that ¢ > 0.
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(a) The Lusztig c-families for D,, equal the Calogero—-Moser c-families.
(b) The cuspidal Lusztig c-families equal the cuspidal Calogero—Moser c-families.

Proof. By Lemma 2.5, Lemma 3.8 and Lemma 4.11 we may assume that (c;,x) = (0,1).
The first part of the theorem follows from Corollary 6.13, [33, Section 22.26], and the above
description of the Calogero—Moser families. As shown in [32, Section 8.1], there is a unique
cuspidal Lusztig family when n = k2 and none otherwise. In the case n = k2, it is the unique
family containing the symbol

0, 2, ..., 2k—2
(28) (1, 3, ... 2k—1>'
The content of this symbol is Zfial x', which is the same as the content of the symbol
g k, k+1, ..., 2k—1
0, 1, e, k=1 )7

This is the symbol of ((k¥),0) in Sy’(“LO);n, which implies that the cuspidal Lusztig family
corresponding to the content of the symbol (28) is the same as the Calogero—-Moser family con-
taining {(k*),0}. By Lemma 7.1 and Theorem 7.2, this is the unique cuspidal Calogero-Moser
family. |

§8. Type I>(m)

In this section we treat the case of dihedral groups. We show that almost all representations
of the restricted rational Cherednik algebra are rigid. From this we easily obtain the proof of
Theorem A. We note that the results here together with [42, Appendix B] give a complete
description of the representation theory of restricted rational Cherednik algebras for dihedral
groups at all parameters.

§8A. The group

Throughout, we assume that m > 5 and choose a primitive m-th root of unity ¢ € C. Let W
be the Coxeter group of type I2(m). This is the dihedral group of order 2m. It has two natural
presentations, namely the Coxeter presentation (s, ¢ | 2 = t? = (st)™ = 1) and the geometric
presentation (s, 7 | 7™ = 1,s? = 1, s 'rs = r~!) with a generating rotation r := st for the
symmetries of a regular m-gon.

§8B. Representations

The representation theory of W depends on the parity of m. In the following we use the same
notation for the representations as in [23, 5.3.4], which essentially is also the same as in [22].
If m is odd, the conjugacy classes of W are

{ay, {1y, 22 L D2 s o<l <m -1},
and so the total number of conjugacy classes is (m + 3)/2. There are two irreducible one-
dimensional representations: the trivial one 1y, and the sign representation ¢ : W — C
with
e(s)=—-1, et)y=-1, e(r)=1.
The remaining (m+3)/2 —2 = (m — 1) /2 irreducible representations ¢;, 1 <i < (m—1)/2,
are all two-dimensional and are given by

wo= (3 0) wor=(3 ) w=(5 &)

We denote the character of ¢; by x;.
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If m is even, then the conjugacy classes of W are

{1, ™y 2
{r**s |0 <k < (m/2) =1}, {FP" s |0 <k < (m/2) -1},
and so the total number of conjugacy classes is (m + 6)/2. There are four irreducible one-
dimensional representations: the trivial one 1y, the sign representation ¢, and two further
representations €1, €5 with
e(s)=-1, et)=-1, e(r)=1,
ei(s) =1, e({t)=-1, e(r)=-1,
52(8) =-1 9 52(t) =1 ) EQ(T) =-1.
The remaining (m +6)/2 —4 = (m — 2) /2 irreducible representations ¢;, 1 <i < (m —2)/2,
are all two-dimensional and are defined as in case m is odd. Again, we denote the character of
@i by Xi.

§8C. Reflections and parameters

The two-dimensional faithful irreducible representation ¢; of W is a reflection representation
in which precisely the elements s; := r!s for 0 < [ < m — 1 act as reflections. We will always
fix this representation as the reflection representation of W. Let (y1, y2) be the standard basis
of h := C2 and let (1, z2) be the dual basis. We can easily verify that roots and coroots for the
reflections s; are given by
ag =z —(lzy and ay =y —Cya
With this we see that the Cherednik coefficients (y;, z;)s, = — (i, s, ) (g, , z7) are:
(ylaml)sl =-1 ) (?J17$2)sl = C_l ) (yanl)Sl = Cl ) (y27x2)sl =-1.
If m is odd, there is just one conjugacy class of reflections in W, namely the one of s which is

{5110 <1< m—1}.If mis even, there are two conjugacy classes of reflections in W, namely
the one of s which is {s; | 0 < [ < % — 1} and the one of ¢ which is {sg41 |0 <1 < 3 —1}.

Note that
0 il
pilsn) = (Cu %) .

If ¢ : Ref(W) — C is a function which is constant on conjugacy classes, then, as in [22,
1.3.7], we define

b:=c(s), a:=c(t).
We fix such a function from now on and assume that ¢ # 0. Note that if m is odd, we have
a=n".

§8D. Summary

We start with a tabular summary of the description of (cuspidal) Calogero—Moser families
and rigid representations. To simplify notation we denote by F the set of two-dimensional
irreducible characters of W. To allow a presentation which is independent of the parity of m
we set
R__{{cpi|1<i§(m—l)/2}:]:\{g01} if m is odd
Tl w1 <i<(m—2)/2} = F\{@1,9m—2)/2} if miseven.
We make the convention that we ignore £ and €5 whenever m is odd.

Theorem 8.1. The (cuspidal) Calogero-Moser families and rigid representations of He (W) are
as listed in Table 2.

In the next three sections we will prove this theorem.
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. rigid cuspidal
Parameters CM families represegntations CM fgrnilies
a,b#0anda # £b | {1}, {e}, {e1}, {e2}, F R F
a=0andb#0 {1,e2}, {e,e1}, F R F
a#0andb=0 {1,e1}, {e,e2}, F R F
a=b#0 {1} {e} {er,e2} UF | er,e0, 07, R | {e1,82} UF
a=-b#0 {e1}, {e2}, {1, e} UF 1,e,01, R {l,e} UF

Table 2. The (cuspidal) Calogero—Moser families and rigid representations for dihedral groups.

§8E. Calogero—Moser families

We recall from [40] the notion of Euler c-families. These are defined by the action of the (central)
Euler element of H. (W) on the simple modules and are coarser than the Calogero-Moser
c-families. In [40, Corollary 1] a simple character theoretic formula for determining these
families is given: two irreducible characters A and p of W lie in the same Euler c-family if and

only if
5 o (4519
zERef(W) 1) pd)
This formula is in our case equivalent to

(01 (X0 w0y
(L) p(1) AL p(1)
From this it is easy to deduce that the Euler families are as in Table 2. In [3] the first author has

proven that, for any c, the Euler c-families are in fact already Calogero—Moser c-families when
W is a dihedral group.

§8F. Rigid representations
We split the proof of the description of rigid representations into two parts, depending on the
parity of m.

Proposition 8.2. Assume that m is odd. The following holds:
(a) The representations 1, €, and ¢ are not rigid.
(b) The representation ¢; is a rigid representation forall 1 < ¢ < (m —1)/2.

Proof. The representation ¢; for 1 <4 < (m — 1)/2 is rigid if and only if

m—1
0=a Z (yk,xj)sl@i(sl)
1=0
forall k,j € {1,2}. As a # 0, this is equivalent to
m—1
(29) > W zj)sipi(s1) =0

1=0
forall k,j € {1,2}. Note that

m—1 .
ol _ | m ifgemZ
lZg ()= { 0 else.
Using the Cherednik coefficients computed in §8C, equation (29) is for kK = 1 = j and for
k = 2 = j equivalent to

m—1 0 C,L'l m—1 ) m—1 )
> (C_ﬂ 0) =0<= > (¢(N'=0 and > (¢ =0
=0 =0 =0
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and due to the aforementioned, this condition is satisfied if and only if ¢ ¢ mZ. Since 1 < i <
(m — 1)/2, this is always satisfied. For £ = 1 and j = 2 equation (29) is equivalent to

m—1 0 (il m—1 m—1 )
ZZCI (C‘” 0) =0 > ¢"'=0 and Y ¢"'=0
=0 =0 =0
m—1 m—1
= > (¢")'=0 and > (¢"H'=0
=0 =0

< i—1¢mZandi+1¢mZ.

Due to 1 < i < (m — 1)/2 the condition i + 1 ¢ mZ is always satisfied. Hence, (29) holds for
k =1and j = 2if and only if ¢ # 1. Finally, for £ = 2 and j = 1 equation (29) is equivalent
to

m—1 0 Cil m—1 m—1 )
> ¢ (C‘“ 0) =0 > (""=0 and Y ¢"'=0
1=0

=0 =0
m—1 ) m—1 )

= > (¢")'=0 and > (H)'=0
=0 =0

< i+1¢mZandi—1¢mZ.

Again, the condition i + 1 ¢ 7Z is always satisfied and i — 1 ¢ mZ holds if and only if i # 1.
This proves the claim. ]

Proposition 8.3. Assume that m is even. The following holds:
(a) Forany 1 < ¢ < (m — 2)/2 the representation ¢; is rigid.
(b) The representation ¢ is rigid if and only if a = —b.
(c) The representation ¢(,,_)/o is rigid if and only if a = b.
(d) The representations 1 and ¢ are rigid if and only if a = —b.
(e) The representations €1 and e are rigid if and only if @ = b.

Proof. This follows from a similar direct computation as in the proof of Proposition 8.2. We
omit the details here. |

§8G. Cuspidal Calogero—Moser families

For m > 5 the first author has shown in [2, §5.5] that independent of the parameter c there
is exactly one cuspidal Calogero—Moser family. It thus remains to identify this family. Since
m > 5 we have R # (), and as R is always contained in the Calogero—Moser family which
in Table 2 is claimed to be cuspidal, it follows from Theorem C that this family is indeed the
unique cuspidal one.

§8H. Lusztig families

From now on we assume that ¢ > 0. The Lusztig families of W are listed in Table 3 which is
taken from [22, 1.7.3].

] Parameters \ Lusztig families \
b=a>0 {1w}, {e}, {e1,e2} UF
b>a>0o0ra>b>0|{lw}, {e} {e1}, {2}, F
b>a=0 {Iw,e1} {e,e2}, F
a>b=0 {lw,e2}, {e,e1}, F

Table 3. Lusztig families
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Comparison with the Calogero—Moser families immediately yields the proof of Theorem 2.4
for dihedral groups:

Corollary 8.4. For any ¢ > 0 the Lusztig c-families are equal to the Calogero-Moser c-
families.

§8I. Cuspidal Lusztig families

In order to determine which of the Lusztig families are cuspidal we explicitly compute the
j-induction. The group W has two non-trivial proper parabolic subgroups: the group P; := (s)
and the group P, := (t), which are both Coxeter groups of type A;. Let ¢); be the non-trivial
irreducible character of P; and note that this is the sign representation of this Coxeter group. It
is not hard to compute that

Indplp =lw+ei+Y x5, Indpir=c+er+> x;+0lw,

J J
Ind 3 1p, = 1w +e2+ > x;, Indfy=c+e+Y x+dlw,
J j

where

1 ifmisodd
and the sums are taken over all two-dimensional characters.
Lusztig’s a-functions a, of the irreducible characters x of W with respect to c are listed in
Table 4 which is taken from [22, 1.3.7], where the last row follows by symmetry. Using [22,

5‘_{ 0 ifmiseven

| Parameters || ; |1y | ¢ \ 1 \ €9 \
b=a>01a| O ma a a
b>a>01 b | 0 | F(atD) a F(b—a)+a
a>b>0 0 [ F(a+b)| F(a—0b)+0b b

Table 4. The a-function

1.3.3] we see that the a-functions for the irreducible characters of the parabolic subgroups with
respect to the restriction of ¢ to these groups are as in Table 5. From these tables we can deduce

L x [[1p [ [ 1R, [ 2]
[ax[[ 0 [6]0[al]
Table 5. The a-function for the parabolic subgroups P;.

that Lusztig’s j-induction is as in Table 6.

Parameters | jP1p | jpvn | iple | ihte |
b=a>0 1w 82—1-2]-)(]' 1w €1+2ij
b>a>0 1w Zj X 1w €1
b>a=0 | 1w +¢e1 ijj 1w €1
a>b>0 1w €9 1w Zj X
a>b=0 1w €9 1w +e9 Zij

Table 6. j-induction.

Using the table of j-inductions we can now easily determine the cuspidal Lusztig families.

Lemma 8.5. Let ¢ > 0. There is a unique cuspidal Lusztig family. This family is equal to
{e1,e2} U F if b = a, and otherwise it is equal to F.
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Proof. The Lusztig families of the parabolic subgroup P; are {1p, } and {¢);} if b # 0, respec-
tively a # 0, and they are {1p,,1);} if b = 0, respectively a = 0. The claim follows now easily
from the definition of cuspidality using the table of j-inductions. |

Comparison with the cuspidal Calogero—Moser families completes the proof of Theorem A.
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